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1. Introduction

Let A = {z € C;|z| < 1} be the open unit disc in the complex plane C and let 0A = {{ € C;[¢] = 1} be
the unit circle. Let L be a closed arc on A, let L denote its interior with respect to OA, and let a : L — A
be a smooth function.

Recall that the interior Int(vy) of a Jordan curve v C C is the bounded component of C \ 7. We orient
positively with respect to Int(v). Jordan curve v C C is starshaped with respect to 0, if for any point w in
the interior of 7 the line segment which connects points 0 and w lies in the interior of v, and it is strongly
starshaped with respect to 0, [12], if there exists a positive continuous function R on the unit circle such
that
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y=JweCilul=R( (1)
|w]

and

tui(y) = {u e €\ (oiful < 2 () o) @)

|w]

Let {'Yf}gea NV be a smooth family of smooth Jordan curves in C which all contain point 0 in their
interiors. In this paper we study the existence and properties of holomorphic solutions of the nonlinear
mixed Riemann-Hilbert problem, that is, the Cherepanov boundary value problem with simply connected
fibers. The problem asks for a continuous function f on A, holomorphic on A, such that

Re(a(§)f(£)) =0 for £ € L (3)

and

F(€) € ye for € € DA\ L. (4)

That is, f solves a linear Riemann-Hilbert problem on L and a nonlinear Riemann-Hilbert problem with
simply connected fibers on 0A \ L. See also [1,2,13,14].

The problem with circular fibers 7¢ and L a finite union of disjoint arcs was considered by Obnosov and
Zulkarnyaev in [14], and by the author in [5]. The structure of the family of solutions of problem (3)-(4)
is well known in the cases where either L = A or L = (). If L = OA, we consider a homogeneous linear
Riemann-Hilbert problem. In this case the essential information on the problem is given by the winding
number W(a) of function a. It is well known [10,17,18] that if the winding number W (a) is nonnegative,
the space of solutions of (3) is a vector subspace of A*(A), 0 < a < 1, of real dimension 2W (a) + 1.

Remark 1.1. The linear Riemann-Hilbert problem can also be considered in the case of a nonorientable line
bundle over DA, that is, in the case where at some point & € dA we have a(§;) = —a(&f). Then the
winding number of function a? or the Maslov index of the problem is an odd integer. In this case it holds
that if W(a?) > —1, or, with a little bit of abuse of notation, if W(a) > —1, then the space of solutions of
(3) is a vector subspace of A%(A) of real dimension 2W (a) + 1, see [3,4,15,18].

If L is empty, we have a nonlinear Riemann-Hilbert problem with smooth simply connected fibers which
all contain 0 in their interiors. This problem was considered and solved in [8,16-18]. In particular, it was
proved that the family of solutions with exactly m zeros on A, m € N U {0}, forms a manifold in space
A%(A) of dimension 2m + 1, and this manifold is compact if and only if m = 0. We assume from now on
that neither L = () nor L = 0A.

Theorem 1.2. Let k > 3. Let a : L — C \ {0} be a C**! function and let {veteconri be a C* family of
Jordan curves in C which all contain point 0 in their interiors. Let w1 and w_1 be the first and the last
point of arc L with respect to the positive orientation of OA. Let Jordan curves v,,;, j = %1, be strongly
starshaped with respect to 0 and such that for each w € 7, the angle between w and the normal to v,
at w is less than {5. Let w;, j = %1, be the intersection of ., and the line Re(a(w;j)w) = 0 of the form
A(—ia(wj)), A > 0, and let wf3; be the oriented angle of intersection of the line Re(a(w;)w) = 0 with the

fiber 7y, at point w;, where $1 € (0,1) and 31 € (=1,0). Let

0 < B <min{B1,1— B, |B-1],1—|B-1]}. (5)
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Then there exists a unique f € AP(A) with no zeros on A which solves (3)-(}) for which f(wi) = wy and
flw_1) =w_1.

Remark 1.3. Here 51 > 0, if the tangent vector —ia(w;) to Re(a(wi)w) = 0 is rotated counterclockwise by
angle mf3; to get a positive tangent vector to v,, at point wy, and S_; < 0, if a positive tangent vector to
Yw_, at w_q is rotated clockwise by angle 7|51| to get tangent vector —ia(w_1) to Re(a(w_1)w) = 0.

1

Remark 1.4. Observe that conditions in Theorem 1.2 imply [|3;] — 3| < 75,

7 = %1, and hence one could
choose = %

Remark 1.5. In the cases considered in [5,14] all boundary curves were circles with center at point 0. Hence
1B;] = %, j = +1, and the maximal regularity we got was 8 < %

Corollary 1.6. Let ay,...,a, € A be a finite set of points with given multiplicities. Then under the assump-
tions of Theorem 1.2 there exists B € (0,1) and f € AP(A) which has zeros exactly at points ay,. .., a, € A
with the given multiplicites and which solves (3)-(4).

2. Function spaces, Hilbert transform and defining functions

Let 0 < a < 1 and let G C C be a compact subset. We denote by C*(G) the algebra over C of Holder
continuous complex functions on G and by CR(G) the algebra over R of real Holder continuous functions
on G. Using the norm

[ flla = Izneaé( |f(2)] + sup M

z,wEG  zFAw |Z - w‘a (6)
the algebras C%(G) and C§(G) become Banach algebras. For G = A or G = 9A and k € N U {0} we also
define spaces C*%(@G) and C’HIQ’Q(G) of k times continuously differentiable functions on G, whose all k-th
derivatives belong to space C“(G) or space CR(G).

We also need some algebras of holomorphic functions on A. By A(A) we denote the disc algebra, that is,
the algebra of continuous functions on A which are holomorphic on A, and by A%(A) = A(A)NC(A) the
algebra of Holder continuous functions on the closed disc which are holomorphic on A. Using appropriate
norms, that is, the maximum norm | - || for A(A) and the Holder norm || - ||, for A%*(A), these algebras
become Banach algebras. Similarly we define A¥*(A) = A(A)NC**(A) (k€ NU{0},0<a<1).

