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1. Introduction

Intuitively, two continuous random variables X and Y are in concordance when large values of X occur simultaneously
with large values of Y. More precisely, two realisations (X1, y1) and (x;, y,) of the random vector (X, Y) are concordant
when (x; —x1)(¥2—y1) > 0 and they are discordant when (x; —x1)(y2 —¥1) < 0. We can measure the concordance of a pair
of random variables (X, Y) in various ways, see [1]. A concordance measure is often a better way to model dependence
than Pearson’s correlation coefficient since it is invariant with respect to monotone increasing transformations of the
random variables. Because of this invariance, the concordance of a random vector (X, Y) is uniquely determined by its
copula, which is given by

C(u, v) = HEFD(w), G V(w)),

where H is a joint distribution function of (X, Y), F, G are univariate distribution functions of random variables X and Y,
respectively, and F(=V, GI=V are their generalised inverses.

Due to their importance in statistical analysis, which is based on their connection to measures for the degree of
association between two random variables, concordance measures have been studied intensively since their introduction.
Recent references for bivariate concordance measures include [2-8] and their multivariate generalisations were studied
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in [9-12], to name just a few. Given their widespread use in a variety of practical applications, it is natural to compare
different concordance measures in terms of the values that they can attain. In particular, if a value of one measure is
known, we may ask what are the possible values of the other measures. Here we only give a brief overview of the known
results regarding this question, and for explicit formulas we refer the reader to the papers referenced below or to [13],
where all the formulas are collected in one place. The investigation of the above question was started by Daniels [14]
and Durbin and Stuart [15], who compared Spearman’s rho and Kendall’s tau and gave some estimates for the values
of the two measures. The exact region of all possible pairs of values (7(C), p(C)), C € C, was only determined recently
in [16]. The regions determined by Blomqvist’s beta and the other three concordance measures (Spearman’s rho, Kendall’s
tau, and Gini’'s gamma) are given in [17] as an exercise for the reader, while the region determined by Blomqvist's beta
and Spearman’s footrule was given in [5]. The region determined by Spearman’s footrule and Gini’'s gamma was given
in [13]. The regions determined by Spearman’s footrule and Kendall's tau respectively Gini’s gamma and Kendall’s tau are
considered in [18].

In this paper we investigate the relation between Spearman’s rho and Spearman’s footrule of a bivariate copula. We
determine the exact lower bound for the value of Spearman’s rho if the value of Spearman’s footrule is known. The
determination of the exact upper bound seems to be quite difficult, but we are able to give a tight estimate for it.

The paper is structured as follows. In Section 2 we give some basic definitions that will be used throughout the paper. In
Section 3 we define doubly symmetric shuffles of M and prove that any doubly symmetric copula can be approximated by
a doubly symmetric shuffle of M. Sections 4 and 5 are devoted to determining the exact lower bound for Spearman’s rho
in terms of Spearman’s footrule and the corresponding upper bound is considered in Section 6. We give an estimate for the
exact upper bound and prove that the estimate is exact for some but not all values of Spearman'’s footrule. Nevertheless,
we show that the estimate is quite tight. In Section 7 we estimate the similarity measure between Spearman’s footrule
and Spearman'’s rho. In Appendix we give the proofs of some technical lemmas and propositions.

2. Preliminaries on concordance measures

Denote the unit interval by I = [0, 1] and the set of all bivariate copulas by C. For any copula C € C let V(B) be the
C-volume of rectangle B. Let us introduce some standard transformations that are naturally defined on C and are induced
by reflections of the unit square I?>. We denote by C’ the transpose of the copula C, i.e., Ci(u, v) = C(v, u), which is
induced by the reflection over the main diagonal. A copula C that satisfies the condition C = C' is called symmetric. The
two reflections o1: (u, v) — (1 —u, v) and o3 :(u, v) — (u, 1 — v) induce reflections C°* and C°2 of the copula C, which
are defined by C°'(u, v) = v — C(1 —u, v) and C°(u, v) = u — C(u, 1 — v) (see [19, §1.7.3]), and are again copulas. If we
apply both reflections to C, we obtain the survival copula of C, which we denote by C = (C°)? = (C°2)°". It is induced
by the reflection (u, v) — (1 —u, 1 — v) and is given by C(u,v) =u+v—1+C(1 —u, 1 —v).

Given two copulas C and D we denote C < D if C(u, v) < D(u, v) for all (u, v) € I2. This is the so-called pointwise order
of copulas. The set C equipped with the pointwise order is a partially ordered set, but not a lattice [20, Theorem 2.1]. For
any copula C we have W < C < M, where W(u, v) = max{0, u+ v — 1} and M(u, v) = min{u, v} are the lower and upper
Fréchet-Hoeffding bounds for the set of all copulas.

Formal axioms for a concordance measure were introduced by Scarsini [1] (see also [21,22] for multivariate versions).
A mapping « : C — [—1, 1] is called a concordance measure if it satisfies the following properties (see [19, Definition
2.4.7)):

(C1) «(C) = «(C*) for every C € C.
(C2) k(C) < k(D) when C < D.

(C3) k(M) =1.

(C4) «(C71) = Kk(C2) = —«(C).

(C5) If a sequence of copulas Cy,, n € N, converges uniformly to C € C, then lim «(C,) = «(C).

n—oo

If a sequence of copulas converges pointwise to a function C, then C is a copula and the sequence converges uniformly to
C (see [19] for details). Hence, in axiom (C5) we may replace the uniform convergence requirement with the pointwise
convergence condition without loss of generality. Any concordance measure automatically satisfies also the following
additional properties, which are sometimes stated as part of the definition, but are actually consequences of conditions
(C1)-(C5) (see [23, §3] for more details):

(C6) x(IT) = 0, where IT is the independence copula I7(u, v) = uv.
(C7) k(W) = —1.
(C8) k(C) = «(C) for every C € C.

The four most commonly used concordance measures of a copula C are Spearman’s rho, Kendall’s tau, Gini’s gamma,
and Blomqvist's beta. The Spearman’s rho is defined by

o(C) =12 /2 C(u, v)dudv — 3, (1)
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Table 1
(k1, k2)-similarity measure between pairs of (weak) concordance measures.
Ksm o T y ¢ B
P 1 07114 0.3750
T 0.7114 1 0.7500 0.7500 0.3333
1% 0.7500 1 0.8125 0.5000
¢ 0.7500 0.8125 1 0.5000
B 0.3750 0.3333 0.5000 0.5000 1
Kendall’s tau by
r(C):4/ C(u, v)dC(u, v) — 1, (2)
2
Gini’s gamma by
1 1
y(C):4/ C(u, u)du+4/ C(u,1—u)du — 2, (3)
0 0
and Blomgqvist’s beta by
11
C)=4C|-,- ) — 1. 4
B(C) (2 2) (4)

We refer the reader to [19, §2.4], [24], and [17, §5] for more details on these measures.

In 2014 Liebscher [6] considered measures that are slightly more general than concordance measures, in particular, if
we replace property (C4) with property (C6) in the definition of a concordance measure, we get what Liebscher calls weak
concordance measure. The most important example of a weak concordance measure is the Spearman'’s footrule defined by

1
o(C) = 6/ C(u, u)du — 2. (5)
0

While the range of any concordance measure is the interval [—1, 1], the range of a weak concordance measure may be
different. For example, the range of Spearman’s footrule is the interval [—% 1] (see [12, §4]). Note that Spearman’s rho,
Kendall’s tau, Gini's gamma and Blomqvist’s beta are concordance measures, hence, they satisfy conditions (C1)-(C8). On
the other hand, Spearman'’s footrule only satisfies conditions (C1)-(C3), (C5)-(C6) and (C8).

