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Abstract

This article develops a general framework for Laplace duality between positive Markov
processes in which the one-dimensional Laplace transform of one process can be
represented through that of another. We show that a process admits a Laplace dual if
and only if it satisfies a certain complete monotonicity condition. Moreover, we analyse
how the conventions adopted for the values of 0 ·∞ and ∞· 0 are reflected in the weak
continuity/absorptivity properties of the processes in duality at the boundaries 0 and
∞. A broad class of generators admitting Laplace duals is identified, and we provide
sufficient conditions under which the associated martingale problems are well-posed
with the solutions being in duality at the level of their semigroups. Laplace duality is
shown to furnish a unifying structure for several generalizations of continuous-state
branching processes, e.g. those with immigration or evolving in random environments.
Along the way, a theorem originally due to Ethier and Kurtz – connecting duality of
generators to that of the associated semigroups – is refined, and we provide a concise
proof of the Courrège form for the pointwise infinitesimal generator of a positive
Markov process whose domain includes the exponential functions. The latter leads
naturally to the notion of a Laplace symbol, which is a parsimonious encoding of the
infinitesimal dynamics of the process.
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1 Introduction

1.1 Motivation and agenda

Duality constitutes a central technique in the analysis of Markov processes finding
application in such diverse areas as interacting particle systems, non-equilibrium sta-
tistical mechanics, stochastic population models and mathematical finance. Different
notions of duality appear in the literature, ranging from classical duality with respect to
measures, which is closely related to time-reversal, Blumenthal and Getoor [10], to dual
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Positive Markov processes in Laplace duality

representations of Laplace transforms that exchange arguments and time indices of the
processes, recently studied by Kuznetsov and Wang [52].

The notion considered in this work is sometimes referred to as stochastic duality.
Two stochastic processes X and Y , with state-spaces E and F respectively, are said to
be in duality with respect to a given function H defined on E × F when, for all times t,

Ex[H(Xt, y)] = E
y[H(x, Yt)], (1.1)

the subscript x and superscript y indicating the starting values of X and Y .
Liggett [60] and Ethier-Kurtz [22] provide foundational treatments of how duality

techniques (in the sense of (1.1)) are employed in the study of interacting particle
systems and martingale problems, see also [19]. We refer the reader to Jansen-Kurt’s
survey [45] and to Swart [75] for general accounts of duality and its applications in
the setting of Markov chains. In recent years, the theory of stochastic duality has
seen substantial development, enriching both its structural foundations and range of
applications. Notable advances include algebraic approaches, see Giardinà and Redig
[33] and Sturm et al. [74], and new duality relationships in discrete and continuous
population models, see e.g. Berzunza and Pardo [8], Cordero et al. [14], Foucart et al.
[26, 29] and González Casanova et al. [34].

A well-established setting is the so-called Siegmund duality in which the H of (1.1)
is defined on [0,∞]2 and given by the indicator function H(x, y) = 1∆(x, y) with ∆ :=

{(x, y) ∈ [0,∞]2 : x ≥ y}. For this H, it is a result of Siegmund [72] that there exists a
[0,∞]-valued Markov process Y in H-duality with a given Markov process X provided
the map [0,∞] 3 x 7→ Px(Xt ≥ y) is right-continuous and nondecreasing for all y ∈ [0,∞].
When this last condition holds the process X is said to be stochastically monotone.

Besides Siegmund duality, the framework of moment duality has received a great
deal of attention. The duality function H is in this case defined on [0, 1]×N0 and given
by H(x, n) = xn. It is a setting that arises commonly in theoretical population genetics.
A [0, 1]-valued Wright-Fisher diffusion is for instance in moment duality with the block-
counting process of a Kingman coalescent. We may refer here to Möhle [61], Carinci et
al. [12] and Foucart and Zhou [31].

In this article we wish to consider Laplace duality of continuous-time and continuous-
space positive Markov processes X and Y , namely, the property that for all times t, (1.1)
holds with H(x, y) = e−xy, i.e. for all starting points x of X and y of Y , one has

Ex[e
−Xty] = Ey[e−xYt ]. (1.2)

Informally speaking, at the level of the generators X of X and Y of Y , the semigroup
relation (1.2) corresponds to

Xxe−xy = Yye−xy, (1.3)

the subscript x and superscript y indicating the variable in which X and Y are acting.
To the best of our knowledge the literature offers no specific treatment of Laplace

duality in the sense of (1.2)-(1.3). The most well-known class of processes admitting a
Laplace duality consists of those whose dual Y in (1.2) is non-random. We may then
represent Y under Py as a deterministic flow (ut(y))t∈[0,∞), u0(y) = y, and (1.2) becomes

Ex[e
−Xty] = e−xut(y).

The semigroup of the process X admits the representation of the preceding display if
and only if the following property holds:

Ex+x′ [e−Xty] = Ex[e
−Xty]Ex′ [e−Xty].
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This convolution identity is known as the branching property; a Markov process satisfying
it is referred to in the literature as a continuous-state branching process (CB process,
for short). A classical result, due to Lamperti [55] and Silverstein [73, Section 4], states
that under mild regularity assumptions on the semigroup of X the function (ut(y))t∈[0,∞)

verifies the ordinary differential equation:

d

dt
ut(y) = −Ψ(ut(y)), u0(y) = y, y ∈ (0,∞),

with Ψ a Lévy-Khintchine function of the form

Ψ(y) =

∫ (
e−uy − 1 + uy1(0,1](u)

)
ν(du) + ay2 − by − c, y ∈ [0,∞), (1.4)

where b ∈ R, a ∈ [0,∞), ν is a Lévy measure on (0,∞) (so,
∫
1 ∧ u2ν(du) < ∞) and

c ∈ [0,∞). The function Ψ, called the branching mechanism, gives the action of the
generator X of X on the exponential functions: for all x, y ∈ (0,∞),

Xxe−xy = lim
t↓0

Ex[e
−Xty]− e−xy

t
= xΨ(y)e−xy = −Ψ(y)

d

dy
e−xy = Yye−xy, (1.5)

Y being the generator (here, a first-order differential operator) associated to the deter-
ministic process Y with drift (as a function of position) −Ψ (the meaning of the subscript
x in Xx and superscript y in Yy is as explained just after (1.3)).

If a process X admits a Laplace dual Y that is non-deterministic, then the branching
property no longer holds, and new dynamics – characterized by different generators
X and Y – emerge. Examples of such processes, which generalize CB processes to
incorporate phenomena such as competition or collisions have featured in various
contexts throughout the literature. We refer to Alkemper and Hutzenthaler [1], Hermann
and Pfaffelhuber [38], Horridge and Tribe [40], Hutzenthaler and Wakolbinger [41],
Foucart [24, 25], Foucart and Vidmar [30], Greven et al. [35]. Further instances of
Laplace dualities, for multivariate processes, appear (though not by name) e.g. in
Watanabe [76, Theorem 1] for bivariate branching processes and in [21, Definition 2.1]
for affine processes, but we shall study here only the univariate setting.

This paper has three principal objectives.

(i) To delineate precisely the notion of Laplace duality (1.2) and to consider the
structural properties of processes in such duality, in particular the existence of
Laplace duals and the role of the boundary behavior.

(ii) To study the implications of (1.2) for (1.3) and to find a wide explicit class of opera-
tors – candidates for generators of positive Markov processes – satisfying (1.3).

(iii) To establish a complex of conditions ensuring that (1.3) can be “integrated” into
(1.2) and to apply this to a range of new examples.

Our exposition of (i) can be considered quite definitive, making no sacrifices on generality.
For (ii)-(iii) we shall be less exhaustive, focusing predominantly, but not exclusively, on
processes for which ∞ is absorbing and, more often than not, for which there is some
continuity at 0.

1.2 Main results and article structure

Before presenting the highlights of this paper let us outline a key difficulty that we
will encounter.

We may consider the (potentially) Laplace dual processesX and Y with the end-points
0, ∞ either included or excluded from their respective state-spaces. In the former case
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we may then have to agree on (natural) conventions for each of the two expressions e−0·∞,
e−∞·0. Now, on the one hand, there is no extension of the map (0,∞)2 3 (x, y) 7→ e−xy

to either of the two points (0,∞), (∞, 0) that is separately continuous in both variables
(since limε↓0 ε · ∞ = ∞ 6= 0 = limn→∞ 0 · n), which makes it seem safest to restrict to
pairs of state-spaces for X and Y that avoid the issue of specifying e−0·∞ and e−∞·0

altogether. But, on the other hand, as we will see, one cannot always work with a
(0,∞)-valued dual process Y (or X). We are thus led to taking the full state-space [0,∞]

as the generic choice for both X and Y , with due attention having to be paid to the
two natural conventions for e−0·∞ (either e−0·∞ = e−0 = 1 or e−0·∞ = e−∞ = 0) and
(analogously) for e−∞·0.

After the preparatory Section 2, that recalls some relevant concepts and fixes no-
tation, we explore the consequences of Laplace duality for the associated semigroups
in Section 3. We find that common to all processes in Laplace duality is the property
of complete monotonicity, which means, roughly speaking, that the semigroup of the
process leaves invariant the class of completely monotone functions. Moreover, we
establish in Theorem 3.13 that

X admits a Laplace dual under a given pair of conventions for e−0·∞ and e−∞·0

⇔ X is completely monotone and certain weak continuity/absorptivity properties

hold for it at the boundaries 0, ∞.

The weak continuity properties at the boundaries and whether or not these are absorbing
will be seen to – and we shall make it explicit how they – depend crucially on the different
combinations of conventions for e−0·∞ and e−∞·0.

For processes X and Y in Laplace duality a correspondence is established in Corol-
lary 3.14 between the behavior of X at 0 and ∞ (absorbing/non-sticky) and the behavior
of Y at ∞ and 0 (non-sticky/absorbing), respectively. The complete monotonicity of
processes X and Y in Laplace duality entails also relations between excessive (resp. in-
variant) functions of X and excessive (resp. invariant) measures of Y , which is explained
in Proposition 3.26. Classical links between the long-term limiting laws of X and Y are
described in Proposition 3.27. This achieves our aim (i).

In pursuing the second objective (ii), to which we turn in Section 4, we are confronted
with a further obstacle, namely that we start with a general positive Markov process
without any a priori information about the structure of its infinitesimal generator. This is
particularly problematic when attempting to identify operators X and Y such that (1.3)
holds. We therefore establish in Section 4.1, Theorem 4.2, that the pointwise infinitesimal
generator X of any Markov process X with state-space [0,∞], whose domain includes
the exponential functions, admits the so-called Courrège form when restricted to them.
On compactly supported twice differentiable functions such a form is given for the strong
infinitesimal generator of a real-valued Feller process in Courrège [15], see also Jacob
[43, p. 360, Theorem 4.5.21], but for our level of generality the pointwise generator
X is more appropriate. As in the Feller case, the action of X on the exponentials is
composed of two parts: a local one, corresponding to diffusion and drift, and a non-local
one, encoding the jumps – not necessarily positive – and governed by a family of Lévy
measures, all encapsulated in what we call the Laplace symbol ψX of X:

ψX(x, y) := exyXxe−xy = lim
t↓0

Ex[e
−(Xt−x)y]− 1

t
.

For instance, the Laplace symbol of a CB process X with branching mechanism Ψ

satisfies, cf. (1.5), ψX(x, y) = xΨ(y).
Having clarified the possible issues at the boundaries with the help of the conventions

for e−0·∞, e−∞·0 and having identified the form of the pointwise generator for any positive
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Markov process whose domain includes the exponential functions, we are positioned
well to explore the relationship between (1.2) and (1.3).

In Section 4.2 we examine the basic structure of the pointwise generators X and
Y of two processes X and Y with associated Laplace symbols ψX and ψY that are in
Laplace duality. With no surprise, we shall prove in Theorem 4.7 that, modulo technical
reservations,

X in Laplace duality (1.2) with Y ⇒ X in Laplace duality (1.3) with Y

and

X in Laplace duality (1.3) with Y ⇔ ψX(x, y) = ψY (y, x).

When ψX(x, y) = ψY (y, x) we say that the Laplace symbol ψX of X (or, for that matter,
ψY of Y ) is a Laplace dual symbol. In Theorem 4.9 we characterize the Laplace dual
symbols ψ that take the separable form ψ(x, y) = R(x)Ψ(y) for some Ψ as in (1.4) and
some function R. It will emerge that R must itself be of Lévy–Khintchine type. We
recover in Theorem 4.10 a result, first obtained in [30], characterizing positive Markov
processes with no negative jumps that admit for their Laplace dual a diffusion. They are
the so-called continuous-state branching processes with collisions. It is finally observed
in Section 4.2 that the symbol of a multiplicative Lévy process is also Laplace dual.

Building on the Laplace dual symbols identified in Section 4.2 we introduce in
Definition 4.19 of Section 4.3 a wide class, denoted LDS, of Laplace dual symbols,
constructed from functions of the Lévy–Khintchine type, and forming a convex cone,
which secures our second goal (ii).

Lastly, we address our third aim (iii) in Sections 5-6. They contain directly applicable
results allowing one to deal with new examples.

We start by designing a set of conditions allowing one to transfer the Laplace duality
of two operators X ,Y to the level of semigroups, provided that processes exist as
solutions to the martingale problems associated to X and Y. These conditions are
obtained by first refining Ethier-Kurtz’s theorems on duality [22, Chapter 4] for a general
function in Theorem E and then by applying it to the specific setting of the exponential
duality map in Theorem 5.2. Subsequently, processes whose Laplace symbols belong
to a certain subclass of LDS are constructed as solutions to well-posed martingale
problems in Theorem 5.7. The existence of solutions follows from the positive maximum
principle and a well-known general result. Laplace duality between the solutions of
martingale problems and their duals is established using Theorem 5.2. The duality in
turn guarantees uniqueness of the solutions, as well as their Markov property.

In Section 6 we study specific examples via stochastic equations with jumps. The
CB processes and subordinators are for instance revisited through the lens of our
duality framework. We observe that several generalizations of CB processes that have
been defined in the literature – adding phenomena such as collision [30], immigration
[49], or Lévy random environment [3, 37, 64] – admit Laplace duals. We then focus
on a specific subclass of completely monotone Markov processes, whose Laplace dual
symbols, belonging to LDS, are baptized decomposable, providing sufficient conditions
for uniqueness and non-explosion of solutions to the associated stochastic equations.
Theorem 5.2 applies and ensures duality at the level of semigroups, leading to a new
generic family of stochastic equations in Laplace duality.

2 Preliminaries

From the present section, the reader interested only in this article’s results (not their
proofs) on Laplace duality need only consult the definitions and pick up the notation.

EJP 31 (2026), paper 127.
Page 6/73

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1582
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Positive Markov processes in Laplace duality

2.1 Miscellaneous general notation and conventions

We understand e−∞ := 0, also x · ∞ := ∞ =: ∞ · x for x ∈ (0,∞). The symbol 0+ · ∞
shall refer to the use of the convention 0 · ∞ = limε↓0 ε · ∞ = ∞ in interpreting e−0·∞,
the superscript indicating then in what limiting sense the product is to be understood.
Analogously we introduce 0 · ∞−, ∞− · 0 and ∞ · 0+. We stress that we can have
e−0·∞ 6= e−∞·0, e.g. under 0+ · ∞, ∞− · 0. As a mnemonic device, notice that it is the
number that is not “adorned” with a ± that results from the product, e.g. under 0 · ∞−,
we interpret e−0·∞ = e−0 = 1. Henceforth, whenever referring to conventions for 0 · ∞
and ∞ · 0, we always implicitly mean them only with reference to interpreting e−0·∞ and
e−∞·0. The standard measure-theoretic convention 0 · ∞ = 0 = ∞ · 0 shall continue to
prevail in all other respects.

The notation ↑ (resp. ↑↑) means nondecreasing (resp. strictly increasing); in a similar
vein we interpret ↓ (resp. ↓↓). When we use e.g. ↑- lim it means that the limit in question
is nondecreasing. The domain of a function f is denoted Df . For an extended real-valued
map φ we put φ+ := max(φ, 0) and φ− := max(−φ, 0). We understand inf ∅ := ∞.

For a topological space E:

BE := the Borel σ-field on E,

M(E) := {Borel measurable real functions on E},
B(E) := {bounded measurable real functions on E},
C0(E) := {continuous real maps on E vanishing at infinity} in case E is locally compact,

C(E) := {continuous real maps on E} in case E is compact, and

DE := {ω ∈ E[0,∞) : ω càdlàg} endowed with the σ-field of evaluation maps. (2.1)

The Laplace transform of a measure µ on BA, A ⊂ [0,∞], is the map µ̂ : (0,∞) → [0,∞]

given by

µ̂(x) :=

∫
e−xvµ(dv), x ∈ (0,∞).

A measure µ on a measurable space (S,Σ) is said to be carried by a T ∈ Σ if µ(S\T ) = 0.

2.2 Markov processes, their semigroups, transition kernels and generators

Given a measurable space (E, E), a Markov process X under the probabilities P· =

(Px)x∈E (being all of them defined on a common measurable space) valued in (E, E), is
for us an E-valued process indexed by [0,∞) (infinite lifetime) such that:

(I) measurability: the map (E 3 x 7→ Px(Xt ∈ A)) is measurable for all t ∈ [0,∞) and
all A ∈ E;

(II) normality: for all x ∈ E, Px(X0 = x) = 1; and

(III) Markov property: for all real t ≥ s ≥ 0, A ∈ E , x ∈ E, we have

Px (Xt ∈ A|σ(Xu : u ∈ [0, s])) = PXs(Xt−s ∈ A) a.s.-Px. (2.2)

For t ∈ [0,∞) and x ∈ E we shall then write the law of Xt under Px as

pt(x, ·) := Xt?Px.

The collection p := (pt(x, ·))(t,x)∈[0,∞)×E is a Markovian family of transition kernels: the
map (E 3 x 7→ pt(x,A)) is measurable for all A ∈ E and t ∈ [0,∞) (measurability);
p0(x, ·) = δx for all x ∈ E (normality);

pt+s(x, ·) =
∫
ps(u, ·)pt(x, du), {t, s} ⊂ [0,∞), x ∈ E (semigroup property).
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It carries the complete information of the finite-dimensional laws of the process X and
its properties exactly parallel the ones listed above for the family of laws P· of X. We
also define, for t ∈ [0,∞) and f : E → R bounded, measurable,

Ptf(x) :=

∫
f(u)pt(x, du), x ∈ E. (2.3)

The family P := (Pt)t∈[0,∞) is the so-called (transition) semigroup of X. Finally, under
the pointwise infinitesimal generator – henceforth, just generator, except where we will
want to emphasize its pointwise nature – X of X we shall understand the linear map
with domain DX comprising those bounded measurable f : E → R for which the limit
(thereafter specified as the value of X at f )

Xf := lim
t↓0

Ptf − f

t
(2.4)

exists pointwisely in R on E.
Below, when referring to a Markov process X we implicitly take it for granted that it

comes equipped with the notation (P·, p, P,X ) (unless some of these are given, explicitly,
a separate meaning, in which case that one supersedes), though we will remind the
reader of parts of this notation from time to time. Often X will be accompanied by
another Markov process Y , valued in (F,F) say, which shall then be assumed to be
furnished with the analogous pieces of data (P·, q, Q,Y). The expectations of X (resp. Y )
we then write as (Ex)x∈E (resp. (Ey)y∈F ).

While the above concepts are very general, we will, for the most part, be concerned
only with the case when the state-space E is [0,∞]:

Definition 2.1. A positive Markov process is a Markov process valued in ([0,∞],B[0,∞]).
If a positive Markov processX has càdlàg paths, then in saying that it is non-explosive we
shall mean that ζ∞ := inf{t ∈ [0,∞) : Xt− or Xt = ∞} = ∞ a.s.-Px for all x ∈ [0,∞).

2.3 Duality of Markov processes

Let (E, E) and (F,F) be measurable spaces and let H : E × F → [−∞,∞] be a
measurable function, bounded from below or from above. The following H-duality
relationship was discussed, albeit only informally, already in the Introduction, cf. (1.1).

Definition 2.2. An (E, E)-valued Markov process X is in H-duality with an (F,F)-valued
Markov process Y when

Ex[H(Xt, y)] = E
y[H(x, Yt)]

holds for all t ∈ [0,∞), x ∈ E, y ∈ F .

We submit for consideration the three blanket assumptions (it would perhaps be more
natural to have them be symmetric in E and F , but technically, for the result that we
wish to present, we do not need it):

(A) H is law-determining on F : for probabilities Q1 and Q2 on F , if
∫
H(x, y)Q1(dy) =∫

H(x, y)Q2(dy) for all x ∈ E, then Q1 = Q2.

(B) H is kernel-measurability-determining on F : for q : F × F → [0, 1] with q(y, ·)
a probability on (F,F) for all y ∈ F , if the map F 3 y 7→

∫
H(x, v)q(y, dv) is

measurable for all x ∈ E, then q is a probability kernel, i.e. (in addition to the
assumed property of q) q(·, B) : F → [0, 1] is measurable for all B ∈ F .

(C) F has the Kolmogorov-extension property: for any index set Λ and any consistent
family ρ of probabilities on FT , as T ranges over the finite subset of Λ, there exists
a (automatically unique) probability on FΛ extending ρ.
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Under (A), if X admits H-duals Y1 and Y2, then the law of Y1 is the same as the law of Y2.
The following proposition ensures that kernels in duality with Markovian ones are them-
selves Markovian provided conditions (A)-(C) are satisfied. See also [45, Proposition 3.6]
and [19, Theorem 2.1] for related results.

Proposition A. Assume (A)-(C). Let X be an (E, E)-valued Markov process and let, for
each y ∈ F and t ∈ [0,∞), qt(y, ·) be a probability on (F,F) such that for all x ∈ E,∫

H(u, y)pt(x, du) =

∫
H(x, v)qt(y, dv). (2.5)

Then there exists an (F,F)-valued Markov process Y , unique in law, such that X is in
H-duality with Y ; this Y has q := (qt(y, ·))(t,y)∈[0,∞)×F for its family of transition kernels.

Proof. We have already remarked that (A) ensures uniqueness in law of Y . Let us prove
existence. As F has the Kolmogorov extension property (C) it will suffice to demonstrate
that q is a Markovian family of kernels. For y ∈ F , by normality of X and (2.5),∫

H(x, v)δy(dv) = H(x, y) =

∫
H(u, y)p0(x, du) =

∫
H(x, v)q0(y, dv), x ∈ E;

since H is law-determining on F we infer that q0(y, ·) = δy, which is the normality of q.
Measurability of q is a direct consequence of the fact (B) that H is kernel-measurability-
determining on F and of (2.5). Finally, let us check the semigroup property of q. For
{t, s} ⊂ [0,∞) and x ∈ E, y ∈ F , on using (2.5), Tonelli-Fubini and the semigroup
property of p:∫

qt(y, dv)

∫
qs(v, dv

′)H(x, v′) =

∫
qt(y, dv)

∫
ps(x, du)H(u, v)

=

∫
ps(x, du)

∫
qt(y, dv)H(u, v)

=

∫
ps(x, du)

∫
pt(u,du

′)H(u′, y)

=

∫
ps+t(x, du)H(u, y) =

∫
qs+t(y, dv)H(x, v).

Since H is law-determining on F this completes the proof.

2.4 Lévy-Khintchine forms

We are obliged to provide some background on Lévy-Khintchine functions. The
notation required for the understanding of the results of the continuation of the text can
be read off from Table 1.

Let x ∈ [0,∞). Given a quadruplet l = (ν, a, b, c) consisting of a measure ν on B[−x,∞)

satisfying
∫
(1∧u2)ν(du) <∞ and ν({0}) = 0, a ∈ [0,∞), b ∈ R and c ∈ [0,∞) (henceforth,

an x-Lévy quadruplet), the continuous convex map κ : [0,∞) → R specified according to

κ(y) :=

∫ (
e−uy − 1 + uy1[−1,1](u)

)
ν(du) + ay2 − by − c, y ∈ [0,∞), (2.6)

represents the Laplace exponent of a possibly killed (cemetery: ∞) Lévy process ξ with
no jumps of size < −x: E[e−yξt ; ξt < ∞] = etκ(y) for all t ∈ [0,∞) and y ∈ [0,∞) [53,
Theorems 1.6 and 3.6, Eq. (3.11)]1. We denote the class of all κ of this form by pk-Lpx.
The κ of (2.6) determines the quadruplet (ν, a, b, c) uniquely:

1The addition of killing at an independent exponential random time of rate c is trivial.
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Proposition 2.3. Let x ∈ [0,∞). If l1 = (ν1, a1, b1, c1) and l2 = (ν2, a2, b2, c2) are x-Lévy
quadruplets with associated κ1 and κ2 according to (2.6), then κ1 = κ2 implies l1 = l2.

Proof. Writing l = (ν, a, b, c) generically for l1 or l2 and κ generically for κ1 and κ2 in
parallel, differentiation under the integral sign (via dominated convergence) yields

κ′′′(y) = −
∫
u3e−uyν(du) ∈ R, y ∈ (0,∞).

Considering the measure γ := (B[0,∞) 3 A 7→
∫
A−x u

3ν(du)), noting that finite Laplace
transforms determine signed measures on B[0,∞), we infer from κ1 = κ2 that γ1 = γ2,
therefore ν1 = ν2 (∵ ν({0}) = 0), and finally (a1, b1, c1) = (a2, b2, c2).

Given a triplet (ν, d, c) consisting of a measure ν on B(0,∞) satisfying
∫
(1∧u)ν(du) <∞,

d ∈ [0,∞) and c ∈ [0,∞) (henceforth, a Lévy triplet), the continuous concave map
Φ : [0,∞) → R specified according to

Φ(y) :=

∫ (
1− e−uy

)
ν(du) + dy + c, y ∈ [0,∞), (2.7)

represents the Laplace exponent of a possibly killed (cemetery: ∞) subordinator ξ:
E[e−yξt ; ξt < ∞] = e−tΦ(y) for all t ∈ [0,∞) and y ∈ [0,∞). It is well-known and easy to
verify that Φ satisfies limy→∞

Φ(y)
y = d and determines (ν, d, c) uniquely [7, Theorem 1.2

and the paragraph just after it]. We denote the class of all such Φ by pk-subo.
We write pk-spLp := pk-Lp0 for the class of Laplace exponents of possibly killed

(cemetery: ∞) spectrally positive Lévy processes. In the representation (2.6) above we
may then just as well, and do insist that ν is a Lévy measure on B(0,∞), any Ψ ∈ pk-spLp
taking the form

Ψ(y) =

∫ (
e−uy − 1 + uy1(0,1](u)

)
ν(du) + ay2 − by − c, y ∈ [0,∞), (2.8)

(ν, a, b, c) being the corresponding Lévy quadruplet. Furthermore, since a two-fold
integration by parts yields Ψ(y) = y2

∫ 1

0
e−uy

∫ 1

u
ν((v, 1])dvdu−y

∫∞
0
e−uyν((u∨1,∞))du+

ay2 − by − c for y ∈ [0,∞), we see by dominated convergence that such a Ψ satisfies
limy→∞

Ψ(y)
y2 = a ∈ [0,∞). Also, Ψ(∞−) = ∞ unless −Ψ ∈ pk-subo [6, Section VII.1,

penultimate paragraph on p. 188] and therefore pk-spLp ∩ (−∞, 0][0,∞) = −pk-subo.
We further denote by spLp¬↑ := pk-spLp ∩ [0,∞)[0,∞) the family of Laplace exponents

of spectrally positive Lévy processes that are not drifting to ∞. So, every Σ ∈ spLp¬↑
admits the representation

Σ(y) =

∫ (
e−uy − 1 + uy

)
ν(du) + ay2 + dy, y ∈ [0,∞), (2.9)

for some measure ν on B(0,∞) satisfying
∫
u∧u2ν(du) <∞, a ∈ [0,∞) and d ∈ [0,∞). Via

integration by parts Σ(y) = y
∫∞
0

(1− e−uy)ν((u,∞))du+ ay2 + dy for y ∈ [0,∞), so that

any such Σ satisfies Σ(0) = 0 and, by dominated convergence, limy→0
Σ(y)
y = d ∈ [0,∞).

Since only affine maps are convex and concave, it follows that pk-spLp ∩ pk-subo =

spLp¬↑ ∩ pk-subo = {γid[0,∞) : γ ∈ [0,∞)}.
For easier reference we summarize in Table 1 the various classes of Lévy-Khintchine

forms introduced above.

Remark 2.4. In (2.8), instead of working with a single Lévy measure ν and the truncating
function 1(0,1], it will sometimes be more convenient to decompose ν = ν1 + ν2 into the
sum of two measures ν1 and ν2 on B(0,∞) satisfying

∫
1∧uν1(du) <∞,

∫
u∧u2ν2(du) <∞,
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Table 1: The classes of Laplace exponents (2.6)-(2.9). The domain of definition of the
measure ν is given by the delimiters in the integrals for the expressions of the generic
representative of each class. In all cases the parameters satisfy {a, d, c} ⊂ [0,∞), b ∈ R.
Additionally, ν does not charge 0 in the classes pk-Lpx, x ∈ [0,∞).

class generic representative of the class condition on ν

pk-Lpx κ(y) =
∫
[−x,∞)

(
e−uy − 1 + uy1[−1,1](u)

)
ν(du) + ay2 − by − c

∫
1 ∧ u2ν(du) < ∞

pk-subo Φ(y) =
∫
(0,∞)

(
1− e−uy

)
ν(du) + dy + c

∫
1 ∧ uν(du) < ∞

pk-spLp Ψ(y) =
∫
(0,∞)

(
e−uy − 1 + uy1(0,1](u)

)
ν(du) + ay2 − by − c

∫
1 ∧ u2ν(du) < ∞

spLp¬↑ Σ(y) =
∫
(0,∞)

(
e−uy − 1 + uy

)
ν(du) + ay2 + dy

∫
u ∧ u2ν(du) < ∞

also the drift parameter b = b1 − b2 as a difference with {b1, b2} ⊂ [0,∞), allowing us to
write instead, for y ∈ [0,∞),

Ψ(y) =

∫ (
e−uy − 1 + uy

)
ν2(du) + ay2 + b2y −

(∫
(1− e−uy)ν1(du) + b1y + c

)
;

such a decomposition is always possible (for instance by taking for ν1 the part of ν
outside of (0, 1] and b1 := b+), though not unique. Note that Ψ can thus be written as
Σ− Φ with Σ ∈ spLp¬↑ and Φ ∈ pk-subo.

We will have an opportunity to use up

Proposition 2.5. For each x ∈ [0,∞) the class pk-Lpx is closed for pointwise convergence
(of sequences) towards a function [0,∞) → R continuous at zero; moreover, pk-Lpx|(0,∞)

is closed for pointwise limits.

The pointwise limit of convex maps is convex and the limit of nonpositive numbers is
nonpositive; each member of pk-Lpx being convex and nonpositive at zero, we see that
the assumption of continuity at zero in the preceding is redundant if the limiting function
is nonnegative on (0,∞). In particular, spLp¬↑ is closed for pointwise convergence of
sequences. More generally, given a sequence (κn)n∈N in pk-Lpx converging pointwise in
R to some κ : [0,∞) → R, the convexity ensures that automatically κ(0+) ≤ κ(0). The
possibility of κ(0+) < κ(0) reflects that we may have extra mass “escaping to ∞” in
the limit, it explains why we need the restriction |(0,∞) in the second statement of the
proposition and it dovetails with pk-subo|(0,∞), the class of Bernstein functions, being
closed for pointwise convergence [69, Corollary 3.8(ii)].

