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ARTICLE INFO ABSTRACT
Keywords: Splines over triangulations provide a flexible and effcient way to approximate bivariate functions
Bernstein-Bézier form defined over domains, partitioned by triangles. One of the important challenges is the construction
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of locally supported non-negative basis functions that form a partition of unity, i.e., B-spline-like
basis functions. Due to smoothness conditions that depend on the geometry of the triangulation,
spline basis functions are typically divided into three groups: triangle, vertex, and edge functions.
While the construction of triangle and vertex basis splines is well developed, the computation
of non-negative edge basis splines of general degree that form a partition of unity has so far
been addressed only for C' continuous splines, using a completely algebraic approach, with no
explicit geometric interpretation ([7]). In this paper a novel approach is presented that extends the
control-triangle-based idea known for vertex basis splines and can be geometrically explained and
generalized to splines of a higher order of smoothness. The construction is developed on pairs of
adjacent triangles forming a strictly convex quadrilateral. Since each smoothness order requires
a separate analysis, a detailed study is provided for the C' and C? continuous splines of degrees
d > 2 and d > 4, respectively. Numerical examples are provided to confirm the effectiveness and
applicability of the derived construction.

1. Introduction

Splines over triangulations provide a geometrically flexible framework for applications in approximation theory, computer-aided
geometric design (CAGD) and numerical analysis. Such splines consist of polynomials of total degree less than or equal to a fixed
prescribed degree, defined over triangles of a triangulation, and are usually represented using the local Bernstein-Bézier representation
(see, e.g., [1, Chapters 2, 5]). The smoothness of a chosen order across the edges of the triangulation is obtained by imposing linear
constraints on the coefficients of the Bernstein-Bézier forms over the neighboring triangles. However, the geometric flexibility comes
with the price that in general even the dimension of the spline space is not easy to be determined, as it depends on the geometry
of the triangulation. There are two standard approaches to overcome this difficulty. The first is to consider super-smooth spline
spaces, in which higher-order smoothness is imposed at selected vertices or edges of the triangulation (e.g., Argyris splines [2]). The
second approach, known as the macro-element technique, defines spline spaces over the triangulation refined by a selected split (e.g.
Clough-Tocher splines [3], Powell-Sabin splines [4]).

For both approaches the dimension and the basis splines are determined by finding the minimal determining set that identifies the
coefficients in the Bernstein—Bézier form that are free to be chosen, or to specify a collection of interpolation functionals (see, e.g.,
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$r+1$


$k\in \set {\pd -r+1,\ldots , \pd }$


$\set {\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \,i=0,1,\ldots ,\pd -k}$


$k\in \set {r,r+1,\ldots , \pd }$


$\set {\bernTTT {Q_2}{\pd }{(i,k-i,\pd -k)}, \,i=0,1,\ldots ,k}$


$r+1$


$k\in \set {0, 1,\ldots , r-1}$


$\set {\bernTTT {Q_2}{\pd }{(i,k-i,\pd -k)}, \,i=0,1,\ldots ,k}$


$\sum _{i=0}^{\pd -k} \zeta _i \, \bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}$


$\zeta _i \in \RR $


$\T _1$


$\bfm {s}=(s_1,s_2,s_3) \in \indSetT {\pd }$


$s_3 \leq r$


$(\zeta _i)_{i=0}^{\pd -k}$


\begin {align*}\sum _{i=0}^{\pd -k} \zeta _i \, b[(i,\pd -k-i,k), Q_1, \T _1]_{\bfm {s}} = 0, \quad \bfm {s}=(s_1,s_2,s_3)\in \indSetT {\pd }, \quad s_3 \leq r.\end {align*}


$\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}$


$\T _1$


$(s_1,s_2,s_3)$


$\pd -k-i \leq s_1\leq \pd -k$


$s_2\leq k$


$s_3 \leq r$


$s_1=\pd -s_2-s_3$


$s_1\geq \pd -k-r$


\begin {equation*}\bern {s_3}{\pd -k-s_1}(\lambda _1) \sum _{i=\pd -k-s_1}^{\pd -k} \zeta _i \, \bern {s_1}{s_1-(\pd -k-i)}(\mu _1) = 0, \quad s_1=\pd -k-r, \ldots , \pd -k, \quad s_3 =0,1,\ldots , r,\end {equation*}


$s_1$


$r+1$


$r + 1$


$i = 0, 1, \ldots , r$


$\T _1$


$k$


$\T _2$


$k$


$r+1$


$i = \pd -k-r, \ldots , \pd -k$


$k > \pd -r$


$r+1$


$\T _1$


$k$


$\bernTTT {Q_j}{\pd }{\bfm {k}}$


$k_3=k$


\begin {align}k\in \set {0,\ldots ,r-1}: & \; {\varphi }^{Q_1}_{k,i+1}=\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \; {\varphi }^{Q_2}_{\pd -k,k+1-i}=\bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)}, \; i=0,1,\ldots ,k-1, \label {eq-fun-tilde-phi-1a}\\ & {\varphi }^{Q_1}_{k, k+1}= \sum _{i=k}^{\pd -k} \bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \quad {\varphi }^{Q_2}_{\pd -k, 1}= \sum _{i=k}^{\pd -k} \bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)}\label {eq-fun-tilde-phi-1b}\\ k\in \set {r,\ldots ,d-r}: & \; {\varphi }^{Q_1}_{k,i+1}=\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \; {\varphi }^{Q_2}_{\pd -k,r+1-i}=\bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)}, \; i=0,1,\ldots ,r-1, \label {eq-fun-tilde-phi-2a}\\ & {\varphi }^{Q_1}_{k, r+1}= \sum _{i=r}^{\pd -k} \bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \quad {\varphi }^{Q_2}_{\pd -k, 1}= \sum _{i=r}^{\pd -k} \bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)} \label {eq-fun-tilde-phi-2b}\\ k\in \set {d-r+1,\ldots ,d}: & \; {\varphi }^{Q_1}_{k,i+1}=\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \; {\varphi }^{Q_2}_{\pd -k,\pd -k+1-i}=\bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)},\; i=0,1,\ldots ,\pd -k.\label {eq-fun-tilde-phi-3a}\end {align}


$C^1$


$C^2$


$\pd = 5$


$C^1$


$\pd = 5$


$Q_1$


$Q_2$


$C^2$


$\pd = 5$


$Q_1$


$Q_2$


$j \in \set {1,2}$


$0\leq k\leq r-1$


$\pd -r+1\leq k\leq d$


$2\binom {r+1}{2}$


$Q_1$


$Q_2$


$j \in \set {1,2}$


$r\leq k\leq \pd -r$


$(\pd +1-2r)(r+1)$


$\mathcal {G}^{\T _\ell }_{\vertices }$


$\binom {r+1}{2}$


$Q_1$


$Q_2$


$n_3$


$\bernTT {Q_j}{\pd }{\bfm {k}}$


$C^1$


$C^2$


$T_1$


$T_2$


$k$


$\bfm {R}_2$


$T_1$


$T_2$


$\bfm {R}_1$


$\bfm {R}_2$


$Q_1=\tris {\bfm {Q}_{1,1}}{\bfm {Q}_{1,2}}{\bfm {Q}_{1,3}}$


$\tris {\bfm {Q}_{1,2}}{\bfm {Q}_{1,1}}{\bfm {Q}_{1,3}}$


$Q_2$


$Q_1$


$Q_2$


$Q_1$


$Q_2$


$C^1$


$r=1$


$\pd -1$


$\pd $


$\pd +1$


\begin {equation}\label {eq-tab-C1-FunPhi-1} \includegraphics {fx2}\end {equation}


\begin {equation}\label {eq-tab-C1-FunPhi-2} \includegraphics {fx3}\\\end {equation}