Recall that Hilbert transform H assigns to a real function u on A a real function Hu on 0A such that
the harmonic extension of f = u + i Hu to A is holomorphic on A and real at 0. It is known that H is
a bounded linear operator on CE’“(@A) (k e NU{0},0 < a < 1), [18, §1.6.11], and hence the harmonic
extension of f = u 44 Hu to A belongs to A*(A). Also, [18, §1.6.11], the Hilbert transform is a bounded
linear operator on the Sobolev space WI’f (0A) of k times generalized differentiable functions with derivatives
in LP(0A) (k € NU{0},1 < p < 00) equipped with the norm

p

k
I lws = [ D_IDfllp | (7)
§=0

Recall, [18, §1.6.14], that if 9A = T} U T is a partition of JA in two subarcs Ty and T and if Ty C T}
is a compactly contained subarc of T, then for k € N U {0}, 1 < p < 00, 0 < o < 1 there exists a constant
C = C(k,p, ) such that
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[Hullwr ) < CUlullwe ) + lullr ) (8)
and
| Hullcr.a(ryy < Cl|ullereryy + llullzrm))- 9)
We will also need compact embedding result, [18, §1.1.8],
1 B
W, (0A) — CP(0A) — C*(0A) (10)

for0<a<fB<1- %, 1 < p < oo, which holds on arcs in 0A as well.
Since L # OA we can extend a to OA as a nowhere zero function of class C**! so that the winding
number W (a) = 0. Therefore, [18, p. 25], we can write @ in the form

a=re" (11)

where r > 0 is a positive C** function on JA and h € A¥*(A). Thus the original problem (3)-(4) is
equivalent to the problem

Im(f.(§)) =0 for (€L (12)
and
f(€) €7¢ for £ €DANL, (13)

where f, = ie f and Ve = ieh(f)'yg. Observe that the number of zeros of f. and f are the same and that 0
belongs to the interiors of all curves vf, { € A \ L. Also, since for each & € A the transformation

w —s ie"Ew (14)

is a composition of a dilation and a rotation, the angle conditions from Theorem 1.2 stay the same.

Using a holomorphic automorphism of the unit disc we may even assume that L = {¢ € 9A;Im(¢) < 0}
is the lower semicircle. From now on we will consider problem (12)-(13) with the addition that L is the
lower semicircle and instead of f. and {v{}¢con\; we will still write f and {ve}ecpnyi-

Remark 2.1. One can also create the ‘double’ of the boundary value problem. Using a biholomorphism one
can replace the unit disc A with the upper half-disk AL = {¢ € A;Im(&) > 0} and L by the interval [—1,1].

By the reflection principle we see that problem (12)-(13) is equivalent to the nonlinear Riemann-Hilbert
problem on A, where the boundary curves {75}56 DAL \i are symmetrically extended and defined on the
lower semicircle so that we have

Ye =V (15)

for every & € 9A\ {1, —1}. In general this symmetrical extension of Jordan curves {~¢} ccon,\i to the lower
semicircle produces boundary data which are not continuous at points 1 and —1. Because the biholomor-
phism from A to the upper semidisc is in Az (A), we get that the regularity of solutions of (12)-(13) is in
general a half of the regularity of solutions of the symmetrical Riemann-Hilbert problem.

We will consider smooth families of smooth Jordan curves {y¢}¢cp avi in €. Let k € N. The family
of Jordan curves {ve}ecpnj is a C* family parametrized by ¢ € OA \ L if there exists a function p €
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Ck((OA\ L) x C) such that

Ve = {w € (C;p(ng) = O} and Int(')/f) = {w € C;p({,w) < O}a (16)

and the gradient g—g(g, w) = pz(&,w) # 0 for every £ € 8A\i and w € ye. We call p a defining function for
C* family of Jordan curves {re} TINVAE We will consider only bounded families of Jordan curves which all
lie in some fixed disc A(0, R), R > 0, and the space C*((dA\ L) x A(0, R)) is equipped with the standard
C* norm.

Since we assume that 1y are strongly starshaped Jordan curves, we also assume that for p, the defining
function for Jordan curves {ve}ecpay j, and j = 1 we have

pliv) = Juf - 1 () (17)

|w

for some positive C* functions R;(z) on C.

Using parametrization 6 +— e of the unit circle we will also use the notation vy, p(#,w) and pe (6, w)
instead of 7, p(§,w) and pe (€, w). Also, for a function h on 9A, we will write either h(§) or h(6), where
¢ = €%, Observe that if  is holomorphic on A with well defined derivative on 9A, then 22(0) = i&h/(€) for
E=¢e",

Remark 2.2. The reflection principle and the symmetric extension to the lower semicircle mentioned in
Remark 2.1 is in terms of defining function p given as

p(§,w) = p(&, ) (18)
for every £ € A\ {1,—1} and every w € C.

3. Regularity of solutions

In this section we prove regularity of continuous solutions of a specific form of problem (12)-(13), where
the defining function p € C*((A\ L) x C) (k > 3).

Let f € A(A) be a solution of (12)-(13). It is well known [6-8,18] that f restricted to OA \ {—1,1} is
in C*~Le for any 0 < a < 1. Hence we need information on the regularity of f near points £ = 1. For
Jj = %1 we denote f(j) =w; € RN~;.

Using Mobius transformation from the unit disc A to the upper half-plane H = {z € C;Im(z) > 0} we
consider the case where f is bounded and continuous on H and holomorphic on H. Also, point & = 1 is
mapped into ¢ = 0 and point £ = —1 into co. Now f solves the problem

Im(f(t)) =0fort <0 (19)
and
f(t) €y for t > 0. (20)
Also, using translation, we will assume that f(0) =0 € R N~.
Let 761 (81 € (—1,1) \ {0}) be the oriented angle of intersection of the real axis Im(w) = 0 and 7, at

w = f(0) = 0. The orientation of the real axis is positive with respect to the upper half-plane and the
orientation of 7 is positive with respect to the interior of ~y. Hence 81 > 0, if the tangent vector to the
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real axis is rotated counterclockwise by angle w31 to get a tangent vector to 7y at point 0, and 81 < 0, if
the tangent vector to the real axis is rotated clockwise by angle 7|31] to get a tangent vector to 7o at 0.
The defining function p can near (0,0) for ¢ > 0 be written as

1
p(t,w) = p(0,0) + p:(0,0)t + 2Re(pw (0, 0)w) + §ptt (0, 0)t2+ (21)
+pwﬁ(0a0)|w|2 +R’e(p’ww(0a0)w2 +th(070)tw) + t2 + |w|2g(t7w)7 (22)

where g € C1(R x C) such that g(0,0) = ¢g:(0,0) = g, (0,0) = g(0,0) = 0.
Recall that p(0,0) = 0 and that pz(0,0) represents an outer normal to v at point w = 0. So we have

pw(0,0) = —ixe™ (23)
for some real A > 0. We may assume \ = %
Because
Re(ie” ™1 w) = —Im(e”"™1) = Im (eI ) (24)
we have
p(t,w) = At + Im(e™ =Py + Bt? + Clw|*+ (25)
+ Re(Dw?) + t Re(Ew) + v/t + |w|? g(t, w) (26)

for some A, B,C € R and D,E € C.
Let us assume that we have a solution f of the problem (19)-(20) of the form

f(t) = K1), (27)

where & is bounded and continuous on #, holomorphic on H, and 0 < s < 1 to be determined.
For t < 0 we have t = (—1)|¢| and from (19) we get

