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Abstract

In this paper we present the main developments in Oka theory since the publication of my book
Stein Manifolds and Holomorphic Mappings (The Homotopy Principle in Complex Analysis), Second
Edition, Springer, 2017. We also give several new results, examples and constructions of Oka domains in
Euclidean and projective spaces. Furthermore, we show that for n > 1 the fibre C" in a Stein family can
degenerate to a non-Oka fibre, thereby answering a question of Takeo Ohsawa. Several open problems
are discussed.
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1. Introduction: flexibility versus rigidity

A major driving force of developments in complex analytic geometry is the dichotomy
between flexibility and rigidity phenomena.

Prime examples of holomorphic flexibility include the approximation theorems of Runge
and Oka—Weil and the extension—interpolation theorems of Weierstrass and Oka—Cartan. These
classical results show that complex Euclidean spaces C" admit plenty of holomorphic maps
from all Stein manifolds, that is, closed complex submanifolds of complex Euclidean spaces.
Oka theory deals with complex manifolds which admit plenty of holomorphic maps from all
Stein manifolds in a precise sense which is modelled on these classical theorems, and with
applications of these properties to problems in complex geometry and wider.
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Opposite to flexibility, the basic rigidity phenomena are described by Picard’s theorem,
saying that every holomorphic map C — C\{0, 1} is constant, and the Schwarz—Pick lemma to
the effect that holomorphic self-maps of the disc D = {z € C : |z| < 1} are distance-decreasing
in the Poincaré metric. These are instances of the main rigidity property which a complex
manifold Y may have, Kobayashi hyperbolicity, asking that the size of the derivative of a
holomorphic map f : D — Y at 0 € D is locally bounded above in terms of the value f(0) € Y.
In particular, there are no nonconstant holomorphic maps C — Y into a hyperbolic complex
manifold. There are several weaker notions of rigidity, such as the existence of nonconstant
bounded plurisubharmonic functions and non-dominability by Euclidean spaces.

For Riemann surfaces we have a clear dichotomy — either the surface is Oka or it is
Kobayashi hyperbolic [55, Corollary 5.6.4]. The former ones are CP', C, C* = C \ {0} and
tori, while the hyperbolic ones are quotients of the disc. A majority of complex manifolds
of dimension >1 are at least somewhat rigid. In particular, a compact complex manifold of
general type is not dominable by Euclidean spaces (Kobayashi and Ochiai [92]), and a generic
projective hypersurface in CP" of sufficiently large degree is hyperbolic (Brotbek [20]).

The birth of Oka theory was the paper of Kiyoshi Oka [129] (1939) in which he showed
that the topological classification of complex line bundles on a domain of holomorphy in C"
coincides with the holomorphic classification. In 1958, Hans Grauert [77] extended this to
complex vector bundles of arbitrary rank and, more generally, to principal and associated fibre
bundles on Stein spaces. This circle of results became known as the Oka—Grauert principle,
with the following heuristic formulation given by Grauert and Remmert [79, p. 45]:

Analytic problems on Stein manifolds which can be cohomologically formulated have only
topological obstructions.

A major conceptual development was made by Mikhail Gromov [82] in 1989. He em-
phasized the homotopy-theoretic aspect of Oka theory and the analogies to the h-principle
in smooth geometry; see his monograph [81]. From Gromov’s viewpoint, the main question
is to find and characterize complex manifolds Y having the property that every continuous
map X — Y from a Stein manifold X is homotopic to a holomorphic map, with natural
additions modelled on the Oka—Weil approximation theorem and the Oka—Cartan extension
theorem for holomorphic functions on Stein manifolds. Furthermore, these properties should
hold for families of maps X — Y depending continuously or smoothly on a parameter in a
suitable space. Such parametric Oka properties are very important in applications.

The central notion of Oka theory is Oka manifold,' a term introduced in 2009 in my
paper [50] when it became clear that most Oka-type properties considered in the literature are
equivalent. The simplest characterization of this class of complex manifolds is the following
convex approximation property (CAP) which was introduced in 2006 in [49]. For a list of
known characterizations, see [55, Sect. 5.15] and Section 3.2 of this paper.

Definition 1.1. A complex manifold Y is an Oka manifold if every holomorphic map K — Y
from a neigbourhood of a compact convex set K in a Euclidean space C" (for any n € N) to
Y is a uniform limit on K of entire maps C" — Y.

Here is a simplified form of the main result on Oka manifolds (see [55, Theorem 5.4.4]).

Theorem 1.2. Let Y be an Oka manifold. Every continuous map f : X — Y from a Stein
manifold (or a reduced Stein space) X is homotopic to a holomorphic map f1: X — Y. If in

1 MSC 2020 includes the new subfield 32056 Oka principle and Oka manifolds.
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addition f is holomorphic on a neighbourhood of a compact O0(X)-convex set K C X and on
a closed complex subvariety X' C X, then a homotopy { fi}icjo.1) from f = fo to fi can be
chosen through maps f, : X — Y having the same properties as f which agree with f on X’
and approximate f uniformly on K and uniformly in t € [0, 1].

The analogous conclusion holds for a family of maps f, : X — Y depending continuously
on a parameter p in a compact Hausdorff space P, where the homotopy f,; (¢t € [0, 1]) from
fp.0 = fp to a family of holomorphic map f, 1 : X — Y may be kept fixed for p in a closed
subset Q C P provided that the map f, : X — Y is holomorphic for all p € Q.

It follows that the natural inclusion (X, Y) — %(X, Y) of the space of holomorphic maps
X — Y into the space of continuous maps is a weak homotopy equivalence when X is a Stein
manifold and Y is an Oka manifold. The classical Oka—Grauert theory fits this framework since
complex homogeneous manifolds are easily seen to be Oka, which implies the main results of
the Oka—Grauert theory.

The proof of [55, Theorem 5.4.4] and of related results in the cited monograph (see in
particular [55, Theorems 6.2.3 and 7.2.1]) also give the following result which is useful in
applications; for simplicity we only state the basic case without parameters.

Theorem 1.3. Assume that X is a reduced Stein space, K is a compact O(X)-convex set
in X, X' is closed complex subvariety of X, {2 is an Oka domain in a complex manifold Y,
and f : X — Y is a continuous map which is holomorphic on a neighbourhood of K and on
X' such that f(X \ K) C {2. Then there is a homotopy f; : X — Y (¢t € [0, 1]) connecting
f = fo to a holomorphic map f, : X — Y satisfying the conclusion of Theorem 1.2 and also
filX\ K) C 12 forallt €0, 1].

These results show that the CAP axiom in Definition 1.1 localizes the Oka property of a
complex manifold Y to the Runge approximation problem for holomorphic maps from simplest
possible domains to Y, namely, the convex domains in Euclidean spaces. This is often easier to
verify, and it led to several new examples and constructions of Oka manifolds described in [55].
It shows in particular that the class of Oka manifolds is invariant with respect to holomorphic
fibre bundle projections with Oka fibres; see Theorem 3.15.

It is worth mentioning that every Oka manifold Y is the image of a strongly dominating
holomorphic map C" — Y with n = dimY (see [56, Theorem 1.1]). Hence, when trying
to decide which domains 2 € C" (n > 1) are Oka, the first quintessential question is to
understand the shapes of images of nondegenerate entire maps C" — C”.

Oka properties are also considered for holomorphic maps. The notion of an Oka map (see
Definition 3.13) was introduced by Finnur Larusson, who developed a model category for Oka
theory [110,111] in which Oka maps are fibrations and Stein inclusions are cofibrations. In
particular, a complex manifold Y is Oka if and only if the constant map ¥ — point is an Oka
map, and every holomorphic fibre bundle map with an Oka fibre is an Oka map. Modern Oka
theory may thus be summarized as follows:

Analytic problems on Stein manifolds which can be formulated in terms of maps to Oka
manifolds, or liftings with respect to Oka maps, have only topological obstructions.

Oka theory is an existence theory, providing solutions to a variety of complex analytic
problems on Stein manifolds in the absence of topological obstructions. On the other hand,
Kobayashi hyperbolicity and related rigidity properties play the role of holomorphic obstruction
theory. These two theories complement one another. Many challenging complex analytic
problems lie in-between these two fields where there are no obvious obstructions to the
existence of solutions, yet rigidity obstructions appear when trying to solve them.
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The state of the art of Oka theory up to 2017 is summarized in the monograph [55] and
the surveys [54,63]; a brief historical account is included in Section 2. In the remainder of the
paper we discuss the main developments since 2017 and prove several new results.

A series of major results by Yuta Kusakabe is described in Sections 3—4. They provide a
further unification of Oka theory through the axiom Ell; (see Definition 3.1 and Theorem 3.3),
and they yield new constructions and a variety of new examples of Oka manifolds and Oka
maps. Kusakabe showed that the Oka condition is Zariski local; see Theorem 3.6. He also
proved that the complement C" \ K of any compact polynomially convex subset K C C" for
n > 1 is an Oka manifold; see Theorem 4.2. The same holds in any Stein manifold having
Varolin’s density property introduced in [150]. Such manifolds share many global complex
analytic properties with Euclidean spaces; see [9,58,62,71,103] among others.

In Sections 4 and 5 we describe several new examples of Oka manifolds. We show in
particular that for a compact polynomially convex set K in C", n > 1, and considering C"
as an affine chart in the projective space CP”, the complement CP" \ K is Oka as well; see
Corollary 5.2. Under a mild additional assumption, the same holds for complements (in C" and
CP") of compact sets of the form C U K, where K is a compact polynomially convex set in
C" and C is contained in a compact connected set of finite length; see Theorems 4.12 and 5.8.
In particular, if C is a rectifiable Jordan curve in C" for n > 1 then C" \ C and CP" \ C are
Oka manifolds. Furthermore, the complement of any closed strictly convex set in C* (n > 1)
is Oka; see Theorem 4.14 due to Wold and the author [72].

In Section 6 we describe recent progress in the study of Oka theory for algebraic maps
from affine algebraic varieties into algebraic manifolds, due to Larusson and Truong [114],
Kusakabe [95,100-102], Bochnak and Kucharz [16], and Kaliman and Zaidenberg [90].

In another direction, Luca Studer extended Oka theory to certain Oka pairs of sheaves [146],
thereby generalizing the work of Forster and Ramspott [42] from 1966. He also developed an
abstract homotopy theorem based on Oka theory [145]. See Section 7.

In Section 8 we describe new approximation theorems of Carleman and Arakelian type for
maps to Oka manifolds, due to Brett Chenoweth [29] and the author [57].

In Section 9 we present a generalization of the Docquier—Grauert tubular neighbourhood
theorem for Stein manifolds (see Theorem 9.3), and an application to the construction of large
Euclidean domains in complex manifolds; see Theorem 9.4.

In Section 10 we give an example of a Stein submersion X — C which is a trivial
holomorphic fibre bundle with fibre C?> over C* = C \ {0} but whose fibre over 0 € C is the
product of the disc with C, so it fails to be Oka (see Theorem 10.1). This answers a question
asked by Takeo Ohsawa in [127, Q3] (2020).

In Section 11 we discuss the possible connections between Oka manifolds and special
manifolds in the sense of Campana, and we pose several problems regarding the relationship
between Oka properties and positivity of complete Kahler metrics.

The paper contains an Appendix with a summary of results on holomorphic convexity of
compact sets in affine domains in projective spaces, based on Oka’s criterion for polynomial
convexity. These results are used in Sections 4 and 5.

Among the recent results not discussed in this survey, we mention the development of
equivariant version of modern Oka theory by Frank Kutzschebauch, Finnur Larusson, and
Gerald Schwarz [104—108]. They introduced the notion of a G-Oka manifold where G is a
reductive complex Lie group. Kusakabe (see [95, Appendix]) characterized G-Oka manifolds
by a G-equivariant version of his characterization of Oka manifolds by condition Ell;; see
Definition 3.1(b). A recent survey of this topic is available in [108].
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There were important developments in other areas of analysis and geometry closely
intertwined with Oka theory. One of them is the Andersén-Lempert—Varolin theory, which
concerns Stein manifolds with large holomorphic automorphism groups. This subject has a
major impact on Oka theory. The main link is provided by the fact that every Stein manifold on
which complete holomorphic vector fields densely generate the Lie algebra of all holomorphic
vector fields (Varolin’s density property, see [149,150]) is an Oka manifold, and it is also Oka
at infinity (see Definition 4.3). Furthermore, the Oka principle holds for proper holomorphic
maps, immersions and embeddings of Stein manifolds of suitable dimension into such a
manifold. This subject is treated in [55, Chapter 4] and in the recent surveys [62,103].

Results and methods of Oka theory have lately found new applications. Foremost among
them pertain to the study of minimal surfaces in Euclidean spaces [3,6,7] and holomorphic
Legendrian curves in complex contact manifolds [2,4,5,65]. Results on the latter topic were
applied to the construction of superminimal surfaces in self-dual or anti-self-dual Einstein four-
manifolds [59,61] by exploring the Bryant correspondence, based on Penrose twistor spaces,
between superminimal surfaces in this class of Riemannian four-manifolds and holomorphic
Legendrian curves in three-dimensional complex contact manifolds. Another recent application
are Vaserstein-type results on factorization of holomorphic maps in the complex symplectic
group Sp,,(C); see Ivarsson et al. [86] and Schott [138]. Earlier work on the related problem
for maps to SL,(C) was done by Ivarsson and Kutzschebauch [85] in 2012.

These applications might indicate the beginning of the development of the Oka principle
for holomorphic partial differential relations. 1 have in mind a range of complex analytic
problems where not only values of maps, but also their jets must satisfy certain relations.
These include holomorphic differential equations and a variety of open differential conditions.
The aforementioned applications to minimal surfaces and directed holomorphic curves, such
as null curves and Legendrian curves, are of this kind. The study of regular holomorphic maps
such as immersions and submersions also fits in this framework. In this direction, the Runge
approximation problem for locally biholomorphic self-maps of Euclidean spaces C" for n > 1
remains a mystery, and understanding this subject would have major implications.

2. A brief history of Oka theory up to 2017

Oka theory evolved from the works of Kiyoshi Oka [129] (1939), Hans Grauert [77] (1958),
and Mikhail Gromov [82] (1989). The principal motivation behind the works of Grauert and
other contributors to the classical theory, most notably Otto Forster and Karl Josef Ramspott
and later also Gennadi Khenkin and Jiirgen Leiterer, was to understand the classification of
principal bundles and their associated bundles (in particular, vector bundles) on Stein spaces.
The main result of the classical Oka—Grauert theory asserts that the holomorphic classification
of such bundles agrees with their topological classification. Problems of this type typically
reduce to questions about maps to classifying spaces, and hence it became of interest to
understand the class of complex manifolds having the property that every continuous map from
a Stein manifold or a Stein space to the given manifold is homotopic to a holomorphic map,
with natural additions concerning approximation on compact holomorphically convex sets and
interpolation on closed complex subvarieties. Although this observation was known from the
beginning, as can be seen in particular from Cartan’s exposition [28] of Grauert’s work [77],
the cohomological viewpoint prevailed in this early period.

It took almost three decades till Gromov [82] proposed a more general viewpoint and
developed new approaches, thereby releasing the theory from the constraints of complex Lie
groups and homogeneous manifolds. The emphasis shifted from the cohomological to the
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homotopy-theoretic viewpoint. Gromov introduced geometric sufficient conditions for validity
of the Oka principle for maps from Stein manifolds in terms of the existence of dominating
holomorphic sprays on the target manifold. In particular, he introduced the notion of an elliptic
complex manifold and of an elliptic submersion, and he outlined the proof of the Oka principle
under these assumptions. The first major application of Gromov’s new methods was a solution
of the optimal embedding problem for Stein manifolds in Euclidean spaces by Eliashberg
and Gromov in 1992 [37], with a subsequent improvement for odd dimensional manifolds
by Schiirmann [139]; see the exposition in [55, Secs. 9.3-9.4]. Numerous other applications
are described in [55, Chaps. 8-10].

After Gromov’s seminal paper [82], the first steps to understand and develop his ideas
were made in my joint papers with Jasna Prezelj [66-68] during 2000-2002. These papers
provide detailed proofs and some extensions of the main results from [82]. A weaker sufficient
condition for the Oka principle, subellipticity, was already discussed by Gromov and formally
introduced in [43]. The study of the Oka principle for sections of branched holomorphic maps
was initiated in [45]. In the same period, Finnur Larusson developed an abstract homotopy-
theoretic approach which culminated in his construction of a model category for Oka theory;
see [109-111], [54, Appendix], and [55, Sect. 7.5].

Subsequent developments focused on finding necessary and sufficient conditions on a
complex manifold Y to satisfy the Oka principle for maps X — Y from Stein manifolds and
Stein spaces. Gromov asked in [82] whether a Runge approximation property for maps from
simple domains in Euclidean spaces might suffice. This question was answered affirmatively in
my paper [49] in 2006. In this paper, the convex approximation property (CAP) of a complex
manifold Y was introduced (see Definition 1.1), and it was shown that CAP implies the basic
Oka property with approximation for maps from Stein manifolds to Y. Interpolation on closed
complex subvarieties was added in [47]. It took a few more years to understand that CAP also
implies the parametric Oka properties [50], and that various Oka-type conditions considered in
the literature, including their parametric versions, are pairwise equivalent. This motivated the
introduction of the class of Oka manifolds as complex manifolds satisfying all these equivalent
conditions; see [50]. The Oka property for sections of stratified subelliptic submersions onto
reduced Stein spaces was established in [52] (2010), extending the result of Gromov [82] for
sections of elliptic submersions onto Stein manifolds. The stratified case was first considered
with lesser precision in [67, Sect. 7]. Most known applications of the Oka principle are in the
context of stratified (sub-) elliptic submersions.

The related concept of an Oka map was introduced by Larusson [110] in 2004; see also [51].
A holomorphic map Z — Y between complex manifolds is said to be an Oka map if it is a
topological fibration and it enjoys the Oka properties for lifts of holomorphic maps f : X — Y
from reduced Stein spaces X to holomorphic maps F' : X — Z; see Definition 3.13. (By a
topological fibration, we mean a Serre fibration or a Hurewicz fibration; these conditions are
equivalent for maps between manifolds, and they refer to the homotopy lifting property.) For
a precise definition, see Larusson [110] and [55, Definition 7.4.7]. In particular, a complex
manifold Y is an Oka manifold if and only if the map ¥ — point is an Oka map.

These developments are summarized in the two editions (2011, 2017) of my monograph
[53,55] and in the surveys [54,63]. The remainder of the article is mainly devoted to the
exposition of results obtained after 2017. Among them, we emphasize new characterizations
of Oka manifolds and Oka maps due to Yuta Kusakabe [98,99]; see Section 3. The ellipticity
condition involved in his characterizations was introduced by Gromov [82] in 1989.

Oka manifolds are the very opposite of Kobayashi hyperbolic manifolds, the latter not
admitting any nonconstant holomorphic maps from C. A majority of complex manifolds have
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at least some holomorphic rigidity. This holds in particular for compact complex manifolds
of general type — these are not dominable by Euclidean spaces according to Kobayashi and
Ochiai [92], and hence are not Oka. For a long time it seemed that Oka manifolds are few
and very special. However, it recently became clear that they are much more plentiful than
previously thought, at least among noncompact complex manifolds; see Sections 4 and 5. These
results opened new vistas of possibilities that remain to be fully explored.

3. Elliptic characterization of Oka manifolds and Oka maps

In this section we present a new conceptual unification of Oka theory, due to Yuta
Kusakabe [98] (2021). He proved that a restricted version Gromov’s ellipticity condition Ell,
for holomorphic maps from compact convex sets in Euclidean spaces to a given complex
manifold Y implies the convex approximation property (CAP) of Y; see Definition 3.1(b) and
Theorem 3.3. It has been known since 2009 [50] that CAP is equivalent to the validity of all
Oka properties of Y (see also [55, Theorem 5.4.4]), and that it also implies condition Ell;.
This provides an affirmative answer to a question of Gromov [81, p. 72]. Another result of
Kusakabe [99] gives the analogous characterization of Oka maps by convex ellipticity; see
Theorem 3.20. An important consequence is a localization theorem for Oka manifolds (see
Theorem 3.6), which has already led to many new examples. A fascinating application of
these new techniques is Kusakabe’s result that the complement of every compact polynomially
convex set in C" for n > 1 is Oka (see Section 4). Furthermore, it was recently shown by Wold
and the author [72] that for most closed convex set E C C" (n > 1) which are smaller than
a halfspace, the complement C" \ E is an Oka domain (see e.g. Theorem 4.14). In particular,
there are concave Oka domains in C" for n > 1 which are only slightly bigger than a halfspace.
Results of this kind seemed totally unimaginable a few years ago.

3.1. Ellipticity conditions

In [81,82] Gromov introduced several ellipticity conditions for complex manifolds and
holomorphic maps, which provide geometric sufficient conditions for Oka properties. These
conditions are based on the notion of a dominating spray, a prime example of which is the
exponential map on a complex Lie group.

Let X and Y be complex manifolds. A (holomorphic) spray of maps X — Y is a
holomorphic map F : X x C¥ — Y for some N € N. The map f = F(-,0) : X — Y
is the core of F, and F is called a spray over f. The spray F is said to be dominating if

—|  F(x,w):CN — Ty)Y is surjective for every x € X.
dw lw=0

More generally, F' is dominating on a subset U C X if the above condition holds for every
point x € U. A more general type of a spray is a holomorphic map F : E — Y from the total
space E of a holomorphic vector bundle w : E — X; its core is the restriction of F to the
zero section of E (which we identify with X), and the domination condition is defined in the
same way by considering the derivative in the fibre direction. In particular, a dominating spray
on a complex manifold Y over the identity map Idy is a holomorphic map F : E — Y from
the total space of a holomorphic vector bundle £ — Y such that

F(O,)=y and dFy (Ey) =T,Y forevery yeY. 3.1

If Y is a homogeneous manifold of a complex Lie group G and e : g — G is the exponential
map on G, then the map ¥ x g — Y given by (y, v) — e”y is a dominating spray on Y.
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Definition 3.1. Let Y be a complex manifold.

(a) (Gromov [82, 0.5, p. 8.5.5]; see also [55, Definition 5.6.13].) The manifold Y is elliptic
if it admits a dominating holomorphic spray F : E — Y over Idy, and is special elliptic
if such a spray exists on a trivial bundle E =Y x CV.

(b) (Gromov [81, p. 72].) The manifold Y enjoys condition Ell; if every holomorphic
map X — Y from a Stein manifold is the core of a dominating holomorphic spray
XxCN >vy.