$k=1,2,\ldots , \pd -1$


$Q_j , j = 1, 2$


\begin {equation*}\bfm {\varphi }^{Q_j} := \set {\varphi ^{Q_j}_{0, 1}} \cup \defset {\varphi ^{Q_j}_{k, 1}, \varphi ^{Q_j}_{k, 2}}{k=1,2,\ldots ,\pd -1} \cup \set {\varphi ^{Q_j}_{\pd , 1}},\end {equation*}


\begin {equation}\label {C1BasisSplines-vert} E_0:=\varphi ^{Q_1}_{0, 1} = \varphi ^{Q_2}_{0, 1}, \quad E_{2\pd }:=\varphi ^{Q_1}_{\pd , 1} = \varphi ^{Q_2}_{\pd , 1},\end {equation}


$\bfm {\varphi }^{Q_1}$


$\bfm {\varphi }^{Q_2}$


\begin {equation}\label {C1BasisSplines-edge-d=2} E_1=\xi _2 \varphi ^{Q_2}_{1, 1}, \quad E_2=\xi _1 \varphi ^{Q_1}_{1, 1} + \xi _2 \varphi ^{Q_2}_{1, 2}, \quad E_3= \xi _1 \varphi ^{Q_1}_{1, 2}\end {equation}


$\pd =2$


\begin {equation}\label {C1BasisSplines-edge} \begin {split} & E_{2i-1}=\varphi ^{Q_2}_{i, 1}, \quad E_{2i}=\varphi ^{Q_2}_{i, 2}, \quad i=1,2,\ldots ,\ell _1,\\ & E_{2\ell _1+1} = \xi _2 \varphi ^{Q_2}_{\ell _1+1, 1}, \\ &E_{2 i} = \xi _1 \varphi ^{Q_1}_{i, 1} + \xi _2 \varphi ^{Q_2}_{i, 2}, \quad E_{2 i + 1} = \xi _1 \varphi ^{Q_1}_{i, 2} + \xi _2 \varphi ^{Q_2}_{i+1, 1}, \quad i=\ell _1+1,\ldots , \pd -\ell _2-2, \\ & E_{2(\pd -\ell _2-1)} = \xi _1 \varphi ^{Q_1}_{\pd -\ell _2-1, 1} + \xi _2 \varphi ^{Q_2}_{\pd -\ell _2-1, 2}, \\ & E_{2(\pd -\ell _2-1) + 1} = \xi _1 \varphi ^{Q_1}_{\pd -\ell _2-1, 2},\\ & E_{2i}=\varphi ^{Q_1}_{i, 1}, \quad E_{2i+1}=\varphi ^{Q_1}_{i, 2}, \quad i=\pd -\ell _2,\ldots ,\pd -1, \end {split}\end {equation}


$\pd \geq 3$


\begin {equation}\label {C1BasisSplines-choices} {\tt (a)}\; \ell _1= \lceil \tfrac {\pd -3}{2}\rceil , \; \ell _2= \pd -3 - \ell _1, \quad {\tt (b)}\; \ell _1= \lfloor \tfrac {\pd -3}{2}\rfloor , \; \ell _2= \pd -3 - \ell _2,\end {equation}


$\xi _1, \xi _2 \in (0,1)$


$\xi _1+\xi _2=1$


$\pd $


$\pd \geq 4$


$Q_2$


$Q_1$


$2\leq d\leq 5$


$C^1$


$\pd $


$2\ell _1+1$


$Q_2$


$2 \ell _2+1$


$Q_1$


$\xi _1$


$\xi _2$


$\pd \geq 2$


$\xi _1, \xi _2 \in (0,1)$


$\xi _1+\xi _2=1$


$E_i$


$i=0,1,\ldots , 2\pd $


$\T _1\cup \T _2$


$i_3 \leq 1$


$\bfm {\varphi }^{Q_j}$


$T_1$


$T_2$


\begin {equation}\label {eq-Bcoeff-C1} \bfm {c} = {(c_{(\pd ,0,0)}, c_{(\pd -1,0,1)},c_{(\pd -1,1,0)}, c_{(\pd -2,1,1)}, \ldots , c_{(1,\pd -1,0)},c_{(0,\pd -1,1)}, c_{(0,\pd ,0)})}^T.\end {equation}


$i_3 \leq 1$


$\T _1$


$\T _2$


$C^1$


$\T _1$


$\bfm {C}^{Q_j}$


$(2 \pd +1) \times 2\pd $


$\bfm {\varphi }^{Q_j}$


$\T _1$


\begin {equation*}\includegraphics {fx4}\end {equation*}


\begin {equation*}\bfm {M}^1_k = \begin {bmatrix} \lambda _2 \\ 1 \end {bmatrix} \cdot \begin {bmatrix} \mu _2^k & 1-\mu _2^k \end {bmatrix} = \begin {bmatrix} \lambda _2 \mu _2^{k}& \lambda _2 (1-\mu _2^{k})\\ \mu _2^{k}& (1-\mu _2^{k})\\ \end {bmatrix},\quad k=1,2,\ldots , \pd -1,\end {equation*}


\begin {equation*}\bfm {M}^2_k = \begin {bmatrix} 1 \\ \lambda _1 \end {bmatrix} \cdot \begin {bmatrix} 1-\mu _2^k & \mu _2^k \end {bmatrix} = \begin {bmatrix} (1-\mu _2^{k})& \mu _2^{k}\\ \lambda _1(1-\mu _2^{k})& \lambda _1 \mu _2^{k} \end {bmatrix},\quad k=1,2,\ldots , \pd -1.\end {equation*}


$f=\sum _{i=0}^{2\pd } \gamma _i E_i$


$\T _1$


$f|_{\T _1} = \sum _{\bfm {i} \in \indSetT {\pd }} c_{\bfm {i}} \bernTT {\T _1}{\pd }{\bfm {i}}$


$c_{\bfm {i}} = 0$


$\bfm {i}=(i_1,i_2,i_3)$


$i_3 \geq 2$


$\bfm {\gamma } = (\gamma _i)_{i=0}^{2\pd }$


$A$


$(2\pd +1)\times (2\pd +1)$


\begin {equation}\label {def-matrixA-C1-a} A \bfm {\gamma } = \bfm {c}.\end {equation}


$A$


$\pd =2$


\begin {equation*}\label {def-matrixA-C1-b} {\scriptsize { A= \left [ \begin {array}{@{}ccccc@{}} 1 & 0 & 0 & 0 & 0 \\[1mm] \lambda _1 & \lambda _2 \xi _2 & \lambda _2 \mu _2 \xi _1 & \lambda _2 \mu _1 \xi _1 & 0 \\[1mm] 0 & \mu _1 \xi _2 & \mu _2 \xi _1+\mu _2 \xi _2 & \mu _1 \xi _1 & 0 \\[1mm] 0 & \lambda _1 \mu _1 \xi _2 & \lambda _1 \mu _2 \xi _2 & \lambda _1 \xi _1 & \lambda _2 \\[1mm] 0 & 0 & 0 & 0 & 1 \\ \end {array} \right ] }}\end {equation*}


$\det A = \lambda _1 \lambda _2 \mu _2^2 \xi _1 \xi _2 \not = 0$


$A$


$\pd \geq 3$


$A$


\begin {equation*}\widetilde {A}_{1} = A(:,1:2\ell _1+1),\quad \widetilde {A}_{2} = A(:,2\ell _1+2:2(\pd -\ell _2)),\quad \widetilde {A}_{3} = A(:,2(\pd -\ell _2)+1:2\pd +1),\end {equation*}


\begin {equation*}\widetilde {A}_{1} = \bfm {C}^{Q_2}(:,1:2\ell _1+1),\quad \widetilde {A}_{3} = \bfm {C}^{Q_1}(:,2(\pd -\ell _2):2\pd )\end {equation*}