Im(e™k(t)) = —Im(e™ M+ k(1)) = 0. (28)
On the other hand for £ > 0 we have
ot °(5)) = AP 4 Tm(e ™I R(0)) £ B 4 OF (1) P+ (29)
+t°Re(Dk(t)?) + tRe(Ek(t)) + V12725 + |k(t)|2 g(t, t°k(t)) = 0. (30)
We choose 0 < s < 1 so that s solves boundary value problem with continuous boundary data. That is, we
choose s =1— (1, if 51 >0, and s = —f; = |A1], if 51 <O.
Thus & solves the following Riemann-Hilbert problem
Im(e™=Pgk()) =0 for t <0 (31)
and
p(t,k(t)) =0 for ¢t >0, (32)

where, if 8, > 0,
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pt,w) = AtPr 4 Tm (eI Pw) + B 4 Ot =P jw|?+ (33)
+ t17P1Re(Dw?) + tRe(Ew) + \/mmt,tl_ﬂlw), (34)

and, if 51 <0,
plt,w) = Al =18l 4 Im(ein(lfﬁl)w) + Bl C’t|51||w|2+ (35)

+ tA1Re(Dw?) + tRe(Ew) + 1/t2=281] 4 |w|2 g(t, t1#11w). (36)

For such choice of s are the defining function for problem (31)-(32)

plt,w) = &p(t, t*w); t>0,weC
t t 37
(t,w) — { Im(e*(=Fy); t < 0,w e C (37)
and its partial w-derivative
Pw(t,w) = pyp(t,t°w); t>0,weC
(t,'l,U) — { %eiﬂ'(lfﬂl); n S O,w c C (38)

continuous on R x C.

On the other hand, the partial derivative of defining function (37) with respect to the ¢ variable is not
continuous at t = 0, but, as we will see, it still has certain LP regularity properties, which will imply
regularity conditions on k and f.

We know that  is C*~1® on R\ {0} and we can differentiate (31)-(32) on R\ {0} to get

Im (™A g/ (£)) = 0 for t < 0 (39)
and
pi(t, k() + 2Re(py (t, 5(t))k'(t)) = 0 for t > 0. (40)
For t > 0 and B; > 0 we have
pe(t,w) = AB1tP ™ + B(1+ Bt + (1 — B1)Ct =P |w|*+ (41)
By 21
+(1 = A1)t P Re(Dw?) 4+ Re(Bw) + ————— g(t, ' 1)+ (42)
/1251 + [w]?
+4/1281 4 w2 (g¢ (¢, 1 7P w) + 2Re(gu (t, 1P w) (1 — 1)t Prw)) (43)
and for ¢ > 0 and 3; < 0 we have
pr(t,w) = AL — |Gt 1P 4+ B2 — |8 )t 18] 4 |5y | Ot w2 (44)
_ 12|61
+81[t151 1= Re(Dw?) 4 Re(EBw) + 1At (t, tVP1lw)+ (45)

V2B ) g
/1272811 4 w2 (g4 (¢, 171 w) 4 2Re (g (¢, £ 1w) | B t151 11 w)). (46)

The t-derivative of defining function (37) is 0 for ¢ < 0.
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Since 1 € (—1,1) \ {0} and & is bounded, we have that p;(¢, x(t)) is in L¥ (R) for

1 1
1<p<m1n{|61,1_|ﬁ1|}. (47)

A similar argument can be used for point £ = —1 € 9A. Let 781 (f-1 € (—1,1) \ {0}) be the orientied
angle of intersection of v_; and the real axis Im(w) = 0 at point f(—1). Now S_; is positive, if a positive
tangent vector to y_1 at f(—1) is rotated counterclockwise to get a positive tangent vector to the real axis
and negative otherwise. For j = +1 we define 0; =1 — j;, if §; € (0,1), and 0; = |5;|, if 5; € (—1,0).

To transfer our observations to the boundary value problem (12)-(13) on the unit disc, let ¥ € A2 (A) be
a biholomorphic map from A to the upper half-disc A, which maps the lower semicircle L on [—1, 1] so that
W(£1) = £1. Let F(z) = 22(3—2?). Then F(z) —1 = —1(z—1)*(z+2) and F(2)+1 = —3(z+1)?(z —2).
Hence function ¢(§) = F(¥(€)) is real on L, 1(41) = &1, and C! on JA.

Recall that w; is the positive intersection of «; and the real axis, j = +1. Now we consider only those
solutions f of the Cherepanov problem (12)-(13), which are of the form

1+4(8) 1—4(&)

FE = (=DM (E+ DR +un—— wa——p (48)
where k is in A(A).
We will define two (local) defining functions p; (&, w) for £ # —1 and p_1(§,w) for £ # 1. Let
_ -1 _ g+
Then Ty(—i) = T_1(—i) = —1, and T}, T—1 map the upper semicircle to the positive real axis and the lower
semicircle to the negative real axis. For j = +1 and Im(§) > 0 we define
_ 1 1 B 1+ (€ 1— (¢
piew) = e (6 € D e Dt Sy 222 (50)
and for Im(§) < 0 we set
~ im(1—0; 5_16154_16_1
p;(&,w) =Im (e @ ﬁf)( ;“j((f)‘sﬂ ) w) . (51)

As before one can check that p; and pj,, are continuous on 9A \ {—j}, j = £1. Since f solves the original
boundary value problem, we have that p; (£, x(€)) =0, j = £1.

Let x : A\ {—i} — [0,1] be a smooth function such that x(¢) = 1 for ¢ = €, -3 < 6 < Z, and
X(§) =0for & =€, 20 < < 3T,

We define a new (global) defining function as p(&, w) = x(&)p1 (&, w)+ (1 —x(€))p—1(&, w). Then p and py,
are well defined continuous function on (0A\ {—i}) x C. If 81, 5_1 have the same sign, then both functions
are also continuous at £ = —i, but if 51, 5_1 have the opposite signs, then

p(—i",w) = _5(_7;+»w) and py (=i, w) = _ﬁw(_i+’w)v (52)
which means that we have a nonorientable bundle as the boundary value data for k.

