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1. Introduction

In this article, we shall study the following Schrodinger—Poisson system with (p, ¢)—Laplacian

{ —Apu — Aqu+ (JulP % + [u|" ) — ¢lul"Pu = h(z,u) + Ag(z) in R3, (1.1)
—A¢ = |ul? in R3, '
where Ac :div(\Vu|p_2Vu) is the ¢-Laplacian (¢ = p,q), % < p < g < 3, \is a positive parameter, the
nonnegative function g € LZ%(RS) is a perturbation term, and g(x) # 0. Here, h : R x R — R is a
Carathéodory function and it satisfies certain assumptions.

Our study of problem (1.1) was motivated by two main reasons. On the one hand, when p = ¢ = 2 and

A =0, problem (1.1) becomes the following nonlinear Schrodinger—Poisson system

{ —Au+u—¢u=h(z,u) in R?, (1.2)

—A¢=|ul> in R
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System (1.2) depicts how charged particles interact with the motion electromagnetic field. While the nonlocal
term ¢u describes interactions with the electric field, the nonlinear term models interactions between the
particles. By virtue of its strong physical background, system (1.2) has drawn wide attention in recent
decades. For p = ¢ # 2, system (1.1) was studied for the first time by Du et al. [1] and the existence of
nontrivial solutions of the system was obtained by invoking the Mountain Pass Theorem. For the quasilinear
Schrodinger—Poisson system, we refer to Du et al. [2]. Readers interested in learning more about the results
on the Schrodinger—Poisson system using the variational methods, are referred to Ambrosetti-Ruiz [3],
D’Aprile-Mugnai [4], Ruiz [5] and the references therein.

On the other hand, when p # ¢, problem (1.1) is driven by a differential operator with unbalanced growth.
When problem (1.1) without the nonlocal term ¢u becomes a p&g-Laplacian equation

—Apu— Agu+ (Jul™2 + [u)* Hu — ¢lu|! *u = h(z,u) in RV, (1.3)

this problem has a rich physical background, since the double phase operator has been applied to describe
steady-state solutions of reaction diffusion problems in biophysics, plasma physics, and chemical reaction
analysis. Using the variational methods, some results for problem (1.3) can be found in Bartolo et al. [6],
Figueiredo [7], Papageorgiou et al. [8], and the references therein.

Inspired by the above references, we prove in this paper the existence of nontrivial solutions for problem
(1.1) by using fixed point theory. Although some authors have already used fixed point theory, see Carl-
Heikkila [9], de Souza [10], and Tao—Zhang [11,12], as far as we know, problem (1.1) has not been studied
before. Because of the occurrence of a nonhomogeneous term, we can prove that a weak solution to problem
(1.1) exists by the fixed point theory. The results in this paper can be regarded as an extension of results in
Du et al. [1,2] and Tao—Zhang [11,12]. In some sense, our results are new, even in the p = ¢ case.

Our existence result, which is the main result of this paper, can be stated as follows.

Theorem 1.1.  Assume that h(z,u) : R? x Rt — RT := [0,4+00) is a nondecreasing function in u, and
h(z,u) =0 when u < 0. Moreover, assume that it satisfies the following condition

(2, t)] < dy ()|t + do(@)t]” 1, for all (z,t) € R® x R, (1.4)
where ¢ < 7 < ¢* = 33%;), 0<d; € L"(R?),0<dy € L®(R?), and n = =5~. Then there exists \g > 0 such

6—7"
that for every 0 < A < Ao, problem (1.1) has a positive solution.

Remark 1.1. We point out that there are many functions that satisfy the assumptions of Theorem 1.1.
1 q" -1
t| .
1422 |

For example, we can take h(z,t) =

2. Preliminaries

In this section, we shall present some preliminary results, as well as some notations and useful results.
To this end, let W be the subspace of W1P(R3) and W4(R3), defined by W = WHP(R3) N W14(R3), with
respect to the norm [ul| = |lully1p@s) + lully1.ags). Since WHT(R?), with 1 < r < oo, is a separable
reflexive Banach space, we deduce that W is a separable reflexive Banach space. Moreover, we also know
that the embeddings W < LP(R3), LY(R3) are continuous. On the other hand, according to Du et al. [2],
for any given u € W14(R3), there exists a unique

bulz) = - / WOy o, € DP2(E?,

T dm g3 [T — Yl

satisfying —Ag,, = |ul?.
We now summarize the properties of ¢, which will be used later.
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Lemma 2.1 (Du et al. [2]). Let u € WH4(R3). Then the following properties hold:

(1) ¢ =0, for all x € R3;

(2) For anyt € RY, ¢y, = t9y, and ¢, t*12¢, (tx) with ui(z) = tFu(tr);

(3) [[pullpr.e < C|lul|?, where C is independent of u;

(4) If up, — w in WHI(R?), then ¢y, — ¢y in DV?(R3), and [43 ¢,un|un|q_2ung0dx = Jgs ¢,u\u|q_2u<pda:,
for all p € WH4(R3).