All five (weak) concordance measures mentioned above are well established in statistical literature and their statistical
meaning has been investigated in detail. See e.g. [25-28] for Spearman’s rho, [25,28-30] for Kendall’s tau, [31-33] for
Gini's gamma, [12] for Blomqvist’s beta and [12,32,34,35] for Spearman’s footrule. More general families of concordance
measures were also considered in the literature, these include some of the above examples, see [36-40]. Multivariate
versions of concordance measures were investigated in [11,12,21,22,41].

In [41] the author compares the efficacies of various (multivariate) concordance measures, giving examples where one
measure might be preferable over the other. The question which concordance measure is better to use is often debated
in the literature, as indicated by a vast number of the references above. We consider a slightly different approach to this
question. We compare different concordance measures in terms of the information they give to practitioners about a
pair of random variables. To this end, the authors of paper [13] introduce the (k1, 3 )-similarity measure between (week)
concordance measures «; and «, as

_ Ak, K2)
(1= ,k1(W))(1 — K2(W))

where A(k1, k3) is the area of the exact region determined by x; and «;.

The («1, k2 )-similarity measure between two (weak) concordance measures x; and «; is defined in such a way that
a value close to 1 indicates the measures are very similar, i.e. given the value of «;, we have a lot of information about
the value of k, on average. In practice this means that there is little difference between the two concordance measures,
so a practitioner could use either one. A value of similarity measure close to 0 suggests that given the value of «1, we
have very little information about the value of «, on average. This means that computing both makes sense to get more
information about a pair of random variables.

Table 1 gives «-similarity measures for pairs of (weak) concordance measures for which the exact region determined
by them is known.

The table suggests that knowing the value of Blomqvist’s beta gives us on average very little information about possible
values of other (weak) concordance measures. This is not surprising since Blomqvist's beta itself contains very little
information. On the other hand, due to the similar structure of Gini’'s gamma and Spearman’s footrule, their similarity
measure is relatively big compared to that of Spearman’s rho and Kendall's tau. The amount of information that Kendall’s
tau gives is on average almost the same for Spearman’s rho, Gini’s gamma and Spearman'’s footrule.

ksm(k, k) =1

)

3
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3. Doubly symmetric shuffles

It is well known that any copula can be approximated arbitrarily well in the sup norm by a shuffle of M. In this section
we investigate approximations of doubly symmetric copulas with doubly symmetric shuffles of M, defined below.

Definition 1. A copula C is called doubly symmetric if C = C' = C.

Note that a copula is doubly symmetric if and only if the distribution of its mass in the unit square is symmetric
with respect to both the main and the opposite diagonal. The reflection with respect to the main diagonal is given by
(u, v) — (v, u) while the reflection with respect to the opposite diagonal is given by (u, v) — (1 — v, 1 — u).

A shuffle of M

C=M(n,],m,w)

is determined by a positive integer n, a partition J] = {J1, |2, ..., Jn} of the interval I into n pieces, where J; = [u;_1, u;]
and0=1uy <u; <uy <--- <uy_1 <u, =1, shortly written as (n — 1)-tuple of splitting points ] = (uy, uy, ..., Up_1), a
permutation 7 € S, written as n-tuple of images = = ((1), 7 (2), ..., 7(n)), and a mapping w : {1,2,...,n} — {—1, 1},
written as n-tuple of images @ = (@(1), w(2), ..., »(n)). The mass of C is concentrated on squares J; X [Ur(i)—1 X Un(i)]
where 0 = vg < vy <1 < ... < vp_1 < v, = 1. For more details see [17, §3.2.3]. Notice that we allow some of the
intervals in the partition J to be singletons. We can now define doubly symmetric shuffles of M.

Definition 2. We will say that a shuffle C = M(n,J, 7, ) of M with ] = (uy, uz, ..., up_1), ug = 0, u, = 1, is a doubly
symmetric shuffle if the following properties hold

n is even,
2)m?=idand r(n—i+1)=n—n=(i)+1foralli=1,2,...,n
a)(l) o) =wn—i+1)foralli=1,2,...,n

Ui — Uim1 = Ug(i) — Ug(i)—1 = Un—it1 — Up—i foralli=1,2,...,n.

In the following lemma we give some properties of doubly symmetric shuffles. The proof is given in Appendix.

Lemma 3. If C is a doubly symmetric shuffle of M then

(a) C is a doubly symmetric copula,
(b) up_ij=1—u;foralli=1,2,...,n, in particular, up = %

(c) all the mass of C is concentrated on the squares J; X Jra) = [ti—1, Uil X [Ur(i)—1, Uzl i=1,2,...,n, and

Ve % Jzi)) = VeUray % Ji) = VeUn—ig1 X Jx(n—i+1))
= VeUrmn=it1) X Jn—ix1) = Ui — Uj_1.

Note that a doubly symmetric copula C which is also a shuffle M(n, J, 7, w) is not necessarily a doubly symmetric
shuffle. But there exists a doubly symmetric shuffle M(n',J’, 7/, ') such that C = M(n’,]’, n’, '). For example, if % is
not one of the splitting points, we can add it and adjust 7 and w accordingly.

Next lemma shows that doubly symmetric copulas can be approximated by doubly symmetric shuffles of M. The proof
is given in Appendix. In fact, we show that the original construction by Mikusiriski et al. [42] (c.f. also [17, §3.2.3]) of a
shuffle of M that approximates a copula C produces a doubly symmetric shuffle of M whenever C is a doubly symmetric
copula. Recall that a shuffle of M is called straight if the mapping w has all values equal to 1.

Lemma 4. For any doubly symmetric copula C and any ¢ > 0 there exists a straight doubly symmetric shuffle of M, which we
denote by C’, such that

sup |C(u,v)—C'(u,v)| < e.

(u,v)eT?
4. Lower bound - special case

In the following two sections we prove a lower bound for the value of Spearman’s rho for any copula with a given
value of Spearman’s footrule. In this section we consider copulas which have all the mass concentrated on the main and
opposite diagonal. In the next section we will reduce the general case to this special case.

Copulas which have all mass concentrated on the two diagonals correspond to uniformly distributed random variables
U and V on interval I with the property P(U = V) 4+ P(U = 1 — V) = 1. As we will see, any such copula is completely
determined by its diagonal 8c(u) = C(u, u) and it is doubly symmetric, so it is easier to tackle. The proof of next proposition
is given in Appendix.
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a 1-a

Fig. 1. The scatterplot of copula C, from Example 6.

Proposition 5. Let U and V be uniformly distributed random variables on interval T with the property P(U = V) + P(U =
1—V)=1and let C € C be their copula. Then

p(C) > gﬁ(l +24(C)*? — 1.

It turns out that the copula C from Proposition 5 is the Bertino copula, determined by diagonal section 8¢, which is
the smallest copula with this diagonal section, see [43]. This is because the function §(u) = u — §c(u) is increasing on the
interval [0, %], decreasing on the interval [%, 1], and it is symmetric with respect to u = % as it can be seen from the
proof.

In the following example, we note that all points on the curve r = 24/3(1 + 2p)*? — 1 can be attained by shuffles of
M.