(c) The manifold Y enjoys condition C-Ell; if for every compact convex set K C C”
(n € N), open set U C C" containing K, and holomorphic map f : U — Y there are an
open set V with K C V C U and a dominating holomorphic spray F : V x CN — Y
over f|y.

Every elliptic Stein manifold Y is also special elliptic. Indeed, by an extension of Cartan’s
Theorem A (see Forster [41, Corollary 4.4] or Kripke [93]), every holomorphic vector bundle
m : E — Y over a Stein manifold admits finitely many (say N) holomorphic sections which
span the fibre Ey = 7~'(y) over each point y € Y. This gives a surjective holomorphic vector
bundle map ¢ : ¥ x CV — E, and precomposing a dominating spray F : E — Y by ¢ yields
a dominating spray ¥ x C¥ — Y. This fails on non-Stein manifolds: every compact special
elliptic manifold is complex homogeneous (see [57, Proposition 6.2]).

Condition Ell; obviously implies C-Ell;, the latter being a restricted version of Ell; applied
to compact convex sets in Euclidean spaces, and we ask that a dominating spray exists over a
smaller neighbourhood of the set (this comes handy in applications).

One of Gromov’s main results in [82] is that every elliptic manifold is Oka (see
also [55, Corollary 5.6.14]). In fact, ellipticity easily implies CAP (see Definition 1.1); this
is a special case of [55, Theorem 6.6.1] which gives a Runge approximation theorem for
homotopies of holomorphic maps. Conversely, every Stein Oka manifold is easily seen to be
elliptic [55, Proposition 5.6.15]. Kusakabe [96] gave the first known examples of Oka manifolds
which fail to be elliptic or even just (weakly) subelliptic, thereby negatively answering a
question on Gromov. (See the discussion on [55, p. 325].) The results in Sections 4 and 5
provide a plethora of such examples. However, the following problem seems to remain open.

Problem 3.2. Is there a compact Oka manifold which fails to be elliptic or subelliptic?

3.2. Characterization of Oka manifolds by condition Ell;

It is easily seen that every Oka manifold satisfies condition Ell; (see [55, Corollary 8.8.7]).
It came as a genuine surprise that the converse holds as well. The following result is due to
Kusakabe [98, Theorem 1.3].

Theorem 3.3. A complex manifold which satisfies condition C-Ell, is an Oka manifold. Hence,
the following conditions on a complex manifold are equivalent:

Oka <— Ell; < C-Ell;.

It follows that conditions Ell;, Ell, and Ell,, introduced by Gromov in [82] are pairwise
equivalent, and they characterize the class of Oka manifolds. See also [98, Conjecture 4.6 and
Corollary 4.7] for a more precise description of Gromov’s conjectures.
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Theorem 3.3 enables the construction of many new examples of Oka manifolds; see in
particular Theorem 3.6 and the examples in Sections 4 and 5. The main point is that it is often
easier to construct sprays whose domain is a Stein manifold, or even just a convex domain in
a Euclidean space, rather than a general complex manifold.

Due to its importance, we include a proof of Theorem 3.3. The main point is to show that
C-Ell; implies CAP; the rest follows from previously known results (see Theorem 1.2).

We begin with preparations. Given a compact set K in a complex manifold X and a complex
manifold Y, we denote by (K, Y) the space of germs on K of holomorphic maps from open
neighbourhoods U C X of K to Y. Thus, O(K, Y) is the colimit (also called the direct limit)
of the system (U, Y) over open sets U C X containing K, with the natural restrictions maps
ryv:O(V,Y)— O(U,Y) given for any pair U C V by ry v(f) = flu. The space O(K,Y)
carries the colimit topology defined as follows. Fix a distance function dist on Y inducing the
natural manifold topology. A basic open neighbourhood of an element of (K, Y), represented
by amap f € O(U,Y), is a set of the form

YV(f,U,K' €)= {g e OWU',Y): sup dist(f(2), g(z)) < 6} (3.2)
zeK’
where K’ is a compact set containing K in its interior, U’ is an open set with K’ Cc U’ € U,
and € > 0. Equivalently, let (U )r>; be a decreasing basis of open neighbourhoods of K such
that Uiy, is relatively compact in Uy for all £ > 1. The colimit topology on O(K, Y) is the
finest topology that makes all maps O(Uy, Y) — O(K, Y) continuous. By saying that a map
K — Y is holomorphic, we mean that it belongs to (K, Y).
A (convex) polyhedron in RN is a compact set which is the intersection of finitely many
closed affine half-spaces. Recall the following definition (cf. [55, Definition 5.15.3]).

Definition 3.4. A pair K C L of compact convex sets in RY is a special polyhedral pair if
L is a polyhedron and K = {z € L : A(z) < 0} for some affine linear function A:RY — R.

The following observation is due to Kusakabe [94] (see [55, Lemma 5.15.4]).

Lemma 3.5. Suppose that Y is a complex manifold such that for each special polyhedral pair
K C L in C" (n € N), every holomorphic map K — Y can be approximated uniformly on K
by holomorphic maps L — Y. Then Y enjoys CAP and hence is an Oka manifold.

Proof of Theorem 3.3. Let K C L be a special polyhedral pair in C". Since K is convex and
Y is connected, the space O(K, Y) is connected. Indeed, every map f € (K, Y) is homotopic
to the constant map K — f(p) for any p € K. Denote by A the set of all f € O(K, Y) which
can be approximated uniformly on K by maps in &(L, Y). Clearly A is nonempty (since it
contains constant maps) and closed in (K, Y). In view of Lemma 3.5 and connectedness of
O(K,Y) it remains to show that A is also open in (K, Y), so A= O(K,Y).

Fix f € A and represent it by a map f € O(U, Y) from an open set U C C" containing K.
Condition C-Ell; gives a convex open set V, with K C V C U, and a dominating holomorphic
spray F : V x CN — Y with F(-,0) = f|y. By factoring out the kernel of

AF(z, w)/dw|y=o : CV — Ty)¥Y, z€V

(which is a trivial holomorphic subbundle of V x CV with trivial quotient) we may assume
that N = dimY and the above map is an isomorphism for every z € V. Hence, up to
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shrmkmg V around K if necessary, there is an open ball 0 € W C CV such that the map
F=(1d, F):V xCN — V x Y given by

F(z, w)=(z, F(z,w)), zeV, weCV (3.3)

maps V x W biholomorphically onto its image in V x Y. Since f € A, there are a
neighbourhood 2 C C" of L and a map g € O(f2,Y) whose graph {(z,g(z)) : z € K}
over K belongs to F(V x W). Up to shrinking (2 around L, [55, Lemma 5.10.4] provides a
local dominating holomorphic spray G : {2 x W — Y over G(-, 0) = g. Replacing G(z, w)
by G(z,tw) for a small + > 0 we may assume that the map 5(z w) = (z, G(z, w)) satisfies
G(K xW) e F(V x W). Hence, there is an open convex set Uy C C'withK CU e VN
such that G(Ul x W) e F(V x W). Since the map F (3.3) is biholomorphic on V x W, there
is a unique holomorphic map H : U; x W — W such that

F(z, H(z, w)) = G(z, w) for all (z,w) e U} x W. 3.4
Pick a slightly larger polyhedron L’ containing L in its interior and a small € > 0 and set
A={zel :Mz)<2}CU;, B={zel :Az)=>¢€}C.

The polyhedra A and B form a Cartan pair (see [55, Definition 5.7.1]) with AU B = L’ and
C=ANB={zelL :e <Az <2} Let

K' ={zeL :\Mz) <€/2}.

Pick a convex open set Uy C C" such that K’ C Uy C U; and UoN C = @. Choose any
holomorphic map ¢ : Uy — C¥. Since K’ and C are disjoint compact convex sets in C",
their union is polynomially convex. Hence, the Oka—Weil theorem furnishes a holomorphic
map ¢> A x W — CV which approximates ¢(z) on (z, w) € K’ x W (with ¢ independent of
w) and approximates H on C x W. In view of (3.4), the holomorphic map & : A x W — Y
defined by

®(z, w) = F(z, p(z, w)) forze Aand w e W
then approximates G on C x W, while on K’ x W it is close to the map
(z, w) > f3(z) == F(z,$(z)) forze K and w e W. (3.5)

Recall that the spray G is dominating over C. Hence, if the approximations are close enough,
we can apply [55, Proposition 5.9.2] on the Cartan pair (A, B) to glue ¢ and G into a
holomorphic spray @ : L’ x W' — Y for a smaller parameter ball 0 € W' C W. By the
construction, its core f =6¢,0:L —-Y then approximates the map f, given by (3.5) on
K', which shows that f, € A. Since the map Fin (3.3) is injective holomorphic on V x W,
every holomorphic map K’ — Y sufficiently uniformly close to f on K’ is of the form f, in
(3.5) for a suitable choice of ¢, and hence it belongs to the set .4 of approximable maps. This
shows that the set A is open as claimed, and therefore A = O(K,Y). O

3.3. A localization theorem for Oka manifolds

A domain U in a complex manifold Y is said to be Zariski open if Y\ U is a closed complex
subvariety of Y. An important application of Theorem 3.3 is the following localization criterion
for Oka manifolds.
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Theorem 3.6 (Kusakabe, [98, Theorem 1.4]). If Y is a complex manifold which is a union of
Zariski open Oka domains, then Y is an Oka manifold.

This is one of the most important new results in Oka theory and a wonderful tool for
constructing new examples of Oka manifolds. Several of them are described in Kusakabe’s
paper [98], and many more will be pointed out in the sequel. Previously, a localization
theorem was known only for algebraically subelliptic manifolds (see [82, Lemma 3.5B] or [55,
Proposition 6.4.2]). The following is an immediate corollary to Theorem 3.6.

Corollary 3.7. Assume that Y is a complex manifold and Y' is a closed complex subvariety
of Y such that Y \ 'Y’ is an Oka domain. If for every point y € Y’ there exists a holomorphic
automorphism ¢ € Aut(Y) such that y ¢ ¢p(Y’), then Y is an Oka manifold.

The proof of Theorem 3.6 uses the following corollary to [55, Theorems 7.2.1 and 8.6.1].

Proposition 3.8 (Proposition 3.1 in [98]). Let {2 be a Zariski open Oka domain in a complex
manifold Y. Given a Stein manifold X and a holomorphic map f : X — Y, there is a
holomorphic spray F : X x CN — Y over f which is dominating on f~'(£2).

Proof of Theorem 3.6. By Theorem 3.3 it suffices to show that Y enjoys condition C-Ell;.
Let K be a compact convex set in C" and f € O(U, Y) be a holomorphic map on an open
neighbourhood U C C”" of K. Let (% be a collection of Zariski open domains in Y with
U; 2 = Y. Since K is compact, f(K) is contained in the union of finitely many 2’s;
call them (2, ..., §2,. Proposition 3.8 furnishes a spray Fy : U x C’ — Y with the core
f which is dominating on f~!(£2;). Applying Proposition 3.8 to F; furnishes another spray
F, : (U x CN1) x CM — Y with the core F; which is dominating on Fl_l(()z). Considering
F, as a spray over f : U — Y, it is dominating on f~'(2, U %) (since F, is dominating on
F71(2)). After m steps of this kind we obtain a spray F : U x CV — Y over f which is
dominating on a neighbourhood of K. [

3.4. Sprays generating tangent spaces

Theorem 3.3 implies several other criteria for a manifold Y to be Oka. The following result
combines Corollaries 4.1 and 4.2 in Kusakabe’s paper [98].

Corollary 3.9. The following conditions are equivalent for every complex manifold Y.

(a) The manifold Y is Oka.
(b) For every Stein manifold X, holomorphic map f : X — Y, and holomorphic section V
of f*TY — X there is a holomorphic spray F : X x C — Y over f such that

Oli=oF(x, 1) =V(x) € Tpi)Y forall x € X.

(c) For every Stein manifold X, holomorphic map f : X — Y and point x € X there are
Sfinitely many holomorphic sprays F; : X x CNi > Y (j=1,...,k)over f such that

k
D im0 F(x, ECN) = Ty Y.
j=1

(d) Condition (c) holds for every convex domain X C C", n € N.
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Proof. (a)=(b): If Y is Oka then by [55, Corollary 8.8.7] there is a dominating holomorphic
spray G : X x C¥N — Y over f = G(-,0) for some N e N. This means that

O = dplw0G(-,w): X x CN — f*TY

is a surjective holomorphic vector bundle map, so there is a holomorphic map W : X — CV
such that ©(x, W(x)) = V(x) for all x € X (see [55, Corollary 2.6.5]). The holomorphic spray
F : X x C— Y defined by F(x,t) = G(x,tW(x)) then satisfies condition (b).

The implications (b)=>(c)=>(d) are obvious.

(d)=(a): Let K C C" be a compact convex set, X C C" be an open convex set containing
K,and f € 0(X,Y). Fix x € K. By condition (d) there is a spray F; : X xC — Y over f such
that the vector Vi := 9;|,—0Fi(x, ) € Ty,)Y is nonzero. Applying condition (d) to F; gives a
spray F, : X x C x C — Y over F; such that the vector V, := 0;|;=0F>(x,0,1) € Tfy)Y is
linearly independent from V;. Continuing in this way we obtain after d = dim Y steps a spray
F : X x C? — Y over f which is dominating at x, and hence on a neighbourhood of x. A
repetition of this process over other points of K gives a holomorphic spray over f which is
dominating on an open neighbourhood of K in X. Thus, Y enjoys condition C-Ell; and hence
is Oka by Theorem 3.3. [

3.5. C-connectedness

In [94], Kusakabe characterized Oka manifolds by the following C-connectedness property
of the space of holomorphic maps from Stein manifolds.

Theorem 3.10 (/94, Theorem 3.2]). For a complex manifold Y the following are equivalent.

(a) Y is an Oka manifold.

(b) For every Stein manifold X and homotopic holomorphic maps fo, fi : X — Y there is
a holomorphic map F : X x C — Y such that F(-,0) = fy and F(-,1) = fi.

(¢) Condition (b) holds for every bounded convex domain X in C", n € N.

This result and its proof are also presented in [55, Theorem 5.15.2]. The implication (a)=>(b)
follows from the 1-parametric Oka principle for holomorphic maps into Oka manifolds, and
(b)=(c) is obvious. The proof of the main implication (c)=>(a) reduces to showing that
condition (c) implies CAP on special polyhedral pairs (see Lemma 3.5). This uses a similar
idea as the proof of Theorem 3.3.

We mention the following open problem; see [55, Problem 7.6.4].

Problem 3.11 (The Union Problem for Oka Manifolds). Let Y be a complex manifold and
Y’ C Y be a closed complex submanifold. If Y’ and Y \ Y’ are Oka, is ¥ Oka? In particular,
if Y is a complex manifold and p € Y is such that ¥ \ {p} is Oka, is the blowup Bl,Y Oka?

This situation occurs in Kummer surfaces: every such surface admits 16 pairwise disjoint
embedded rational curves such that the complement of their union is Oka (see [55, Sect. 7.2]).
In an attempt to approach this problem, Kusakabe combined Theorem 3.10 with [55, Theorem
7.2.1] to show the following (see [98, Theorem 4.4]).

Theorem 3.12. Given a complex manifold Y with a Zariski open Oka domain U C Y, the
following conditions are equivalent.
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(a) Y is an Oka manifold.

(b) For every Stein manifold X and map f € O(X,Y) which is homotopic to a continuous
map X — U there exists F € O(X x C,Y) with F(-,0)= f and F(-,1) € O(X, U).

(¢) For every bounded convex domain X in C" (n € N) and map f € O(X,Y) there is a
holomorphic map F : X x C — Y such that F(-,0) = f and F(-,1) € O(X, U).

It is not clear how to find a map F satisfying condition (c) if f(X) intersects both U and
the subvariety Y' = Y \ U. If X is convex and f(X) C (Y')rg, then such a map exists by
[64, proof of Theorem 2] (see also [55, proof of Theorem 7.1.8]).

3.6. Elliptic characterization of Oka maps

The main new result presented in this section is Kusakabe’s characterization in [99] of the
Oka property of holomorphic submersions by convex ellipticity; see Theorem 3.20. We begin
with some background.

A holomorphic map & : Y — Z of reduced complex spaces is said to enjoy the parametric
Oka property with approximation and interpolation (POPAI) if for every holomorphic map
f : X — Z from a reduced Stein space, each continuous lift F, : X — Y is homotopic
(through lifts of f) to a holomorphic lift ¥ = F; : X — Y as in the following diagram,

Y

F /4
Ve lh
7 f
X —Z

with approximation on a compact ¢(X)-convex subset of X and interpolation on a closed
complex subvariety of X on which Fj is holomorphic. Furthermore, the analogous conditions
must hold for families of maps f, : X — Z depending continuously on a parameter p in a
compact Hausdorff space; see [55, Definitions 7.4.1 and 7.4.7] for the details. When Z is a
singleton, these are the usual Oka properties of the complex manifold Y.

Definition 3.13. A holomorphic map % : Y — Z between reduced complex spaces is an Oka
map if it enjoys POPAI and is a Serre fibration (see [51,110] and [55, Definition 7.4.7]).

For a holomorphic submersion & : ¥ — Z, POPAI is a local condition in the sense that it
holds if (and only if) every point zp € Z has an open neighbourhood U C Z such that the
restricted submersion / : h~'(U) — U enjoys POPAI (see [52, Theorem 4.7] or [55, Definition
6.6.5 and Theorem 6.6.6]). Furthermore, for such 4 the basic Oka property (referring to lifts
of single maps f : X — Z) implies POPAI, see [51].

Since a holomorphic fibre bundle projection is a Serre fibration, the above localization
argument shows that it is an Oka map if and only if the fibre is an Oka manifold. Furthermore,
every stratified subelliptic holomorphic submersion satisfies POPAI, so it is an Oka map
provided that it is a Serre fibration (see [55, Corollary 7.8.4]).

Let us look more closely at Oka maps between complex manifolds.

Proposition 3.14. Let h : Y — Z be an Oka map between complex manifolds with Z
connected. Then, h is a surjective submersion and the fibres h='(z) for 7 € Z are Oka
manifolds.
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Proof. Let zo = h(yy) € h(Y) for some yy € Y. Since Z is connected, there is a path y from
Zp to any given point z € Z. Since & enjoys the homotopy lifting property, we can lift y to a
path in Y starting at yg; its terminal point y then satisfies #(y) = z. Hence, / is surjective. By
a similar argument, given a point yo € Y there are a contractible open neighbourhood U C Z
of zo = h(yp) and a continuous section fy : U — Z with fy(yo) = z0 and h o fy = Idy.
Since h is an Oka map, we can deform f; to a holomorphic section f : U — Y|y of h with
f(z0) = yo. The restriction i : f(U) — U is then a biholomorphism, which shows that /4 is a
submersion at yo. The fact that the fibres of 4 are Oka manifolds follows from the definition
of an Oka map (and it holds if /& enjoys POPAI). [

The following result gives many new examples of Oka manifolds from the existing ones.
The special case concerning holomorphic fibre bundles with Oka fibres was proved in [49]; see
also [55, Theorem 5.6.5]. Both proofs contain a minor glitch related to the (non-) existence of
Stein neighbourhoods of certain sets, and we give a correct proof here.

Theorem 3.15. Ifh:Y — Z is an Oka map of complex manifolds with Z connected, then Y
is an Oka manifold if and only if Z is an Oka manifold. This holds in particular if h : Y — Z
is a holomorphic fibre bundle with an Oka fibre.

Proof. Assume first that Y is an Oka manifold and let us prove that so is Z. We shall verify

CAP. Let K be a compact convex in C", and let fy : U — Z be a holomorphic map from

an open convex neighbourhood U C C” of K. Since & is an Oka map and U is contractible,

fo lifts to a holomorphic map gy : U — Y with h o gg = fy. Since Y is Oka, we can

approximate g as closely as desired uniformly on K by a holomorphic map g : C* — Y. The

map f =hog:C" — Z then approximates fy on K, so Z enjoys CAP and hence is Oka.
To proves the converse part, we shall need the following lemma.

Lemma 3.16 (Lemma 3.4 in [46]). Let h' : Y' — Z' be a holomorphic submersion of a Stein
manifold Y’ onto a complex manifold Z'. Then there are an open Stein domain W C Z' x Y’
containing the submanifold S .= {(z',y’) € Z' xY' : k'(y") = 7'} and a holomorphic retraction
p:W — S of the form p(z', y') = (', p(z', y)) for (', y') € W.

The proof of Theorem 3.15 can now be completed as follows. Assuming that Z is an
Oka manifold, we shall verify that ¥ enjoys CAP and hence is Oka. Consider the manifolds
Y=C"xY,Z=C"x Z and the projection h:Y > 7 given by h(Z,y) = (¢, h(y)) for
¢ €C*and y € Y. By Proposition 3.14, h is a surjective holomorphic submersion. Let U C C”
be an open convex neighbourhood of a compact convex set K C C" and fy : U — Y be a
holomorphlc map. Set go = ho fy: U — Z. The graphs

=1 fo):¢ceUycY and Iy ={(¢ gQ):¢eUlCZ

are locally closed Stein submanifolds of Y and Z., which by Siu’s theorem [142] admit open
Stein neighbourhoods Y’ C Y and Z C Z, respectively. These neighbourhoods can be
chosen such that ily : Y/ — Z'is a surjective holomorphic submersion. For every point
p € Z', Lemma 3.16 furnishes a holomorphic retraction p, from a neighbourhood of the fibre
Y, =Y'n h='(p) onto Y/, depending holomorphically on p € Z'.

Smce Z is Oka, we can approximate the map go : U — Z uniformly on K by a holomorphic
map g : C* — Z. If the approximation is close enough then for all ¢ in a neighbourhood
V C U of K the point (¢, fy(¢)) € Y’ lies in the domain of the retraction o g). For ¢ € V let

380



F. Forstneric¢ Indagationes Mathematicae 34 (2023) 367417

f1(¢) € Y denote the projection of the point o ¢))(¢, fo(¢)) to Y. Then, themap f;:V — Y
is holomorphic, uniformly close to fy on K, and it satisfies & o f;(¢) = g(¢) for ¢ € V. Since
h:Y — Z is an Oka map, g : C" — Z is a holomorphic map, and f; is a holomorphic lift of
g over V D K, we can approximate f; uniformly on K by a holomorphic map f : C" — Y
satisfying h o f = g. Hence, Y enjoys CAP and so is an Oka manifold. [

Remark 3.17. Knowing that Oka maps are fibrations in the model structure constructed by
Larusson [110] helps us understand and predict their behaviour. For example, it is immediate
by abstract nonsense that the composition of Oka maps is Oka, that a retract of an Oka map is
Oka, and that the pullback of an Oka map by an arbitrary holomorphic map is Oka. Also, in
any model category, the source of a fibration with a fibrant target is fibrant. It follows that the
source of an Oka map with an Oka target is Oka. On the other hand, the fact that the image
of an Oka map with an Oka source is Oka is a surprising feature of Oka theory not predicted
by abstract nonsense, and its proof depends on the fact that the Oka property can be detected
using the CAP property, which pertains to approximation of maps from contractible sets.