Substituting ¢ = ¢,, into system (1.1), we can rewrite (1.1) as a single equation
—Apu— Agu + (JulP 2w+ [u)?%u) — ¢y |u|?*u = h(z,u) + Ag(z), for all u e W. (2.1)

We define the energy functional I on W by

1 1 1
I(u) == P4 Juf?)d f/ “ ‘Id—f/qu—/H, Ag())da,
(w) p/R3(|VU| uP)de = [ (9 + e = 5 [ outuftda— [ () + dg(a))ar
where H(z,t) = fot h(z,s)ds. It is straightforward to show that I € C1(W,R) and

(I'(u), ) :/ (|vu|p*2wvw+|u|P*2u¢)dx+/RB(|W|‘I*2ww+|u|q*2mp)dx

R3

_ /11@3 ¢u|u|q72uwdx —/ (h(x,u) + Ag(m))wdx.

R3
It is easy to verify that (u, ¢, ) € W x DY2(R3) is a solution of system (1.1) if and only if u € W is a critical
point of 1.

Now, we introduce the necessary fixed-point theorem due to Carl-Heikkild [9], which plays a crucial role
in proving our conclusions. For this, let £ be a real Banach space. A nonempty subset £, # {0} of £ is
called an order cone if it satisfies the following conditions: (a) & is closed and convex; (b) if v € £; and
d >0, then dv € &;; (¢) if v € &4 and —v € &4, then v = 0. An order cone &, induces a partial order in
W in the following way: < y and only if y — z € £,, and (W, <) is called an ordered Banach space. If
inf{x, y} and sup{z, y} exist for all z,y € W with respect to <, then (W, || -]) is called a lattice. In addition,
if [|[2%|| < ||z| for each 2 € W, where 2* := sup{0,z} and 2~ := —inf{0,x}, then (W,]| - ||) is a Banach
semilattice. We also note that the dual space W’ of W has the following partial order:

01,02 € W' o1 o & (p1,v) < (p2,w), for all w e &,.

Next, we give the definition of fixed point property, which, according to Carl-Heikkila [9], is the following
one: P is said to have a fixed point property if each increasing mapping G : P — P has a fixed point.

Proposition 2.1 (Carl-Heikkili [9, Corollary 2.2]). Let W be a reflexive Banach semilattice. Then every
closed ball in W has the fixed point property.

3. Proof of Theorem 1.1

In order to prove Theorem 1.1, we first prove some key lemmas. To begin, we define the functional
B:W — W' by (Bu,v) = fR3(|Vu|p_2Vqu+ |u|p_2uv)dx—|—fR3(|Vu|q_2Vqu+ lu|?"*uv)da. Clearly, Bu
is linear for all w € W. This means that the Holder inequality holds

|(Bu, v)| < Cy||ul|P~Hv]| + Co|lul|?|jv]|, for some C;,Cy > 0.

Therefore Bu € W’ and B are well-defined. In addition, we have the following property of .
3
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Lemma 3.1. The operator B: W — W' is continuous and invertible.

Proof. Let {uy} in W be such that uy — w in W. Using the Hoélder inequality for v € W with |Jv|| <1
we have

1Bur — Bullys = sup  [(Bug — Buy )] < g — sy + 1t — 1. = 0.
vEW,|Jv]I<1
This means that the operator B is continuous. Considering p,q > 2 and (Bu,u) = ||u||” +||u||? for all u € W,
we have lim )00 % = 00. It well-known that

(lal*"%a —|b]*"*b)(a — b) = Cpla —b|* 2, for all s > 2,a,b € R,

and we have (Buj —Bug, uy —usg) > 0, for all uy, us € W, u; # us. Therefore, by the Minty—Browder Theorem
(see [13, Theorem 5.16]), we obtain that the operator W is reversible. Hence the proof of Lemma 3.1 is
complete. [

Similar to the proof of Lemma 3.2 in [11], we can show that B~ : (W', <) — (W, <) is increasing.
Next, inspired by [14], let the operator T : W — W’ be defined by

(Tu,v) = / (gf)u+|u+|q_2uJr + h(z,u™) + )\g(x))vdx, for all u,v € W,
R3

where u™ := max{u,0} and v~ := — min{u, 0}. By the Holder inequality, the Sobolev Embedding Theorem,
and the Hardy-Littlewood—Sobolev inequality, there exist some positive constants C*, C** and C*** such
that

|Uum<(wme1+0ﬂmuuﬂf%wwwwumﬂw*+xm3q)M| (3.1)
Let G := B~ o T. Then we have the following result.

