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ARTICLE INFO ABSTRACT

K;zywords: Two methods for the L? approximation of smooth space curves by spatial Pythagorean-hodograph

L” approximation (PH) curves are considered. The first method employs direct approximation in R?, which results

Quaternions . . . . . . C e .
in a non-linear system of equations that may be solved by a numerical iteration or optimization

Pythagorean-hodograph curves T . .

B splines scheme. The second method performs the optimization in the quaternion preimage space of PH

Preimage curves, which results in a linear system of equations. The preimage of a curve in R’ is a surface

in the quaternion space, and an appropriate locus on this surface must be identified for the given
space curve. This is accomplished by observing that PH curves equipped with a rational rotation—
minimizing frame (RMF) have preimages that are geodesic loci on the surface, and computing a
discretized approximation to the RMF on the given curve. The methods are also extended to the
approximation of spatial B-spline curves. Detailed algorithm descriptions are provided for both
methods, and several computed examples illustrate their performance.

1. Introduction

Pythagorean-hodograph (PH) curves incorporate special algebraic structures that facilitate an exact computation of properties of
interest in fields such as computer—aided geometric design, real-time motion control, computer animation, and related disciplines
[1]. Thus, it is advantageous to develop methods that can closely approximate general parametric curves by PH curves.

The standard paradigm for constructing planar or spatial PH curves relies on a nonlinear mapping from a preimage space to
Cartesian coordinates in order to obtain the curve derivative, known as the hodograph. In particular, the complex numbers C and the
quaternions H serve as the appropriate preimage spaces for constructing the hodographs of PH curves in R? and R?, respectively.

A classical approach to approximating parametric curves in a vector space equipped with a norm induced by an inner product
is the L? approximation method, which projects a given curve onto a chosen finite dimensional subspace. However, when applied
to approximation by PH curves, this method yields nonlinear equations whose solution methods may be computationally expensive
or unreliable. To address these issues, an alternative approach has been proposed in [2] for approximations by planar PH curves,
which involves an inverse-mapping of the curve to be approximated to the preimage space. The resulting problem then incurs only
the solution of linear equations, and yields solutions close in accuracy to those of the non-linear approach.

The present study extends this approach to the case of spatial PH curves, in which the mapping of the hodograph of a given curve
to the preimage space is more involved. Specifically, for any given spatial parametric curve, the preimage of its hodograph is not a
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$L^2$


$\bfm {f}:~[0,1]~\to \RR ^3$


$L^2$


$\mathcal {PH}_n$


$\bfm {f} \in C^1([0,1]; \RR ^3)$


$L^2$


$\mathcal {PH}_n$


$\bfm {f}$


$\bfm {f}$


$\qq {A}_{\bfm {f}}$


\begin {equation*}\bfm {f}' = \qq {A}_{\bfm {f}}^{2\star }.\end {equation*}


$\bfm {f}$


$\bfm {O}=(\bfm {o}_1,\bfm {o}_2,\bfm {o}_3)$


$\bfm {f} \in C^1([0,1]; \RR ^3)$


$\bfm {O}=(\bfm {o}_1,\bfm {o}_2,\bfm {o}_3)$


\begin {equation*}\label {preimageAf} \qq {A}_{\bfm {f}}(t) = \varsigma (t)\, \sqrt {|\bfm {f}'(t)|} \, \chiP \left (\bfm {O}(t)\right ), \quad t\in [0,1],\end {equation*}
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\begin {equation}\label {knot_sequence} \bfm {t}=(t_\ell )_{\ell =0}^{d+m+1} = \left (0^{\langle m+1 \rangle }, \xi _1^{\langle \nu _1 \rangle }, \xi _2^{\langle \nu _2 \rangle }, \dots , \xi _{N-1}^{\langle \nu _{N-1} \rangle }, 1^{\langle m+1 \rangle } \right ), \quad d=m + \sum _{j=1}^{N-1} \nu _j.\end {equation}


$\xi _j^{\langle \nu _j \rangle }$


$\xi _j$


$\nu _j$


\begin {align*}\mathcal {S}_{m, \bfm {t}} = {\rm span} \set {\bspline {m}{0,\bfm {t}}, \bspline {m}{1,\bfm {t}}, \dots , \bspline {m}{d,\bfm {t}}},\end {align*}


$\bspline {m}{k,\bfm {t}}$


\begin {equation*}\bspline {m}{j,\bfm {t}}(t) = \omega _{j,m}(t)\, \bspline {m-1}{j,\bfm {t}}(t) + \left (1-\omega _{j+1,m}(t)\right ) \bspline {m-1}{j+1,\bfm {t}}(t), \qquad \omega _{j,m}(t) := \begin {cases} \frac {t-t_j}{t_{m+j} - t_{j}}, & t_{j} \not = t_{m+j},\\ 0, & {\rm otherwise},\end {cases}\end {equation*}
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locus, but rather a surface in H. There are infinitely many loci on this surface that generate the given hodograph, and it is necessary
to identify which yields the most favourable properties for the spatial PH curve approximant. The basic idea for addressing this issue
relies on the fact that any quaternion-valued preimage curve is, up to a sign, in one-to-one correspondence with orthonormal adapted
frames associated with the given curve. Recall that the frame is adapted if, at every point on the curve, its first frame vector equals
the unit tangent. The alternative L?> approximation method proposed in this paper is therefore based on selecting, for a given curve, a
suitable orthonormal adapted frame and computing its corresponding preimage curve. This preimage curve is then approximated using
a linear L? approximation scheme by a polynomial or B-spline curve in the preimage space, and the PH approximant is subsequently
obtained by well-known operations.

There are several ways to assign an orthonormal adapted frame to a given curve. The Frenet frame is probably the most well-
known example. However, for motion design applications, the most suitable adapted frame is the rotation-minimizing frame, which is
characterized by the property that its normal frame vectors exhibit no instantaneous rotation about the tangent. Although an analytic
expression for this frame is generally not available or difficult to compute, simple algorithms exist for its discrete approximation (e.g.,
[31), which are also employed in this paper.

The plan for the rest of this paper is as follows. Section 2 briefly reviews some key properties of spatial PH curves, their preimages,
and associated orthonormal frames. Section 3 introduces some basic principles for the approximation of spatial curves by spatial PH
curves, based upon a metric for quaternion-valued functions. The full nonlinear L? approximation problem is addressed in Section 4,
wherein space curves are regarded as pure vector quaternion functions. Section 5 then proposes an alternative approach involving only
systems of linear equations, by considering the approximation problem in the quaternion preimage space. Section 6 generalizes these
methods from individual polynomial curve segments to the B—spline context. Finally, Section 7 summarizes the principal contributions
of this study, and suggest further possible investigations.