Now locally considered problem (39)-(40) for x(¢) and £’(t) becomes global boundary value problem for

k(0) and 25 (¢ = e'). Hence 25 solves the linear Riemann-Hilbert problem

2Re (ma nw»%) — (0, 5(6)), (53)
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where p,, (0, £(0)) is either a nonzero continuous function on A or

Pu(—i k(=) = —pu(—i", K(—1)) (54)

and py(0, k(0)) belongs to the appropriate LP(0A) space

1 1 1
1<”<mm{|61| 1—51|’61|’1—|51|}' (55)

Remark 3.1. In fact py(6, (0)) belongs to Lt _ for

loc

1< <m1n{ ! } (56)
P A

near £ =1 and to L

loe Dear & = —1 for

1 1
1§p<m1n{|61,1_|51|}. (57)

Let N be the winding number of function p,, (8, k(0)), that is, 2N is the Maslov index of the associated
linear Riemann-Hilbert problem. If p,, (0, k(#)) is a continuous function on A, Maslov index is an even
integer and hence N is an integer. On the other hand, if p,,(—i~, k(—%)) = —py(—iT, k(—1%)), Maslov index
is an odd integer and N is a half of an odd integer.

Let r(£) be the square root function, where we take the branch where C is cut along the negative
imaginary axis. Then function p,, (0, (6)) can be written in the form

Pu(0,5(0) = £~ Ve 1 (0), (58)

where u and v are real continuous functions on A, [18, p. 25]. In the case N = %2"’1, M € Z, is a half of
an odd integer, we define ¢V = §M (&), which corresponds to the sign changing of p,, at £ = —i. See also
[3,4,15]. Hence e belongs to L¥' (JA) for any p/ > 1, [18, p. 23] and thus

eii(v-‘riHU) (59)
belongs to LP (OA) for any p/ > 1.
Therefore
D
Re (gNez(ersz)a_";) — g ue—(HY) pe(9 K). (60)

We conclude that the right-hand side belongs to the same LP(0A) space as function pg(6, k). Since Hilbert
transform is bounded in LP(OA) spaces, 1 < p < oo, [18, p. 23], we get that 8“ is in LP(0A) for the same
set (55) of values of p as function py(6, k). Therefore x belongs to L1?(9A) for all such values of p and this
implies that x € C#(9A), [18, p. 10], where

0 < B <min{[f1],1 =[], [B-1], 1 = |B-1]}. (61)

Remark 3.2. Observe that regularity of k and f could also be expressed locally, that is, near j = +1 functions
x and f belong to Holder space C®, where 0 < 8 < min{|5;|,1 — |5;}.
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Proposition 3.3. Let k > 3. Let {7€}geaA\i be a C* family of Jordan curves in C. Let wj, j = £1, be an
intersection of v; and the real axis and let 75, B; € (—1,1) \ {0}, be the oriented angle of intersection of
v; with the real axis at point w;. Let

0 < B <min{|B1],1—[B1],[B-1],1 = [B-1]}- (62)
Then for every solution f of (12)-(13) of the form

F©) = (€~ D €+ D a(e) +an IO oy 120E)

where k € A(A), we have f,rk € AP(A).

Remark 3.4. Observe that in cases where f1,5-1 € (0,1), the regularity conditions we get for solutions
of the Cherepanov/mixed Riemann-Hilbert problem (3)-(4) are consistent with results on the regularity
of Riemann maps from the unit disc into simply connected domains bounded by Jordan curves which
satisfy so called wedge condition, [11]. If the defining function p is independent of ¢ and §; € (0,1), we get
(1 — B;)-regularity. The j;-regularity comes from &-dependence.

Similarly, the expected regularity and the ‘order’ of zeros of Riemann maps in the cases where 3; € (—1,0)
and which are ¢ independent, would be 14|83, but £&-dependence of the defining function p changes regularity
conditions.

On the other hand, results in [9] show that in the case of nontransversal intersection of the real axis
with either v, or v_; solutions might not be of the form (£ — 1)% k(&) or (¢ 4+ 1)°-1x(€) for some function
Kk € A(A).

4. Linear Cherepanov boundary value problem

In this section we consider the linear version of problem (12)-(13), that is, a linear Riemann-Hilbert
problem with piecewise continuous boundary data, [19, p. 169], and L the lower semicircle. First we consider
homogeneous linear problem with piecewise continuous boundary data

Im(f(¢))=0for { € L (64)

and

Re(B(€)f(€)) =0 for € € 9A\ L, (65)

where B is a complex nonzero function of class C’® on the upper semicircle. The regularity exponent 8 € (0, 1)
is bounded by conditions given in Proposition 3.3. We may assume without loss of generality that |B(£)| =1
for all £ € DA\ L.

Let nf1, f1 € (—=1,1) \ {0}, be the oriented angle of intersection of the real axis Im(w) = 0 and
Re(mw) = 0 at point 0, that is, B(1) = —ie!™P1. Similarly, let 75_1, 31 € (—=1,1)\ {0}, be the oriented
angle of intersection of Re(B(—1)w) = 0 and the real axis Im(w) = 0 at point 0, that is, B(—1) = —ie™""7-1.

We search for solutions f € A(A) of (64)-(65) of the form f(&) = (& — 1)%(¢ + 1)°-1x(¢) for some
k € AP(A). Recall that for j = +1 we defined §; = 1 — g;, if 3; € (0,1), and §; = |B;], if B; € (—1,0).
Hence we also have f € A%(A).

To define noninteger powers of (£ —1) and (£+41) we take appropriate branches of the complex logarithm.

For (£ —1)% the complex plane is cut along positive real numbers so that the argument of (¢ —1) for £ € A

lies on interval (%, 2F), and for (£ + 1)°-* the complex plane is cut along negative real numbers and the

argument of (£ + 1) for £ € OA lies on interval (-5, 5).
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An argument similar to the argument in Section 3 shows that x solves homogeneous linear Riemann-
Hilbert problem

Re(B()k(€)) = 0 for all € € JA, (66)

where B € CP(OD \ {1}) is defined as

[ E@ ()" () e >0

51 d_1 (67)
1 +1 :
+i (é 1|) (éJr—H> , if Im(§) <0
with the left and the right limits at £ = £1. The sign for Im(§) < 0 is chosen so that B is continuous at
—1, that is, we have plus sign, if f_; < 0, and minus sign, if 5_; > 0. At point £ = 1 function B might not
be continuous. In general we have B(11) = +B(17). See [19, p. 169-170] for more.
Each factor

€—1 €£+1

SR (68)

changes the argument by 7 when £ passes A once in the positive direction. Hence possible widing number
of B is either an integer (Maslov index of problem (66) is even) or a half of an odd integer (Maslov index

of problem (66) is odd).

