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A B S T R A C T

This paper represents Part 2 of the parallel paper Part 1, where the strong form hybrid RBF-FD method
was developed for solving thermo-elasto-plastic problems. It addresses the industrial application of this novel
meshless method to steel bars cooling on a cooling bed (CB) where the formation of residual stress is of primary
interest. The study investigates the impact of the distance between the bars and the distance to the heat shield
above the CB on radiative heat fluxes and, consequently, on thermo-mechanical response. The thermal model
is solved on bars cross-section with a RBF-FD method where augmented polyharmonic splines are used for
the local approximation. View factors, computed with a Monte-Carlo method, are included in radiative heat
fluxes. The thermal solution is incrementally applied on a mechanical model that assumes a generalised plane
strain state and captures bars bending. The study employs a hybrid RBF-FD method to resolve a nonlinear
discontinuous mechanical problem successfully. The simulation of the process shows how different process
parameters influence the thermo-mechanical response of the bars.
1. Introduction

After the hot-rolling process, the produced steel bars are placed on
the cooling bed (CB), where they are cooled to the desired temperature
before being sent to the straightening process. Due to the recrystalli-
sation that occurs because of the combination of high temperatures,
strains and strain rates, it is commonly assumed that the bars are free
from stress when they exit the final rolling strand. The first stage where
residual stresses start to appear is CB. The positioning and geometry
of the bar cross-section affect cooling rates, which govern the thermal
stresses. Those can exceed yield stress resulting in the accumulation
of plastic deformation that leads to residual stresses and bending. The
residual stresses can later have an impact on the mechanical response.
They can lead to faster initialisation and growth of cracks and shorter
fatigue life [1,2]. Large bending of the bars can cause problems during
the subsequent straightening process. To efficiently minimise these
problems and potentially propose improvements, the computational
modelling of the process is crucial.

Previous attempts to model cooling on the CB were mainly focused
on rail profiles with symmetric or asymmetric cross-sections. In [3],
a 1D thermally loaded thermo-elastic beam resting on a flat rigid

∗ Corresponding author at: Faculty of Mechanical Engineering, University of Ljubljana, Aškerčeva cesta 6, Ljubljana, SI-1000, Slovenia.
E-mail addresses: gasper.vuga@fs.uni-lj.si (G. Vuga), bostjan.mavric@fs.uni-lj.si (B. Mavrič), umut.hanoglu@fs.uni-lj.si (U. Hanoglu),

bozidar.sarler@fs.uni-lj.si (B. Šarler).

surface was studied. The first thermo-elastic finite element method
(FEM) implementation was done in [4], where a beam cross-section
was modelled in a generalised plane strain assumption. Later, the
model was upgraded with the thermo-elasto-viscoplastic model, which
assumed the circular curvature of the beam [5]. In [6], the effect of
self-weight was added to describe bending better, and in [7], the same
model was successfully verified with experiments. A 3D model was
implemented in [8], where the convective heat flux was determined
using the Nusselt number correlation. For radiative heat flux, view
factors were defined for grey surfaces with no reflection involved. It
was found that permanent deformation and residual stresses develop
in the early cooling stages when a material is more prone to plastic
deformation. In [9], different cooling strategies with water sprays were
tested in 3D with the FEM package [10], where friction with CB was
considered. The effect of the orientation of the asymmetric rail profile
on the CB was investigated in [11]. A 3D model also involving fluid
flow simulations was used to determine the convective cooling.

In the present work, the cooling of bars is governed by a heat
diffusion equation with temperature-dependent material parameters.
The observed problem is modelled in 2D over the bars cross-sections.
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In the calculation of radiative heat fluxes, where a heat shield hanging
above the CB is also taken into account, view factors are used to
consider the system’s geometry. Temperature solution is applied in the
mechanical model as the only load. Elasto-plastic material response is
considered, and a generalised plane strain (GPS) is employed where the
longitudinal strains are linear over the cross-section, and bars are free
to bend. No special contact with the CB is considered. The main focus
here is to study the effect of the bars and a heat shield positioning on
the thermo-mechanical response.

The numerical solution of the problem is performed with the mesh-
less numerical method, described in Part 1 of this paper, which is being
published in parallel. In Part 1, this method is derived, implemented,
and successfully verified on a simple benchmark that simulates a similar
behaviour as the cooling of bars on the CB. For spatial discretisation, a
strong form local meshless method [12–17], the so-called radial basis
function generated finite difference (RBF-FD) method, and its hybrid
variation with finite difference method for a mechanical model are
employed. A detailed description of the method can be found in [18].

The main originality of this paper can be summed as:

• The implementation of view factors into radiative heat fluxes
within the RBF-FD method.

• The application of the RBF-FD method to model the thermo-
mechanical response of steel bars on the cooling bed.

• The study of the effect of the distance between the bars and
positioning of the heat shield.

The present paper is structured in the following order. The consid-
ered problem is formulated in Section 2. Next, the simulation procedure
of cooling steel bars with the used parameters is given in Section 4,
and the results are presented in Section 5. Lastly, the conclusions are
provided in Section 6.