2. Spatial Pythagorean-hodograph curves

A spatial Pythagorean-hodograph (PH) curve is a parametric curve p : I ¢ R — R3, t = p(¢), characterized by the property that its
parametric speed o(f) = [h(?)|, h(¢) := p’(¢), which is the derivative ds/dr of arc length s with respect to the parameter ¢, is a polynomial
in 7 [1]. The first study [4] of spatial PH curves identified spatial PH cubics in terms of sufficient-and-necessary constraints on their
Bézier control polygons, and provided a sufficient algebraic characterization for higher—order spatial PH curves. Subsequently, two
alternative sufficient-and-necessary spatial PH curve models, based on the quaternion algebra and the Hopf map from R* to R?,
were proposed in [5]. Many algorithms to construct spatial PH curves matching prescribed geometrical data are now available — for
example [6-16].

We focus on the quaternion model. A quaternion Q = g, + ¢q,i + ¢,j + g3k is a four-dimensional number, where ¢, q,, ¢,. g5 are real
values and the basis elements i, j, k satisfy i* = j> = k> = —1 and ij = k = —ji, jk = i = —kj, ki = j = —ik. We may write Q = (g,, q) where
qo is the scalar part and q = g¢;i + ¢,j + g3k is the vector part of Q. The conjugate O* = (g, —q) of Q is such that 90* = 0*Q = |Q|2, where
Q| = m is the modulus of Q. Any non-zero quaternion has an inverse Q~! = 0*/|Q|? satisfying Q0! =Q-'Q = 1.
The sum of quaternions P = (py,p) and Q = (gy, q) is simply P + Q = (p, + 4y, P + q), and their product may be expressed in terms of
the vector dot and cross products as PQ = (pyqy — P - G, Poq + qoP + P X q). The following operation * : H x H — R?, defined as

PxQ:=3(PiQ*+QiP*),

that yields quaternions with a zero scalar part (identified with vectors in R?), is particularly useful for the construction of PH curves.
In particular, when P = Q, we write Q x Q =: Q**. Furthermore, {/* : R3\ {0} — H,

A+ |Ali _ »
V|A||A+|A|il’ A=(0,a) #—i .

VIAlk, else
defines the operation that provides a particular solution of the quadratic x—equation Q>* = a.
A spatial PH curve is generated from a quaternion preimage polynomial A(f) = ay(t) + a;()i+ a,(t) j + a3(1) k by integrating the
expression

P = ATt = ADiA ). 2

Thus, a quaternion polynomial of degree < m implies a PH curve of degree < 2m + 1. The notion of an adapted orthonormal frame,
used extensively in this paper, is defined next.

Definition 1. An adapted orthonormal frame, associated with a given spatial parametric curve, is a triple of vector-valued functions
(f,,f,,13) such that f| is the unit tangent and f,, f; are mutually orthogonal unit vectors spanning the normal plane, at each curve
point.

In order to obtain rational adapted orthonormal frames, the spatial curve has to be a PH curve. For a PH curve p with the hodograph

(2), there exists a special adapted orthonormal frame (e,, e,, e;), known as the Euler-Rodrigues frame (ERF) [17], defined as

_ A()i A*(t)
|A@®)?

_ A0 A®

_ Ak A*(t)
lAm?

lAM?
2

e (t) e (1) es(t) 3)
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Remark 1. For every parameter ¢, the ERF vectors (el @), e, (1), e3(t)) are identified with the matrix that belongs to a special orthogonal
group .SO(3). In spatial kinematics, the relation between nonzero quaternions and rotation matrices is known as a kinematic mapping

x 1 H\{0} > S0(3), 9~ x(Q= @(gig*,gjg*,gkg*).

Its inverse maps any rotation matrix to two antipodal unit quaternions +0.

One way to compute the inverse of the kinematic mapping is explained in [18]. Another, more suitable, way is given in the following
lemma.

Lemma 1. Let O = (0,,0,,03) € SO(3), and let

Q=09,W, (4a)
where
VS i -]
Qy = {fo;, W= 2 V2(1+03) . and v, =0, (QkQ}), £=23, (4b)
0+i, vy =—1

or equivalently,
W = exp(@i) = cos@) +sin@)i, ¢ (-5.%], (5)
for

Y2 _
arctan ( pvm ), vy # -1 .

z —
2 U3 =-1

Then y(+Q) = O. This uniquely defined normalized element Q € H will be denoted by Q = invx(0).
Proof. By the definition of the {/_ operation (1), it holds that o, = Q,iQ,*. Since Wi W* =i for any W = exp(¢i) and ¢ € (-=, 7], all
solutions Q of the equation 9** = o, equal Q = Q exp(¢ i). Since we want to compute only one of the two antipodal unit quaternions
that are mapped by y to the matrix O, we limit ¢ to (—% ’2—'], so that cos(¢) > 0. Moreover, it must hold that

0, =0jO" =cos(2¢)x, +sin(2¢) X3, 03 = QKkO" = —sin(2¢) X, + cos (2¢) x3, (6)

where we have denoted x, = Q, jO; and x; = Q, kQj. Since |Qy| = 1, also |x,| = |x;] = 1. By applying the vector dot product by x; to
both equations in (6), and taking into account that x, and x; are orthogonal, we obtain

Uy =0, - X3 =sin(2¢h), v3 =03 - X3 = cos(2¢),
where clearly -1 <v, <1,7=23,andp € zZiff v, =0,v3=1; ¢ = ’2—’ + nZ iff vy, = 0, v3 = —1. Using trigonometric identities and

the assumption that ¢ € (—% ’2—’], o # ’2—’, these two equations have a unique solution

1+ 03 sin(g) = v,
T AT+

If ¢ = %, then v, =0, v; = —1 and exp(¢ i) = 0 +i. This confirms (4). The remaining part follows since tan(¢) =

cos(¢) =

U2
I+v3 "

The inverse of the mapping p’(r) = .A%*(t), specified by (2), plays a crucial role in further derivations — i.e., we wish to determine
which quaternion-valued functions generate a given Pythagorean hodograph p’ (). The solution to this problem can by (1) be expressed
as

" . P'()+o@®)i .
K, ¢) = \/p = ) —— s 7

N p’(t) exp(¢i) o(t) [P0 +o0i] exp(¢ ) (7)
where ¢ is a free angular variable. So, the solution is not a unique quaternion-valued polynomial, but rather a one-parameter family of
quaternion-valued functions, that defines a two-dimensional ringed surface [19-21] in the four-dimensional quaternion space H. For
each ¢, the locus Kp,(1, ¢) is a circle centered on the origin of H. Such an entire circle is the preimage in H of each hodograph point
p’(t) in R3.
Remark 2. Assuming that the preimage polynomial A(t) = ay(t) + a; (1) i+ a,(1) j + a3(?) k of the PH curve p(¢) is known, then from
(1) it follows directly that

VDD = VAT @) = D00 ;L a0s00sn; | a0s0-a0n0
\/ 20+a20) \/ ) \/ag(r)mf(x)
This particular solution has zero scalar part. Hence, in order to recover the prescribed preimage polynomial .A(¢), it has to be suitably
right-multiplied by the factor exp(¢()i). A direct computation shows that the choice

s ) 0
exp(p(n) = =L — 0
QO+E0 A\ JEO+E0

yields K, (1, p(1)) = A®).
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As already noted in the proof of Lemma 1, replacing the preimage .A(z) in (2) by A(¢) exp(¢(¢) i) for any continuous function ¢(z)
on the surface (7), leaves the hodograph (2) and hence the unit tangent vector e, (¢) of the PH curve unchanged, but the normal-plane
vectors are transformed to

cos(2 (1)) e, () +sin2 p(1)) e3(r) and — sin(2 (1)) e,(t) + cos(2 (1)) e5(1),

i.e., they are rotated by an angle 2 ¢(¢) in the normal plane, at each point p(7).