Example 4.1. Consider the case B(e") = €% for § € [0,7]. In particular we have $; = f_; = 5. Then we
get

(69)

_1 -
=~ i (§)§2—14 , if0<f<m
_1 _
e 1T LT =T, if <6< 2m.

Hence the winding number W(B) = 0. Using identification of the boundary problem (64)-(65) with the
problem on the unit disc with reflected boundary conditions (15), this example corresponds to the lineariza-
tion of the boundary value problem, where all boundary curves are unit circles and we linearize at f(z) = z.

The family of (nearby) solutions which are real on the real axis is one-dimensional f,(z) = where

z—a
l—az’
€ (—1,1) is a real number.

Example 4.2. Consider the case B(e??) = 1 for 6 € [0, 7]. In particular we have f; = —f_; = % Then we
get

(70)

and the winding number W(B) = —3. Using identification of the boundary problem (64)-(65) with the
problem on the unit disc with reflected boundary conditions (15), this example corresponds to the lineariza-
tion of the problem where all boundary curves are unit circles and we linearize at function f(z) = 1. The
family of (nearby) solutions which are real on the real axis is zero-dimensional.

The dimension of the space of solutions in A®(A) depends on the winding number W (B) of function B.
It equals 2W(B) + 1 if W(B) = —3, see [18, p. 25, p. 59] and [3,4,15]. We define the winding number of

27

B e C*(OA\ L) as the winding number of B.
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Now we can solve appropriate nonhomogeneous linear Riemann-Hilbert problem with piecewise contin-
uous boundary data

Im(f(§))=0foreL (71)

and

Re(B(€)f(€)) = b(€) for £ € OA\ L, (72)

where B is as above and b a real function on A of the form

b(€) = |€ — 1€ + 1°1D(¢) (73)

for some function b € C’]g (0A) which equals 0 on L.
To solve (71)-(72) in the space of functions f € A?(D) of the form f(£) = (¢ — 1)%(€ + 1)9-1x(€) for
some k € AP(A) is equivalent to solve the problem

Re(B(£)k(€)) = b(¢) for all € € DA. (74)

It is well known that if W(B) = W (B) > —3, then the equation is solvable for any be Cﬂg (0A), see [18, p.
25, p. 59] and [3,4,15].

Remark 4.3. If the winding number W (B) = W(B) is an odd integer, the function on the right-hand side of
(74) needs to belong to a special space of Holder continuous real functions on 9A\ {1} of the form by (r(€)),
where (&) is the principal branch of the square root and by € qﬁ(aA) is an odd function. Hence we need
condition b(17) 4 b(1T) = 0, which is satisfied because in our case we have b(17) = b(11) = 0. See [3,4] for
more information.

Proposition 4.4. Let 0 < 8 < 1. Let B : OA\ L — C\ {0} be a non-vanishing complex function in C?(OA\ L)
and let W(B) > —%. Then for every real function b on OA of the form

b(€) = |€ — 1| |¢ + 1°1D(¢) (75)

for some be Cﬂg(aA) which equals 0 on L, there exists a solution f of the linear Cherepanov problem

Im(f(£)) =0 for £ € L (76)
and
Re(B(€)/(€)) = b(¢) for £ € 9A\ L (77)
of the form
F(&) = (€ = 1) (€ + 1) k(9), (78)

where k € AP(A). Moreover, the space of solutions of this form is 2W (B) + 1 dimensional real subspace of
AP(A).
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Proposition 4.5. Let {yc}ecpn j be @ Ck (k > 3) family of Jordan curves in C and let py € C*((OA\L)x C)
be its defining function. Let 81, 8_1 and B be as in Proposition 3.3. Let fo be a solution of the Cherepanov
problem (12), (13) of the form

L+og) | 1-6()

Jo®) = (€= D™ (E+ 1) ro(€) + wr—

(79)

where kg € AP(A). Then the mapping ®(x) : AP(A) — Cﬂg(@A), for each K evaluated at point & € OA as

po(&, (€ = 1)% (€ + 1)515(€) 4wy TLE o 1220 - if Tm(e) > 0, (50)
HIm((€ — DT €+ 1)K (€) + o 75 o TS, i Im() <0
is differentiable at ko with the derivative (D®)(kg) acting on k € AP(A) as
2Re(Dpou (€, fo(O)E — 17 (€ + 1P 16(€)), i Tm(€) 2 0, -
+Im((€ - 1) (€ +1)°1x(€)), if Im(&) < 0.

The sign for Im(§) < 0 is chosen as in (66)-(67).

Remark 4.6. Let Q ¢ C*1((OA \ L) x C) be an open subset of defining functions p of the families of
Jordan curves over OA \ L such that the intersection of the corresponding 7y; and y_; with the real axis
at some points wy € 1 and w_; € y_; are transversal with the oriented angles of intersection given by
B1,8-1 € (—1,1) \ {0}. Then, at least locally, wy,w_1 and B1, 8-1 smoothly depend on p. Let

X = {(r,p) € AP(A) x 4 Im((§ = 1) (£ +1)°1k(€)) = 0, if Im(¢) < 0} (82)
which is a Banach submanifold of A%(A) x Q. Also, let
Y = {b(&) = £ — 1 |¢ + 1°*B(£); b € CR(A),b(&) =0, if Im(¢) < 0}. (83)
The mapping ® : X — Y defined as in (80) has partial derivative with respect to  as a map from
X, = {r € AP(A);Im((¢ = 1) (£ +1)°k(£)) = 0, if Im(¢) < 0} (84)

to Y of the form (81). If the winding number W (B) of the Cherepanov problem defined by (81) is greater
or equal to —%7 then the partial derivative is surjective with 2W(B) 4+ 1 dimensional kernel. Hence implicit
function theorem applies and there is a neighborhood of py in € and a neighborhood of ¢ in A%(A) such
that for every p € Q close to pg there is a 2W(B) + 1 dimensional family of solutions of (12)-(13) near ko.

5. A priori estimates
5.1. A priori estimates on function f

To get existence results using continuity method we need a priori estimates on solutions of (3)-(4). It is
well known that such a priori estimates can only be achieved for the family of solutions with no zeros on
A, [8,16,18]. We follow the approach in [8].

By assumption all Jordan curves {76}56 DA\ contain point 0 in their interiors. Hence the function

(0, w) — wpy (0, w), (85)
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defined for (6, w) such that w € 7y, is homotopic to 0 in C \ {0} and it can be written in the form
wpw(07w) — ec(G,w)-{-id(G,w) (86)

for some C*~! functions ¢ and d, defined for (6, w) such that ¢ € [0, 7] and w € 5. Observe that for each
w € 7y function d(f,w) represents the angle between w and the normal to vy at point w.