\begin {equation*}\widetilde {A}_{2} = \xi _2 \left [ \begin {array}{@{}c|c@{}} & 0\\ \bfm {C}^{Q_2}(:,2\ell _1+2:2(\pd -\ell _2-1)+1)& \vdots \\ & 0 \end {array} \right ]+ \xi _1 \left [ \begin {array}{@{}c|c@{}} 0 & \\ \vdots & \bfm {C}^{Q_1}(:,2\ell _1+2:2(\pd -\ell _2-1)+1)\\ 0 & \end {array} \right ].\end {equation*}


$A$


\begin {equation*}\includegraphics {fx5}\end {equation*}


$A_{1}\in \RR ^{(2\ell _1+1)\times (2\ell _1+1)}$


$A_{3}\in \RR ^{(2\ell _2+1)\times (2\ell _2+1)}$


$A_{2} \in \RR ^{5\times 5}$


\begin {equation*}\includegraphics {fx6}\end {equation*}


\begin {align*}\det A_{1} = \lambda _2^{\ell _1}\mu _2^{\frac {\ell _1 (\ell _1+1)}{2}} \quad \det A_{3} = \lambda _1^{\ell _2}\mu _2^{\frac {\ell _2 (\ell _2+1)}{2}}, \quad \det A_{ 2} = \lambda _1 \lambda _2 \mu _2^{\pd +1} \xi _1\xi _2(\lambda _1\xi _1^2 \mu _2^{\ell _2} + \lambda _2\xi _2^2 \mu _2^{\ell _1}+ \xi _1 \xi _2 \mu _2^{\pd -1}).\end {align*}


$\det A = \det A_{1} \cdot \det A_{2} \cdot \det A_{3} > 0$


$A$


$A$


$\xi _1, \xi _2\in (0,1)$


$\xi _1+\xi _2=1$


$A$


$(E_i)_{i=0}^{2\pd }$


$\edge {\bfm {e}}{\bS _1}{\bS _2}$


$\kappa _2$


$\xi _1 = \lambda _2$


$\xi _2=\lambda _1$


$(E_i)_{i=0}^{2\pd }$


$\bfm {c}$


$c_{(i,j,k)} = \bX ^{\T _1,\pd }_{(i,j,k)}$


$\kappa _2$


$\xi _1 = \lambda _2$


$\xi _2=\lambda _1$


$\T _1$


$\T _2$


$\bfm {S}_1 = (0,0)$


$\bfm {S}_2 = (1,0)$


$\bfm {R}_1 =(0.35, 0.5)$


$\bfm {R}_2 = (0,65,-0.3)$


$\sigma _1 = 0.74$


$\sigma _2 = 0.86$


$\rho = -0.6$


$\lambda _1 = 0.4625$


$\lambda _2 = 0.5375$


$\mu _1 = 0.375$


$\mu _2 = 0.625$


$\pd =7$


$(E_i)_{i=0}^{2\pd }$


$C^1$


$d=7$


$T_1 \cup T_2$


$C^1$


$C^1$


$T_1, T_2$


$\pd $


$(E_i)_{i=0}^{2\pd }$


$\pd =2,3,\ldots ,8$


$\kappa _2$


$2$


$5$


$\pd =2,3,\ldots , 8$


$\T _1$


$\T _2$


$\mu _1$


$\mu _2$


$\mu _2 > \mu _1$


$\bfm {R}_1$


$\bfm {R}_2$


$\mu _1 >\mu _2$


$(E_i)_{i=0}^{2\pd }$


$\kappa _2$


$6$


$9$


$\mu _2 \geq \mu _1$


$C^1$


$Q_1$


$Q_2$


$T_1, T_2$


$\pd $


$\kappa _2$


$Q_1$


$Q_2$


$\mu _2 \geq \mu _1$


$(E_i)_{i=0}^{2\pd }$


$\pd = 6$


$\pd =7$


$\mu _2 \geq \mu _1$


$\bfm {S}_1 = (0,0)$


$\bfm {S}_2 = (1,0)$


$\bfm {R}_1 =(0.5, 1)$


$\bfm {R}_2 = (\tfrac {1}{6}(8\alpha -1),-\tfrac {1}{3})$


$\alpha \in \set {0.1,0.2,0.3,0.4,0.5}$


$\kappa _2$


$C^1$


$C^1$


$\pd = 6$


$\pd = 7$


$\mu _1 = 0.25$


$\lambda _1$


$\mu _1$


$\lambda _1=2/3$


$5$


$5$


$\lambda _1 = 1-\alpha $


$\mu _1 = 0.25$


$\kappa _2$


$\bfm {R}_2 = \tfrac {1}{\alpha -1}(\tfrac {\alpha }{2}-\tfrac {1}{3},\alpha )$


$\lambda _1=\tfrac {2}{3}$


$\mu _1=\alpha $


$\lambda _1 \to 1$


$\lambda _2 \to 0$


$Q_2$


$\tfrac {1}{\lambda _2}$


$\lambda _1 \to 0$


$\bfm {Z}$


$C^2$


$r=2$


$3(\pd -1)$


\begin {equation}\label {eq-CandidatesForC2} \bfm {\varphi }^{Q_j} := \set {\varphi ^{Q_j}_{0, 1}, \varphi ^{Q_j}_{1, 1}, \varphi ^{Q_j}_{1, 2}} \cup \defset {\varphi ^{Q_j}_{k, 1}, \varphi ^{Q_j}_{k, 2}, \varphi ^{Q_j}_{k, 3}}{k=2,3,\ldots ,\pd -2} \cup \set {\varphi ^{Q_j}_{\pd -1, 1}, \varphi ^{Q_j}_{\pd -1, 2},\varphi ^{Q_j}_{\pd , 1}}\end {equation}


$Q_j$


$j=1,2$


$3(\pd -3)$


$3(\pd -2)$


$\T _1$


$\T _2$


$c_{(i_1,i_2,i_3)}$


$i_3 \leq 2$


\begin {equation}\label {eq-Bcoeff-C2} \bfm {c}={\left (c_{(\pd ,0,0)}, c_{(\pd -1,0,1)},c_{(\pd -1,1,0)}, \left (c_{(\pd -k,k-2,2)}, c_{(\pd -k,k-1,1)}, c_{(\pd -k,k,0)}\right )_{k=2}^{\pd }\right )}^T.\end {equation}


$i_3 \leq 2$


$\T _1$


$\T _2$


$C^2$


$\T _1$


$\bfm {C}^{Q_j}$


$3 \pd \times 3(\pd -1)$


$\bfm {\varphi }^{Q_j}$


$\T _1$


\begin {equation*}\includegraphics {fx7}\end {equation*}


\begin {align*}& \bfm {M}^1_\ell = \begin {bmatrix} \lambda _2^2\\\lambda _2\\1 \end {bmatrix} \cdot \begin {bmatrix} \mu _2^\ell , \ell \mu _1 \mu _2^{\ell -1}, 1-\mu _2^\ell - \ell \mu _1 \mu _2^{\ell -1} \end {bmatrix},\quad \ell =1,2,\ldots , \pd -2, \\ & \bfm {M}^1_{\pd -1} = \begin {bmatrix} 1 & 0 & 0\\ \lambda _1 & \lambda _2 \mu _2^{\pd -1} & \lambda _2(1-\mu _2^{\pd -1})\\ 0 & \mu _2^{\pd -1}& 1-\mu _2^{\pd -1} \end {bmatrix},\quad \bfm {N}^1_{1} = \begin {bmatrix} 0 & 2\lambda _1\lambda _2 & \lambda _2^2\\ 0 & \lambda _1 & \lambda _2\\ 0 & 0& 1 \end {bmatrix},\quad \bfm {N}^1_{\pd -1} = \begin {bmatrix} \lambda _1^2 & 0 & 2\lambda _1\lambda _2\\ 0 & 0 & \lambda _1\\ 0 & 0& 0 \end {bmatrix}, \\ & \bfm {N}^1_\ell = \begin {bmatrix} 2\lambda _1 \lambda _2\\\lambda _1\\0 \end {bmatrix} \cdot \begin {bmatrix} 0, \mu _2^{\ell -1}, 1-\mu _2^{\ell -1} \end {bmatrix},\quad \ell =2,3,\ldots , \pd -2,\end {align*}