Proof of Proposition 2.5. Let (κn)n∈N be a sequence in pk-Lpx converging pointwise in
R on (0,∞) to some κ : (0,∞) → R. For each n ∈ N consider the infinitely divisible
distribution Qn on BR associated to κn − κn(0) satisfying∫

e−uyQn(du) = eκn(y)−κn(0), y ∈ [0,∞)

(i.e. Qn is the law at time 1 of the Lévy process having the Laplace exponent κn − κ(0)).
Fix θ ∈ (0,∞) and introduce the exponentially tilted infinitely divisible [53, Theorem 3.9]
probabilities Qθn := (R 3 u 7→ e−uθ−(κn(θ)−κn(0))) ·Qn, n ∈ N, whose representing Lévy
measures are still carried by [−x,∞). We see that

lim
n→∞

∫
e−uyQθn(du) = lim

n→∞

∫
e−u(y+θ)−(κn(θ)−κn(0))Qn(du) = lim

n→∞
eκn(y+θ)−κn(θ)

= eκ(y+θ)−κ(θ), y ∈ (−θ,∞).
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So, the moment generating functions of theQθn are convergent towards the specified limit
as n→ ∞ on the neighborhood (−∞, θ) of zero. By a result of Curtiss [17, Theorem 3]
we deduce existence of a probability Qθ∞ on BR such that limn→∞Qθn = Qθ∞ weakly
(strictly speaking [17, Theorem 3] gives the pointwise convergence, as n → ∞, of
the distribution functions of the Qθn towards the distribution function of Qθ∞ at every
continuity point of the latter, but this is equivalent to weak convergence [9, Theorem 25.8,
Eq. (25.1)]). In particular [68, p. 34, Lemma 7.8], Qθ∞ is infinitely divisible and, by
[68, p. 41, Theorem 8.7(1)] applied with arbitrary f compactly supported in (−∞,−x),
its representing Lévy measure is carried by [−x,∞). Besides, the same result [17,
Theorem 3] of Curtiss also ensures that∫

e−uyQθ∞(du) = lim
n→∞

∫
e−uyQθn(du) = eκ(y+θ)−κ(θ), y ∈ (−θ,∞).

By weak convergence, for eachm ∈ N,
∫
(euθ ∧m)Qθ∞(du) = limn→∞

∫
(euθ ∧m)Qθn(du) ≤

lim supn→∞
∫
euθQθn(du) = lim supn→∞ e−(κn(θ)−κn(0)) ≤ limn→∞ e−κn(θ) = e−κ(θ) < ∞;

by monotone convergence, on letting m → ∞, we find that
∫
euθQθ∞(du) < ∞. In the

preceding display we may then pass to the limit y ↓ −θ by monotone – on [0,∞) –
and bounded – on (−∞, 0) – convergence, to find that

∫
euθQθ∞(du) = eκ(0+)−κ(θ) with

necessarily κ(0+) ∈ R. Performing another exponential tilting we get the infinitely
divisible probability Q∞ := (R 3 u 7→ euθ−(κ(0+)−κ(θ))) · Qθ∞, whose representing Lévy
measure continues to be carried by [−x,∞), satisfying∫

e−uyQ∞(du) = eκ(y)−κ(0+), y ∈ (0,∞).

This can only be if there is a κ̃ ∈ pk-Lpx vanishing at zero for which κ̃ = κ − κ(0+) on
(0,∞). The conclusions of the proposition are now immediate.

3 Laplace duality: Semigroups

3.1 Completely monotone processes

The property common to all positive Markov processes in Laplace duality, irrespective
of the conventions used for 0 · ∞, ∞ · 0 is – as we shall show – that of

Definition 3.1. A positive Markov process X is said to be completely monotone when

Ptcm[0,∞] ⊂ cm[0,∞] for all t ∈ [0,∞),

where cm[0,∞] is the class of ↓ maps f : [0,∞] → [0,∞) for which the restriction f |(0,∞) is
completely monotone.

Recall here [69, Definition 1.3] that a function f : (0,∞) → R is completely monotone
when it is C∞ with (−1)nf (n) ≥ 0 for all n ∈ N0, and remark that the class cm[0,∞]

is closed under pointwise limits (in [0,∞)), this property holding separately true of
completely monotone maps [69, Corollary 1.6] and ↓ functions.
Remark 3.2. A Markov process is completely monotone if and only if cm[0,∞] is a cone for
X in the sense of Möhle [62, Definition 2.3]. Such a property of complete monotonicity
is mentioned in Jansen and Kurt [45, p. 74, Table 1, line 5]. We stress however that the
state-space considered in [45] is [0,∞), cf. the forthcoming Remark 3.15.

Prime representatives of cm[0,∞] are the maps of

Example 3.3. For y ∈ [0,∞], no matter what the choice between the conventions 0+ · ∞,
0 · ∞− (when y = ∞) or between ∞ · 0+, ∞− · 0 (when y = 0),

ey := ([0,∞] 3 u 7→ e−uy) ∈ cm[0,∞].
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For y ∈ (0,∞), for y = 0 under ∞− · 0, and for y = ∞ under 0+ · ∞, ey is also continuous.
However, e0 = 1[0,∞) under ∞ · 0+, while e∞ = 1{0} under 0 · ∞−, neither of which is
continuous everywhere on [0,∞]. Analogous considerations hold true for the maps

ex := ([0,∞] 3 v 7→ e−xv), x ∈ [0,∞].

It is worth pointing out that ex(y) = ey(x) for (x, y) ∈ [0,∞]2 as long as the same
conventions are applied on the l.h.s. and on the r.h.s.

Definition 3.4. We retain in what follows the notation ex, x ∈ [0,∞], and ey, y ∈ [0,∞],
for the exponential maps, cautioning the reader that the interpretation of e0, e∞ and e0,
e∞ depends on the conventions for 0 · ∞ and ∞ · 0.

In our first significant result we wish to establish that it suffices to check the prop-
erty of Definition 3.1 on the exponentials ey, y ∈ (0,∞). This will be the content of
Proposition 3.8. In preparation for the proof thereof recall

Theorem B (Bernstein-Widder). Any completely monotone function f : (0,∞) → R is
the Laplace transform µ̂ of a unique measure µ on B[0,∞), in which case

(i) µ({0}) = f(∞−), whence µ is carried by (0,∞) if and only if f(∞−) = 0;
(ii) µ([0,∞)) = f(0+), whence µ is finite if and only if f is bounded.

When, moreover, f ≤ 1, then there exists a unique probability ν on B[0,∞] such that

f(x) = ν̂(x), x ∈ (0,∞).

Conversely, if µ is a measure on B[0,∞) with µ̂ <∞, then µ̂ is completely monotone.

Proof. This is basically [69, Theorem 1.4]. The only minor point perhaps worth mention-
ing is that in case f ≤ 1, then extending µ by putting the mass 1− f(0+) onto ∞, we get
the probability ν.

The analogue of Bernstein-Widder’s theorem pertaining to cm[0,∞] is the content of

Proposition 3.5. Let f ∈ cm[0,∞]. Then there exists a unique finite measure µ on B(0,∞)

such that

f(x) = (f(0)− f(0+))1{0}(x)

+

∫
e−xvµ(dv) + (f(∞−)− f(∞))1[0,∞)(x) + f(∞), x ∈ [0,∞]. (3.1)

Proof. Uniqueness follows from µ̂ = f − f(∞−) on (0,∞) and from the fact that finite
Laplace transforms determine measures on B(0,∞). We turn to existence. Applying
Theorem B to

(
f − f(∞−)

)
|(0,∞) gives a finite measure µ on B(0,∞) for which

f(x)− f(∞−) =

∫
e−xvµ(dv), x ∈ (0,∞),

yielding at once (3.1) for x ∈ (0,∞). Since
∫
e−∞·vµ(dv) = 0, (3.1) holds true for x = ∞,

whereas f(0+)− f(∞−) =
∫
e−0·vµ(dv) ensures that it is also verified for x = 0.

Example 3.6. If f ∈ cm[0,∞], then, under the conventions 0·∞−,∞·0+, so that e0 = 1[0,∞)

and e∞ = 1{0}, we can rewrite (3.1) as

f = f(∞) +

∫
evµ̃(dv),

for the measure µ̃ on B[0,∞] defined by

µ̃ :=
(
f(∞−)− f(∞)

)
δ0 + ι?µ+

(
f(0)− f(0+)

)
δ∞,

ι : (0,∞) → [0,∞] being the identity inclusion.
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Theorem B also yields

Proposition 3.7. Let X be a positive Markov process and let t ∈ [0,∞). Assume that

Pt{ey : y ∈ (0,∞)} ⊂ cm[0,∞].

Then, as functions of x ∈ [0,∞], the expressions Px (Xt <∞), Ex
[
e−Xty

]
for y ∈ (0,∞),

and Px (Xt = 0) all belong to cm[0,∞]; in particular, there exist unique probabilities
qt(0+, ·), qt(y, ·) for y ∈ (0,∞), and qt(∞−, ·) on B[0,∞] such that for all x ∈ (0,∞),

Px (Xt <∞) =

∫
e−xvqt(0+,dv), (3.2)

Ex
[
e−Xty

]
=

∫
e−xvqt(y, dv) for y ∈ (0,∞), (3.3)

and

Px (Xt = 0) =

∫
e−xvqt(∞−,dv). (3.4)

The map (0,∞) 3 y 7→ qt(y,A) is measurable for all A ∈ B[0,∞].

Proof. Notice that we can write Px(Xt < ∞) = limy↓0Ex
[
e−Xty

]
and Px (Xt = 0) =

limy→∞Ex
[
e−Xty

]
for all x ∈ [0,∞]. As cm[0,∞] is closed for pointwise limits and because

by assumption Ptey ∈ cm[0,∞] for all y ∈ (0,∞), we deduce that all the maps in question
belong to cm[0,∞]. Since for each y ∈ (0,∞), the map (0,∞) 3 x 7→ Ex[e

−Xty] is com-
pletely monotone and bounded by 1, the existence of the probability measure qt(y, ·) on
[0,∞] follows from Theorem B. Similarly we get qt(0+, ·) and qt(∞−, ·). Uniqueness of
the measures follows from the fact that Laplace transforms determine probabilities on
B[0,∞]. Finally, for all x ∈ (0,∞), the expression

Ex
[
e−Xty

]
=

∫
e−xvqt(y, dv)

is even completely monotone, but certainly measurable, in y ∈ (0,∞). Since the maps
ex, x ∈ (0,∞), form a multiplicative class of bounded functions that generate B[0,∞],
functional monotone class [65, Theorem 2.45] applies and ensures that (0,∞) 3 y 7→
qt(y,A) is measurable for all A ∈ B[0,∞].

Combining Propositions 3.5 and 3.7 we arrive at the announced

Proposition 3.8. A positive Markov process X is completely monotone if and only if

Pt{ey : y ∈ (0,∞)} ⊂ cm[0,∞], t ∈ [0,∞).

Proof. Necessity is clear. Take now any f ∈ cm[0,∞]. It admits the representation of
Proposition 3.5, in particular the finite measure µ on B(0,∞) is specified. By, and in the
notation of Proposition 3.7, for all t ∈ [0,∞), we may introduce the finite measure µt on
B[0,∞],

µt(A) :=

∫
qt(y,A)µ(dy), A ∈ B[0,∞],
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and then further by (3.1) and Tonelli we have, for all x ∈ (0,∞),

Ex[f(Xt)] = (f(0)− f(0+))Px(Xt = 0)

+

∫
Ex
[
e−Xty

]
µ(dy) + (f(∞−)− f(∞))Px(Xt <∞) + f(∞)

= (f(0)− f(0+))

∫
e−xvqt(∞−,dv) +

∫ ∫
e−xvqt(y, dv)µ(dy)

+ (f(∞−)− f(∞))

∫
e−xvqt(0+,dv) + f(∞)

= (f(0)− f(0+))

∫
e−xvqt(∞−,dv) +

∫
e−xvµt(dv)

+ (f(∞−)− f(∞))

∫
e−xvqt(0+,dv) + f(∞)

=
∫

e−xv

(f(0)− f(0+))qt(∞−, ·) + µt + (f(∞−)− f(∞))qt(0+, ·) + f(∞)δ0︸ ︷︷ ︸
=:ρt

 (dv) .

The measure ρt being positive (since f is positive ↓), we deduce at once that (Ptf)|(0,∞)

is completely monotone. Finally, as the first equality of the preceding display is valid
for all x ∈ [0,∞], not just x ∈ (0,∞), and since each term separately on the r.h.s. of this
equality is ↓ in x ∈ [0,∞], as was noted in Proposition 3.7, we get also that Ptf is ↓.

Corollary 3.9. A weak limit (in the sense of one-dimensional distributions) of completely
monotone positive Markov processes is completely monotone.

Proof. Combine Proposition 3.8 with the fact that cm[0,∞] is closed under pointwise limits
and the continuity of the maps ey, y ∈ (0,∞).

3.2 Processes in Laplace duality

We define now the notions of Laplace duality relationships associated to the conven-
tions for 0 · ∞ and ∞ · 0 that were specified in Section 2.1.

Definition 3.10. Let ?1 ∈ {0+ · ∞, 0 · ∞−} be a convention for 0 · ∞ and let ?2 ∈
{∞ · 0+,∞− · 0} be a convention for ∞ · 0. A positive Markov process X is said to be in
(?1, ?2)-Laplace duality with a positive Markov process Y provided

Ex[e
−Xty] = Ey[e−xYt ], t ∈ [0,∞), (x, y) ∈ [0,∞]2, (3.5)

the products in the exponentials being interpreted under the conventions ?1 and ?2.

The concept of Definition 3.10 is the H-duality of X and Y of Definition 2.2 for
H = e?1,?2 : [0,∞]× [0,∞] → [0, 1],

e?1,?2(x, y) := e−xy, (x, y) ∈ [0,∞]2,

under the conventions ?1 and ?2. Conditions (A)-(B) of Section 2.3 are met for this
H because {e?1,?2(x, ·) : x ∈ (0,∞)} is a multiplicative class of bounded real functions
generating B[0,∞] so that functional monotone class applies; (C) follows because [0,∞]

is endowed with the Borel σ-field of a Polish space, see e.g. [65, Theorem 4.5 &
Exercise 2.13]. In particular, if X admits Laplace duals Y1 and Y2 of the same kind,
then the law of Y1 is the same as the law of Y2. The same conditions (A)-(C) are met for
H = ê?1,?2 , which results from e?1,?2 on transposing its first and second coordinate, the
fact that e?1,?2 need not be symmetric notwithstanding.

We note also that X is in (0+ · ∞,∞ · 0+)-Laplace duality with Y if and only if Y
is in (0+ · ∞,∞ · 0+)-Laplace duality with X. The same for (0 · ∞−,∞− · 0) in lieu of
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(0+ · ∞,∞ · 0+). On the other hand, X is in (0+ · ∞,∞− · 0)-Laplace duality with Y if and
only if Y is in (0 ·∞−,∞· 0+)-Laplace duality with X. We shall refer to the facts noted in
this paragraph indiscriminately as transposition.

A simple consequence of Proposition 3.8 is

Corollary 3.11. If a positive Markov process X admits a Laplace dual (of any kind), then
X is completely monotone.

Proof. Let Y be the Laplace dual. Apply Proposition 3.8 together with the observation
that for all y ∈ (0,∞), the expression Ptey(x) = Ex[e−Xty] = Ey[e−xYt ] =

∫
e−xvqt(y, dv)

is certainly completely monotone in x ∈ (0,∞), and also it is ↓ in x ∈ [0,∞] because e−xv

is ↓ in x ∈ [0,∞] for all v ∈ [0,∞]. This is so no matter what the choice of the conventions
for 0 · ∞ and ∞ · 0.

Complete monotonicity will be combined with the relevant properties at the bound-
aries to ensure existence of Laplace duals.

Definition 3.12. Let X be a positive Markov process. As previously agreed upon,
p = (pt(x, ·))(t,x)∈[0,∞)×[0,∞] is its family of transition kernels and P = (Pt)t∈[0,∞) is its
semigroup.

(A) A boundary point x ∈ {0,∞} is absorbing (resp. non-sticky) for X when, for all
t ∈ [0,∞), pt(x, ·) = δx (resp. pt(u, [0,∞]\{x}) = 1 for all u ∈ [0,∞]\{x}).

(B) X is weakly continuous at x ∈ [0,∞] if Ptf is continuous at x for all continuous
f : [0,∞] → R for all t ∈ [0,∞).

(C) By weak-[0,∞) continuity at 0 of X we mean that for all t ∈ [0,∞), Ex[f(Xt);Xt <

∞] converges to E0[f(Xt);Xt < ∞] as x ↓ 0 for all continuous f : [0,∞] → R

(equivalently, all continuous f : [0,∞) → R having a finite limit at ∞).

(D) By weak-(0,∞] continuity at ∞ of X we mean that for all t ∈ [0,∞), Ex[f(Xt);Xt >

0] converges to E∞[f(Xt);Xt > 0] as x ↑ ∞ for all continuous f : [0,∞] → R

(equivalently, all continuous f : (0,∞] → R having a finite limit at 0).

We reserve the right to apply the preceding qualifications to any (not necessarily Marko-
vian) [0,∞]-valued process X defined under a family of probabilities (Px)x∈E , E ⊂ [0,∞],
on a common measurable space, as long as the resulting notions are significant.

The linear span of {ey : y ∈ (0,∞)} ∪ {1} is an algebra containing the constants and
separating the points of [0,∞]. By Stone-Weierstrass [20, Theorem 2.4.11] for [0,∞], if a
positive Markov process X is completely monotone, then Ptf is continuous on (0,∞) for
all continuous f : [0,∞] → R, for all t ∈ [0,∞). Put differently, X is weakly continuous at
every point of (0,∞). It is only at the boundaries that the weak continuity of a completely
monotone process can fail. It is also worth emphasizing that the weak continuity notion
of (C), resp. (D), is a stronger condition on the process X than would have been mere
weak continuity at 0, resp. at ∞, of X in the sense of (B). We further caution the reader
regarding the term absorbing which does not, by itself, imply that the process ever
actually reaches the boundary in question with strictly positive probability.

Theorem 3.13. The various types of Laplace dualities corresponding to the four possible
combinations of conventions are characterized as follows.

(i) A given positive Markov process X is in (0+ · ∞,∞ · 0+)-Laplace duality with some
positive Markov process Y if and only if X is completely monotone, weakly-[0,∞)

continuous at 0 and has∞ absorbing. When so, then Y is also completely monotone,
weakly-[0,∞) continuous at 0 and has ∞ absorbing; besides, under 0+ · ∞, ∞ · 0+,

E0[e
−Xty] = Py(Yt <∞) and Px(Xt <∞) = E0[e−xYt ], (x, y) ∈ [0,∞]2, t ∈ [0,∞).

(3.6)
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(ii) A given positive Markov process X is in (0 · ∞−,∞− · 0)-Laplace duality with some
positive Markov process Y if and only if X is completely monotone, weakly-(0,∞]

continuous at∞ and has 0 absorbing. When so, then Y is also completely monotone,
weakly-(0,∞] continuous at ∞ and has 0 absorbing; besides, under 0 · ∞−, ∞− · 0,

E∞[e−Xty] = Py(Yt = 0) and Px(Xt = 0) = E∞[e−xYt ], (x, y) ∈ [0,∞]2, t ∈ [0,∞).

(3.7)

(iii) A given positive Markov process X is in (0 · ∞−,∞ · 0+)-Laplace duality with some
positive Markov process Y if and only if X is completely monotone and has 0 and
∞ both absorbing. When so, then Y is completely monotone, weakly continuous at
0 and ∞, and, under 0 · ∞−, ∞ · 0+,

Px(Xt <∞) = E0[e−xYt ] and Px(Xt = 0) = E∞[e−xYt ], x ∈ [0,∞], t ∈ [0,∞). (3.8)

(iv) A given positive Markov process X is in (0+ · ∞,∞− · 0)-Laplace duality with some
positive Markov process Y if and only if X is completely monotone and weakly
continuous at both 0 and ∞. When so, then Y is completely monotone, has 0 and
∞ both absorbing, and, under 0+ · ∞, ∞− · 0,

E0[e
−Xty] = Py(Yt <∞) and E∞[e−Xty] = Py(Yt = 0), y ∈ [0,∞], t ∈ [0,∞). (3.9)

We prove Theorem 3.13 on p. 19 after some discussion and illustrating examples.
Table 2 summarize the roles of the conventions. Several duality relationships may hold
for a given completely monotone positive Markov process, which will be seen in the
examples to follow presently.

Table 2: Weak continuity/absorption properties of X in (?1, ?2)-Laplace duality with Y
according to the various conventions. Different underlinings indicate what convention
co-occurs with which property. We see that the properties of 0 (resp. of ∞) for X can
be read off from the first (resp. second) entry of the convention, the presence (resp.
absence) of ± at 0 (resp. ∞) indicating weak continuity (resp. absorption) at said point.
Similarly, the first (resp. second) entry of the convention has to do with properties of
∞ (resp. of 0) for Y ; and then again the presence (resp. absence) of ± at ∞ (resp. 0)
indicates weak continuity (resp. absorption) at said point.

convention/process X Y
(?1, ?2) continuity absorption points continuity absorption points

(0+ · ∞,∞ · 0+) weakly-[0,∞) at 0 ∞ weakly-[0,∞) at 0 ∞
(0 · ∞−
. . . . . . . . ,∞− · 0) weakly-(0,∞] at ∞ . .0. weakly-(0,∞] . .at... .∞ 0

(0 · ∞−
. . . . . . . . ,∞ · 0+) . .0., ∞ weakly at 0 and ..at... .∞

(0+ · ∞,∞− · 0) weakly at 0 and at ∞ 0 , ∞

An immediate consequence of Theorem 3.13, in particular of the identities (3.6)-(3.9),
is a correspondence between absorptivity and non-stickiness of processes in Laplace
duality.

Corollary 3.14. Let ?2 ∈ {∞ · 0+,∞− · 0}. If X is in (0+ · ∞, ?2)-Laplace duality with Y ,
then 0 is absorbing forX if and only if∞ is non-sticky for Y . IfX is in (0 ·∞−, ?2)-Laplace
duality with Y , then ∞ is absorbing for Y if and only if 0 is non-sticky for X.

The parallel statements in Corollary 3.14 with the roles of X and Y interchanged
also hold true; this follows by transposition.

Remark 3.15. Let us explain the necessity of introducing conventions for 0 · ∞,∞ · 0.
As we have pointed out in the Introduction, at first sight it may seem best to only deal
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with pairs of state-spaces for X and Y that avoid the issue of specifying 0 · ∞ and ∞ · 0.
The problem with this is that in considering the existence of a Laplace dual Y for a
given X, whilst by Bernstein-Widder’s theorem B the relation (1.2) surely implies the
complete monotonicity of Ex[e−Xty] in x ∈ (0,∞), which in turn ensures the existence of
a probability νt(y, ·) for which

Ex[e
−Xty] =

∫
e−xvνt(y, dv), x ∈ (0,∞),

in general νt(y, ·) is a probability only on [0,∞], a superset of (0,∞) with both end-points
0, ∞ included. For this reason we consider the natural domain of Laplace duality to
be [0,∞] with due consideration having to be given to the conventions for 0 · ∞ and
∞ · 0. Fortunately, this approach is also without loss of generality because Laplace
duality on restricted state-spaces can always be prolongated to [0,∞], as we shall see in
Remark 3.21.

Example 3.16 (Subordinators). Let X be a possibly killed subordinator (coffin: ∞) under
the probabilities (Px)x∈[0,∞] with Laplace exponent Φ ∈ pk-subo:

Ex[e
−Xty;Xt <∞] = e−xy−tΦ(y), {x, y} ⊂ [0,∞), t ∈ [0,∞);

under P∞, X is the constant ∞ a.s. We consider below two variants of a Laplace dual Y
for X. In both cases, for y ∈ (0,∞), under Py, Y a.s. starts at y and is killed, sent to the
coffin ∞, at rate Φ(y), while under P∞ it is the constant ∞ a.s.

• In the first variant, under P0, Y a.s. starts at 0 and is killed, sent to the coffin ∞,
at rate Φ(0). Then X is in (0+ · ∞,∞ · 0+)-Laplace duality with Y .

• In the second variant, under P0, Y is the constant 0 a.s. ThenX is in (0+ ·∞,∞− ·0)-
Laplace duality with Y .

So, when Φ(0) > 0, the subordinator X is in Laplace duality with different Y , depending
on the choice of the conventions for the products 0 · ∞ and ∞ · 0. However, except in the
trivial case when Φ ≡ 0 (the constant process, which is in Laplace duality of whichever
kind with itself), the other two types of Laplace dualities are precluded (∵ X does not
have 0 absorbing if Φ 6≡ 0).

In the context of the preceding example the reader may well wonder what changes if,
instead of a subordinator, one considers a possibly killed spectrally positive Lévy process
X (that is not a subordinator). Its Laplace transform then takes the form

Ex[e
−Xty;Xt <∞] = e−xy+tΨ(y), (x, y) ∈ R× [0,∞), t ∈ [0,∞),

where Ψ ∈ pk-spLp\(−pk-subo). In this case, for no t ∈ (0,∞) can there exist a family of
probabilities q = (qt(y, ·))y∈(0,∞) on (−∞,∞] satisfying

Ex[e
−Xty] =

∫
e−xvqt(y, dv), {x, y} ⊂ (0,∞),

for if there were, letting x ↓ 0, we would get qt(y, (−∞,∞]) ≥ qt(y,R) = etΨ(y) > 1 for
some (all large enough) y ∈ (0,∞), which is a contradiction. This shows that no Laplace
dual process of X can exist in the sense of (1.2).

Example 3.17 (CB processes). Let X be a CB process under the probabilities (Px)x∈[0,∞]

with branching mechanism Ψ ∈ pk-spLp. According to [53, Chapter 12] it means:

Ex[e
−Xty] = e−xut(y), x ∈ [0,∞), y ∈ (0,∞), t ∈ [0,∞),
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where for each y ∈ (0,∞), [0,∞) 3 t 7→ ut(y) ∈ (0,∞) is the unique C1-solution to

d

dt
ut(y) = −Ψ(ut(y)), u0(y) = y; (3.10)

under P∞, X is the constant ∞ a.s. We consider below three variants of a Laplace dual
Y for X. In all cases, for y ∈ (0,∞), under Py, Y a.s. coincides with (ut(y))t∈[0,∞).

• In the first variant, under P∞ (resp. P0) Y is constant and equal to ∞ (resp. 0) a.s.
Then X is in (0+ · ∞,∞− · 0)-Laplace duality with Y .

• In the second variant, for all t ∈ [0,∞), a.s.,

– under P∞, Yt = ut(∞−) := ↑- limy↑∞ ut(y) ∈ (0,∞],
– under P0, Yt = ut(0+) := ↓- limy↓0 ut(y) ∈ [0,∞).

Then X is in (0 · ∞−,∞ · 0+)-Laplace duality with Y .

• For the third variant take 0 absorbing for Y as in the first instance and take P∞ as
in the second variant. Then X is in (0 · ∞−,∞− · 0)-Laplace duality with Y .

Thus, the CB process X may be in Laplace duality with different Y depending on the
choice of the conventions for the products 0 · ∞ and ∞ · 0. We return to CB processes in
Section 6.1.1 by studying the generators, there with (0+ · ∞,∞ · 0+)-Laplace duality, so
that in fact a CB process admits all four types of Laplace duals.

Example 3.18 (CBI processes). Let X be a continuous-state branching process with
immigration (CBI process) under the probabilities (Px)x∈[0,∞] with branching mechanism
Ψ ∈ pk-spLp and immigration mechanism Φ ∈ pk-subo. One has, see Kawazu and
Watanabe [49, Eq. (1.1) and Theorem 1.1]:

Ex[e
−Xty] = e−xut(y)−

∫ t
0
Φ(us(y))ds, x ∈ [0,∞), y ∈ (0,∞), t ∈ [0,∞),

where for each y ∈ (0,∞), [0,∞) 3 t 7→ ut(y) ∈ (0,∞) satisfies (3.10), while under P∞,
X is the constant ∞ a.s. We interpret u(0) := ([0,∞) 3 t 7→ ut(0+)) in the limiting sense.
Under P∞, let Y be the constant ∞ a.s., while for y ∈ [0,∞), under Py, let Y a.s. satisfy
Yt = ut(y) for t ∈ [0, ζ), where ζ is a random time at which Y is killed, sent to ∞, and
whose law is given by

Py(ζ > t) = e−
∫ t
0
Φ(us(y))ds, t ∈ [0,∞).

Then X is in (0+ · ∞,∞ · 0+)-Laplace duality with Y .

Proof of Theorem 3.13. The proofs of the parts are all quite similar, but for clarity we
write them all out separately at the cost of some repetition.

Part (i). We work throughout this part under the conventions 0+ · ∞, ∞ · 0+.
The linear span of {ey|[0,∞) : y ∈ (0,∞)} is an algebra of maps vanishing at infinity,

separating the points of, and vanishing nowhere on [0,∞). Thanks to the convention
∞ · 0+ and by Stone-Weierstrass’ theorem [13, Corollary V.8.3] for [0,∞),

X is weakly-[0,∞) continuous at 0 ⇔
(
lim
x↓0
Ex
[
e−Xty

]
= E0

[
e−Xty

]
for all t ∈ [0,∞), y ∈ [0,∞)

)
.

(3.11)

Suppose first thatX is in (0+ ·∞,∞·0+)-Laplace duality with Y . (3.11), (3.5), 0+ ·∞ show
that X is weakly-[0,∞) continuous at 0. (3.5), ∞ · 0+ ensure that X has ∞ absorbing.
Corollary 3.11 guarantees the complete monotonicity of X. By transposition we deduce
that Y has these same three properties.
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Conversely, assume X is completely monotone, weakly-[0,∞) continuous at 0 and has
∞ absorbing. From, and in the notation of Proposition 3.7(3.2)-(3.3), and by ∞ · 0+: for
t ∈ [0,∞), writing qt(0, ·) := qt(0+, ·), then for y ∈ [0,∞), x ∈ (0,∞),∫

e−uypt(x, du) =

∫
e−xvqt(y, dv); (3.12)

but, on passing to the limit x ↓ 0, also for x = 0 by the assumption of weak-[0,∞)

continuity at 0 of X, (3.11) and 0+ · ∞. Moreover, (3.12) holds also, first, for x = ∞ due
to the absorptivity of ∞ for X and the convention ∞ · 0+; second, then for y = ∞ on
specifying qt(∞, ·) := δ∞ and noting this time 0+ · ∞. Thus (3.12) persists for arbitrary
(x, y) ∈ [0,∞]2. In order to deduce that X is in (0+ · ∞,∞ · 0+)-Laplace duality with a
positive Markov process it remains to apply Proposition A.

(3.6) is a mere specification of (3.5) to x = 0 using 0+ · ∞, and separately to y = 0

using ∞ · 0+ (or we apply transposition).
Part (ii). We work throughout this part under the conventions 0 · ∞−, ∞− · 0.
The linear span of {(1 − ey)|(0,∞] : y ∈ (0,∞)} is an algebra of maps vanishing at

infinity (which is to say: having limit zero at 0+), separating the points of, and vanishing
nowhere on (0,∞]. Thanks to the convention 0 · ∞− and Stone-Weierstrass for (0,∞],

X is weakly-(0,∞] continuous at ∞ ⇔
(
lim
x↑∞

Ex
[
e−Xty

]
= E∞

[
e−Xty

]
for all t ∈ [0,∞), y ∈ (0,∞]

)
.