Remark 5.1. There exists a C* isotopy p, t € [0,1], where p° = p and p'(£,w) = |w|? — R? for R > 0 large
enough, such that the gradient pi is nonzero on p! = 0 for each ¢, [8]. Then one can find C*~! functions
c(t,0,w) and d(t,0,w) such that (86) holds for each ¢ € [0,1] and w € ~}. In addition, the isotopy can be
made such that for every ¢ € [0,1], j = £1, Jordan curves 7§ are strongly starshaped with respect to 0 and
that for each w € ’y]f,j the angle between w and the normal to ’YLJ- at w is less than {5.

Instead of solving (12)-(13) on the unit disc we consider equivalent problem on the upper semidisc
A" = {z € A;Im(z) > 0}, where the role of the lower semicircle L is replaced by the interval [—1, 1]. Using
the reflection principle f(£) = f(€)) we can holomorphically extend every solution f of (12)-(13) to the unit
disc such that it solves nonlinear Riemann-Hilbert problem defined by the function p which we get as an

extension of the original function p using the reflection to the lower semicircle as

plé,w) = p(E,W) for € # 1. (87)
For ¢ = £1 function p(¢,w) has well defined limits as  approaches +1 from above and below. Then we
have
pu(& w) = pr(§, W) = pu(€,) for € # £1 (88)
and hence
pu(§ w)w = pu(€,Ww = pu (€, T)@. (89)

Therefore ¢(&,w) = (¢, w) and d(&,w) = —d(&,w). Also, observe that for w, an intersection of v; with the
real axis, we have

pu(l+,w) = pu(1—,W) = pu(l—, w) (90)

and similarly for an intersection of v_; with the real axis.
Thus for every solution f of (12)-(13) the absolute value of f(0)p, (0, f(6)) is well defined and continuous
on OA, whereas

d(0+, f(04)) = —d(27—, f(27—)) (91)

and similarly at 8 = 7.
Let f be a solution of the symmetrized boundary value problem with no zeros. Hence f can be written
in the exponential form

f=e. (92)

Remark 5.2. Since the biholomorphic map v from A to the upper half-disc A is of class C 2, a CP estimate
on solutions of the symmetrized boundary value problem gives C% estimate on solutions of (12)-(13).
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Let us differentiate function p(d, f(6)) to get

of

po (6, f(6)) + 2Re(pu (8, £(8)) 55 (6)) = 0. (93)
Since f = e9, we get
0
pol6, £(8)) + 2Re(py (60, £(9))£(6) 55(6)) = 0 (94)
and so
o(0, £(6)) + 2Re(e O V010D I )y g, (95)
From here we get
i i 9 e -
9Re(eH (07 (O)+ Hd(H,f(G)))a_Z(g)) — —pp(6, £(§))ecO-FO)—HAO:£(6)), (96)
Observe that function
. , 0
0 ez(d(&f(9))+sz(9,f(9)))a_g(g) (97)

extends holomorphically to the unit disc with value 0 at 0.

We will get C# a priori estimates on g and hence on f by getting C” a priori estimates on function (97).
Using Hilbert transform it is enough to get C? a priori estimates on its real part. Hence we need a priori
estimates on the right hand side of (96).

Function

0 —s —pg(0, f(0))ecF(O) (98)

is bounded with the bound which does not depend on function f but only on the data Vecon\i and defining
function p. The bound can also be found to be independent of the C* isotopy p?, ¢ € [0, 1]. Hence one needs
a priori bound on function

0 —s THAOF0)) (99)

Recall that, [18, p. 23], for u € L>(0A), such that |[ulls < g5 (1 < p < o0) we have the estimate

1
o2 P
e, < (7) . (100)

cos(pllulloo)

Let a € (0, F) and let xo, x~ be smooth functions on [0, 7] with values in [0, 1] such that xo(t) = 1 on
[0,al], xz(t) =1 on [w — a, 7], xo(t) = 0 on [2a, 7], and x(t) =0 on [0,7 — 2a.
Let us consider the function

(0, w) = d(6, w) = xo(0)do(w) = Xz (0)dx (w) (101)
for 6 € [0,7] and d(6,w) = —d(27 — 6,W) for 6 € [r,27]. Here we used notation do(w) = d(0+,w) and
dr(w) = d(7—, w). _ B

We see that d(0,w) = d(m,w) = 0 and so d(f,w) is a continuous function on OA x C. Let 1 < p < o0
be given. By results from [8, p. 881] we can write d = Re(q) + €, where pllé]|oc < § and ¢ is a finite sum
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of terms of the form e“%w™, j € Z, m € N U {0}, on which Hilbert transform acts as a bounded nonlinear
operator from A(9A) into C(JA).

Therefore for a given solution f of (12)-(13) with no zeros we can write continuous function d(6, f(6))
on OA in the form

(9, f(0)) = Re(q(0, f(0))) + €0, f(0)) (102)

and so
H(d) = H(Re(q)) + H(?) (103)

where the first term is uniformly bounded and for the second we have |[€]o < 35. Hence

eiHJ _ tHRe(q) ,£HE (104)
where the first factor is uniformly bounded and the second factor is bounded in LP(9A) for a given 1 < p <
00.

Since for a given p € (1,00) we can get LP(OA) bounds on (104), the boundedness of e*¢ in some
LP(OA) is determined by Hilbert transform of the extension of function xo(6)do(f(8)) + x=(0)d=(f(#)) to
[0, 27].

Recall that 41 are strongly starshaped Jordan curves with respect to 0 and we may assume that for
j = £1 we have

pliv) = fu? - 1 () (105)

for some positive C* function R;(z) on C. A short calculation gives

1 w? 11
wljyw) =W = 2R; ( =5 —=(Ry)z+ 57— (Ry)- 1
putivw) == 28 (~5 1 (By)= + g (). (106
and so
. 2 R]
wpy (J,w) = |w| —2lm1m(w(Rj)z) (107)

which has strictly positive real part on {75}56 aA\L" Functions dy and d, represent the argument of (107).
By compactness it follows that there exists 0 < By < 1, such that |do(w)| < §5p and |dr(w)| < T8 on
ﬁi}ge{m\i and therefore

T
X0(8)do(f(8)) + xx (0)dx (f(O))] < 5 Fo (108)
for every 6. Also, if there is an open condition on the size of djr on v;, such as |di-(w)| < 5o, j = £1,
we can, by choosing the supports of functions xo and x, small enough, that is, by choosing a > 0 small
enough, assume that the same condition on the size holds for function xo(0)do(f(0)) + x=(6)d=(f(6)) for

all 6. Observe also that |do(f(0))| = 7|81 — 3| and |d(f(7))| = 7||B-1] — |- and so

1y Bo . _
’|5]|_§’<77 Jj==L (109)
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By (100) and (104) we get that for every fixed 1 < p < oo such that pfy < 1 the estimate
ey < © (110)

holds. Hence we also have a priori L? estimate on function (97).