The ERF is an important reference frame in identifying rational rotation-minimizing frames (RMFs) on spatial PH curves. The RMF
consists of the tangent vector and mutually orthogonal normal-plane vectors that exhibit no instantaneous rotation about the tangent.
For a certain class of spatial PH curves [22,23], rational RMF normal-plane vectors can be obtained from those of the ERF by means
of a certain rational normal-plane rotation. In [20] it was shown that RMFs correspond to choices for ¢(r) that identify geodesics
on the surface (7). Thus, the RMF can play an important role in the approximation of general space curves by spatial PH curves as
described in Section 5.

3. On L? approximation of spatial parametric curves

We observe H as a 4-dimensional vector space over R, and R?> = Ri+ R j+ Rk as its subspace. Consider the vector space V :=
C([0, 1], H) of continuous quaternion-valued functions of a real variable, defined on the interval [0, 1]. We equip V with the inner
product

1 13
v.v) = / SOV O+ VO U @) di = / D wv o, ®)
0 0 =0

where U'(t) = uy(t)1 + u; ()i + upy (0)j + u3(Hk, V() = vy(1)1 + v, (Di + v,(1)j + v3()k, and define the norm on V as

1
lvi=vv.vy= \// ug(1) + (1) + u3 (1) + u3(0) dt. )
A €

Moreover, the distance between two elements ",V € V is defined by ||U" — V||. Note that for the spatial PH curve r(¢), 1 € [0, 1],
defined by integrating (2), the total arc length is ||.A]|.

By identifying points x = (x, y, z) € R as pure vector quaternions x = xi+ yj + zk, with this metric one can define the distance
between two spatial parametric curves. In more detail, as any parametric curve can be reparameterized to a fixed interval, we
assume throughout the paper that all the curve parameterizations are defined on the interval [0, 1]. For two curves with regular
parameterizations f = (f}, f5, f3) : [0,1] = R and g = (g, . g3) : [0, 1] - R3, we define their distance by

1
dist(f,g) :=[|F -Gl = \//0 (1) = g10)* + (f2(1) — &,0)* + (f3(1) — g3(N)* dt, 10)

where F = fli+ fLj+ 3k, C=g i+ g j+ gk

The goal of this paper is to consider the L? approximation of given spatial curves by Pythagorean-hodograph curves, where the
term L? approximation refers to approximation with respect to the distance (10). More generally, choosing a subset S C V of the
above vector space V, the L? approximation problem is to find for every function F € ¥V the L? approximant P € S, such that

P = argmin||F - G||. amn
ges
If S c V is chosen as a finite dimensional subspace there exists a unique solution of (11) for every F € V, which is computed by solving

a linear system of equations (the Gram system). In particular, let ¢, : [0,1] > R, £ =0, 1, ..., n, be linearly independent real-valued
functions and let

Sy = spang {@,1, o/, 0.5, 0K}, CV 12)
be a 4(n + 1) dimensional subspace of V', and
S3 = spang {@.1, o). ok}, CV (13)

a 3(n + 1) dimensional subspace of V' that contains only the vector-valued functions. Note that ¢,1, g1, ¢,j. ¢k are pairwise orthog-
onal with respect to the inner product (8) for every #. Any element of S, from (12) can be written as

Gty = Y apolop(t) + ar 110, (D) + g 2i 0 (1) + a3k (1) = Y Ar@p(0),
=0 =0

where A, = a, o1+ ay i+ a,,j+ a, 3k € H for some a,; € R, and the coefficients that determine for 7 = fy1+ fii+ foj + f3k €V
its L? approximant P are the solution of

G 0 0 0 (o:,f,o)%,_0 (T, Wl))}zo
0 G 0 Off(ari)mg|_| (Ford)),g
0 0 G O (“f,z)gzo ((Fooed)) oo
00 0 GJ\(a3)ps) |((Frork))s,
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where
n

1
G= </ (pf(t)(p)/;(t)dt) € ROHDX(HD),
0 ~

£.0=0
Since

1 1 -
<r,¢f1>=/0 Fo®) @ () dt, <F,(pfe;>=/0 fAD @, dt, £=1,2,3,

where we set e; =1, e, = j, e3 = k, the Gram system can be written as

1
G(As);_y = ( /O F(r)w(z)dr)

Similarly for the vector-valued function f € ¥ and S; defined in (13), the Gram system determining the L? approximant Y);_, a, @, (1),
a, €R3, is

1
G(as),_, = < /0 f(t)(pf(t)dt>

In what follows, we use for the subspaces .S; and .S, the polynomials of some fixed degree n € N, and later the presented construc-
tion is generalized to splines equipped with the B-spline basis. We denote by P, = P,(R), P,(R?) and P, (H) real-valued, vector-valued
and quaternion-valued polynomials of degree » in a real variable, respectively. For the basis of P, we use the Bernstein basis polyno-
mials, defined by

n

=0

n

=0

n _("),s 4 —
bf(t)— <f>t 1-0", ¢=0,1,...,n

Their Gram matrix G = G,, = (g; j):lj=0 has the elements equal to

g..:/lbf’(t)b'?(t)dt: 1 (7)(;) i,j=0,1,...,n a4
Tl AL TESRETRI L.,
i+j

4. Nonlinear L? approximation using spatial Pythagorean-hodograph curves

Let
p:[0,1]->R*=Ri+Rj+RKk, p@)=x@®)i+y@®)j+z0k,

be a spatial polynomial PH curve, constructed from the preimage polynomial A € P,,(H) by the integration p(¢) = fot h(u) du + p, of
the hodograph h = A?* € P,,,(R3). Here p, € R? is a free integration constant. Denoting

m
AW = Y A 2D, As=aggl+ag itapi+askel, (15)
£=0
the hodograph is
2m
h()= Y b 57", by =heyi+hesj+hesk, 16)
£=0
where
(2"
min(m,¢) ~ ~
)\ -¢
h, = Z Azx A, 7, ¢=0,1,....2m, a7
e 2m
¢=max(0,£/—m)
(7)
and
2m+1
p() = Z be§m+l(1), Pr=pPeii+peoi+posk, (18)
£=0
where
1
Pf+1:Pf+mhf, ¢=0,1,...,2m. 19)
As the multiplication of A(f) by exp(¢i) for any constant ¢ € (—% %] keeps the degree of A(f) unchanged and does not change

the hodograph, we can fix scal(A() = 0. Thus, a spatial PH curve of odd degree n =2m + 1 has 4(m+ 1) — 1 + 3 = 4m + 6 degrees of
freedom. Let