(3.13)

Suppose first that X is in (0 ·∞−,∞− · 0)-Laplace duality with Y . (3.13), (3.5), ∞− · 0
show thatX is weakly-(0,∞] continuous at∞. (3.5), 0·∞− ensure thatX has 0 absorbing.
Corollary 3.11 guarantees the complete monotonicity of X. By transposition we deduce
that Y has these same three properties.

Conversely, assume X is completely monotone, weakly-(0,∞] continuous at ∞ and
has 0 absorbing. From, and in the notation of Proposition 3.7(3.3)-(3.4), and by 0 · ∞−:
for t ∈ [0,∞), writing qt(∞, ·) := qt(∞−, ·), then for y ∈ (0,∞], x ∈ (0,∞),∫

e−uypt(x, du) =

∫
e−xvqt(y, dv); (3.14)

but, on passing to the limit x ↑ ∞, also for x = ∞ by the assumption of weak-(0,∞]

continuity at ∞ of X, (3.13) and ∞− · 0. Moreover, (3.14) holds also, first, for x = 0 due
to the absorptivity of 0 for X and 0 ·∞−; second, then for y = 0 on specifying qt(0, ·) := δ0
and noting this time ∞− · 0. Thus (3.14) persists for arbitrary (x, y) ∈ [0,∞]2. In order to
deduce that X is in (0 · ∞−,∞− · 0)-Laplace duality with a positive Markov process it
remains to apply Proposition A.

(3.7) is a mere specification of (3.5) to x = ∞ using ∞− · 0, and separately to y = ∞
using 0 · ∞− (or we apply transposition).

Part (iii). We work throughout this part under the conventions 0 · ∞−, ∞ · 0+.
The linear span of {ex : x ∈ (0,∞)} ∪ {1} is an algebra containing the constants and

separating the points of [0,∞]. Thanks to Stone-Weierstrass for [0,∞] we therefore have:

Y is weakly continuous at ∞ ⇔
(
lim
y↑∞

Ey
[
e−xYt

]
= E∞[e−xYt]

for all t ∈ [0,∞), x ∈ (0,∞)
)
;

(3.15)

Y is weakly continuous at 0 ⇔
(
lim
y↓0
Ey
[
e−xYt

]
= E0

[
e−xYt

]
for all t ∈ [0,∞), x ∈ (0,∞)

)
.

(3.16)
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Suppose first that X is in (0 ·∞−,∞·0+)-Laplace duality with Y . (3.5), ∞·0+ (resp. (3.5),
0 ·∞−) ensure that X has ∞ (resp. 0) absorbing. (3.5), (3.15), 0 ·∞− (resp. (3.5), (3.16),
∞ · 0+) yield that Y is weakly continuous at ∞ (resp. 0). Corollary 3.11 guarantees the
complete monotonicity of X and Y .

Conversely, assume X is completely monotone, and has 0, ∞ both absorbing.
From, and in the notation of Proposition 3.7(3.2)-(3.4), and by 0 · ∞−, ∞ · 0+: for

t ∈ [0,∞), writing qt(∞, ·) := qt(∞−, ·) and qt(0, ·) := qt(0+, ·), then for y ∈ [0,∞],
x ∈ (0,∞), ∫

e−uypt(x, du) =

∫
e−xvqt(y, dv). (3.17)

Moreover, (3.17) holds also, first, for x = 0 due to the absorptivity of 0 for X and 0 · ∞−;
second, for x = ∞ by the absorptivity of ∞ for X and ∞ · 0+. Thus (3.17) persists for
arbitrary (x, y) ∈ [0,∞]2. In order to deduce that X is in (0 · ∞−,∞ · 0+)-Laplace duality
with a positive Markov process it remains to apply Proposition A.

(3.8) is a mere specification of (3.5) to y = 0 using ∞ · 0+, and separately to y = ∞
using 0 · ∞−.

Part (iv). We work throughout this part under the conventions 0+ · ∞, ∞− · 0.
The necessity of the conditions of the theorem follows from Item (iii) on transposing.

As for sufficiency, assume then that X is completely monotone and weakly continuous at
both 0 and ∞.

From, and in the notation of Proposition 3.7(3.3): for t ∈ [0,∞), y ∈ (0,∞), x ∈ (0,∞),∫
e−uypt(x, du) =

∫
e−xvqt(y, dv); (3.18)

but, on passing to the limit x ↑ ∞ also for x = ∞ by the weak continuity of X at ∞ and
∞− · 0; likewise, on passing to the limit x ↓ 0 also for x = 0 by the weak continuity of
X at 0 and 0+ · ∞. Moreover, setting qt(0, ·) := δ0 and qt(∞, ·) := δ∞, (3.18) continues to
hold, first, for y = 0 due to ∞− · 0; second, for y = ∞ due to 0+ · ∞. Thus (3.18) persists
for arbitrary (x, y) ∈ [0,∞]2. In order to deduce that X is in (0+ · ∞,∞− · 0)-Laplace
duality with a positive Markov process it remains to apply Proposition A.

In applying Theorem 3.13, in the direction of starting with a processX and attempting
to conclude the existence of the dual Y , one may be led to performing operations of
restriction followed by/or just of extension of state-space. The issue of restriction is
considered in

Remark 3.19. Let (0,∞) ⊂ E′ ⊂ [0,∞]. Suppose the [0,∞]-valued Markov processX has
the boundary points of [0,∞]\E′ non-sticky. Then we may introduce the positive Markov
process X ′ having state-space E′ and the probabilities P′

x := Px|E′ for x ∈ E′. It is, as far
as the finite-dimensional distributions are concerned, the same process when looked at
only on points of issue from E′: X ′

t?Px = X ′
t?P

′
x for all t ∈ [0,∞) and all x ∈ E′. Thus, if

X is completely monotone to begin with, then the resulting process X ′ verifies complete
monotonicity on E′: for all t ∈ [0,∞), for all ↓ maps f : E′ → [0,∞) that are completely
monotone on (0,∞), we have that E′

x[f(X
′
t)] is ↓ in x ∈ E′, completely monotone in

x ∈ (0,∞). (But X ′ can have this property without X having been completely monotone
to begin with.) Such restriction of the process can also be iterative, first removing 0 and
then ∞ or vice versa.

As for the problem of extension, let (0,∞) ⊂ E′ ⊂ [0,∞] and suppose X ′ is, under the
probabilities (P′

x)x∈E′ , a Markov process valued in E′ that is completely monotone on E′.
Then, for E′ ⊂ E ⊂ [0,∞], the E-valued Markov process X having the probabilities of X ′

and the points E\E′ absorbing is completely monotone. The next proposition further
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shows that given complete monotonicity on (0,∞) of a process X, one can extend X
continuously at the boundaries and find a Laplace dual.

Proposition 3.20. Let X ′ be a (0,∞)-valued Markov process under the probabilities
(P′

x)x∈(0,∞), such that (0,∞) 3 x 7→ E′
x[e

−X′
ty] is completely monotone for all y ∈ (0,∞).

Then, for all t ∈ [0,∞), the probabilities pt(x, ·) := P′
x(X

′
t ∈ ·) admit a weak limit as x ↓ 0

(resp. x ↑ ∞) and the latter, call it pt(0, ·) (resp. pt(∞, ·), is a probability on [0,∞) (resp.
[0,∞]). Moreover, we have the following two assertions.

(i) The family p := (pt(x, ·))(t,x)∈[0,∞)×[0,∞) of probabilities on [0,∞) has the measur-
ablity, normality and semigroup properties. The associated [0,∞]-valued Markov
process X with transition kernels p on [0,∞) and the boundary ∞ absorbing is
weakly-[0,∞) continuous at 0 and also completely monotone. In particular, X
admits a (0+ · ∞,∞ · 0+)-Laplace dual process.

(ii) The family p := (pt(x, ·))(t,x)∈[0,∞)×[0,∞] of probabilities on [0,∞] has the measura-
bility, normality and semigroup properties. The associated Markov process X with
transition kernels p is weakly continuous at 0 and ∞ and also completely monotone.
In particular, X admits a (0+ · ∞,∞− · 0)-Laplace dual process.

It will be clear from the proof that we have also the following version.
Let X ′ be a [0,∞)-valued Markov process under the probabilities (P′

x)x∈[0,∞), weakly

[0,∞)-continuous at zero and such that, for all y ∈ (0,∞), E′
x[e

−X′
ty] is completely

monotone in x ∈ (0,∞), continuous in x ∈ [0,∞). Then, for all t ∈ [0,∞), as x ↑ ∞, the
probabilities pt(x, ·) := P′

x(X
′
t ∈ ·) admit a weak limit as a probability pt(∞, ·) on [0,∞]

and (ii) holds.
The same proof works because the extension to (ii) is done independently after (i).

Proof of Proposition 3.20. By Prokhorov’s theorem, the fact that Laplace transforms
determine probabilities on B[0,∞], and the complete monotonicity (∴ ↓) of (0,∞) 3 x 7→
E′
x[e

−X′
ty] for all y ∈ (0,∞), we see that for each t ∈ [0,∞) the weak limit pt(0, ·) of the

probabilities pt(x, ·) on [0,∞] exists as x ↓ 0. With x ∈ (0,∞) arbitrary, since for all
y ∈ (0,∞), ∫

e−uypt(x, du) ≤
∫
e−uypt(0,du) ≤ pt(0, [0,∞)),

on letting y ↓ 0, we deduce that pt(0, [0,∞)) = 1.
By the same set of tokens we see that the weak limit pt(∞, ·) of the probabilities

pt(x, ·) on [0,∞] as x ↑ ∞ exists as a probability on [0,∞]. (We stress that here there is
possibly a mass at ∞.)

(i). By what we have just established we may consider p := (pt(x, ·))(t,x)∈[0,∞)×[0,∞)

as a family of probabilities on [0,∞). It is clear that p0(0, {0}) = 1, so p has the normality
property. Let us check the semigroup property of p (for point of issue 0, it being clear for
points of issue out of (0,∞)). For {s, t} ⊂ [0,∞):

∫
e−uypt+s(0,du) = lim

x↓0

∫
e−uypt+s(x, du) = lim

x↓0

∫ bdd cts in u∈[0,∞)︷ ︸︸ ︷∫
e−u

′yps(u,du
′) pt(x, du)

=

∫ ∫
e−u

′yps(u,du
′)pt(0,du), y ∈ (0,∞);

since Laplace transforms determine probabilities on B[0,∞] the semigroup property
follows. Thus we can extend X ′ to X by asking that X has the transition kernels p
on [0,∞) and ∞ absorbing. It is plain that the resulting positive Markov process is
weakly-[0,∞) continuous at 0, also completely monotone. Consequently, Theorem 3.13(i)
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applies and ensures existence of a positive Markov process that is in (0+ · ∞,∞ · 0+)-
Laplace duality therewith.

(ii). Concerning p, by the findings of (i) it remains to check the semigroup property
for point of issue ∞, but this follows essentially verbatim as it was done in (i) for 0. Thus
we end up with a normal measurable Markovian family of kernels p. The associated
[0,∞]-valued Markov process is weakly continuous both at 0 and ∞ and is completely
monotone. In turn, Theorem 3.13(iv) applies and ensures existence of a positive Markov
process that is in (0+ · ∞,∞− · 0)-Laplace duality therewith.

Remark 3.19 and Proposition 3.20 can be applied one after the other. We have
left in them unaddressed the issue of whether or not the resulting processes have
modifications with nice, say càdlàg paths: the discussion concerned only the procurement
of a Markovian family of kernels restricting/extending the given one. Though, this
problem is trivial at least when extending a given càdlàg process by absorbing points.

We close this subsection by making precise how the insistence on the state-spaces
[0,∞] in Laplace duality represents no loss of generality relative to the situation in which
we would have also allowed (0,∞), [0,∞), etc.

Remark 3.21. Let X and Y be Markov processes with respective state-spaces E and F ,
both subsets of [0,∞], both supersets of (0,∞), that are in Laplace duality on E × F :

Ex[e
−Xty] = Ey[e−xYt ], t ∈ [0,∞), (x, y) ∈ E × F, (3.19)

under some conventions on 0 · ∞ and/or ∞ · 0, when, respectively, (0,∞) ∈ E × F and/or
(∞, 0) ∈ E × F . We claim that there exist extensions of X and Y to positive Markov
processes, with the outstanding points absorbing, that are in Laplace duality under a
suitable choice of the conventions for 0 · ∞, ∞ · 0 extending the given ones. Indeed, if ∞
is not in the state-space of Y , then we extend Y to ∞ by making the latter absorbing
and, if 0 was in the state-space of X, agreeing on the convention 0+ · ∞. Likewise, if 0 is
not in the state-space of Y , then we extend Y to 0 by making the latter absorbing and, if
∞ was in the state-space of X, agreeing on the convention ∞− · 0. We repeat this in an
analogous manner to extend also X to [0,∞].

3.3 Feller property, excessive/invariant functions and measures, long-term
limiting laws

Let us provide some technical background on Feller processes, referring the reader to
Kallenberg [47, Chapter 19] and to Böttcher et al. [11, Chapter I] for detailed accounts.

Under a C0(E)-Feller process with values in a locally compact separable metric
space E we shall understand then an E-valued Markov process X, whose semigroup
P = (Pt)t∈[0,∞) satisfies the two properties:

PtC0(E) ⊂ C0(E), t ∈ [0,∞); (3.20)

lim
t↓0

Ptf(x) = f(x), x ∈ E, f ∈ C0(E). (3.21)

When E is compact, we shall also say that X is C(E)-Feller if (3.20)-(3.21) hold with C(E)

instead of C0(E). For a compact E, C0(E) = C(E); we make the notational distinction
only for emphasis.

Property (3.21) is automatic if X is right-continuous and we may allow in the pre-
ceding X to be non-conservative. A possibly non-conservative E-valued Markov process
X = (Xt)t∈[0,ζ) with lifetime ζ under the probabilities (Px)x∈E obeys (2.2) only “a.s.-Px
on {s < ζ}”, but has otherwise the same properties of measurability, and normality
(Px(X0 = x, 0 < ζ) = 1 for all x ∈ E). Furthermore, with pt(x, ·) := Xt?Px|{t<ζ} for x ∈ E,
Pt is defined out of the family (pt(x, ·))x∈E , exactly as in (2.3), this for all t ∈ [0,∞). By
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one-point compactification or addition of an isolated point, according as to the whether
E is not or is compact, the non-conservative case reduces to the conservative one [47,
Lemma 19.13]. The Feller property of a family of (sub)Markovian transition kernels p,
or of their associated semigroup P , is defined in the clear way without reference to X.
For a Feller semigroup a process realization thereof having sample paths in DE always
exists [47, Theorem 19.15] and the strong Markov and quasi left-continuity properties
are automatic [47, Theorem 19.17, Proposition 25.20].

Recall also the notion of the strong (infinitesimal) generator for a Feller process X
with semigroup P , state-space E: it is the linear operator Xs defined on

DXs :=

{
f ∈ C0(E) : lim

t↓0

Ptf − f

t
exists as a uniform limit

}
and given by

Xsf := lim
t↓0

Ptf − f

t
for f ∈ DXs

.

The Feller property ensures that it coincides with the pointwise version on restriction to
C0(E) [11, Theorem 1.33], more precisely

Xs = X ∩ (C0(E)× C0(E)), (3.22)

where X is given by (2.4). The generator of a Feller process provides the fundamen-
tal Dynkin’s martingales, see for instance [11, Theorem 1.36 & sentence just after
Definition 1.35]: for any f ∈ DXs

, the process(
f(Xt)−

∫ t

0

Xsf(Xs)ds

)
t∈[0,∞)

is a martingale. (3.23)

A core for Xs is any linear D ⊂ DXs
such that Xs|D has closure Xs (in C0(E) × C0(E),

where we endow C0(E) with the supremum norm ‖ · ‖∞, i.e. the topology of uniform
convergence).

With these reminders out of the way, we first address the right-continuity (3.21):

Ptf(x) −→
t↓0

f(x), x ∈ [0,∞], f ∈ C([0,∞]), (3.24)

for the semigroup P of a positive Markov process X in Laplace duality.

Proposition 3.22. Let X (semigroup P ) be in (?1, ?2)-Laplace duality with Y (semigroup
Q). Then P satisfies (3.24) if and only if, respectively depending on the conventions
(?1, ?2), for all y ∈ (0,∞),

Qtex(y) −→
t↓0

ex(y), x ∈ (0,∞), (3.25)

and

(i) when (?1, ?2) = (0+ · ∞,∞ · 0+): qt(y, [0,∞)) −→
t↓0

1.

(ii) when (?1, ?2) = (0 · ∞−,∞− · 0): qt(y, {0}) −→
t↓0

0.

(iii) when (?1, ?2) = (0 · ∞−,∞ · 0+): no further conditions.

(iv) when (?1, ?2) = (0+ · ∞,∞− · 0): qt(y, {0}) −→
t↓0

0 and qt
(
y, [0,∞)

)
−→
t↓0

1.

These conditions are met if Y admits a version that is right-continuous at zero (in
particular they are met if Y has a D[0,∞]-valued version).
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Proof. We write it out for (?1, ?2) = (0+ · ∞,∞− · 0)-duality, the other cases being similar
(and easier). Recall first that by Stone-Weierstrass the linear span of {ey : y ∈ (0,∞)}∪{1}
is dense in (C([0,∞]), ‖ · ‖∞). Assume that (iv) holds true. By the duality relationship, for
all t ∈ [0,∞), for all y ∈ (0,∞),

Pte
y(x) = Qtex(y) −→

t↓0
ex(y) = ey(x), x ∈ (0,∞),

Pte
y(∞) = qt(y, {0}) −→

t↓0
0 = ey(∞) and

Pte
y(0) = qt

(
y, [0,∞)

)
−→
t↓0

1 = ey(0).

(3.26)

Now let f ∈ C([0,∞]) be arbitrary and pick (fn)n∈N, a sequence of functions belonging
to the linear span of {ey : y ∈ (0,∞)} ∪ {1}, such that limn→∞ ‖fn − f‖∞ = 0. For all
t ∈ [0,∞), using the fact that ‖Ptf‖∞ ≤ ‖f‖∞ we see that, for all x ∈ [0,∞],

|Ptf(x)− f(x)| ≤ ‖Ptf − Ptfn‖∞ + |Ptfn(x)− fn(x)|+ ‖fn − f‖∞
≤ 2‖fn − f‖∞ + |Ptfn(x)− fn(x)|.

By (3.26), limt↓0 |Ptfn(x)− fn(x)| = 0. Thus, by letting t ↓ 0 and thereafter n→ ∞ in the
preceding display, we get lim

t→0
|Ptf(x)− f(x)| = 0, which is (3.24).

The fact that (iv) is necessary for (3.24) follows readily on exchanging the l.h.s. and
r.h.s. of the equalities in (3.26).

If now Y is right-continuous at zero then, for all y ∈ (0,∞), we have that (3.25),
qt(y, {0}) = Py(Yt = 0) −→

t↓0
0 and qt(y, {∞}) = Py(Yt = ∞) −→

t↓0
0 hold for all y ∈ (0,∞)

by bounded convergence (since Y0+ = Y0 = y ∈ (0,∞) a.s.-Py), which is (iv).

We now study the more restrictive Feller property (3.20).

Proposition 3.23. Let X and Y be positive Markov processes, X satisfying (3.24). We
have the following assertions.

(i) If X is in (0+ · ∞,∞ · 0+)-Laplace duality with Y , then X is C([0,∞])-Feller if and
only if Y has 0 non-sticky, in which case (the possibly submarkovian) p restricted to
[0,∞) has the C0([0,∞))-Feller property too.

(ii) If X is in (0 · ∞−,∞− · 0)-Laplace duality with Y , then X is C([0,∞])-Feller if and
only if Y has ∞ non-sticky, in which case (the possibly submarkovian) p restricted
to (0,∞] has the C0((0,∞])-Feller property too.

(iii) If X is in (0 · ∞−,∞ · 0+)-Laplace duality with Y , then X is C([0,∞])-Feller if and
only if Y has 0 and ∞ both non-sticky, in which case (the possibly submarkovian) p
restricted to (0,∞) has the C0((0,∞))-Feller property too.

(iv) If X is in (0+ · ∞,∞− · 0)-Laplace duality with Y , then X is C([0,∞])-Feller.

Proof. (i). If Y has 0 non-sticky, then under 0+ ·∞, e−xYt is continuous in x ∈ [0,∞] a.s.-Py

for all y ∈ (0,∞) and t ∈ [0,∞). Combining this with the Laplace duality relation (3.5)
and bounded convergence we find that, for all t ∈ [0,∞), Pt{ey : y ∈ (0,∞)} ⊂ C([0,∞]).
But the linear span of {ey : y ∈ (0,∞)} ∪ {1} is dense in (C([0,∞]), ‖ · ‖∞) and we deduce
that PtC([0,∞]) ⊂ C([0,∞]). Together with (3.24) it means that X is C([0,∞])-Feller.
Conversely, if X is C([0,∞])-Feller, then for all t ∈ [0,∞) and y ∈ (0,∞), (3.5) under
∞ · 0+ and the continuity of ([0,∞] 3 x 7→ Ex[e

−Xty]) at ∞− require Py(Yt = 0) = 0; in
addition, the complete monotonicity of Y together with Proposition 3.7 ensures that
([0,∞] 3 y 7→ Py(Yt = 0)) is ↓, so that also P∞(Yt = 0) = 0, and thus Y has 0 non-
sticky. The “in which case” statement follows on noting the density of the linear span of
{ey|[0,∞) : y ∈ (0,∞)} in (C0([0,∞)), ‖ · ‖∞), the restriction of p to [0,∞) being in fact a
(sub)Markovian family of transition kernels, since X has ∞ absorbing.
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(ii). Similar to (i) except that we consider {(1 − ey)|(0,∞] : y ∈ (0,∞)} in lieu of
{ey|[0,∞) : y ∈ (0,∞)}, and the ↓ character of ([0,∞] 3 y 7→ Py(Yt <∞)) in lieu of that of
([0,∞] 3 y 7→ Py(Yt = 0)).

(iii). For the “in which case” part observe that the linear span of {(ey1 − ey2)|(0,∞) :

(y1, y2) ∈ (0,∞)2} is an algebra of functions separating the points of (0,∞) and vanishing
nowhere on (0,∞), therefore is dense in (C0((0,∞)), ‖ · ‖∞) by Stone-Weierstrass. The
remainder of the straightforward argument employing (3.5) is left to the reader.

(iv). Under 0+ · ∞, ∞− · 0, e−xYt is continuous in x ∈ [0,∞] for all y ∈ (0,∞) and
t ∈ [0,∞). We conclude as in (i).

The next proposition details invariant sets for the semigroup and cores for the
generator of a process in Laplace duality. Introduce the algebras of functions:

cm±
[0,∞) :=

{∫
eyν(dy) : ν a finite signed measure on B(0,∞)

}
⊂ C0([0,∞)),

cm±
(0,∞] :=

{∫
(1− ey)ν(dy) : ν a finite signed measure on B(0,∞)

}
⊂ C0((0,∞]),

cm±
(0,∞) :=

{∫
eyν(dy) : ν a finite signed measure on B(0,∞), ν((0,∞)) = 0

}
⊂ C0((0,∞)), and

cm±
[0,∞] :=

{
c+

∫
eyν(dy) : c ∈ R, ν a finite signed measure on B(0,∞)

}
⊂ C([0,∞]).

(strictly speaking we should have written ey|[0,∞) rather than ey in cm±
[0,∞) and similarly

in cm±
(0,∞], cm

±
(0,∞), but have, for succinctness, allowed ourselves this abuse of notation).

Notice that, under the conventions 0+ · ∞, ∞− · 0, we may identify

cm±
[0,∞] =

{∫
eyν(dy) : ν a finite signed measure on B[0,∞]

}
. (3.27)

Proposition 3.24. Let X be a positive Markov process. We denote by P the possibly
submarkovian semigroup and by Xs the strong generator of each of the Feller processes
referred to in (i)-(iv) below, i.e. of X, but with the indicated restricted state-space
(in each case the assumed duality ensures the absorptivity property that renders the
restriction meaningful, cf. Proposition 3.23).

(i) If X admits a (0+ · ∞,∞ · 0+)-Laplace dual and is C0([0,∞))-Feller on restriction
to [0,∞), then Ptcm

±
[0,∞) ⊂ cm±

[0,∞) for all t ∈ [0,∞). If further cm±
[0,∞) ⊂ DXs

, then

cm±
[0,∞) is a core for Xs.

(ii) If X admits a (0 · ∞−,∞− · 0)-Laplace dual and is C0((0,∞])-Feller on restriction
to (0,∞], then Ptcm

±
(0,∞] ⊂ cm±

(0,∞] for all t ∈ [0,∞). If further cm±
(0,∞] ⊂ DXs

, then

cm±
(0,∞] is a core for Xs.

(iii) If X admits a (0 · ∞−,∞ · 0+)-Laplace dual and is C0((0,∞))-Feller on restriction
to (0,∞), then Ptcm

±
(0,∞) ⊂ cm±

(0,∞) for all t ∈ [0,∞). If further cm±
(0,∞) ⊂ DXs , then

cm±
(0,∞) is a core for Xs.

(iv) If X admits a (0+ · ∞,∞− · 0)-Laplace dual, then (it is C([0,∞])-Feller by Proposi-
tion 3.23(iv) and) Ptcm

±
[0,∞] ⊂ cm±

[0,∞] for all t ∈ [0,∞). If further cm±
[0,∞] ⊂ DXs ,

then cm±
[0,∞] is a core for Xs.

Proof. In each item, the core property of the invariant set follows from the Feller
property assumed on the process, the fact that it is contained in the domain of the

EJP 31 (2026), paper 127.
Page 26/73

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1582
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Positive Markov processes in Laplace duality

strong generator, Stone-Weierstrass and a well-known sufficient condition for cores [47,
Proposition 19.9]. We focus therefore on the invariance property, providing full details
only for the first case and giving the gist of the argument for the remaining ones. Let
t ∈ [0,∞) and let ν be a finite signed measure on B(0,∞). In each of the cases call Y the
process for which X is in Laplace duality with Y of the type specified in that case.

(i). Work under 0+ · ∞,∞ · 0+. Set fν :=
∫
eyν(dy) restricted to [0,∞). By Tonelli,

duality and 0+ · ∞, we have, for all x ∈ [0,∞),

Ptfν(x) =

∫
Ex[e

−Xty]ν(dy) =

∫
Ey[e−xYt ]ν(dy) =

∫
e−xv

∫
Py(Yt ∈ dv, Yt <∞)ν(dy).

By assumption X is Feller and so Proposition 3.23(i) ensures that 0 is non-sticky for
Y , whence the finite signed measure

∫
Py(Yt ∈ ·, Yt < ∞)ν(dy) is carried by (0,∞). It

follows that Ptfν ∈ cm±
[0,∞).

(ii). By Proposition 3.23(ii), ∞ is non-sticky for Y , whence the finite signed measure∫
Py(Yt ∈ ·, Yt > 0)ν(dy) is carried by (0,∞).
(iii). By Proposition 3.23(iii), 0 and ∞ are both non-sticky for Y , whence the finite

signed measure
∫
Py(Yt ∈ ·)ν(dy) is carried by (0,∞) and has mass zero provided ν does.

(iv). Work under 0+ · ∞,∞− · 0. For a finite signed measure ν on [0,∞], by Laplace
duality and Tonelli, Pt

∫
eyν(dy) =

∫
ev
∫
Py(Yt ∈ dv)ν(dy). Recalling (3.27) we find that

Ptcm
±
[0,∞] ⊂ cm±

[0,∞].

The difficulty in practice is checking that the linear subspaces cm delineated above
belong to the domain of the strong generator. Though, granted the Feller properties,
we know from (3.22) that it suffices to check that they belong to the domain of the
pointwise generator and that the result of the action of the pointwise generator on them
is contained in the relevant C0-space. We illustrate this in

Corollary 3.25. Let the positive Markov process X (semigroup P , generator X ) be
C([0,∞])-Feller and let it admit a (0+ · ∞,∞− · 0)-Laplace dual. If {ey : y ∈ (0,∞)} ⊂ DX ,

X ey ∈ C([0,∞]) for all y ∈ (0,∞) and sup
(x,y)∈[0,∞]×(0,∞)

|X ey(x)| <∞,

then cm±
[0,∞] is a core for Xs (in particular ey ∈ DXs

for all y ∈ (0,∞)).

Proof. By the Feller property, the fact that ey ∈ DX and the assumption X ey ∈ C([0,∞]),
we see that ey ∈ DXs for all y ∈ (0,∞). Therefore, from the Dynkin martingales (3.23)
for the equality and by bounded convergence for the limit,

1

t
(Pte

y(x)− ey(x)) =
1

t
Ex

[∫ t

0

X ey(Xs)ds

]
−→
t↓0

X ey(x), x ∈ [0,∞], y ∈ (0,∞). (3.28)

Let f ∈ cm±
[0,∞]. By definition of cm±

[0,∞] and Tonelli there is a finite signed measure ν on

B(0,∞) such that, for all x ∈ [0,∞],

1

t
(Ptf(x)− f(x)) =

∫
1

t
(Pte

y(x)− ey(x))ν(dy). (3.29)

Since the limit in (3.28) is pointwise and bounded uniformly with respect to the variable
y, by bounded convergence the quantity (3.29) converges towards

∫
X ey(x)ν(dy) as t ↓ 0,

for all x ∈ [0,∞]. Furthermore,
(
[0,∞] 3 x 7→

∫
X ey(x)ν(dy)

)
is bounded and continuous

(by bounded convergence again). This ensures that cm±
[0,∞] ⊂ DXs

. The fact that cm±
[0,∞]

is a core for Xs follows now from Proposition 3.24(iv).
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Our next result links excessive (resp. invariant) measures and excessive (resp.
invariant) functions of processes in Laplace duality. Recall that for a Markov process
X with values in a measurable space (E, E) and for θ ∈ [0,∞) we call θ-excessive (resp.
θ-invariant) for X any σ-finite measure µ on (E, E) such that for all t ∈ [0,∞), µPt ≤ eθtµ

(resp. µPt = eθtµ), i.e. for all measurable ϕ : E → [0,∞],
∫
Ptϕ(x)µ(dx) ≤ eθt

∫
ϕ(x)µ(dx)

(resp.
∫
Ptϕ(x)µ(dx) = eθt

∫
ϕ(x)µ(dx)). In a similar fashion, a θ-excessive (resp. θ-

invariant) function for X is any measurable map f : E → [0,∞] such that for all
t ∈ [0,∞) we have Ptf ≤ eθtf (resp. Ptf = eθtf ). Excessive (resp. invariant) functions
give rise to supermartingales (resp. martingales), for if f is θ-excessive (resp. θ-
invariant), then for s ≤ t from [0,∞), by the Markov property, Ex[e−θtf(Xt)|σ(Xv :

v ∈ [0, s])] = e−θt(Pt−sf)(Xs) ≤ e−θsf(Xs) (resp. with equality) a.s.-Px for all x ∈ E,
entailing that (e−θtf(Xt))t∈[0,∞) is a supermartingale (resp. martingale)2. They therefore
lend themselves well in applications, for instance in solving first-passage problems via
optional sampling (see e.g. [30, Theorem 2.8]) or in studying asymptotic behaviour
through convergence theorems (see e.g. [27]).