Since
of _ .9y
A ) 111
50— 70" (111)
an estimate on % will give an estimate on %. We can write

9g —i(d+ 'Hd)) (dtimd) 99

22 = (emildti d+iHd) Z2 ) 112

a0 (¢ ‘ a0 (112)

By assumptions of Theorem 1.2 we have Gy < % < % and we can choose p > 2. By Cauchy-Schwarz inequality
we then have

99
26

< Hefi(dJrin) H
LS

. g H

i(d+iHd) (113)

e .
a0,

P

From here we get L% a priori estimates on % which imply a priori estimates on g and f in Holder space

CPOA) for 0 < B < 1— % < 2(3 — Bo)- Recall (Remark 5.2) that this gives Holder space a priori estimates
on solutions with no zeros of the nonsymmetrical problem (12)-(13) for 8 € (0, % — Bo)-

5.2. A priori estimates on function k

We also need a priori estimates on function x for which it holds

1+ 9(8)
2

-9

FO) =€ =DM (E+ 1)1 s(§) + f(1) 5

+ f(-1) (114)
In this subsection we again consider the nonsymmetrical case (12)-(13). We denote by C' a universal constant,
which depends on the data but does not depend on the particular function we consider.

We know that f and hence x are C*¥~1* smooth on A\ {—1,1} and on compact subsets of A\ {1, -1}
we get a priori estimates on k by expressing it in terms of f. Hence we need a priori estimates on x near
points £1. Also, we know from Section 3 that if & is continuous on A, then both functions belong to A%(A)

for

0 < B <min{|B1],1 — |81, |B-1],1 —[B-1]}. (115)

Let us fix 0 < B < % — By that we have a priori estimates on function f.
Recall (38) and that t*k(t) = f(t). Hence p, (0, k) is a C? function with a priori bounds. As in (60) we
can globally write

9 B
Re ( reiv+iHn 20 - —e e~ HY 5,0, k), (116)
00
where u and v are real C? functions with a priori bounds. To get LP" a priori bounds on ‘g—’g for some

p’ > 1 we will get L’ bounds on the right-hand side function p (0, £(6)), that it, on py(t, £(t)) near t = 0.
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Considering (41)-(42)-(43) termwise we get that t#1=1 ¢=%1 k() = 9171 f(¢), and all terms with function
g are L bounded for any p’ > 1 such that

P(1—=p1) <1 and p'fi <1 (117)

Let us consider terms which are bounded by ¢=%1|x(t)%| = t#172|f(¢)?|. Since we have 8 € (0,3 — ) a

priori bounds on f, we have
If6)] < Cle)? (118)
for some universal constant C. Hence
0 |k (t)?] < Ot (119)

and this function is in some L?', p’ > 1, if 1 < 28+ f31. The bound 0 < 8 < % — Bp implies that this will be
the case for some such S if 26y < 1. Similar argument near £ = —1 gives 26y < 1 — |5-1].

If these two conditions are satisfied, we get LP' a priori estimates on pg(6, £(6)) for some p’ > 1. This
implies C?" a priori estimate on  for 8/ <1 — 1%

There are natural bounds on 3;, j = %1, in terms of o, that is,
1 Bo

i =4+ —. 12

Bo
2

DN | =

Hence, if 25, < % — % and % + % < 1 — 25y both inequalities needed for LY a priori estimates will be

satisfied. These two inequalities are equivalent to the condition 8y < %, that is, the angle between w and

the normal to 7, at w is less than 5.

6. Final remarks

If arc L is the lower semicircle, we can state Theorem 1.2 in an equivalent simplified form.

Theorem 6.1. Let {Vi}geém\i be a C% (k > 3) family of Jordan curves in C which all contain point 0 in

their interiors. Let Jordan curves v;, j = %1, be strongly starshaped with respect to 0 and such that for
i0°

positive intersection of y; and the real axis with the oriented angle of intersection wf3;, where f1 € (0,1)

and f_1 € (—1,0). Let

each w € 7, the angle between w and the normal to v, at w is less than 5. Let w;, j = £1, be the

0</8<min{/81al_ﬁ17|/6—1‘71_|ﬁ—1|}~ (121)

Then there erists a unique f € AP(A) with no zeros on A which solves (3)-(4) for which f(1) = w; and
f(*l) = WwW_1.

To prove Theorem 6.1 one uses continuity method (see also [8]). The starting boundary value problem
(3)-(4) can be, using an isotopy from Jordan curves {7¢}¢yn\ ; to circles with center at 0 and fixed radius
R > 0, embedded in a one parameter family of boundary value problems which all satisfy assumptions of
Theorem 6.1. Here, for ¢ = 0 we have the starting boundary value problem and for ¢ = 1 circles as the
boundary data.

Results in Section 4 (Proposition 4.4, Proposition 4.5) imply that a solution of the boundary value
problem (3)-(4) for curves {v{}, a\i can be locally perturbed into a solution for the nearby perturbed
boundary data. Hence the set of parameters ¢ for which there is a solution of (3)-(4) is open. On the
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other hand, a priori estimates from Section 5 together with compact embeddings (10) imply that the set
of parameters ¢ € [0, 1] for which there is a solution of (3)-(4) is closed. Since there is an obvious solution
for the case t = 1, where all Jordan curves are circles with center at 0 and fixed radius R > 0, we get that
there is a solution of (3)-(4) for ¢t = 0.

Corollary 6.2. Let ay,...,a, € A be a finite set of points with given multiplicities. Then under the assump-
tions of Theorem 6.1 there exists § € (0,1) and f € AP(A) which has zeros exactly at points ay,...,a, € A
with the given multiplicites and which solves (12)-(13).

To prove the corollary we search for solutions f of the symmetric problem on the unit disc of the form

zZ—a zZ—a -~

f(z) = f(2), (122)

T l1-azl-—az

where a is a point in the upper half-disc. Then f has to solve a modified problem, where the boundary
curves are given by

~ :l—ﬁfl—aﬁ

Ve 3 (123)

§-a -a
Observe that 7¢ = ¢ for £ = £1.