Example 6. Let a € [0, %] and let C, be a shuffle of M
Co=M(3,(a,1-0a),(3,2,1),(=1,1,-1)).
Notice that Co = M and C% = W. We have

0; u<a,
Sc(uy=qu—a;, a<u<1l-aqa,
2u—1; 1—a<uc<l,
and
0; O<u<au<v<1l-u,
0; O<v<agv<u<l-uv,
c _ u+v—1;, 1—a<u<l,1—-u<v<u,
a(u, v) = u+v—1, 1—a<v<l,1—v<u<ov,
u-—a a<u<l—-agu<v<l-a,
v —a; a<u<l—aa<v<u,

It follows that
$(C))=6a> —6a+1=3(1—-2a% -1
and
o(Co) = —16a® +24a® — 12a+1=2(1 —2a)® — 1,

so that p(C,) = %ﬁ(l +2¢(C,))*/? — 1, the point (¢(Cy), p(C,)) lies on the curve r = %«/?(1 +2p)*? — 1 and every point
on this curve for p € [—%, 1] is attained. The scatterplot of copula C, is shown in Fig. 1.

5. Lower bound - general case

Let U and V be uniformly distributed random variables on interval I and let C € C be their copula. In this section we
are going to prove the lower bound

2 V30142900 1 = 4(0)
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a+x 1-a-x

X “

1-b| N
1-b-x //‘ X

a 1-a \

Fig. 2. The mass distribution (left) and the graph (right) of the difference of copulas considered in the proof of Lemma 7 in Case I.

holds for arbitrary copula C. Define two function depending on copula C € C by

F(C) = )~ /3014 26(C 41
and
qC)=PU=V)+P(U=1-V)

Note that in order to prove the above bound we need to prove that f(C) > 0 for any copula C. We will reduce the general
case to the special case considered in Section 4 by redistribution of the mass of the copula. We will first approximate
the copula C by a doubly symmetric shuffle C’ of M. Then we will transform C’ to a copula C” by shifting the mass of C’
in such a way that copula C” will have all the mass concentrated on both diagonals. By doing this appropriately we will
achieve that f(C”) < f(C") ~ f(C). This will allow us to use Proposition 5 to finish the proof. The shifting of mass will be
done step by step. In each step the value of f(C) will decrease while the value of q(C) will increase, until g(C) becomes 1.
We believe that this method of mass shifting may also be useful in other considerations. Next lemma describes a single
step of this method.

Lemma 7. Let C € C be a doubly symmetric shuffle of M, C = M(n, ], &, w). Write ] = {J1, ..., Jn}. Suppose that for some
ie(1,2,...,n} we have Ji X Jzi)y = [a,a+x] x [b,b+x] witha <b < 1—a, w(i) = 1, and x > 0. Then there exists doubly
symmetric shuffle of M, C' = M(n, ], ', @') such that f(C') < f(C) and q(C’) = q(C) + 2x in the case w(i) =n+ 1 —ior
q(C") = q(C) + 4x otherwise.

Proof. We have
VeUi X Jzay) = Ve(la, a+x] x [b, b+ x]) = x

and corresponding reflected squares are J,¢)xJ; = [b, b4+x]x[a, a+X], Jot1-i XJx(n41-i) = [1—a—x, 1—alx[1-b—x, 1-D],
and Jrt1-i) X Jot1—i = [1 —=b—x, 1 —=b] x [1 —a—x, 1 —x]. Furthermore, o(7(i)) = wo(n+1—i) = w(wr(n+1—1i)) = 1.

Sincea <b <1—a,we havea < % i<Z2andi< m(i) <n+1—i We will consider several cases.

2
Case I: Suppose that 7(i)=n+1—1i,so0b=1—a—x and in C we have two segments crossing the opposite diagonal.

Define

—1; jel{in+1—i},

7' =m and o'(j) = {w(i)§ otherwise.

The copula C’ is doubly symmetric shuffle. Fig. 2 shows the mass distribution of the difference of copulas C and C’, and
the graph of the function C — C’. The mass of C’ is negative in the difference, it is shown dashed.
We have

C(u,v) — C'(u,v) = max{0, minfu —a,v — (1 —a—x),1—a—v,a+x—u}}
4+ max{0, min{fv —a,u —(1—a—x),1—a—u,a+x — v}},
s0 8¢ = 8¢ and ¢(C) = ¢(C’). Furthermore,
1 pl
o(C)— p(C") = 12/ / (C(u, v) — C'(u, v))dudv = 24Vol,
o Jo

6
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a+x 1-b-x b+x 1-a-x

NI

a+Xxr \
/ S
ar ~

El 1-b b 1-a

Fig. 3. The mass distribution (left) and the graph (right) of the difference of copulas considered in the proof of Lemma 7 in Case II.

where Vol is the volume of a pyramid having the base a square with the side x and height % so Vol = % We thus have
f(C) = f(C") + 4x3 > f(C"), and since the two new segments lie on the opposite diagonal also q(C’) = q(C) + 2x.
Case II: Suppose that § < 7(i) <n+1—1i,so0 % <b <1—a— 2x. Define

,U):{n+1—]; jefin+1—in@rn+1-0}

() otherwise,
-1, jelin+1—i,x@),7r(n+1—-1)},
w(j); otherwise.

=]
Fig. 3 shows the mass distribution of the difference of copulas C and C’, and the graph of the function C — C'.
We have
C(u, v) — C'(u, v) = max{0, min{u —a,v—b,1—a—v,1—b—u,x}}
+ max{0, min{v —a,u—b,1—a—u,1—b—v,x}},

so again 8¢ = 8¢ and ¢(C) = ¢(C’). Furthermore, p(C) — p(C’) = 24Vol, where Vol is the volume of a square frustum
having the lower base a square with the side 1 — a — b, the upper base a square with the side 1 —a — b — 2x and height
X, SO

Vol=1(1-a—-bP—1(1-a—b—2x°=x(1—a—b—x?+ 1x°.

We thus have f(C) = f(C’) + 24x(1 —a — b — x)*> + 8x> > f(C’), and since the four new segments lie on the opposite
diagonal also q(C’") = q(C) + 4x.
Case III: Suppose that (i) < §,s0 b < % — x and assume also b > a + %«/1 + 2¢(C). Define as in Case II

,U):{n+1—]; jefin+1—in@rn+1-0}

w(j); otherwise,

-1, jelin+1—i,7@),7(n+1—-1)},
w(j); otherwise.

o]
Fig. 4 shows the mass distribution and the graph of the function C — C’ in this case.
Again we have

C(u, v) — C'(u, v) = max{0, min{u —a,v—b,1—a—v,1—b—u,x}}
+ max{0, min{v —a,u—b,1—a—u,1—b—v,x}},

so again p(C) = p(C’) + 24x(1 — a — b — x)* 4+ 8x. But now
S¢c(u) — 8¢r(u) = 2max{0, min{u — b, 1 — b — u, x}},
o)
1
d(C) = ¢(C) + 6/ (8c(u) — 8cr(u))du = 3(1 — 2b)> — 3(1 — 2b — 2x)? = 12x(1 — 2b — x).
0

7
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a+Xx b+x 1-b-x 1-a-x

N /

a+x N
/ .
ar ~

a b 1-b 1-a

Fig. 4. The mass distribution (left) and the graph (right) of the difference of copulas considered in the proof of Lemma 7 in Case III.

Denote by d = 12x(1 — 2b — x). Now
FIQ)=F(C) = plO) = p(C) = 5331+ 26O + V(1 +29(C)?