2. Formulation of the problem

After the hot-rolling process, a bar is transported to the CB. Since
the length of the bar is long compared to the bar cross-section, and
the cooling conditions are assumed to be constant along its length, the
uniform longitudinal temperature assumption is employed. The domain
of interest is thus reduced to the bar cross-section. Here, the flat bars
with a cross-section of 80 × 39 mm are studied.

The cooling process starts when the first bar is transported from
he hot-rolling process and occupies position 𝑝1 as shown in Fig. 1(a).

After time 𝑡 = 𝑡𝑝, the bar is lifted and moved to the next position 𝑝2
nd at the same time, a new bar arrives at position 𝑝1 (Fig. 1(b)). After

𝑡𝑝, these 2 bars are moved by one position, and a new bar comes to 𝑝1
Fig. 1(c)). This movement is repeated until bars reach the last position
𝑛 (Fig. 1(d)), where they are in the next step removed from the cooling
ed and transferred further to a straightening process (Fig. 1(e)).

The bars are positioned close to each other and thus affect their
adiative cooling rate. As shown in Fig. 2, a heat shield of length 𝑝𝑙

is also placed above the CB at the distance of 𝑝𝑦, which impacts the
radiation. Below the bars, the construction for holding them, which is
schematically shown with the ‘‘saw’’ curve, consists of longitudinally
equally spaced thin supports. Since the contact with the supports is
small compared to the whole bar length, we assume they do not affect
cooling.

The main aim of this work is to study the effect of the heat shield
position 𝑝𝑦 and the distance between bars 𝑥𝑏𝑝, which corresponds to the
number of empty positions, on the thermo-mechanical response during
the cooling process.

3. Model description

Thermal and mechanical models are explained in detail in Part 1. of
this paper. In this section, a few additions specific to the problem are
described.
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3.1. Thermal model

Cooling of the steel bars is governed by the heat diffusion equation

𝜕𝜌𝑐𝑝𝑇
𝜕𝑡

= ∇𝑘 ⋅ ∇𝑇 + 𝑘∇2𝑇 , (1)

hat is solved for temperature 𝑇 . 𝜌, 𝑐𝑝, and 𝑘 stands for density, specific
eat at constant pressure, and thermal conductivity, respectively, that
re temperature dependent. On the boundary, the heat flux in the
ormal direction 𝒏 is prescribed as

𝑛 = 𝒒 ⋅ 𝒏 = −𝑘𝜕𝑇
𝜕𝒏

= 𝑞𝑐𝑜𝑛𝑣 + 𝑞𝑟𝑎𝑑 , (2)

where the heat flux is defined by the Fourier’s law 𝒒 = −𝑘∇𝑇 . The
convective heat flux 𝑞𝑐𝑜𝑛𝑣 is specified by

𝑞𝑐𝑜𝑛𝑣 = ℎ𝑓 (𝑇 − 𝑇𝑎𝑚𝑏), (3)

where ℎ𝑓 and 𝑇𝑎𝑚𝑏 stand for the heat transfer coefficient and ambient
temperature, respectively. Since it is known that convection has a
minor effect compared to radiation at high temperatures, no special
treatment of ℎ𝑓 is carried out as it was done in [8] with empirical
modelling or in [11] with complete fluid flow analysis. A constant value
is used on all boundaries. Regarding radiation, the observed objects
(steel bars and heat shield) at high temperatures significantly affect
each other. Due to that, the geometry and positioning of the objects
are additionally incorporated into the definition of radiative heat flux
𝑞𝑟𝑎𝑑 , also prescribed on the boundary. As shown in Fig. 3, the boundary
f steel bars (red line) and heat shield (blue line), is discretised on
inite length sections (FLSs). The FLSs are separated by black dots and
nclosed with a discretised closed-loop virtual boundary (green line)
epresenting all the surroundings. The net radiative heat flux of the 𝑖th
LS 𝑞𝑟𝑎𝑑,𝑖 is given as a difference between the emitted heat flux from
he 𝑖th surface and received heat flux from all surrounding FLSs written
n the form of

𝑟𝑎𝑑,𝑖 = 𝜖𝑖σ 𝑇 4
𝑖 −

𝐽
∑

𝑗=1
𝜖𝑗σ 𝑇 4

𝑗

𝐿𝑗

𝐿𝑖
𝐹𝑗→𝑖, (4)

where the sum goes over all (𝐽 ) FLSs, where 𝐿𝑗 represents the length of
a 𝑗th FLS. The emissivity is denoted with 𝜖 and the Stefan–Boltzmann
onstant with σ. The visibility between FLSs is given by a view factor
𝑗→𝑖 ∈ [0, 1]. It defines the fraction of the radiation emitted by the 𝑗th
LS and received by 𝑖th FLS [19].