PH, ={p:10,1] » R p’ = A> for some A € P,,(H), m = (n — 1)/2, scal(A(0)) = 0}

5
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be the set of spatial PH curves of odd degree n. For any given f = f,i+ f,j+ f3k € C([0, 1], R%), finding its L>~PH approximant in
PH, incurs the nonlinear optimization problem

in If —pl? = 20
pg}}gnll pll (20)

1
min { /0 (1) = x(0)* + (f2(1) = y(O)? + (f3() = 2(1)* dt; p(t) = x(O) i+ y() j + 2(1) k},

pPEPH,

where the norm is defined in (9). By (18) the curve p is uniquely determined by the coefficients A, € H, # =0, 1, ..., m, with scal(A,) =
0, and p, € R3. Moreover, from (17) and (19) we see that the control points p, depend nonlinearly on the coefficients of the preimage.
Solving the minimization problem (20) is thus equivalent to finding the minimum of the nonlinear function ¥ of 4m + 6 real variables
defined by

W(Ags - s Ay Po) = Plag 15 @025 @03, (@0, @p 15 Ap 2, @2 3)5_ 1 Po.1> Po2s Po3) o=
1
/ (1) = x(0) + (f2(t) = YO + (f3(1) — 2(0))* dt.
0
This may be further simplified to
n 3 n 3
Y(Ags ... ApsPo) = Z <z Pi,k[’j,k>gi,j -2 Z z PikVik TV (21)

ij=0 \ k=1 i=0 k=1

where g; ; are given in (14) and

1 1
Yik = /O [@b@0ydt, v = /0 L0+ [0 + £ dt. (22)

Note that g; ; satisfy Z:"=0 gij = ﬁ The problem can be solved by some nonlinear optimization solver or a Newton-Raphson iteration

applied to the nonlinear system of 4m + 6 equations
v v ¥ oY v ¥ oY

= = =0, — =0, k=0,...,3,7=1,....m;, — = ——=——=0
dag dap o 0at 3 day y apo 0po2 po3

In both cases, the convergence of the iterative procedure and the resulting solution depend significantly on the choice of the initial
values. This motivates the development of a simpler alternative approach that requires solving a linear system of equations.

5. Alternative L2 approximation using spatial Pythagorean-hodograph curves

We now propose an alternative approach to construct the PH curve that approximates a given f : [0,1] — R> and is close to the
nonlinear L?-PH approximant from PH,,, described in the previous section. We assume that f € C!([0, 1];R®) and has non-vanishing
first order derivatives. As in [2], the basic idea is to make the problem linear by performing the standard linear L? approximation in
the preimage space rather than directly in PH,,.

As noted in Section 2, even if f itself is a spatial PH curve, it admits infinitely many preimages, that lie on the surface (7). If f is
not a PH curve, then its preimage is any quaternion-valued function A;, such that

— A2
£ = A2

Again, there exist infinitely many such preimages, and each of them defines, via (3), an orthonormal adapted frame. The converse
also holds. Therefore, the idea is to equip f with a chosen orthonormal adapted frame O = (0, 0,, 03) and compute the preimage curve
in the following way.

Definition 2. Forf € C!([0, 1]; R?) with non-vanishing first order derivatives and a chosen orthonormal adapted frame O = (0;, 0,, 05),
the preimage curve is defined as

Ag() = ¢ VI ()] invx (0O@), te€][0,1],
where invy is given in Lemma 1, and function ¢ : [0,1] — {-1,1}, ¢(0) = 1, controls the sign in a way that makes .4; continuous.

It remains to investigate how one can assign, for any given non-PH curve f, an orthonormal adapted frame that yields a “good”
curve in the preimage space. Probably the most well-known orthonormal frame that can be assigned to a C? parametric curve f with
non-zero /() x f"'(¢) for t € [0, 1] is the Frenet frame, which consists of the three vector-valued functions (t,n, b),

f/ £/ xf" /<t

t=—, n= xt, b= —rr, 23

1] £/ <E7| I£7 x£7| (23)
defining three orthonormal vectors at each point of the curve f(7): the unit tangent vector t(¢), the principal normal vector n(r), and the
binormal vector b(7). Furthermore, as observed in Section 2, the rotation-minimizing frame (RMF) on a spatial PH curve corresponds
to a “simple” curve — a geodesic — on the surface (7). This reflects the fact that the derivatives of the RMF normal-plane vectors
are always aligned with the tangent — they vary only because they are constrained to lie in the normal plane at each point. This
suggests that the RMF should also be a good choice for an orthonormal adapted frame on the non-PH curve f. However, its analytical

6
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computation is quite complicated. The deviation of the RMF from the Frenet frame is specified in [24] and includes the computation
of the integral of the torsion with respect to arc length. This integral has an analytic reduction for spatial PH curves [25], but in
general there is no such reduction for non-PH curves. However, there are many algorithms that provide discrete approximations to
the RMF. Here we adopt the double reflection method proposed in [3], and described in Algorithm 1. An important advantage of this
method is that it requires only a sequence of points on the curve together with the corresponding unit tangent vectors, and therefore
can be applied to curves that are merely C'. The method is based on the following iterative construction. Given two consecutive
data points P, P, with unit tangents t,, t;, and an initial orthonormal frame (t,, r,,s;), the next frame (t;,r;,s,) is obtained by two
successive reflections. First, the vectors r( and t; are reflected across the bisector plane of the segment joining P, and P, yielding
intermediate vectors r) and t[". The vector r/ is then reflected across the bisector plane of the segment joining P, +t} and Py +t;,
producing the vector r; and hence the frame (t;, r;,t; X r;). The reflections are implemented via Householder transformations, making
the method computationally efficient. As shown in [3], the method is exact for spherical curves and achieves fourth-order accuracy
for general curves.

Algorithm 1 Computation of rotation minimizing frame vectors.

Input: sequence of data points P; and unit tangent vectors t; j =0,1,...,J.
Q= W

(ro. o) = (QpJQ;, QokQy)

Oy = (ty, T, Sp)

for j=0,1,...,J —1

vi=P,,-P

cp =V -V

Loy — 2y, .
ro=r; Cl(vl ;v

L_¢ _ 2y, .
tj =t; o (vi - t)vy
- L
Vo=t —tj
=V Y,
—rL_2 L
T =T = 2 (V2 T)Vy
Sja1 = b XTjy
Ojir = (141515 8541)
end for
Output: Oj,j =0,1,...,J.