\begin {align*}& \bfm {M}^2_{1} = \begin {bmatrix} \lambda _1 & \lambda _2 & 0\\ 0 & \mu _1 & \mu _2\\ \lambda _1^2 & 2 \lambda _1 \lambda _2 & 0 \end {bmatrix},\quad \bfm {M}^2_\ell = \begin {bmatrix} \lambda _2(1-\mu _2^{\ell -1})& \lambda _2 \mu _2^{\ell -1}& 0\\ 1-\ell \mu _1 \mu _2^{\ell -1}-\mu _2^\ell & \ell \mu _1 \mu _2^{\ell -1} & \mu _2^{\ell }\\ 2\lambda _1\lambda _2(1-\mu _2^{\ell -1})& 2\lambda _1\lambda _2 \mu _2^{\ell -1}& 0\\ \end {bmatrix},\quad \ell =2,3,\ldots , \pd -2, \\ & \bfm {M}^2_{\pd -1} = \begin {bmatrix} \lambda _2 & 0 & 0\\ 1-\mu _2^{\pd -1}& \mu _2^{\pd -1}& 0\\ 2\lambda _1\lambda _2 & 0 & \lambda _2^2\\ \end {bmatrix},\quad \bfm {N}^2_\ell = \begin {bmatrix} \lambda _1\\ 0\\ \lambda _1^2 \end {bmatrix} \cdot \begin {bmatrix} 1-\ell \mu _1 \mu _2^{\ell -1} -\mu _2^{\ell }, \ell \mu _1 \mu _2^{\ell -1}, \mu _2^{\ell } \end {bmatrix},\quad \ell =1,2,\ldots , \pd -2, \\ & \bfm {N}^2_{\pd -1} = \begin {bmatrix} \lambda _1 (1-\mu _2^{\pd -1}) & \lambda _1 \mu _2^{\pd -1} & \lambda _2\\ 0 & 0 & 1 \end {bmatrix}.\end {align*}


\begin {equation}\label {C2BasisSplines-vert} E_0:=\varphi ^{Q_2}_{0, 1}, \quad E_1:=\varphi ^{Q_2}_{1, 1}, \quad E_2:=\varphi ^{Q_2}_{1, 2}, \quad E_{3\pd -3}:=\varphi ^{Q_1}_{\pd -1, 1}, \quad E_{3\pd -2}:=\varphi ^{Q_1}_{\pd -1, 2}, \quad E_{3\pd -1}:=\varphi ^{Q_1}_{\pd , 1}.\end {equation}


$3(\pd -2)$


$3(\pd -3)$


$Q_1$


$Q_2$


$\pd \geq 5$


\begin {equation}\label {C2BasisSplines-edge} \begin {split} & E_{3i-3}=\varphi ^{Q_2}_{i, 1}, \quad E_{3i-2}=\varphi ^{Q_2}_{i, 2}, \quad E_{3i-1}=\varphi ^{Q_2}_{i, 3},\quad i=2,\ldots ,\ell _1+1,\\ & E_{3\ell _1+3} = \xi _2 \varphi ^{Q_2}_{\ell _1+2, 1}, \quad E_{3\ell _1+4} = \xi _1 \varphi ^{Q_1}_{\ell _1+2, 1}, \quad E_{3\ell _1+5} = \xi _2 \varphi ^{Q_2}_{\ell _1+2, 2},\\ & E_{3\ell _1+6} = \xi _1 \varphi ^{Q_1}_{\ell _1+2, 2} + \xi _2 \varphi ^{Q_2}_{\ell _1+2, 3}, \quad E_{3\ell _1+7} = \xi _1 \varphi ^{Q_1}_{\ell _1+2, 3} + \xi _2 \varphi ^{Q_2}_{\ell _1+3, 1}, \quad E_{3\ell _1+8} = \xi _1 \varphi ^{Q_1}_{\ell _1+3, 1} + \xi _2 \varphi ^{Q_2}_{\ell _1+3, 2}, \\ & E_{3\ell _1+9} = \xi _1 \varphi ^{Q_1}_{\ell _1+3, 2}, \quad E_{3\ell _1+10} = \xi _2 \varphi ^{Q_2}_{\ell _1+3, 3}, \quad E_{3\ell _1+11} = \xi _1 \varphi ^{Q_1}_{\ell _1+3, 3},\\ & E_{3i}=\varphi ^{Q_1}_{i, 1}, \quad E_{3i+1}=\varphi ^{Q_1}_{i, 2}, \quad E_{3i+2}=\varphi ^{Q_1}_{i, 3},\quad i=\pd -1-\ell _2,\ldots ,\pd -2,\\ \end {split}\end {equation}


\begin {equation}\label {C2BasisSplines-choices} {\tt (a)}\; \ell _1 = \lceil \tfrac {\pd -5}{2}\rceil , \; \ell _2 = \pd -5-\ell _1, \quad {\tt (b)}\; \ell _1= \lfloor \tfrac {\pd -5}{2}\rfloor , \; \ell _2 = \pd -5-\ell _1,\end {equation}


$C^2$


$C^1$


$\xi _1, \xi _2 \in (0,1)$


$\xi _1+\xi _2=1$


$\pd $


$\pd =5$


$\pd =6\, {\tt (a)}$


$\pd =7$


$\xi _1$


$\xi _2$


$\pd =4$


$6$


\begin {equation*}\varphi ^{Q_1}_{2, 1} + \varphi ^{Q_1}_{2, 2} + \varphi ^{Q_1}_{2, 3} = \varphi ^{Q_2}_{2, 1} + \varphi ^{Q_2}_{2, 2} + \varphi ^{Q_2}_{2, 3},\end {equation*}


$C^2$
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[1, Chapters 6, 7, 8]), such that the associated interpolation problem has a unique solution in the given spline space. The resulting
basis splines generally lack some key properties, such as non-negativity and the partition of unity property.

A locally supported basis composed of non-negative splines forming the partition of unity will be referred to as a B—spline-like basis.
The construction of such bases has been an active area of research in recent years (see, e.g., [5-9]). A common strategy is to separate
the domain points in the minimal determining set to three groups - vertex, edge, and triangle group — which then decomposes the
basis to vertex, edge and triangle basis splines. Note, that for certain choices of the degree and the split, some basis groups may be
omitted.

The idea for computing vertex basis splines was first introduced in [10] for quadratic C! Powell-Sabin splines. It is based on
assigning a control triangle to each vertex and defining the vertex basis splines using three interpolation functionals associated with
the vertices of the control triangle. The use of Bernstein basis polynomials over the control triangles for the definition of vertex basis
functions was later introduced by Speleers in [6] in the context of quintic C?> Powell-Sabin splines. There, the interpolation conditions
defining the vertex basis functions were derived from the Bernstein basis polynomials associated with the control triangles. The idea
was further theoretically developed in [11], where, in addition, relations between Bézier coefficients of polynomials of different
degrees corresponding to the same interpolation conditions were established, allowing for an elegant subdivision-based construction
that is employed in this paper as well. This control triangle approach, which has also been generalized to higher orders of smoothness,
can be found in, e.g., [5,6,8,12-15]. An important advantage of such basis constructions is their natural application to the development
of quasi-interpolants; see, e.g., [16] and the references therein.