2
=24x(1—a—b—x?+8x° + 5«5 ((1+2¢(C) — 2d)*% — (1 + 26(C))*?).
Using Lagrange theorem there exists t € [0, d] such that
(14 2¢(C) — 2d)*? — (14 2¢(C))*/? = =3d(1 + 2¢(C) — 26)/2 > —3d(1 + 24(C))"/?,

SO
FC)=f(C)>24x(1 —a—b —x)* +8%° — g«/i 3d(1 + 2¢(C))"/?
=24x(1—a—b—x)*+8x> — %,/1 +2¢(C)
=24x(1—a—b—x)*+8x> — 24x(1 —2b —x)%,/l + 2¢(C)
224x(1—a—b—x)2+8x3—24x(l—a—b—x)% 1+ 2¢(C)
:8x3+24x(1—a—b—x)<1—a—b—x—% l+2¢(C)>

We now use the assumptions b < % —Xx,501>2b+2x,and b > a+ \%«/1 + 2¢(C) to estimate further
1
F(C)—f(C') > 8x% + 24x(1 —a—b—x)(2b+2x—a—b—x— ﬁ 1+2¢(C)>

=8x3+24x(1—a—b—x)<x+b—a—% 1+2¢(C))

>8x>+24x*(1—a—b—x) > 0.
Finally, since the four new segments lie on the opposite diagonal, we have q(C’) = q(C) + 4x as in the previous case.
Case IV: Suppose thati < 7(i) < §,s0a+x<b < % —x and assume also b < a + \/%«/1 + 2¢(C). Define
. R 1—i i 1_i
@ =1r € {i, n+1-4i, 7@ 7n+1-Dh 0w
(j); otherwise,

Fig. 5 shows the mass distribution and the graph of the function C — C'.
This time we have C’ > C so

Cu, v) = C'(u, v) = —(C'(u, v) — C(u, v))
= —max{0, min{fu —a,v—a,b+x—u,b+x—v,x,
b—a+u—v,b—a+v—u}}
8
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Fig. 5. The mass distribution (left) and the graph (right) of the difference of copulas considered in the proof of Lemma 7 in Case IV.

—max{0, min{fu —1+b+x,v—1+b+x,1—a—-u,1—-—a—v,x,
b—a+u—v,b—a+v—u}}.
It follows that
dc(u) — 8¢r(u) = — max{0, min{u — a, b + x — u, x}} — max{0, min{u — 1+ b+x,1—a—u,x}},

50 ¢(C) = ¢(C') — 12x(b — a). Furthermore p(C) = p(C") — 24Vol, where Vol is the volume of a square frustum having the
lower base a square with the side b — a + x, the upper base a square with the side b — a — x, height x, and two corners
cut off, so

Vol=1b—a+xP—1(b—a—x?—-2-13=x(b—a)?
and p(C) = p(C’) — 24x(b — a)?. Similarly as in the previous case we estimate
FIQ) = F(C) = plO) — p(C) ~ £3/31+ 26O + 2V3(1 +29(C)?
= —2x(b — 0P + V3 (14 26(0) + 2077 — (14 29(C)7)
where d = 12x(b — a), so there exists t € [0, d] such that

f(C) = f(C) = —24x(b — a)* + g«/?- 3d(1 + 2¢(C) + 2t)"/?

—24x(b — a)* + 2 1+ 2¢(C)

>

- V3

= —24x(b — a)* + 24x(b — a)% 1+ 2¢(C)
:24x(b—a)(a—b+% 1+2¢(C)> > 0.

Finally, since the four new segments lie on the main diagonal, we have q(C’) = q(C) + 4x as in the previous case. [

We are now finally ready to prove our the lower bound.
Theorem 8. For any copula C we have
g«/i(l +2¢(C))*% — 1 < p(C).
For any value ¢(C) € [—%, 1] the bound is attained by some shuffle of M.

Proof. Let C be a copula such that ¢(C) = p f for some p € [— 1] Define a copula ¢ = 4(C +Ct4+C+ Cf)

Since the transformations C +— C' and C C commute it is easy to verify that Cisa doubly symmetric copula.
Furthermore, ¢(C) ¢(C) and p(C) = p(C) because p and ¢ preserve convex combinations and p(C!) = ,0( ) = p(C)

9
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and ¢(C") = ¢(E) = ¢(C). Thus, by replacing C with C, we may assume without loss of generality that C is a doubly
symmetric copula.

Let ¢ > 0. By Lemma 4 there exists a straight doubly symmetric shuffle " = M(n, ], 7, w) such that sup, ,)cp2
|C(u, v) — C'(u, v)| < &. Hence,

Ip(C) = p(C") <126 and  [¢(C) — $(C")| < 6e. (6)

By Lagrange theorem we have

F(O) =€) = o) = p(C) = (333014 26(C0" ~ 231+ 26(C )

9
(7)
()= p(C') = (1 +26)2((C) — $(C")
=p - P - —= -
3
for some t between ¢(C) and ¢(C’), so that t < 1. Using the estimates (6) in Eq. (7) and the estimate for t we get
2
f(CO)—f(C) > =126 — —=(1+2)"/% . 6e > —24e. (8)
V3
By Lemma 3 all the mass of C’ is concentrated on squares J; X Jra), i = 1,2,...,n, and the squares J; X Jx, Jxi) X Ji»
Jn—it1 X Jxn—it1) and Jr(n—i+1) X Ja—i+1 have the same C’-volume. So, as long as q(C’) < 1, there existsi € {1, 2, ..., n} such

that J; x Jri) = [a, a+x] x [b, b+x] witha < b < 1—a and x > 0. We now apply Lemma 7 to all squares with this property,
one at a time. Each time we apply the lemma, the function g(C’) increases and the function f(C’) decreases. When this
process ends, we are left with a doubly symmetric shuffle C” such that q(C”) = 1 and f(C") < f(C’). By Proposition 5 we
have f(C”) > 0, and hence f(C’) > 0. Together with the estimate (8), this implies f(C) > —24e¢. Sending ¢ to 0 we obtain
f(C) = 0, which proves the bound.

By Example 6 the bound is attained by a shuffle of M. O

6. Upper bound

We will first prove the upper bound of p(C) in terms of ¢(C) in the case when C is the diagonal copula K; (see below)
and the diagonal is nice enough.
Let C be a doubly symmetric copula. Then its diagonal §(u) = C(u, u) satisfies

S(u)=2u—1+8(1—u). (9)

We call such a diagonal symmetric diagonal. It is well known that the diagonal is increasing and 2-Lipschitz, so it is
differentiable almost everywhere on T and §'(u) € [0, 2] where it exists. We are going to assume that it is differentiable
everywhere, its derivative is continuous, and that

0 < &' (u) <2 for all except possibly finitely many points u € 1. (10)

It follows that § is strictly increasing, so it is bijective and its inverse 6! : I — I exists. Let us introduce three auxiliary
functions a, g, h : T — R as follows

alu) = /u s(t)dt,
0

g(u) = 2u — &(u), (11)
h(u) = §~'(g(u)).

It holds that g(0) = h(0) = 0,g(1) = h(1) = 1. Since §(u) < u for u € I, we have g(u) > u and h(u) > u for every
u € L It follows immediately from (10) that g and h are bijective so that the inverses g~!, h~! : I — I exist. Furthermore,
g is differentiable everywhere on I and its derivative is continuous. Also, by (10), h is differentiable everywhere except
possibly in finitely many points u € I and its derivative is continuous where it exists.

Fredricks and Nelsen in [44] introduced diagonal copula Ks, given by

8(u) + 8(v) }

Ks(u, v) = min {u, v, 3

Notice that u = %(8(u) + 8(v)) holds if and only if v = h(u), so that
u; v > h(u),
Ks(u, v) = § 200 < h(u), u < h(v), (12)
v; u > h(v).