The algorithm takes as input a sequence of points and unit tangents of the given parametric curve f. In particular, let 7y =0 < 7, <
- <t;_; <t; =1 for some sufficiently large J € N be a chosen sequence of equidistant parameter values. Since the double reflection
method is fourth-order accurate, the results are relatively insensitive to the precise choice of J once a sufficiently fine discretization
is used. However, the required level of discretization depends on the geometric complexity of the curve under consideration. Let
P, =f(¢;), t; = f'(t;)/|f'(¢,)| be the corresponding sequence of data points together with unit tangents. By applying Algorithm 1, we
obtain a sequence of SO(3) matrices (orthonormal vectors)

e Method 1 (RMF):  O; = (0;1,0,,,0,3),j=0,1....J,
and we call this choice Method 1. The following two choices will also be considered:

e Method 2 (Frenet frame (23)): O, = (t(z;).n(t;),b(t))), j=0,1....J,
e Method 3: O, = (X, iX* X, jX* X, kX*), & =Ke(1;,0)= {/t@),j=0,1....J.

Using the inverse invy of the kinematic mapping y, provided by Lemma 1, we compute the unit quaternions

Q; =¢;invx(0) =¢; 3fo,, W, €H, j=0.1,....J, (24a)
where ¢, = ¢(0) = 1, and for j > 1 the sign ¢; = ¢(#;) € {—1,1} is chosen so that the two neighbouring quaternions lie on the same side
of the unit quaternion sphere (the inner product of two consecutive Q; and Q,, is nonnegative). We incorporate the sign into W,,
i.e., we replace W, by ¢; W;. Furthermore, we set

Q; =\/I(pl /o, W, = ([Map W, j=0.1,....J, (24b)

and we use this sequence of quaternions as the values of the preimage curve A; at parameters 7, i.e., A¢(t;) = Q;.

Although the computation of the preimage curve is presented for a discrete set of parameter values, it can be straightforwardly
extended to a continuous setting for Method 2 and Method 3. This extension is particularly simple for Method 3, since W and ¢ are
identically equal to 1. For Method 2, locating the jumps of the function ¢ requires determining the parameter values for which v; = —1
and v, changes sign, where v, and v; are defined in Lemma 1 and observed here as functions of the parameter ¢.

7
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Another way to define .4; on the whole interval [0, 1] is to interpolate the values (24b) by a piecewise-linear function, defined as

1ip—t i—t;

W —=
I+l tip1—tj

(0 = —21

l[/ ’tj+|J

. j=01..,J-1 (24¢)

Ae() = /' OW@D, W

=t t—t;
Wi 4 + Wj+] —
Tip171j Tip171j

Once the preimage A; : [0, 1] — H is determined, the alternative > PH approximant is constructed as described in Algorithm 2.

Algorithm 2 Alternative-.>-PH approximant.

Input: f € C'([0, 1], R?), preimage A; : [0,1] — H, degree m
m
. - m pm (m+1)x(m+1)
1: compute G, ((bf,bk >>kf=0 eER by (14)

: compute g = (<Af,b';>>m e Hmt!

: solve the Gram system G(A,);_; = g for unknowns (A,)"_, € H"*!
: define the preimage as in (15)

: compute the hodograph (16)

: choose p

: determine p by (18)

Output: PH curve p

~N N R W N

The second step of Algorithm 2 includes the computation of integrals, which in general can not be computed analytically. In
numerical computations, the integrals are approximated using some quadrature rule that needs only the function values over the
chosen sequence of integration knots. In what follows, we propose to choose the composite Simpson rule with knots (z j)j!=o’ t;=jh,

h= %, for an even number J € N:

J-2/2 (J-2)/2

1
/0 f(z)dzz1h<f>:=§<f<0)+4 Yy +2
7=0

Jj=1

f<t2j>+f(1))

Note that the error of this quadrature for smooth functions equals @(h*) = @(J~*). Thus, in numerical computations the elements of
the vector g = (gf)’;':0 are computed as g, = I),(A; b'f").
It remains to explain how to choose the integration constant and the point p, in step 6 of the algorithm. As in the case of planar
curves (see [2, Section 4]) we propose to compute p, so that
p; = argmin||f - p]|,
poER3

where p’ = A?* for A computed in step 4 of Algorithm 2. Since this is a linear problem, we obtain by some straightforward compu-
tations that

n n j—1
. 3 1
Py = Z(ijk)k=l T+ D z Z h,, (25)
=0 j=17=0

where the notation from (22) is employed. With this choice, the resulting curve of degree n = 2m + 1 is called the alternative L*> PH
approximant. Note that this curve depends on the chosen method for computing the orthonormal frame. If f is itself a PH curve, and
its preimage polynomial is known, choosing this polynomial as .4; reproduces the curve using the proposed alternative method, as
revealed in the next remark.

Remark 3. Suppose that f is a PH curve of degree 2m + 1 computed from the preimage curve A € P, (H). Then the alternative L>
PH approximant reproduces f provided that one chooses .4; = A and p, by (25). Namely, from the uniqueness of the solution of the
Gram system and the fact that A lies in the subspace P, (H), it follows that the preimage A computed in steps 3—4 of Algorithm 2

satisfies A = A. Furthermore

) / Zz*(u)du+f(0)—</uA2*(u)du+p0>
0 0

so clearly p, = f(0), which confirms the statement. Note that, if A; is computed by (24) using some frame other than the ERF of the
original PH curve, then f is not necessarily reproduced. If the preimage polynomial of a spatial PH curve f is not given, determining it
is known as the reverse-engineering problem for PH curves. Explicit solutions for cubic and quintic PH curves are given in [26]. For
arbitrary degrees, constructive frameworks based on rational motions and quaternion-polynomial factorization have been developed
in [27,28].

min ||f — p|| = min
poeR? PoER

= min [|[f(0) — s
min [I£(0) = po|

We now demonstrate the presented construction by several numerical examples. In addition to the alternative L>~PH approximants,
we also compute the nonlinear approximants introduced in Section 4. Specifically, using the preimage Bézier coefficients and p,, of the
alternative L>-PH approximant as initial values for the optimization solver (which is used to compute the minimum of a function (21)),

8
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i

Fig. 1. Curve f equipped with orthonormal frames computed by Method 1 (left), Method 2 (middle) and Method 3 (right). The plotted vectors
correspond to equidistant parameter values with step size 1/100.

I

Method 1 Method 2
1.0+

0.5}

. ; ~05 ;
-1.0 : k -1.0/ :

Fig. 2. Graphs of functions v, (black) and v; (gray) that determine W by (4), and the sign function ¢ (green), used in (24a), for methods Method 1
and Method 2.

provides an effective procedure for computing the nonlinear L>-PH approximants. However, as is typical for nonlinear problems,
the iterations may converge to a local rather than a global minimum. When different initial values yield distinct approximants, the
one with the smallest objective function value (21) is chosen.