While the construction of vertex basis splines is well established and geometrically intuitive, the construction of B-spline-like basis
functions associated with degrees of freedom belonging to the edges of a triangulation has received comparatively less attention. One
of the existing contributions in this direction is the paper [9], in which a construction of C! continuous edge basis splines is presented.
It is shown therein that, in order to achieve locality, the problem can be reduced to the study of such basis splines defined over two
neighboring triangles only. The proposed approach is mathematically rigorous and effective, but it is primarily algebraic in nature
and lacks a clear geometric interpretation. Consequently, possible extensions to higher orders of smoothness are not apparent.

In general, research on splines of global smoothness r > 2 is less developed. General approaches for Powell-Sabin splines of
arbitrary degree and smoothness are given in [7,11], and some simplex splines approaches for C? are described in [17,18]. Some C?
constructions and applications can also be found in [19].

Motivated by the idea of extending the control-triangle-based construction to edge basis splines, an entirely new approach for
the construction of edge B-spline-like functions is presented in this paper. As in [9], the construction is localized to two triangles
T, and T, sharing a common edge and forming a strictly convex quadrilateral, and the Bernstein-Bézier representation is employed.
The method developed in this paper is based on the selection of two specific control triangles that contain both triangles T} and
T,. The key idea underlying the proposed approach is to identify such control triangles that, after subdividing the Bernstein basis
polynomials defined over each control triangle onto T} and 75, a large number of the resulting Bernstein—-Bézier coefficients vanish.
Furthermore, a clear separation of candidates for vertex and edge basis splines with the desired properties is possible. Two control
triangles are required in order to derive a sufficient number of linearly independent edge basis splines. The proposed construction
is entirely geometric in nature and can be applied to derive C" continuous edge B-spline-like splines of sufficiently high degree.
However, since each smoothness order requires a separate analysis, a detailed study is provided for the C! and C? continuous cases,
which are the most relevant for practical applications.

The remainder of the paper is organized as follows. A short review of Bernstein-Bézier representation for polynomials over
triangles together with the notation employed in this work is given in Section 2. In Section 3 splines over two triangles sharing
an edge and forming a strictly convex quadrilateral are considered, control triangles are introduced and candidates for vertex and
edge B-spline-like basis functions are derived. Derivation of C! continuous B-spline-like basis functions of degree d > 2 is given in
Section 4 together with numerical examples and a comparison with the basis splines derived in [9]. Section 5 is devoted to the analysis
of C? continuous splines of degree d > 4. Some notes on edge B-spline-like splines of higher order of smoothness are provided in
Section 6, and concluding remarks are given in Section 7.

2. Bernstein-Bézier representation of polynomials over a triangle

We denote by IP; the univariate polynomials of degree d, and by Pﬁ the bivariate polynomials of total degree d. Any p € IP['i,
observed over the interval [a, b], can be uniquely expressed in a Bernstein-Bézier representation

d

px) = quf’(ﬁ), x€labl, Bl := (‘f)t"(l -0, relo1].

The coefficients ¢; € R, called Bézier coefficients, define control points ((1 — ;—Jg + éb, ¢;) €ER%,i=0,1,...,d, and their control polygon
determines the shape of the graph of p over the interval [a, b]. Bivariate polynomials are naturally observed over triangles. With T =
(Vl, v,, V3) we denote the triangle with vertices V;, i = 1,2,3, and /\, := ((1,0),(0, 1), (0,0)) is a so called unit triangle. To enumerate
the bivariate Bernstein basis polynomials we define the set

lg 1= {l=(11,12,l3)€N0 Clil =i +iy+iy=d}
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consisting of (dzz) multi-indices, which is the dimension of [P’g. Forany p € [P’ﬁ, its Bernstein-Bézier representation over /\ is of the
form
[ )
puv) =Y ¢ BA W), BAww) = - (1 —u—0), @o)€ Ny 1=y ip iy €1,
iyliplis! :

iely
for some coefficients ¢; € R, and this representation allows us to define the control mesh over /\, with control points
{(%, '72 ) iely } To define such a representation over a general triangle 7 we need to express points in 7 by their barycentric
coordinates with respect to 7. Namely, for X € T, we denote by Bar;(X) = (uy, u,, u3) triple of values such that X = u; V] + u, ¥, + u3V;
and u; + u, + u3 = 1. Barycentric mapping is closely related to the bijective linear mapping

Gr:Ng—=T, Grwv):=uVi+vVa+(—u-0)Vs

of the triangle /\( into 7. Namely, for each X € T the first two barycentric coordinates (u;, u,,u;) = Barp(X) are equal to (u;,u,) =
G;I(X ) and the last one is clearly u3 = 1 —u; — u,. With this notation the Bernstein-Bézier representation of a polynomial p over a
general triangle T is given as

pX)=Y IB“X), B[ :=BAoG;! 6))

T
i€l
for some Bézier coefficients ciT € R that together with domain points
Td . _ it iy _ i iy i3 :
Xi .—GT(Z,Z)—JIIIJFJI/Z-FFI,}, leﬂd, (2)
define the control mesh with control points (XiT'd, ciT).

Remark 1. To denote the set of Bézier coefficients {c; : i €1,}, we use the representation with a lower triangular matrix C =
Mat((c,.)ie"d ), C € RU+DXE@+D) " guch that its element C(i,j) in i-th row and j-th column (counted from 0 to d) equals C(i, ;) =

»- Equivalently, c, C(d — i3, iy). In particular, this matrix representation for degrees d = 3 and d = 4 equals

Cli=j.j.d— dgiiz) T
c 0 0 0 0

¢ 0 0 0 0,0.4)
0.03) ¢ ¢ 0 0 0
c c 0 0 1.03) €013
w02 €012 c c c 0 0
ccon  Cain o o I |0 a1z o2

N h N ol fernn a2l Co30 0

€3,0,0 €2,1,0 €(1,2,0 €0,3,0
@00 @10 20 030 €400  €3,1,00 €220 €130  €040)

Many essential operations on polynomials, such as evaluation, subdivision and differentiation can be easily applied using the
blossoming principle (see [20-22] for more details). Note that the blossom B[p] : (R2)d — R of a polynomial p is independent of
the representation of p. However, if p is given in the Bernstein—-Bézier form (1), its blossom 5[p] can be easily computed using the
generalized de Casteljau algorithm, given in Algorithm 1. The following properties are further needed:

1. Letpe Pﬁ. The Bézier coefficients in (1) are equal to ciT = B[p](Vl“”, I’2<i2), V3<i3)), i€l

2. Suppose that T = (V;,¥,,¥;) and @ = (Q,, Q,, Q;) are two triangles and let p € P be given by (1) with C = Mat((cl.T)ieud ) The
coefficients of the Bernstein—Bézier representation of p over the triangle O can be computed by
Q= B[p](Qj“),ng),Qg”) - DeCast(C, (Qiil)’Qg2>’Q§i3>)’T)’ iel,. 3

Algorithm 1: de Casteljau algorithm (DeCast).

Input: Matrix C with Bézier coefficients {¢; : i €1,}, points X, X,, ..., X, triangle T
(Ug 1, upnup3) < Barp(Xyp), £ =1,2,....d;

ct@ ¢, i €ly;

for/=1,2,...,d do

foreach i €l,_, do
@) -1 @-1) @1 .
G UG a00) T HE2C 00,00 T E03C400,1)
end

end
)

Output: value ¢ 0.0.0)

Remark 2. In what follows the Algorithm 1 is applied also as
DeCast(C, (X, X5, ..., X,),T) =DeCast(C, (u,uy, ..., uy)),
where u, = Bary(X,), £ =1,2,....d.
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R 00000000004

Fig. 1. A visual representation of Bézier coefficient groups (red - vertex group, black - triangle group, blue - edge group) for C' (left) and C? (right)
super-smooth Argyris spline space.