The following lemma simplifies the double integral of Ks(u, v) over the unit square I?. The proof is given in Appendix.

10
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Lemma 9. Let § be a symmetric differentiable diagonal with continuous derivative that satisfies (10), «, g, h : T — T auxiliary
functions defined by (11), and K; diagonal copula. Then

1
/ s w)du =1 —a(1)
0
and
1 1 11 1 1
f / Ks(u, v)dudv = — — 2a(1) — 7/ (8711 — u) + 8 Y(u))*du.
o Jo 6 2 Jo
Next proposition establishes the upper bound for the diagonal copula.

Proposition 10. Let § be a symmetric differentiable diagonal with continuous derivative that satisfies (10) and Ks diagonal
copula. Then

2
ps) = 1= (1= $(K;)Y.
Proof. We will first prove that

1 1
1
/ / Ks(u, v)dudv < 2a(1) — 2a(1)? — —.
0 0 6
By Lemma 9 we have
1 1 11 ] 1
/ / Ks(u, v)dudv = — — 2a(1) — f/ (8711 —u)+ 8~ Y(u))*du.
0 0 6 2 0

For the integral on the right we use Jensen’s inequality, claiming that

1 1
f H(s())dx = 7 ( / s(x)dx) ,
0 0

where s : I — A is nonnegative measurable function and r : A — R is convex function. So
2

1 1
/(6’1(1—u)+8’1(u))2du2 (/ (8’1(1—u)+8’1(u))du>
0 0
=1 —a(1)+1—a(1)? =401 —a(1))?
by Lemma 9, thus
/1 /1 11 5 , 1
Ks(u, v)dudv < — — 20(1) — 2(1 — a(1)? = 2a(1) — 2c(1)? — =.

Finally, to prove the bound for p(Ks), we use (1) and (5)

1 1
o(Ks) = 12/ / Ks(u, v)dudv — 3
0 0
< 24a(1) — 24a(1)* — 5

2
=z4.%_24(%> s

2
=1- (1= ¢(K)}". O
We can now prove the same bound for a general copula with arbitrary diagonal.
Theorem 11. For any copula C we have

2
plC)=1-30 — $(O)).

Proof. If C = M then p(C) = ¢(C) = 1 and the inequality holds. So assume C # M so that ¢(C) < 1. Let ¢ > 0 and
£ < %@. By [19, Theorem 4.1.11] there exists an integer n such that the Bernstein copula

Bs(u, v) = Z C (rl]’ %) (?) (7>u1(1 — u)n_i'l)j(l _ v)l’l—j

i.j=0
11
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Fig. 6. The mass distribution (left) and the 3D graph (right) of the copula C; from Example 12.

differs from C(u, v) by less than ¢ uniformly. Similarly as in the proof of Theorem 8 we can take AS = %(Bg +(BS) +(73§)+
(Bg)t). Let 6,(u) be the diagonal of copula Ag. Since the diagonal of Bg is a polynomial in u, also 8,(u) is a polynomial in u.
This implies that §, is differentiable with continuous derivative and §,(u) = 0 or §,(u) = 2 for at most finitely many points
u € I Since AS is a doubly symmetric copula, 8, is a symmetric diagonal. Furthermore, it follows from [43, Theorem 2
(iv)] that AS is bounded from above by the diagonal copula Kj,. This together with Proposition 10 implies that
2 2
PIA) = p(5,) = 1= S(1 = (Ks)* = 1= (1= @A)

Similarly as in the proof of Theorem 8 we estimate
2 2
p(C) < p(BS) 4 126 = p(AS) 4+ 126 < 1— 5(1 — A + 126 =1~ §(1 — ¢(B))? + 12e.

Furthermore, ¢(BS) < ¢(C) + 6¢ < 1 by our assumption for &, hence

2
pC) =1 2(1-¢(C)— 6e)° + 12¢.
By sending ¢ to O we obtain the desired bound. O

Next example shows that for certain values of ¢(C) the upper bound given in Theorem 11 is attained.
Let {(ax, bx), k = 1,2, ..., n} be a finite family of disjoint open subintervals of T and {By, k = 1,2, ..., n} a family of
copulas. Then the ordinal sum B of {Bx,k = 1,2, ..., n} with respect to {(ax, by), k = 1,2, ..., n} is a copula defined by

{ak + (br — ai)B( ok 2k ) (u,v) € [ay, bk]Za k=1,2,...,n,

bx—ay* br—ay

B(u,v) =
(1. v) minf{u, v}; otherwise,

(see [17, Section 3.2.2]). The Spearman’s rho of the ordinal sum B equals

n

p(B)=1-" (b — a)’(1— p(By)).

k=1

Example 12. Let n be a positive integer and let G, be a shuffle of M

Co=M@2n, (&, 2, ..., 21)(2,1,4,3,....2n,2n— 1), (1, 1,..., 1))
The scatterplot and 3D graph of copula C; is shown in Fig. 6. We have
2k—2 . 2k—2  2k—1 —
dc (U)={ 2n ,2k uE[zénf 2’2;1 bk=T1.2.m
n . — K —
ZU—%, uE[T,%],k—l,Z,...,n,
so that
3
C)=1——.
#(Gr) o

12
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The copula G, is an ordinal sum of n copies of the copula Cy, each of them is of the size % Since

0; 0<u<;,0<v<j,
utv—1; jsuslz<vs<l,
1 11 1
-3 O0<u=<s,;<v=u+sy,
= ('3 0zushizvsur)
u; ysuslut+;=v=<1,
1. 11 1
u—3; 0<v=<s;,;=Susv+y,
v; O<v<jvt+j<u<l,
we have p(C;) = —1 and
1—p(Cy) 3
Notice that p(Cy) = 1 — £(1 — ¢(Cy))% so the point (¢(Cy), p(Cy)) lies on the curve r = 1— 2(1 —f)%

In next proposition we show that there is no copula C, such that ¢(C) = 0 and the point (¢(C), o(C)) lies on the curve
r=1- %(1 — f)2. A similar result could be obtained also for some other values of ¢(C).

Proposition 13. Suppose that ¢(C) = 0 for some copula C € C. Then p(C) < %

Proof. We will actually prove that p(C) < % - m Suppose that § is a symmetric differentiable diagonal with

continuous derivative that satisfies (10), ,g,h : I — I aux1llary functions defined by (11), and Kj diagonal copula.
Furthermore suppose that ¢(Ks) = 0, so that oz( )= % Let ¢ = m and denote by b = 8(— — ¢). We will first show that
b > i . To this end we may assume that b < = — 2e.