For each pair (𝑗, 𝑖) of FLSs (shown in Fig. 3), a view factor 𝐹𝑗→𝑖 has to
be defined. Values are compactly denoted with a view factor matrix 𝑭
hat includes all view factors of the observed system. In this work, 𝑭 is
omputed using the Monte Carlo method [20]. From each 𝑗th FLS, 𝑁𝑣𝑓

particles are shoot in a random direction and checked which 𝑖th FLS is
hit. Based on the number of particles that hit 𝑖th FLS, the 𝐹𝑗→𝑖 value
is determined. As previously shown in [21], the number of particles is
chosen to be 𝑁𝑣𝑓 = 106 in order to keep the uncertainty of computation
below 1%. To include also the effect of reflectivity 𝜁 ∈ [0, 1], 𝑁𝑣𝑓 ⋅ 𝜁
random particles are bounced off the FLSs that have 𝜁 > 0. A more
detailed description of the related algorithm can be found in [22].

Since the Monte Carlo procedure is computationally very involved,
the number of FLSs significantly affects the computational time for
determining 𝑭 . To reduce the computational time and still reasonably
well describe the effect of geometry and positioning on the cooling, the
FLSs on the bars are not prescribed for each boundary discretisation
node (DN). An algorithm that groups boundary DNs, based on the
normal vectors change and maximum distance, is employed that results
in the sectioning presented in Fig. 3. Here a total of 25 FLSs are
generated per bar. The effectiveness of FLS discretisation is presented
in Section 5.1. Since the heat shield is assumed to be at a constant
temperature, only one FLS is assigned to it. Based on the temperature
solution in DNs belonging to 𝑖th FLS, a constant averaged heat flux is
applied in all DNs on the 𝑖th FLS. Averaging of the heat flux, given
by Eq. (4), is done by averaging only the temperature term as 𝑇 4

𝑘 =
1∕𝑁𝑘

∑𝑁𝑘
𝑙=1 𝑇

4
𝑙 where 𝑘 is 𝑖 or 𝑗 if FLS lies on the bar. The sum runs over
𝑘 boundary nodes that belong to the 𝑘th FLS.
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Fig. 2. Cross-section scheme with labelled dimensions.

.2. Mechanical model

Steel has a low strength at high temperatures, and yielding can
ccur at small loads. So the mechanical response is assumed to be
lasto-plastic where small-strain von Mises isotropic plasticity is con-
idered. In this work, a Jonson–Cook strain rate independent hardening
aw is employed as

𝑦(𝑇 , �̄�𝑝) = (𝐴 + 𝐵(�̄�𝑝)𝑛)
(

1 −
(

𝑇 − 𝑇0
)𝑚)

, (5)
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𝑇𝑚 − 𝑇0 𝑎
here constants 𝐴,𝐵, 𝑇0, 𝑇𝑚, 𝑛, 𝑚 are determined by fitting the exper-
imental data. Material parameters used; Young’s modulus 𝐸, Poisson
ratio 𝜈, and linear expansion coefficient 𝛼 are treated as temperature
dependent.

In terms of boundary conditions (BCs), no special contact with CB
supports is considered. On the whole boundary, traction BCs with zero
load are imposed. In order to obtain a unique solution, two additional
regularisation constraints are defined

∫𝛺
𝒖(𝒓)𝑑𝛺 = 0, ∫𝛺

(𝒖(𝒓) × 𝒓) 𝑑𝛺 = 0, (6)

that restrict relative translations and rotations. Discretisation of inte-
grals is performed as a sum over all DNs ∑𝑁

𝑖=1 𝑦(𝒓𝑖) = 0, where 𝑦 refers
o translation or rotation.

To capture the bending of bars, the introduced model assumes
generalised plane strain (GPS) approximation. Since no contact is

ssumed, bars can freely bend and shrink. In additional equations of
PS, the prescribed values of longitudinal force and two momentums
re set to zero

{

�̂�𝑧, �̂�𝑥, �̂�𝑦
}

= {0, 0, 0} and solved for constants {𝑎, 𝑏, 𝑐}
hat are used in a linear definition of the longitudinal strain 𝜀𝑧𝑧 =
𝑥 + 𝑏𝑦 + 𝑐.
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Fig. 3. Scheme of boundaries used for radiative heat flux determination.
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. Solution procedure for modelling the cooling of steel bars

The simulation is performed as a one-way coupled as the benchmark
tudy presented in Part 1 of this paper. The thermal problem is solved
irst. Spatial discretisation is performed with the RBF-FD, where geom-
try is discretised with a homogeneous distribution of discretisation
odes. Differential operators are evaluated in a finite difference-like
anner, where operator weight coefficients must be locally computed

or each local support stencil. As in Part 1, the third-order polyharmonic
plines with the second order augmentation are employed to construct
nterpolants. Thirteen nodes are included within local supports to ob-
ain the h-convergence governed by the augmentation order, as shown
n Part 1. Time marching is performed with the explicit Euler scheme,
here the time step is defined as 𝛥𝑡 = 𝛼𝛥𝑡

ℎ2𝜌𝑐𝑝
4𝑘 . ℎ represents the

minimum distance between DNs and 𝛼𝛥𝑡 is the time stability parameter
for which it was found in Part 1, that it must be 𝛼𝛥𝑡 = 0.5 or less for
he method to be stable. Here 𝛼𝛥𝑡 = 0.5 is used.