We have already remarked that if 7 : Y — Z is a holomorphic submersion enjoying POPAI
then every fibre of h is an Oka manifold. The converse fails in general. For example, let
g : Z — C be a continuous function on a domain Z C C and consider the map

h:Y={z,w)eZxC:w#gk)}—>2Z, hz,w)=z.

Every fibre of 4 is the Oka manifold C*, & is a topological fibre bundle and a Serre fibration,
but /2 is an Oka map if and only if g is a holomorphic function (see [55, Corollary 7.4.10]).

The following result of Kusakabe [97, Lemma 5.1] shows that a manifold is Oka if it admits
sufficiently many submersive projections having the Oka property.

Proposition 3.18. Assume that for every point y in a complex manifold Y there exist complex
manifolds Z,, ..., Zy and holomorphic submersions h; : Y — Z; (j = 1,...,k) enjoying
POPAI such that T,Y = Zl;zl T, [h;l(hj(y))]. Then Y is an Oka manifold.

Proof. Let f : X — Y be a holomorphic map from a Stein manifold X. Fix a point
x € X and let h; : Y — Z; be submersions satisfying the hypothesis in the proposition
at y = f(x) € Y. The Oka property of h; furnishes a fibre dominating holomorphic
spray F; : X x CNi — Y over f with hj o F = h; o f (see [55, Corollary 8.8.7]).
In particular, 3 |—oF;(x, t)CNi) = T,[h;'(h;(y)]. Since Y5_, T,[h;'(h;(y)] = T,Y. the

sprays Fi, ..., F; dominate T,Y. Hence, Y is Oka by Corollary 3.9 (the equivalence of (a)
and (c)). O

As pointed out in the introduction to Kusakabe’s paper [99], the two main types of maps
which are known to satisfy POPAI are (stratified) fibre bundles with Oka fibres and (stratified)
subelliptic submersions. None of these two families is a subfamily of the other one: there are
Oka manifolds which fail to be subelliptic (see Section 4), and there are subelliptic submersions
which are not locally trivial at any base point, e.g. a complete family of complex tori [112,
Theorem 16]. Kusakabe also gave an example of a holomorphic submersion enjoying POPAI
which does not belong to any of these two classes [99, Proposition 5.10]. It is therefore of
interest to find a characterization of POPAI which unifies the theory in the same way as CAP
and Ell; characterize Oka manifolds (cf. Theorem 3.3). To this end, Kusakabe introduced the
following notion (see [99, Definition 1.2]).
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Definition 3.19. A holomorphic submersion /& : Y — Z of complex spaces is convexly elliptic
if there exists an open cover {U;};c; of Z such that for every compact convex set K C C”
(n € N) and holomorphic map f € O(K,Y) with f(K) C h='(U;) for some i € I there are a
neighbourhood V C C" of K and a holomorphic map F : V x CV — Y satisfying

1 F(,0)=f,
(i) ho F(z,t)=ho f(z)forallz € V and t € CV, and
(iii) F(z,-): CY — h~'(h(f(2))) is a submersion at 0 € CV forall z € V.

A map F as in the above definition is called a fibre dominating spray over f. Note that
convex ellipticity is a fibred version of condition C-Ell; (cf. Definition 3.1(c)).

Theorem 3.20 (Kusakabe [99, Theorem 1.3]). A holomorphic submersion of complex spaces
enjoys POPAL if and only if it is convexly elliptic. In particular, a holomorphic submersion is
an Oka map if and only if it is a convexly elliptic Serre fibration.

In view of the fact that a complex manifold Y is an Oka manifold if and only if the constant
map Y — point is an Oka map, Theorem 3.20 generalizes Theorem 3.3, the latter characterizing
Oka manifolds by condition C-Ell;.

The proof of Theorem 3.20 in [99, Sections 3-4] is similar to the proof of Theorem 3.3. First,
the problem is reduced to the main special case which pertains to sections of a holomorphic
submersion & : Y — Z. In this case, and assuming that the base Z is Stein, an axiomatic
characterization of POPAI is provided by the homotopy approximation property, HAP, first
introduced in [51, Proposition 2.1]. (See also [55, Definition 6.6.5 and Theorem 6.6.6].)” This
condition, which is local on the base, is an axiomatization of the homotopy Runge theorem
(see [55, Theorem 6.6.2]). The gist of Kusakabe’s proof of Theorem 3.20 is to show that HAP
is implied by convex ellipticity in a similar way as CAP is implied by condition C-Ell; (see
Theorem 3.3 for the latter). We refer to [99] for the details.

4. Oka domains in Euclidean spaces and in Stein manifolds with the density property

A long-standing problem in Oka theory asked whether the complement of every compact
convex set K in C" for n > 1 is an Oka manifold (see [55, Problem 7.6.1]). In 2020,
Kusakabe [97] answered this problem affirmatively and in a much greater generality.

We recall the following notion introduced by Varolin [150]; see also [55, Definition 4.10.1].

Definition 4.1 (Varolin [150]). A complex manifold X has the density property if every holo-
morphic vector field on X can be approximated uniformly on compacts by Lie combinations
(sums and commutators) of complete holomorphic vector fields on X.

An algebraic manifold X has the algebraic density property if the Lie algebra of algebraic
vector fields on X is generated by complete algebraic vector fields.

Every holomorphic vector field on an affine algebraic manifold is a limit of algebraic vector
fields, and hence the algebraic density property implies the holomorphic density property.
Note that flows of complete algebraic vector fields in the above definition need not be

2 Condition HAP is not stated correctly in [55, Definition 6.6.5]: the same condition must hold for every local
holomorphic spray of sections with parameter in a ball B C C". Equivalently, the stated condition must apply to
each trivial extension Z xB — X x B of the given submersion Z — X. This holds for every subelliptic submersion
Z — X by [55, Theorem 6.6.2].
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algebraic. Algebraic vector fields having algebraic flows are called locally nilpotent derivations,
abbreviated LNDs, and they are much more special.

On a Stein manifold X, the density property implies the Andersén—Lempert theorem
concerning approximation of isotopies of biholomorphic maps between Stein Runge domains
in X by isotopies of holomorphic automorphisms of X; see [55, Theorem 4.10.5]. Every Stein
manifold with the density property has dimension > 1 and is an Oka manifold (see [87,
Theorem 4] or [53, Theorem 5.5.18]). For surveys, see [55, Chapter 4], [62], and [103].

We can now state Kusakabe’s result.

Theorem 4.2 (Kusakabe [97, Theorem 1.2 and Corollary 1.3]). If Y is a Stein manifold with
the density property and K is a compact O(Y)-convex set in Y then the complement Y \ K is
an Oka manifold. In particular, if K is a compact polynomially convex set in C" for n > 1,
then C" \ K is an Oka manifold.

Since the interior X = K of a polynomially convex set K in C" is Stein [84, Corollary 2.5.7],
Theorem 4.2 gives many Stein—-Oka decompositions C* = 2U X, where X is a bounded Stein
domain with polynomially convex closure and £2 = C"\ X is an Oka domain. This phenomenon
is rather symbolic since Oka manifolds are in a certain sense dual to Stein manifolds, being
the most natural targets of holomorphic maps from Stein manifolds.

It seems reasonable to introduce the following property.

Definition 4.3. A noncompact complex manifold Y is Oka at infinity if there is an exhaustion
KiCcK,C---C Ufozl =Y by compact sets such that ¥ \ K; is Oka for every j € N.

Thus, Theorem 4.2 says that every Stein manifold with the density property is Oka at
infinity. Besides its intrinsic interest, Theorem 4.2 is a very useful tool for constructing proper
holomorphic maps to such manifolds; see Remark 4.5.

Kusakabe’s proof of Theorem 4.2 uses the characterization of Oka manifolds by condition
C-Ell; (see Theorem 3.3). Given a compact convex set L C CV and a holomorphic map
f L — Y suchthat f(z) € Y \ K for every z € L, he constructed a holomorphically varying
family f(z) € {2, C Y\ K (z € L) of nonautonomous basins with uniform bounds (i.e., basins
of random sequences of automorphisms of ¥ which are uniformly attracting at the fixed point
f(z) € Y \ K); such basins are elliptic manifolds as shown by Fornass and Wold [40], hence
Oka. It is then possible to find a dominating holomorphic spray F : L x C* — Y over
f = F(-,0) such that F(z,¢) € {2, for all z € L and ¢ € C". Thus, Y \ K satisfies condition
C-Ell; and hence is Oka.

Soon thereafter, Wold and the author pointed out in [70] that one can choose a spray F
as above such that F(z,-) : C* — Y \ K is a Fatou-Bieberbach map for every z € L. The
following result of independent interest therefore implies Theorem 4.2.

Theorem 4.4 (Theorems 1.1 and 3.1 in [70]). Let Y be a Stein manifold with the density
property, K be a compact O(Y)-convex set in Y, L be a compact convex set in CN for some
N eN, and f : U — C" be a holomorphic map on an open neighbourhood U C CV of L
such that f(z) € Y \ K for every z € L. Then there are an open neighbourhood V. C U of
L and a holomorphic map F : V x C" — Y with n = dimY such that for every z € V we
have that F(z,0) = f(z) and the map F(z,-): C" — Y \ K is injective (a Fatou—-Bieberbach
map). If Y = C" with n > 1 then the same conclusion holds if L is polynomially convex.
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Remark 4.5. In the papers [9,12,58] it was proved that every Stein manifold X admits a proper
holomorphic embedding in any Stein manifold Y with the density property, or the volume
density property with respect to a holomorphic volume form on Y, if dimY > 2dim X, and
it admits a proper holomorphic immersion if dimY > 2dim X. In the case when Y has the
density property, the proofs can be substantially simplified by using Theorem 4.2; here is an
outline. Suppose that D is a relatively compact, smoothly bounded domain in X whose closure
is 0(X)-convex and f : X — Y is a continuous map which is holomorphic on D. Given a
compact &(Y)-convex set L C Y, one can use the technique in [35] to deform f to another
map f : X — Y which is holomorphic on D, close to f on a given compact subset of D
and satisfies f(bD) C Y \ L. Since the domain Y \ L is Oka by Theorem 4.2, we can apply
Theorem 1.3 to approximate f uniformly on D by a holomorphic map g : X — ¥ homotopic
to f such that g(X \ D) C ¥ \ L. Continuing inductively and using also the general position
theorem at every step, we obtain a sequence of holomorphic embeddings (or immersions) from
an increasing sequence of domains exhausting X to Y, converging to a proper holomorphic
embedding or immersion X — Y.

This scheme does not work if ¥ has the volume density property but not the density property.
A quintessential example is (C*)" which has the volume density property with respect to the
volume form dzy Adzy A---Adz, /2122 - - - Zn, DUt it is not known to have the density property.
It is not known whether Theorem 4.2 holds for such manifolds since holomorphic vector fields
which are contracting at some point are not volume preserving. However, such a manifold
still has Oka property at infinity for maps X — Y from Stein manifolds X of dimension
dimX <dimY.

It was proved by Andrist, Shcherbina, and Wold [11] that, in a Stein manifold X of
dimension at least three, every compact holomorphically convex set K with infinitely many
limit points has non-elliptic complement X \ K. An important point in the proof is that every
holomorphic line bundle £ — X \ K extends to a holomorphic line bundle on the complement
of at most finitely many points, and hence a spray F : E — X defined on such a bundle cannot
have values contained in X \ K. Together with Theorem 4.2 this gives the following corollary
which answers a question of Gromov [82, 3.2.A”] (see also [55, p. 325]).

Corollary 4.6. Let n > 3. For every compact polynomially convex set K C C" with infinitely
many limit points the complement C"\ K is Oka but not subelliptic. The analogous result holds
in any Stein manifold of dimension > 3 with the density property.

The first known examples of Oka manifolds which fail to be subelliptic were given by
Kusakabe in [96]. One of the main results of that paper is the following.

Theorem 4.7 (Theorem 1.2 in [96]). If S is a closed tame countable set in C", n > 1, whose
set of limit points is discrete, then C" \ S is an Oka domain.

Here, a closed countable set S C C” is called tame if there is a holomorphic automorphism
& of C" such that the closure of ®#(S) in CP" does not contain the entire hyperplane at infinity.
It was previously known that the complement of a closed tame subvariety of C" of codimension
at least 2 is elliptic and hence Oka; see [55, Proposition 5.6.17].

In [96], Kusakabe also constructed compact countable sets in C" with non-discrete sets
of limit points and having non-elliptic Oka complements. An example is the following. Let
N-'={1/j:jeNjand N ' =N-'U{0} C C. The domain X = C"\ (N2 x {0}"2) for
n > 3 is an Oka manifold which is not weakly subelliptic (see [96, Corollary 1.4]).

384



F. Forstneric¢ Indagationes Mathematicae 34 (2023) 367417

The corresponding problem in complex dimension 2 remains open. The reason is that a
holomorphic line bundle E — C? \ K need not extend to a holomorphic line bundle on a
bigger domain, and hence the argument in the proof of Corollary 4.6 does not apply.

Problem 4.8. Is there a compact subset K of C> whose complement C?\ K is an Oka domain
which is not elliptic or (weakly) subelliptic?

A closed unbounded set S in C" is said to be polynomially convex if it is exhausted by an
increasing sequence of compact polynomially convex sets. Theorem 4.2 is a special case of the
following result of Kusakabe [97, Theorem 1.6]; see also [97, Theorem 4.2].

Theorem 4.9. If S is a closed polynomially convex subset of C" (n > 2) such that
Sc{zw) eC?2xC:w| <c(+ ]z} (4.1)

for some ¢ > 0, then C" \ S is an Oka manifold.

Sketch of proof. Let 7 : C" — C"~2 be the projection 7(z, w) = z. To prove that C" \ S
is Oka, it suffices to show that the restricted projection 7 : C" \ § — C"2 satisfies POPAL;
see Section 3.6. Indeed, note that condition (4.1) holds for all linear projections C* — C"~2
sufficiently close to 7. This gives finitely many linear projections C" \ § — C"~2 enjoying
POPAI whose kernels span C", and hence the conclusion follows from Proposition 3.18.

In order to show that w : C" \ § — C"? satisfies POPAI, it suffices to verify convex
ellipticity; see Definition 3.19 and Theorem 3.20. This means that for any compact convex
set L C CV and holomorphic map f = (f', f"): L — C"\ S (with f' : L — C"? and
f" : L — C?) there is a fibre-dominating spray F : L x C" — C" \ S over f such that
m o F = f'. By taking the pullback of the projection 7 : C" — C"~2 by the base map
f': L — C"2, all relevant properties are preserved and the problem gets reduced to the one
where f is a holomorphic map from a neighbourhood of L to C" such that f(z) € C"\ S,
(z € L), where S, is the fibre of S over z. (Here, S is the new set obtained from the initial
one by the pullback.) A spray F with the desired properties can be obtained with m = n as
a family of Fatou-Bieberbach maps C* — C" \ S, depending holomorphically on z € L by
using the version of Theorem 4.4 for variable fibres S.; see [70, Remark 2.2]. [

We mention a few applications of these results.

Gromov showed in [82, 0.5.B] that the complement C" \ A of every closed algebraic
subvariety A of codimension > 2 is Oka; see also [55, Proposition 5.6.10 and Sect. 6.4]. Since
every such subvariety A satisfies condition (4.1) in some linear coordinate system on C”, it
has a basis of closed neighbourhoods in C" with Oka complements [97, Corollary 5.3]. The
analogous result holds for tame discrete sets in C"; see [97, Corollaries 5.5 and 5.7].

Kusakabe also showed that the complement of every closed rectifiable curve C in C" for
n > 3 is Oka; see [97, Corollary 1.8]. For rectifiable arcs in C” this holds for all n > 2 since
they are polynomially convex (see [97, Corollary 1.8] and apply Theorem 4.2). His proof for
closed curves combines Theorem 4.9 with the localization theorem (see Theorem 3.6). Here
we give a different proof which also applies for n = 2. The next proposition yields examples
of compact non-polynomially convex sets in C" with Oka complements for any n > 1.

Proposition 4.10. If C rectifiable simple closed curve in C" (n > 1) then C" \ C is Oka.
385



F. Forstneric¢ Indagationes Mathematicae 34 (2023) 367417

Proof. If C is polynomially convex then C" \ C is Oka by Theorem 4.2. Otherwise, the
polynomial hull of C equals C U A where A is an irreducible closed complex curve in C" \ C
with A = A U C (see Alexander [8] and [144, Corollary 3.1.3 and Theorem 4.5.5]). Pick a
complex hyperplane H C C" such that CN H = @ and AN H # @. (Since the curve C
is rectifiable, a generic complex hyperplane H avoids C.) Then, C is holomorphically convex
in the Stein domain C" \ H = C"~! x C*. Since this domain has the density property (see
Varolin [150] or [55, Theorem 4.10.9]), C" \ (C U H) is Oka by Theorem 4.2. Applying the
same argument to n + 1 hyperplanes Hy = H, Hi, ..., H, as above with ('_, H; = & we
obtain C" \ C = [J/_o(C" \ C) \ H;, so C" \ C is Oka by Theorem 3.6. O

By elaborating the idea in the proof of Proposition 4.10 we now prove a considerably more
general result. We recall the following theorem on polynomial hulls whose complex genesis is
discussed in the monograph [144] of E. L. Stout.

Theorem 4.11 (Theorem 3.1.1 in [144]). Assume that K is a compact polynomially convex
set in C" and C is a subset of C" conta/ine\d in a compact connected set of finite length such
that C U K is compact. Then, A = CUK \ (C U K) is either empty or a closed purely
one-dimensional complex subvariety of C" \ (C U K).

Examples in [144] show that A may have infinitely many irreducible components. We now
prove the following result which generalizes Proposition 4.10.

Theorem 4.12. Assume that K is a compact polynomially convex set in C", n > 1, and C is a
subset of C" contained in a compact connected set of finite length such that C UK is compact.
If the subvariety A = CUK \ (C U K) has at most finitely many irreducible components
then C" \ (C U K) is an Oka domain. Furthermore, C U K has a basis of compact strongly
pseudoconvex neighbourhoods with Oka complements in C".

Proof. If A is empty then C U K is polynomially convex and the conclusion follows from
Theorem 4.2. Assume now that A is/lglempty. Pick a complex hyperplane H in C" which
does not intersect the compact set C UK = C U K U A. Choose coordinates z = (7', z,) on

C" such that H = {z, = 0}. Let P = {py,..., pm} C A be a finite set containing a point
in every irreducible component of A. Pick distinct point b; = (blf, 0)e Hfori=1,...,m.
Since K is polynomially convex, there is a holomorphic automorphism ¢ € Aut(C") which
is close to the identity on a neighbourhood of K and satisfies ¢(b;) = p; fori = 1,...,m.

(This simple application of [55, Theorem 4.12.1] is special case of [55, Theorem 4.16.2] for
finitely many points.) It follows that the hypersurface ¢(H) C C" contains the set P and
does not intersect K, but it may intersect C. We can remove these superfluous intersections
as follows. Set K’ = ¢~!(K) and C’ = ¢~ !(C). Note that K’ N H = &. Choose holomorphic
polynomials f, ..., fy on C"~! whose common zero set equals {b], ..., b,,} and consider the
map ¥ : C"! x C¥ — C"! x C given by

k
V(1) = (z/, thfj(z’)) forz e C" ' and t = (1, ..., 1) € CF.
j=1

Note that v preserves the fibres of the projection (z/, z,) > z/, and it is a submersion except
on the fibres 2/ = b, (i = 1, ..., m) where it equals the constant map ¢ — (z’, 0). Since the
set C' C C” has finite linear measure and it does not contain any of the points (b}, 0), the
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transversality argument shows that the set of points r € C* \ {0} such that the range of the
map ¥; = ¥(-,1) : C"~!' — C" omits C’ is everywhere dense. Since K’ N H = o, taking ¢
in this set and close enough to 0 € C* also ensures that v,(C"~!') N K’ = @. For such ¢, the
holomorphic automorphism ¢ € Aut(C") given by

k
D z) = ¢(z’, Zn + thfj(z/)>, zeC"
j=1

clearly satisfies P C ¢(H) and ¢(H)N(CUK) = @.

By changing the coordinates on C" using @, this reduces the proof of the theorem to the
case when the hyperplane H = {z, = 0} does not intersect C U K but it intersects every
irreducible component of A = C UK \ (C U K). It follows that C U K is holomorphically
convex in the Stein domain C" \ H = C"~! x C*. Since this domain has the density property
by Varolin [150], Theorem 4.2 shows that (C"~! x C*)\(CUK) is an Oka domain. Applying the
same argument to n + 1 hyperplanes Hy = H, H, ..., H, in C" close enough to H = {z, = 0}
with ﬂ;’zo H; = @ (see Corollary A.5) we obtain

C'\(CUK)=JC"\(CUK)\ H,,
i=0
so C" \ (C U K) is Oka by Theorem 3.6. Finally, C U K clearly admits compact strongly
pseudoconvex neighbourhoods which are holomorphically convex in C" \ H, and hence also
in C" \ H; for each i = 1,...,m provided the hyperplanes H; are chosen close enough to
H = H,. This shows that the complement of every such compact domain in C" is Oka. [J

A theorem of M. Lawrence [115] (see also [144, Theorem 4.7.1]) says that if C C C”
is a compact set of finite length and A is a bounded closed purely one-dimensional complex
subvariety of C"\ C, then the number of irreducible components of A does not exceed the rank
of the first Chech cohomology group H'(C, Z) (which is the number of simple closed curves
contained in C). Together with Theorem 4.12 this gives the following corollary.

Corollary 4.13. Let C be a compact subset of C", n > 1, which is contained in a compact
connected set of finite length. If the group H'(C, Z) has finite rank then C" \ C is Oka.

In a recent work [72], E. F. Wold and the author proved that complements of most closed
convex sets in C" for n > 1 are Oka. In particular, the following holds.

Theorem 4.14 (Theorem 1.8 in [72]). If E is a closed convex set in C" for n > 1 which does
not contain any affine real line, then C" \ E is an Oka domain.