Lemma 3.2. Under the hypotheses of Theorem 1.1, for any 0 < XA < Ao, there exists R > 0, such that
G[Bw|0, R]) C By [0, R], where By [0, R] = {u € W : ||lu]| < R}.

Proof. Let u € W, v = (B! oT)u = Gu. We note that (Bv,v) = ||v||€v1,p(R3) + ||11||?/V1}q(R3). We consider
3 possible cases:

Case 1. ||v|ly1.q(rsy > 1. Then [jv]|] hence

||W1,q(R3) > ||,U||€V1,Q(]R3)’

(Bu,v) 2 [ollfy1p@s) + 10l 1a@s) = 2P (vllwias) + 0llwiegs)? =277 (lv]”. (3:2)

Case 2. |[v]lwiamsy < 1 and [[v|lp1ipmsy > 1. Then [[v|lyripmsy > 1 > [[vllwiams). Since ||v]|

[vllwia@sy + l0llwipms), we get 2[|vflwia@s) < o]l < 2[[v]ly1pmgs), therefore

1
(B0.) = 10y ey + 100 ety > 10y 1y > o (33)
Case 3. ||[v|lyy1.ags) < 1 and [Jvlly1p@rs) < 1. Then [v]|,, ®3) S Hv||€v17p(R3), therefore
(B0,0) > Pl + 1My > 2 elwnagen) + Rolwingn)? = 277olle. (3.9
From (3.2), (3.3) and (3.4), we have
(Bu,v) = 27P|[v||? or (Bv,v) >2"71v||% (3.5)

4



Y. Song, Y. Huo and D.D. Repovs Applied Mathematics Letters 141 (2023) 108595

On the other hand, we have
1GullYyp sy + 19Ul 10 @sy = (T, Gu) < [ Tullwl|Gull (3.6)
If ||u]] < R, then by (3.1), (3.5) and (3.6), one has
277 GulPt < [ Tullwr < C*[[ul ™"+ C**ldulylul ™" + C**|ldaloo [l + Algll _sq
-3
< C R 4 O |ldy [y R + C***||ds ]| o R~ + Mllgll_3a,
P

and
21—‘1ng||q—1 < C*R2q—1 +C**Hd1HnR7—_1 + C***Hdz”ooRq*_l + )\H9H43q3
Iq—3

From this, we obtain

||gu||p71 * 12 *ok T— ok HgH 5‘13
R < 2PC*R*TP 4 2PC**||dy ||, R” P + 2PC HdgHooHdgHooRq TP PN —— Tp1 (3.7)
Similarly, we can also get
ng’”q_l q—1vx pg q—1 s T—q q—1 ke q —q q—1 ||g|| ;’(13
a1 <217 CTRY+297°C* || dq || R +297°C"||da| o R +2 /\T. (3.8)
We now take R > 0 sufficiently small so that
* 1
2PC*R%47P 4 2°C* |dq || RT7P 4+ 2PC*||d2 ]| so || d2 || s BT 7P < 3
and 1
207 1C* R + 2‘1710**||d1\|nRT’q + 29710 | da || RY 79 < 3
Let

Rp~1 Rt
20t |gl| sq_ " 299l sa_
49—3 4q9—3

Ao := min

Then for all 0 < A < Ag, we can derive from (3.7) and (3.8) that ||Gu|| < R. This completes the proof of
Lemma 3.2. 0O

Proof of Theorem 1.1. Tt suffices to show that G : (W, <) — (W, =) is an increasing operator, since
by Proposition 2.1 and Lemma 3.2, we can then obtain the existence of the weak solutions. So let us show
that the operator 7 : (W, =) — (W', <) is increasing. In fact, take w1, us € W such that u; < ug almost
everywhere on R3. Due to the assumptions on A in Theorem 1.1 and the definition of operator 7, we get

(Tui,v) :/]R <¢ +luf | 2 ul + h(z ,uf)—&-)\g(m))vdx

< / (d) +luf | u2 + h(z,uf) + )\g(x))vda: = (Tusg,v), forall v e &,. (3.9)
R3

Therefore, the operator G : (W, =) — (W, <) is indeed increasing. By Proposition 2.1 and Lemma 3.2, the
operator G has a fixed point, that is, there exists ug € By [0, R] such that Gug = ug. Since G = B~ o T, we
have (Bug, v) = (Tug,v), for all v € W. That is,