Proposition 3.26. Let X be in (?1, ?2)-Laplace duality with Y and θ ∈ [0,∞). If µ is a
θ-excessive (resp. θ-invariant) measure for Y , then the functions f↓, f↑ defined on [0,∞]

and given by (with ?1, ?2 in force)

f↓(x) :=

∫
e−xyµ(dy) and f↑(x) :=

∫
(1− e−xy)µ(dy), x ∈ [0,∞],

are respectively ↓ and ↑, θ-excessive (resp. θ-invariant) functions for X.

For (0+ · ∞,∞− · 0)-Laplace duals, notice that f↑ does not depend on the value of
µ({0}), while f↓ does not depend on µ({∞}). This dovetails with the fact that in this
case the boundaries 0 and ∞ are absorbing for Y so that the atoms of the measure µ at 0
and ∞ have no consequence for whether or not µ is θ-excessive [resp. θ-invariant when
θ = 0] for Y (automatically (µQt)({0}) = µ({0}) ≤ eθtµ({0}) and (µQt)({∞}) = µ({∞}) ≤
eθtµ({∞}) [resp. with equalities when θ = 0], while (µQt)|(0,∞) = (µ(· ∩ (0,∞))Qt)|(0,∞)

for all t ∈ [0,∞)). We could make similar comments for the other types of dualities.
A result in the same vein is known for processes in Siegmund duality, see Foucart

and Möhle [27, Theorem 4.1]. We refer also to Cox and Rösler [16, Theorem 1] for the
link between exit and entrance laws of processes in duality.

Proof of Proposition 3.26. Let x ∈ [0,∞] and t ∈ [0,∞). By Tonelli, the Laplace duality
relationship and excessivity (resp. invariance) of µ we have

Ex[f
↑(Xt)] =

∫
Ex[1− e−Xty]µ(dy) =

∫
Ey[1− e−xYt ]µ(dy)

≤ eθt
∫
(1− e−xy)µ(dy) = eθtf↑(x)

(resp. with equality in the invariant case). The proof for f↓ is similar.

We close this (sub)section by putting in evidence a correspondence between the
limiting laws of two processes in Laplace duality. See e.g. [61, Section 5] for a treatment
in the context of population genetics, and [71] for an early contribution in this direction.

Proposition 3.27. Let X be in Laplace duality (of whichever kind) with Y . The following
are equivalent:

(a) the weak limit νx := limt→∞Xt?Px exists (as a probability on [0,∞]) and does not
depend on x ∈ (0,∞);

2We allow it to take on the value ∞ and/or to be non-integrable.
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(b) for all y ∈ (0,∞) the weak limit γy := limt→∞ Yt?P
y exists (as a probability on

[0,∞]) and is carried by {0,∞}.

When (a)-(b) are met, then the Laplace transform of the common ν := νx (any x ∈ (0,∞))
is given by

ν̂(y) = γy({0}), y ∈ (0,∞).

Thus, given (a)-(b), the map ((0,∞) 3 y 7→ γy({0})) is automatically completely
monotone and if further ν̂ degenerates to the constant function 0 or 1 then the limiting
law ν is equal to δ∞ or δ0, respectively.

Proof of Proposition 3.27. Since [0,∞] is compact, Prokhorov’s theorem and the fact that
Laplace transforms determine probabilities on B[0,∞] – or, more directly, the continuity
theorem for Laplace transforms on the halfline [23, p. 431, Section XIII.1, Theorem 2] –
coupled with the duality relation (3.5), ensure that νx exists for all x ∈ (0,∞) if and only
if γy exists for all y ∈ (0,∞), in which case

ν̂x(y) = γ̂y(x), {x, y} ⊂ (0,∞).

This readily entails the desired conclusions.

4 Laplace duality: Generators

4.1 Courrège form and Laplace symbol

We describe here the form of the generator of a positive Markov process for which
the only a priori knowledge is that its domain includes the exponential functions.

Definition 4.1. (i) Let x ∈ [0,∞). Given an x-Lévy quadruplet l = (ν, a, b, c), we
introduce the Laplace symbol ψl : (0,∞) → R associated to l as

ψl(y) :=

∫ (
e−uy − 1 + uy1[−1,1](u)

)
ν(du) + ay2 − by − c, y ∈ (0,∞).

(ii) Given a Lévy triplet l = (ν, d, c), we introduce the Laplace symbol ψl : (0,∞) → R

associated to l as

ψl(y) :=

∫ (
e−uy − 1

)
ν(du)− dy − c, y ∈ (0,∞).

(iii) Given a pair l = (ν, k) consisting of a measure ν on B(0,∞) with finite Laplace
transform and k ∈ [0,∞) (henceforth, a Lévy pair), we introduce the Laplace
symbol ψl : (0,∞) → R associated to l as

ψl(y) :=

∫
e−uyν(du) + k, y ∈ (0,∞).

A family l = (lx)x∈[0,∞] is said to be Lévy if it consists of an x-Lévy quadruplet for
each x ∈ (0,∞), a Lévy triplet l0, a Lévy pair l∞, and has (0,∞) 3 x 7→ lx measurable.
For such a family we introduce

ψl(x, y) := ψlx(y), (x, y) ∈ [0,∞]× (0,∞).

A map of the form ψl for some Lévy family l is called a Laplace symbol.

The ψl (resp. the negatives −ψl) of (i) (resp. (ii)) constitute precisely pk-Lpx|(0,∞)

(resp. pk-subo|(0,∞)), and we may recall that pk-spLp = pk-Lp0 (see Table 1). In (i)-(ii)
(resp. (iii)) we could have incorporated c (resp. k) into ν as a mass at infinity (resp.
zero), but we prefer to keep it separate. The class of Laplace symbols of (i), (ii) and
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(iii) is each (on its own) a convex cone closed for pointwise convergence, which follows
respectively from Proposition 2.5, from the remark concerning pk-subo|(0,∞) just after
said proposition and from the fact that the family of completely monotone functions is
also closed for pointwise limits [69, Corollary 1.6].

Theorem 4.2 (Courrège form). Assume X is a positive Markov process and that {ey : y ∈
(0,∞)} ⊂ DX . Then there exists a unique Lévy family l such that

(X ey)(x) =

{
ψl(x, y)e

−xy, x ∈ [0,∞),

ψl(x, y), x = ∞,
y ∈ (0,∞). (4.1)

It is remarkable that (4.1) is automatically continuous in y.

Definition 4.3. Under the assumptions, and in the notation of Theorem 4.2, we introduce
ψX := ψl, the Laplace symbol of X.

The proof of Theorem 4.2 is relegated to Appendix A, it stands on its own, but several
comments are in order. Setting

D := lin({ey : y ∈ (0,∞)}) ⊂ C([0,∞]) (4.2)

(a piece of notation to remain in force throughout the remainder of this paper), then,
writing:

l0 =: (ν0, d0, c0); lx =: (νx, ax, bx, cx), x ∈ (0,∞); l∞ =: (ν∞, k∞);

we may expand (4.1) as follows. For f ∈ D:

(Xf)(0) =
∫

(f(u)− f(0)) ν0(du) + d0f
′(0)− c0f(0); (4.3)

(Xf)(x) =
∫ (

f(x+ u)− f(x)− uf ′(x)1[−1,1](u)
)
νx(du) + axf

′′(x) + bxf
′(x)− cxf(x)

(4.4)
for x ∈ (0,∞); and

(Xf)(∞) =

∫
(f(u)− f(∞))ν∞(du) + k∞

(
f(0)− f(∞)

)
. (4.5)

Part (4.4) corresponds most directly to the so-called Courrège form that is usually
established for a real-valued (or Euclidean space-valued) Feller process under the
assumption that the set of infinitely differentiable functions with compact support,
C∞
c (R), is included in the domain of its strong generator, see e.g. Böttcher et al. [11,

Theorem 2.21] and the references therein. The usual statement gives the action of the
generator on the set of functions C∞

c (R) or on the Schwartz space S(R). Our approach
to the proof of Theorem 4.2 will use up only elementary arguments.

An example of processes with a non-degenerate return law from ∞, i.e. l∞ 6= 0,
can be found in Pakes [63] who studied CB processes jumping back into (0,∞) after
explosion. In our subsequent analysis of Laplace duality we shall however only encounter
cases for which ν∞ = 0 = k∞.

Starting from a sufficiently well-behaved [0,∞]-valued càdlàg Markov process X
with Laplace symbol ψX , the quantity νx(A), for a given x ∈ [0,∞) and a Borel set
A ∈ B[−x,∞)\{0}, encodes the jump intensity of X from the state x to the set x + A.
When x ∈ (0,∞), an L2-compensation of small jumps is possible, and this is analytically
represented by the first-order correction term −uf ′(x) in (4.4). We refer the reader, for
instance, to Benveniste and Jacod [5] for the theory of Lévy systems, which elucidates the
relationship between the measures νx and the jump behavior of the process. However,

EJP 31 (2026), paper 127.
Page 30/73

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1582
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Positive Markov processes in Laplace duality

we shall not rely on this theory in the sequel. The structure of jumps will anyway
be transparent when working with examples via the help of stochastic equations in
Section 6.

The next definition is modeled directly on Theorem 4.2 (cf. also (4.3)-(4.5)): therein,
in the terminology to be introduced presently, X|D is the pregenerator associated to ψX .

Definition 4.4. Let ψ be a Laplace symbol. Denote by l the unique Lévy family for which
ψ = ψl, writing l0 =: (ν0, d0, x0), l∞ =: (ν∞, k∞) and lx =: (νx, ax, bx, cx) for x ∈ (0,∞).
We introduce the linear operator Xψ := (D 3 f 7→ Xψf) by insisting that for f ∈ D the
value (Xψf)(x) is given at x = 0, x ∈ (0,∞) and x = ∞ respectively by the r.h.s. of (4.3),
(4.4) and (4.5). We call Xψ the pregenerator associated to ψ and we say that:

• it is vanishing at infinity when ν∞ = 0 = k∞;

• it is spectrally positive if it is vanishing at infinity and νx is carried by (0,∞) for all
x ∈ (0,∞);

• it is continuous at zero if Xψf is continuous at zero for all f ∈ D;
• it has no killing when cx = 0 for all x ∈ [0,∞);

• it is pure killing when νx = 0 for all x ∈ [0,∞], k∞ = 0, d0 = 0 and ax = 0 = bx for
all x ∈ [0,∞);

• it is local if it has νx = 0 for all x ∈ [0,∞] and k∞ = 0.

Similarly, we define the extended pregenerator Xe,ψ associated to ψ by specifying its
domain DXe,ψ to consist of those f : [0,∞] → R for which the r.h.s. of (4.3)-(4.5) are
well-defined and finite and asking that for such f , (Xe,ψf)(x) is given at x = 0, x ∈ (0,∞)

and x = ∞ respectively by the r.h.s. of (4.3), (4.4) and (4.5). A (resp. vanishing at
infinity, spectrally positive, etc.) pregenerator means simply a (resp. vanishing at infinity,
spectrally positive, etc.) pregenerator associated to some Laplace symbol.

So, in the context of Definition 4.4, cf. (4.1),

(Xe,ψey)(x) = (Xψey)(x) =

{
ψ(x, y)e−xy, x ∈ [0,∞),

ψ(x, y), x = ∞
, y ∈ (0,∞). (4.6)

In particular, a given pregenerator is associated to a unique Laplace symbol. Hence,
thanks to Proposition 2.3, one may shift freely between Lévy families, Lévy symbols and
pregenerators (between l, ψl and Xψl , respectively), whichever is the more convenient.
Note also that continuity at zero (resp. vanishing at infinity) of Xψ means that ψ is
continuous at 0 in its first coordinate (resp. that ψ(∞, ·) ≡ 0).

Remark 4.5. For a spectrally positive pregenerator X we have that ((0,∞) 3 y 7→
Xψey(x)
ey(x) ) ∈ pk-spLp|(0,∞) for all x ∈ (0,∞).

The significance of Theorem 4.2 is in making sure that the action of every generator
X of a positive Markov process X, whose domain DX includes the exponentials D, is
that of a pregenerator as just delineated in Definition 4.4. It does not mean, however, at
least not a priori, that any pregenerator X 0 is associated to a (unique) positive Markov
process X whose generator X satisfies D ⊂ DX and X|D = X 0. Hence the reason for
calling them pregenerators.

4.2 Generators and Laplace symbols in duality

We turn to the study of generators in Laplace duality.

Definition 4.6. Maps X and Y that include in their domain {ey : y ∈ (0,∞)} = {ex : x ∈
(0,∞)} and whose outputs are real maps on [0,∞] are said to be in Laplace duality when

(X ey)(x) = (Yex)(y), {x, y} ⊂ (0,∞). (4.7)
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Similarly, if
ψ(x, y) = ψ̂(y, x), {x, y} ⊂ (0,∞), (4.8)

then the Laplace symbols ψ and ψ̂ are said to be in duality.

Nota bene: unlike at the level of semigroups (3.5), in (4.7)-(4.8) we exclude from
consideration the boundaries 0 and ∞. We take the stance that the behaviour on the full
class of exponentials {ey : y ∈ [0,∞]}, respectively {ex : x ∈ [0,∞]}, of the generators X
and Y of positive Markov processes X and Y at these two points, which is contingent on
the choice of the conventions for 0 · ∞ and ∞ · 0, is best left outside of duality relations
at the generator level, an early indication of which is the fact that in the Courrège form
of Theorem 4.2 we are only able to handle the maps ey, y ∈ (0,∞). In an informal sense
the boundary behaviour of the processes is related to the properties of the generators at
0 and ∞, but this relationship is in general highly non-trivial and lies largely beyond the
intended scope of this investigation.

Rather trivially, but significantly, generators of processes in Laplace duality are
themselves in Laplace duality when their domains include the exponential maps:

Theorem 4.7. Let X and Y be positive Markov processes with generators X and Y,
respectively.

(i) If X is in (?1, ?2)-Laplace duality with Y and if (under the conventions ?1, ?2) for
given (x, y) ∈ [0,∞]2 we have ey ∈ DX and ex ∈ DY , then X ey(x) = Yex(y).

(ii) Under the assumption {ex : x ∈ (0,∞)} = {ey : y ∈ (0,∞)} ⊂ DX ∩DY : X and Y
are in Laplace duality if and only if ψX and ψY are; if X is in Laplace duality (of
whichever kind) with Y , then X and Y are in Laplace duality.

Proof. (i). One has only to note that (∵ ey(x) = ex(y), irrespective of which conventions
are in force, and by the duality relation itself)

(Pte
y)(x)− ey(x)

t
=

(Qtex)(y)− ex(y)

t
, t ∈ (0,∞),

and pass to the limit t ↓ 0. (ii). From Theorem 4.2 we have that (X ey)(x) = ψX(x, y)e−xy

and (Yex)(y) = ψY (y, x)e
−xy for {x, y} ⊂ (0,∞). The asserted equivalence follows now

directly from the definitions (4.7)-(4.8). The implication is just a specialization of (i).

Conversely, we may start with a pair of pregenerators and attempt to establish the
Laplace duality of the associated processes. This is a two-step process. First, one wants
to establish the Laplace duality of the pregenerators themselves. In the second step,
which will be the object of pursuit of Section 5, one hopes to be able to “integrate out”
the infinitesimal relation (4.7) to the semigroup level (3.5). We turn our attention now to
the first part of this programme: pregenerators in duality.

We begin by characterizing the class of spectrally positive pregenerators, continuous
at zero, that arise from time-changed possibly killed spectrally positive Lévy processes
and that admit a Laplace dual which is itself a spectrally positive pregenerator, continu-
ous at zero. To formulate the result (in Theorem 4.9) we require some notation.

Definition 4.8. Let Ψ ∈ pk-spLp with the representation (2.8) in terms of the Lévy
quadruplet (ν, a, b, c). We write LΨ for the linear operator on D whose values are
specified by LΨey(x) := Ψ(y)e−xy for (x, y) ∈ [0,∞]× (0,∞). We also denote by the same
symbol LΨ the operator acting on a real-valued function f with domain Df a subinterval
of [0,∞) unbounded above, according to

(LΨf)(x) :=

∫ (
f(x+ u)− f(x)− uf ′(x)1(0,1](u)

)
ν(du)+af ′′(x)+bf ′(x)−cf(x), x ∈ Df ,
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provided the r.h.s. is well-defined and finite (such f we take as constituting the domain
DLΨ of this LΨ).

Context will determine unambiguously which of the two meanings attached to LΨ we
intend, but anyway we have the identity (LΨf)|[0,∞) = LΨ(f |[0,∞)) for all f ∈ D. Acting
on D the operator LΨ is (essentially) the strong generator of a possibly killed spectrally
positive Lévy process with Laplace exponent Ψ, see e.g. Sato’s book [68, Theorem 31.5].

Recall also the various classes of Lévy-Khintchine forms, e.g. by consulting Table 1.

Theorem 4.9. Let X be a spectrally positive pregenerator, continuous at zero, satisfying

Xf(x) = R(x)LΨf(x), x ∈ [0,∞), f ∈ D, (4.9)

for some Ψ ∈ pk-spLp and some measurable function R : [0,∞) → [0,∞), neither
identically zero. Then, for X to be in Laplace duality with some spectrally positive
pregenerator Y that is continuous at zero, it is necessary and sufficient that:

(i) in case Ψ ≥ 0: Ψ = Σ and R = Σ̂ for some {Σ, Σ̂} ⊂ spLp¬↑ and

Yex = ΣLΣ̂ex, x ∈ (0,∞);

(ii) in case Ψ ≤ 0: Ψ = −Φ and R = Φ̂ for some {Φ, Φ̂} ⊂ pk-subo and

Yex = ΦL−Φ̂ex, x ∈ (0,∞);

(iii) otherwise: R = γid[0,∞) for some γ ∈ (0,∞) and

Yex = −ΨL−γid[0,∞)ex, x ∈ (0,∞).

At the level of the Laplace symbols ψ and ψ̂ to which are associated X and Y respectively,
for {x, y} ⊂ (0,∞): in case (i), ψ(x, y) = Σ̂(x)Σ(y); in case (ii), ψ(x, y) = −Φ̂(x)Φ(y); and
in the last case (iii), ψ(x, y) = γxΨ(y).

By Volkonskii’s theorem [22, Chapter 6] the generators of time-changed possibly
killed spectrally positive Lévy processes take the form (4.9).

The pregenerator X of Theorem 4.9 with R = γid[0,∞) – from (iii) – is the sum of one

pregenerator from (i) and another one from (ii) on taking Σ̂ = γid[0,∞) = Φ̂ and Ψ = Σ−Φ

therein:
γxLΨf(x) = Σ̂(x)LΣf(x) + Φ̂(x)L−Φf(x), x ∈ [0,∞), f ∈ D

(such a decomposition of Ψ into the difference Σ − Φ can always be effected, see
Remark 2.4). This is nothing but the generator of a CB process (acting on D).

Proof of Theorem 4.9. The continuity at zero of X and Ψ 6= 0 entail that R is continuous
at zero. Due to (4.9) and the definitions (namely, 4.6 and 4.8) the Laplace duality of X
and Y is equivalent to

R(x)Ψ(y)ex(y) = Yex(y), (x, y) ∈ (0,∞)2.

The conditions (i)-(iii) are seen to be sufficient by direct computation. Let us prove
necessity. By the assumed continuity at zero it is enough to determine the forms R and
Ψ on (0,∞).

(i). Assume Ψ ≥ 0. Let y0 ∈ (0,∞) be arbitrary such that Ψ(y0) > 0. As the
pregenerator Y is spectrally positive, by Remark 4.5 the map

(0,∞) 3 x 7→ Yex(y0)

ex(y0)
= Ψ(y0)R(x)
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is the restriction to (0,∞) of an element of pk-spLp. But pk-spLp is closed for multiplica-
tion with Ψ(y0)

−1 (indeed pk-spLp is a convex cone), hence R|(0,∞) ∈ pk-spLp|(0,∞). By
continuity at zero of R and of the members of pk-spLp we deduce that R ∈ pk-spLp. The
maps R and (by assumption) Ψ thus both belong to pk-spLp; being nonnegative they must
in fact be members of spLp¬↑.

(ii). Assume Ψ ≤ 0. Picking y0 ∈ (0,∞) arbitrary such that Ψ(y0) < 0 we make an
analogous argument, but use the fact that pk-spLp ∩ (−∞, 0][0,∞) = −pk-subo.

(iii). As in the previous two items we find that R ∈ spLp¬↑ ∩ pk-subo = {γid[0,∞) : γ ∈
[0,∞)}.

We state next a theorem characterizing the spectrally positive pregenerators that are
in Laplace duality with local pregenerators having no killing, both continuous at zero.

Theorem 4.10. Let X be a spectrally positive pregenerator, continuous at zero. It
admits a spectrally positive Laplace dual pregenerator Y that is local, has no killing and
is continuous at zero, if and only if

Xf(x) = x2LΣf(x) + xLΨf(x), x ∈ [0,∞), f ∈ D, (4.10)

for some Ψ ∈ pk-spLp and some Σ ∈ spLp¬↑. When so, then

Yf(y) = Σ(y)f ′′(y)−Ψ(y)f ′(y), y ∈ [0,∞), f ∈ D, (4.11)

and at the level of the Laplace symbols ψ and ψ̂, to which are associated X and Y
respectively, one has

ψ(x, y) = x2Σ(y) + xΨ(y) = ψ̂(y, x), {x, y} ⊂ (0,∞). (4.12)

A version of this result was first observed in [30, Theorem 2.1]. The associated
Markov processes were baptized in [30] as continuous-state branching processes with
collisions. We return to them in Section 6.1.3.

Proof of Theorem 4.10. If (4.10) is verified, then taking for Y the spectrally positive
pregenerator specified by (4.11) – which is indeed local, has no killing and is continuous
at zero – we may compute

X ex(y) = (x2Σ(y) + xΨ(y))e−xy = Yey(x), {x, y} ⊂ (0,∞),

so that X and Y are in Laplace duality and we have also checked (4.12).
Let us now argue that (4.10) is also necessary. By the duality assumption,

Yex(y)

ex(y)
=

X ey(x)

ey(x)
, {x, y} ⊂ (0,∞).

By Definitions 4.1 and 4.4, for each x ∈ (0,∞) there is a Ψx ∈ pk-spLp such that

X ey(x)/ey(x) = Ψx(y), y ∈ (0,∞).

Denote by â : [0,∞) → [0,∞) and b̂ : [0,∞) → R respectively the diffusion and drift
parameters of Y (for points of issue in [0,∞)) so that

Yex(y)

ex(y)
= âyx

2 − b̂yx, x ∈ (0,∞), y ∈ [0,∞).

Combining the three preceding displays, for each y ∈ (0,∞) and then also for y = 0 by
the continuity of Y (∴ â, b̂) and of Ψx at zero,

âyx− b̂y =
Ψx(y)

x
, x ∈ (0,∞);
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the limit of this expression as x ↓ 0 exists and equals −b̂y. Proposition 2.5 now entails
that −b̂ ∈ pk-spLp. Dividing the preceding display (again) by x, and letting x → ∞ we
deduce by the same token that (the nonnegative) â belongs to spLp¬↑.

The next proposition sheds light on the Laplace duality at the generators’ level
between a subordinator and a pure killing process, cf. Example 3.16.

Proposition 4.11. Let X be a spectrally positive pregenerator, continuous at zero. It
admits a Laplace dual pure killing operator Y that is continuous at zero, if and only if

Xf(x) = L−Φf(x), x ∈ [0,∞), f ∈ D,

for some Φ ∈ pk-subo. When so, then

Yf(y) = −Φ(y)f(y), y ∈ [0,∞), f ∈ D,

and at the level of the Laplace symbols ψ and ψ̂, to which are associated X and Y
respectively, one has

ψ(x, y) = −Φ(y) = ψ̂(y, x), {x, y} ⊂ (0,∞).

Proof. As in Theorems 4.9-4.10 the condition is seen to be sufficient by direct inspection.
We turn to necessity. Verbatim as in the proof of Theorem 4.10 we find that

Yex(y)

ex(y)
=

X ey(x)

ey(x)
, {x, y} ⊂ (0,∞);

also that for each x ∈ (0,∞) there is a Ψx ∈ pk-spLp such that

X ey(x)/ey(x) = Ψx(y), y ∈ (0,∞),

while
X ey(0) = −Φ(y), y ∈ (0,∞),

for some Φ ∈ pk-subo. Denoting by ĉ : [0,∞) → [0,∞) the killing parameters of Y for
points of issue in [0,∞) we identify

Yex(y)

ex(y)
= −ĉy, x ∈ (0,∞), y ∈ [0,∞).

Thus, for each y ∈ (0,∞),
−ĉy = Ψx(y), x ∈ (0,∞).

The l.h.s. of the preceding relation does not depend on x, therefore neither does the r.h.s.
and we deduce that there is a single Ψ ∈ pk-spLp for which −ĉ = Ψ on (0,∞). Continuity
at zero of X requires Ψ = −Φ, so that ĉ = Φ on (0,∞). Continuity of Y at zero extends
the latter equality to the point zero, completing the proof.

So far we only have encountered spectrally positive pregenerators. In order to widen
our body of available examples we provide now a class of pregenerators incorporating
negative jumps and satisfying Laplace duality.

Definition 4.12. For a κ ∈ pk-Lp1 with the representation (2.6) in terms of a 1-Lévy
quadruplet (ν, a, b, c), define Lκf : [0,∞) → R as

Lκf(x) :=

∫ (
f(x(1+m))− f(x)−xmf ′(x)1[−1,1](m)

)
ν(dm)+ax2f ′′(x)+ bxf ′(x)− cf(x)

for those f : [0,∞) → R for which the right-hand side is well-defined and finite for
all x ∈ [0,∞) (such f we take as constituting the domain DLκ of this Lκ); also, by an
abuse of notation, Lκf := 1[0,∞)Lκ(f |[0,∞)) for f ∈ D, giving us the map Lκ defined on D,
returning functions mapping [0,∞] → R. We allow context to determine the distinction
between the two meanings that we attach to Lκ (cf. Definition 4.8).
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The next statement follows by direct inspection.

Proposition 4.13. Let κ ∈ pk-Lp1. The operator X := (Lκ on D) is a continuous-at-zero
vanishing-at-infinity pregenerator in Laplace duality with itself and associated to the
Laplace symbol ψ that has

ψ(x, y) = κ(xy), (x, y) ⊂ (0,∞).

We shall see in Section 6.1.4 that the pregenerators of Proposition 4.13 are related
to multiplicative Lévy processes.

The concept to be introduced presently should appear quite natural at this point.

Definition 4.14. Let ψ : [0,∞]× [0,∞] → R. We define

ψ̂(x, y) := ψ(y, x), (x, y) ∈ [0,∞]2,

and refer to ψ̂ : [0,∞]× [0,∞] → R as the dual of ψ. When ψ|[0,∞]×(0,∞) and ψ̂|[0,∞]×(0,∞)

are both Laplace symbols (whence in Laplace duality) ψ is called a Laplace dual symbol.
We say ψ: vanishes at infinity if ψ = 0 on ({∞} × [0,∞]) ∪ ([0,∞]× {∞}); is continuous
at zero if it is separately continuous at zero in each of the two variables.

In principle the notion of a Laplace dual symbol involves some redundancy – in
general, in keeping with what we have said following Definition 4.6, it would be most
naturally defined on ([0,∞]× (0,∞)) ∪ ((0,∞)× [0,∞]) – however we yield to simplicity.
As we will see, for the theory that we have in mind, as well as for the examples that we
will have occasion to encounter, it is actually quite useful, and certainly no impediment,
to have ψ defined on the whole of [0,∞]2. In particular, if a map ψ is given initially on
([0,∞] × (0,∞)) ∪ ((0,∞) × [0,∞]), has a limit at (0, 0), is such that both ψ and ψ̂ are
continuous at zero and vanish at infinity, and ψ = ψ̂ on (0,∞)2 (in the clear meaning of
these qualifications and pieces of notation), then it is natural to extend ψ to [0,∞]2 by
insisting on the vanishing at infinity and continuity at zero properties, such extension
being unique and yielding a Laplace dual symbol. In this way, the basic instances of
pregenerators in Laplace duality witnessed above correspond indeed all to Laplace
dual symbols, continuous at zero and vanishing at infinity, as summarized in Table 3. It
appears this is the most parsimonious way of encoding the structure of pregenerators in
Laplace duality.

Table 3: Fundamental Laplace dual symbols ψ as Ψ ∈ pk-spLp, {Σ, Σ̂} ⊂ spLp¬↑, {Φ, Φ̂} ⊂
pk-subo, κ ∈ pk-Lp1 range in their respective families. We insist that these ψ vanish at
infinity. The connection to the notation X and Y of the references is that these are the
pregenerators associated to ψ|[0,∞]×(0,∞) and ψ̂|[0,∞]×(0,∞), respectively. Except for the
last line, all the classes correspond to spectrally positive pregenerators. The first, second
and last family are in “self-duality” (passing from ψ to ψ̂ we remain in the class).

ψ(x, y) for (x, y) ∈ [0,∞)2 References

Σ̂(x)Σ(y) Theorem 4.9(i) and Example 5.9

−Φ̂(x)Φ(y) Theorem 4.9(ii) and Example 5.4
xΨ(y) Theorems 4.9(iii) and 6.1
κ(xy) Proposition 4.13 and Section 6.1.4

The class of Laplace dual symbols is a convex cone closed under pointwise limits. If
ψ is a Laplace dual symbol, then the (extended) pregenerators X and Y associated to
ψ|[0,∞]×(0,∞) and ψ̂|[0,∞]×(0,∞) respectively are in Laplace duality.
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4.3 A wide class of Laplace dual symbols

As a last order of business in this section we provide a large family of Laplace dual
symbols, vanishing at infinity and continuous at zero.

A subclass of the one that we will ultimately want to consider is given by

Proposition 4.15. Let ν and η be two measures defined respectively on B(0,∞]2 and
B(0,∞)2 such that∫

(1 ∧ v)(1 ∧ u)ν(dv, du) <∞ and

∫
(v ∧ v2)(u ∧ u2)η(dv, du) <∞. (4.13)

For (x, y) ∈ [0,∞)2 set

Σ(x, y) :=

∫
(e−xv − 1 + xv)(e−uy − 1 + uy)η(dv, du) and (4.14)

Φ(x, y) :=

∫
(1− e−xv1(0,∞)(v))(1− e−uy1(0,∞)(u))ν(dv, du). (4.15)

Then ψ := Σ−Φ, extended by 0 at∞, introduces a Laplace dual symbol that is continuous
at zero, the corresponding action of the pregenerators X and Y being given by

X ey(x) =
(
Σ(x, y)−Φ(x, y)

)
e−xy = Yex(y), {x, y} ⊂ (0,∞).

Note that the possible mass of ν on {∞}× (0,∞] allows for a dynamic of immigration
in X , which, informally speaking, the Laplace duality puts in correspondence with killing
in Y, and vice-versa. The proof of Proposition 4.15 is an elementary inspection. We
explain instead how these pregenerators naturally emerge.

Given two non-local spectrally positive pregenerators X and Y, for simplicity without
killing, and the decomposition of their Lévy measures into two measures on B(0,∞),
νx = ν1x + ν2x and ν̃y = ν̃1y + ν̃2y respectively, according to Remark 2.4, one notices that X
and Y are in Laplace duality if and only if, for {x, y} ⊂ (0,∞),∫ (

e−uy − 1 + uy
)
ν2x(du)−

∫ (
e−xv − 1 + xv

)
ν̃2y(dv)

=

∫
(1− e−uy)ν1x(du)−

∫
(1− e−xv)ν̃1y(dv).