This result is new for unbounded convex sets; for bounded ones it follows from Theorem 4.2.
It provides many model concave Oka domains 2 C C" (n > 1) of the form

N={z=0,z2.) € C": 3z, < P, Nzn)}, 4.2)

where ¢ > 0 is a convex function, which are only slightly bigger than a halfspace, the latter
being neither Oka nor hyperbolic. This gives examples of splitting C" for n > 1 by a real
hypersurface into a pair of a (convex) Kobayashi hyperbolic domain and a (concave) Oka
domain which are close to a halfspace.

Theorem 4.14 reduces to the following result (see [72, Theorem 1.1]) by combining complex
analysis with convex geometry and projective geometry. We consider C" as an affine chart in
the projective space CIP". Given a subset E C C" we denote by E its closure in CP".
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Theorem 4.15. If E is a closed subset of C" for n > 1 and A C CP" is a complex hyperplane
such that EN A = @ and E is polynomially convex in CP" \ A = C", then C" \ E is Oka.

For a set E as in Theorem 4.14 it is shown in [72] that its projective closure K = E C CP”"
is a compact polynomially convex set in the affine chart CP" \ A = C" for some complex
hyperplane 4 C CP" with K N A = @&, so Theorem 4.15 applies. In fact, CP" \ K is the
union of a connected family of complex hyperplanes in CP", so Corollary A.4 shows that K
is polynomially convex in the complement of each of them.

Theorem 4.15 easily reduces to showing that for any compact polynomially convex set K
in C" and affine complex hyperplane H C C”" the domain 2 = C" \ (H U K) is Oka; see
[72, Corollary 3.2]. This is proved by verifying condition C-Ell,. Given a holomorphic map
f : L — £ from a compact convex set L in some CV, we find a dominating holomorphic
spray F : L x C" — {2 such that for every x € L we have F(x,0) = f(x) and the map
F(x,-):C" — {2 is injective, so its image is a Fatou—Bieberbach domain (see [72, Theorem
2.3]). Thus, {2 satisfies condition C-Ell; (see Definition 3.1), and hence is Oka by Theorem 3.3.
In the proof, we use the result of Varolin [150] that the Lie algebra of holomorphic vector fields
on C” vanishing on a complex hyperplane H C C” enjoys the density property.

Remark 4.16. If a closed subset E C C” satisfies the hypotheses of Theorem 4.15, then E
has a basis of closed neighbourhoods E’ O E satisfying the same condition (since a compact
polynomially convex set has a basis of compact polynomially convex neighbourhoods). Hence,
C"\ E’ is Oka for any such E’. This yields some examples in the literature that were previously
obtained by different arguments. For example, if E is a closed tame discrete set in C" (n > 1)
then, after applying an automorphism of C", we may assume that E lies in a complex line
L C C" and hence E = E U {p} C CP" where p is the point at infinity determined by
L. By taking a hyperplane 4 C CP" not interesting E, the set E is polynomially convex in
CP" \ A = C". Hence, the above argument and Theorem 4.15 show the following.

Corollary 4.17. Every tame discrete set E C C" for n > 1 admits a basis of closed
neighbourhoods whose complements are Oka.

A different proof was given by Kusakabe [97, Corollaries 5.5 and 5.7].

The condition in Theorem 4.14 that the set E does not contain any affine real line is not
necessary. The following theorem combines [72, Proposition 4.9] (for the case (k, n) = (1, 2))
with the result of Kusakabe [97, Corollary 1.7] which covers the other cases.

Theorem 4.18. If E = R is a totally real subspace of C", where 1 < k < n, n > 2, and
(k,n) ¢ {(2,2),3,3)}, then C"\ E is an Oka domain.

Drinovec Drnovsek and Forstneri¢ showed in [36] that for many model concave domains
2 Cc C" as in (4.2), the Oka property with approximation holds for proper holomorphic maps
X — C" with dim X < n whose images lie in {2. They introduced the following notion.

Definition 4.19. A closed convex set E in a real or a complex Euclidean space V has bounded
convex exhaustion hulls (BCEH) if for every compact convex set K in V
the set h(E, K) = Conv(E U K) \ E is bounded.

Here, Conv denotes the convex hull. The following is [36, Theorem 1.3].
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Theorem 4.20. Let E be an unbounded closed convex set in C" (n > 1) with bounded convex
exhaustion hulls. Given a Stein manifold X with dim X < n, a compact O(X)-convex set K in
X, and a holomorphic map fy : K — C" with fo(bK) C {2 = C"\ E, we can approximate
fo uniformly on K by proper holomorphic maps f : X — C" satisfying f(X \ K) C 0. The
map f can be chosen an embedding if 2dim X < n and an immersion if 2dim X < n.

The analogous result for compact convex sets E C C" was proved beforehand by Forstneri¢
and Ritter [69], and in this case the BCEH condition trivially holds.

Drinovec Drnovsek and Forstneri¢ proved (see [36, Proposition 3.4]) that an unbounded
closed convex set E in C" satisfying BCEH is in some affine coordinates on C" an epigraph

E=Ey={z=(,z2) € C" : Iz, > ¢(2', Nz,)} (4.3)

of a convex function ¢ : C"~! xR — R, with at least linear growth. Furthermore, they showed
that any such function ¢ can be approximated uniformly on compacts by functions ¥ < ¢ of
the same kind whose epigraphs Ey, have BCEH. This gives the following corollary.

Corollary 4.21 (Corollary 1.4 in [36]). The conclusion of Theorem 4.20 holds for any convex
epigraph Eg of the form (4.3) such that ¢ > 0 and the set {¢ = 0} is nonempty and compact.

We pose the following question reminiscent of the classical Levi problem.

Problem 4.22. Let K be a compact domain with smooth boundary in C" for n > 1.

(a) Assuming that C" \ K is Oka, must K be pseudoconvex?
(b) Assuming that K is (strongly) pseudoconvex, is C" \ K an Oka domain?
(c) Is every strongly pseudoconcave domain {2 C C" of the form (4.2) an Oka domain?

Parts (a) and (b) of the above problem are also of interest for domains in CP". Note that
if K is a smoothly bounded compact domain in a complex manifold Y such that ¥ \ K is
Oka, then K cannot have a strongly pseudoconcave boundary point, since this would yield a
nonconstant bounded plurisubharmonic function on Y \ K. This shows that the answer to (a)
is affirmative in dimension two. I expect that the answer to (b) is negative in general.

Example 4.23. Denote the coordinates on C" by z = (z1, z’) with 7/ = (22, ..., z,). Given a
number 0 < § < 1 we consider the closed Hartogs figure

H={z,:lal <6 1= U{G@,):al <1, 1-8 <] <1}

We claim that C" \ H fails to be Oka. To see this, let 2(z;) be a bounded subharmonic function
on |z1| > § which vanishes on |z;| > 1 and is positive for |z;| close to §; an explicit example
is h(z;) = max{0, 1/|z; |2 —1}. Let p be the function on C" \ H which equals po(z;, z') = h(zy)
on {(z1,7):68 < |z1] <1, |Z/| < 1— 6} and equals zero on the complement of the closed unit
polydisc. Then p is a nonconstant bounded plurisubharmonic function on C" \ H, so C" \ H
fails to be Liouville, and hence it also fails to be Oka.

Problem 4.24. Let H be the closed Hartogs triangle
H={(,2)€C:0=<z] < |z2| < 1).

Is C? \ H an Oka domain? Note that the argument in Example 4.23 does not apply in this
case. On the other hand, if K is a small closed smoothly bounded neighbourhood of H then
K cannot be pseudoconvex, so C?\ K fails to be Oka.
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The following example suggests that there is no reasonable geometric characterization of
Oka domains in C" with unbounded complements.

Example 4.25. For any n > 1 there is an unbounded, closed, connected, strongly
pseudoconvex domain £ C C" with arbitrarily small volume such that C" \ E fails to be
Oka. To see this, recall that Rosay and Rudin [135, Theorem 4.5] constructed for every n > 1
a closed discrete set A C C" whose complement C" \ A is volume hyperbolic; in particular,
any holomorphic map C* — C" \ A has rank < n at every point. Choose a proper smooth
embedding g : R < C" whose image contains A. Then, the domain C" \ g(R) Cc C"\ A
is volume hyperbolic and hence is not Oka. Let vy, ..., vy, : R — C" be smooth maps
such that for each r € R the vectors v(¢), ..., vy,—1(t) form an orthonormal set and they are
orthogonal to g(t). Consider the map G : R* — C" given by

2n—1
G(t, X1, X 1) = g+ Y xivi(0).
i=1
If e : R — (0,1) is a smooth positive function which decreases sufficiently fast as t — +o00o
then G maps the tube 7, = {(t,x) € R : |x| < e(t)} diffeomorphically onto a strongly
pseudoconvex tube E around g(R) having arbitrarily small volume. The complement C" \ E
is a strongly pseudoconcave domain which fails to be Oka.

The embedded real line in Example 4.25 is necessarily very twisted, and its projective
closure may well contain the entire hyperplane at infinity. On the other hand, Theorem 4.18
for the case k = 1 < n suggests that properly embedded real lines which behave sufficiently
nicely at infinity may have Oka complements. We introduce the following notion of tameness
for embedded real lines, which extends the one of Rosay and Rudin [135] for discrete sets.

Definition 4.26. Let n > 2. A properly embedded real line f : R — C" or halfline
f : Ry = C" is tame if there is an automorphism @ € Aut(C") such that the projective
closure ¢ o f(R) ¢ CP" (or @0 f(R,)) is a rectifiable arc or a rectifiable closed Jordan
curve in CP".

Remark 4.27. It is easily seen that the closure of a tame embedded line intersects the
hyperplane at infinity in precisely one point at every end. This definition of tameness is stronger
than the one for closed countable sets, used in Theorem 4.7, or the one for closed complex
subvarieties of codimension > 2 in C" [55, Definition 4.11.3]. In those definitions one asks
that, in some holomorphic coordinates on C”, the closure of the set in CP" does not contain
the hyperplane at infinity. On the other hand, the original definition of a tame discrete set in
C", given by Rosay and Rudin [135], is equivalent to asking that the set can be mapped into
a complex line by an automorphism of C”, so its closure in CP" has a single point at infinity.

The following result generalizes Theorem 4.18 in the case k = 1 < n. It is new for n = 2,
while for n > 3 it is a consequence of Theorem 4.9, and in this case it holds under the weaker
tameness condition in that result.

Theorem 4.28. The complement C" \ E of a tame embedded line R=E C C" forn > 1 is
Oka. Furthermore, the complement of any closed subset of such a set E is Oka.
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Proof. We follow the idea of proof of [72, Proposition 4.9]. We may assume that the tameness
condition in Definition 4.26 holds with & = Id. Write CP" = C" U H, where H is the
hyperplane at infinity. By dimension reasons, there is a complex hyperplane A C CP" which
does not intersect the rectifiable curve C = E C CP".

If C is polynomially convex in X = CP" \ A = C”, the result follows from Theorem 4.15.
This holds in particular if C is an arc. The same holds for any closed subset of C.

Assume now that C is not polynomially convex in X. By Theorem 4.11 its polynomial hull
in X equals C U A, where A is a closed irreducible one-dimensional complex subvariety of
X\C with A = AUC. Then, C"\ A4 is an Oka domain by Theorem 4.15. (Here, C" = CP"\ H.)
Choose a complex hyperplane A’ ¢ CP" which intersects A but avoids C; such a hyperplane
exists by dimension reasons since C is a rectifiable curve. Then, the polynomial hull of C in
X' = CP"\ A = C" does contain any point of A. If C is polynomially convex in X’ then
C" \ E is Oka by Theorem 4.15 and we are done. Otherwise, its polynomial hull in X’ equals
C U A’, where A’ is a closed irreducible one-dimensional complex subvariety of X’ \ C and
A’ = A’ UC. (See Theorem 4.11.) In this case, AU A’ U C is a closed complex curve in CP"
by the boundary uniqueness theorem (see [31, Proposition 1, p. 258]). By the same argument
as above we infer that C" \ A’ is an Oka domain. Note that

C"\(EU(ANA"))=(C"\A)U(C"\A)

and both Oka domains on the right hand side are Zariski open in C" \ (E U (A N A’)), so their
union is Oka by Theorem 3.6. If AN A’ = &, we are done. Otherwise, there is a complex
hyperplane X C CP" passing through a point of A N A’ and avoiding C. In this case, C is
polynomially convex in CP" \ X, and hence C" \ E is Oka by Theorem 4.15. [

5. Oka domains in projective spaces

In this section we exhibit some new examples of Oka domains in complex projective spaces.
We begin with the following result.

Theorem 5.1. If A is a closed complex hypersurface in CP" (n > 1) such that the manifold
{2 = CP"\ A has the density property (see Definition 4.1), then for any compact O(§2)-convex
set K C 2 the complement CP" \ K is an Oka domain. In particular, the hypersurface A has
a basis of open Oka neighbourhoods in CP".

Proof. The hypersurface A is given in homogeneous coordinates by the zero set {P = 0}
of a homogeneous polynomial P of degree k = deg A. With respect to the kth Veronese
embedding CP" <> CP" whose components are all homogeneous monomials of degree k
in n + 1 variables, A is the intersection of the image of CP" with a hyperplane H ¢ CP", so
CP" \ A is a closed affine (hence Stein) submanifold of CP¥ \ H = CV.

The projective linear group G = PGL,(C) acts transitively on CP" by holomorphic
automorphisms. Hence, there are finitely many maps A9 = Id, A}, ..., A, € G in any given
neighbourhood of the identity map such that the hypersurfaces A; = A;(A) C CP" satisfy
Ny Ai = @. For each i = 1,...,m the domain 2, = CP" \ 4; = A;(CP"\ 4) is
biholomorphic to ) = CP" \ 4, so it has the density property. Assuming that A; is close
enough to the identity map, there is a path A;; € G (¢ € [0, 1]) connecting A;p = A; to
A; 1 = Id such that for every ¢t € [0, 1] the hypersurface A;; = A;,(A) = {P o A;tl = 0}
avoids the given compact set K C CP" \ A. Note that A; 0 = A; and 4;; = A. Since K
is O(§2)-convex, Corollary A.5 shows that K is holomorphically convex in {2, = CP" \ 4;
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for every i = 1, ..., m. Since {2, has the density property, Theorem 4.2 implies that 2 \ K
is Oka for i = 0,...,m. Since §2; \ K = (CP" \ K) \ 4; is Zariski open in CP" \ K and
CP"\ K =L, 2 \ K, Theorem 3.6 shows that CP" \ K is Oka. 0

Corollary 5.2. If K is a compact polynomially convex set in C", n > 1, then CPP"\ K is Oka.

In light of Theorem 5.1 it is natural to ask the following question.

Problem 5.3.

(a) For which complex hypersurfaces A C CP" is CP" \ 4 an Oka manifold?
(b) For which complex hypersurfaces A C CP" does CP" \ A have the density property?

Example 54. If 4,..., 4, C CP" (n > 1, 1 < k < n + 1) are hyperplanes in general
position then 2 = CP" \ | J*_, Ay is isomorphic to C" %1 x (C*)*~!. If k < n then 2 has the
density property (see Varolin [150, p. 136]). If k = n 4+ 1 then {2 isomorphic to (C*)" which
is Oka but is not known to have the density property. The complement of more than n + 1
hyperplanes in CP" fails to be Oka (see Hanysz [83, Theorem 3.1]).

We now show that Theorem 5.1 holds if A is a hyperquadric. It was shown by Kusakabe
[98, Corollary 4.9 (1)] that the complement of a smooth hyperquadric in CP" is Oka.

Theorem 5.5. If A is a quadric hypersurface in CP" (n > 1) and K is a compact
holomorphically convex set in the Stein domain CP" \ A, then CP" \ K is an Oka manifold.

In particular, if RP" C CP" is the standard embedding of the real projective space in the
complex projective space, then CP" \ RP" is Oka for any n > 1.

Proof. A singular hyperquadric in CP" is a union of two hyperplanes. Its complement is
isomorphic to C"~! x C*, which has the density property [150], so the conclusion follows from
Theorem 5.1. Assume now that A is smooth. Lacking a reference for the density property of
CP"\ 4, we proceed as follows. (I owe this idea to Stefan Nemirovski.) There are homogeneous
coordinates on CP" in which A = {z} 4+ z} + - -+ + z2 = 0}. The restriction of the projection
7 : C"1\ {0} — CP” to the affine quadric X = {zZ +--- +2z2 = 1} C C"*!\ {0} is a two-
sheeted covering map 7|y : X — CP" \ A. The quadric X has the density property according
to Kaliman and Kutzschebauch [87]. (Indeed, X is linearly equivalent to the Danielewski
hypersurface

C={w.v,z2,....20) €eC ruv=PR) =23+ - +2z, — 1},

with the polynomial P having smooth reduced zero fibre.) Since K is holomorphically convex
in CP" \ 4, its preimage L = (7r|x)~'(K) is 0(X)-convex. By Theorem 4.2 the complement
X \ L is an Oka manifold. Since 7 : X \ L — CP" \ (K U A) is a covering map, the domain
CP"\ (K U A) is Oka by [55, Proposition 5.6.3]. It remains to apply the argument in the proof
of Theorem 5.1, varying A among nearby quadrics and using Corollary A.5 and Theorem 3.6.

The preimage 7 ~!(RP") of the real projective space is the sphere §” = X N R"*! of real
points in X, which is holomorphically convex in X. This gives the last statement. [

Remark 5.6 (Complements of Cubics). It was shown by Kusakabe [98, Corollary 4.9 (2)] that
the complement of every irreducible singular cubic in CP? is Oka, but it is not clear whether the
conclusion of Theorem 5.5 holds in this case. There are two such cubics up to automorphisms
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of CP?, given respectively by y?z = x> and y?z = x> + x2z. It is not known whether the
complement of the smooth cubic x> + y* +z> = 0 in CP? is Oka, although it is dominable by
C2; see the discussion in Hanysz [83, Sect. 4].

Another family of examples of Oka domains in CP" is given by the following proposition.

Proposition 5.7. If C is a compact rectifiable Jordan arc or a rectifiable simple closed Jordan
curve in CP" for n > 1, then CP" \ C is an Oka manifold.

Proof. Since C has finite length, we have C N A = & for almost every projective hyperplane
A c CP". Fix such 4 and let X4 = CP"\ A = C". By Proposition 4.10, X 4 \ C is Oka. Note
that X 4 \ C is a Zariski open domain in CP" \ C. Clearly we can cover CP" \ C by finitely
many Zariski open sets of this form, and hence CP" \ C is Oka by Theorem 3.6. O

A similar argument gives the following result.
Theorem 5.8. If CUK C C" is as in Theorem 4.12 then CP" \ (C U K) is Oka.

6. Algebraic Oka theory

The algebraic Oka theory concerns Oka properties of regular algebraic maps from affine
algebraic manifolds (the algebraic analogues of Stein manifolds) to algebraic manifolds. Not
surprisingly, the situation is much more rigid than in the holomorphic case, and there are many
examples where the Oka principle holds for holomorphic maps but it fails for algebraic maps.
Indeed, we shall see that no compact algebraic manifold is algebraically Oka, and we do not
know a single example of a noncompact algebraically Oka manifold. Nevertheless, certain
weaker Oka properties are still of interest in the algebraic case.

6.1. Algebraically subelliptic manifolds and algebraic approximation

We have seen that holomorphic approximation plays a crucial role in Oka theory. Likewise,
the problem of approximating holomorphic maps by algebraic maps is of central importance.
Algebraic approximants in general do not exist even for maps between very simple affine
algebraic manifolds. For instance, there are no nontrivial algebraic morphisms C — C \ {0}.
A major role in these problems play the following classes of algebraic manifolds which were
discussed by Gromov [82]; see also [48, Definition 2.1] and [55, Definition 5.6.13 (e)].

Definition 6.1. Let Y be an algebraic manifold.

(a) Y is algebraically elliptic if it admits a dominating algebraic spray F : E — Y defined
on the total space of an algebraic vector bundle £ — Y (see (3.1)).

(b) Y is algebraically subelliptic if it admits a finite family of algebraic sprays F; : E; — Y
from algebraic vector bundles £; — Y (j =1, ..., m) such that

> dF;0,)(E;,) =T,Y forevery y €Y.
j=1
(¢) Y is locally algebraically subelliptic if every point y € Y has a Zariski neighbourhood
U C Y and a finite dominating family of algebraic sprays on U with values in Y.
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(d) Y is weakly algebraically subelliptic if for every point a € Y, the tangent space T,Y
is spanned by vectors v such that there is an affine Zariski open neighbourhood U of
ain Y and a regular map f : U x C — Y with f(y,0) = y for all y € U and

d
- a,t)=nvo.
ai| _, @t

(e) Y satisfies condition aEll, if the condition in Definition 3.1(b) holds for algebraic maps
X — Y from affine algebraic manifolds.

Examples and properties of such manifolds can be found in [55, Section 6.4] and elsewhere
in the cited book. Any one of these conditions implies that the manifold is Oka. It turns out
that all these properties are pairwise equivalent.

Theorem 6.2. For an algebraic manifold Y the following conditions are equivalent:

(a) Y is algebraically elliptic.

(b) Y is algebraically subelliptic.

(c) Y is locally algebraically subelliptic.
(d) Y is weakly algebraically subelliptic.
(e) Y satisfies condition aEll;.

The implications (a) = (b) = (¢) = (d) are trivial consequences of definitions. The
implication (¢) = (b) was shown by Gromov [82, 3.5.B, 3.5.C] (see also [55, Proposition
6.4.2]); this is called the localization property for subelliptic manifolds. Essentially the same
proof gives the implication (d) = (b) as pointed out by Larusson and Truong in [114, p. 205,
proof of Theorem 1]. The most surprising implication (b) = (a), which was a long-standing
open problem, has been shown very recently by Kaliman and Zaidenberg [90, Theorem 0.1].
The implication (a) = (e) follows from the obvious fact that by pulling back a dominating
algebraic spray on Y by an algebraic map f : X — Y gives a dominating algebraic spray
over f, so condition aEll; holds. (The analogous implication holds for holomorphic maps.)
Conversely, since every algebraic manifold is covered by Zariski open domains which are affine
manifolds, condition (e) implies local algebraic ellipticity of Y (condition (c)).

Despite the fact that algebraic ellipticity is equivalent to algebraic subellipticity, we shall
keep using the latter term in some of the subsequent results to indicate that the arguments do
not use this recently established equivalence.