To measure the quality of the computed approximants and their associated ER frames, we observe the L? distance, defined by
(10), and

1
E,(A) :=/ wlndt, o) =e)-¢€},
0

which measures the amount of rotation of the ER frame vectors e, and e; (defined by (3) for the computed preimage A), around the
tangent e;. Note that E,, equals zero if the frame is rotation-minimizing.

Example 1. Consider the curve
£(1) = <e’ cos(51), e sin(51), 10V12 + 1 — 10), 1e0,1] (26)

for which we compare the alternative L>~PH approximants computed using three different methods, Method 1, Method 2, and Method 3,
to equip f with an orthonormal frame. The numerical computations are performed discretely over a sequence of equidistant parameters
t=J /J,j=0,1,...,J, where J = 500. Note that at r = 0 the frame vectors obtained by Method 1 and Method 3 coincide. Since this
is not true in general for the Frenet frame, we rotate it about e; so that the initial orientations coincide for all three methods. The
computed frames are shown in Fig. 1. One can observe that Method 3, although the simplest, yields poor results, as the normal-plane
frame vectors exhibit a large amount of undesirable rotation about the tangent. Recall that, in the computation of invx, we take
W =1 and ¢ = 1 for the Method 3. For Method 1 and Method 2, graphs of functions v, and v; (defined in Lemma 1) that determine W,
together with the sign function ¢ are shown in Fig. 2, confirming our theoretical statements.

Choosing m = 2 as the degree of the preimage polynomial .A(r), we obtain the following results for its Bernstein coefficients and
the initial point p.

Method 1 :
Ay =0.023654 4+ 2.0993i + 1.4331j — 0.26166k, A, = —0.49815 — 1.2590i + 4.3481j + 1.9431Kk,

9
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Method 1 Method 2 Method 3 Nonlinear L?>-PH approximant

z z z z

Fig. 3. Graph of the original curve (26) (black) together with quintic alternative L>~PH approximants for all three used methods (green; first three
figures), and the quintic nonlinear L>~PH approximant (orange; last figure).

Table 1

The L? distances between the curve f defined in (26) and its al-
ternative and nonlinear L?-PH approximants (from Example 1)
for different degrees n=2m+1, m=1,2,...,5, together with
values of the functional E,,.

Method 1 Method 2
m  dist E, dist E,
1 5.7012-10"" 1.0066 - 10° 5.4653 - 107! 2.3030
2 1.3191 - 107! 3.6991 - 10! 1.0940 - 107! 3.1389
3 2.5289 - 102 6.4483 .10 1.4215 - 1072 3.2741
4 4.3394 - 1073 1.5525 - 1072 2.0389 - 1073 3.1323
5 6.4543 - 1074 3.6536 - 107* 2.9173-10"*  3.1065
Method 3 nonlinear
m  dist E, dist E,
1 1.3942-10° 4.1896 - 10° 3.3175- 107! 1.2577
2 6.4717 - 107! 2.3818 - 10! 5.1580 - 1072 2.1791
3 4.1479 - 107! 3.5636 - 10! 4.2277 - 1073 3.9774
4 2.0392 - 107! 4.2981 - 10! 2.4637 - 107  2.8239
5 1.4124 - 107! 4.6326 - 10! 1.2627 - 10~ 2.8128

A, = —3.3962 —2.4768 + 0.47012j — 0.39784k, p, = (1.0056,0.029750,0.000051481)

Method 2 :

Ay =0.17139 4 2.0480i + 1.2777j + 0.095688k, A, = —1.3435 — 0.88202i + 4.8920j + 0.83261Kk,

A, = —0.85450 — 4.1395i + 0.053688j — 1.0915k, p, = (1.0122,0.040170, 0.0034594)

Method 3 :

Ay = 1.5397i 4+ 3.6065j + 0.036315k, A; = —0.38170i — 4.3725j + 3.6234k,

A, =4.5744i — 0.28975j 4 0.15485k, py = (0.67124,-0.16915, —0.26002).
Graphs of the alternative L?>-PH approximants are shown in Fig. 3 (green curves). The orange curves also show the nonlinear L?>-PH
approximant, presented in Section 4, which is computed by the minimization of (21) with initial values obtained from the alternative
approximants (rotated in such a way that the scalar part of .4, equals zero as required). Table 1 shows the L? distance between f and
its alternative L>-PH approximants for all three methods, as well as the L2 distance between f and its nonlinear L>-PH approximants

for different degrees n =2m+ 1, m = 1,2, ..., 5. The values of the functional E,, are also listed, allowing comparison of the quality of
the ER frames.

Example 2. We now explore the asymptotic behaviour of the alternative L?>-PH approximants and their nonlinear counterparts,
based on successively smaller segments of the curve (26). Specifically, we approximate the sequence of curves f,(r) :=f(th) for
h=1/2%k=0,1,...,5 and r € [0, 1], with preimage curves computed using Method 1 and Method 2 with J = 500. The results shown
in Table 2 for degree m = 1 and in Table 3 for degree m = 2 indicate that the approximation order is m + 2 for the alternative as well
as the nonlinear L?>-PH approximant.

Example 3. Consider a PH curve f of degree 9, generated from a preimage polynomial A of degree 4 with Bernstein coefficients
and initial point p, specified by

Ag=2i+3), A =-2+i+3j+3k  Ay=-1-li+4j+k

10
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Table 2

The L? distances between f,, where f is defined in (26), and cubic (m = 1) alternative
L? PH approximants (obtained by Method 1 and Method 2) and the nonlinear one,
together with decay exponents (estimated approximation orders).

Method 1 Method 2 nonlinear
h dist decay dist decay dist decay
1 5.7012 - 10! / 5.4653 - 107! / 3.3175- 107! /
% 5.9214 . 1072 3.2673 5.7708 - 1072 3.2434 3.2710 - 1072 3.3423
In 6.1246 - 1073 3.2732  6.1273-107°  3.2355  3.4006 - 1073  3.2659
é 6.9617 - 10~ 31371  6.9555-10~*  3.1390  3.8234-10"*  3.1528
i 8.3841 - 1073 3.0537  8.2800 - 1073 3.0704  4.5306-10  3.0771
é 1.0331 - 1077 3.0207  1.0106 - 107 3.0344 5.5178-10"°  3.0375
Table 3

The L? distances between f,, where f is defined in (26), and quintic (m = 2) alter-
native L? PH approximants (obtained by Method 1 and Method 2) and the nonlinear
one, together with decay exponents (estimated approximation orders).