In Fig. 4, the procedure for solving the thermal problem is shown
chematically. At first, the resulting discretised geometry of the bar,
oming from the hot-rolling simulation system [23,24], is imported. As
hown in Fig. 5, the discretised geometry is extended from one quarter
o the whole section with 5881 discretisation nodes. Then, the bar’s
oundary is discretised on FLSs and positioned on the first position 𝑝1
nside the closed loop, as shown in Fig. 3. With one bar on the cooling
ed, the view factor matrix 𝑭 is computed as described in Section 3.1.
he initial temperature of the bar 𝑇𝑏𝑎𝑟,0 (at 𝑡 = 0 on 𝑝1) is assumed to
e constant over the cross-section.

Temperatures of the heat shield 𝑇𝑝𝑙 and the surroundings 𝑇𝑠𝑢𝑟 are
onstant over time. They are used only to determine the radiative heat
luxes. With temperatures and view factor matrix, the heat fluxes 𝑞 are
omputed, where parameters presented in Table 1 are used. Diffusion
n the bar is then solved until time 𝑡𝑝 is reached, where during time
arching, the heat fluxes 𝑞 are updated based on the temperature so-

ution. After that, the bar is moved to 𝑝2, and a new bar is positioned on
1. With 2 bars in the system, a new 𝑭 is computed. Initial temperatures
re now 𝑇 (𝒓, 𝑡0, 𝑝1) = 𝑇𝑏𝑎𝑟,0 and 𝑇 (𝒓, 𝑡0, 𝑝2) = 𝑇 (𝒓, 𝑡𝑝, 𝑝1), where the
ransport time between positions is neglected. From here, again, 𝑞 is
etermined, and the simulation runs until 𝑡𝑝, now with 2 bars cooling.
hen, 2 bars are moved forward, a new one comes in, and the process
epeats. This process continues until the temperature profile of the bar
hat entered the cooling bench first is computed at the final position
𝑛. Then, a bar on 𝑝𝑛 is removed from the system, the rest is moved
orward, and a new one comes to 𝑝1. Then, the simulation runs again,
nd the process repeats until the temperature difference 𝛥𝑇 between
wo cycles, in the centre of the bar on 𝑝𝑛, is less than 𝛥𝑇𝑚𝑎𝑥. This
imulation procedure results in a quasi-steady state solution.

The resulting temperature solution is position (stage) dependent
(𝒓, 𝑡𝑗 , 𝑝𝑖), 𝑡𝑗 ∈

[

0, 𝑡𝑝
]

, 𝑖 = 1,… , 𝑛. For use in the mechanical simula-
ion on one bar only, it is transformed to 𝑇 (𝒓, 𝑡𝑗 ), 𝑡𝑗 ∈

[

0, 𝑡𝑝 𝑛
]

. This
emperature history is then incrementally applied as external thermal
oad in the mechanical simulation. To successfully resolve the nonlinear
echanical problem, a denser node arrangement with 13152 nodes

s employed where the temperature is interpolated. The mechanical
334
Fig. 4. Simulation procedure of thermal problem.

model is spatially discretised with the Hybrid RBF-FD [18], as described
in Part 1. The finite difference stencil size is set as 𝛼𝐷 ℎ = 0.5ℎ, and BCs
are evaluated for 𝛼𝑆 ℎ = 0.1ℎ away from the boundary in the opposite
direction of the outward-facing normals. The maximum residual in the
Newton–Raphson iteration process is set to 10−7.

The material parameters used are temperature dependent and are
updated after each time step in the thermal simulation and after each
load increment in the mechanical simulation. In this work, the material
parameters for a 46MnVS5 steel are used. Those are 𝑘(𝑇 ), 𝑐𝑝(𝑇 ), 𝜌(𝑇 ),
𝐸(𝑇 ), 𝜈(𝑇 ), and 𝛼(𝑇 ). For the chosen material, they were prepared with
the JMatPro software [25].

As mentioned, the effect of the distance between the cooling bed
and the heat shield 𝑝𝑦 and the distance between bars 𝑥𝑏𝑝 on the
thermo-mechanical response is studied. The study is performed for
three (𝑅1, 𝑅2, 𝑅3) different cases of the distance between bars where
values of 𝑥𝑏𝑝 are given in Table 2. To study the same time window,
where 𝑡𝑚𝑎𝑥 = 𝑡𝑝 𝑛, different times per stage 𝑡𝑝, and different maximum
number of stages 𝑛 is applied. Along with three 𝑥𝑏𝑝’s, another three
𝑃1, 𝑃2, 𝑃3) distances of the heat shield 𝑝𝑦 is studied, resulting in nine
ifferent cases.

The simulation procedure was executed using the same program-
ing language and performed on the same hardware platform as in
art 1.
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Table 1
Constants used in the thermal model.
𝜖𝑝𝑙 , 𝜖𝑏𝑎𝑟 , 𝜖𝑠𝑢𝑟

[

∕
]

𝜁𝑝𝑙 , 𝜁𝑏𝑎𝑟
[

∕
]

𝜁𝑠𝑢𝑟
[

∕
]

𝑇𝑝𝑙
[

◦C
]

𝑇𝑏𝑎𝑟,0
[

◦C
]

𝑇𝑠𝑢𝑟
[

◦C
]

ℎ [W/ m2K] 𝛥𝑇𝑚𝑎𝑥
[

◦C
]

0.8 0.2 0 300 900 20 20 0.5
Fig. 5. Rectangle bar cross-section (80 × 39 mm) discretised with 5881 nodes. Thick
nodes represent the input values from the hot-rolling simulation system [23,24].