Smce 8 is 1ncreasmg, we have 6(u) < b for any u< 1 — &, and since it is 2- Lipschitz we have §(u) < 2u— % + 2¢e +b
for any u > 5 — . Since § is a symmetric diagonal we have 8( +e)=>b + + 2¢. We can derive similar estlmates as
above using the point £ 2 4 ¢. It follows that for any u € I

2 1
8(u) < 81(u) = min{u, max{b, 2u — 3 + 2¢ + b}, max{b + 3 +2¢,2u+b—1}}.
Since b < § — 2¢, we have

1 1 1
a(l) = 3= / S1(w)du = %(11 + 36b — 36b% + 24¢ + 72¢?),
0

hence

b>1 ! 2 4 6e + 1862 ~ 0.0214 > !
- — =V € g2~ 0. —.
- 3 — 50

2
For any u < z; we now have
57N u) <8 N(z5) <87 (b) =5 —e,
and since §'(1 — u) < 1 it follows that
15w -1 -u)>¢
Thus

174 B » 2 1/50 /4 B 2 1,
/O<§—8 (u)—2a (1—u)) duz/o (5—8 (u)y—36~ (1—u)) du>%s.

It follows that

1 5 1 4 2
/ (7w + 8711 —w) du:f (7—8_1(u)—8_1(1—u)> du
0 0 3

8 ! 16
+7/ '+ (1 —w)du— —
3 /o 9
1, 16 16
> — —(1—-a(1)— —
Z 55t T 3( a(1)) 5
1 2+16
= —& _—
50 9

13
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Fig. 7. The mass distribution (left) and the 3D graph (right) of the copula K5, from Example 14.

by Lemma 9. Furthermore, by the same lemma we have

1 1 11 1 1

I = / / Ks(u, v)dudv = — — 2a(1) — f/ (8711 —u)+ 8 Y(u))’du
0 0 6 2 0
11 2 1/1 1,

, 16 5
<——c—z| =&+ === - —¢.
6 3 21\50 9 18 100

It follows that

1 12, 1 12
pKs) =12 = 3 < = — —¢&“ = = — —.
3 100 3 1,000,000
Finally, a similar argument as in the proof of Theorem 11 shows that for any copula with ¢(C) = 0 we have

1
P(C) = 5 = Too0000

Nevertheless, for any value of ¢(C) we can come close to the upper bound proved in Theorem 11 as the next example
and proposition demonstrate.

Example 14. Let a € [}, 5] and let §, be a diagonal

0; u<a,
Sy =3u—a, a<u<l-a,
2u—1; 1—a<u<l.

The diagonal copula belonging to §, is

0; O<u<al0<v<a,

=4 a<v<l-a % <u<aq,

=4 a<u<l-a 5" <v<aq,

v— 3 j—a<u<al—-a<v=<u+i,

Y —ag, a<u<l-aga<v<l-—aq,
Ks,(u, v) = §u— 1; 1—a<v=<al—-a<us<v+3i,

weel, g<u<l-g1-—a<v< 8

broasl, g<p<l-g,1—a<uy< 2

u+v—1; 1—a<u<l,1—a<v<l,

u; min{2u + a, u+ 3, “4H} <y <1

v; min{2v +a,v + 5, 2} <y < 1.

The scatterplot and the 3D graph of copula K;, is shown in Fig. 7.
It follows that

#(Ks,) = 6a> — 6a + 1 and p(K;,) = 8a> — 6a + 2,
14
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so that
1 V3
Ps,) = =5 + (1 +20(Ks)) = (1 + 26(K,))*.

Note that ¢(Ks,) € [—3, —3] for a € [}, 3]. The point (¢(Ks,), p(Ks,)) lies strictly below the curve r = 1 — 2(1 — f)? for
anya e[, 1)

Let r : [—1, 1] = [—1, 1] be a function defined by

2+ - P+ xel-3,-1),
X+ L xel—3. 5l
rx)=q92n+1_ 2n*-2n+1 3 (13)

3 _
n2+nx 207 1) xe[l——nl—m]forn_Z,B,‘..,
1; x=1.

Proposition 15. For any point (x, r(x)) on the graph of function r there exist a copula C, such that ¢(C) = x and p(C) = r(x).

Proof. Example 14 shows that for x € —%, —%] any point on the graph of function r is attained by copula Kj,. Note that
r(1— %) =1- % soforx =1-— % the point on the graph of function r is attained by copula C, from Example 12.

In the interval —%, %] the points on the graph of function r are attained by convex combinations of copulas K, / and G,

. . 3 3 . .
and in the intervals [1 — 5., 1 — 2(n+1)] by convex combinations of copulas C; and C;1q. O

7. The exact region determined by ¢ and p
We can now collect our findings in the following theorem.

Theorem 16. The exact region determined by Spearman’s rho and Spearman’s footrule of all points {(¢(C), p(C)) € [—%, 1] x
[—1,1]; C € ¢} is given by

gﬁ(l +24(C))*? — 1 < p(C) < s((C))

where s : [—%, 1] — [—1, 1] is a concave function satisfying

2 2
) <s) <1-3(1-%

and r is the function defined by (13).

Proof. The assertion follows directly from Theorems 8, 11, and Proposition 15. The function s is concave since the exact
region is convex. [

Note that the role of ¢ and p can be exchanged, so from the theorem one can derive the exact upper bound for ¢(C)
in terms of p(C) and a tight estimate for the lower bound.

Fig. 8 shows the exact region determined by Spearman’s rho and Spearman’s footrule. The graph of function r(x) is
shown full, and the graph of function 1— %(l —x)? is dashed. Note that the exact region determined by Spearman’s footrule
and Spearman’s rho is similar in shape to the exact region determined by Sperman’s rho and Kendall’s tauy, i.e., the upper
bound seems to be a piecewise function with finer and finer pieces. However, the exact region determined by Sperman’s
rho and Kendall’s tau is not convex while in our case the region is convex.

Our last proposition estimates «-similarity measure «sm(¢, p).

Proposition 17. The (¢, p)-similarity measure between Spearman’s footrule and Spearman’s rho satisfies

0.65 = 2 < wsm(e. p) < 121 06569
00 50 SO LI = g T g TR
Proof. We have
A
esmig. p) =1 10:1)

from the definition and

! 2 L) 3 3 21
A, p) < 1—2(1—x)?)dx— V322 -1 )dx =+ — =,
(. p) < /_1/2 ( 3( X ) * /—1/2 <9[( 20 " 4 * 10 20

15
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Fig. 8. The exact region determined by Spearman’s rho and Spearman’s footrule.

so the lower bound follows. On the other hand,

1 1
A(qﬁ,p)z/ r(x)dx—/ (;«/5(1+2x)3/2—1) dx

1/2 1/2

—1/8 1 3 9

= X+ — — —(14+2x)? ) dx + —
/_1/2 ( Ty I+ * 54

IS P IR B (SRS T W
2 2n2 2m+12)\2n 2m+1)) " 10

21 9 37> 195 3 37 171

"320 64 8 64 T10 8 o4
and the upper bound follows. O

Note that the value ksm(p, ¢) ~ 0.65 < «sm(p, t) = 0.7114 suggests that on average the value of Spearman’s footrule
gives less information about the value of Spearman’s rho than the value of Kendall’s tau does.

Data availability
No data was used for the research described in the article

Appendix. Some proofs

A.1. Proof of Lemma 3

Let us first prove (b). Note that

n—i n—i
Up_j = Z(Uk —Up_q) = Z(un—k-H — Un—g)
=1 k=1

by (S4) in Definition 2. By introducing a new index j =n — k + 1 we get
n
Upj = Z(Uj — U ) =U—u=1—u.
j=i+1

The equality un = % follows easily by taking i = 3.

n
2
16



D. Kokol Bukovsek and N. Stopar Journal of Computational and Applied Mathematics 437 (2024) 115463
To prove (c) let vg = 0 and v,, =1 and let vy, vy, ..., v,_1 be splitting points on the v-axis such that the mass of C is

concentrated on squares], X ﬂ(, = [ui—1, U] X [Vr(i)—1 X Vx(y]. This means that vy(;) — vr@i—1 = Ui — u;—; for all i, so that
Uj = Vj—1 + Up-1(j) — Up-1(5—1- BY induction it follows that