A major source of algebraically elliptic manifolds are flexible manifolds in the sense of
Arzhantsev et al. [15], i.e., manifolds whose tangent space at every point is spanned by locally
nilpotent derivations, LNDs. Indeed, the composition of (algebraic) flows of finitely many
LNDs on a flexible manifold yields a dominating algebraic spray (see [55, Proposition 5.6.22
(c)]). Likewise, a complex manifold which is flexible in the holomorphic sense is weakly
subelliptic, hence Oka (see [55, Proposition 5.6.22 (a)]). For recently found examples of flexible
manifolds, see [73,75,122,131-134] and Theorem 6.11.

Example 6.3. For every integer n > 3 the quadric hypersurface in C" given by
A={Gi 2 ....20)€C i+ 3+ +2z, =0},

and the image X~ C CP"~! of A* = A\ {0} under the natural projection 7 : C"\ {0} — CP""!,
play a major role in the theory of minimal surfaces in real Euclidean space R”, and in the
related theory of holomorphic null curves in C"; see [7]. The manifold A* is flexible (see
[7, Proposition 1.15.3]), hence Oka. Since w : A* — X is a holomorphic fibre bundle with
Oka fibre C*, the hypersurface X c CP"~! is Oka as well by [55, Theorem 5.6.5].
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For later reference we recall the following result [48, Theorem 3.1], which gives a relative
Oka principle for algebraic maps from affine algebraic varieties to algebraically subelliptic
manifolds. (See also [55, Theorem 6.15.1].) All algebraic maps are assumed to be regular
(morphisms). An inspection of the proof in [48] also gives the additional statement concerning
the interpolation of a given initial algebraic map f : X — Y on a subvariety of X.

Theorem 6.4. Let X be an affine algebraic variety and Y be an algebraically subelliptic
manifold. Given an algebraic map f : X — Y, a compact holomorphically convex set K in
X, and a homotopy of holomorphic maps f; : U — Y (¢ € [0, 1)) on an open neighbourhood
U of K with fy = flu, there are algebraic maps F : X x C — Y satisfying F(-,0) = f such
that F(-, t) approximates f; as closely as desired uniformly on K and uniformly in t € [0, 1].
If in addition the homotopy f; is fixed on a closed algebraic subvariety X' C X then F can
be chosen such that F(x,t) = f(x) for all x € X" and t € C.

In particular, a holomorphic map X — Y that is homotopic to an algebraic map is a limit
of algebraic maps uniformly on compacts in X.

Note that a homotopy of continuous maps f; : X — Y connecting a pair of holomorphic
maps fy, f1 can be deformed with fixed end to a homotopy of holomorphic maps since Y is
an Oka manifold (see Theorem 1.2).

Corollary 6.5 (Corollary 6.15.2 in [55]). Every algebraically subelliptic manifold Y satisfies
the following algebraic convex approximation property

aCAP: Every holomorphic map K — Y from a compact convex set K C C" can be
approximated uniformly on K by regular algebraic maps C" — Y.

Conversely, if the conclusion of Theorem 6.4 holds for an algebraic manifold Y, it follows
easily that Y is weakly algebraically subelliptic (cf. Larusson and Truong [114, Theorem 1]),
and hence algebraically elliptic by Theorem 6.2. Summarizing, we have the following.

Corollary 6.6. For an algebraic manifold Y the following conditions are equivalent:

(a) Y is algebraically elliptic.

(b) Y is algebraically subelliptic.

(c) Y satisfies condition aEll;.

(d) Y has the algebraic homotopy approximation property (i.e., Theorem 6.4 holds).

Note that Theorem 6.4 does not provide an algebraic map in every homotopy class. Indeed,
there are algebraically subelliptic manifolds ¥ which have no algebraic representatives in some
homotopy classes of maps X — Y from affine algebraic varieties (see [55, Examples 6.15.7
and 6.15.8]). A much more precise result is given by Theorem 6.15.

Let us consider a homogeneous algebraic manifold Y for some linear algebraic group G.
We have Y = G/H where H C G is the isotropy subgroup of a point y € Y. Recall that a
character of G is a homomorphism of algebraic groups x : G — C* = C\ {0}.

Proposition 6.7. If G is a connected linear algebraic group and Y = G/H is an algebraic
G-homogeneous manifold, then the following conditions are equivalent.

(a) G has no nontrivial characters x : G — C* with x(H) = 1.
(b) The G-homogeneous manifold G/H is algebraically elliptic.
(c) The manifold G/H is algebraically subelliptic.
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Proof. (a)=-(b): If the group G is connected and without nontrivial characters then every G-
homogeneous algebraic manifold ¥ = G/H is algebraically flexible [15, Proposition 5.4],
and hence algebraically elliptic [55, Proposition 5.6.22 (c)]. Furthermore, if a subgroup H of
G does not lie in the kernel of any character x : G — C* then the manifold ¥ = G/H is
algebraically flexible; see [88, proof of Theorem 11.7] and [10, Theorem 4.1].

The implication (b)=>(c) is trivial. Note that (¢) = (b) holds by Theorem 6.2, but this is
not needed in the proof.

We prove (c)=-(a) by contradiction. Assume that G has a nontrivial character x : G — C*
with x(H) = 1. The regular map ¢ : Y = G/H — C* defined by ¢p(gH) = x(g) for g € G
is surjective. Therefore, there is a holomorphic map f : D — Y from the disc such that
the holomorphic map ¢ o f : D — C* is nonconstant. Now, f cannot be approximated by
regular maps F : C — Y since ¢ o F : C — C* would then be a nonconstant regular map, a
contradiction. By Theorem 6.4, ¥ = G/H is not algebraically subelliptic. [

Remark 6.8. As an aside, we mention an approximation theorem, related to Theorem 6.4,
which was proved by Bochnak and Kucharz [16]. Assume that X and Y are algebraic manifolds
and K is a compact set in X. A map f : K — Y is said to be holomorphic if it is given by a
holomorphic map U — Y from an open neighbourhood U C X of K, and is said to be regular
if it is given by a regular algebraic map U — Y from a Zariski open neighbourhood U of K
in X. The following is [16, Theorem 1.1].

Theorem 6.9. Assume that X is an affine algebraic manifold, K is a compact holomorphically
convex set in X, and Y is a homogeneous algebraic manifold for some linear algebraic group.
Then the following conditions are equivalent for a holomorphic map f : K — Y.

(@) The map f can be approximated uniformly on K by regular maps from K to Y.
(b) The map f is homotopic to a regular map from K to Y.

The following is an obvious corollary to Theorem 6.9; see [16, Corollaries 1.2 and 1.3].
Note that every continuous map from a geometrically convex set is null-homotopic.

Corollary 6.10. For X, K, and Y as in Theorem 6.9, every null-homotopic holomorphic map
from K to Y can be approximated uniformly on K by regular maps from K to Y. In particular,
every holomorphic map from a compact convex set in C" to Y can be approximated by regular
maps from K to Y.

By Proposition 6.7, a homogeneous algebraic manifold Y for a linear algebraic group G
need not be algebraically subelliptic (an example is C*), and in such case Theorem 6.4 fails.
As pointed out in [16, Example 1.5], Theorem 6.9 gives an optimal weaker conclusion under
a weaker assumption. The proof of Theorem 6.9 in [16] closely follows that of Theorem 6.4,
given in [48], taking into account the issue described above.

Algebraically (sub-)elliptic manifolds appear in many applications, some of which are
mentioned in [55]. A further list of properties of such manifolds, and relations with other
properties such as (local) algebraic flexibility in the sense of Arzhantsev et al. [15], can be
found in [114, Remark 2]. Larusson and Truong gave the following new examples in this class;
previously it was known that such manifolds are Oka (see [55, Theorem 5.6.12]).

Theorem 6.11 (Theorem 3 in [114]). Every smooth nondegenerate toric variety is locally
flexible and hence algebraically subelliptic (as well as algebraically elliptic by Theorem 6.2).
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Kusakabe proved in [100, Theorem 1.2] the jet transversality theorem for regular algebraic
maps from affine algebraic manifolds to a certain subclass of algebraically subelliptic man-
ifolds. A local version of the transversality theorem for algebraic maps to all algebraically
subelliptic manifolds was proved in 2006 (see [48, Theorem 4.3] and [55, Theorem 8.8.6]);
here, local means that one can achieve the transversality condition on any compact subset of
the source manifold. This suffices for many applications, see [55, Sect. 9.14]. By using the
algebraic jet transversality theorem, Kusakabe extended some of these results to the algebraic
setting. Together with the results from his recent preprint [102], Kusakabe also found new
applications to the construction of surjective strongly dominating morphisms CV — Y onto
algebraically subelliptic manifold. Let us recall this story.

It was shown by Forstneri¢ in 2017 that every Oka manifold Y admits a holomorphic map
f:C" = Y with n = dimY such that f(C"\br(f)) = Y, where br(f) is the branch locus of f
[56, Theorem 1.1], and if Y is a compact subelliptic manifold then there is a regular algebraic
map with this property [56, Theorem 1.6]. He asked whether the latter result also holds if Y
is not compact. Arzhantsev proved [14, Proposition 2] (2022) that every very flexible variety
is the image of an affine space by an algebraic morphism. Kusakabe obtained the following
more precise result for a wider class of manifolds [102, Theorem 1.2].

Theorem 6.12.  For every algebraically subelliptic manifold Y there is a regular algebraic
map f : CH™Y+1 ¥ such that f(CH™Y+1\ br(f)) =Y.

It remains an open question whether every algebraically subelliptic manifold Y is the image
of a surjective morphism C4mY — y.

An application of Theorem 6.12, and of [14, Theorem 1], gives the following characteriza-
tion of open images of morphisms between affine spaces.

Corollary 6.13 (Corollary 1.4 in [102]). For a Zariski open subset (2 of C", the following
conditions are equivalent:

(1) §2 is the image of a morphism from an affine space.
(2) The complement C" \ {2 is a subvariety of codimension at least two.

This clearly fails for entire maps C" — C" whose images may omit a hypersurface.
6.2. Algebraic Oka properties

The following algebraic analogues of basic Oka properties (see [55, Sect. 5.15] for the latter)
were studied by Larusson and Truong [114] in 2019.

Definition 6.14. Let Y be an algebraic manifold.

(a) Y enjoys the (basic) algebraic Oka property (aBOP) if every continuous map X — Y
from an affine algebraic manifold X is homotopic to an algebraic map.

(b) Y enjoys the algebraic approximation property (aAP) if every continuous map X — Y
from an affine algebraic manifold, which is holomorphic on a neighbourhood of a
compact holomorphically convex subset K of X, can be approximated uniformly on
K by algebraic maps X — Y.

(¢c) Y enjoys the algebraic interpolation property (alP) if every algebraic map X’ — Y from
an algebraic subvariety X’ of an affine algebraic manifold X has an algebraic extension
X — Y provided that it has a continuous extension.
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Note that properties aAP and alP are algebraic versions of the corresponding properties
BOPA and BOPI in the holomorphic category; however, in aAP and alP we do not ask for the
existence of homotopies connecting the initial map to the final map.

We have already mentioned examples of algebraic manifolds which are Oka but aBOP
fails (see [55, Examples 6.15.7, 6.15.8]). The following result of Larusson and Truong [114,
Theorem 2] shows in particular that no compact algebraic manifold satisfies conditions aBOP,
aAP, and alP. Hence, it is natural to look at affine algebraic manifolds in these questions.

Theorem 6.15. If Y is an algebraic manifold which contains a rational curve or is compact,
then Y does not have any of the properties aBOP, aAP, alP.

Although the proof of the general case requires nontrivial results from algebraic geometry,
the basic idea for the case when Y is a projective manifold is not difficult to explain. First
of all, it is easily seen that each of the properties alP and aBOP implies the existence of a
nontrivial rational curve g : CP! — Y. Assuming now Y that admits such a curve, we will
show that Y does not satisfy alP; a similar argument excludes the other properties. The basic
case to consider is ¥ = CP'. Let S ¢ C? be an algebraic curve whose projective closure
is not rational. Then, S admits an algebraic line bundle L — § all of whose nonzero tensor
powers are algebraically nontrivial, and every such bundle is the pullback of the universal
bundle U — CP' by an algebraic map f : § — CP'. Since S is an open Riemann surface, f
is null-homotopic and hence it extends to a continuous map C> — CP!. If CP' satisfies aIP
then f also extends to a regular map C> — CP', and hence the line bundle f*U — C2 is
algebraically trivial by the Quillen—Suslin theorem. This contradicts the fact that the restriction
L = f*Uls — § is algebraically nontrivial, so CP' does not satisfy alIP. In the general case
when Y is a projective manifold and g : CP' — Y is a nontrivial rational curve, taking an
ample line bundle E — Y, the pullback g*E — CP! is algebraically nontrivial, which shows
as before that the map g o f : S — Y does not extend to an algebraic map C> — Y; hence
Y does not satisfy alP. For a general compact algebraic manifold Y, one uses finitely many
blowups in order to obtain a projective manifold.

Remark 6.16. Lirusson and Truong proposed in [114] to call an algebraic manifold satisfying
the equivalent conditions in Corollary 6.6 an algebraically Oka manifold, aOka. My reservation
to this choice of term is that algebraically subelliptic manifolds do not abide by the philosophy
that Oka properties refer to the existence of solutions of analytic or algebraic problems in the
absence of topological obstructions. Indeed, Theorem 6.15 shows that most such manifolds do
not have absolute Oka properties such as aBOP. Furthermore, in light of Theorem 6.2 we now
know that algebraically subelliptic manifolds coincide with algebraically elliptic manifolds, a
standard notion since Gromov’s paper [82].

This being said, we do not know a single example of an affine algebraic manifold with
nontrivial topology for which aBOP is known to hold. We propose the following test case.

Problem 6.17. Does C? \ {0} enjoy aBOP?

The first nontrivial homotopy group is 73(C* \ {0}) = Z, a generator being the unit
sphere S C C? = R*. The linear projection A : C* — C? given by A(z1, 22, 23,24) =
(z1+iz2, z3+iz4) maps the affine quadric X = {z3+2z3+23+23 = 1} to C*\{0}, and its restriction
to the 3-sphere X NR* of real points in X is the identity map under the standard identification
R* = C2. Note that XNR* is a deformation retract of X, hence a generator of 73(X) = Z. Thus,
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the algebraic map A : X — C? \ {0} induces an isomorphism m3(X) —> m3(C? \ {0 = Z,
so the generator of m3(C? \ {0}) is realized by an algebraic map. What about other nontrivial
maps S" — C?\ {0} from spheres of dimensions n > 3?

The analogous argument applies to C" \ {0} for any n > 2: the generator of the lowest

nontrivial homotopy group 75,_1(C"\{0}) = Z is represented by an algebraic map X — C"\{0}
from the complex (2n — 1)-sphere X = {Y ", z2 = 1} c C**.

6.3. Oka properties of blowups

On the theme of Oka properties of blowups of algebraic manifolds, we mention the following
recent result of Kusakabe [95, Corollary 4.3].

Theorem 6.18. Let Y be an algebraic manifold and A C Y be a closed algebraic submanifold
of codimension at least two. If Y enjoys aCAP (in particular, if Y is algebraically subelliptic),
then the blowup Bl,Y also enjoys aCAP, and hence is an Oka manifold.

Note that in Theorem 6.18 it is not claimed that Bl Y is algebraically subelliptic even if Y is
such. Kusakabe proved this result by reducing it to [113, Theorem 1] by Larusson and Truong,
which pertains to algebraic manifolds covered by Zariski open sets equivalent to complements
of codimension > 2 algebraic subvarieties in affine spaces (see also [55, Theorem 6.4.8]). Note
that Theorem 6.18 subsumes the result of Kaliman et al. [89].

The following result of Kusakabe [98, Corollary 1.5] is a consequence of [55, Corollaries
5.6.18 and 6.4.13] and of the localization theorem (see Theorem 3.6).

Theorem 6.19. Let Y be a complex manifold of dimension n > 2 which is Zariski locally
isomorphic to (C*)". Then, for any finite subset A C Y, the complement Y \ A and the blowup
Bl4Y are Oka. This holds in particular for any smooth toric variety Y.

Recent results concerning the Oka property of blowups of certain complex linear algebraic
groups along tame discrete subsets, and complements of such sets, are due to Winkelmann
[151] (2022). We mention the following one.

Theorem 6.20 (Theorem 20 in [151]). Let G be a complex linear algebraic group, and let D
be a tame discrete subset of G. Then G \ D is an Oka manifold. Furthermore, there exists an
infinite discrete subset D' of G such that G \ D’ is not an Oka manifold.

Proposition 6.21 (Proposition 16 in [151]). If D is a closed tame discrete subset in a
character-free complex linear algebraic group G, then the blowup BlpG is an Oka manifold.

Remark 6.22. The content of [151, Theorem 18] by Winkelmann (stated without a citation)
is that every subelliptic complex manifold is Oka. This is the main result of the paper [43]
from 2002, and it appears as [55, Corollary 5.6.14]. Also, [151, Proposition 8.3] is seen by
noting that such a manifold X is weakly elliptic and hence Oka by [55, Corollary 5.6.14].

The above results provide a significant contribution to the following problem.

Problem 6.23 (See [55, Problem 6.4.9]). Is the blowup of an algebraic Oka manifold along an
algebraic submanifold Oka?
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The corresponding problem in the holomorphic category was answered negatively by
Kusakabe in [98, Example A.3]: there are discrete sets A C C" for any n > 1 such that
the blowup BI4C" is volume Brody hyperbolic, and hence it is not Oka. Note that such a set
A cannot be tame in view of [55, Proposition 6.4.12].

6.4. Topological properties of algebraically subelliptic manifolds

In 1989, Gromov posed the following problem [82, 0.7.B”]. (In Gromov’s paper, what is
now called an Oka manifold is called an Ell,, manifold, but the meaning is the same.)

Problem 6.24. Does there exist an Oka manifold which is homotopy equivalent to a given
finite CW complex?

Although there are no obvious obstructions, there has been no progress on this question,
except for what can be inferred from the known examples. Very recently, Kusakabe proved the
following result for algebraically subelliptic manifolds; see [101, Theorem 1.3].

Theorem 6.25. The fundamental group of any algebraically subelliptic manifold is finite.
Conversely, for any finite group G there exists an algebraically subelliptic manifold Y whose
fundamental group w((Y) is isomorphic to G.

Since an unramified finite covering of an algebraically subelliptic manifold is also such a
manifold (cf. [55, Proposition 6.4.10]), Theorem 6.25 implies the following corollary.

Corollary 6.26 (Corollary 1.5 in [101]). The universal cover of an algebraically subelliptic
manifold is also an algebraically subelliptic manifold.

Another consequence of Theorem 6.25 and of the algebraic approximation theorem for
holomorphic maps to algebraically subelliptic manifolds (see Theorem 6.4) is the following.

Corollary 6.27 (Corollary 1.6 in [101]). Let Y be an algebraically subelliptic manifold.
Then for any holomorphic map f : C* — Y and any sufficiently large natural number n
the holomorphic map C* — Y, z — f(2") can be approximated by algebraic morphisms
C*—Y.

As pointed out by Kusakabe, these results fail in general for an arbitrary algebraic Oka
manifold Y. For example, Theorem 6.25 and Corollary 6.27 fail for any elliptic curve; such a
curve is holomorphically elliptic but is not algebraically (sub-)elliptic.

7. Oka pairs of sheaves and a homotopy theorem for Oka theory

Luca Studer made several contributions to Oka theory in his PhD dissertation. One of them
in [146] provides a gluing lemma for sections of coherent analytic sheaves. Gluing lemmas are
of key importance in Oka theory. Those in the work by Gromov [82] and in my joint works
with Prezelj [67,68], and their generalizations in [55] (see in particular [55, Proposition 5.8.1]),
pertain to the sheaf of holomorphic sections of a holomorphic submersion and its subsheaf
of sections vanishing to a given order on a subvariety. Studer proved a gluing lemma for
sections of an arbitrary coherent analytic sheaf. This gives shortcuts in the proofs of Forster
and Ramspott’s Oka principle for admissible pairs of sheaves [42] and of the interpolation
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property for sections of elliptic submersions in [67]. The main technical part of Studer’s proof
is a certain lifting theorem [146, Theorem 1] which reduces the splitting problem to sections
of a free sheaf.

The second main result of Studer is a homotopy theorem based on Oka theory, presented
in [145]. He pointed out that all proofs of Oka principles can be divided into an analytic first
part and a purely topological second part which can be formulated very generally, thereby
providing a reduction of the proof to the key analytic difficulties. This general topological
statement is [145, Theorem 1]. Its assumptions list the properties one has to show in the first
part of the proof of an Oka principle, and its conclusion is an Oka principle. This extends
Gromov’s homomorphism theorem from [81] so that it applies in complex analytic settings
and carries out ideas sketched in [82] and developed in [68] and [55, Chapter 6].

Studer also gave a more general result, [145, Theorem 2]. Let X be a paracompact Hausdorff
space that has an exhaustion by finite dimensional compact subsets, and let & < ¥ be a local
weak homotopy equivalence of sheaves of topological spaces on X. He showed that under
suitable conditions on ¢ and ¥ the inclusion @(X) — W¥(X) of spaces of sections is a weak
homotopy equivalence. The relevant conditions reflect what is happening when approximating
and gluing sprays of sections in [68,82]. Studer’s proof is essentially an abstraction of the proof
of the Oka principle for subelliptic submersions in [55,68]. He then showed how the known
examples of the Oka principle fit into this general theorem.

8. Carleman and Arakelian theorems for manifold-valued maps

The basic Oka property with approximation (BOPA) is one of the classical Oka properties
of a complex manifold ¥ which characterizes the class of Oka manifolds (see Section 2).
It refers to the possibility of approximating any holomorphic map f € O(K,Y), where K
is a compact &(X)-convex set in a Stein manifold (or Stein space) X, uniformly on K by
entire maps F € 0(X,Y) provided that f extends continuously from K to X. Recently, B.
Chenoweth [29] proved Carleman-type approximation theorems in the same context. Recall
that Carleman approximation (after T. Carleman [27]) refers to approximation of holomorphic
functions and maps in fine Whitney topologies on closed unbounded sets.

Let X be a complex manifold. Given a compact set C in X we define

h(C) = Cyx)\ C.

Definition 8.1. Let X be a Stein manifold and E be a closed subset of X.

(a) E is O(X)-convex if it is exhausted by compact &'(X)-convex sets.
(b) E has bounded exhaustion hulls if for every compact set K in X there is a compact set
K’ C X such that for every compact L C E we have that h(K U L) C K'.