Remark 6.3. In a similar way one can create a zero at a point a € (—1,1), that is, on L in the original
problem. Jordan curves for the modified problem are

-~ 1-af
Ve = f—a

Ve- (124)
Then 7; = 1 and 7_; = —vy_1 but conditions of Theorem 1.2 are still satisfied.
Declaration of competing interest
No potential conflict of interest was reported by the author.
Acknowledgments

The author is grateful to the referee for his/her valuable suggestions and comments.
Funding

The author acknowledges the financial support from the Slovenian Research Agency (grants P1-0291,
J1-3005, N1-0237 and N1-0137).

References

1] G.P. Cerepanov, A nonlinear theory-of-functions boundary problem in some elastoplastic problems (in Russian), Dokl.
Akad. Nauk SSSR (1962) 566-568.

[2] G.P. Cerepanov, An elastic-plastic problem under conditions of antiplanar deformation, J. Appl. Math. Mech. (1963)
1040-1057.

[3] M. Cerne, Analytic discs attached to a generating CR-manifold, Ark. Mat. 22 (1995) 217-248.

[4] M. Cerne, Regularity of discs attached to a submanifold of C™, J. Anal. Math. 72 (1997) 261-278.

[5] M. Cerne, Some remarks on the nonlinear mixed Cherepanov boundary value problem, Complex Var. Elliptic Equ. 65

(2019) 1601-1611.


http://refhub.elsevier.com/S0022-247X(23)00560-7/bib712DABB29405B57A4AB59C67BB99191Bs1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib712DABB29405B57A4AB59C67BB99191Bs1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib6872C218CC902E5774F19010F811A017s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib6872C218CC902E5774F19010F811A017s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib3C2057409A01A43DF8BDE2521DF7DC49s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib1DF0CEB06245B956B1E877DE41BD2DBAs1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibBAB508372ACDA7488FC62EFAD6C7F209s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibBAB508372ACDA7488FC62EFAD6C7F209s1

20 M. Cerne / J. Math. Anal. Appl. 529 (2024) 127557

[6] E.M. Cirka, Regularity of the boundaries of analytic sets (in Russian), Mat. Sb. 117 (1982) 291-336.
[7] E.M. Cirka, B. Coupet, A.B. Sukhov, On boundary regularity of analytic discs, Mich. Math. J. 46 (1999) 271-279.
[8] F. Forstneri¢, Polynomial hulls of sets fibered over the circle, Indiana Univ. Math. J. 37 (1988) 869-889.
[9] T. Kaiser, S. Lehner, Asymptotic behaviour of the Riemann mapping function at analytic cusps, Ann. Acad. Sci. Fenn.,
Math. 42 (2017) 3-15.
0] W. Koppelman, The Riemann-Hilbert problem for finite Riemann surfaces, Commun. Pure Appl. Math. 12 (1959) 13-35.
1] F.D. Lesley, Conformal mappings of domains satisfying a wedge condition, Proc. Am. Math. Soc. 93 (1985) 483-488.
2] H. Martini, G. Hansen, I. Herburt, M. Moszynska, Starshaped sets, Aequ. Math. 94 (2020) 1001-1092.
3] V.V. Mityushev, S.V. Rogosin, Constructive Methods for Linear and Nonlinear Boundary Value Problems for Analytic
Functions. Theory and Applications, Chapman and Hall/CRC Monographs and Surveys in Pure and Applied Mathematics,
vol. 108, 2000, Boca Raton.
[14] Y. Obnosov, A. Zulkarnyaev, Nonlinear mixed Cherepanov boundary-value problem, Complex Var. Elliptic Equ. 64 (2019)
979-996.

[15] Y.-G. Oh, Riemann-Hilbert problem and application to the perturbation theory of analytic discs, Kyungpook Math. J. 35
(1995) 39-75.

[16] A.I. Snirelman, The degree of a quasiruled mapping, and a nonlinear Hilbert problem (in Russian), Mat. Sh. 89 (131)
(1972) 366-389.

[17] E. Wegert, Topological methods for strongly nonlinear Riemann-Hilbert problems for holomorphic functions, Math. Nachr.
134 (1987) 201-230.

[18] E. Wegert, Nonlinear Boundary Value Problems for Holomorphic Functions and Singular Integral Equations, Mathematical
Research, vol. 65, Akademie-Verlag, Berlin, 1992.

[19] G.C. Wen, Conformal Mappings and Boundary Value Problems, Translations of Mathematical Monographs, vol. 106,
American Mathematical Society, Providence, RI, 1992.


http://refhub.elsevier.com/S0022-247X(23)00560-7/bibF77C43987F28D7A7B66B77C7F0184B03s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib79B9B0E5B34085C50121D3DD6A8EA077s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib39E61D57E9209611EDD4F884E9E47C11s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibD0A063B73B84048F73CEAD051C5EBBE9s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibD0A063B73B84048F73CEAD051C5EBBE9s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibCBBF7E84E33A02868A5ADB8A9374A759s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib9987E3CDC5AE740A6895F3D5BB41FABDs1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib3F933E326DF8E52FA8E723DC506B1D04s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibC16CD1EA9BCFFF0D4131B1CEC3DBA40As1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibC16CD1EA9BCFFF0D4131B1CEC3DBA40As1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibC16CD1EA9BCFFF0D4131B1CEC3DBA40As1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib523C08F784D71A868FD2DEFCD9F19301s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib523C08F784D71A868FD2DEFCD9F19301s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib8021F7E4B05DADA0AD3D47567E52249Es1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib8021F7E4B05DADA0AD3D47567E52249Es1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib68CECFE23B998D8C1D0F57C988645630s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib68CECFE23B998D8C1D0F57C988645630s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibF5E53B01CE764293774C313DE1EA50AAs1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bibF5E53B01CE764293774C313DE1EA50AAs1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib47C79E10D79C873F8BCB8A630AF8A93Cs1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib47C79E10D79C873F8BCB8A630AF8A93Cs1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib16C48FFF26BD768FAE71C4184DAA4373s1
http://refhub.elsevier.com/S0022-247X(23)00560-7/bib16C48FFF26BD768FAE71C4184DAA4373s1

	Mixed Riemann-Hilbert boundary value problem with simply connected fibers
	1 Introduction
	2 Function spaces, Hilbert transform and defining functions
	3 Regularity of solutions
	4 Linear Cherepanov boundary value problem
	5 A priori estimates
	5.1 A priori estimates on function f
	5.2 A priori estimates on function κ

	6 Final remarks
	Declaration of competing interest
	Acknowledgments
	References