In the setting of Proposition 4.15 it corresponds to:

ν1x(du) :=

∫
(1− e−xv1(0,∞)(v))ν(dv, du), ν̃1y(dv) :=

∫
(1− e−uy1(0,∞)(u))ν(dv, du),

(4.16)

ν2x(du) :=

∫
(e−xv − 1 + xv)η(dv, du) and ν̃2y(dv) :=

∫
(e−uy − 1 + uy)η(dv, du). (4.17)

Another approach leading to candidates of such Laplace dual symbols is to take
mixtures:

ψ(x, y) :=

∫ (
Σ̂r(x)Σr(y)− Φ̂r(x)Φr(y)

)
α(dr), {x, y} ⊂ [0,∞), (4.18)

with α some measure on an arbitrary parameter set P and {Σr, Σ̂r} ⊂ spLp¬↑, {Φr, Φ̂r} ⊂
pk-subo for r ∈ P (we omit technical reservations having to do with measurability,
integrability etc.). Of course to stay within the confines of Proposition 4.15 we are
obliged to choose the Σr, Σ̂r,Φr, Φ̂r all of “pure jump” type. The value of the integrand
in (4.18) at each fixed r then corresponds to η and ν being product measures.

The following are examples of (new) Laplace dual symbols obtained by “mixing”
stable or gamma cases according to (4.18) with P = (0, 1) for which the integrals can be
effected in closed form.
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Example 4.16. Take α(dr) := dr, Σ̂r(x) := xr+1 and Σr(y) := yr+1 for r ∈ (0, 1), {x, y} ⊂
[0,∞). We have

ψ(x, y) = Σ(x, y) :=

∫ 1

0

Σ̂r(x)Σr(y)dr =

∫ 1

0

(xy)r+1dr =
xy(xy − 1)

lnxy
, {x, y} ⊂ [0,∞),

the expression being understood in the limiting sense for xy = 1 and xy = 0.

Example 4.17. Take now α(dr) := dr, Φ̂r(x) := xr and Φr(y) := y1−r for r ∈ (0, 1),
{x, y} ⊂ [0,∞). We obtain

ψ(x, y) = Φ(x, y) :=

∫ 1

0

Φr(x)Φ̂r(y)dr =

∫ 1

0

xry1−rdr = y

x
y − 1

ln x
y

, {x, y} ⊂ [0,∞),

the expression being understood in the limiting sense for xy = 1 and x
y = 0 when y 6= 0.

Example 4.18. Fix γ ∈ (−1,∞). Take α(dr) := rγdr, Φ̂r(x) := log(1 + xr) and Φr(y) :=

log(1 + y/r), for r ∈ (0, 1), {x, y} ⊂ [0,∞). It gives us

ψ(x, y) = Φ(x, y) :=

∫ 1

0

log(1 + xr) log(1 + y/r)rγdr, {x, y} ⊂ [0,∞).

Notice that
∂2Φ

∂x∂y
(x, y) =

∫ 1

0

rγ

(1 + xr)(1 + y/r)
dr, {x, y} ⊂ [0,∞).

In particular,
∂2Φ

∂x∂y
(0, 0) =

1

1 + γ
<∞, (4.19)

which will be needed later.

We proceed with delineating the announced large class of Laplace dual symbols.
It subsumes those of Table 3 as well as Proposition 4.15, indeed it is nothing but the
smallest convex cone containing all of them.

Definition 4.19. We denote by LDS the set of Laplace dual symbols ψ that are vanishing
at infinity, continuous at zero and such that

ψ(x, y) = xΨ(y) + x2Σ(y) +Σ(x, y)−Φ(x, y) + Σ̂(x)y2 + Ψ̂(x)y + κ(xy), {x, y} ⊂ [0,∞),

(4.20)
for {Ψ, Ψ̂} ⊂ pk-spLp, {Σ, Σ̂} ⊂ spLp¬↑, κ ∈ pk-Lp1 and Σ,Φ as in (4.14)-(4.15). We say
that a ψ ∈ LDS is: simple if it is of the form

ψ(x, y) = Σ̂(x)Σ(y) or ψ(x, y) = −Φ̂(x)Φ(y), {x, y} ⊂ [0,∞),

for {Σ, Σ̂} ⊂ spLp¬↑, {Φ, Φ̂} ⊂ pk-subo; decomposable if it is a finite sum of simple
symbols.

The terminology decomposable is borrowed from Kolokoltsov [51, Section 6.5]; all ψ
of the form (4.20) for which the η and ν of (4.14)-(4.15) (responsible for the terms Σ,Φ)
are finite nonnegative sums of product measures, whilst κ ≡ 0, are decomposable. It is
also plain that LDS is closed under the operation of taking the dual.

In Section 5.3 we construct through martingale problems positive Markov processes
whose Laplace dual symbols belong to LDS, under suitable assumptions. Section 6.2
examines decomposable Laplace symbols via stochastic equations.

Question 4.20. Does LDS contain all Laplace dual symbols that are continuous at zero
and that vanish at infinity?
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5 From Laplace dual symbols to completely monotone Markov
processes

Below, when an a.e. qualifier appears without an explicit reference to a measure, we
intend it relative to the Lebesgue measure on the Borel sets of the real line.

5.1 Martingale problems and duality

Let E be a topological space and recall the notation (2.1). For a linear A ⊂ M(E)×
M(E) (usually, A ⊂ B(E)× B(E)):

• we say A satisfies the positive maximum principle (PMP), when(
(f, g) ∈ A, x0 ∈ E and sup

x∈E
f(x) = f(x0) ≥ 0

)
⇒ g(x0) ≤ 0;

• by a solution (X,P) to the martingale problem (MP) for (A,µ), µ a given probability
on (E,BE), we intend [22, p. 173] an E-valued progressively measurable stochastic
process X = (Xt)t∈[0,∞) defined under a probability P, such that X0?P = µ and
such that for each (f, g) ∈ A,(

f(Xt)−
∫ t

0

g(Xs)ds

)
t∈[0,∞)

is a martingale in the natural filtration of X,

where it is implicit that we insist that the Lebesgue integrals are well-defined and
finite at least P-a.s.;

• by a solution to the MP for A we intend an X together with a family of probabilities
(Px)x∈E all defined on a common measurable space, such that for all x ∈ E, (X,Px)
is a solution to the MP for (A, δx).

When E is locally compact but not compact, picking an arbitrary “cemetery” 4 /∈ E we:

• put E4 := E ∪ {4} for the one-point compactification of E;

• set, for f ∈ DE4 ,

ζ4(f) := inf{t ∈ [0,∞) : ft− = 4 or ft = 4}
for the explosion time of f at 4 (f0− := f0); and

D
m4
E4 := {f ∈ DE4 : if ζ4(f) <∞, then f(t) = 4 for all t ∈ [ζ4(f),∞)};

• for an f ∈ Dm4
E4 say that it does not explode continuously at 4, when

ζ4(f) <∞ ⇒ f(ζ4(f)−) ∈ E.

The superscript m4 stands for “minimal at 4”, which is a relatively standard usage in
this context. We shall sometimes also say that paths have 4 strongly absorbing when
they belong to (the measurable subset) Dm4

E4 (of DE4). For a compact E we set E4 := E.
A sufficiently well-behaved linear operator satisfying the PMP always admits a so-

lution to its associated MP (the not-compact case reduces to the compact one, but is
spelled out for visibility) [22, p. 199, Theorem 5.4]:

Theorem C. Let E be a separable locally compact metric space and let A be a linear
operator defined on a dense linear subset of (C0(E), ‖ · ‖∞), mapping into C0(E) and
satisfying the PMP. If E is compact assume (1, 0) ∈ A and set A4 := A; when E is not
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compact, introduce the operator A4 on DA4 := {f ∈ C(E4) : (f − f(4))|E ∈ DA} as
follows:

(A4f)(x) := 1E(x)
(
A
(
(f − f(4))|E

))
(x), x ∈ E4, f ∈ DA4 .

Then for all probabilities µ on (E4,BE4) there exists a DE4 -valued solution (X,P) to
the MP for (A4, µ). If E is not compact but is σ-compact, then we may ask that the
solution is Dm4

E4 -valued.

The next proposition dealing with “adding independent killing” to a MP is certainly
part of folklore, but we could not find in the literature a rendering of it that meets our
purposes, so we spell it out, deferring its proof to Appendix B.

Proposition D. Let E be a locally compact but not compact topological space, let µ
be a probability on (E4,BE4), A ⊂ B(E4) × B(E4) linear, (1, 0) ∈ A, g(4) = 0 for
all (f, g) ∈ A, and let (X,P) be any Dm4

E4 -valued solution to the MP for (A,µ). Let
k : E → [0,∞) be locally bounded and Borel. Possibly under an extension of P, let e be a
(0,∞)-valued exponential random time of mean one independent of X, and set, with the
interpretation k(4) := 0:

ζ := inf

{
t ∈ [0,∞) :

∫ t

0

k(Xs)ds > e

}
; (5.1)

X ′
t :=

{
Xt, t ∈ [0, ζ),

4, t ∈ [ζ,∞).
(5.2)

Then (X ′,P) is a Dm4
E4 -valued solution to the MP for (A′, µ), where A′ := {(f, g − (f −

f(4))k) : (f, g) ∈ A for which (f − f(4))k ∈ B(E4)}.

In many situations one cannot directly observe a semigroup duality between two
processes, the only data available being their infinitesimal dynamics. Famous results
by Ethier and Kurtz [22, Section 4.4] provide a set of sufficient conditions to go from
generator duality to semigroup duality via martingale problems; we refer also to [45,
Proposition 1.2] for a theoretical criterion involving the domains of the generators
ensuring semigroup duality. We shall have occasion to apply a refinement of Ethier-
Kurtz’s [22, Theorem 4.4.11, Corollary 4.4.13], which is the content of

Theorem E. Let X = (Xt)t∈[0,∞) together with a random time σ and Y = (Yt)t∈[0,∞)

together with a random time τ be measurable processes valued in E and F respec-
tively, (X,σ) being independent of (Y, τ). Suppose further H : E × F → R is bounded
measurable, and let φ : E × F → R be a measurable map such that∫ T

0

∫ T

0

E[φ±(Xs∧σ, Yt∧τ )]1[0,T ](s+ t)dsdt <∞, T ∈ [0,∞) (5.3)

(we intend it to hold with a + or with a −, not necessarily both!), such that

E[|φ(Xσ, Yτ )|;σ + τ ≤ t] <∞ for a.e. t ∈ [0,∞), (5.4)

and such that(
H(Xt∧σ, y)−

∫ t∧σ

0

φ(Xs, y)ds

)
t∈[0,∞)

is a martingale for all y ∈ F, (5.5)

while (
H(x, Yt∧τ )−

∫ t∧τ

0

φ(x, Ys)ds

)
t∈[0,∞)

is a martingale for all x ∈ E, (5.6)
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where the Lebesgue integrals in (5.5)-(5.6) are assumed to be well-defined and finite a.s.
Then, for a.e. t ∈ [0,∞),

E[H(Xt∧σ, Y0)]− E[H(X0, Yt∧τ )] = E[H(X(t−τ)∧σ, Yτ )−H(X0, Yτ ); τ ≤ t]

− E[H(Xσ, Y(t−σ)∧τ )−H(Xσ, Y0);σ ≤ t]

+ E
[
φ
(
Xσ, Yτ

)(
((t− τ)+ − σ)+ − ((t− σ)+ − τ)+

)]
,

(5.7)

all the expectations being absolutely convergent. In particular, if σ ≡ ∞ ≡ τ , then (5.7)
becomes

E[H(Xt, Y0)] = E[H(X0, Yt)] for a.e. t ∈ [0,∞). (5.8)

Conditions (5.3)-(5.4) weaken [22, p. 192, Eq. (4.50)], which requires uniform controls
of the form

sup
s,t≤T

|H(Xs, Yt)| ≤ ΓT and sup
s,t≤T

|φ(Xs, Yt)| ≤ ΓT ,

for some integrable random variable ΓT . We may mention also [35, p. 39] where the
authors observed that some simplification could be made in Ethier-Kurtz’s condition.

The martingale conditions (5.5)-(5.6) can be further relaxed to the integrability and
constancy of the expectations of the processes in question. In case σ = ∞ we may
formulate (5.5) as X solving (under the ambient probability P) the martingale problem
for {(H(·, y), φ(·, y)) : y ∈ F} (with initial law X0?P), and the latter implies (5.5) by
optional stopping if σ is a stopping time (assuming sufficient regularity so that optional
stopping applies).

The proof of Theorem E can be found in Appendix C.

5.2 Application of Theorems C and E to the case of Laplace duality

Appealing to Theorem C we may put in evidence a result on the existence of a process
associated to the MP of a given Laplace symbol. For simplicity we restrict attention to
the case in which the Laplace symbol vanishes at the point ∞. Recall from (4.2) that we
denote by D the linear span of {ey : y ∈ (0,∞)} as well as Definition 4.4.

Proposition 5.1. Let ψ be a Laplace symbol with ψ(∞, ·) ≡ 0 and set X ′
e,ψ := Xe,ψ∩({f ∈

C([0,∞]) : f(∞) = 0} × C([0,∞])). Assume D ⊂ DX ′
e,ψ

. Then, for every x ∈ [0,∞], there

exists a Dm∞
[0,∞]-valued solution to the MP for (X ′

e,ψ, δx).

Since ψ(∞, ·) ≡ 0, DX ′
e,ψ

actually consists of those continuous f ∈ DXe,ψ that are
equal to 0 at ∞ for which the output Xe,ψf is also continuous and equal to 0 at ∞.
Remark also that under the conditions of the proposition Xψ is continuous at zero.

Proof of Proposition 5.1. The case x = ∞ is elementary (just take the process identically
equal to ∞). From now on x < ∞. Denote by l the unique Lévy family for which
ψ = ψl, writing l0 =: (ν0, d0, x0) and lx =: (νx, ax, bx, cx) for x ∈ (0,∞) (since ψ(∞, ·) ≡ 0,
l∞ = (0, 0)). Put A := {(f, (Xe,ψ(f1[0,∞)))|[0,∞)) : f ∈ C0([0,∞)) such that f1[0,∞) ∈
DXe,ψ and (Xe,ψ(f1[0,∞)))|[0,∞) ∈ C0([0,∞))}. We claim the operator A satisfies the PMP:(

x0 ∈ [0,∞) and sup
x∈[0,∞)

f(x) = f(x0) ≥ 0

)
⇒ (Xe,ψ(f1[0,∞)))(x0) ≤ 0, f ∈ DA; (5.9)

let us check it. On the one hand, for x0 ∈ (0,∞), the condition supx∈[0,∞) f(x) = f(x0) ≥ 0

requires f ′(x0) = 0 if bx0
6= 0, f ′′(x0) ≤ 0 if ax0

6= 0, and f(x0 + u) − f(x0) ≤ 0 for all
u ∈ [−x0,∞], so that indeed

(Xe,ψ(f1[0,∞)))(x0) =

∫
(f(x0 + u)− f(x0)) νx0(du)+ax0f

′′(x0)+bx0f
′(x0)−cx0f(x0) ≤ 0,
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on using also {ax0
, cx0

, f(x0)} ⊂ [0,∞) and the fact that νx0
is a measure on B[−x0,∞). On

the other hand, for x0 = 0, supx∈[0,∞) f(x) = f(0) ≥ 0 requires f ′(0) ≤ 0 if dx0
6= 0, and

f(u)− f(0) ≤ 0 for all u ∈ (0,∞), which in turn renders

(Xe,ψ(f1[0,∞)))(0) =

∫
(f(u)− f(0)) ν0(du) + d0f

′(0)− c0f(0) ≤ 0,

on using also {d0, c0, f(0)} ⊂ [0,∞) and the fact that ν0 is a measure on B(0,∞). Thus
the PMP for A has been verified. Moreover, DA is dense in (C0([0,∞)), ‖ · ‖∞) by Stone-
Weierstrass and since D ⊂ DX ′

e,ψ
. Theorem C with E = [0,∞), 4 = ∞, A as itself now

assures us that there exists a Dm∞
[0,∞]-valued solution to the MP for (X ′

e,ψ, δx), indeed, in

the notation of said theorem, A4 ⊃ X ′
e,ψ.

We now specialize Theorem E to the setting of Laplace duality. Recall Definition 4.14.

Theorem 5.2. Work under 0+ · ∞, ∞ · 0+. Let ψ be a Laplace dual symbol, vanishing at
infinity. Put

φ(x, y) := ψ(x, y)e−xy, (x, y) ∈ [0,∞]2, (5.10)

and introduce the conditions

φ(x, ·) is continuous at zero for all x ∈ [0,∞); (5.11)

lim
y→∞

φ(x, y) = 0 for x ∈ (0,∞); (5.12)

sup
(x,y)∈[0,m]2

|φ(x, y)| <∞ for all m ∈ [0,∞); (5.13)

sup
(x,y)∈[0,m]×(ε,n)

|φ(x, y)| <∞ for all (m,n, ε) ∈ (0,∞)3; (5.14)

φ(0, ·) vanishes on [0,∞]. (5.15)

If we intend, say, (5.11) to hold with φ̂ in lieu of φ, we will write (̂5.11).
Fix next {x0, y0} ⊂ [0,∞]. Denoting by X and Y the pregenerators associated to

ψ|[0,∞]×(0,∞) and ψ̂|[0,∞]×(0,∞), respectively, let (X,Px0
) be a Dm∞

[0,∞]-valued solution to
the MP for (X , δx0

) and let (Y,Py0) be a Dm∞
[0,∞]-valued solution to the MP for (Y, δy0). Set

σ+
m := inf{t ∈ [0,∞) : Xt > m} for m ∈ N, σ−

δ := inf{t ∈ [0,∞) : Xt < δ} for δ ∈ (0,∞),

τ+n : = inf{t ∈ [0,∞) : Yt > n} for n ∈ N and τ−ε := inf{t ∈ [0,∞) : Yt < ε} for ε ∈ (0,∞).

Write P := Px0
× Py0 and E for the associated expectation. For random times σ and

τ under the probabilities Px0
and Py0 , respectively, we refer below to the conditions∫ T

0

∫ T

0

E[φ±(Xs∧σ, Yt∧τ )]1[0,T ](s+ t)dsdt <∞, T ∈ [0,∞), (5.16)

(we mean it to hold with a “+” for all T ∈ [0,∞) or with a “−” for all T ∈ [0,∞)) and

E[|φ(Xσ, Yτ )|;σ + τ ≤ t] <∞ for a.e. t ∈ [0,∞). (5.17)

Suppose one of (I)-(IV) below is met.

(I) (5.16) is verified with σ ≡ ∞ ≡ τ . The process (1{Yt<∞} −
∫ t
0
φ(0, Ys)ds)t∈[0,∞) is a

martingale, Y has 0 non-sticky and y0 > 0.

(II) For all (m,n) ∈ N2, (5.16)-(5.17) are met with σ = σ+
m, τ = τ+n . The function φ

satisfies (5.12), (̂5.12). Also, X and Y have 0 non-sticky and x0 > 0, y0 > 0.
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(III) For all (n, ε) ∈ N × (0,∞), (5.16) is met with σ = ∞, τ = τ+n ∧ τ−ε . The function

φ satisfies (̂5.11), (5.14) and (̂5.15). Also, X has ∞ non-sticky, there is a.s. no
continuous explosion for Y at ∞ and Y is Dm0

[0,∞]-valued.

(IV) For all (δ, ε) ∈ (0,∞)2, (5.16)-(5.17) are met with σ = σ−
δ , τ = τ−ε . The function

φ satisfies (5.11), (̂5.11), (5.13) (5.15) and (̂5.15). Also, X and Y are both Dm0
[0,∞]-

valued and have ∞ non-sticky.

Then

Ex0
[e−Xty0 ] = Ey0 [e−x0Yt ], t ∈ [0,∞). (5.18)

In the proof, (5.16)-(5.17) will correspond to (5.3)-(5.4) of Theorem E applied with
E = [0,∞] = F (unless otherwise indicated) and H(x, y) = e−xy for (x, y) ∈ E ×F (under
the conventions 0+ · ∞, ∞ · 0+). The conditions (I)-(IV) are set up so that, possibly after
stopping the processes X and Y on passing below and/or above a given level, we are in a
position to apply Theorem E, and then to remove the stopping by a passage to the limit.

Remark 5.3. With reference to (I)-(II), if, holding x0 fixed, (5.18) has been established for
all y0 ∈ (0,∞] and if Y is weakly-[0,∞) continuous at 0 under the family of probabilities
(Py0)y0∈[0,∞], then it holds also for y0 = 0 by passing to the limit and taking note of (3.11).
Similarly with the roles of X and Y transposed.

Concerning (III), the proof will show that in lieu of (̂5.15) one can assume Y a.s. does
not jump to zero from positive levels and the same conclusion prevails provided y0 > 0.
Similarly, in (I), we can drop the martingale condition and assume instead that X and Y
both have 0 non-sticky and x0 > 0, y0 > 0.

Proof of Theorem 5.2. (5.18) is trivial for x0 = ∞ or y0 = ∞ (∵ 0+ · ∞, ∞ · 0+ and ∵∞
is absorbing for X and Y ); restrict to x0 ∈ [0,∞) and y0 ∈ [0,∞).

(I). Here we are in a position to apply directly Theorem E(5.8). Notice that we can
take F = (0,∞] therein due to the non-stickiness of 0 for Y and y0 > 0. This is why we
do not need the corresponding martingale (1{Xt<∞} −

∫ t
0
φ(Xs, 0)ds)t∈[0,∞). True, we

have (5.18) a priori only for a.e. t ∈ [0,∞), but for general t we may pass to the limit via
bounded convergence, exploiting right-continuity of X and Y together with X, Y having
∞ strongly absorbing.

(II). Remark that σ+
n (resp. τ+n ) is a stopping time in the right-continuous modification

of the natural filtration of X (resp. Y ) for all n ∈ N. Note also that if there is a.s. no
continuous explosion for Y at ∞, then Yτ+

n
= ∞ for all large enough n ∈ N a.s.-Py0 on

{limn→∞ τ+n <∞}.
For m ∈ N, by optional stopping, the process

(
e
−X

t∧σ+m
y −

∫ t∧σ+
m

0
φ(Xs, y)ds

)
t∈[0,∞)

is

a Px0
-martingale for y ∈ (0,∞); but it is so also for y = ∞ (trivially, due to φ(·,∞) = 0,

0+ · ∞). Analogously we avail ourselves of the observation that so too the processes(
e
−xY

t∧τ+n −
∫ t∧τ+

n

0
φ(x, Ys)ds

)
t∈[0,∞)

for x ∈ (0,∞] are Py0 -martingales for all n ∈ N. As

x0 > 0 and y0 > 0 we are now in a position to apply Theorem E(5.7) with E = (0,∞] = F ,
obtaining, for a.e. t ∈ [0,∞), for all (m,n) ∈ N2,

Ex0 [e
−X

t∧σ+m
y0 ]− Ey0 [e−x0Yt∧τ+n ]

= E[e
−X

(t−τ+n )+∧σ+m
Y
τ
+
n − e

−x0Yτ+n ; τ+n ≤ t]− E[e
−X

σ
+
m
Y
(t−σ+m)+∧τ+n − e

−X
σ
+
m
y0 ;σ+

m ≤ t]

+ E
[
φ
(
Xσ+

m
, Yτ+

n

)((
(t− τ+n )+ − σ+

m

)
+
− ((t− σ+

m)+ − τ+n )+

)]
.

We now pass to the limit m→ ∞ and then n→ ∞ (or vice versa) in the preceding and
deduce, via bounded convergence, that (5.18) holds for a.e. t ∈ [0,∞). Here, on the r.h.s.
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we apply (5.12), (̂5.12) for the last term, whereas for the first two terms we note crucially
the non-stickiness of 0 for X and Y and x0, y0 > 0. On the l.h.s. the convergence is plain
due to x0, y0 > 0.

We have established that (5.18) holds for a.e. t ∈ [0,∞). But then it holds for all
t ∈ [0,∞) by right-continuity and bounded convergence.

(III). Still τ+n is a stopping time in the right-continuous modification of the natural
filtration of Y for all n ∈ N, the same is true of τ−ε for all ε ∈ (0,∞). By the non-stickiness
of ∞ for X and since 0 is absorbing for Y the claim is trivial for y0 = 0 so assume y0 > 0.

The process
(
e−Xty −

∫ t
0
φ(Xs, y)ds

)
t∈[0,∞)

is a Px0
-martingale for y ∈ (0,∞), but

also for y = 0 (due to (̂5.15), X having ∞ non-sticky) and for y = ∞ (∵ φ(·,∞) = 0,
0+ · ∞). For all (n, ε) ∈ N × (0,∞), we infer by optional stopping, that the process(
e
−xY

t∧τ+n ∧τ−ε −
∫ t∧τ+

n ∧τ−
ε

0
φ(x, Ys)ds

)
t∈[0,∞)

is a Py0 -martingale for x ∈ (0,∞), but also

for x = ∞ (∵ φ(∞, 0) = 0, ∞ · 0+) and x = 0 on passing to the limit x ↓ 0 by bounded

convergence, 0+ · ∞, (̂5.11) and (5.14).
Applying Theorem E(5.7) we deduce that for all (n, ε) ∈ N× (0,∞), for a.e. t ∈ [0,∞),

Ex0 [e
−Xty0 ]− Ey0 [e−x0Yt∧τ+n ∧τ−ε ] = E[e

−X
(t−τ+n ∧τ−ε )+

Y
τ
+
n ∧τ−ε − e

−x0Yτ+n ∧τ−ε ; τ+n ∧ τ−ε ≤ t].

Due to the there being a.s. no continuous explosion for Y at ∞ and 0+ · ∞ we may now
pass to the limit n→ ∞ to obtain

Ex0

[
e−Xty0

]
− Ey0

[
e
−x0Yt∧τ+∞∧τ−ε

]
= E

[
e
−X

(t−τ+∞∧τ−ε )+
Y
τ
+
∞∧τ−ε − e

−x0Yτ+∞∧τ−ε ; τ+∞ ∧ τ−ε ≤ t
]

(with τ+∞ := limn→∞ τ+n ), and then (∵ Y is Dm0
[0,∞] ∩ D

m∞
[0,∞]-valued, X has ∞ non-sticky,

0+ · ∞) ε ↓ 0 in the preceding (in this order) and deduce, via bounded convergence,
that (5.18) holds for a.e. t ∈ [0,∞). Therefore it holds in fact for all t ∈ [0,∞) by right-
continuity, bounded convergence and X (resp. Y ) having ∞ non-sticky (resp. strongly
absorbing).

(IV). By the non-stickiness of ∞ for X and Y the claim is trivial for y0 = 0 or x0 = 0

so assume y0 > 0 and x0 > 0.

For δ ∈ (0,∞), by optional stopping, the process
(
e
−X

t∧σ−
δ
y
−
∫ t∧σ−

δ

0
φ(Xs, y)ds

)
t∈[0,∞)

is a Px0 -martingale for y ∈ (0,∞); but it is so also for y = 0 (∵ (̂5.15), X has ∞ non-
sticky) and for y = ∞ (trivially, due to φ(·,∞) = 0, 0+ · ∞). Analogously we avail

ourselves of the observation that the processes
(
e
−xY

t∧τ−ε −
∫ t∧τ−

ε

0
φ(x, Ys)ds

)
t∈[0,∞)

for

x ∈ [0,∞] are Py0 -martingales for all ε ∈ (0,∞). From Theorem E(5.7) we deduce that,
for (δ, ε) ∈ (0,∞)2, for a.e. t ∈ [0,∞),

Ex0
[e

−X
t∧σ−

δ
y0
]− Ey0 [e−x0Yt∧τ−ε ]

= E[e
−X

(t−τ−ε )+∧σ−
δ
Y
τ
−
ε − e

−x0Yτ−ε ; τ−ε ≤ t]− E[e
−X

σ
−
δ
Y
(t−σ−

δ
)+∧τ−ε − e

−X
σ
−
δ
y0
;σ−
δ ≤ t]

+ E
[
φ
(
Xσ−

δ
, Yτ−

ε

)(
((t− τ−ε )+ − σ−

δ )+ − ((t− σ−
δ )+ − τ−ε )+

)]
.

We now pass to the limit ε ↓ 0 and then δ ↓ 0 (or vice versa) in the preceding and deduce,
via bounded convergence, that (5.18) holds for a.e. t ∈ [0,∞), as follows. On the l.h.s.
there is convergence due to X and Y being Dm0

[0,∞]-valued. On the r.h.s. we apply (5.11),

(̂5.11), (5.13) for the last term, whereas for the first two terms we note crucially the
non-stickiness of ∞ for X and Y .

We have established that (5.18) holds for a.e. t ∈ [0,∞). But then it holds for all
t ∈ [0,∞) by right-continuity, bounded convergence and the non-stickiness of ∞ for X
and Y .
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As an immediate illustration of the power of Theorem 5.2 we present the class of
Laplace dualities corresponding to Theorem 4.9(ii).

Example 5.4. Take any {Φ, Φ̂} ⊂ pk-subo and put

ψ(x, y) := −1[0,∞)2(x, y)Φ(y)Φ̂(x), (x, y) ∈ [0,∞]2.

Denote by X and Y the pregenerators associated to ψ|[0,∞]×(0,∞) and ψ̂|[0,∞]×(0,∞) re-
spectively.

Let ξ be a possibly killed subordinator with Laplace exponent Φ under the probability
P, ↑ and vanishing at zero with certainty. We agree to interpret 1

0 := ∞ and ξ∞ :=

limu→∞ ξu. For x ∈ (0,∞) define the continuous time-change

ρxt := inf

{
s ∈ [0,∞) :

∫ s

0

du

Φ̂(x+ ξu)1[0,∞)(ξu)
> t

}
, t ∈ [0,∞),

and set Px := Xx
?P for the process Xx := (x+ ξρxt )t∈[0,∞), a law on Dm∞,↑

[0,∞] := Dm∞
[0,∞] ∩ {↑

paths}. Additionally we introduce P∞ as the only probability on the space Dm∞
[0,∞] under

which the canonical process X stays at ∞ a.s., i.e. P∞ = δ∞, where ∞ is the constant
path identically equal to ∞. As for the point of issue 0 we notice that (x + ξρxt )t∈[0,∞)

is ↑ in x ∈ (0,∞), therefore we may unambiguously ask that P0 := X0
?P for X0 :=

(↓-limx↓0(x + ξρxt ))t∈[0,∞), which still takes its values in Dm∞,↑
[0,∞] (right-continuity follows

because we can interchange monotone double limits). In this manner we construct the
positive Markov process X under the probabilities (Px)x∈[0,∞] (the Markov property of
X follows from the strong Markov property of ξ).

From the martingale
(
e−(x+ξs)y +Φ(y)

∫ s
0
e−(x+ξv)ydv

)
s∈[0,∞)

for ξ under P we get by
time-change (optional sampling and a change of variables in the Lebesgue integral)

the deterministically-locally-bounded martingale
(
e−X

x
t y +

∫ t
0
Φ(y)Φ̂(Xx

u)e
−Xxuydu

)
t∈[0,∞)

under P, this for all y ∈ (0,∞) and all x ∈ (0,∞), but also for x = 0 in the limit (by
bounded convergence). Put another way, for all x ∈ [0,∞] (the case x = ∞ is trivial)
(X,Px) is a solution to the martingale problem for (X , δx). It also follows easily that X is
the restriction of the generator of X to D, which is to say that

the Laplace symbol of X is ψ|[0,∞]×(0,∞).