Theorem 8.2 (Chenoweth [29]). Let X be a Stein manifold and Y be an Oka manifold. If K
is a compact O(X)-convex set in X and E is a closed totally real submanifold of X of class
%" (r € N) with bounded exhaustion hulls such that K U E is O(X)-convex, then for every
k € {0,1,...,r} the set K U E admits €*-Carleman approximation of maps f € €*(X,Y)
which are holomorphic on neighbourhoods of K by holomorphic maps X — Y.

This is proved by inductively applying the Mergelyan theorem for admissible sets in Stein
manifolds (see [55, Theorem 3.8.1] or [39, Theorem 34]) together with the basic Oka property
(BOPA) for maps from Stein manifolds to Oka manifolds; see [55, Theorem 5.4.4]. These
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two methods are intertwined at every step of the induction procedure. The special case of
Theorem 8.2 for functions (i.e., for Y = C) is due to Manne, Wold, and @vrelid [120], and
the necessity of the bounded exhaustion hulls condition was shown by Magnusson and Wold
[119].

Given a closed unbounded set E in a Stein manifold X, one can ask when is it possible to
uniformly approximate every continuous function on E which is holomorphic on the interior
of E by functions holomorphic on X. This type of approximation is named after Norair U.
Arakelian [13] who proved that for a closed subset E of a planar domain X C C, uniform
approximation on E is possible if and only if E is holomorphically convex in X and its
complement X \ E in the one-point compactification X=XxuU {oo} is locally connected at
oo. For a closed set E in an open Riemann surface X the latter property is equivalent to E
having bounded exhaustion hulls. A set E with these two properties is called an Arakelian set.
(See also [39, Theorem 10] and the related discussion.) The following result from [57] is an
extension of Arakelian’s theorem to manifold-valued maps.

Theorem 8.3. If E is an Arakelian set in a domain X C C and Y is a compact complex
homogeneous manifold, then every continuous map X — Y which is holomorphic in E can be
approximated uniformly on E by holomorphic maps X — Y.

Since the target manifold Y is compact, the notion of uniform approximation does not
depend on the specific choice of the metric on Y. The analogous result holds if X is an open
Riemann surface which admits bounded holomorphic solution operators for the d-equation;
see [57, Theorem 5.3]. On plane domains one can use the classical Cauchy—Green operator.
However, Arakelian’s theorem for functions fails on some open Riemann surface as shown by
examples in [74] and [18, p. 120]. Note also that Carleman approximation in the fine topology
is impossible in general if the interior of E is not relatively compact.

The scheme of proof of Theorem 8.3 in [57] follows the proof of Arakelian’s theorem given
by Rosay and Rudin [136]. The main new analytic ingredient developed in [57] is a technique
for gluing sprays with uniform bounds on certain noncompact Cartan pairs. The proof does
not apply to general Oka target manifolds, not even to noncompact homogeneous manifolds.

Not much seems known concerning the Arakelian approximation on closed sets whose
interior is not relatively compact in higher dimensional Stein manifolds. Recently, A. Lewan-
dowski [116] proved a result of this kind for functions on a ray of balls in C".

9. The Docquier—Grauert tubular neighbourhood theorem revisited

Given a complex submanifold M in a complex manifold X, let viyx = TX|u/TM
denote the holomorphic normal bundle of M in X. A theorem of Docquier and Grauert [34]
says that if M is Stein then the inclusion of M onto the zero section of vy x extends to a
biholomorphic map from a neighbourhood of M in X onto a neighbourhood of the zero section
in vy x. (See also [55, Theorem 3.3.3]. The assumption in [34] that the manifold X be Stein is
unnecessary in view of Siu’s theorem [142] on the existence of open Stein neighbourhoods of
Stein subvarieties.) This clearly implies that the images of holomorphic embeddings M — X,
M — X’ with isomorphic normal bundles have biholomorphic neighbourhoods.

We now present a generalization from [60] (2022) of the Docquier—Grauert theorem to
configurations of the following type.

Definition 9.1. A subset S of a complex manifold X is admissible if S = K U M where
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(a) K is a compact set with a Stein neighbourhood U C X such that K is & (U)-convex,
(b) M is a locally closed embedded Stein submanifold of X, and
(¢) KN M is a compact &(M)-convex subset of M.

It was shown in [47, Theorem 1.2] (see also [55, Theorem 3.2.1]) that an admissible set
S = K UM has a basis of open Stein neighbourhoods V' C X such that M is closed in V and
K is O(V)-convex. The case K = & is Siu’s theorem [142].

Definition 9.2. Assume that X and X’ are complex manifolds of the same dimension and
S=KUMC X, S8 = K'UM’' C X’ are admissible sets. A homeomorphism F : § — S with
F(M) = M’ and F(K) = K’ is a biholomorphism if F|y : M — M’ is a biholomorphism
and F extends to a biholomorphism from a neighbourhood of K onto a neighbourhood of K’.

The conditions on F clearly imply that if one of the sets K UM and K’ U M’ is admissible
then so is the other one. The following result [60, Theorem 1.4] says that, under suitable
conditions, a biholomorphism K U M L K’ UM’ of admissible sets can be approximated
uniformly on K and interpolated on the submanifold M by ambient biholomorphisms. The
Docquier-Grauert theorem [34] corresponds to the special case with K = @ and K’ = @.

Theorem 9.3. Let S = KUM C X and S = K' UM’ C X' be admissible sets and
F : S — 8 be a biholomorphism (see Definition 9.2). Assume that there is a topological
isomorphism © : vy x — vy x of the normal bundles over F : M — M’ which is given
over a neighbourhood of K N\ M by the differential of F. Given € > 0 there are an open Stein

neighbourhood {2 C X of S and a biholomorphic map @ : {2 = &() C X' such that

by = Fly and supdisty (P(x), F(x)) < €.
xek

The hypothesis in the theorem is illustrated by the following diagram:

)
VM, x —= VM’ x’

Lo

M M

Note that an isomorphism O : vy x — vy x in Theorem 9.3 exists if dimX >
and the restricted tangent bundles 7 X |y and T X'y are isomorphic over the biholomorphic
map F : M — M’ (see [60, Corollary 2.3]).

Theorem 9.3 is proved by an inductive procedure commonly used in Oka theory. An ambient
biholomorphism ¢ is obtained by stepwise extending the given map F, changing it only slightly
on a neighbourhood of K at each step but keeping it fixed on M, to injective holomorphic
maps F; on neighbourhoods of K U M;, where M\ C M, C --- C U2y M; = M is an
exhaustion of M by compact strongly pseudoconvex domains. The initial set K; is chosen
such that K "M C K| C U, where U is a neighbourhood of K in X on which @ is defined.
Every step of the induction uses the gluing lemma with interpolation on a Cartan pair, combined
with another procedure to take care of the occasional changes of topology of the sets M;. In
the approximation and gluing procedures we pay close attention to the normal jet of the map
to ensure that no branch points occur on M. To this end, we use the information provided by
the isomorphism © over F between the normal bundles of M and M'.

[3dim2M+1]
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An important technical ingredient in the proof of Theorem 9.3 is a new version of the
splitting lemma for biholomorphic maps close to the identity on a Cartan pair (cf. [44,
Theorem 4.1] and [55, Theorem 9.7.1]) with added interpolation on a complex submanifold,;
see [60, Theorem 3.7]. This result may be of independent interest. The original splitting
lemma [44, Theorem 4.1] was generalized to the parametric case, with continuous dependence
on both the domain and the map, by L. Simon [141] and A. Lewandowski [117].

Theorem 9.3 along with [69, Theorem 15], which gives proper holomorphic embeddings
M — C" with geometric control of the image where M is a Stein manifold and n >
2dim M +1, gives the following result on the existence of Euclidean neighbourhoods of certain
admissible sets in complex manifolds (see [60, Theorem 1.1]).

Theorem 9.4. Assume that S = K U M is an admissible set in a complex manifold X such
that n = dimX > 2dimM + 1 and TX|y is a trivial bundle. Let & C X be an open
neighbourhood of K and &y : 3y —> ®,(12)) C C" be a biholomorphic map such that y(K)
is polynomially convex in C". Given € > 0 there exist a Stein neighbourhood 2 C X of S and
a biholomorphic map ® : 2 — ®(2) C C" such that &(M) is a closed complex submanifold
of C" and sup,.cx | P(x) — Po(x)| < €.

If dim X = 2dim M then @ can in addition be chosen an immersion which is proper on M
and satisfies ®(£2\ K) c C"\ &(K).

If X is Stein, S is closed in X and K is O(X)-convex, there is a holomorphic map
@ : X — C" which satisfies the above conditions on a neighbourhood {2 of S and is univalent
over ¢(K): &(X \ K) c C"\ &(K).

For the last statement see [60, Theorem 5.3]. An analogous result holds if we replace C”
by an arbitrary Stein manifold with the density property (see [60, Theorem 5.2]).

10. Degeneration of C" in Stein fibrations

It is known that, in a holomorphic family of complex manifolds, the set of Oka manifolds
is not closed in general. In particular, compact complex surfaces that are Oka can degenerate
to a non-Oka surface; see [64, Corollary 5] or [55, Corollary 7.3.3].

Since Euclidean spaces are the most basic examples of Oka manifolds, it is of interest to
understand whether they can degenerate to a non-Oka manifold in a Stein fibration. A related
question is whether a Stein fibration with fibres C" is necessarily locally trivial. For n = 1,
the answer is negative for the first question and positive for the second one. Indeed, it was
proved by Toshio Nishino [125] in 1969 that if X is a Stein manifold of dimension m + 1 and
7 : X — D™ is a holomorphic submersion onto a polydisc such that every fibre X, = 77!(z)
(z € D™) is biholomorphic to C, then X is fibrewise biholomorphic to D" x C. This was
extended by H. Yamaguchi [156] (1976) to the case when the fibre is a connected Riemann
surface different from D and D* = D\ {0}. (Note that if the fibres of a holomorphic submersion
are compact and biholomorphic to each other, then the submersion is a fibre bundle according
to Fischer and Grauert [38].) It follows from their results that if X is Stein and 7 : X — D™ is
a holomorphic submersion such that every fibre X, = 7 ~!(z) for z € D"\ {0} is biholomorphic
to C, then the central fibre X, is also biholomorphic to C.

Recently, Takeo Ohsawa generalized Nishino’s theorem to the case when X is a complete
Kihler manifold and the fibres of the submersion X — D™ equal C [127, Theorem 0.1], or
when the fibres are CP" \ {point} and X is n-convex [127, Theorem 0.2]. (Note that a 1-convex
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manifold is a Stein manifold.) Ohsawa asked the following question [127, Q3]; I wish to thank
Yuta Kusakabe for having brought this to my attention.

Let X be a complete Kihler manifold and w : X — D be a holomorphic submersion onto the
disc such that the fibre X, = w~(t) is biholomorphic to C" (n > 1) for every t € D* = D\ {0}.
Does it follow that Xo = m~'(0) is also biholomorphic to C"?

We give a counterexample to Ohsawa’s question with X a Stein manifold. (Every Stein
manifold embeds properly holomorphically into a Euclidean space, so it is complete Kéhler.)
We state the result for n = 2, but the same proof gives examples for any n > 2.

Theorem 10.1. For every k € N there is a Stein threefold X and a holomorphic submersion
7 : X — C which is a trivial holomorphic fibre bundle with fibre C* over C*, while the limit
fibre Xy = m~1(0) is biholomorphic to the disjoint union of k copies of D x C.

Proof. It was shown by J. Globevnik [76, Theorem 1.1] that there is a Fatou—Bieberbach
domain £2 c C? (a proper subdomain of C? which is biholomorphic to C?) whose closure {2
intersects the complex line C x {0} in a closed disc U, which may be chosen an arbitrarily
small perturbation of the unit disc. (It was later shown by Wold in [152] that {2 may be chosen
such that the unit disc is a connected component of {2 N (C x {0}), but the intersection may
contain other connected components.) Let @ : C x C> — C x C? be the map given by
&(t, 2) = (t, $:(2)), where ¢,(z1, 22) = (21, tz2) for t € C. Set

X=3"CxN)={(tz1,2) € C:(z1,122) € 2}. (10.1)

Note that X is Stein since it is the preimage of the Stein domain C x 2 C C* by the
holomorphic map . Observe that ¢,(z1, z2) = (21, z2) is an automorphism of C? if ¢ # 0,
and ¢o(z1, 22) = (21, 0). Let 7 : X — C denote the projection 7 (¢, z) = ¢ and set

X, =77 0) = {(z1,22) € C: (21, 22) = (1, 122) € 2}, 1 €C. (10.2)

For t # 0 the domain X, = ¢ !(£2) is biholomorphic to C?> and 7 : X \ Xo — C* is a
trivial holomorphic fibre bundle with fibre C2. Indeed, & : X \ Xg—> C*x 2=C* x C?isa
biholomorphism. On the other hand, the fibre Xy = U x C is biholomorphic to D x C.

A minor modification of this example yields a limit fibre X, which is a disjoint union of
any given finite number of copies of D x C. One applies the same construction to a Fatou—
Bieberbach domain 2 C C? whose closure intersects the line C x {0} in Uleﬁi, where
Dy, ..., Dy are pairwise disjoint closed discs with %! boundaries. The existence of such {2
follows from [76, Corollary 1.1] of Globevnik. [

Remark 10.2. In Theorem 10.1 we can replace the base C by an arbitrary open Riemann
surface M and find a surjective holomorphic submersion X — M from a Stein threefold X
with generic fibre C?> which degenerates over each point in a given closed discrete subset P of
M. Indeed, it suffices to choose ¢,(z1, 22) = (21, h(t)z2) in (10.2), where h is a holomorphic
function on M whose zero locus equals P. Precomposing ¢, by a family of automorphisms
¥, : C> — C? depending holomorphically on t € M one can also obtain limiting fibres over
the points in P with different number of connected components.

In the proof of Theorem 10.1 we used dilatations in a coordinate direction of a suitably
chosen Fatou-Bieberbach domain 2 C C? which intersects the complex line zo = 0 but does
not contain it. One may ask whether a similar phenomenon can be achieved by using dilatations
z+> tz for t € C* and z € C2. The following result shows that this is not the case.
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Proposition 10.3. [f 2 C C" is a Fatou—Bieberbach domain containing the origin, then the
domain X = {(t,z) € D x C" : tz € {2} is Stein and the projection w : X — D given by
n(t,z) =t is a trivial fibre bundle with fibre C".

Proof. Pick a biholomorphism g : C" — 2 with g(0) = 0. Let g(z) = Az + O(|z|*) near
z = 0. Replacing g by g o A~! we may assume that g(z) = z + O(|z|*). For t € C* let
0, € Aut({2) be obtained by conjugating the map z > ¢z by g:

0,(z) = gtg™'(2)), z€ N (10.3)

Note that 6;, = 6, 0 6,, and 6, is globally attracting to the origin if |f| < 1. The map 1716, is a
biholomorphism of 2 onto the fibre X, = t~!12 of X over t € C*. We claim that

limot’le, =gl N>
t—

holds uniformly on compacts in {2, so we get a holomorphic trivialization D x {2 = x.
Indeed, near z = 0 we have that g(z) = z + 0(|z|2) and hence

70,(2) = t"gtg T @) = ¢ @) + 0(t] 1g @)

This shows that t~'6, converges to g~ uniformly on a ball 0 € B C 2 as t — 0. Globally

on {2 the same holds since for any compact set K C {2 we can choose s € C* close to O such
that 6;,(K) C B. Fix such s. For any z € K we then have that

— — - -0 1 _ —
1710,2) = 571 (1/9)71 0,5 (6,2) = s7'g70:() = g7 (D),
where the last equality holds by (10.3). O
Problem 10.4. Let 7 : X — D be a Stein submersion which is a holomorphic fibre bundle
with fibre C" (n > 1) over D*. What are the possible limit fibres Xy = 7 ~1(0)?
It seems that Nishino’s problem for fibres C"*, n > 1, is still open:
Problem 10.5. Assume that X is a Stein manifold and w : X — D is a holomorphic
submersion such that every fibre X, = 7 ~!(¢) is isomorphic to C" for some n > 1.

(a) Is 7 : X — D necessarily locally trivial?
(b) Assuming that 7 : X — D is locally trivial over D*, is it also locally trivial at 0 € D?

As a specific example related to the proof of Theorem 10.1, we ask the following question.

Problem 10.6. Let (2 be a Fatou—Bieberbach domain in C? containing the line C x {0}. Define
X c €3 by (10.1). Clearly, X is Stein, all fibres of the projection w : X — C, n(t,z) =1t, are
biholomorphic to C?, and 7 ~!(C*) — C* is a trivial bundle. Is 7 locally trivial over 0?

11. Oka manifolds, Campana specialness, and metric properties

In this section we describe some open problems regarding the relationship between Oka
manifolds, specialness in the sense of Campana, and curvature properties of Kihler metrics.

Campana special manifolds and Oka manifolds. Special manifolds play an important role in
Campana’s structure theory of compact Kédhler manifolds, developed in [22,23]. The definition
of specialness, which is a type of holomorphic flexibility property, is quite technical; we refer
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to the cited papers or to [26, Definition 2.1]. A connected compact Kéhler manifold is special if
and only if it does not admit any dominant rational map onto an orbifold of general type [22,24].
If Y is special then no unramified cover of ¥ admits a dominant meromorphic map onto a
positive dimensional manifold of general type. Compact Kéhler manifolds which are rationally
connected or have Kodaira dimension zero are special [22]. By Kobayashi and Ochiai [92], the
existence of a dominant holomorphic map C" — Y to a connected compact complex manifold
Y implies that Y is not of general type. By an extension of their argument, Campana proved
that such a manifold is special [22, Corollary 8.11]. In particular, every compact Oka manifold
is special in view of [56, Theorem 1.1].
Let us recall the following notion which was already considered by Gromov [82].

Definition 11.1. A complex manifold Y satisfies the basic Oka principle (BOP) if every
continuous map X — Y from a Stein manifold X is homotopic to a holomorphic map.

Note that a complex manifold satisfying BOP need not be an Oka manifold. In particular,
every topologically contractible manifold satisfies BOP since every map is homotopic to a
constant map, but many such manifolds (e.g., bounded convex domains in C") are not Oka. This
trivial obstruction does not arise in the class of compact projective manifolds. The following
result is due to Campana and Winkelmann [26] (2015).

Theorem 11.2. IfY is a compact projective manifold satisfying BOP, then Y is special and
every holomorphic map Y — Z to a Brody hyperbolic Kihler manifold Z is constant.

Campana and Winkelmann conjectured that their result holds for every compact Kihler
manifold Y. It is not known whether the converse to Theorem 11.2 holds:

Problem 11.3. Does every special compact projective manifold enjoy BOP? Is it Oka?

As pointed out by Campana and Winkelmann in [26], the answer is negative for some
quasiprojective special manifolds. In light of Campana’s results in [22,23], an affirmative
answer to Problem 11.3 would imply that every projective manifold which is dominable,
rationally connected, or has Kodaira dimension zero is an Oka manifold. Campana also
conjectured that a complex manifold Y is special if and only if it is C-connected if and only
if its Kobayashi pseudometric vanishes identically. These questions seem to remain open.

Metric positivity and Oka manifolds. The definitions of Kobayashi hyperbolicity and of the
Oka property only depend on the complex structure of the underlying complex manifold, and
they do not involve any auxiliary structures such as hermitian or Kéhler metrics. Nevertheless,
it has been known since 1938, when Ahlfors [1] proved his generalization the Schwarz—Pick
lemma, that hyperbolicity has a tight relationship with metric negativity. The observation that
a compact hermitian manifold with negative holomorphic sectional curvature is Kobayashi
hyperbolic is due to Grauert and Reckziegel [78]; see also Wu [153, p. 217], Kobayashi [91, p.
61], and Greene and Wu [80, p. 85]. More generally, it was proved by Greene and Wu [80] in
1979 that a not necessarily complete hermitian manifold whose holomorphic sectional curvature
is bounded above by —c/(1 + r?), where ¢ > 0 and r = dist(p, -) is the distance from a fixed
point p in the manifold, is Kobayashi hyperbolic. Moreover, if a hermitian metric with this
property is complete then the manifold is complete Kobayashi hyperbolic, and this result is
close to sharp (see [80, p. 85] or [140]). It follows that no such manifold is Oka.

Weaker rigidity properties than Kobayashi hyperbolicity, such as volume hyperbolicity, are
also obstructions to a manifold being Oka. In particular, a manifold which satisfies some
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form of the Schwarz lemma for holomorphic maps from higher dimensional balls is not Oka.
Results in this direction were obtained by many authors; see in particular Chern [30], Lu [118],
Royden [137], and S.-T. Yau [158,159], among others. A more complete discussion of the
history of the Schwarz lemma and its relationship to negativity of hermitian metrics can be
found in the recent survey by Broder [19]. See also the article by Osserman [130] relating the
Ahlfors—Schwarz—Pick lemma to comparison principles in differential geometry.

In a related direction, Kobayashi and Ochiai [92] proved in 1975 that a compact complex
manifold of general Kodaira type is not dominable by Euclidean spaces, hence it is not Oka.
More recently, Wu and Yau [154,155] (2016) and Diverio and Trapani [33] (2019) proved that
a compact connected complex manifold Y, which admits a Kihler metric whose holomorphic
sectional curvature is everywhere nonpositive and is strictly negative at some point, has positive
canonical bundle Ky. (See also Tosatti and Yang [148] and Nomura [126].) Hence, such a
manifold Y is projective of general type, and therefore it does not admit any dominating
holomorphic map C* — Y by Kobayashi and Ochiai [92].

In light of these results, which broadly speaking suggest that negativity properties of
hermitian metrics imply rigidity properties of holomorphic maps into the given manifold, one
may wonder whether there is a relationship between the Oka property of a complex manifold
and positivity of complete hermitian or Kahler metrics on it. Evidence for this comes from
the Frankel Conjecture, solved affirmatively by Mori [124] (1979) and Siu and Yau [143]
(1980), saying that a compact Kéhler manifold with positive holomorphic bisectional curvature
is biholomorphic to a complex projective space, and hence is Oka. (Mori’s theorem holds under
the weaker assumption that the manifold has ample tangent bundle.) This was generalized by
Mok in 1988 whose main result [123, Main Theorem] implies the following.

Theorem 11.4. Every compact Kdhler manifold with nonnegative holomorphic bisectional
curvature is an Oka manifold.