Method 1 Method 2 nonlinear

h dist decay dist decay dist decay

1 1.3191 - 107! / 1.0940 - 10! / 5.1580 - 1072 /

% 6.2373 - 1073 4.4025 5.2976 - 1073 4.3681 2.5569 - 1073 4.3343
% 3.7251 - 1074 4.0656 2.9265 - 10~* 4.1781 1.4153 - 10~ 4.1752
H 2.3420 - 1073 3.9915 1.7289 - 1073 4.0813 8.4634 - 10~° 4.0637
% 1.4668 - 10~° 3.9969 1.0521 - 10~ 4.0384 5.2059 - 1077 4.0230
i 9.1630 - 107% 4.0008 6.4919 - 1078 4.0186 3.2313 - 1078 4.0100

preimage A Method 1 Method 2

Fig. 4. PH curve f from Example 3 equipped with its ER frame (left) and orthonormal frames computed by Method 1 (middle) and Method 2 (right).
The plots correspond to equidistant parameter values with step size 1/100.

Ay=-343i+2j- 1k, A;=1+3i+1k py=(1,0,0).

The curve is shown in Fig. 4 (left) together with its ER frame. The rotation-minimizing and the Frenet frames are also shown. The
Frenet frame evidently exhibits substantial undesirable rotation about the tangent. Using the given preimage polynomial A, the
method reproduces the curve f exactly for degrees > 9, as confirmed in Table 4. The table also lists the L? distances between f and
its approximants computed by Method 1 and Method 2, and values of the functional E . Note that the approximants obtained with

Method 1 provide an efficient way to carry out degree reduction, while at the same time improving the properties of the associated
ER frames.

6. Generalization to spatial Pythagorean-hodograph B-spline curves

As noted and examined in [2] for planar PH curves, employing piecewise polynomial functions for L? approximation provides
an effective way to reduce the approximation error while maintaining a low polynomial degree and preserving the desired level
of smoothness. In this section, we demonstrate that the ideas presented in [2] can also be extended to spatial curves. Namely, the
construction from the previous section is generalized by replacing, in the preimage space, the subspace of real-valued polynomials
P,, with a subspace of spline functions S, of degree m defined over the interval [0, 1] partitioned by breakpoints 0 = &, < & < - <

11
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Table 4

L? distances between the PH curve f from Example 3 and its alternative L> PH approx-
imants of different degrees, obtained by using the curve preimage polynomial, Method 1
and Method 2. Values of E,, are reported too.

preimage A Method 1 Method 2
m  dist E, dist E, dist E,
1 7.9084 - 107! 0.5990 7.5036 - 10! 5.2721-1072 1.3165 - 10° 18.236
2 1.0780 - 107! 6.4790 1.6115 - 107! 4.5309 - 107! 6.9286 - 107! 28.584
3 4.9811 - 1072 6.2318 5.4128 - 1072 8.1543 - 1072 4.8175 - 10! 33.930
4 0 8.2414 1.0940 - 1072 1.0738 - 107! 3.0507 - 107! 51.629
5 0 8.2414 4.1450 - 1073 1.9572 - 1072 2.8034 - 107! 46.708

En_1 < &y =1 and equipped with the knot sequence t, which determines the order of smoothness at the breakpoints:
N-1
E= ()t = (0D g0 02 v 1)) g =m Y @7)
j=1

Here fj.v’ ! indicates that the breakpoint ¢; is repeated v;-times. Specifically,

St = span{B(’)"t, Bi"t, e B:;t }
where the B-spline basis functions B}, are defined recursively by

I—Ij
it to#EL L
- - . . m+j>
BY'\(1) = @, ,(t) B} "o+ (1 —wjﬂ,m(r))B;"H{t(r), @ () 1= i .
0, otherwise,

with

1, teft, t;y), 1, teft,, 1],
B?t(t)z{ [j I+1) jZO,l,...,d—l, Bst(t):{ [d ]

0, otherwise, 0, otherwise.

A spline function p € S,

m,t>

d
p6) =Y p;BI\(0),
j=0

J

with distinct inner knots, i.e., knots of multiplicity one, is of continuity class C"~!. However, at the breakpoint ¢; of multiplicity
v; 2 2 the continuity is reduced to C"". Choosing the initial and final knots of multiplicity m + 1 ensures that p(0) = p, and p(1) = p,.
When vi=m-—r forall j=1,2...,N —1andafixed r € {0,1...,m — 1}, the spline is globally C" continuous. In the case of equidistant
breakpoints, we denote such a spline space by S;, N*

Spatial PH B-spline curves were introduced and studied in [6]. Following the approach therein, and adopting the notation em-
ployed in [2] for planar curves, the PH B-spline curves of degree n are constructed as follows. The preimage taken as A € S,,(H),
with t given by (27), defines the hodograph h = A?*, which lies in S,,, 5(R?), where the knot sequence is

~ ~ \d|+2m+1
5= (”i)[:(; ml _ (O(2m+l>’§fm+v1)7§§m+vz>’m’iﬁ\rfnj—l\/w-l)’](2m+l)>’ d,=d+mN,

since the x—operation doubles the degrees of the polynomial segments while preserving the order of continuity. Integrating the
hodograph increases both the degree and the order of continuity by one, yielding the PH B-spline curve p € S, ,(R?), where

u= @) =), n=2m+1, dy=d, +1,

and

)

t
p() = /0 h()d7 +py = 3, B, B},
=0

As in Section 5, to construct the alternative L? approximant for a given spatial curve f, one first needs to determine its preimage
curve A; : [0, 1] — H as previously described. To compute for Ay its L? approximant A € St (H), represented as A(r) = Z;LO A B“(t),
one solves the linear system of equations

e 6= ((aem)) oe=((aem)),

12
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Method 1 Method 2
z

1.0

///////////mm::l1:::u7fff,’,’,’,’l'ﬁ/ﬁ/l/H 05
- 1

N
-0.5
X -1.0

Fig. 5. Exponential spiral from Example 4 equipped with orthonormal frames computed by Method 1 (left) and Method 2 (right), together with
graphs of functions v, (black) and v, (gray) that determine W by (4), and the sign function ¢ (green), used in (24a).