Table 2
Cooling bed process parameters variation.

𝑥𝑏𝑝 [m] 𝑡𝑝[s] 𝑛[/] 𝑝𝑦 [m]

𝑅1 0.14 5 30 𝑃 1 0.3

𝑅2 0.28 10 15 𝑃 2 0.7

𝑅3 0.42 15 10 𝑃 3 1.3

Fig. 6. Example of a bar sectioning on FLSs with 𝜅 = 20.

5. Results of a thermo-mechanical response

5.1. Performance of the view factors computation

In order to observe the computational efficiency and accuracy of
determining 𝑭 = 𝐹𝑖𝑗 , we first look at the simplified case with only 3
bars in the system positioned on 𝑝1, 𝑝2, 𝑝3 (see Fig. 2). We can assume
that the middle bar on 𝑝2 experiences typical radiative conditions since
most of the bars in the system (assuming reflectivity is negligible) see
their neighbours only. For maximum effect, we set a small value in
𝑥𝑏𝑝 (same as 𝑃 1 case) and in 𝑝𝑦 (same as 𝑅1 case). FLSs on bars are
prescribed in a consecutive order, as shown in the example in Fig. 6.
The blue node is taken to be the first splitting node, and each 𝜅-th
boundary DN in the direction of the arrow becomes the subsequent
splitting node. In Fig. 6 𝜅 = 20.

The resulting 𝑭 of a system with 3 bars and 𝜅 = 20 is shown
in Fig. 7. Components within a purple rectangle, denoted as 𝐹𝑖𝑗 cor-
respond to the 𝐹𝑗→𝑖, where 𝑗 goes over the FLSs of the middle bar.

To show the performance in terms of the 𝑁𝑣𝑓 , we investigate the
relative error 𝑒2 defined as

𝑒2 =

√

√

√

√

∑

𝑖 |𝐹𝑖 22 − 𝐹𝑖 22|
2

∑

𝑖 |𝐹𝑖 22|
2

(7)

where 𝑗 = 22 represents the first FLS on the middle bar (first column in
𝐹𝑖𝑗). The reference solution 𝐹𝑖 22 is obtained with 𝑁𝑣𝑓 = 107. In Fig. 8
the 𝑒 convergence is presented. It can be seen that the convergence
335
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Fig. 7. 𝐹𝑖𝑗 for 3 bars in a closed system determined with 𝜅 = 20 and 𝑁𝑣𝑓 = 106.

Fig. 8. Convergence of 𝐹𝑖 22 computation with increasing 𝑁𝑣𝑓 .

rate follows 1∕
√

𝑁𝑣𝑓 , as expected for the Monte-Carlo integration
procedure [20].

To show that the FLSs that lay on the same straight line can be
grouped, the properties of the matrix 𝑮 = �̄� 𝑇 ⋅�̄� that show how similar
are the columns of �̂� to each other. Here �̄� represents �̂� centred in the
centroid as 𝐹𝑖𝑗 = 𝐹𝑖𝑗 − 𝑐𝑖 with 𝑐𝑖 =

∑

𝑗 𝐹𝑖𝑗∕𝑖𝑚𝑎𝑥. In Fig. 9, resulting
matrices of 𝑮 for different 𝜅s are presented. Observing 𝑮 with 𝜅 = 3
along the diagonal direction, one can identify four blocks, each having
similar values of 𝐺. The two smaller blocks correspond to the short
sides of the bar, while the two larger blocks correspond to the long
sides. Same value in 𝐺 within blocks represents a similar direction of
vectors (columns) of �̂� . Moving to larger 𝜅s it can be seen that these
blocks stay present in a similar structure. This shows that grouping of
FLSs, laying on the same straight lines, can be done without much of
an impact on 𝑭 .

To further explore the effect of grouping FLSs, temperature solutions
over field 𝑇 (𝒓, 𝑡), obtained with 𝜅 = 3 (105 FLSs) and optimised
discretisation presented in Fig. 3 (25 FLSs), are compared. Results are
computed with 3 bars in the system where these are first sequentially
added and moved and then left stationary without further movement
for a total of 𝑡𝑚𝑎𝑥 = 150 s. In Fig. 10(a), 𝑇 (𝒓, 𝑡 = 150 s) is shown,
obtained on the optimised discretisation. It can be seen that the solution
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Fig. 9. Matrix 𝐺𝑖𝑗 for different values of 𝜅.
Fig. 10. 𝑇 (𝒓, 𝑡 = 150 s) solution obtained with optimised discretisation on FLSs (a), error between solutions obtained with optimised discretisation and with fixed lengths where
𝜅 = 3 (b).
is smooth and slightly tilted due to the radiative effect. In Fig. 10(b),
the error over field, defined as 𝑒2,𝑖 = |𝑇𝑖 − �̂�𝑖|∕|�̂�𝑖|, where 𝑖 ∈ {1, 𝑁},
and �̂� is obtained with 𝜅 = 3, is shown. It can be seen that the largest
values are at the long sides of the bar where the discretisation is coarse,
but overall, the 𝑒2,𝑖 is relatively small, within a range of ∼10−4. This
suggests that the optimised grouping of FLSs does not significantly
compromise the overall accuracy of the thermal model.