N\° 200000000 {
08000000000

Fig. 2. Illustration showing that, due to local support requirements, it is sufficient to study only two adjacent sub-triangles (traced with purple)
along a common edge.

2.1. A C' spline space over a triangulation

Let Q c R? be a given planar connected domain with a polygonal boundary partitioned by a triangulation A = {Tl,Tz, Ty },
such that the intersection of two triangles is either empty, a common edge or a vertex, and such that Q = UZ}‘L Tn- We denote the set
of vertices and edges by V= {V, : j €Iy} and € = {e, : k € I} respectively, where Iy, and T, denote the index sets. Observing
the spline space

Si(A) = {s Q>R sle eP’, me {1,2,...,M}}nC’(Q)

or its subspace, determining the dimension of the space and construction of locally supported non-negative basis functions that form
a partition of unity, i.e., B-spline-like basis functions, presents challenging problems.

Due to smoothness conditions that depend on the geometry of the triangles in the triangulation, the coefficients in the Bernstein—
Bézier form are usually separated into three groups - triangle, vertex and edge group. Fig. 1 graphically presents this separation for the
C! and C? super-smooth Argyris spline space, where super-smoothness of order 2 for C' and order 4 for C? is imposed at the vertices
of a triangulation. Red domain points correspond to vertex, black to triangle, and blue to edge Bézier coefficients. The same separation
is applied to basis splines as well (more details are given in Section 3).

As already reviewed in the introduction the construction of vertex basis splines is well developed. It is based on selecting for
each vertex of the triangulation the control triangle, that contains all the domain points in the vertex group around the chosen vertex.
Requiring the C* continuity at the vertex one chooses over the control triangle the Bernstein basis polynomials of degree s and
subdivides them to local triangles (denoted by red in Fig. 1) to determine the values of Bézier coefficients in the vertex group (see
[11, Theorem 3]). The triangle basis splines are chosen simply as the Bernstein basis polynomials corresponding to domain points in

4



M. Knez and M. §teblaj Journal of Computational and Applied Mathematics 489 (2027) 117914

the triangle group extended by zero outside the observed triangle. An approach to compute the non-negative edge basis splines of
general degree forming the partition of unity is explored only for C' continuous splines (see [9]). However, the construction proposed
in [9] is done in an algebraic way and does not have a clear geometric interpretation. A novel approach for computing edge basis
splines that can be applied to splines of a higher order of smoothness and is based on the selection of specific control triangles is
presented in the next section. Due to the requirement of the local support it is sufficient to consider the problem on two triangles
sharing an edge as illustrated in Fig. 2 (purple triangles).

3. Splines over two triangles sharing an edge

Suppose that the triangulation of a connected domain Q consists of only two triangles A = {T},T,}, T} = (S,.5,,R,) and T, =
(8).8,,R,), that share the edge e = (S),S,) and form a strictly convex quadrilateral. For a spline s € S(A), r 2 0, we denote its
restriction to triangles by

T, Tyd
sly, =2 pr €P5. pe= D¢ B =12
iel,
where c(Td‘_i = C(sz—i oy i = 0,1,...,d. To present the Bézier coefficients of s over both triangles we use the following table represen-
tation ;
[ I P R PN
0 0.0 0 0 . 0
T T
1 C(ll,O,d—l) C(()I,Ld—l) 0 o 0
T T T
d—1 C((11,71,0.1) 6(11172,1,1) e c([Jl,d—l,l) 0
T T T T
d C((},o,o) C(,11,71,1,o) 000 C(ll,d—l,o) c(()l,d,(])
T: T T
d+1 C((i—l,().l) 6(1?72,1,1) e c([Jz,d—l,l) 0
T To1
2d -1 ('(12.0,(171) C(()z,l,rl—l) 0 0
T:
2d ”((iud) 0 0 .. 0 4)

The C” continuity conditions hold true iff
= B[p1]<sl<il>’S§i2>’R§i3>), i = (i ipiz) €y iy €{0.1,....r}.

d+2

Thus, the dimension of this spline space equals S/ (A) = ( )

for # = 1,2 into three groups:

)+ (d_;“). Let us separate the Bézier coefficients cl.T”, i=(iy,iyi3) €1y,

o Vertex group: Q]Tf =g§fl’ ugz, Q;i = {cin Pd-r+1<i; sd} for j = 1,2,
e Triangle group: QZ = {c.T”

i

: r+15i35d},

« Edge group: ggf ={cin P 0<i <d—r+2,0<i,<d-r+2, O§i3§r},

In Fig. 2 the two observed triangles are denoted in purple and the domain points corresponding to these three groups are colored in
red, gray and blue respectively for the C' (left) and C? (right) order of smoothness. By denoting
= <’+ 1), my =6 | = <d e 1), ny = |Gy | =@+1-2n0+ 1)+ <’; 1), (5)

ny 1= ‘Q?

J

2 2

the dimension can be expressed as dim(S)(A)) = 2n; + 2n, + n3. The goal is to construct 2n;, 2n, and n; B-spline-like basis functions
corresponding to the two vertices, two triangles and one edge of A, respectively, so that

(a) the triangle basis functions have zero Bézier coefficients in the vertex and edge group,
(b) the edge basis functions have zero Bézier coefficients in the vertex and triangle group,
(c) the vertex basis functions have zero Bézier coefficients in the triangle group,

(d) basis functions are non-negative and form a partition of unity.

Note that, for the vertex basis functions, we do not impose the condition that the Bézier coefficients in the edge group are zero, since
the smoothness conditions imply that a small number of these coefficients must be non-zero. In what follows, we assume that d > 2r
ensuring that at least one Bézier coefficient associated with domain points on the common edge appears in the edge group.

5
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Qg Q,,q

Q2‘2

Q1.2 o

Q0

Fig. 3. The control triangles Q, (red) and Q, (blue) and their domain points for degree d = 5.

3.1. Control triangles

By assumption, the triangles 7| and 7, form a strictly convex quadrilateral. For the construction of edge B-spline-like basis
functions we introduce two so called control triangles

Qj=(Qj,1»Qj,szj’3)a j=12,

in the following way (see Fig. 3. Denoting by line(P,, P,) the line through points P; and P,, the vertices of Q; are chosen as
0, =q, Nnline(Sy, R}), Q) =q, Nline(SH, Ry), Qy3=15),
0,1 =g Nline(Sy, Ry), Oy =gy Nline(S|, Ry), Qy3 =S5,

where g; = line(S, S; + R| — R,) is the line through S, parallel to the line(R;, R;).

Further, let the barycentric coordinates of R, with respect to 7 be denoted by Barr, (R,) =: (¢}, 03, p), and let Z be the intersection
between line(R;, R,) and line(S|, S,). It is straightforward to compute that
1

Z=/41R1+[42R2=/1151+12S2, My = lTpp’ Hy 1= lTp’ /11 =

21 Ay 1= 2 (6)

o1+oy :

o1+0y”
Note that p < 0 and G iy A; >0 for j = 1,2, since the triangles are assumed to form a strictly convex quadrilateral. Moreover, it is
straightforward to compute that

Barg, (S)) = (41-42.0), Barg (S,) = (0,0,1), Barg (R)) = (41,0, 4,), Barg, (Ry) = (0,4, 4,)

Barg, (S)) = (0,0,1), Barg,(Sy) = (1, 1,0), Barg,(R)) = (4,0, 4;), Barg,(Ry) = (0,4, 4),
and the areas of control triangles satisfy
area(T;) + area(T,)

4

area(Q;) = =1,2. 7

.d o . .
Over Q; for j = 1,2, we choose (d+2) Bernstein basis polynomials B,?’ , k = (ky, ky, k3) € 1, that clearly lie in SH(A). Their schematic
representation for d =5 is shown in Fig. 3 (right), where each red dot represents one Bernstein basis polynomial over Q,, and the
blue dot the Bernstein basis polynomial over Q,. Their Bernstein-Bézier representation over A, obtained by the subdivision onto T;
and T, is given in the following theorem.