Table 5
L? errors of the alternative L>-~PH B-spline approximants computed based on Method 1 and
Method 2 for different number N of polynomial segments and different types of spline spaces.

cubic C' splines quintic C?> splines quintic C' splines
N Method 1 Method 2 Method 1 Method 2 Method 1 Method 2
5 4.659 - 107! 4.386 - 107! 1.603 - 107! 1.352 - 107! 2.619-1072 2.528 - 1072

10 2.399 - 1072 2.318 - 1072 3.507 - 103 3.267 - 1073 1.779 - 1073 1.702 - 1073
15 5.095 - 1073 4.969 - 1073 4.849 - 1074 4.580 - 1074 3.220 - 107* 3.080 - 10~*
20 1.791 - 1073 1.761 - 1073 1.257 - 107* 1.194 - 107 9.313-107° 8.882 - 1073
25 8.092-10~* 7.970 - 1074 4.492 - 1075 4.282 1073 3.544 - 1073 3.384-107°
30 4.246 - 10~* 4.184-107* 1.953 - 1073 1.865 - 107> 1.597 - 1073 1.527 - 1073
35 2.466 - 1074 2.431-107* 9.698 - 107° 9.273-10°° 8.109 - 10°¢ 7.756 - 107°
40 1.541 - 107 1.520 - 10~* 5.298 - 107° 5.070 - 107° 4.498 - 10°¢ 4.304 - 10°°

where G is a banded Gram matrix. The PH B-spline approximant p € S, ,(R?) is then obtained from .4 using the x-operation and the
integration as explained above. The boundary point p,, is determined as in the polynomial case by the minimization
p,, = argmin||f — pll,
poER?
which yields (see [2, Section 5] for the proof)
dy 1 dy /j=1 _ - d 1
¢ Upyy—ly
P = Z / fOB] ,(dr | - Z Z iy, Z / B (OB} (d1 ).
j=0 \/0 j=1 \z#=0 k=00
Here h, are the B-coefficients of the hodograph. For more details on their computation from the preimage B-coefficients .4,, the
reader is referred to [2,6].
The following examples demonstrate the theoretical results and illustrate the effectiveness of the proposed method. For the preim-
age spline spaces we select S | (H), S} | (H) and S | (H), yielding PH spline curves from S; | (R%), S | (R%) and S!  (R?), respectively
— that is cubic C', quintic C2, and quintic C' PH spline curves.

Example 4. Let the curve f be chosen as an exponential spiral
£(t) = (2¢' cos(5x1),2¢" sin(5x1),101), ¢ €0, 1]. (28)

To equip it with an orthonormal frame we apply Method 1 (rotation minimizing frame) and Method 2 (Frenet frame). The frames are
shown in Fig. 5, together with graphs of the functions v, and v; needed to determine the preimage .A;. Note that the value of E,, for
the Frenet frame is 10.2655. The alternative cubic C', quintic C2, and quintic C! L?>~PH B-spline approximants with N = 5 polynomial
segments are shown in Fig. 6, where the preimage curve A; is computed based on the rotation minimizing frame. Corresponding
graphs of approximants computed using the Frenet frame are omitted, since only small visible differences can be observed. This is
also confirmed by Table 5 that provides the L? errors for different numbers N of polynomial segments. Fig. 7 (left) shows the L?
errors on a logarithmic scale for all three spline spaces in dependence of the dimension of the preimage spline space (denoted by
NDOF), which equals N + 1, N + 2 and 2N + 1, respectively. Values of E,, tend to zero for approximants computed using Method 1,
and to the value 10.2655 for approximants computed using Method 2, as illustrated in Fig. 7.

Example 5. As a final example, we use N + 1 = 16 equidistant breakpoints on [0, 1] and choose f as a C? cubic spline with control
points

(0.01,-1,0.23), (0.41,-0.88,1.5), (0.72,-0.77,2.77), (0.78,-0.65,4.38), (0.57,-0.55,4.91),
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cubic C! quintic C? quintic C*

z

X y X y X ‘ y

Fig. 6. L’-PH B-spline approximants for the curve (28), belonging to S}(R?), SZ(R?) and S!(R?), computed using the preimage .4; obtained by
Method 1 (rotational minimizing frame), using N = 5 polynomial segments.

logso(dist) log1o(Ew) Ey
- T " 10.8
;16 |Z(IJ I36 I4l0 56 66 76 86 NDOF 10 20 30 40 50 60 70 80 NDOF
-1 -1 »
e
2 -2 ° 10.5
L] ° ° L]
.
-3 - -3 ¢ - .
s . o 10.2655¢ - §- -0 S-0-0---0---0--—0--—0
. o 4 . °
-4 . L] °
. ° 101" o
5 . -5 )
- | 1 e T | | I NDOF
*~ . 10 20 30 40 50 60 70 80

Fig.7. Left: L? errors in a logarithmic scale for cubic C' (purple color), quintic C? (pink color) and quintic C! (red color) alternative L>~PH B-spline
approximants computed based on Method 1 in dependence of the NDOF of the preimage spline space. Middle: Values of E,, in a logarithmic scale
for approximants computed using Method 1. Right: Values of E,, for approximants computed using Method 2.

Ve e

Fig. 8. Cubic C? spline from Example 5 (left), its rotation-minimizing frame, and alternative L>-PH B-spline approximants belonging to 53’ N(IR3),
S2 ((R¥) and S! (R?). For all splines, the gray and green points represent the control points (B-coefficients).
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(0.44, —0.45,4.16), (0.55,—0.35,2.49), (0.81,-0.27,0.67), (0.51,—0.19,0.17), (0.56,—0.13,0.89),
(0.69, —0.08,2.12), (0.9, —0.04,2.79), (1.25,-0.01,2.97), (1.58,0,2.15), (1.56,0, 1.45),
(1.4,-0.02,0.42), (1.82,-0.05,0.27), (1.97,—0.09, 0.82).

We approximate it with L>-PH B-splines from 5'3{ ~RY, 5‘52’ y(®%) and 551’ ~(®?), computed using the rotation-minimizing frame,
shown in Fig. 8, together with f (left) and the computed approximants. The corresponding L?> distances are 9.5432 x 1073, 7.1342 x 1073,
and 1.3608 x 1073, respectively. These approximation errors clearly reflect the number of degrees of freedom involved (the dimensions
of the preimage spaces are dim Sf, N = 16, dim 52" n =17 and dim 5‘2 n =31). Note also that the ER frames of the approximating PH
B-splines remain close to rotation-minimizing ones, as indicated by the corresponding values 0.44032, 0.10733, and 0.023744 of the

functional E,, respectively.
7. Closure

Algorithms for approximating a given space curve by a spatial PH curve have been proposed and demonstrated by representative
computed examples. Direct L2 approximation in R? involves the solution of non-linear systems of equations, which are computation—
intensive and potentially dependent on appropriate initial estimates for the solution values. An alternative approach, based on L?
approximation in the quaternion preimage space of spatial PH curves, incurs only linear systems of equations that admit efficient
and reliable solution schemes. Since the preimage of a given curve in R? under the PH map is a surface in R*, an appropriate locus
on that surface must be selected for comparison with the PH curve quaternion preimage polynomial. The selection is motivated by
the observation that PH curves which admit rational rotation-minimizing frames correspond to preimages that are geodesics on the
surface. To utilize this observation, a simple established method for approximating the RMF on any given smooth curve is employed,
which can achieve any desired accuracy by increasing the sampling density.

Possible directions for further research include imposing additional interpolation constraints and investigating the influence of the
parameterization of the given curve on the approximation accuracy. Another promising topic is the generalization of polynomial PH
curves to rational PH curves or to PH curves based on mixed polynomial-trigonometric bases. Moreover, considering L? approximation
for discrete data sets, rather than continuous curves, may also be of interest.
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