5.2. Thermal response

In Fig. 11, the minimum value of temperature in the bar for the
𝑃 1𝑅1 case (𝑇𝑃1𝑅1) and the differences to other cases 𝑇𝑑𝑖𝑓𝑓 = 𝑇𝑃1𝑅1 −
𝑇𝑃 𝑖𝑅𝑖 are plotted over time. Due to the heat shield being positioned
at its lowest point and the bars being closely spaced in the 𝑃1𝑅1
case, the cooling rate is the lowest. A significant temperature drop is
observed initially because of the constant temperature 𝑇0 at time zero.
The temperature profile eventually becomes linear and drops a bit more
at the end when the bar reaches the final position 𝑝𝑛. Cooling is here
more significant because the bar is not positioned between 2 bars but
has only one neighbour, like on 𝑝1. Comparing results with 𝑃 2𝑅1 and
𝑃 3𝑅1, a slight difference can be seen (<1 ◦C) that slowly increases up
to 𝑡𝑜𝑢𝑡 and then stays constant for 𝑃 2𝑅1 and reduces a bit for 𝑃3𝑅1.
The time 𝑡𝑜𝑢𝑡 indicates when the bars are no longer located beneath the
heat shield.

The difference between 𝑅1, 𝑅2 and 𝑅3 is up to 𝑡𝑝(𝑅1) negligible.
As the bar in 𝑅1 advances on 𝑝2, its cooling rate slows down due to
the presence of the left and right neighbouring bars, while in 𝑅2 and
𝑅3, bars remain in 𝑝1 and continue to cool at a faster rate, causing
the difference to increase. Once the bars in 𝑅2 and 𝑅3 also reach 𝑝2,
the difference decreases because the cooling rate decreases due to the
left and right neighbours. From here on, the difference increases and
has a steeper slope in 𝑅3 where the spacing 𝑥𝑏𝑝 is larger, meaning the
bars have less effect on each other regarding radiative heat flux. After
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Fig. 11. The minimum temperature inside the bar for the 𝑃1𝑅1 case and the difference
with other cases over time.

𝑡𝑜𝑢𝑡, the slope of the difference starts to decrease. When bars in 𝑅2 and
𝑅3 reach 𝑝𝑛, the difference increases because the bars have only a left
neighbour, and the bar in 𝑅1 at that time did not yet reach 𝑝𝑛. When 𝑅1
reaches 𝑝𝑛, the difference decreases since 𝑅1 also starts to cool faster.
The results between 𝑃 1, 𝑃2 and 𝑃3 are not changing much. The cooling
rate is highest in 𝑃 3, where the distance to the heat shield is the largest.
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Fig. 12. Temperature solution over the field at 𝑡𝑚𝑎𝑥 for all cases.
i

Effectively comparing results, the maximum difference between
1𝑅1 and 𝑃1𝑅2 is ∼ 9 ◦C within the observed time frame. Increasing

pace from 𝑥𝑏𝑝 (𝑅2) to 𝑥𝑏𝑝 (𝑅3) changes the results for only ∼2 ◦C. Also,
changing the heat shield position changes the result for a maximum ∼2
◦C.

Fig. 12 shows the temperature solution over the field at 𝑡 = 𝑡𝑚𝑎𝑥
for all cases. It can be seen that the temperature is not symmetric due
to non-uniform heat flux. In all cases, the right side is colder than the
left side of the bar. This occurs since the right neighbouring bars are
colder, so a larger heat flux is present on the right side. As previously
shown, the impact of increasing the space between bars 𝑥𝑏𝑝 (see from
left to right) is more significant than increasing the distance to the heat
shield 𝑝𝑦 (see from top to bottom).

To investigate the asymmetry of the solution in detail, we introduce
a measure of the averaged difference over the 𝑥 and 𝑦 axes

�̄�𝑥 = 1
𝑛𝑥𝑝

𝑛𝑥𝑝
∑

𝑖=1
(𝑇𝑖 − 𝑇𝒳 (𝑖)), �̄�𝑦 =

1
𝑛𝑦𝑝

𝑛𝑦𝑝
∑

𝑖=1
(𝑇𝑖 − 𝑇𝒴 (𝑖)), (8)

where 𝑖 runs over 𝑛𝑥𝑝 or 𝑛𝑦𝑝 nodes for which 𝑥 > 0 or 𝑦 > 0 (assuming
the geometry is centred at (0, 0) as shown in Fig. 5). Mapping 𝒳 (𝑖)
provides an index of the node with a negative 𝑥 value; similarly, 𝒴 (𝑖)
provides an index of the node with a negative 𝑦 value.