Mok’s result says that for a compact Kdhler manifold (Y, g) of nonnegative holomorphic
bisectional curvature, its metric universal cover (Y, g) is isometrically biholomorphic to

?:(Ckx(CIF’"lx---x(C]I””’lex...XMp

where CF is endowed with the flat metric, each projective space in the above decomposition is
endowed with a Kéhler metric with nonnegative holomorphic bisectional curvature, and each
M; is a compact hermitian symmetric space with its canonical complex structure and Kiéhler
metric. Recall that a product of Oka manifolds is Oka [55, Theorem 5.6.5]. Since C" and CP”"
are Oka manifolds, Theorem 11.4 follows from the following observation.

Proposition 11.5.  Every compact hermitian symmetric space is a complex homogeneous
manifold, and hence an Oka manifold.

Proof. Let M be a compact hermitian symmetric space. The identity component of the isometry
group of M acts transitively by holomorphic automorphisms of M (see Zheng [161, Sect. 8.5]).
By a theorem of Bochner and Montgomery [17], the holomorphic automorphism group G of
a compact complex manifold M is a complex Lie group, and if the action is transitive then M
is a complex homogeneous manifold biholomorphic to G/H where H is the isotropy group of
a point in G. By Grauert [77], every complex homogeneous manifold is an Oka manifold (see
also [55, Proposition 5.6.1]). O
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On the other hand, a noncompact hermitian symmetric space is biholomorphic to a bounded
domain in a complex Euclidean space, so it is not Oka. The simplest example is the disc. We
refer to [161, Sect. 8.5] for more information.

In contrast to Theorem 11.4 which pertains to nonnegativity of holomorphic bisectional
curvature, the relationship between positivity of holomorphic sectional curvature and the Oka
property remains poorly understood. We pose the following problems.

Problem 11.6.

(a) Is every compact (or complete) Kédhler manifold with (semi-) positive holomorphic
sectional curvature an Oka manifold?

(b) Assuming that the tangent bundle of a compact Kihler manifold Y is numerically
effective (nef), is ¥ an Oka manifold?

If the holomorphic sectional curvature of a compact Kéhler manifold is positive then, by
Yau’s conjecture solved by X. Yang [157] in 2018, the manifold is rationally connected. In
both cases of Problem 11.6 for compact Kihler manifolds, the results of Matsumura [121,
Theorem 1.1] and Demailly et al. [32] imply that the manifold admits a finite étale cover
which is the total space of a holomorphic fibre bundle over an Oka manifold with compact
rationally connected fibre enjoying the corresponding semipositivity. In view of Theorem 3.15
this reduces the compact case of Problem 11.6 to rationally connected manifolds.

An affirmative answer to the Campana—Peternell conjecture [25, Conjecture 11.1] would
solve Problem 11.6(b) affirmatively. By [25, Theorems 3.1 and 10.1] and Theorem 3.15 this
holds true for projective manifolds of dimension at most three. A summary of possible cases
can be found on [25, p. 170]. This result is worthwhile recording.

Theorem 11.7. IfY is a compact projective manifold of dimension at most three whose tangent
bundle is nef, then Y is an Oka manifold.

Calabi-Yau manifolds and Oka manifolds. It would be of interest to know the position of
Oka manifolds in the class of Calabi—Yau manifolds, one of the most intensively studied classes
of complex manifolds.

A Calabi-Yau manifold is sometimes defined as a compact Kihler manifold ¥ with
holomorphically trivial canonical bundle Ky. This implies that the first integral Chern class
c1(Y) vanishes and the Kodaira dimension of Y equals zero. The converse is not true, the
simplest examples being hyperelliptic surfaces (finite quotients of complex 2-tori).

A weaker definition defining a bigger class of manifolds, which is more standard one
among complex differential geometers, is that a Calabi—Yau manifold is a compact Kihler
manifold whose first real Chern class vanishes. As an example, Enriques surfaces fit into this
more general definition of the Calabi—Yau class but not into the former one. A fundamental
result in the field is Yau’s solution [160] (1978) of the Calabi conjecture, which says that
a compact Kiahler manifold with vanishing first real Chern class has a Kéhler metric in the
same class with vanishing Ricci curvature. (The class of a Kéhler metric is the cohomology
class of its fundamental (1, 1)-form.) Calabi [21] showed back in 1957 that such a metric, if it
exists, is unique. Yau’s result justifies the second definition of Calabi—Yau manifolds. Besides
their intrinsic interest in complex geometry, Calabi—Yau threefolds are important in superstring
theory as shapes that satisfy the requirements for the six extra spatial dimensions. For all these
reasons, it would be of interest to understand the following:
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Problem 11.8. Which Calabi—Yau manifolds of dimension n > 2 are Oka? What if any are
the implications of the Oka property of a Calabi—Yau threefold to superstring theory?

The only Calabi—Yau manifolds of dimension one are tori, which are Oka. The Ricci-flat
metric on a torus is actually flat. Among compact Kahler surfaces, K3 surfaces furnish the only
simply connected Calabi—Yau manifolds. They arise as quartic hypersurfaces in CP* defined
by homogeneous polynomials in four variables. An example is theh quartic

{[Z():Zl:ZZ5Z3]EC]PS:Z?)-I—Z?—FZ%—FZ;‘:O}.

Other examples of Calabi—Yau surfaces arise as elliptic fibrations, as quotients of abelian
surfaces, or as complete intersections. Enriques surfaces and hyperelliptic surfaces have first
Chern class that vanishes as a real cohomology class (so Yau’s theorem on the existence of a
Ricci-flat metric applies) but it does not vanish as an integral cohomology class. For the class
of compact complex surfaces with vanishing Kodaira dimension it is known that hyperelliptic
surfaces, Kodaira surfaces, and tori are Oka, but it is unknown whether any or all K3 surfaces
or Enriques surfaces are Oka (see [55, Section 7.3]).

More generally, for every n € N the zero set in the homogeneous coordinates on CP"*!
of a nonsingular homogeneous polynomial of degree n + 2 in n + 2 variables is a compact
Calabi—Yau n-fold. The case n = 1 gives elliptic curves while n = 2 gives K3 surfaces.

We only discussed Calabi—Yau manifolds within the class of compact Kihler manifolds.
Recently there has been considerable interest in non-Kihler Calabi—Yau manifolds; see
Tosatti [147]. The first part of Problem 11.8 is also of interest in this bigger class.
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Appendix. Oka’s criterion for holomorphic convexity and applications

In this appendix we collect some consequences of the following criterion for holomorphic
convexity of a compact set in a Stein manifold, due to Oka [128], which are used in the paper.
(See also [144, Theorem 2.1.3] for X = C" and [144, Lemma 5.3.4 ] for the general case.)

Theorem A.1. Let X be a Stein manifold, K be a compact subset of X, and f : [0, 1]xX — C
be a continuous function such that f; = f(t,-) : X — C is holomorphic for every t € [0, 1],
f has no zeros on [0, 1] x K, and f, has no zeros on the holomorphic hull I/(:@(X) of K. Then
none of the hypersurfaces V; = {x € X : fi(x) = 0} (¢ € [0, 1]) intersect I’(\ﬁ(x).

Proof. If g is a holomorphic function on a neighbourhood of K ox) then, in view of the
Oka—Weil theorem, we have that max{|g(x)| : x € K} = max{|g(x)| : x € Kmx)} If the
statement of the theorem is false, there is a biggest number 7, € [0, 1) such that Vio 1ntersects
K@(X) As t € (ty, 1] decreases to ty, the norm of the function 1/f; € ﬁ([(@(x)) on Kﬁ(x)
increases to +o00 while it remains bounded on K, a contradiction. [

The following is an obvious corollary to Theorem A.1.

410



F. Forstneric¢ Indagationes Mathematicae 34 (2023) 367417

Corollary A.2. If X is a Stein manifold, K is a compact set in X, and V; = {f; = 0} with
f; € O(X) fort € [0, 1) is a continuous path of principal complex hypersurfaces which avoid
K and diverge to infinity in X ast /' 1, then Vi N Kgxy = @ for all t € [0, 1).

We now apply Theorem A.1 to hypersurfaces in projective spaces. Let [z9:z; : -+ : z,] be
homogeneous coordinates on CP". Denote by #;(CP") the space of complex hypersurfaces
of degree k in CP", possibly with positive integral multiplicities (i.e., effective chains of
hypersurfaces). By Chow’s theorem (see [31, p. 74]) every V € ¥ (CP") is of the form

V=VP)={lzo: - :z4]: Pzo,...,20) =0}

where P is a nonzero homogeneous polynomial of degree k in n+1 variables. The complement
CP" \ V is an affine manifold, hence a Stein manifold. (See the argument in the proof of
Theorem 5.1.) Denote by 7 (k, n) = CN*! with N +1 = (”;:k) the complex vector space of
all homogeneous complex polynomials in n + 1 variables. The projection

TV {0} = Ak, m)\ (0} — H(CP)Y = CPY, P> V(P)

is a fibre bundle with fibre C*, and hence any path in ¥;(CP") lifts to a path in J#(k, n) \ {0}.
In other words, a path of degree k hypersurfaces in CP" is defined by a path of homogeneous
polynomials of degree k on C"*!.

Corollary A.3. Let V, € ¥(CP") (t € [0, 1]) be a path of hypersurfaces of degree k and set
X = CP"\ Vi. If K is a compact set in CP" such that K NV, = & for all t € [0, 1], then
KexyNV, =@ forall t €0, 1].

Proof. By what was said above, we have V; = {f; = 0} for a path { f;},cj0.1) C 7 (k, n)\ {0}.
The functions F; = f;/f1 : X — C for ¢t € [0, 1) are well-defined, holomorphic, continuous in
t, and nonvanishing on K. As t — 1, the affine hypersurfaces {F; = 0} = V,; \ V| C X diverge
to infinity in X, so the conclusion follows from Corollary A.2. [

Corollary A.4. If B is a nonempty connected open set in ¥,(CP") and 2 = 2(B) C CP" is
the union of all V € B (considered as hypersurfaces in CP"), then for any V € B the compact
set L = CP" \ 2 is holomorphically convex in the Stein domain CP" \ V.

Proof. Fix V € B. As B is connected, given z € {2\ V there is a path {V;};c0.17 C B with
z € Vp and V; = V. By Corollary A.3, z does not belong to the hull of L in CP*\ V. O

Corollary A.5. Let V, € ¥.(CP") (¢ € [0, 1]) be a path of hypersurfaces of degree k in CP".
If K C CP" is a compact set such that KNV, = & for all t € [0, 1] and K is holomorphically
convex in CP" \ V|, then K is holomorphically convex in CP" \ 'V, for every t € [0, 1].

Proof. Set X, = CP" \ V, for ¢t € [0, 1]. By thickening the path {V;};c[0.1) into an open
connected domain B C ¥;(CP"), we obtain a domain {2 = 2(B) C CP" as in Corollary A.4
such that K N 2 = &. That corollary implies that the compact set L = CP" \ {2 is 0(X,)-
convex for every ¢ € [0, 1]. Note that K C L. Since K is assumed to be &(X)-convex, it is
also O(L)-convex, and hence &'(X,)-convex for every ¢t € [0,1]. O

411



F. Forstneric Indagationes Mathematicae 34 (2023) 367417

References

[1]
[2]

[3]
[4]
[5]
[6]
[71

[8]
[91

[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]
[18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]
[26]
[27]

[28]

[29]

L.V. Ahlfors, An extension of Schwarz’s lemma, Trans. Amer. Math. Soc. 43 (3) (1938) 359-364.

A. Alarcén, F. Forstneri¢, Darboux charts around holomorphic Legendrian curves and applications, Int. Math.
Res. Not. IMRN 2019 (3) (2019) 893-922.

A. Alarcén, F. Forstneri¢, New complex analytic methods in the theory of minimal surfaces: a survey, J.
Aust. Math. Soc. 106 (3) (2019) 287-341.

A. Alarcon, F. Forstneri¢, F. Larusson, Holomorphic Legendrian curves in CP? and superminimal surfaces
in S*, Geom. Topol. 25 (7) (2021) 3507-3553.

A. Alarcén, F. Forstneri¢, FJ. Lopez, Holomorphic Legendrian curves, Compos. Math. 153 (9) (2017)
1945-1986.

A. Alarcén, F. Forstneri¢, F. Lopez, New complex analytic methods in the study of non-orientable minimal
surfaces in R”, Mem. Amer. Math. Soc. 264 (1283) (2020).

A. Alarcén, F. Forstneri¢, F.J. Lopez, Minimal Surfaces from a Complex Analytic Viewpoint, in: Springer
Monographs in Mathematics, Springer, Cham, 2021.

H. Alexander, The polynomial hull of a rectifiable curve in C", Amer. J. Math. 110 (4) (1988) 629-640.
R.B. Andrist, F. Forstneri¢, T. Ritter, E.F. Wold, Proper holomorphic embeddings into Stein manifolds with
the density property, J. Anal. Math. 130 (2016) 135-150.

R.B. Andrist, F. Kutzschebauch, Algebraic overshear density property, 2022, arXiv e-prints. https:/arxiv.org
/abs/1906.04131.

R.B. Andrist, N. Shcherbina, E.F. Wold, The Hartogs extension theorem for holomorphic vector bundles and
sprays, Ark. Mat. 54 (2) (2016) 299-319.

R.B. Andrist, E.F. Wold, Riemann surfaces in Stein manifolds with the density property, Ann. Inst. Fourier
(Grenoble) 64 (2) (2014) 681-697.

N.U. Arakelian, Uniform approximation on closed sets by entire functions, Izv. Akad. Nauk SSSR Ser. Mat.
28 (1964) 1187-1206.

I. Arzhantsev, On images of affine spaces, 2022, arXiv e-prints. https://arxiv.org/abs/2209.08607.

1. Arzhantsev, H. Flenner, S. Kaliman, F. Kutzschebauch, M. Zaidenberg, Flexible varieties and automorphism
groups, Duke Math. J. 162 (4) (2013) 767-823.

J. Bochnak, W. Kucharz, Rational approximation of holomorphic maps, 2020, arXiv e-prints. https://arxiv.o
rg/abs/2012.02562.

S. Bochner, D. Montgomery, Groups on analytic manifolds, Ann. of Math. (2) 48 (1947) 659-669.

A. Boivin, PM. Gauthier, Holomorphic and harmonic approximation on Riemann surfaces, in: Approximation,
Complex Analysis, and Potential Theory (Montreal, QC, 2000), in: NATO Sci. Ser. II Math. Phys. Chem.,
vol. 37, Kluwer Acad. Publ., Dordrecht, 2001, pp. 107-128.

K. Broder, The Schwarz lemma: an odyssey, Rocky Mountain J. Math. 52 (4) (2022) 1141-1155.

D. Brotbek, On the hyperbolicity of general hypersurfaces, Publ. Math. Inst. Hautes Etudes Sci. 126 (2017)
1-34.

E. Calabi, On Kihler manifolds with vanishing canonical class, in: Algebraic Geometry and Topology. A
Symposium in Honor of S. Lefschetz, Princeton University Press, Princeton, N.J., 1957, pp. 78-89.

F. Campana, Orbifolds, special varieties and classification theory, Ann. Inst. Fourier (Grenoble) 54 (3) (2004)
499-630.

F. Campana, Orbifolds, special varieties and classification theory: an appendix, Ann. Inst. Fourier (Grenoble)
54 (3) (2004) 631-665.

F. Campana, Orbifoldes géométriques spéciales et classification biméromorphe des variétés kihlériennes
compactes, J. Inst. Math. Jussieu 10 (4) (2011) 809-934.

F. Campana, T. Peternell, Projective manifolds whose tangent bundles are numerically effective, Math. Ann.
289 (1) (1991) 169-187.

F. Campana, J. Winkelmann, On the h-principle and specialness for complex projective manifolds, Algebr.
Geom. 2 (3) (2015) 298-314.

T. Carleman, Sur un théoreme de Weierstral, Ark. Mat. Astron. Fys. 20 (4) (1927) 5.

H. Cartan, Espaces fibrés analytiques, in: Symposium Internacional de Topologia Algebraica (International
Symposium on Algebraic Topology), Universidad Nacional Auténoma de México and UNESCO, Mexico
City, 1958, pp. 97-121.

B. Chenoweth, Carleman approximation of maps into Oka manifolds, Proc. Amer. Math. Soc. 147 (11)
(2019) 4847-4861.

412


http://refhub.elsevier.com/S0019-3577(23)00005-8/sb1
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb2
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb2
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb2
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb3
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb3
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb3
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb4
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb4
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb4
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb5
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb5
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb5
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb6
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb6
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb6
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb7
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb7
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb7
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb8
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb9
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb9
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb9
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
https://arxiv.org/abs/1906.04131
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb11
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb11
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb11
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb12
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb12
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb12
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb13
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb13
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb13
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
https://arxiv.org/abs/2209.08607
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb15
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb15
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb15
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
https://arxiv.org/abs/2012.02562
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb17
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb18
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb18
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb18
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb18
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb18
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb19
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb20
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb20
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb20
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb21
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb21
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb21
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb22
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb22
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb22
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb23
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb23
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb23
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb24
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb24
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb24
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb25
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb25
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb25
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb26
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb26
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb26
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb27
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb28
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb28
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb28
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb28
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb28
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb29
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb29
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb29

F. Forstneric Indagationes Mathematicae 34 (2023) 367417

[30]
(31]
[32]
[33]
[34]
[35]
[36]
[37]
(38]

[39]

[40]

[41]
[42]

[43]
[44]
[45]
[46]
[47]
(48]
[49]
[50]
[51]
[52]
[53]
[54]
[55]
[56]
[571

[58]

(591

S.-s. Chern, On holomorphic mappings of hermitian manifolds of the same dimension, in: Entire Funct. and
Relat. Parts of Anal. La Jolla, Calif. 1966, in: Proc. Symp. Pure Math., vol. 11, 1968, pp. 157-170, 1968.
E.M. Chirka, Complex Analytic Sets, in: Mathematics and its Applications (Soviet Series), vol. 46, Kluwer
Academic Publishers Group, Dordrecht, 1989, Translated from the Russian by R. A. M. Hoksbergen.

J.-P. Demailly, T. Peternell, M. Schneider, Compact complex manifolds with numerically effective tangent
bundles, J. Algebraic Geom. 3 (2) (1994) 295-345.

S. Diverio, S. Trapani, Quasi-negative holomorphic sectional curvature and positivity of the canonical bundle,
J. Differential Geom. 111 (2) (2019) 303-314.

F. Docquier, H. Grauert, Levisches Problem und Rungescher Satz fiir Teilgebiete Steinscher
Mannigfaltigkeiten, Math. Ann. 140 (1960) 94-123.

B. Drinovec Drnovsek, F. Forstneri¢, Strongly pseudoconvex domains as subvarieties of complex manifolds,
Amer. J. Math. 132 (2) (2010) 331-360.

B. Drinovec Drnovsek, F. Forstneri¢, Proper holomorphic maps in Euclidean spaces avoiding unbounded
convex sets, 2023, arXiv e-prints. http://arxiv.org/abs/2301.01268.

Y. Eliashberg, M. Gromov, Embeddings of Stein manifolds of dimension n into the affine space of dimension
3n/2 + 1, Ann. of Math. (2) 136 (1) (1992) 123-135.

W. Fischer, H. Grauert, Lokal-triviale Familien kompakter komplexer Mannigfaltigkeiten, Nachr. Akad. Wiss.
Gott. II Math.-Phys. K1. 1965 (1965) 89-94.

J.E. Fornass, F. Forstneri¢, E. Wold, Holomorphic approximation: the legacy of Weierstrass, Runge, Oka—
Weil, and Mergelyan, in: Advancements in Complex Analysis. From Theory to Practice, Springer, Cham,
2020, pp. 133-192.

J.E. Fornzss, E.F. Wold, Non-autonomous basins with uniform bounds are elliptic, Proc. Amer. Math. Soc.
144 (11) (2016) 4709-4714.

O. Forster, Zur Theorie der Steinschen Algebren und Moduln, Math. Z. 97 (1967) 376-405.

O. Forster, K.J. Ramspott, Okasche Paare von Garben nicht-abelscher Gruppen, Invent. Math. 1 (1966)
260-286.

F. Forstneri¢, The Oka principle for sections of subelliptic submersions, Math. Z. 241 (3) (2002) 527-551.
F. Forstneri¢, Noncritical holomorphic functions on Stein manifolds, Acta Math. 191 (2) (2003) 143-189.
F. Forstneri¢, The Oka principle for multivalued sections of ramified mappings, Forum Math. 15 (2) (2003)
309-328.

F. Forstneri¢, Holomorphic submersions from Stein manifolds, Ann. Inst. Fourier (Grenoble) 54 (6) (2004)
1913-1942, (2005).

F. Forstneri¢, Extending holomorphic mappings from subvarieties in Stein manifolds, Ann. Inst. Fourier
(Grenoble) 55 (3) (2005) 733-751.

F. Forstneri¢, Holomorphic flexibility properties of complex manifolds, Amer. J. Math. 128 (1) (2006)
239-270.

F. Forstneri¢, Runge approximation on convex sets implies the Oka property, Ann. of Math. (2) 163 (2)
(2006) 689-707.

F. Forstneri¢, Oka manifolds, C. R. Math. Acad. Sci. Paris 347 (17-18) (2009) 1017-1020.

F. Forstneri¢, Oka maps, C. R. Math. Acad. Sci. Paris 348 (3—4) (2010) 145-148.

F. Forstneri¢, The Oka principle for sections of stratified fiber bundles, Pure Appl. Math. Q. 6 (3, Special
Issue: In honor of Joseph J. Kohn. Part 1) (2010) 843-874.

F. Forstneri¢, Stein Manifolds and Holomorphic Mappings (The Homotopy Principle in Complex Analysis),
in: Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge, vol. 56, Springer, Heidelberg, 2011.

F. Forstneri¢, Oka manifolds: from Oka to Stein and back, Ann. Fac. Sci. Toulouse Math. (6) 22 (4) (2013)
747-809, With an appendix by Finnur Larusson.

F. Forstneri¢, Stein Manifolds and Holomorphic Mappings (The Homotopy Principle in Complex Analysis),
second ed., in: Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge, vol. 56, Springer, Cham, 2017.
F. Forstneri¢, Surjective holomorphic maps onto Oka manifolds, in: Complex and Symplectic Geometry, in:
Springer INdAAM Ser., vol. 21, Springer, Cham, 2017, pp. 73-84.

F. Forstneri¢, Mergelyan’s and Arakelian’s theorems for manifold-valued maps, Mosc. Math. J. 19 (3) (2019)
465-484.

F. Forstneri¢, Proper holomorphic immersions into Stein manifolds with the density property, J. Anal. Math.
139 (2) (2019) 585-596.