Interchanging the roles of Φ and Φ̂ we avail ourselves of the Dm∞,↑
[0,∞] -valued positive

Markov process Y under the probabilities (Qy)y∈[0,∞],

the Laplace symbol of Y being ψ̂|[0,∞]×(0,∞),

and such that for all y ∈ [0,∞], (Y,Qy) is a solution to the martingale problem for (Y, δy).
Applying Theorem 5.2(II) (it is trivial to check the conditions because the Φ, Φ̂ are

bounded by linear growth, because the φ of (5.10) does not change sign, and since X
and Y are ↑) together with Remark 5.3 we deduce that

X is in (0+ · ∞,∞ · 0+)-Laplace duality with Y .

We emphasize the great simplification in the argument afforded by the fact that φ ≤ 0

everywhere, indeed (5.16) holds just because φ+ ≡ 0. Notice also that by the preceding
discussion the requirements that a positive Markov process X be Dm∞,↑

[0,∞] , weakly-[0,∞)

continuous at 0 and that it solve the MP for X determine the law of X uniquely.

In a similar fashion, for {Σ, Σ̂} ⊂ spLp¬↑, we could define

ψ(x, y) := 1[0,∞)2(x, y)Σ(y)Σ̂(x), (x, y) ∈ [0,∞]2,
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corresponding to Theorem 4.9(i); construct, via time-change, two processes X and
Y with symbols ψ|[0,∞]×(0,∞) and ψ̂|[0,∞]×(0,∞), respectively; and establish that are in
(0+ · ∞,∞ · 0+)-Laplace duality by applying Theorem 5.2(IV). We omit the details here,
as this case will be covered in the next subsection, cf. forthcoming Example 5.9.

Excepting the cases in which the Laplace dual symbol maintains a constant sign, the
most challenging conditions to verify in Theorem 5.2 are typically (5.16)-(5.17). By con-
trast, conditions (5.11)-(5.14) are always satisfied for any element of LDS (and, naturally,
also for its dual), except (5.12) and even that fails only when in the representation (4.20)
the Lévy measure of κ has an atom at −1.

5.3 Processes with Laplace symbols in LDS

We seek here sufficient conditions on a function ψ ∈ LDS that ensure the existence
and uniqueness in law of positive Markov processes X and Y , whose symbols are
ψ|[0,∞]×(0,∞) and ψ̂|[0,∞]×(0,∞), respectively, and which satisfy (0+ · ∞,∞ · 0+)-Laplace
duality at the level of their semigroups. Recall that by Definition 4.19 of the class LDS,
any such ψ is vanishing at infinity and continuous at zero.

Let us begin our analysis with a technical result having to do with the nature of the
extended pregenerator of Definition 4.4 associated to a Laplace dual symbol from LDS.
Before that, some more notation is in order.

Definition 5.5. Introduce

De := {f ∈ R[0,∞] : f(∞) = 0, f |[0,∞) ∈ C2([0,∞))

and lim
x→∞

x2(|f(x)|+ |f ′(x)|+ |f ′′(x)|) = 0}.

Given a Laplace dual symbol ψ, write Xψ := Xψ|[0,∞]×(0,∞)
(resp. Xe,ψ := Xe,ψ|[0,∞]×(0,∞)

)
for the (resp. extended) pregenerator associated with ψ, also X ′

e,ψ := Xe,ψ ∩ ({f ∈
C([0,∞]) : f(∞) = 0} × C([0,∞])).

Notice that D ⊂ De, and that for a Laplace dual symbol ψ for which ψ(∞, ·) ≡ 0,
the X ′

e,ψ of Definition 5.5 is nothing but X ′
e,ψ|[0,∞]×(0,∞)

in the (local) notation of Proposi-
tion 5.1.

Proposition 5.6. Let ψ ∈ LDS. We have DXe,ψ ⊃ De. Moreover, if in the representation
(4.20) of ψ the Lévy measure of κ has no atom at −1, then (Xe,ψf)|[0,∞) ∈ C0([0,∞)) for
all f ∈ De and therefore De ⊂ DX ′

e,ψ
.

Since (Xe,ψf)(∞) = 0, the last assertion is equivalent to maintaining that Xe,ψf ∈
C([0,∞]).

Proof of Proposition 5.6. Directly from the definitions it follows that De ⊂ DXe,ψ . Let
now f ∈ De and write out Xe,ψf in the representation (4.20) of ψ:

Xe,ψf(x) = Σ̂(x)f ′′(x)−Ψ̂(x)f ′(x)+xLΨf(x)+x2LΣf(x)+Xe,Σ−Φf(x)+Lκf(x), x ∈ [0,∞).

It is not difficult to see that (Xe,ψf)|[0,∞) is continuous (the continuity of the various
integrals appearing in LΨ, Lκ and Xe,Σ−Φ is handled e.g. via dominated convergence,
directly by boundedness for integrals on (1,∞), and via a Taylor expansion on [−1, 1]). It
remains to verify that (Xe,ψf)|[0,∞) vanishes at infinity. To this end we treat separately
the various terms in the display just above.

Local parts. The first two terms, driven by Σ̂ and Ψ̂, are easily studied. From

Section 2.4 we know that lim supx→∞
Σ̂(x)+|Ψ̂(x)|

x2 <∞. On using the assumption f ∈ De
we see at once that in fact Σ̂(x)f ′′(x)− Ψ̂(x)f ′(x) −→

x→∞
0.
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Continuous-state branching processes with collisions (CBCs). The second two terms
correspond to the extended generators of CBCs. It has been established in [30, Corollary
3.1] that for f ∈ De, x2LΣf(x) and xLΨf(x) both tend to 0 as x→ ∞.

The term involving Xe,Σ−Φ. The Lévy measures νx, x ∈ [0,∞), in the associated
Courrège form are given by (4.16)-(4.17) (for notational ease we incorporate killing
terms as masses at infinity):

νx(du) = 1(0,∞)(u)

∫
(e−xv−1+xv)η(dv, du)+

∫
(1−e−xv1(0,∞)(v))ν(dv, du), u ∈ (0,∞].

The main idea is to estimate the integrands in the preceding integrals and to combine
this with estimates, in terms of the derivatives of f , for the expressions f(x+ u)− f(x)

and f(x+ u)− uf ′(x)− f(x) that appear in the action of Xe,Σ−Φ on a map f ∈ De. Said
estimates must be such that ultimately we can appeal to (4.13). In this direction, first,
by Taylor expansion or directly we see that there exists a constant C <∞ such that

e−xv − 1 + xv ≤ Cx2(v2 ∧ v) and 1− e−xv ≤ Cx(v ∧ 1), v ∈ (0,∞), x ∈ [1,∞).

Set

η(du) :=

∫
(v2 ∧ v)η(dv, du), u ∈ (0,∞),

which, cf. (4.13), satisfies
∫
(u2 ∧ u)η(du) <∞, also

ν(du) :=

∫ (
v ∧ 1

)
ν(dv, du), u ∈ (0,∞],

for which, cf. again (4.13),
∫
(u ∧ 1)ν(du) <∞. Then, for x ∈ [1,∞),

|Xe,Σ−Φf(x)| ≤ C

(
x2
∫

|f(x+ u)− uf ′(x)− f(x)|η(du) + x

∫
|f(x+ u)− f(x)|ν(du)

)
.

In the preceding display the passage to the limit x→ ∞ is now evident for the integrals
over η(du) in u ∈ (1,∞) and over ν(du) in u ∈ (1,∞], whereas on u ∈ (0, 1] we write out

f(x+ u)− f(x) =

∫ x+u

x

f ′(r)dr and f(x+ u)− uf ′(x)− f(x) =

∫ x+u

x

∫ r

x

f ′′(w)dwdr,

and effect some simple triangle inequality estimates first, together with bounds on
the derivatives of f coming out of f ∈ De (we will write out in detail the analogous
string of inequalities for the final case to follow presently). In any event we find that
limx→∞ Xe,Σ−Φf(x) = 0 as required.

Study of Lκ. Recall the form of the operator in Definition 4.12. In the notation thereof
decompose Lκf = L1

κf + L2
κf with, fixing s ∈ (−1, 0),

L1
κf(x) :=

∫
(−1,s)

(
f(x(1 +m))− f(x)− xmf ′(x)

)
ν(dm)

+

∫
(1,∞)

(
f(x(1 +m))− f(x)

)
ν(dm) + x2f ′′(x) + bxf ′(x)− cf(x)

and

L2
κf(x) :=

∫
[s,1]

(
f(x(1 +m))− f(x)− xmf ′(x)

)
ν(dm)

for x ∈ [0,∞) (we have involved here the supposition that ν has no atom at −1). By
bounded convergence trivially L1

κf(x) −→
x→∞

0. On the other hand,

|L2
κf(x)| ≤

∫
[s,1]

∫ xm

0

∫ r

0

|f ′′(x+ w)|dwdrν(dm) ≤
x2 sup[(1+s)x,∞) |f ′′|

2

∫
[−1,1]

m2ν(dm)

and evidently this is → 0 as x→ ∞ since f ∈ De.
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We are ready to formulate and prove the main result of this subsection.

Theorem 5.7. Let ψ ∈ LDS vanish at zero, i.e. ψ(0, ·) ≡ 0 ≡ ψ(·, 0), and let it satisfy

sup
(x,y)∈[0,∞)2

ψ−(x, y)e
−xy <∞. (5.19)

Suppose also that in the representation (4.20) of ψ the Lévy measure of κ has no atom
at −1. Then there exist unique-in-law Dm∞

[0,∞] ∩ D
m0
[0,∞]-valued processes, X under the

probabilities (Px0
)x0∈[0,∞] and Y under the probabilities (Py0)y0∈[0,∞], solving the MPs

for X := Xψ and Y := Xψ̂ respectively. The processes are in fact strong Markov, non-
explosive (i.e. conservative) for finite starting values, and solve the MPs for X ′ := X ′

e,ψ

and Y ′ := X ′
e,ψ̂

respectively. Lastly, the processes X and Y are in (0+ ·∞,∞· 0+)-Laplace
duality.

A condition entailing the vanishing at zero of ψ and (5.19) is given in the forthcoming
Proposition 5.8.

Proof of Theorem 5.7. Notice that by Proposition 5.6 X ⊂ X ′ and Y ⊂ Y ′, in particular
D ⊂ DX ′ ∩DY′ , where we have taken into account the “no atom at −1” assumption. Let
us establish existence of Dm∞

[0,∞] ∩D
m0
[0,∞]-valued solutions to the MP for X ′. The MP for Y ′

is entirely analogous.
The cases of the starting values x0 = 0 and x0 = ∞ are trivial. Let then x0 ∈ (0,∞).

According to Proposition 5.1 there exists a Dm∞
[0,∞]-valued solution (X ′,Px0

) to the MP
for (X ′, δx0

). Setting σ0 := inf{t ∈ (0,∞) : 0 ∈ {X ′
t, X

′
t−}} it remains to pass from X ′

to the process X that concides with X ′ on [0, σ0) and is identically zero on [σ0,∞) (the
martingales are preserved due to φ(0, ·) ≡ 0 and by applying optional stopping – in the
right-continuous modification of the natural filtration of X – at the times σ−

ε := inf{t ∈
[0,∞) : X ′

t < ε} ↑ σ0 as ε ↓ 0).
For x0 ∈ [0,∞) let now (X,Px0) be any Dm∞

[0,∞] ∩D
m0
[0,∞]-valued solution to the MP for

(X , δx0). Set

ζ∞ = inf{t ∈ [0,∞) : Xt− ∨Xt = ∞}.

By the martingale problem (after optional stopping at ζ∞), for all t ∈ [0,∞),

Ex0

[
e−Xt∧ζ∞y

]
= e−x0y + Ex0

[∫ t∧ζ∞

0

ψ(Xs, y)e
−Xsyds

]

≥ e−x0y + Ex0

[∫ t∧ζ∞

0

ψ−(Xs, y)e
−Xsyds

]
, y ∈ (0,∞).

Passing to the limit y ↓ 0, by monotone (on the l.h.s.) and bounded (on the r.h.s., noting
(5.19)) convergence we obtain, thanks to ψ(·, 0) ≡ 0 and the continuity of ψ at zero, that
Px0(Xt∧ζ∞ <∞) ≥ 1 (and therefore = 1). This being so for all t ∈ [0,∞) we find that X
is conservative.

Let next X under the probabilities (Px0
)x0∈[0,∞] be any D

m∞
[0,∞] ∩D

m0
[0,∞]-valued solution

to the MP for X and let Y under the probabilities (Py0)y0∈[0,∞] be any Dm∞
[0,∞] ∩ D

m0
[0,∞]-

valued solution to the MP for Y (they exist by the above; we want any).
We verify the conditions for Theorem 5.2(III). Trivially, (5.19) ensures that (5.16)

holds with σ = ∞ and τ = τ+n ∧ τ−ε (even with τ = ∞). For all y ∈ [0,∞), the function
[0,∞) 3 x 7→ φ(x, y) = e−xyψ(x, y), cf. (5.10), is continuous at 0 (indeed, everywhere), i.e.

(̂5.11) is satisfied. Since ψ(·, 0) ≡ 0 we get (̂5.15). (5.14) would be valid even if we had
merely ψ ∈ LDS. By the preceding both processes X and Y are conservative so certainly
X has ∞ non-sticky and certainly there is a.s. no continuous explosion in Y . By choice
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the process Y is strongly absorbed at 0. Altogether, via Theorem 5.2(III), this gives us
the (0+ · ∞,∞ · 0+)-Laplace duality and thereby uniqueness in law.

In order to see that X and Y solve even the MPs for X ′ and Y ′ respectively, one has
simply to note that any two solutions X ′ and Y ′ to X ′ and Y ′, valued in Dm∞

[0,∞] ∩D
m0
[0,∞]

– which exist by the above – solve also the MPs for X and Y, respectively. By what we
have just shown their laws are uniquely determined and must be the same as the laws
of the solutions to the MPs for respectively X and Y. But solving a martingale problem
concerns only the laws of the processes so the matter is thereby settled.

For the strong Markov property we refer to [22, p. 184, Theorem 4.2(c)]. Its appli-
cation requires checking the measurability of the map ([0,∞] 3 x0 7→ Px0(X ∈ A)) for
measurable A ⊂ D[0,∞] (and analogously for the process Y ). Since {ey : y ∈ (0,∞)} is
a multiplicative class of maps generating the Borel σ-field on [0,∞], for t ∈ [0,∞), the
Laplace duality relation between X and Y and functional monotone class entail that
([0,∞] 3 x0 7→ Ex0 [f(Xt)]) is measurable for all Borel f : [0,∞] → [0,∞]. By induction
and the Markov property ofX – which is ensured by [22, p. 184, Theorem 4.2(a)] – we find
that ([0,∞] 3 x0 7→ Ex0 [f1(Xt1) · · · fn(Xtn)]) is measurable for all real 0 ≤ t1 < · · · < tn,
all Borel fi : [0,∞] → [0,∞] for i ∈ {1, . . . , n}, all n ∈ N. A final application of Dynkin’s
lemma [65, Theorem 2.38] concludes the measurability for arbitrary measurable A (since
the σ-field on D[0,∞] is generated by the coordinate process).

Proposition 5.8. Let ψ ∈ LDS with the representation (4.20). Assume that

Ψ(0) = 0 = Ψ̂(0) and Φ(0, ·) ≡ 0 ≡ Φ(·, 0)

(which implies that ψ vanishes at 0) and that

|Ψ′(0)|+ |Ψ̂′(0)|+ ∂2Φ

∂x∂y
(0, 0) <∞.

Then (5.19) is satisfied.

Notice that we have had to impose no conditions on the Σ, Σ̂, Σ and κ of (4.20) in
order for the conclusion to prevail.

Proof of Proposition 5.8. Rewrite (4.20):

ψ(x, y) = κ(xy) + xΨ(y) + Ψ̂(x)y −Φ(x, y) + x2Σ(y) +Σ(x, y) + Σ̂(x)y2, {x, y} ⊂ [0,∞).

(5.20)
In verifying (5.19) we may estimate the negative part of each term in the preceding
display separately. As far as κ is concerned it is almost trivial because even ([0,∞) 3 z 7→
κ(z)e−z) is bounded. For the second two terms: Ψ− and Ψ̂− are bounded by a linear (not
just affine!) function on [0,∞) (∵ Ψ(0) = 0 = Ψ̂(0), |Ψ′(0)|+ |Ψ̂′(0)| < ∞); it remains to
note that ([0,∞) 3 z 7→ ze−z) is bounded. Recalling (4.15), since Φ(0, ·) ≡ 0 ≡ Φ(·, 0), the
measure ν charges only (0,∞)2; using the elementary estimate 1− e−z ≤ z for z ∈ [0,∞)

we then find that

Φ(x, y) ≤ xy

∫
vuν(dv, du), (x, y) ⊂ [0,∞);

together with
∫
vuν(dv, du) < ∞ (∵ ∂2Φ

∂x∂y (0, 0) < ∞) it is enough to handle the term
involving Φ. For the remaining terms the negative parts vanish and we are done.

A straightforward application of Theorem 5.7 and Proposition 5.8 yields the following
family, which should be compared with Theorem 4.9(i).
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Example 5.9. Take {Σ, Σ̂} ⊂ spLp¬↑ and set

ψ(x, y) := 1[0,∞)2(x, y)Σ̂(x)Σ(y), (x, y) ∈ [0,∞]2.

Then there exist unique-in-law Dm∞
[0,∞] ∩D

m0
[0,∞]-valued Markov processes X and Y solving

the MPs for Xψ and Xψ̂ respectively. The processes X and Y have Laplace symbols

ψX = ψ|[0,∞]×(0,∞) and ψY = ψ̂|[0,∞]×(0,∞) and are in (0+ · ∞,∞ · 0+)-Laplace duality.

Examples 5.4 and 5.9 establish that all processes with symbols ψ|[0,∞]×(0,∞) and

ψ̂|[0,∞]×(0,∞), where ψ ∈ LDS is simple as per Definition 4.19, exist and are in Laplace
duality. Combining them leads to decomposable Laplace dual symbols. By Theorem 5.7,
provided the conditions set forth therein are met, there exist processes with such de-
composable Laplace dual symbols and they too exhibit Laplace duality. A relatively wide
subclass of these processes will be studied via stochastic equations in the forthcoming
Section 6.2, where we will also relax condition (5.19).

Example 5.10. The Laplace dual symbol obtained by a mixture of Gamma subordinators
of Example 4.18,

ψ(x, y) = 1[0,∞)2(x, y)

∫ 1

0

log(1 + xr) log(1 + y/r)rγdr, {x, y} ⊂ [0,∞]2,

satisfies the conditions of Proposition 5.8 due to (4.19). Theorem 5.7 in turn guarantees
existence and uniqueness in law of Dm∞

[0,∞] ∩ D
m0
[0,∞]-valued Markov processes X and Y

solving the MPs for Xψ and Xψ̂ respectively; furthermore, the processes X and Y have

Laplace symbols ψX = ψ|[0,∞]×(0,∞) and ψY = ψ̂|[0,∞]×(0,∞) and are in (0+ · ∞,∞ · 0+)-
Laplace duality.

6 Construction of examples via stochastic equations

In the present section the processes will be constructed as solutions to stochastic
equations driven by specified Poisson random measure (PRM) and Brownian motions on
a common filtered probability space.

We shall restrict attention to equations for which strong existence and pathwise
uniqueness follow from standard techniques, making automatic the Markov property of
the solutions. Particularly well-suited to our context in this regard is Proposition 1 of
Palau and Pardo [64], which, building on earlier work by Li and Pu [59, Theorem 6.1],
establishes sufficient conditions – allowing for jump measures with infinite mean – for
the unique existence of a solution that may exhibit explosion. Except for the setting
of non-local decomposable symbols discussed in Section 6.2, where we duly check for
existence and uniqueness, we shall then essentially take for granted that there exist
unique (possibly explosive) solutions to the forthcoming jump SDEs. Meticulous explicit
checks of these unique existence results are not our focus here, but references in which
such equations are studied will be provided.

The stochastic equations’ approach is especially indicated because it provides us, via
Itô’s lemma for discontinuous semimartingales for which see e.g. Jacod and Shiryaev’s
book [44, p. 76, Theorem 4.57 and p. 555, Remark 4.5], with solutions to MPs, and
this in turn allows us to apply Theorem 5.2. Moreover, such approach facilitates the
identification of processes previously examined in the literature as completely monotone
Markov processes with explicit Laplace dual symbols.

Below, when working with solutions X with variable initial value x0 ∈ [0,∞], under a
single probability P, then in considering the Laplace duality, strictly speaking, we should
pass to the laws Px0

of X under P when started from x0; instead, by a relatively standard
abuse of notation, we let the x0 in the expectation operator Ex0

(or in the probability
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Px0
) – and sometimes, in case there is risk of ambiguity, in the superscript of the process

Xx0 – indicate the initial value. Similarly for the Y processes. In addition, implicitly we
insist all the solutions to be Dm∞

[0,∞]-valued (with certainty, not just a.s.).

The comparison property between solutions with respect to their initial values is
also going to be satisfied, in the sense that for all starting values x0 ≤ x1 we will have
Xx0
t ≤ Xx1

t for all t ∈ [0,∞) a.s., see e.g. Fu and Li [32, Theorem 5.5] for a condition
ensuring this, which will always be met in the equations to be studied. In particular, the
processes we will work with will all be stochastically monotone.

Recall from (4.2) that we denote D = lin({ey : y ∈ (0,∞)}), also the various classes
of Lévy-Khintchine forms of Table 1. For s ≤ t from [0,∞], an integral of the form

∫ t
s
. . .

is interpreted to be so over the interval (s, t] ∩ (0,∞).

6.1 Generalisations of continuous-state branching processes

We look first at Laplace dual symbols ψ that satisfy

ψ(x, y) = 1[0,∞)2(x, y)
(
xΨ(y) + x2Σ(y)− Φ(y) + κ(xy)

)
, (x, y) ∈ [0,∞]2. (6.1)

Each term in the expression above corresponds to specific population dynamics that has
been studied in the literature. A process with Laplace symbol ψ would indeed have a
branching part with mechanism Ψ ∈ pk-spLp, a collision part driven by Σ ∈ spLp¬↑, an
immigration encoded by Φ ∈ pk-subo and a random environment governed by κ ∈ pk-Lp1.

Aside from the CB and CBI processes, which have received considerable attention,
many fundamental questions – such as the classification of boundaries, the existence
of Markovian extensions, and the characterization of stationary distributions – remain
largely unexplored for such “enhanced” CB processes. We do not undertake a detailed
investigation of these issues here, as a case-by-case analysis may be more appropriate/fea-
sible. However, the duality relationship and its implications – for instance, Corollary 3.14
– provide a natural starting point for addressing such questions, see for instance [30, 24]
for works along such lines.

Instead of constructing the entire class of processes with Laplace symbols corre-
sponding to (6.1) at once – subject to appropriate boundary conditions – we will describe
several subcases, either previously defined in the literature or straightforward general-
izations thereof.

6.1.1 CBs

We start with basic continuous-state branching processes. As already pointed out in
the Introduction, they are the only positive Markov processes in Laplace duality with a
deterministic process. Theorem 6.1 below, which should be appreciated in conjunction
with Theorem 4.9(iii) and Example 3.17, is well-known. It naturally arises as a specific
case within our framework and will be established using our methodology.

Let Ψ ∈ pk-spLp be a branching mechanism with Lévy-quadruplet (ν, a, b, c):

Ψ(y) =

∫ (
e−uy − 1 + uy1(0,1](u)

)
ν(du) + ay2 − by − c, y ∈ [0,∞),

a piece of notation that is to remain in effect throughout the remainder of Section 6.1.
For the purposes of the present Section 6.1.1 only, introduce the Laplace dual symbol
ψ ∈ LDS by asking that

ψ(x, y) := 1[0,∞)2(x, y)xΨ(y), (x, y) ∈ [0,∞]2.
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Consider the stochastic integral equation for the process X̃, x0 ∈ [0,∞) indicating
the initial value,

X̃t = x0 +

∫ t

0

√
2aX̃s dBs + b

∫ t

0

X̃s ds

+

∫ t

0

∫ X̃s−

0

∫ 1

0

u N̄ (ds,dr,du) +

∫ t

0

∫ X̃s−

0

∫ ∞

1

uN (ds,dr,du)

(6.2)

for t ∈ [0, ζ̃), with ζ̃ = inf{t > 0 : X̃t− or X̃t /∈ [0,∞)} the lifetime, B a Brownian motion,
N (ds,dr,du) a PRM with intensity dsdrν(du), N̄ (ds,dr,du) := N (ds,dr,du)− dsdrν(du)

its compensated version3. It admits a unique strong solution X̃, see e.g. Fu and Li [32]
and Ji and Li [46, Theorem 3.1], that we set equal to ∞ at and after ζ̃ (to be implicitly
understood henceforth without emphasis), and which is a CB process with branching
mechanism Ψ̃ := Ψ + c. The process X that results from X̃ by killing (sending it to ∞)
at the random time ζ := inf{t ∈ [0,∞) :

∫ t
0
cX̃sds > e}, with e an independent mean one

exponential random variable, is a CB process with mechanism Ψ and initial value x0, cf.
Proposition D. For x0 = ∞ we consider X as being identically equal to ∞.

The deterministic process Y with initial value y0 is introduced for y0 ∈ (0,∞) as the
unique locally bounded measurable solution to the integral equation

Yt = y0 −
∫ t

0

Ψ(Ys)ds, t ∈ [0,∞); (6.3)

for y0 = ∞ we take it identically equal to ∞; finally, for y0 = 0, we define it by taking
the pointwise ↓ limit of the processes Y y0 as y0 ↓ 0. The fact that there exists a unique
solution to the integral equation (6.3) and that the latter stays bounded away from 0 and
∞ has been established in [73, Section 4]; we do not repeat this here.

Theorem 6.1. We have ψX = ψ|[0,∞]×(0,∞) and ψY = ψ̂|[0,∞]×(0,∞). Besides, X is in
(0+ · ∞,∞ · 0+)-Laplace duality with Y .

Proof. Work under 0+ · ∞, ∞ · 0+.
In order to establish Laplace duality we are going to use up Theorem 5.2(I), checking

most of the first claim en passant as well. Fix the initial values x0 ∈ [0,∞] and y0 ∈ [0,∞].
Because Y is defined for starting value y0 = 0 by taking limits, in verifying that

Ex0
[e−Xty0 ] = Ey0 [e−x0Yt ], t ∈ [0,∞),

we may assume that y0 > 0. The cases when x0 = ∞ and/or y0 = ∞ are also trivial, so
we may as well and do take x0 and y0 finite.

We first study the deterministic process Y . The observation that Y solves the martin-
gale problem for (Y, δy0) follows by a straightforward integration by parts. In particular,
for x ∈ (0,∞),

lim
t↓0

Ey0 [e−xYt ]− e−xy0

t
= lim

t↓0

x

t

∫ t

0

Ψ(Ys)e
−xYsds = xΨ(y0)e

−xy0 = ψ(x, y0)e
−xy0 .

It is also clear that Y has 0 non-sticky. Besides, since Y does not reach ∞ and since
φ(0, ·) = ψ(0, ·) = 0 identically (φ as in (5.10)), the process (1{Yt<∞}−

∫ t
0
φ(0, Ys)ds)t∈[0,∞)

of Theorem 5.2(I) reduces to the constant 1, which is trivially a martingale. (However, by
contrast, the process (1{Xt<∞} −

∫ t
0
φ(Xs, 0)ds)t∈[0,∞) = (1{Xt<∞} −Ψ(0)

∫ t
0
Xsds)t∈[0,∞)

is not always a martingale, e.g. we may have Ψ(0) = 0 with X explosive.)

3Here and below PRM with Lebesgue intensities are taken to live on (0,∞) in the factor corresponding to
that intensity. So, to be precise, N is a PRM on ((0,∞)3,B(0,∞)3 ) with intensity L 2×ν, where L is Lebesgue
measure on ((0,∞),B(0,∞)).
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Notice next that X ey is bounded for all y ∈ (0,∞). Since the process X̃ is a solution
to (6.2), by Itô’s lemma and Proposition D, we see that X solves the martingale problem
for (X , δx0

). In particular, for y ∈ (0,∞),

lim
t↓0

Ex0
[e−Xty]− e−x0y

t
= lim

t↓0

Ψ(y)

t

∫ t

0

Ex0

[
Xse

−Xsy
]
ds = x0Ψ(y)e−x0y = ψ(x0, y)e

−x0y.

Finally we check (5.16) with σ ≡ ∞ ≡ τ . Using the bound xye−xy ≤ 1 for (x, y) ∈
[0,∞]× (0,∞), we see that∫ T

0

∫ T

0

|XsΨ(Yt)|e−XsYtdsdt ≤ T

∫ T

0

|Ψ(Yt)|
Yt

dt, T ∈ [0,∞).

But (0,∞) 3 y 7→ |Ψ(y)|
y is locally bounded and (5.16) follows.

Thus all the conditions of Theorem 5.2(I) have been verified and the proof of the
Laplace duality is thereby completed.

As for the statement concerning the generators, the only non-trivial computation that
is yet to be performed is

lim
t↓0

E0[e−xYt ]− e−x·0

t
= lim

t↓0
lim
y0↓0

e−xY
y0
t − e−xy0

t
= lim

t↓0
lim
y0↓0

x

t

∫ t

0

Ψ(Y y0s )e−xY
y0
s ds

= lim
t↓0

x

t

∫ t

0

Ψ(Y 0
s )e

−xY 0
s ds = xΨ(0) = ψ(x, 0)e−x·0, x ∈ (0,∞),

on noting that Y 0 is continuous at zero (among more elementary observations), which
follows e.g. from the duality relation Px(Xt <∞) = e−xY

0
t being valid for all t ∈ [0,∞),

all (though we need only one) x ∈ (0,∞).

6.1.2 LCBs

Continuous-state branching processes with quadratic competition, also called logistic
CB (LCB) processes, were introduced by Lambert [54]. These processes can, for initial
values x0 ∈ [0,∞), be seen as solutions to the SDE (6.2) with an extra negative quadratic
drift term −

∫ t
0
âX̃2

sds, where 2â ∈ (0,∞) is the competition parameter. The extraneous
killing, involving the parameter c ∈ [0,∞), is added as in Section 6.1.1, to get the process
X from X̃. It has

ψX(x, y) = 1[0,∞)(x)
(
xΨ(y) + âx2y

)
, (x, y) ∈ [0,∞]× (0,∞),

as its Laplace symbol. One still calls Ψ the branching mechanism of the LCB process X.
The dual process Y is, for initial value y0 ∈ [0,∞), the unique strong non-explosive

absorbed-at-zero solution to the stochastic equation,

Yt = y0 +

∫ t

0

√
2âYsdWs −

∫ t

0

Ψ(Ys)ds, t ∈ [0,∞),

where W is a Brownian motion. For y0 = ∞ the process Y is just identically equal to ∞.
Actually, for the Laplace dualities to emerge in their full form one is led to extend

the processes X and Y at ∞ and 0, respectively, in a suitable way. It means here also
extension of paths after hitting these two points, not just changing P∞ and P0. We refer
to [24, esp. Theorems 3.3-3.5] for the details of these non-trivial extensions and recast
below, in our framework, only the end-result findings. Noting that in [24] the competition
parameter 2â and the killing term c are denoted by c and λ respectively, put then

E :=

∫ ε

0

1

x
exp

(∫ ε

x

Ψ(u)

âu
du

)
dx
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for an arbitrary fixed ε ∈ (0,∞) [24, Theorem 3.1]. The quantity depends on the choice
of ε, but whether or not it is finite does not, and it is only this property that we refer
to in the statement to follow. We also use up Feller’s terminology on the classification
of boundaries as exit, entrance etc., see e.g. Karlin and Taylor’s book [48, Chapter 15,
Section 6], in presenting (without proof) the main findings of [24, esp. Theorems 3.3-3.5]:

Theorem 6.2. One has the following duality assertions.