J
Vj = Z(uﬂ—l(k) - un—l(k)_l).
k=1

Since C is doubly symmetric shuffle of M we have 7 ~! = &, hence
J J
= Z(un(k) — Ug()—1) = Z(Uk — Up_1) = Uj,
= k=1
forallj = 1,2,...,n — 1, where the second equation follows from (S4). Clearly also vo = ug and v, = u,. This
implies that ]”m [vj-,(,')_l X Un(i)] = [un(,‘)_l X uj-[(,‘)] = |z foralli = 1,2,...,n and Vc(J; x ]n(i)) = Uj — Uj_q.
Now Ve(Jniy X Ji) = Un) — Un@i)—-1 = Ui — Ui—; follows from the above and (S4). Similarly, we prove for the other

two volumes which proves (c). Thus, to prove (a) it suffices to show that the set of squares J; x [ with w(i) = 1
is invariant under reflection with respect to both diagonals and the same holds for the set of squares J; x J; with
(i) = —1. The reflection with respect to the main diagonal reflects the square J; x J-;) = [Ui—1, Uil X [Ug(i)=1, Ur(i)]
oNto [Us(i)—1, Ur(iy] X [Wi—1, Ui] = Jxy X Ji = Jy X Jr(iry, where ' = 7 (i) by (S2). Since (i) = w((i)) by (S3), the original and
the reflected square have the same value of w. The reﬂection with respect to the opposite diagonal reflects the square
Ji X Jriy = [Wizt1, U] X [Ur(iy—1, Ur(p] ONO [T —tzqy, 1= Urgy—1] X [T —ui, 1= ti_1] = [Un—n(i), Un—r(i)+1] X [Un—i, Un—ix1] =
]n,ﬂ(,')Jr] X]n,,ur] by (b), and ,lnfn(i)ﬁ»] X_]n—i+1 = Jn(n ,+1) X]n it1 = ]1// X]n(i”) by (52), where i’ = n(n —i+ ]). Since
oi)=wnh—i+1)=w(@n —i+ 1)) = w(i”) by (S3), the original and the reflected square have the same value of w.
This finishes the proof of (a). O

A.2. Proof of Lemma 4

Suppose C is a doubly symmetric copula. Let m be an even positive integer and n = m?, so that n is even as well. Let
J=1{1.)2,....Jn} bea ’partltlon of I such that the intervals J;, J5, ..., J, are ordered from left to right and the length of
Ji is equal to w, = Ve([%5, & []’ f]) wherei=m(j—1)+kj=1,2,....,mk=1,2,...,mandletw € S, be a
permutation given by =m(m(j — 1) + k) =m(k—1)+jforallj, k € {1,2,...,m}. Finally, let @ be constantly equal to 1.
We claim that C; = M(n, ], m, ) is a doubly symmetric shuffle. For the rest of the proof we let i = m(j — 1) + k, where
i ke{1,2,...,m}. Clearly, 72 = id. Furthermore,

an—i+ D =am*—mG—1)—k+1)=n(mm—j)+(m-—k+1))
=mm—-kK+m—j+N)=m*—mk—-1)—j+1=n—n@)+1

foralli = 1,2,...,n. Since copula C is doubly symmetric, its mass is symmetric with respect to both diagonals. The
symmetry with respect to the main diagonal implies

wi = Ve £ (2 L)) = Ve([EL L1 x [, K = w145 = wagy (14)
foralli e {1,2,...,n}, while the symmetry with respect to the opposite diagonal implies

w,—V([ml,m] x [EL Iy =ve(1—L, 1= x[1- £ 1- &1 (15)

= Ve( ,1:]» m_J-H] [m k w]) = Wm(m—k)+m—j+1 = W2 _mk—1)—j+1 = Wn—n(i)+1

foralli € {1, 2, ..., n}. By definition of partition J, its splitting points are uy = 0 and u; = Zk:l wy foralli=1,2,...,n
where u, = Zk 1 Wk = Vc(I x I) = 1. Together with equalities (14) and (15) this implies

Ui — Uji—1 = Wi = Wx(j) = Ug@i) — Ux(i)-1
and

Ui — Ui = Wi = Wr(i) = Wy_z2(j)41 = Wn—it1 = Un—i+1 — Un—i.

We have thus shown that G, is a straight doubly symmetric shuffle of M. To finish the proof we note that as m tends to
oo, the copula G, converges uniformly to C as proved in [42, Theorem 3.1] (cf. also [17, §3.2.3]). O

A.3. Proof of Proposition 5

Let 5c(u) = C(u, u) be the diagonal of C and define
u
Olc(u) = / (Sc(t)dt’.
0

Let ¢(C) = p for some p € [— 1] and ug = 1 - —«/Zp + 1) € [0, 2] We will prove that the following holds:
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(a)

Sc(w); O<u<ju<vs<l-—u,

Clu. v) = Sc(v); 0<v<ilv=<us<l-nv,
’ Scw+v—u; I<u<ll-u<v<u,
Scw)+u—v; T<v<lLl-v=<u<v,

and in particular C = C".

(b)

1 p1 1 1
1
/ / C(u, v)dudv =4/2 (xc(u)du—4/ ac(u)du + 20c(1) — .
o Jo 0 1 6

2

(c) The function §¢ is increasing and 1-Lipschitz on the interval [0, %],

(d) For every u € [0, 1] we have
Sc(1—u)=1-—2u+ c(u),

and in particular, C = C.
(e) For every u € [0, %] we have
(1—2u)?

ac(1—u) = 20c(3) — ac(u) + 1

() ac(1) = B2 and ac(3) = .

(g)

1 p1 1 1
/ / C(u, v)dudv = 8/ ac(u)du + —.
0 0 0 6

(h) For every u € [0, %] we have

0; 0 <u < u,
1

1 .
f(u - Uo)z, Up < U= 5.

From the condition P(U = V)+ P(U =1—V) =1 it follows

ac(u) > ap(u) == {

1 1
P<U§E,U<V<1—U>:0, P<U25,1—U<V<U>:0,

1 1
Plv=s.v<u<i-v)=o Plyz5.1-v<u<v)=o

Ifu e [0, %] we have for any v € [u, 1 —u] that C(u, v) = C(u, u) = d¢c(u). If u € [%, 1] we have for any v € [1 —u, u] that
C(u,v) =C(u,u)+v —u = 6c(u) + v — u. Similar equalities hold if we interchange the roles of u and v, so the copula C
is symmetric, which proves (a).

To prove (b) we compute

1 p1 1 1-u 1 u
f / C(u, v)dudv = 2/ ([ C(u, v)dv) du + 2/ </ C(u, v)dv) du
0 Jo 0 u 1 1—u

2

% 1-u 1 u
= 2/ (/ SC(u)dv> du+ Zf </ (8c(u) 4+ v — u)dv) du
0 u 1 1-u

2
1

2 1 1
= 2/ Sc(u)(1 —2u)du + 2/ Sc(u)(2u — 1)du — 5
0 1
3 2 1 1
= Zac(%) — 4/ usc(u)du — 2ac(1) + Zac(%) + 4/ udc(u)du — 5
0 }

Using integration by parts we obtain

1 1

2

/7 udc(u)du = Jac(3) - /f ac(u)du
0 0

18
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and

1 1
| wsctuda = act1) - Jaeth) - [ actund

2 2
Plugging into the previous equation we obtain (b).
The diagonal of a copula is obviously increasing, so to prove (c) suppose 0 < u < v < % Since C(u, v) = §¢c(u) in
this case, we have 8c(v) — 8c(u) = C(v,v) — C(u,v) < v —u.Ifu € [0, %] we obtain §c(1 — u) = 1 — 2u + 8¢(u) from
Cl—u,1—u)=C(1—u,u)+1—-2u=C(u,u)+1—2u.Ifue [0, %] and v € [u, 1 — u], we have

Cuv)=u4+v—1+Cl—-u1-v)=u+v—1+8(1—u)+(1—v)—(1—u)
=6c(1—u)— 1+ 2u = 4c(u) = C(u, v).