In Fig. 13, averaged differences over the axes are shown in time.
bserving �̄�𝑥, one can see that the curve is positive in the beginning

since greater heat flux is present on the boundary with 𝑥 < 0 and on
average right side 𝑥 > 0 is hotter. After 𝑡𝑝, when the bar is moved on
𝑝2, values become negative since greater heat flux is present on 𝑥 > 0
side, and the right side is colder. After 𝑡𝑜𝑢𝑡, when bars are not under
the heat shield any more, the heat flux increases, especially on the top
and the left side of the bars. This affects most of the 𝑃1 cases. It can be
seen (especially for 𝑃1) that �̄�𝑥 starts to increase after 𝑡𝑜𝑢𝑡. When bars
reach the last position 𝑝𝑛, the greater heat flux from the right side has
a dominant effect. This results in an even colder right side. In terms of
�̄�𝑦, the effect of the heat shield is seen up to 𝑡𝑜𝑢𝑡. The top side is hotter
than the bottom side in all cases. After 𝑡𝑜𝑢𝑡, asymmetry in 𝑦 starts to
decrease and even goes to the negative side at the last stage 𝑝𝑛, since
the top half becomes cooler due to the absence of the right neighbour.
Effectively, averaged differences do not change for more than ∼ 2.5◦C.

5.3. Mechanical response

The displacement field that is consistent with the definition of the
longitudinal strain 𝜀 also includes dependency in the 𝑧-axis and is
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𝑧𝑧
defined as

𝒖(𝑥, 𝑦, 𝑧) =
⎛

⎜

⎜

⎝

𝑢𝑥(𝑥, 𝑦) + 𝑢𝑥(𝑧)
𝑢𝑦(𝑥, 𝑦) + 𝑢𝑦(𝑧)

𝑢𝑧(𝑧)

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝑢𝑥(𝑥, 𝑦) − 𝑎 𝑧2∕2
𝑢𝑦(𝑥, 𝑦) − 𝑏 𝑧2∕2
(𝑎𝑥 + 𝑏𝑦 + 𝑐) 𝑧

⎞

⎟

⎟

⎠

. (9)

Using this expression when deriving strain tensor by definition 𝜺 =
1
2

(

∇𝒖 + ∇𝒖⊤
)

, linear longitudinal strain 𝜀𝑧𝑧 = 𝑎𝑥+𝑏𝑦+𝑐 is also obtained.
Assuming a finite length of a bar, 𝐿 = 40 m, the deflection at the ends
s expressed as 𝑢𝑥(𝑧 = 𝐿∕2) and 𝑢𝑦(𝑧 = 𝐿∕2). In Fig. 14, deflections in

the 𝑥 (left) and 𝑦 (right) axes are shown in time.
One can see that the deflection trend is the same as the temperature

averaged difference but with the opposite sign since a bar tends to bend
in the direction of lower temperature. A comparison between cases
shows that the 𝑃1𝑅1 case, with the most asymmetric cooling, expe-
riences the most changes and reaches extreme values during cooling.
On the other hand, the 𝑃 3𝑅3 case, which has the most homogeneous
cooling, is prone to smoother transition and reaches the lowest values.
Larger maximum deflections are obtained in the 𝑦-direction since the
2nd moment of the area around the 𝑥-axis is smaller than around
the 𝑦-axis. The maximum size of deflections is 𝑢𝑥,𝑚𝑎𝑥 ∼ 0.130 m, and
𝑢𝑦,𝑚𝑎𝑥 ∼ −0.3 m. It should be noted that, in reality, contact with the
cooling bed and a self-weight of the bar can have a significant impact
on the final deflection size.

Figs. 15 and 16 show field values of von Mises stress and ac-
cumulated plastic strain at time 𝑡𝑚𝑎𝑥, respectively. Due to the high-
temperature gradients at the beginning of the cooling, the outer layer
of the bar tends to shrink, but the inside material prevents this from
occurring. Consequently, tensile stresses are induced on the boundary
and compressive ones inside. Since initial yield stresses are low at
high temperatures, the material yields. This happens at first on the
boundary, where gradients are high. Later, when compressive stresses
inside the bar become high enough and temperatures are still high,
plastic strain is induced at the centre and expands in a radial direction.
This distribution of accumulated plastic strain can be seen in Fig. 16
at 𝑡 = 𝑡𝑚𝑎𝑥 and is similar to the one presented in the benchmark test
in Part 1. In Fig. 17 (right), where maximum values of �̄�𝑝 over time
are shown, one can see that no change happens after ∼20 s. At this
point, yielding stops since the yield curve is growing with decreasing
temperature at a higher rate as thermal stresses are induced. Maximum
values at ∼10 s are located on the boundary and later at the centre of
the bar. Small changes between cases are observed where the maximum