(i) Assume E = ∞. There exists a unique Feller extension X ′ of X at ∞ such that ∞ is
an entrance boundary and such that X ′ in (0+ · ∞,∞− · 0)-Laplace duality with Y .

(ii) Assume E < ∞ and c
â < 1. There exists a unique Feller extension X ′ of X at ∞

such that ∞ is a regular instantaneous reflecting boundary and such that X ′ is in
(0+ · ∞,∞− · 0)-Laplace duality with Y .

(iii) Assume c
â ≥ 1 (automatically E <∞). There exist a unique Feller extension X ′ of

X at ∞ with ∞ an exit boundary, and a unique extension Y ′ of Y at 0 with 0 an
entrance boundary, such that X ′ is in (0 · ∞−,∞ · 0+)-Laplace duality with Y ′.

In order to understand how the finiteness of E and the condition c
â ≥ 1 determine

existence of suitable X ′ in the preceding theorem, the reader is referred to [24].
More general drifts than the negative quadratic term have been considered in the

literature. We refer for instance to the works of Le and Pardoux [56], Li et al. [58] and
Rebotier [67] for studies of the solution to the stochastic equation (6.2) incorporating
an additional nonlinear drift term −

∫ t
0
I(X̃s)ds. They are referred to in the literature as

CB processes with drift-interaction. When I = Ψ̂ ∈ pk-spLp, the CB with drift-interaction
corresponds to a Laplace dual symbol ψ ∈ LDS having

ψ(x, y) = xΨ(y) + yΨ̂(x), (x, y) ∈ [0,∞)2.

The LCB case is recovered with Ψ̂(x) = âx2. The setting with a general Ψ̂ ∈ pk-spLp will
be studied in Foucart and Rebotier [28].

6.1.3 CBCs and CBCIs

We now describe a class of processes in which the quadratic competition term is gener-
alized to a dynamics of pairwise collisions [30].

Consider the stochastic equation (6.2) with the following additional terms (we drop ˜

from X̃, because, for consistency with [30], we shall take c = 0 here):∫ t

0

√
2a′XsdB

′
s −

∫ t

0

b′X2
sds+

∫ t

0

∫ Xs−

0

∫ Xs−

0

∫ ∞

0

uM̄(ds,dr1,dr2,du), (6.4)

where {a′, b′} ⊂ [0,∞), B′ is a Brownian motion and M(ds,dr1,dr2,du) is a PRM with in-
tensity dsdr1 dr2 ν

′(du), ν′ a Lévy measure on B(0,∞). The stochastic drivers B,B′,N ,M
are assumed to be mutually independent. The process X, solution to the SDE “ (6.2) +
(6.4)”, is called a continuous-state branching process with collisions (CBC), branching
mechanism Ψ and collision mechanism Σ ∈ spLp¬↑,

Σ(y) :=

∫ (
e−uy − 1 + uy

)
ν′(du) + a′y2 + b′y, y ∈ [0,∞).

For x0 = ∞ we insist that X ≡ ∞. Existence and uniqueness (until the first explosion
time) of the solution to (6.2)+ (6.4) was shown in [30]. Furthermore, [30, Corollary 3.1]
ensures that D = lin({ey : y ∈ (0,∞)}) lies in the domain of the generator of X and [30,
Eq. (2.18)] that ψX = ψ|[0,∞]×(0,∞), where ψ ∈ LDS is given by

ψ(x, y) = 1[0,∞)2(x, y)
(
xΨ(y) + x2Σ(y)

)
, (x, y) ∈ [0,∞]2.
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The following duality result was established in [30, esp. Proposition 2.18] and will not
be proved here.

Proposition 6.3. If X does not explode, then X is in (0+ · ∞,∞ · 0+)-Laplace duality
with the diffusion process Y , whose Laplace symbol is ψ̂|[0,∞]×(0,∞), and which is the
unique non-explosive absorbed-at-zero strong solution to the SDE,

Yt = y0 +

∫ t

0

√
2Σ(Ys)dWs −

∫ t

0

Ψ(Ys)ds, t ∈ [0,∞),

y0 ∈ [0,∞) being the initial value,W a Brownian motion (for y0 = ∞ we take Y ≡ ∞).

A sufficient condition for non-explosion is provided in the forthcoming Proposition 6.5.
We now add an immigration dynamics to the setting with branching and collision. Let

then Ψ ∈ pk-spLp, Σ ∈ spLp¬↑ (as above) and Φ ∈ pk-subo denote the branching, collision,
and immigration mechanisms, respectively. Define the Laplace dual symbol ψ ∈ LDS by
asking that

ψ(x, y) := 1[0,∞)2(x, y)
(
xΨ(y) + x2Σ(y)− Φ(y)

)
, (x, y) ∈ [0,∞]2, (6.5)

which supersedes the ψ above for the remainder of Section 6.1.3. For ease of exposition,
we focus on the setting with no killing terms: Ψ(0) = 0 = Φ(0). Denote by ν′′ and b′′ the
Lévy measure and the drift parameter of Φ so that

Φ(y) =

∫
(1− e−uy)ν′′(du) + b′′y, y ∈ [0,∞),

and introduce the stochastic equation:

Xt = x0 +

∫ t

0

√
2aXs dBs + b

∫ t

0

Xs ds+

∫ t

0

∫ Xs−

0

∫ 1

0

u N̄ (ds,dr,du)

+

∫ t

0

∫ Xs−

0

∫ ∞

1

uN (ds,dr,du) +

∫ t

0

√
2a′Xs dB

′
s

− b′
∫ t

0

X2
s ds+

∫ t

0

∫ Xs−

0

∫ Xs−

0

∫ ∞

0

uM̄(ds,dr1,dr2,du)

+

∫ t

0

∫ ∞

0

u I(ds,du) + b′′ t, t ∈ [0, ζ),

(6.6)

where, in addition to B,B′,N ,M, which are as before, I(ds,du) is an independent PRM
with intensity dsν′′(du) and ζ is the explosion time.

The addition of a subordinator-type term to the stochastic equation – independent
of the state of the process (the last two terms in (6.6)) – does not pose any significant
difficulty in verifying, for example, Palau and Pardo’s conditions for strong existence and
uniqueness up to the first explosion time. We refer to the resulting solution (and its law)
as the CBCI(Σ,Ψ,Φ) process. The existence and uniqueness for more general non-local
decomposable processes will be addressed in Section 6.2 and partially covers the CBCI
processes. Our focus below is on establishing a duality result.

Anticipating the dual process, introduce Y exactly as in Proposition 6.3 but addition-
ally we kill and send it to ∞ at rate Φ, i.e. Y is relegated to the cemetry ∞ at the time
ζ̂ := inf{t ∈ [0,∞) :

∫ t
0
Φ(Ys)ds > ê}, where ê is a mean one exponential random variable

independent of W .

Theorem 6.4. The generators of the Markov processes X and Y contain in their domain
D, moreover, ψX = ψ|[0,∞]×(0,∞) and ψY = ψ̂|[0,∞]×(0,∞) (where ψ is that of (6.5)). If X
does not explode, then X is in (0+ · ∞,∞ · 0+)-Laplace duality with Y .
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Theorem 6.4 allows for the relatively degenerate case (from the point of view of
CBCI) of X being a subordinator with Laplace exponent Φ; that is to say, we may have
Ψ ≡ 0, Σ ≡ 0. In this case, the dual process Y remains at its initial value y0 until a
single jump from y0 to ∞, occurring at rate Φ(y0). Compare with the first bullet point of
Example 3.16.

Proof of Theorem 6.4. Denote by X (resp. Y) the pregenerator associated to ψ|[0,∞]×(0,∞)

(resp. to ψ̂|[0,∞]×(0,∞)). By Itô’s lemma we find that each
(
f(Xt)−

∫ t
0
Xf(Xs)ds

)
t∈[0,ζ)

,

for f ∈ D, is a local martingale (when x0 < ∞). Boundedness of the integrands and
ψ(∞, ·) ≡ 0 ensure by a simple argument that the processes (f(Xt)−

∫ t
0
Xf(Xs)ds)t∈[0,∞),

f ∈ D, are in fact martingales (even under P∞), and also that X acts on D as the
generator of X. Similarly, but using also Proposition D to account for the killing in Y , we
check that that the processes (f(Yt)−

∫ t
0
Yf(Ys)ds)t∈[0,∞), f ∈ D, are martingales and

that the Laplace symbol of Y is ψ̂|[0,∞]×(0,∞).

We now seek to establish the Laplace duality and work under 0+ · ∞, ∞ · 0+. We
are going to appeal to Theorem 5.2(III), whose notation we adopt. Fix the initial values
x0 ∈ [0,∞) of X and y0 ∈ [0,∞) of Y (the outstanding duality identities for x0 = ∞ or
y0 = ∞ are trivial).

By the preceding discussion the process Y is a solution to the MP for (Y, δy0) and X is
a solution to the MP for (X , δx0

). Recall next from Proposition 6.3 that a.s. Y is absorbed
at its boundary 0, has continuous sample paths (up to ζ̂) and that there is no continuous
explosion for Y [30, Lemma 6.1]. Furthermore, by assumption Ψ(0) = Φ(0) = 0; also

Σ(0) = 0. Hence ψ(·, 0) ≡ 0 and therefore (̂5.15) is met. Since ψ is locally bounded (as is
any member of LDS) (5.14) also follows. By assumption X does not explode, a fortiori ∞
is non-sticky for it. (̂5.11) holds because ψ, like any member of LDS is continuous at zero.
Finally, for (n, ε) ∈ N× (0,∞) we check (5.16) with σ ≡ ∞, τ = τ+n ∧ τ−ε . By the sample
path continuity of Y (excepting the eventual jump to ∞), evidently, a.s., for all t ∈ [0,∞),
Yt∧τ ∈ [ε, n] ∪ {y0,∞}. Since Ψ, Σ and Φ are all locally bounded, since ψ(·, 0) ≡ 0 and
since 0+ · ∞ is in force, (5.16) is then immediate (the integrand is bounded a.s.).

All the conditions for Theorem 5.2(III) are thus met and the proof is complete.

The next proposition complements [30, Proposition 2.6].

Proposition 6.5. If
∫
0+

du
|Ψ(u)| = ∞ and lim supx↓0

Φ(x)
−Ψ(x) <∞, then the CBCI process X

does not explode.

The sufficient condition of Proposition 6.5, for which we make no claim on optimality,
is automatically satisfied when Ψ′(0) ≥ 0; also, if Φ′(0) <∞, then lim supx↓0

Φ(x)
−Ψ(x) <∞.

Proof of Proposition 6.5. Recall Definition 4.8. Introduce

X ′f(x) := x2LΣf(x) + xLΨf(x) + L−Φf(x), x ∈ Df , f ∈ DLΣ ∩DLΨ ∩DL−Φ .

The proof of non-explosion relies on constructing a “Lyapunov” function f ∈ DX ′ that
is nonnegative, of class C2, ↑ and satisfies limx→∞ f(x) = ∞, along with the inequality
X ′f ≤ Cf holding true on a neighborhood of infinity for some C ∈ [0,∞). A Lyapunov-
type argument – see e.g. [51, Section 6.3] for background, and [30, Proof of Lemma 5.3],
[67, Theorem A] for results in settings similar to ours – then entails that the process
does not explode. In view of the structure that Theorem 3.26 identifies for candidate ↑
excessive functions, we endeavour to find f of Bernstein form.

We first address the case of a (sub)critical mechanism Ψ, i.e. Ψ′(0) ≥ 0. Let µ be any
infinite measure on B(0,∞) such that

∫
(z+ z2 +Φ(z) +Σ(z) +Ψ(z))µ(dz) <∞ (it exists ∵
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limx↓0(Φ + Σ +Ψ)(x) = 0, any will do, e.g. we could select a sequence (αn)n∈N in (0,∞)

such that (Φ + Σ+Ψ)(αn) + α2
n + αn ≤ n−2 for all n ∈ N and set µ :=

∑
n∈N δαn). Define

f(x) :=

∫
(1− e−xz)µ(dz), x ∈ [0,∞).

Evidently f is ↑ nonnegative of class C2, and limx→∞ f(x) = ∞ due to monotone conver-
gence and since µ((0,∞)) = ∞. By Tonelli and differentiation under the integral sign,
f ∈ DL−Φ and

L−Φf(x) =

∫
e−xzΦ(z)µ(dz), x ∈ [0,∞).

By dominated convergence we see that limx→∞ L−Φf(x) = 0 and thus certainly L−Φf ≤ f

on a neighborhood of infinity. By entirely analogous reasoning we find that f ∈ DLΣ∩DLΨ ,

LΣf(x) = −
∫
e−xzΣ(z)µ(dz) ≤ 0 and LΨf(x) = −

∫
e−xzΨ(z)µ(dz) ≤ 0, x ∈ [0,∞).

Altogether it allows us to conclude that f has the stipulated properties of a Lyapunov
function.

We now consider the more intricate supercritical case for which Ψ′(0) ∈ [−∞, 0). Take
any θ ∈ (0,−Ψ′(0)), set ρ := sup{x ∈ (0,∞) : Ψ(x) < 0} ∈ (0,∞] and fix any v0 ∈ (0, ρ).
Define

f(x) :=

∫
(1− e−xv)µ(dv), x ∈ (0,∞),

where µ is the absolutely continuous measure on B(0,ρ) given by the density

µ(dv)

dv
:=

θ

−Ψ(v)
exp

(∫ v0

v

θ

−Ψ(u)
du

)
, v ∈ (0, ρ). (6.7)

Thanks to having assumed
∫
0+

dv
|Ψ(v)| = ∞, by [30, Lemma 5.1] f is finite, is of class C2,

and is ↑, nonnegative with limx→∞ f(x) = ∞, furthermore it satisfies the identity

xLΨf(x) = θf(x), x ∈ (0,∞).

Since
∫
|Ψ(v)|µ(dv) <∞ and because lim supx↓0

Φ(x)
−Ψ(x) <∞ we also compute, as before,

that

LΣf(x) = −
∫
e−xzΣ(z)µ(dz) ≤ 0 and L−Φf(x) =

∫
e−xzΦ(z)µ(dz), x ∈ (0,∞).

It is now easy to conclude that f satisfies all the properties listed in the first paragraph
of this proof, as required.

6.1.4 CBREs

Let S be a Lévy process with Laplace exponent κ ∈ pk-spLp1,

κ(z) :=

∫ (
e−zm − 1 + zm1[−1,1](m)

)
ν̃(dm) + ãz2 − b̃z′, z ∈ [0,∞),

where ν̃ is a Lévy measure on B[−1,∞), ã ∈ [0,∞) and b̃ ∈ R (no killing term, however
a mass of ν̃ at −1 is allowed). For x0 ∈ [0,∞) consider the stochastic equation, for the
process X,

Xt = x0 +

∫ t

0

Xs−dSs, t ∈ [0,∞). (6.8)

EJP 31 (2026), paper 127.
Page 57/73

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1582
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Positive Markov processes in Laplace duality

The unique strong solution X is known as the Doléans-Dade exponential associated to
the semimartingale S, see e.g. Protter’s book [66, Theorem II.37]. It admits the a.s.
explicit representation

Xt = x0e
St−ãt

∏
s∈(0,t]

(1 + ∆Ss)e
−∆Ss , t ∈ [0,∞).

Additionally we consider the process X issued from x0 = ∞ as being identically equal
to ∞. Then it is not difficult to see that X constitutes a positive Markov process with
Laplace symbol ψ|[0,∞]×(0,∞), where the ψ ∈ LDS is specified as

ψ(x, y) := 1[0,∞)2(x, y)κ(xy), (x, y) ∈ [0,∞]2.

Furthermore, X is evidently in (0+ · ∞,∞ · 0+)-Laplace duality with itself.
Consider now the dynamics of a CB process (6.2), branching mechanism Ψ as in

Section 6.1.1, but with an extra stochastic integral term of the right-hand side of
(6.8) (with S independent of B, N ). Such a generalization of a CB process is called
a continuous-state branching process in a Lévy random environment, CBRE for short.
It has received some attention in the last decade, we refer the reader for instance to
Bansaye et al. [3], Palau and Pardo [64] and He et al. [37]. Informally speaking, at
the level of the generator, the random environment is represented with an additional
operator Lκ of Definition 4.12 corresponding to multiplicative (including downward)
jumps.

For simplicity and consistency with the literature that we shall appeal to we limit
our discussion here to branching dynamics with finite mean and no killing, i.e. to∫
(z ∧ z2)ν(dz) < ∞ and c = 0, so that Ψ(0) = 0 and Ψ′(0) ∈ R. The stochastic equation

“ (6.2)+ (6.8)”:

Xt = x0 +

∫ t

0

√
2aXsdBs + b

∫ t

0

Xsds+

∫ t

0

∫ Xs−

0

∫ ∞

0

uN̄ (ds,dr,du) +

∫ t

0

Xs−dSs

for t ∈ [0,∞), x0 ∈ [0,∞) being the initial value (when x0 = ∞ we take X ≡ ∞), then
admits a unique strong solution [37, Theorem 3.1] that is non-explosive, and we shall
refer to its law as CBRE(Ψ, κ). Introduce also the associated Laplace dual symbol
ψ ∈ LDS,

ψ(x, y) := 1[0,∞)2(x, y)
(
xΨ(y) + κ(xy)

)
, (x, y) ∈ [0,∞]2, (6.9)

which supersedes the ψ above for the remainder of this subsection. Then we assert

Theorem 6.6. The Laplace symbol of X is ψX = ψ|[0,∞]×(0,∞). Furthermore, X is in
(0+ · ∞,∞ · 0+)-Laplace duality with Y , the unique strong non-explosive solution to

Yt = y0 −
∫ t

0

Ψ(Ys)ds+

∫ t

0

Ys−dSs, t ∈ [0,∞), (6.10)

y0 ∈ [0,∞) being the initial value (for y0 = ∞, again Y ≡ ∞). The process Y has the
Laplace symbol ψY = ψ̂|[0,∞]×(0,∞). (In both cases the ψ is that of (6.9).)

The duality of Theorem 6.6 can be seen as a representation of the annealed semigroup
of X [37, Theorems 3.6 and 2.4, Eq. (3.7)]. The techniques used in [37, 64] in order to
study these processes do not rely directly on the Laplace duality relationship, but on a
quenched branching property.

Proof of Theorem 6.6. Denote by X the pregenerator associated to ψ|[0,∞]×(0,∞). For

f ∈ D, by Itô’s lemma, the process (f(Xt) −
∫ t
0
Xf(Xs)ds)t∈[0,∞) is a local martingale

for all starting values x0 ∈ [0,∞). Since Xf is bounded we have a true martingale. We
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deduce that ψX := ψ|[0,∞]×(0,∞) is the Laplace symbol of X. Analogously we can check
the claim regarding the Laplace symbol of Y .

Existence and uniqueness of a strong solution to (6.10), possibly explosive, follow by
standard results, see e.g. Ikeda and Watanabe’s book [42, Chapter 4.9]. We refer also to
Leman and Pardo [57] where a class of SDEs containing (6.10) is studied. Let us further
argue that actually Y stays almost surely in [0,∞) for starting values in y0 ∈ [0,∞).
Since Ψ′(0) > −∞ there is a constant c ∈ [0,∞) such that Ψ(y) ≥ −cy for all y ∈ [0,∞).
Define the Lévy process S̃ by adding to S a c-drift, i.e. S̃t = St + ct for t ∈ [0,∞). The
Doléans-Dade exponential Ỹ of S̃ with initial value y0 then solves the stochastic equation

Ỹt = y0 +

∫ t

0

Xs−dS̃t, t ∈ [0,∞).

By applying a comparison theorem, see e.g. [32, Theorem 5.5] or Dawson-Li’s work
[18, Theorem 2.3], one can verify that a.s. Y ≤ Ỹ . But Ỹ is finite a.s. and therefore Y
remains finite too a.s.

Thus both processes X and Y are non-explosive and have 0 strongly absorbing. Then
we seek to apply Theorem 5.2(III). Appealing to Proposition 5.8 we get the bound (5.19);
therefore (5.16) is verified with σ ≡ ∞ and τ = τ+n ∧ τ−ε (in the notation of Theorem 5.2).
The other conditions of Theorem 5.2(III) are easily seen to be met.

We conclude our study of CBREs by establishing their Feller property.

Corollary 6.7. Suppose ν̃({−1}) = 0. Then the CBRE(Ψ, κ) process X is, on restriction
to [0,∞), a C0([0,∞))-Feller process. Furthermore, it admits a (0 · ∞−,∞ · 0+)-Laplace
dual Y ′ for which, in particular,

Px(Xt = 0) = E∞[e−xY
′
t ], t ∈ [0,∞), x ∈ [0,∞]. (6.11)

Proof. We have seen in (the course of the proof of) Theorem 6.6 that the (0+ · ∞,∞ · 0+)-
Laplace dual Y of X has ∞ non-sticky; let us argue that this is true also of the boundary
0. Indeed, since Ψ(0) = 0 and Ψ′(0) < ∞, Ψ(y) ≤ cy for all y ∈ [0, 1] for some c ∈
[0,∞). Employing the same comparison technique as in the proof of Theorem 6.6 the
claim follows, the condition ν̃({−1}) = 0 ensuring that the Doléans-Dade exponential
Ỹ associated to S from which is subtracted the c-drift stays strictly positive a.s. (it is
enough to employ the comparison on the neighborhood [0, 1] of 0, since S never jumps
down by −1, and hence X never jumps down to 0, a.s.). The Feller property is then a
direct application of Proposition 3.23(i).

The second claim follows from Proposition 3.20(ii) (extend continuously Y restricted
to (0,∞) back to the points 0 and ∞ as the process Y ′) and (3.8) (for (6.11)).

The extinction probability of a CBRE is given in [37, Section 4] in terms of the
solution of a random differential equation with a singular terminal condition. Identity
(6.11) provides another representation. CB processes in random environment which also
take into account immigration (CBIREs) were studied in [37] and can also be explored
through Laplace duality. We mention in addition [57] in which random environment and
competition are combined.

6.2 Stochastic equations for Markov processes with decomposable Laplace dual
symbols

We are interested now in processes whose Laplace symbols are decomposable in the
sense of Definition 4.19. Let then n ∈ N, let {Σi, Σ̂i} ⊂ spLp¬↑, {Φi, Φ̂i} ⊂ pk-subo for
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i ∈ [n] := {1, . . . , n}, and set

ψ(x, y) := 1[0,∞)2(x, y)

n∑
i=1

(
Σ̂i(x)Σi(y)− Φ̂i(x)Φi(y)

)
, (x, y) ∈ [0,∞]2, (6.12)

The problem of constructing such decomposable processes and studying their symbol has
been tackled in several works, we refer to Hoh [39], see also [50, 70]. In these articles
the authors do not assume the functions (Σ̂i)i∈[n], (Φ̂i)i∈[n] to be of Lévy-Khintchine
form. Moreover, they primarily consider real-valued processes whose generator domains
contain C2 functions with compact support.

For simplicity we shall take that there is no diffusive part, no drift, nor killing in ψ.
More precisely, for all i ∈ [n], we shall assume that there are (automatically unique)
measures µi and νi on B(0,∞) satisfying

∫
(u ∧ u2)µi(du) <∞ and

∫
(1 ∧ v) νi(dv) <∞ for

which

Σi(y) =

∫
(e−uy − 1 + uy)µi(du) and Φi(y) =

∫
(1− e−vy)νi(dv), y ∈ [0,∞).

Later we will impose the same condition on ψ̂ too, but for now we need it only for ψ.
We endeavour then to provide a construction of a positive Markov process, absorbed

at ∞, with Laplace symbol ψ|[0,∞]×(0,∞), via the method of stochastic equations. To such
an end let

(
Mi(ds,dr,du)

)
i∈[n]

,
(
Ni(ds,dr,dv)

)
i∈[n]

be mutually independent PRM with

intensities respectively dsdr µi(du) and dsdr νi(dv), i ∈ [n]. For all i ∈ [n] we denote the
compensated PRM associated to Mi by M̄i(ds,du,dy) := Mi(ds,du,dy)− dsduµi(dy).

Consider the stochastic equation for the process X:

Xt = x0 +

n∑
i=1

∫ t

0

∫ Σ̂i(Xs−)

0

∫ ∞

0

uM̄i(ds,dr,du)

+
n∑
i=1

∫ t

0

∫ Φ̂i(Xs−)

0

∫ ∞

0

vNi(ds,dr,dv), t ∈ [0, ζ), (6.13)

where x0 ∈ [0,∞) is the initial value of X, ζ = inf{t > 0 : Xt− or Xt /∈ [0,∞)} the lifetime.
For the initial value x0 = ∞ we take X ≡ ∞.

If one were to allow the functions (Σi)i∈[n], (Φi)i∈[n] in (6.12) to have drift parameters,
say (bi)i∈[n] ∈ [0,∞)n and (di)i∈[n] ∈ [0,∞)n respectively, then ψ(x, y) in (6.12) would

have a drift term Ψ̂(x)y with Ψ̂ :=
∑n
i=1(biΣ̂i − diΦ̂i) ∈ pk-spLp, whilst at the level of the

stochastic equation (6.13) an additional term of the form −
∫ t
0
Ψ̂(Xs)ds would emerge.

The next theorem provides a sufficient condition for having existence and uniqueness
of a strong [0,∞]-valued solution to (6.13). Define

Φ̂ :=

n∑
i=1

Φ̂i ∈ pk-subo and Φ :=

n∑
i=1

Φi ∈ pk-subo.

Theorem 6.8. Assume ∫
0+

dx

Φ̂(x)− Φ̂(0)
= ∞. (6.14)

Then, for all initial values x0 ∈ [0,∞), there exists a unique strong solution X to (6.13).
Moreover, X is a positive Markov process whose Laplace symbol is ψX = ψ|[0,∞]×(0,∞).

Proof. The uniqueness of a strong solution will follow from [64, Proposition 1]; see also
the references therein. We rewrite (6.13) as [64, Eq. (5)]

Xt = x0 +

∫ t

0

∫
V

h(Xs−, v)N (ds,dv) +

∫ t

0

∫
U

g(Xs−, u)M̄(ds,du), t ∈ [0, ζ),
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where, c[n] denoting counting measure on [n]:

V := [n]× (0,∞)2, v := (i, r, v), h(x, v) := v1[0,Φ̂i(x)](r), ν(dv) := c[n](di)νi(dv)dr,

N (ds,dv) := Ni(ds,dr,dv) having intensity dsν(dv);

U := [n]× (0,∞)2, u := (i, r, u), g(x, u) := u1[0,Σ̂i(x)](r), µ(du) := c[n](di)µi(du)dr,

M(ds,du) := Mi(ds,dr,du) having intensity dsµ(du).
We now check [64, pp. 60-61, (a)-(c)]. Written for our setting and with some simplifi-

cations as the SDE (6.13) has only Poisson terms, these conditions are as follows.

(a) For each m ∈ (0,∞) there is Am <∞, such that
∫ (

|h(x, v)| ∧ 1
)
µ(dv) ≤ Am(1 + x)

for every x ∈ [0,m].

(b) For each m ∈ (0,∞) there is a ↑ concave rm : [0,∞) → [0,∞) for which
∫
0+

du
rm(u) =

∞, such that
∫ ∣∣h(x, v) ∧m− h(y, v) ∧m

∣∣µ(dv) ≤ rm(x− y) for {x, y} ⊂ [0,m].

(c) For all u = (i, u, r) ∈ U the map ([0,∞) 3 x 7→ x+ g(x, u)) is ↑. Furthemore, setting

l(x, y, u) := g(x, u)− g(y, u) = u1[0,Σ̂i(x)](r)− u1[0,Σ̂i(y)](r),

then for all m ∈ (0,∞) there is Bm <∞, such that∫ ∣∣l(x, y, u)| ∧ l(x, y, u)2ν(du) ≤ Bm|x− y|, {x, y} ⊂ [0,m].

Note that the notation is transposed here relative to that of [64, p. 60]: the compensation
is on M to which is associated g, not on N to which is associated h.

Ad (a). Since the functions (Φ̂i)i∈[n] are all ↑, therefore locally bounded, the expression∫ (
|h(x, v)| ∧ 1

)
µ(dv) =

∑n
i=1 Φ̂i(x)

∫
(1 ∧ v)νi(dv) is also locally bounded in x ∈ [0,∞).

Ad (b). Let m ∈ (0,∞). For {x, y} ⊂ [0,m], y ≤ x,∫ ∣∣h(x, v) ∧m− h(y, v) ∧m
∣∣µ(dv) ≤ n∑

i=1

∫
(v ∧m)

(
Φ̂i(x)− Φ̂i(y)

)
νi(dv)

≤
n∑
i=1

∫
(v ∧m)νi(dv)

(
Φ̂i(x− y)− Φ̂i(0)

)
≤ Cm(Φ̂(x− y)− Φ̂(0)

)
=: rm(x− y),

where in the second inequality we used the fact that the Bernstein functions (Φ̂i −
Φ̂i(0))i∈[n] are subadditive, while in the third inequality we set Cm := maxi∈[n]

∫∞
0

(u ∧
m)νi(du) ∈ [0,∞). The assumption

∫
0+

du
Φ̂(u)−Φ̂(0)

= ∞ ensures
∫
0+

du
rm(u) = ∞; rm :

[0,∞) → [0,∞) is ↑ concave since members of pk-subo are so.
Ad (c). Let m ∈ (0,∞). Since the functions (Σ̂i)i∈[n] are all ↑, plainly for any

u = (i, u, r) ∈ U , ([0,∞) 3 x 7→ x + g(x, u)) is ↑. To see the inequality involving Bm
assume with no loss of generality x ≥ y. Then l(x, y, u) = u1(Σ̂i(y),Σ̂i(x)](r) and we have∫ ∣∣l(x, y, u)| ∧ l(x, y, u)2ν(du) = n∑

i=1

(
Σ̂i(x)− Σ̂i(y)

) ∫
(u ∧ u2)µi(du).

But the members of spLp¬↑ are locally Lipschitz and we are done.
The other standing assumptions of [64, p. 60] are easily seen to be met so that [64,

Proposition 1] gives a unique strong solution X to (6.13). Let now X be the pregenerator
associated to the Laplace symbol ψ|[0,∞]×(0,∞):

Xf(x) =
n∑
i=1

(
Σ̂i(x)L

Σif(x) + Φ̂i(x)L
−Φif(x)

)
, x ∈ [0,∞), f ∈ D.
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By Itô’s lemma, for any f ∈ D,Mf := (f(Xt)−
∫ t
0
Xf(Xs)ds)t∈[0,ζ) is a local martingale

in any filtration F relative to which M and N are PRM. By Proposition 5.6 or directly
we see that (Xf)|[0,∞) ∈ C0([0,∞)). So, if (Tn)n∈N ↑ ζ is a sequence of F -stopping
times such that the stopped process (Mf )

Tn is a martingale for each n ∈ N (a localizing
sequence forMf ), then for all s ≤ t from [0,∞), in

Ex0

[
f(Xt∧Tn)−

∫ t∧Tn

0

Xf(Xu)du
∣∣∣Fs] = f(Xs∧Tn)−

∫ s∧Tn

0

Xf(Xu)du a.s.-Px0

we may pass to the limit n→ ∞ by bounded convergence to obtain Ex0 [Mf (t)|Fs] =Mf (s)

a.s.-Px0
. It follows that in fact (f(Xt)−

∫ t
0
Xf(Xs)ds)t∈[0,∞) is a martingale under Px0

for
all x0 ∈ [0,∞] (it is trivial for x0 = ∞). In turn, for all x ∈ [0,∞] and y ∈ (0,∞), again by

bounded convergence, we may compute limt↓0
Ex[e

−Xty ]−e−xy
t = limt↓0

Ex[
∫ t
0
(X ey)(Xs)ds]

t =

(X ey)(x) entailing that ψX = ψ|[0,∞]×(0,∞).