Theorem 1. Let

Q;.d Ty.d .
o ‘szzb[k’Qi’Tf]iBif’ i=12 ¢£=12, kel,.

i€ly

B

The Bézier coefficients are equal to

i i3 . .
k.0, T = {BfszWl)Bkﬁsz]“l)’ (ks iy ki +ho) A (12 S ks).
0

R elsewise

(8a)
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B'] B A, (ky <iy <k +k)A(y <k
ok Ql,mi:{ DB i () ;s]eWiS; 1) A iy <) &b)
BY (). (ky<iy <k +k) Al <k
bk Qz,m,:{ ity 040 B (1) ;Zewi; A=l 80)
B2(u)B>  (A), (k; <iy <k +k)AG <k
b[k,QQ,Tz]i={ kl(/”l) k3—,l( D (ky ~2 1 2) A 3)‘ (8d)
0, elsewise

Proof. We denote by [; , € R@TDX(+D the matrix with I; 4(d — k3, k,) = 1 and zero values elsewhere. Assume first that j = 1. By (3)
the Bézier coefficients of B,?"d observed over T are for all i = (iy,i,,i3) € [; equal to

=DeCast (Ik,ds ((,,1,,42,0)«1)7 (0,0, 1)¢2)_(4,,0, /12)«3)))

= Deca‘St(I(kl,kz,kg—iz).d—izs ((”1’”2,0)0’1)7 (41,0, 12)(i3>)>7

where the last equality follows by applying i,~times the argument (0, 0, 1). From well known properties of the de Casteljau algorithm,
we further derive that

0T = X | Y ¢asr00im B (1. 2.0 [BE (41,0, ),

jEI],3 sEII

where ¢, = 1 and ¢, = 0 for all # # k. Since

; B (). 53=0 BR(A). j=0
B(AA',’sl s )(”I’HZ’O) = S } . (/ )(/11;0 /12) = U 2 L
1:52:53 0, elsewise 1 ’2 J3 0, elsewise

it follows that

i3 )

b[k Ql’Tl] - Z z C(_[|+Y1 i =sp, t3—j|+12)le(/‘1)B (Al)

J1=05,=0

which by assuming that only ¢, is nonzero implies (8a). Similarly we derive (8b)-(8d). This completes the proof. [

3.2. Candidates for B-spline-like basis functions

Theorem 1 reveals that many of the coefficients b[k, Q;, T/, s = (sy, 5, 53) € |5, are equal to zero. Graphical illustration and the

schematic table representation (4) of nonzero Bézier coefficients of B,?j 4 for k = (i,d —k—i,k),i=0,1,...,d — k for a fixed k = kj,
and j =1 are shown in Fig. 4. Similar illustration for j =2 is provided in Fig. 5. Circled domain points denote which Bernstein
basis polynomial is used, and black domain points (and blue fields in table representation) indicate nonzero coefficients after the
subdivision.

Since the Bézier coefficients b[k,Q;, T,]; with s; > r do not affect the C” smoothness conditions, the splines obtained from Bl?/ ¢

. .. . L. . d
by setting these coefficients over both triangles T; and T, to zero remain in S’(A). Let us denote these splines by E,? /. Note that
they are not linearly independent anymore. In more detail, for a fixed k = k; and the control triangle Q,, we have d — k + 1 splines

Eg; fmi k)’ i=0,1,...,d — k. Each can be represented with a matrix of Bézier coefficients over 7| and a matrix over 7,, joined in a

table of the form (4). As illustrated in Fig. 4 and certified by Theorem 1, all Bézier coefficients of the spline BQ‘d ik in columns
indexed from k + 1 to d vanish. This implies that splines obtained from different levels regarding the index k are llnearly independent.
Similarly, for the control triangle Q,, fixed k and k = (i,k —i,d — k), i =0, 1, ..., k, we have k + 1 splines B( kdl Ik that also have
zero Bézier coefficients in columns indexed from & + 1 to d (see Fig. 5).

The following lemma shows that the number of linearly independent splines for a fixed k and a fixed control triangle Q; is at most

r+1.

Lemmal. (a)Lletk € {0,1,...,d — r} be fixed. The set {B(QL ik i=0,1,....,d — k} contains exactly r + 1 linearly independent splines.
(b) For a fixed k € {d —r+1,...,d}, all splines in {B(Q; joidy 1 =01 d - k} are linearly independent.

(c) Letk € {r,r+1,...,d} be fixed. The set { B(Qi ide k), =0,1,. } contains exactly r + 1 linearly independent splines.

(d) For a fixed k € {0, 1, ...,r — 1}, all splines in {B(?i iy F= 015 ,k} are linearly independent.

Proof. It suffices to prove statements (a) and (b), since (c) and (d) can be proved in a similar manner.

7
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Fig. 4. The top row of plots shows the nonzero coefficients over T; and T, (colored black) corresponding to the Bernstein polynomial over Q,
associated with the chosen domain point (circled in red) for d =5 and k = 2. The corresponding coefficient tables are shown below, with nonzero
entries shaded in blue.

Proof of (a): To examine linear independence, let us observe a linear combination Z‘.’_Ok & B(‘ h k i) for ¢; € R. It is zero iff the
Bézier coefficients in its Bernstein-Bézier form are all zero. It is enough to consider only the triangle T, and the coefficients with
indices s = (s, 5,,53) € I for s3 < r, which gives the following equations for (£,)*2f:

d—k
Z G bli,d —k—1i,k),Q, T\l =0, s=(s,85,83) €y, s32r.
i=0

By (8a), the spline B 1, has non-zero Bézier coefficients over 7; only at indices (s;, s, s3) satisfyingd —k —i <s; <d — k, 5, <k,

(id—k—
sy <r.Sinces; =d — s, — 33, the last two bounds imply that s; > d — k — r. The nontrivial equations are thus, by applying (8a), equal

to
d—k
B}, () Z g, kD=0 sy =d—k—rd—k s3=01...r
i=d—k—
showing that for a fixed s; all the equations are the same. Thus not more than r+ 1 splines can be linearly independent. It is
straightforward to see that the first » + 1 splines, corresponding to i =0, 1,...,r, are linearly independent as each of these splines
progressively adds a new non-zero Bézier coefficient over T in the k-th column of the matrix representation (see Fig. 4 for the
illustration). Similarly, by observing non-zero Bézier coefficients over T, in the k-th column, one can see that the last r + 1 splines,
corresponding toi =d —k —r,...,d — k, are linearly independent as well.
Proof of (b): For k > d — r the set of splines in case (b) of the lemma contains fewer than r + 1 functions. Their linear indepen-
dence is immediate, since each spline progressively adds a new non-zero Bézier coefficient over T in the k-th column of the matrix
representation. [

Based on the above observations, results given by Lemma 1 (and its proof), and the aim to preserve the partition of unity property,
.. . ~0;d . . .
we propose to join the splines Bf’ with respect to k3 = k in the following way:

_ 301 50,4 _ _
ke {0,....r—1}: (pk,+1 B k ik) (pd kktimi = Bid—ioigy =0 L k=1, (9a)
d—k d—k
o _ 501.d O 50s.d
Prk+1 = Z,; Bidok—iny  Pacin = Z B a—k=in (9b)
1= =

8
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Fig. 5. The top row of plots shows the nonzero coefficients over T; and T, (colored black) corresponding to the Bernstein polynomial over Q,
associated with the chosen domain point (circled in blue) for d =5 and d — k = 2. The corresponding coefficient tables are shown below, with
nonzero entries shaded in blue.