−5
difference between 𝑃 1𝑅1 and 𝑃3𝑅3 equals ∼7 ⋅10 .
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Fig. 13. Temperature averaged differences over the 𝑥-axis (a) and the 𝑦-axis (b) in time.
Fig. 14. Deflection in 𝑥 (a) and 𝑦 (b) axes over time at the bar ends; 𝐿∕2 = 20 m.
i
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The von Mises stresses, shown in Fig. 15, evolve over the whole time
frame and reach maximum values in the upper-right corner where the
bar is coldest. The distribution of 𝜎𝑣𝑚 has more of a diagonal symmetry
due to the final (Fig. 12) and history of temperature distributions. The
time dependence of maximum 𝜎𝑣𝑚 is shown in Fig. 17 (left), where it
can be seen that 𝜎𝑣𝑚 is increasing until ∼35 s for 𝑅1 cases and until ∼45
s for 𝑅2 and 𝑅3 cases due to the increasing difference in temperature
between the boundary and centre. Later, this difference decreases, and
the temperature profile slowly flattens, so the stresses also decrease. At
the last stage 𝑝𝑛, where increased cooling is present on the right side of
the bar, the temperature difference increases and consequently also 𝜎𝑣𝑚.
The maximum value of 𝜎𝑣𝑚 obtained equals ∼35 MPa. A similar range
solution (∼25 MPa) was observed in the study of [7] where the cooling
of the rectangle was validated with experiment. They also showed that
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the difference between a full 3D model and a 2D generalised plane
strain approach can be, in terms of effective stress, around 15%. Small
changes can be observed when comparing results with different heat
shield positioning (𝑃 1, 𝑃 2 and 𝑃 3). Higher values of 𝜎𝑣𝑚 are obtained
n cases with bigger spacing between bars since more considerable
emperature differences are present over the domain. The maximum
ifference between 𝑅1 and 𝑅3 cases equals ∼5 MPa.

In Fig. 18, the initial and final shape of the bar is shown for 𝑃1𝑅1,
2𝑅2, and 𝑃 3𝑅3 cases. Other cases with different 𝑃 s are not present

ince they are very similar to the one presented. The initial shape is
hrunk by a factor of 2 for a clear presentation of the results. Deformed
ontours are obtained by applying displacement field values, multiplied
y 300, onto the initial geometry.

As expected, the deformed bar has a bulged shape contour. Due to
he temperature distribution, it is slightly tilted to the left.
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Fig. 15. Von Mises stress solution over the field at 𝑡𝑚𝑎𝑥 for all cases.
Fig. 16. Accumulated plastic strain solution over the field at 𝑡𝑚𝑎𝑥 for all cases.
6. Conclusions

In this work, the capabilities of the RBF-FD method for solving
a complex industrially relevant thermo-mechanical process of cooling
steel bars on the cooling bed are demonstrated.

The study investigated the heat shield positioning 𝑝𝑦 and the dis-
tance between bars 𝑥𝑏𝑝 regarding the impact on the thermo-mechanical
response inside bars. For the first time, view factors are included in
RBF-FD thermal model for radiative heat fluxes computation. Numer-
ical parameters used to successfully resolve the presented benchmark
in Part 1 were employed in the simulation system to model steel bars’
cooling.

It was found that 𝑥𝑏𝑝 has a major effect on the cooling rate, where
doubling the 𝑥𝑏𝑝 resulted in ∼9 ◦C difference in the lowest temperature
at the end of the observed time frame. Interestingly, tripling 𝑥𝑏𝑝,
resulted only in an additional ∼2 ◦C difference. The same maximum
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difference was observed with changing 𝑝𝑦. The temperature distribution
was found to be asymmetric over the axes due to non-homogeneous
heat fluxes. The most asymmetric case was the one with the smallest
𝑥𝑏𝑝 and 𝑝𝑦, since surrounding objects are at the closest distance. The
average temperature difference above the axes stays below 3 ◦C.

It turns out that the evolution of the averaged temperature dif-
ference has exactly the same trend as a bar deflection but with the
opposite sign. The maximum deflection obtained on a bar with 𝐿 =
40 m is ∼ 0.3 m. The resulting stress field follows the temperature
distribution, where due to high-temperature gradients at the start, all
of the plastic deformations occur in the initial cooling stages. Again, a
small impact of 𝑝𝑦 is observed on solution fields. Maximum von Mises
stress is ∼35 MPa, which was obtained on a case with the largest 𝑥𝑏𝑝.
The difference to the case with the smallest 𝑥𝑏𝑝 is only ∼5 MPa. Small
values of plastic strains are observed ∼0.0033.

With this study, we have successfully demonstrated that a combi-
nation of RBF-FD method (thermal part) and hybrid RBF-FD method
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Fig. 17. Maximum values of von Mises stress 𝜎𝑣𝑚 (a) and accumulated plastic strain �̄�𝑝 (b) over time.
Fig. 18. Contours of initial and final-deformed bars shapes.

mechanical part) is suitable for analysing the thermo-mechanical re-
ponse of steel bars on the cooling bed. The proposed method can
e applied to optimise the process parameters to obtain the desired
emperature, strain, and stress distributions. Also, an input solution
ield for modelling the straightening process can be generated. The
urrent 2D model can capture only linear axial strains with no self-
eight included and no contact with the cooling bed. In future work,
e will study bars with different cross-sections that are more prone

o bending and residual stress formation. Different orientations of bars
nd the situations where more than one bar is positioned on the same
tage, one on top of the other, which is also being used in the industry,
ill be investigated. The self-load, expected to impact bending, will
e included. The presented model will be next calibrated and validated
ith the measurements of temperature, deflection, and residual stresses
nd strains. The present paper demonstrates the industrial use of the
eshless method in an area where the finite element method was

xclusively dominated.
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