/ (VP> Vug Vo + |uol?uov)dz + / (V| *VugVo + |ug|? *ugv)dz
R3 R3

= /]RS ¢u§ |u3‘|q72u3’vdm - /11@3 (h(x, ud) + /\g(x))vdz. (3.10)

Letting v = uy in (3.10), we can get ||u5||€v1,p(R3) + HU(TH;Z/VL‘I(R:”) = 0, which means that v, = 0 and
is a nontrivial nonnegative weak solution of problem (1.1). According to the well-known Strong Maximum
Principle, ug is a positive solution to problem (1.1). This completes the proof of Theorem 1.1. O

5



Y. Song, Y. Huo and D.D. Repovs Applied Mathematics Letters 141 (2023) 108595

Data availability

No data was used for the research described in the article.

Acknowledgments

Song was supported by the National Natural Science Foundation of China (No. 12001061), the Research
Foundation of Department of Education of Jilin Province (JJKH20220822KJ) and the Natural Science Foun-
dation of Jilin Province (Grant No. YDZJ202201ZYTS582, 222614JC010793935). Repovs was supported
by the Slovenian Research agency grants P1-0292, J1-4031, J1-4001, N1-0278, N1-0114, and N1-0083. We
gratefully acknowledge the reviewers for their valuable comments and suggestions.

References

[1] Y. Du, J. Su, C. Wang, The Schrédinger-Poisson system with p-Laplacian, Appl. Math. Lett. 120 (2021) 107286.

[2] Y. Du, J.B. Su, C. Wang, On a quasilinear Schrédinger-Poisson system, J. Math. Anal. Appl. 505 (1) (2022) 125446.

[3] A. Ambrosetti, R. Ruiz, Multiple bound states for the Schrédinger-Poisson problem, Commun. Contemp. Math. 10
(2008) 391-404.

[4] T. D’Aprile, D. Mugnai, Solitary waves for nonlinear Klein—-Gordon-Maxwell and Schrédinger Maxwell equations, Proc.
Roy. Soc. Edinburgh Sect. A 134 (2004) 893-906.

[56] D. Ruiz, The Schrodinger-Poisson equation under the effect of a nonlinear local term, J. Funct. Anal. 237 (2006) 655-674.

[6] R. Bartolo, A.M. Candela, A. Salvatore, On a class of superlinear (p, ¢)-laplacian type equations on RN, J. Math. Anal.
Appl. 438 (1) (2016) 29-41.

[7] G.M. Figueiredo, Existence of positive solutions for a class of p&q elliptic problems with critical growth on RY, J. Math.
Anal. Appl. 378 (2011) 507-518.

[8] N.S. Papageorgiou, V.D. Ridulescu, D.D. Repovs, Double-phase problems with reaction of arbitrary growth, Z. Angew.
Math. Phys. 69 (4) (2018) 108.

[9] S. Carl, S. Heikkil4, Elliptic problems with lack of compactness via a new fixed point theorem, J. Differ. Equ. 186 (2002)
122-140.

[10] M. de Souza, On a class of nonhomogeneous fractional quasilinear equations in RN with exponential growth, Nonlinear
Differential Equations Appl. 22 (2015) 499-511.

[11] M. Tao, B. Zhang, Solutions for nonhomogeneous singular fractional p-Laplacian equations via fixed point theorem,
Complex Var. Elliptic Equ. (2022) 1-21, http://dx.doi.org/10.1080/17476933.2021.2021894.

[12] M. Tao, B. Zhang, Solutions for nonhomogeneous fractional (p,q)-Laplacian systems with critical nonlinearities, Adv.
Nonlinear Anal. 11 (2022) 1332-1351.

[13] H. Brézis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer, New York, 2011.

[14] M. Tao, B. Zhang, Positive solutions for a planar Schrodinger-Poisson system with prescribed mass, Appl. Math. Lett.
137 (2023) 108488.


http://refhub.elsevier.com/S0893-9659(23)00027-7/sb1
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb2
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb3
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb3
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb3
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb4
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb4
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb4
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb5
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb6
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb6
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb6
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb7
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb7
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb7
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb8
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb8
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb8
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb9
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb9
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb9
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb10
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb10
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb10
http://dx.doi.org/10.1080/17476933.2021.2021894
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb12
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb12
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb12
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb13
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb14
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb14
http://refhub.elsevier.com/S0893-9659(23)00027-7/sb14

	On the Schrodinger–Poisson system with (p,q)–Laplacian
	Introduction
	Preliminaries
	Proof of Theorem 1.1 
	Data availability
	Acknowledgments
	References