F. Forstneri¢, The Calabi—Yau property of superminimal surfaces in self-dual Einstein four-manifolds, J.
Geom. Anal. 31 (5) (2021) 4754-4780.

413


http://refhub.elsevier.com/S0019-3577(23)00005-8/sb30
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb30
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb30
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb31
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb31
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb31
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb32
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb32
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb32
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb33
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb33
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb33
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb34
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb34
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb34
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb35
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb35
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb35
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://arxiv.org/abs/2301.01268
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb37
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb37
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb37
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb38
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb38
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb38
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb39
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb39
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb39
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb39
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb39
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb40
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb40
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb40
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb41
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb42
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb42
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb42
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb43
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb44
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb45
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb45
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb45
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb46
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb46
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb46
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb47
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb47
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb47
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb48
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb48
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb48
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb49
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb49
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb49
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb50
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb51
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb52
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb52
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb52
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb53
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb53
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb53
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb54
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb54
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb54
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb55
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb55
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb55
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb56
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb56
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb56
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb57
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb57
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb57
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb58
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb58
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb58
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb59
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb59
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb59

F. Forstneric Indagationes Mathematicae 34 (2023) 367417

[60]
[61]
[62]

[63]
[64]

[65]
[66]
[67]
[68]

[69]
[70]

[71]
[72]
(73]
[74]
(751
[76]
(771
[78]
(791
[80]
[81]
[82]
[83]
[84]
[85]
[86]
(871
[88]

[89]

F. Forstneri¢, Euclidean domains in complex manifolds, J. Math. Anal. Appl. 506 (1) (2022) 17, Paper No.
125660.

F. Forstneri¢, Proper superminimal surfaces of given conformal types in the hyperbolic four-space, Ann. Fac.
Sci. Toulouse Math. (2022) in press. https://arxiv.org/abs/2005.02201.

F. Forstneri¢, F. Kutzschebauch, The first thirty years of Andersén—Lempert theory, Anal. Math. 48 (2) (2022)
489-544.

F. Forstneri¢, F. Larusson, Survey of Oka theory, New York J. Math. 17A (2011) 11-38.

F. Forstneri¢, F. Larusson, Holomorphic flexibility properties of compact complex surfaces, Int. Math. Res.
Not. IMRN 13 (2014) 3714-3734.

F. Forstneri¢, F. Larusson, Holomorphic Legendrian curves in projectivised cotangent bundles, Indiana Univ.
Math. J. 71 (1) (2022) 93-124.

F. Forstneri¢, J. Prezelj, Oka’s principle for holomorphic fiber bundles with sprays, Math. Ann. 317 (1)
(2000) 117-154.

F. Forstneri¢, J. Prezelj, Extending holomorphic sections from complex subvarieties, Math. Z. 236 (1) (2001)
43-68.

F. Forstneri¢, J. Prezelj, Oka’s principle for holomorphic submersions with sprays, Math. Ann. 322 (4) (2002)
633-666.

F. Forstneri¢, T. Ritter, Oka properties of ball complements, Math. Z. 277 (1-2) (2014) 325-338.

F. Forstneri¢, E.F. Wold, Holomorphic families of Fatou-Bieberbach domains and applications to Oka
manifolds, Math. Res. Lett. 27 (6) (2020) 1697-1706.

F. Forstneri¢, E.F. Wold, Runge tubes in Stein manifolds with the density property, Proc. Amer. Math. Soc.
148 (2) (2020) 569-575.

F. Forstneri¢, E.F. Wold, Oka domains in Euclidean spaces, Int. Math. Res. Not. IMRN (2022) in press.
arXiv e-prints. https://arxiv.org/abs/2203.12883.

S. Gaifullin, On rigidity of trinomial hypersurfaces and factorial trinomial varieties, 2019, https://arxiv.org/
abs/1902.06136.

PM. Gauthier, W. Hengartner, Approximation Uniforme Qualitative sur des Ensembles Non Bornés, in:
Séminaire de Mathématiques Supérieures [Seminar on Higher Mathematics], vol. 82, Presses de 1I’Université
de Montréal, Montreal, Que., 1982.

M. Gizatullin, Two examples of affine homogeneous varieties, Eur. J. Math. 4 (3) (2018) 1035-1064.

J. Globevnik, On Fatou-Bieberbach domains, Math. Z. 229 (1) (1998) 91-106.

H. Grauert, Analytische Faserungen iiber holomorph-vollstindigen Rdaumen, Math. Ann. 135 (1958) 263-273.
H. Grauert, H. Reckziegel, Hermitesche Metriken und normale Familien holomorpher Abbildungen, Math.
Z. 89 (1965) 108-125.

H. Grauert, R. Remmert, Theory of Stein Spaces, in: Grundlehren Math. Wiss., vol. 236, Springer-Verlag,
Berlin-New York, 1979, Translated from the German by Alan Huckleberry.

R.E. Greene, H.-H. Wu, Function Theory on Manifolds Which Possess a Pole, in: Lect. Notes Math., vol.
699, Springer, Cham, 1979.

M. Gromov, Partial Differential Relations, in: Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge,
vol. 9, Springer-Verlag, Berlin, 1986.

M. Gromov, Oka’s principle for holomorphic sections of elliptic bundles, J. Amer. Math. Soc. 2 (4) (1989)
851-897.

A. Hanysz, Oka properties of some hypersurface complements, Proc. Amer. Math. Soc. 142 (2) (2014)
483-496.

L. Hormander, An Introduction to Complex Analysis in Several Variables, third ed., in: North-Holland
Mathematical Library, vol. 7, North-Holland Publishing Co., Amsterdam, 1990.

B. Ivarsson, F. Kutzschebauch, Holomorphic factorization of mappings into SL,(C), Ann. of Math. (2) 175
(1) (2012) 45-69.

B. Ivarsson, F. Kutzschebauch, E. Lgw, Factorization of symplectic matrices into elementary factors, Proc.
Amer. Math. Soc. 148 (5) (2020) 1963-1970.

S. Kaliman, F. Kutzschebauch, Density property for hypersurfaces UV = P(X), Math. Z. 258 (1) (2008)
115-131.

S. Kaliman, F. Kutzschebauch, Algebraic (volume) density property for affine homogeneous spaces, Math.
Ann. 367 (3-4) (2017) 1311-1332.

S. Kaliman, F. Kutzschebauch, T.T. Truong, On subelliptic manifolds, Israel J. Math. 228 (1) (2018) 229-247.

414


http://refhub.elsevier.com/S0019-3577(23)00005-8/sb60
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb60
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb60
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
https://arxiv.org/abs/2005.02201
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb62
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb62
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb62
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb63
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb64
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb64
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb64
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb65
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb65
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb65
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb66
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb66
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb66
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb67
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb67
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb67
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb68
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb68
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb68
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb69
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb70
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb70
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb70
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb71
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb71
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb71
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/2203.12883
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
https://arxiv.org/abs/1902.06136
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb74
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb74
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb74
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb74
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb74
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb75
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb76
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb77
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb78
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb78
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb78
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb79
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb79
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb79
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb80
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb80
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb80
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb81
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb81
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb81
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb82
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb82
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb82
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb83
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb83
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb83
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb84
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb84
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb84
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb85
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb85
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb85
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb86
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb86
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb86
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb87
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb87
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb87
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb88
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb88
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb88
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb89

F. Forstneric Indagationes Mathematicae 34 (2023) 367417

[90]
[91]
[92]

[93]
[94]

[95]
[96]
(971
[98]
[991
[100]
[101]

[102]

[103]

[104]
[105]
[106]
[107]
[108]
[109]
[110]
[111]
[112]
[113]

[114]

[115]
[116]

[117]

[118]
[119]

[120]

S. Kaliman, M. Zaidenberg, Gromov ellipticity and subellipticity, 2023, arXiv e-prints. https://arxiv.org/abs/
2301.03058.

S. Kobayashi, Hyperbolic Manifolds and Holomorphic Mappings, in: Pure and Applied Mathematics, vol.
2, Marcel Dekker, Inc., New York, 1970.

S. Kobayashi, T. Ochiai, Meromorphic mappings onto compact complex spaces of general type, Invent. Math.
31 (1) (1975) 7-16.

B. Kripke, Finitely generated coherent analytic sheaves, Proc. Amer. Math. Soc. 21 (1969) 530-534.

Y. Kusakabe, Dense holomorphic curves in spaces of holomorphic maps and applications to universal maps,
Internat. J. Math. 28 (4) (2017) 1750028, 15.

Y. Kusakabe, An implicit function theorem for sprays and applications to Oka theory, Internat. J. Math. 31
(9) (2020) 2050071, 9.

Y. Kusakabe, Oka complements of countable sets and nonelliptic Oka manifolds, Proc. Amer. Math. Soc.
148 (3) (2020) 1233-1238.

Y. Kusakabe, Oka properties of complements of holomorphically convex sets, 2020, arXiv e-prints. https://
arxiv.org/abs/2005.08247.

Y. Kusakabe, Elliptic characterization and localization of Oka manifolds, Indiana Univ. Math. J. 70 (3) (2021)
1039-1054.

Y. Kusakabe, Elliptic characterization and unification of Oka maps, Math. Z. 298 (3—4) (2021) 1735-1750.
Y. Kusakabe, Thom’s jet transversality theorem for regular maps, J. Geom. Anal. 31 (6) (2021) 6031-6041.
Y. Kusakabe, On the fundamental groups of subelliptic varieties, 2022, arXiv e-prints. https://arxiv.org/abs/
2212.07085.

Y. Kusakabe, Surjective morphisms onto subelliptic varieties, 2022, arXiv e-prints. https://arxiv.org/abs/221
2.06412.

F. Kutzschebauch, Manifolds with infinite dimensional group of holomorphic automorphisms and the
linearization problem, in: Handbook of Group Actions. V, in: Adv. Lect. Math. (ALM), vol. 48, Int. Press,
Somerville, MA, 2020, pp. 257-300, ©2020.

F. Kutzschebauch, F. Larusson, G.W. Schwarz, An Oka principle for equivariant isomorphisms, J. Reine
Angew. Math. 706 (2015) 193-214.

F. Kutzschebauch, F. Larusson, G.W. Schwarz, Homotopy principles for equivariant isomorphisms, Trans.
Amer. Math. Soc. 369 (10) (2017) 7251-7300.

F. Kutzschebauch, F. Larusson, G.W. Schwarz, An equivariant parametric Oka principle for bundles of
homogeneous spaces, Math. Ann. 370 (1-2) (2018) 819-839.

F. Kutzschebauch, F. Larusson, G.W. Schwarz, Gromov’s Oka principle for equivariant maps, J. Geom. Anal.
31 (6) (2021) 6102-6127.

F. Kutzschebauch, F. Larusson, G.W. Schwarz, Equivariant Oka theory: Survey of recent progress, Complex
Anal. Synerg. 8 (2022) 15, https://link.springer.com/article/10.1007/s40627-022-00103-5.

F. Larusson, Excision for simplicial sheaves on the Stein site and Gromov’s Oka principle, Internat. J. Math.
14 (2) (2003) 191-209.

F. Larusson, Model structures and the Oka principle, J. Pure Appl. Algebra 192 (1-3) (2004) 203-223.

F. Larusson, Mapping cylinders and the Oka principle, Indiana Univ. Math. J. 54 (4) (2005) 1145-1159.
F. Larusson, Deformations of Oka manifolds, Math. Z. 272 (3-4) (2012) 1051-1058.

F. Lérusson, T.T. Truong, Algebraic subellipticity and dominability of blow-ups of affine spaces, Doc. Math.
22 (2017) 151-163.

F. Larusson, T.T. Truong, Approximation and interpolation of regular maps from affine varieties to algebraic
manifolds, Math. Scand. 125 (2) (2019) 199-209.

M.G. Lawrence, Polynomial hulls of rectifiable curves, Amer. J. Math. 117 (2) (1995) 405-417.

A. Lewandowski, A remark on Arakelyan’s theorem in higher dimensions, Colloq. Math. 165 (1) (2021)
91-96.

A. Lewandowski, Splitting lemma for biholomorphic mappings with smooth dependence on parameters, J.
Geom. Anal. 31 (6) (2021) 5783-5798.

Y.C. Lu, Holomorphic mappings of complex manifolds, J. Differential Geom. 2 (1968) 299-312.

B.S. Magnusson, E.F. Wold, A characterization of totally real Carleman sets and an application to products
of stratified totally real sets, Math. Scand. 118 (2) (2016) 285-290.

P.E. Manne, E.F. Wold, N. @vrelid, Holomorphic convexity and Carleman approximation by entire functions
on Stein manifolds, Math. Ann. 351 (3) (2011) 571-585.

415


https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
https://arxiv.org/abs/2301.03058
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb91
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb91
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb91
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb92
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb92
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb92
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb93
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb94
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb94
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb94
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb95
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb95
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb95
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb96
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb96
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb96
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
https://arxiv.org/abs/2005.08247
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb98
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb98
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb98
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb99
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb100
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.07085
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
https://arxiv.org/abs/2212.06412
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb103
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb103
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb103
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb103
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb103
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb104
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb104
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb104
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb105
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb105
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb105
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb106
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb106
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb106
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb107
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb107
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb107
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
https://link.springer.com/article/10.1007/s40627-022-00103-5
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb109
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb109
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb109
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb110
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb111
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb112
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb113
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb113
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb113
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb114
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb114
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb114
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb115
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb116
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb116
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb116
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb117
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb117
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb117
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb118
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb119
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb119
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb119
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb120
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb120
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb120

F. Forstneric Indagationes Mathematicae 34 (2023) 367417

[121]
[122]
[123]

[124]
[125]

[126]
[127]
[128]
[129]
[130]
[131]
[132]
[133]
[134]
[135]
[136]
[137]
[138]
[139]
[140]
[141]
[142]
[143]
[144]
[145]

[146]
[147]

[148]
[149]
[150]

[151]
[152]

S.-i. Matsumura, On the image of MRC fibrations of projective manifolds with semi-positive holomorphic
sectional curvature, Pure Appl. Math. Q. 16 (5) (2020) 1419-1439.

M. Michatek, A. Perepechko, H. SiiB}, Flexible affine cones and flexible coverings, Math. Z. 290 (3—4) (2018)
1457-1478.

N. Mok, The uniformization theorem for compact Kéhler manifolds of nonnegative holomorphic bisectional
curvature, J. Differential Geom. 27 (2) (1988) 179-214.

S. Mori, Projective manifolds with ample tangent bundles, Ann. Math. (2) 110 (1979) 593-606.

T. Nishino, Nouvelles recherches sur les fonctions entieres de plusieurs variables complexes. II. Fonctions
entieres qui se réduisent a celles d’une variable, J. Math. Kyoto Univ. 9 (1969) 221-274.

R. Nomura, Kéhler manifolds with negative holomorphic sectional curvature, Kihler-Ricci flow approach,
Int. Math. Res. Not. IMRN 2018 (21) (2018) 6611-6616.

T. Ohsawa, Generalizations of theorems of Nishino and Hartogs by the L? method, Math. Res. Lett. 27 (6)
(2020) 1867-1884.

K. Oka, Sur les fonctions analytiques de plusieurs variables. II. Domaines d’holomorphie, J. Sci. Hiroshima
Univ. Ser. A 7 (1937) 115-130.

K. Oka, Sur les fonctions analytiques de plusieurs variables. III. Deuxieme probleme de Cousin, J. Sci.
Hiroshima Univ. Ser. A 9 (1939) 7-19.

R. Osserman, From Schwarz to Pick to Ahlfors and beyond, Notices Amer. Math. Soc. 46 (8) (1999)
868-873.

J. Park, J. Won, Flexible affine cones over del Pezzo surfaces of degree 4, Eur. J. Math. 2 (1) (2016)
304-318.

A.Y. Perepechko, Flexibility of affine cones over del Pezzo surfaces of degree 4 and 5, Funktsional. Anal.
i Prilozhen. 47 (4) (2013) 45-52.

A. Perepechko, Affine cones over cubic surfaces are flexible in codimension one, Forum Math. 33 (2) (2021)
339-348.

Y. Prokhorov, M. Zaidenberg, Fano-Mukai fourfolds of genus 10 as compactifications of C*, Eur. J. Math.
4 (3) (2018) 1197-1263.

J.-P. Rosay, W. Rudin, Holomorphic maps from C" to C", Trans. Amer. Math. Soc. 310 (1) (1988) 47-86.
J.-P. Rosay, W. Rudin, Arakelian’s approximation theorem, Amer. Math. Monthly 96 (5) (1989) 432-434.
H.L. Royden, The Ahlfors—Schwarz lemma in several complex variables, Comment. Math. Helv. 55 (1980)
547-558.

J. Schott, Holomorphic factorization of mappings into Sp,, (C), 2022, arXiv e-prints. https://arxiv.org/abs/2
207.05389.

J. Schiirmann, Embeddings of Stein spaces into affine spaces of minimal dimension, Math. Ann. 307 (3)
(1997) 381-399.

H. Seshadri, Negative sectional curvature and the product complex structure, Math. Res. Lett. 13 (2-3)
(2006) 495-500.

L. Simon, A parametric version of ForstneriC’s splitting lemma, J. Geom. Anal. 29 (3) (2019) 2124-2146.
Y.T. Siu, Every Stein subvariety admits a Stein neighborhood, Invent. Math. 38 (1) (1976) 89-100/77.
Y.-T. Siu, S.-T. Yau, Compact Kihler manifolds of positive bisectional curvature, Invent. Math. 59 (1980)
189-204.

E.L. Stout, Polynomial Convexity, in: Progress in Mathematics, vol. 261, Birkhduser Boston, Inc., Boston,
MA, 2007.

L. Studer, A homotopy theorem for Oka theory, Math. Ann. 378 (3—4) (2020) 1533-1553.

L. Studer, A splitting lemma for coherent sheaves, Anal. PDE 14 (6) (2021) 1761-1772.

V. Tosatti, Non-Kihler Calabi—Yau manifolds, in: Analysis, Complex Geometry, and Mathematical Physics:
In Honor of Duong H. Phong. Proceedings of the Conference, Columbia University, New York, NY, USA,
May 7-11, 2013, American Mathematical Society (AMS), Providence, RI, 2015, pp. 261-277.

V. Tosatti, X. Yang, An extension of a theorem of Wu—Yau, J. Differential Geom. 107 (3) (2017) 573-579.
D. Varolin, The density property for complex manifolds and geometric structures. II, Internat. J. Math. 11
(6) (2000) 837-847.

D. Varolin, The density property for complex manifolds and geometric structures, J. Geom. Anal. 11 (1)
(2001) 135-160.

J. Winkelmann, Tame discrete sets in algebraic groups, Transform. Groups 26 (4) (2021) 1487-1519.

E.F. Wold, A Fatou-Bieberbach domain intersecting the plane in the unit disk, Proc. Amer. Math. Soc. 140
(12) (2012) 4205-4208.

416


http://refhub.elsevier.com/S0019-3577(23)00005-8/sb121
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb121
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb121
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb122
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb122
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb122
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb123
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb123
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb123
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb124
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb125
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb125
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb125
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb126
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb126
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb126
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb127
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb127
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb127
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb128
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb128
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb128
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb129
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb129
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb129
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb130
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb130
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb130
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb131
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb131
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb131
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb132
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb132
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb132
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb133
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb133
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb133
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb134
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb134
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb134
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb135
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb136
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb137
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb137
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb137
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
https://arxiv.org/abs/2207.05389
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb139
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb139
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb139
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb140
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb140
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb140
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb141
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb142
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb143
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb143
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb143
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb144
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb144
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb144
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb145
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb146
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb147
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb147
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb147
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb147
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb147
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb148
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb149
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb149
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb149
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb150
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb150
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb150
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb151
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb152
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb152
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb152

F. Forstneric Indagationes Mathematicae 34 (2023) 367417

[153] H. Wu, Normal families of holomorphic mappings, Acta Math. 119 (1967) 193-233.

[154] D. Wu, S.-T. Yau, Negative holomorphic curvature and positive canonical bundle, Invent. Math. 204 (2)
(2016) 595-604.

[155] D. Wu, S.-T. Yau, A remark on our paper negative holomorphic curvature and positive canonical bundle
[MR3489705], Comm. Anal. Geom. 24 (4) (2016) 901-912.

[156] H. Yamaguchi, Famille holomorphe de surfaces de Riemann ouvertes, qui est une variété de Stein, J. Math.
Kyoto Univ. 16 (3) (1976) 497-530.

[157] X. Yang, RC-positivity, rational connectedness and Yau’s conjecture, Camb. J. Math. 6 (2) (2018) 183-212.

[158] S.-T. Yau, Harmonic functions on complete Riemannian manifolds, Comm. Pure Appl. Math. 28 (1975)
201-228.

[159] S.T. Yau, A general Schwarz lemma for Kihler manifolds, Amer. J. Math. 100 (1) (1978) 197-203.

[160] S.T. Yau, On the Ricci curvature of a compact Kihler manifold and the complex Monge-Ampere equation.
I, Comm. Pure Appl. Math. 31 (3) (1978) 339-411.

[161] F. Zheng, Complex Differential Geometry, in: AMS/IP Studies in Advanced Mathematics, vol. 18, American
Mathematical Society, International Press, Providence, RI, Boston, MA, 2000.

417


http://refhub.elsevier.com/S0019-3577(23)00005-8/sb153
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb154
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb154
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb154
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb155
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb155
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb155
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb156
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb156
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb156
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb157
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb158
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb158
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb158
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb159
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb160
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb160
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb160
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb161
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb161
http://refhub.elsevier.com/S0019-3577(23)00005-8/sb161

	Recent developments on Oka manifolds
	Introduction: flexibility versus rigidity
	A brief history of Oka theory up to 2017
	Elliptic characterization of Oka manifolds and Oka maps
	Ellipticity conditions
	Characterization of Oka manifolds by condition Ell1
	A localization theorem for Oka manifolds
	Sprays generating tangent spaces
	C-connectedness
	Elliptic characterization of Oka maps

	Oka domains in Euclidean spaces and in Stein manifolds with the density property
	Oka domains in projective spaces
	Algebraic Oka theory
	Algebraically subelliptic manifolds and algebraic approximation
	Algebraic Oka properties
	Oka properties of blowups
	Topological properties of algebraically subelliptic manifolds

	Oka pairs of sheaves and a homotopy theorem for Oka theory
	Carleman and Arakelian theorems for manifold-valued maps
	The Docquier–Grauert tubular neighbourhood theorem revisited
	Degeneration of C n in Stein fibrations
	Oka manifolds, Campana specialness, and metric properties
	Acknowledgements
	Appendix. Oka's criterion for holomorphic convexity and applications
	References