The next proposition provides a sufficient condition for non-explosion of (6.13).

Proposition 6.9. In addition to (6.14), suppose∫
0+

dy

Φ(y)
= ∞. (6.15)

Then the process X, solution to (6.13), does not explode.

Note the symmetry between the condition (6.14) for the unique existence of X and
the condition (6.15) for non-explosion of X.

Proof of Proposition 6.9. In the case Φ ≡ 0 the solution to (6.13), x0 < ∞, is a local
martingale up to ζ in any filtration F in which M is a PRM. In such case let then
(Tn)n∈N ↑ ζ be a sequence of F -stopping times that is localizing for X. By Fatou’s lemma
and optional sampling, for all t ∈ [0,∞),

∞Px0
(ζ ≤ t) ≤ Ex0

[lim inf
n→∞

Xt∧Tn ] ≤ lim inf
n→∞

Ex0
[Xt∧Tn ] = x0;

therefore Px0(ζ ≤ t) = 0 and, on letting t ↑ ∞, Px0(ζ < ∞) = 0, which means that X is
non-explosive.

Suppose now that Φ is not identically null. Introduce

X ′f(x) =

n∑
i=1

(
Σ̂i(x)L

Σif(x) + Φ̂i(x)L
−Φif(x)

)
, x ∈ Df , f ∈ ∩i∈[n](DLΣi ∩DL−Φi ).

As in the proof of Proposition 6.5 we will find a function f ∈ DX ′ that is nonnegative, of
class C2, ↑ and satisfies limx→∞ f(x) = ∞, along with the inequality X ′f ≤ Cf holding
true on a neighborhood of infinity for some C ∈ [0,∞). Heuristically, to find such a
function, we will compare the term

∑n
i=1 Φ̂iL

−Φi to the generator of an immortal CB
with branching mechanism −Φ. Fix any l ∈ (0,∞). By applying [30, Lemma 5.1] with (in
the notation therein) ρ = ∞ and Ψ = −Φ, for any θ ∈ (0,Φ′(0)) the function

f(x) :=

∫
(1− e−xv)µ(dv), x ∈ [l,∞),

where µ is given by (6.7) (with ρ = ∞, Ψ = −Φ) is of class C2 and has limit ∞ at infinity.
Furthermore, xL−Φf(x) = θf(x) for all x ∈ [l,∞), and since [l,∞) 3 x 7→ Φ(x)/x is ↓ we
deduce that

n∑
i=1

Φ̂i(x)L
−Φif(x) =

n∑
i=1

Φ̂i(x)

x
xL−Φif(x) ≤

n∑
i=1

Φ̂i(l)

l
xL−Φif(x)

≤ Ĉ0xL
−Φf(x) = Ĉ0θf(x) =: Cf(x)
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for all x ∈ [l,∞), where Ĉ0 := maxi∈[n]
Φ̂i(l)
l . Besides,

n∑
i=1

Σ̂i(x)L
Σif(x) = −

n∑
i=1

Σ̂i(x)

∫
Σi(v)e

−xvµ(dv) ≤ 0, x ∈ [l,∞).

Therefore X ′f(x) ≤ Cf(x) for x ∈ [l,∞), which completes the proof.

We now establish a Laplace duality relationship. Again for simplicity, we assume
henceforth that the functions (Σ̂i)i∈[n], (Φ̂i)i∈[n] take the “pure-jump” form

Σ̂i(x) =

∫ ∞

0

(
e−xu − 1 + ux

)
µ̂i(du), Φ̂i(x) =

∫ ∞

0

(1− e−xv)ν̂i(dv), x ∈ [0,∞), i ∈ [n],

with (µ̂i)i∈[n], (ν̂i)i∈[n] Lévy measures on B(0,∞) such that∫
(u ∧ u2)µ̂i(du) <∞ and

∫
(1 ∧ v)ν̂i(dv) <∞, i ∈ [n].

Introduce the “dual” stochastic equation for the process Y ,

Yt = y0 +

n∑
i=1

∫ t

0

∫ Σi(Ys−)

0

∫ ∞

0

u
¯̂Mi(ds,dr,du) +

n∑
i=1

∫ t

0

∫ Φi(Ys−)

0

∫ ∞

0

vN̂i(ds,dr,dv),

(6.16)

with t ∈ [0, ζ̂), y0 ∈ [0,∞) the initial value, ζ̂ the lifetime, M̂i(ds,dr,du) and N̂i(ds,dr,dv)

mutually independent PRM with respective intensities dsdr µ̂i(du) and dsdr ν̂i(dv),
¯̂Mi

the compensated random measure associated to M̂i (i ∈ [n]). The usual provisos for the
value ∞ of Y under y0 = ∞ apply.

Theorem 6.10. Assume ∫
0+

dx

Φ̂(x)
= ∞ and

∫
0+

dy

Φ(y)
= ∞. (6.17)

Then X, the unique non-explosive strong solution to (6.13), is in (0+ · ∞,∞ · 0+)-Laplace
duality with the process Y , the unique non-explosive strong solution to (6.16).

Theorem 6.10 applies to a broader class of processes with decomposable non-local
Laplace symbols than Theorem 5.7, as condition (6.17) is strictly weaker than (5.19).
In particular, (5.19) requires that Φ̂′(0) <∞ and Φ′(0) <∞, whereas (6.17) imposes no
such restriction.

Proof of Theorem 6.10. Theorem 6.8 and Proposition 6.9 guarantee unique strong ex-
istence as well as the non-explosivity of the solutions. As for the duality, let us apply
Theorem 5.2(IV). The fact that X and Y solve the relevant MPs was mentioned in
the proof of Theorem 6.8 and follows by Itô’s lemma (as it did in said proof). For all
(δ, ε) ∈ (0,∞)2, by polynomial boundedness of the Lévy-Khintchine functions,

sup
(x,y)∈[δ,∞)×[ε,∞)

e−xy|ψ(x, y)| <∞;

together with the absence of negative jumps (5.16)-(5.17) follow with σ = σ−
δ and τ = τ−ε .

By assumption, for all i ∈ [n], Φ̂i(0) = Φi(0) = 0, and one always has Σ̂i(0) = Σi(0) = 0,
i ∈ [n]. By continuity of the functions (Σ̂i,Σi, Φ̂i,Φi)i∈[n], the symbol ψ, and then the φ

of (5.10) are continuous on [0,∞)2. Thus (5.11) (̂5.11), (5.15), (̂5.15) and (5.13) hold. It
remains to check that the processesX and Y are Dm0

[0,∞]-valued. But this is a consequence
of the pathwise uniqueness of the solutions and the fact that the constant 0 is always a
solution (with initial value 0) since the coefficients (Σi)i∈[n], (Φi)i∈[n] all vanish at 0.
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In closing, let us mention that completely monotone Markov processes with the
Laplace symbol of (6.1) can be obtained as scaling limits of discrete population models.
A prominent example are the CBI processes, which emerge as limits of Bienaymé-Galton-
Watson processes with immigration; see, e.g., Grimvall [36] and Kawazu and Watanabe
[49]. We refer to Bansaye and Simatos [4] for the setting of branching processes in
random environments, and to Bansaye et al. [2] for a more general framework that
includes competition effects. This raises the natural question of whether processes with
other symbols in the class LDS can similarly be derived as scaling limits of suitable
discrete models with a meaningful physical or biological interpretation.

A Proof of Theorem 4.2: Courrège form

Uniqueness is direct from (4.1) and Proposition 2.3. We turn to existence.
Fix x ∈ [0,∞]. Let us prove that

(X ey)(x) = ψlx(y)e
−xy, y ∈ (0,∞), (A.1)

for a suitable lx.
(•) Suppose first that x ∈ (0,∞). Set

p̃t(x,du) := pt(x, x+ du), u ∈ [−x,∞],

for the push-forward of pt(x, ·) along the map [0,∞] 3 u 7→ u− x ∈ [−x,∞].
Picking and fixing y0 ∈ (0,∞), v0 ∈ (0, y0) arbitrary,

v0
y0
exy0

(Pte
y0)(x)− ey0(x)

t
− exv0

(Pte
v0)(x)− ev0(x)

t
(A.2)

=
v0
y0

∫ (
e−uy0 − 1

) 1
t
p̃t(x,du)−

∫ (
e−uv0 − 1

) 1
t
p̃t(x, du)

=

∫ ( v0
y0
e−uy0 − v0

y0
− e−uv0 + 1︸ ︷︷ ︸

:=c(u)

)1
t
p̃t(x, du), t ∈ (0,∞). (A.3)

Let us expose some basic properties of c. For u ∈ [0,∞), c′(u) = v0 (e
−uv0 − e−uy0) ≥ 0

and c(u) −→
u→∞

1 − v0
y0

= c(∞). Thus c is ↑ on [0,∞] and (so) 0 ≤ c(u) ≤ 1 − v0
y0

= c(∞)

for u ∈ [0,∞]. For u ∈ [−x, 0]: c′(u) = v0 (e
−uv0 − e−uy0) ≤ 0; thus c is ↓ on [−x, 0] and

0 ≤ c(u) ≤ c(−x). Besides, a Taylor expansion yields

c(u) =
v0
y0

(
−uy0 +

y20u
2

2

)
+ uv0 −

v20u
2

2
+ o(u2) =

v0(y0 − v0)

2
u2 + o(u2) as u→ 0;

therefore there exists d > 0 (only depending on y0, v0), such that

d ≤ c(u)

1 ∧ u2
, u ∈ [−x,∞], (A.4)

the expression being understood in the limiting sense when u = 0.
Now, the l.h.s. of (A.2) converges in R as t ↓ 0 because by assumption ey0 and ev0 be-

long to DX . The integral of (A.3) is therefore bounded uniformly in t ∈ (0,∞) and we ob-

tain with the help of (A.4) that so too is the family of measures γ := ( 1∧u
2

t p̃t(x,du))t∈(0,∞)

on B[−x,∞] bounded.
Pick any sequence (tk)k∈N in (0,∞) that is ↓↓ to 0. Passing to a subsequence if

necessary, we may and do assume (γtk([−x,∞])k∈N converges in [0,∞). Since [−x,∞]
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is compact, by Prokhorov’s theorem [22, p. 104, Theorem 2.2], passing to a further
subsequence if necessary,

1 ∧ u2

tk
p̃tk(x, du) =⇒ ν̃x(du) as k → ∞

(weak convergence) for some finite measure ν̃x on B[−x,∞].
Let us pick and fix now an r ∈ (0,∞) for which {−r, r} ∩ [−x,∞] is not charged by ν̃x

(it exists because ν̃x has at most countably many atoms). Returning to our aim of getting
(4.1), we write, for y ∈ (0,∞), k ∈ N,

(Ptke
y)(x)− ey(x)

tk
= e−xy

∫
e−uy − 1 + uy1[−r,r](u)

1 ∧ u2
1 ∧ u2

tk
p̃tk(x, du) (A.5)

− e−xy
∫
uy1[−r,r](u)

1

tk
p̃tk(x, du). (A.6)

The l.h.s. in (A.5) converges as k → ∞, since by assumption ey ∈ DX , moreover, the
limit is (X ey)(x). The r.h.s. of (A.5) must therefore also converge as k → ∞. Its first

term does so by the portmanteau theorem (indeed ([−x,∞] 3 u 7→ e−uy−1+uy1[−r,r](u)

1∧u2 )

[understood in the limiting sense at 0] is bounded, continuous a.e.-ν̃x by the choice of r),
the limit being

I1 := e−xy
∫
e−uy − 1 + uy1[−r,r](u)

1 ∧ u2
ν̃x(du).

In turn the expression of (A.6) converges as k → ∞ and is of the form

I2 := −bxyey(x) (A.7)

for

bx := lim
k→∞

∫
u1[−r,r](u)

1

tk
p̃tk(x,du) ∈ R.

Parametrizing now the measure ν̃x in the form

ν̃x(du) =: 2axδ0(du) + 1[−x,∞)(u)(1 ∧ u2)νx(du) + cxδ∞(du), u ∈ [−x,∞],

with ax ∈ [0,∞), cx ∈ [0,∞) and νx a Lévy measure on B[−x,∞), we express

I1 = e−xy
∫ (

e−uy − 1 + uy1[−r,r](u)

1 ∧ u2

)(
2axδ0(du) + (1 ∧ u2)νx(du) + cxδ∞(du)

)
.

Integration against δ0, respectively δ∞, (1 ∧ u2)νx(du), yields

e−xy
∫ (

e−uy − 1 + uy1[−r,r](u)

1 ∧ u2

)
2axδ0(du) = e−xy

y2

2
2ax = axy

2ey(x), (A.8)

respectively

e−xy
∫ (

e−uy − 1 + uy1[−r,r](u)

1 ∧ u2

)
cxδ∞(du) = −cxey(x), (A.9)

e−xy
∫ (

e−uy − 1 + uy1[−r,r](u)

1 ∧ u2

)
(1 ∧ u2)νx(du)

=

∫ (
e−uy − 1 + uy1[−r,r](u)

)
νx(du)e

y(x).

(A.10)

Combining (A.7)-(A.10) we obtain (A.1) for lx := (νx, ax, bx, cx) except that maybe r 6= 1,
which does not matter (by readjustment of bx).
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(•) For x = 0 we follow a similar but simplified approach. First, picking and fixing
arbitrary y0 ∈ (0,∞), we have

1− (Pte
y0)(0)

t
=

∫ (
1− e−uy0︸ ︷︷ ︸

=:d(u)

)1
t
pt(0,du), t ∈ (0,∞), (A.11)

and we note that there is f > 0 (only depending on y0) such that

f ≤ d(u)

1 ∧ u
, u ∈ [0,∞],

the expression being understood in the limiting sense when u = 0. Therefore, since
the l.h.s. of (A.11) is converging as t ↓ 0 due to ey0 ∈ DX , the family of measures
( 1∧ut pt(0,du))t∈(0,∞) on B[0,∞] is bounded. We deduce existence of a sequence (tk)k∈N in
(0,∞) that is ↓↓ to 0 such that

1 ∧ u
tk

ptk(0,du) =⇒ ν̃0(du) as k → ∞

for some finite measure ν̃0 on B[0,∞]. Writing then, for y ∈ (0,∞), k ∈ N,

1− (Ptke
y)(0)

tk
=

∫
1− e−uy

1 ∧ u
1 ∧ u
tk

ptk(0,du),

we may pass to the limit k → ∞ and deduce via portmanteau that

−(X ey)(0) =

∫
1− e−uy

1 ∧ u
ν̃0(du) (A.12)

(the integrand being understood in the limiting sense for u = 0). Parametrizing the
measure ν̃0 in the form

ν̃0(du) =: d0δ0(du) + 1(0,∞)(u)(1 ∧ u)ν0(du) + c0δ∞(du), u ∈ [0,∞],

with d0 ∈ [0,∞), c0 ∈ [0,∞) and ν0 a measure on B(0,∞) satisfying
∫
(1 ∧ u)ν0(du) < ∞,

we obtain from (A.12) at once (A.1) for l0 = (ν0, d0, c0).
(•) We consider now the case x = ∞. Let (yn)n∈N be a sequence in (0,∞) that is ↓↓

to 0. For n ∈ N we have

(Pte
yn)(∞)

t
=

∫
e−uyn

pt(∞,du)

t
, t ∈ (0,∞).

As in the previous two instances, inductively in n ∈ N and then via diagonalization, we
find a sequence (tk)k∈N in (0,∞) that is ↓↓ 0 and such that

e−uyn

tk
ptk(∞,du) =⇒ ν̃n(du) as k → ∞

for some finite measure ν̃n on B[0,∞] for all n ∈ N. Notice that (by portmanteau and
uniqueness of weak limits on [0,∞])

ν̃n(du) = e−u(yn−ym)ν̃m(du), u ∈ [0,∞],

for all m ≥ n from N; in particular ν̃n is actually carried by [0,∞) for all n ∈ N.
Consequently, there is a single measure ν̃∞ on B[0,∞) for which

ν̃∞(du) = euyn ν̃n(du), u ∈ [0,∞), n ∈ N.
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Then, for any given y ∈ (0,∞), there is n ∈ N such that y > yn, and in writing, for k ∈ N,

(Ptke
y)(∞)

tk
=

∫
e−u(y−yn)

e−uyn

tk
ptk(∞,du),

we may pass to the limit k → ∞ via portmanteau to deduce that

(X ey)(∞) =

∫
e−uy ν̃∞(du).

Parametrizing now the measure ν̃∞ in the form

ν̃∞(du) =: k∞δ0(du) + 1(0,∞)(u)ν∞(du), u ∈ [0,∞),

with k∞ ∈ [0,∞) and ν∞ a measure on B(0,∞) having finite Laplace transform we obtain
(A.1) for l∞ := (ν∞, k∞).

Lastly, no longer holding x fixed, it is straightforward to check that measurability of
(0,∞) 3 x 7→ ψlx(y) for all y ∈ (0,∞) entails measurability of (0,∞) 3 x 7→ lx, for instance
by employing the approach of Proposition 2.3 and monotone class arguments.

B Proof of Proposition D: Killed processes and martingale prob-
lems

Recall ζ and X ′ from (5.1)-(5.2). For (f, g) ∈ A with f(4) = 0 (a restriction that shall
be without loss of generality due to the linearity of A and (1, 0) ∈ A) and fk ∈ B(E4), for
{s, t} ⊂ [0,∞) with s ≤ t, for W ∈ σ(Xu : u ∈ [0, s]) and for r ∈ [0, s] we compute:

E

[
f(X ′

t)− f(X ′
s)−

∫ t

s

g(X ′
u)du+

∫ t

s

k(X ′
u)f(X

′
u)du;W ∩ {r < ζ}

]
= E

[
f(Xt)1{t<ζ} − f(Xs)1{s<ζ} −

∫ t

s

g(Xu)1{u<ζ}du+

∫ t

s

k(Xu)f(Xu)1{u<ζ}du;W

]
= E

[(
f(Xt)e

−
∫ t
s
k(Xu)du − f(Xs)−

∫ t

s

g(Xu)e
−

∫ u
s
k(Xv)dvdu

+

∫ t

s

k(Xu)f(Xu)e
−

∫ u
s
k(Xv)dvdu

)
e−

∫ s
0
k(Xu)du;W

]
.

By an application of Dynkin’s lemma we see now that it will be enough to check the
(equivalently, by boundedness, local) martingale property of

(
f(XT )e

−
∫ T
0
k(Xu)du −

∫ T

0

g(Xu)e
−

∫ u
0
k(Xv)dvdu+

∫ T

0

k(Xu)f(Xu)e
−

∫ u
0
k(Xv)dvdu

)
T∈[0,∞)
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in the natural filtration of X. But performing an integration by parts we have, by
associativity of integration, a.s.-P,

e−
∫ t
0
k(Xu)du

(
f(Xt)−

∫ t

0

g(Xu)du

)
= f(X0) +

∫ t

0

e−
∫ u
0
k(Xv)dvdu

(
f(Xu)−

∫ u

0

g(Xs)ds

)
+

∫ t

0

(
f(Xu)−

∫ u

0

g(Xv)dv

)
du

(
e−

∫ u
0
k(Xv)dv

)
= f(X0) +

∫ t

0

e−
∫ u
0
k(Xv)dvdu

(
f(Xu)−

∫ u

0

g(Xs)ds

)
−
∫ t

0

k(Xu)f(Xu)e
−

∫ u
0
k(Xv)dvdu−

∫ t

0

∫ u

0

g(Xv)dvdu

(
e−

∫ u
0
k(Xv)dv

)
= f(X0) +

∫ t

0

e−
∫ u
0
k(Xv)dvdu

(
f(Xu)−

∫ u

0

g(Xs)ds

)
−
∫ t

0

k(Xu)f(Xu)e
−

∫ u
0
k(Xv)dvdu

− e−
∫ t
0
k(Xu)du

∫ t

0

g(Xu)du+

∫ t

0

g(Xu)e
−

∫ u
0
k(Xv)dvdu,

where the last equality is another integration by parts. Since the second term on the
r.h.s. is (as a process in t ∈ [0,∞)) indeed a càdlàg local martingale in the usual P-
augmentation of the natural filtration of X by the properties of stochastic integration,
we conclude at once.

C Proof of Theorem E: Refined Ethier-Kurtz’s duality criterion

By replacing φ,H with −φ,−H if necessary we may and do assume that (5.3) holds
with a “−” for “±” (integrability of the negative part).

Put

F (s, t) := E[H(Xs∧σ, Yt∧τ )], (s, t) ∈ [0,∞)2;

since H is bounded, so is F .

The martingales (5.5) ensure that, for all s ∈ [0,∞), all y ∈ F , one has

E[H(Xs∧σ, y)−H(X0, y)] = E

[∫ s∧σ

0

φ(Xr, y)dr

]
,

therefore, for all t ∈ [0,∞), setting s = T − t in, and then integrating the preceding
display against Q(Yt∧τ ∈ dy)1[0,T ](t)dt, via Tonelli:

∫ T

0

F (T − t, t)− F (0, t)dt =

∫ T

0

∫ T−t

0

E[φ(Xs, Yt∧τ ); s < σ]dsdt

=

∫ T

0

∫ T

t

E[φ(Xs−t, Yt∧τ ); s− t < σ]dsdt

=

∫ T

0

∫ s

0

E[φ(Xs−t, Yt∧τ ); s− t < σ]dtds, T ∈ [0,∞), (C.1)

the triple integral on the r.h.s. being necessarily absolutely convergent (because, appeal-
ing to (5.3), it is so under φ φ−, while the l.h.s. is finite).
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By analogy (and some changes of variables)∫ T

0

F (T − s, s)− F (s, 0)ds =

∫ T

0

F (s, T − s)− F (s, 0)ds

=

∫ T

0

∫ s

0

E[φ(Xt∧σ, Ys−t); s− t < τ ]dtds

=

∫ T

0

∫ s

0

E[φ(X(s−t)∧σ, Yt); t < τ ]dtds, T ∈ [0,∞), (C.2)

the triple integral on the r.h.s. being again automatically absolutely convergent. Sub-
tracting (C.1) from (C.2) and rearranging delivers∫ T

0

F (s, 0)ds+

∫ T

0

∫ s

0

E[φ(X(s−t)∧σ, Yt); t < τ ]dtds

=

∫ T

0

F (0, t)dt+

∫ T

0

∫ s

0

E[φ(Xs−t, Yt∧τ ); s− t < σ]dtds

for all T ∈ [0,∞). Hence, for a.e. t ∈ [0,∞),

E[H(Xt∧σ, Y0)]− E[H(X0, Yt∧τ )]

= E

[∫ t

0

φ(Xs, Y(t−s)∧τ )1{s<σ} − φ(Xs∧σ, Yt−s)1{t−s<τ}ds

]
,

(C.3)

where in fact∫ t

0

E[|φ(Xs, Y(t−s)∧τ )|; s < σ]ds <∞ and

∫ t

0

E[|φ(Xs∧σ, Yt−s)|; t− s < τ ]ds <∞.

Notice now that (5.3) can be rewritten as

E

[∫ T

0

∫ t

0

φ−(Xs∧σ, Y(t−s)∧τ )dsdt

]
<∞, T ∈ [0,∞),

so that

E

[∫ t

0

φ−(Xs∧σ, Y(t−s)∧τ )ds

]
<∞ for a.e. t ∈ [0,∞).

Besides, for all s ≤ t from [0,∞),

φ(Xs, Y(t−s)∧τ )1{s<σ} − φ(Xs∧σ, Yt−s)1{t−s<τ}

= φ(Xs∧σ, Y(t−s)∧τ )(1{s<σ} − 1{t−s<τ})
= φ(Xs∧σ, Y(t−s)∧τ )(1{t−s≥τ} − 1{s≥σ})
= φ(Xs∧σ, Yτ )1{t−s≥τ} − φ(Xσ, Y(t−s)∧τ )1{s≥σ}. (C.4)

Then we compute, for a.e. t ∈ [0,∞),

E

[∫ t

0

φ(Xs∧σ, Yτ )1{t−s≥τ}ds

]
= E

[∫ (t−τ)+∧σ

0

φ(Xs, Yτ )ds

]
+ E[φ(Xσ, Xτ )((t− τ)+ − σ)+]

= E[H(X(t−τ)∧σ, Yτ )−H(X0, Yτ ); τ ≤ t] + E[φ(Xσ, Yτ )((t− τ)+ − σ)+], (C.5)
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in particular E
[∫ t

0
|φ(Xs∧σ, Yτ )|1{t−s≥τ}ds

]
< ∞ on taking into account (5.4). Here, in

passing from the second to the third line of (C.5), we used that the martingale of (5.5)
has a constant expectation (combined with Tonelli’s theorem). By analogy,

E

[∫ t

0

φ(Xσ, Y(t−s)∧τ )1{s≥σ}ds

]
= E

[∫ t

0

φ(Xσ, Ys∧τ )1{t−s≥σ}ds

]
= E[H(Xσ, Y(t−σ)∧τ )−H(Xσ, Y0);σ ≤ t]

+ E[φ(Xσ, Yτ )((t− σ)+ − τ)+], (C.6)

and again we find a posteriori that actually E
[∫ t

0
|φ(Xσ, Y(t−s)∧τ )|1{s≥σ}ds

]
<∞. Com-

bining (C.3)-(C.6) we conclude at once.
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no. 1, 34–51. MR0290475

[50] Vassili N. Kolokoltsov, On Markov processes with decomposable pseudo-differential genera-
tors., Stochastics Stochastics Rep. 76 (2004), no. 1, 1–44. MR2038027

[51] Vassili N. Kolokoltsov, Markov processes, semigroups and generators., De Gruyter Studies in
Mathematics, de Gruyter, 2011. MR2780345

[52] Alexey Kuznetsov and Yizao Wang, On the dual representations of Laplace transforms of
Markov processes, Electronic Journal of Probability 29 (2024), no. 161, 1–22. MR4822655

[53] Andreas E. Kyprianou, Fluctuations of Lévy Processes with Applications. Introductory Lec-
tures, second ed., Universitext, Springer, Heidelberg, 2014. MR3155252

[54] Amaury Lambert, The genealogy of continuous-state branching processes with immigration,
Probab. Theory Related Fields 122 (2002), no. 1, 42–70. MR1883717

[55] John Lamperti, Continuous state branching processes, Bull. Amer. Math. Soc. 73 (1967),
382–386. MR0208685

[56] Vi Le and Etienne Pardoux, Extinction time and the total mass of the continuous-state
branching processes with competition, Stochastics 92 (2020), no. 6, 852–875. MR4139087

[57] Hélène Leman and Juan Carlos Pardo, Extinction time of logistic branching processes in a
Brownian environment, ALEA, Lat. Am. J. Probab. Math. Stat. 18 (2021), no. 2, 1859–1890.
MR4332223

[58] Pei-Sen Li, Xu Yang, and Xiaowen Zhou, A general continuous-state nonlinear branching
process, Ann. Appl. Probab. 29 (2019), no. 4, 2523–2555. MR3983343

[59] Zenghu Li and Fei Pu, Strong solutions of jump-type stochastic equations, Electron. Commun.
Probab. 17 (2012), 13. MR2965746

[60] Thomas M. Liggett, Interacting particle systems, Grundlehren Math. Wiss., vol. 276, Springer,
Cham, 1985. MR0776231

[61] Martin Möhle, The concept of duality and applications to Markov processes arising in neutral
population genetics models, Bernoulli 5 (1999), no. 5, 761–777. MR1715438

[62] Martin Möhle, Duality and cones of Markov processes and their semigroups, Markov Process.
Relat. Fields 19 (2013), no. 1, 149–162. MR3088428

[63] Anthony G. Pakes, Explosive Markov branching processes: Entrance laws and limiting
behaviour, Adv. Appl. Probab. 25 (1993), no. 4, 737–756. MR1241926

EJP 31 (2026), paper 127.
Page 72/73

https://www.imstat.org/ejp

https://mathscinet.ams.org/mathscinet-getitem?mr=1289834
https://mathscinet.ams.org/mathscinet-getitem?mr=2096217
https://mathscinet.ams.org/mathscinet-getitem?mr=2308333
https://mathscinet.ams.org/mathscinet-getitem?mr=1011252
https://mathscinet.ams.org/mathscinet-getitem?mr=1873235
https://mathscinet.ams.org/mathscinet-getitem?mr=0959133
https://mathscinet.ams.org/mathscinet-getitem?mr=3201861
https://mathscinet.ams.org/mathscinet-getitem?mr=4083449
https://mathscinet.ams.org/mathscinet-getitem?mr=1876169
https://mathscinet.ams.org/mathscinet-getitem?mr=0611513
https://mathscinet.ams.org/mathscinet-getitem?mr=0290475
https://mathscinet.ams.org/mathscinet-getitem?mr=2038027
https://mathscinet.ams.org/mathscinet-getitem?mr=2780345
https://mathscinet.ams.org/mathscinet-getitem?mr=4822655
https://mathscinet.ams.org/mathscinet-getitem?mr=3155252
https://mathscinet.ams.org/mathscinet-getitem?mr=1883717
https://mathscinet.ams.org/mathscinet-getitem?mr=0208685
https://mathscinet.ams.org/mathscinet-getitem?mr=4139087
https://mathscinet.ams.org/mathscinet-getitem?mr=4332223
https://mathscinet.ams.org/mathscinet-getitem?mr=3983343
https://mathscinet.ams.org/mathscinet-getitem?mr=2965746
https://mathscinet.ams.org/mathscinet-getitem?mr=0776231
https://mathscinet.ams.org/mathscinet-getitem?mr=1715438
https://mathscinet.ams.org/mathscinet-getitem?mr=3088428
https://mathscinet.ams.org/mathscinet-getitem?mr=1241926
https://doi.org/10.1214/26-EJP1582
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Positive Markov processes in Laplace duality

[64] Sandra Palau and Juan Carlos Pardo, Branching processes in a Lévy random environment,
Acta Appl. Math. 153 (2018), no. 1, 55–79. MR3745730

[65] David Pollard, A user’s guide to measure theoretic probability, Cambridge Series in Statistical
and Probabilistic Mathematics, Cambridge University Press, 2002. MR1873379

[66] Philip E. Protter, Stochastic integration and differential equations, second ed., Appl. Math.
(N. Y.), vol. 21, Berlin: Springer, 2004. MR2020294

[67] Félix Rebotier, On the coming down from infinity of continuous-state branching processes
with drift-interaction, arXiv:2510.05958, 2025.

[68] Ken-iti Sato, Lévy processes and infinitely divisible distributions, Cambridge Studies in
Advanced Mathematics, vol. 68, Cambridge University Press, Cambridge, 2013. MR3185174

[69] René Schilling, Renming Song, and Zoran Vondraček, Bernstein functions: Theory and
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