Similarly other cases are treated to prove (d).
To prove (e) assume u € [0, %] and compute

1-u 1-u 1-u
acti=w= [ octodt =acth)+ [ sctondt =acthy+ [ (2t -1+ 8c(1 - e
0 1 1

_ 2 1-u _ 2 u
:Olc(%)‘f‘%‘i‘ﬁ Sc(l—t)df:(xc(%)“f‘%—ﬁ 5c(t)dt
1 (1=2uy? u 1o (1=2uy
:2&((§)+T —/ Sc(t)dt:2ac(§)+?—(xc(u).
0

The property ac(1) = % is immediate from the definitions of ¢(C) and «¢, and we get ac(%) = p“ by plugging
u = 0 into (e).
To prove (g) we apply (e) and (b):

// uvdudv—4[ oc(u )du—/; ac(u)du + 20c(1) — =

1

1 1 92
=4/ ()lc(ll)dll—‘l/ <2ac(%)—ac(1—u)+¥> du+20t(j(])—*
0 1

2
1

1 1
4/ ac(u)du +4/ ac(1 —u)du — 4055(%)—#-2045(1) - =
0 1

2

1

= 8\/‘j ac(u)du —40tc(%)+2 (20[((;)4‘ %) -
0

W] =

1

2 1
= 8/ oc(u)du + —.
0 6

We will prove (h) by contradiction. First notice that ac(u) > 0 and ac(3) = ao(3) = 2+ by the definition of u. So
suppose that ac(u1) < ag(uq) = %(ul — ug)? for some u; € (up, %). We will first prove that 81 = 8c(u1) < uy — ug. Since
8¢ is 1-Lipschitz, we have for every t € [ug, u1] that §c(t) > 81 + t — uy. Thus

ac(ul)zf 15c(f)df2/ 136(0de/ (1= e = 83— ) — 21— o)
0

up up
and
1 1 1
ac(ur) + 5(up —upl®  S(ug —uo)® + 3(uy — up)?
81 < < = Uu; — Up.
u; — Up u; —Up

Now we have for every t € [uy, %] that 8¢(t) < 81+t —uq <t — up. Hence
1

ac(d) = ac(un) + /  se(tt

1

2
< aclun) + / (€ — up)de
uq
19
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= ac(ur) + 5 — Ju? — Jug(1 — 2uy)

a contradiction.
Finally, using the definition of p, (g), and (h), we have

1 pt 3
o(C) = 12/ / C(u, v)dudv — 3 = 96/ ac(u)du — 1
o Jo 0
1

1
2 2
> 96/ ao(u)du — 1= 48/ (U — upYdu — 1
0 up
2 2
=2(1-2u)’ — 1= §ﬁ(l +2p)P? —1= §\/§(1 +2¢(C)**—1. O

A.4. Proof of Lemma 9

We will prove the following:

(a)
g lw)=1-6""1—u) foralluel
(b)
1 1 1
/0 us(u)du = 50{(1) + TR
()
! 1 1
‘/0 a(u)duzi (1)—6
(d)
1
/ ST w)ydu = 1 — a(1).
0
(e)
1 5
/ (7N w))Pdu = = — «(1).
0 6
()
1 1
/ a(h(u))du = (1) — 1+ f (4u — 8(u) — us’(u))h(u)du.
0 0
(8)
1 1 1
f / Ks(u, v)dudv = f g7 w)s(u)du.
0 0 0
(h)

1 1 11 1 1
/ / Ks(u, v)dudv = — — 20(1) — f/ (8711 —u)+ 8~ '(u))du.
o Jo 6 2 /o
We first compute
g1—=58""1—u)=2(1-8""1—u)—8(1—8"1(1—u))
=2-28""1—u)— (1-287"(1 —u)+8(87'(1 — u)))
by equality (9), so that
g1—-68"1—u)=2-28""1—-uw)—1+25'"1—u)—(1—u)=u,
which proves (a).
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Next we use equality (9) in the integral

1 1 1
/ ud(u)du = f uu—14686(1 —u))du = 1 —i—/ ud(1 — u)du
0 0 6 0

We introduce a new variable t = 1 — u to get

1 1 0 1 1 1
/ us(u)du = 7+/ (1 = 08(t)(—dt) = f+f S(t)dt—f £8(t)dt
0 6 1 6 0 0

1
= 1 +a(l)—/ ud(u)du.
6 0

We express the integral from the obtained equation to get (b).
To prove (c) we integrate by parts and use (b)

oot 1 1 1 1
o _/0 u(S(u)du :0{(1)_ (Ea(l)“f‘ E) = 50!(1)_ E

To prove (d) we first introduce a new variable by u = §(t) in the integral and then integrate by parts

1 1
/afl(u)du:f t8'(t)dt = t5(t)
0 0

In a similar way we prove (e), in the final step we use (b)

1 1
f(t?’](U))zdu:/ 28/ (t)dt = t28(t)
0 0

To prove (f) we integrate by parts twice

1
/ a(u)du = ua(u)
0

1

1
—/ s(t)dt =1 —(1).
0

0

1

! 1 1 5

1 1 1
—/ ua’(h(u))h' (u)du = a(1) —/ ug(u)h’(u)du
0 0

1

1
/ a(h(u))du = ua(h(u))
0

0

1
= a(1) — ug(u)h(u) +/ (g(u) + ug'(u)h(u)du
0

0
1

=oa(l)—1+ / (4u — 8(u) — us’(u))h(u)du.
0

To prove (g) we first use the symmetry of copula K5 and then Eq. (12)

1
1_[ / Ks(u, v)dudv = 2/ (/ Kg(ll,l))dl)) du
_2/ (/hw)wdv—i-/] udv)du
2 h(u)

1
/ (S(u)(h(u) — u) + a(h(u)) — a(u)) du + 2/ u(1 — h(u))du
0

1 1 1 1
= / / us(u)du + / a(h(u))du — / a(u)du — / 2uh(u)du + 1.
0 0 0 0

Next we use (b), (c), and (f) to get

1

I = / <1o¢(1 ) a(l)—1 +/ (4u — 8(u) — ud'(u))h(u)du

0 1 1 0
< E) /0 2uh(u)du + 1

_/ (2u — ud’(u))h(u )du_/ ug’(u)h(u)du.

0 0
Finally, we introduce a new variable t = g(u) to get

1 1
1= / &' (Ohlg ()t = / g (08 ().
0 0
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To prove (h) we first use (g), (a), and (d) to get

1 1
[ = / g7 w)s N(u)du = / (1—=58"11 = w)s (u)du
0 0

1
=1 —a(l)—/ 8711 — u)s~'(u)du.
0

Now
5711 —u)s(u) = % (' —w)+ 87" W)’ — (7' —w) — (W),
thus
1 ! 1 ! 1!
I=1—a(1)— f/ N1 —u)+ 8 'w)’du+ = / (8711 — u)Ydu + 7/ (8~ Y(u))’du
2 0 2 0 2 0
1
=1-a(1)- 1[ (67101 — w5 @ Pdu+ 2 (2 o) + = (2 —a(1)
2 Jo 2\6 2 \6
1
_ 2a(1) — 1/ (8711 —u) 4+ 87 '(u))’du
6 2 Jo
by (e). O
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