.0 _ Houd 0, _ ~0,d o
kedr.od=ry o0 = Be iy Pairiiei = Baaoioipy F= 01 nr=1, (9)

d—k d—k

o) _ »01.d O 702.d

Prre1 = Z Biik—iny Pak1= Z B ki (9d)

i=r i=r

.0 _ R0.d (03 _ R0>2.d . _

ke{d-r+1,...,d} : Priv1 = B(i,d—k—i,k)’ P kdttl—i = B(i,d—k—i,k)’ i=0,1,...,d — k. (9e)

The coupling (9) is graphically illustrated for C! and C? splines of degree d = 5 in Figs. 6 and 7, respectively.

For a fixed j € {1,2}, the splines defined in (9) are linearly independent and their sum has in its Bernstein—Bézier representation
all the coefficients in the vertex and edge group equal to one. For0 < k <r—1andd — r+ 1 < k < d definition (9) yields 2(’;') spline
functions that belong to a group of vertex basis functions. Thus only one of Q; or Q, would be needed to derive the vertex basis
functions. Furthermore, for a fixed j € {1,2} and r < k < d — r we obtain (d + 1 — 2r)(r + 1) functions that belong to a group of edge

spline functions, since their Bézier coefficients in Qif are all equal to zero. Recalling (5) (and applying the result of Lemma 1), we
observe that using only a single control triangle does not provide a sufficient number of edge basis functions, as it gives (';l) too few
splines. For this reason, we need to combine the splines obtained from both control triangles O, or Q, in order to obtain n; linearly
independent splines and with the aim to keep the partition of unity property, inherited from the Bernstein basis polynomials ij <
In the next two sections we study in detail the C! and C? case.

Remark 3. Note that the definition of the functions in (9) depends on the ordering of triangles 7| and T,. Specifically, for a fixed k,
we select individually the Bernstein basis polynomials corresponding to the “bottom” few domain points (closer to R,), and we sum
the ones above (see Fig. 6 and Fig. 7). Interchanging the roles of T} and T, that is, exchanging R, and R,, is equivalent to selecting
individually the Bernstein basis polynomials corresponding to the “top” few domain points individually and summing those below.

Remark 4. It would also be natural to consider couplings in which the grouping associated with one control triangle is re-
versed with respect to that of the other. In particular, changing the order of vertices in the control triangle O, = (@, ,0,,.0;3) to
(012.0,,.0,3) while keeping Q, unchanged, yields the configuration in which the grouping associated with Q, is reversed with
respect to that of Q,, i.e., the Bernstein basis polynomials corresponding to the “top” few domain points are selected individually,
while those below are summed together. The analysis of such a configuration would require a separate treatment. Since numerical
experiments showed (see also Example 1) that, with respect to the criteria introduced in the next section, this choice (as well as the

9
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Fig. 6. A graphical illustration of the coupling (9) for C! splines of degree d = 5: all the Bernstein basis polynomials over Q, (left) or Q, (right)
corresponding to domain points circled in red or blue are summed together.

Fig. 7. A graphical illustration of the coupling (9) for C? splines of degree d = 5: all the Bernstein basis polynomials over Q, (left) or Q, (right)
corresponding to domain points circled in red or blue are summed together.

10
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choice obtained by exchanging the roles of O, and Q,) does not lead to bases exhibiting better properties than the bases presented
in the remainder of the paper, we omit the corresponding analysis.

4. C! Continuous B-spline-like basis functions

For r =1 the spline functions defined in (9) have non-zero Bézier coefficients, presented in the table representation (4), only in
rows d — 1, d and d + 1. Namely, the non-zero coefficients in these rows are equal to

(0 J1] [r—1]k]] [d] (0[1[[e-1]k][] [d]
1 2 /\ 1 2 /\
vo1 =it o3 =03 -
M A2 (10a)
and
(o1 [ k-t ] & [[][d] [ofi[ [ k-1 [ * []]d]
o Aoptg " 0 092 Az A (1= pb)
ko 0 ud CTRL 0 1—pk
NatdF | Agpd T Ao(1— 5~ ) | M1 — i)
[0J1] [ k-1 | k [ [ [d] [ofi[ [ k-t ] & []]d]
chl . A2(1 — Ngik) Al WQZ . 0 )\1//5
k.2 0 - ,ug’k ) k.2 0 m;
Nl g M) [ M0l ™) Aapty " | A (10b)
for k =1,2,...,d — 1. We collect these spline functions from each control triangle O Jj=12 into the ordered set
0; Q; 0O Q;
9% = {‘/’0,11 } U {rpk”l,(pké D k=1,2,...d- l} v {(pd,’l }
where the first and the last spline functions give the vertex basis splines
Eyi=of) = ohy Fa =0} =00, (1a)

while for the edge basis splines, in order to obtain the required number of functions, we propose to combine splines from ¢! and
()}
@“2 as

o Q (%)) Q
E =&6o]. Ey=&He +5Hhes. E3=40), (11b)
for d =2, and
Eyiy = ‘P,?fa Ey = <ﬂ,?22, i=12,...7,
(23]
By 1 =80, 01

(o] Q (¢ (¢ .
Ey=&10,] +605, Eup =80, +&He ) i=0+1...d--2,

(] (0] (11¢0)
— 1 2
Eya-t-1) =619 gy 11 H 02952100
o
Exa—¢y-141 = &1 (pd_lfz_l,z’
o o .

E, = (p/_’ll, Ey = q’,‘,zl’ i=d—-10,,...,d -1,

for d > 3, where
_ rd=3 _ _ 1 d=3 _
(a)fl—[T],fz—d—3—fl, (b)fl—lTJ,fz—d—3—f2, (12)

and ¢,,¢&, € (0,1), & + &, = 1, are any two chosen parameters. Note that for odd degree d both choices are the same, while for even
degree d > 4 the choice (a) takes more functions from Q, and (b) takes more from Q,. A graphical illustration of this proposed
coupling for 2 < d <5 is shown in Fig. 8. Black border quadrilaterals indicate the selected vertex basis functions. Green border
quadrilaterals represent splines that are individually included in the edge group, while green connecting lines signify that a convex
combination of two splines is included in the edge group. Thin green border quadrilaterals denote that each function in the first row
is multiplied by ¢, and each function in the second row by ¢&,.

The next theorem provides the main result of this section. By the partition of unity property, we mean that the sum of all the splines
has in its Bernstein-Bézier representation all the coefficients in the vertex and edge group equal to one.

Theorem 2. Letd >2 and let &,&, € (0,1), & + & = 1, be any two chosen values. The splines E;, i =0, 1, ..., 2d, given by (11), are for
both choices (12) linearly independent, satisfy the partition of unity property, and are non-negative over T; U T,.

11
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i=2 =3 =1 (a)
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Fig. 8. A graphical illustration of the 2nd coupling for C' with varying degrees d. The first 2¢, + 1 splines are taken from Q,, the last 2¢, + 1 from
0, and the middle ones are scaled and (possibly) combined as indicated by the diagonal lines.

To prove the theorem, we first introduce the coefficient ordering for the representation of Bézier coefficients (with i; < 1) of splines
in @</, restricted to the triangle T; or T»:
T
€ = (¢(2,00)> C(d-10.1) €(d—1,1.0) Cd=2.1.1)> -+ » €(1.d~1.0)> €0.d~1.1)> €(0.d.0)) " - (13)
Since the Bézier coefficients with iy < 1 over T; are uniquely determined by those over T, via the C' continuity conditions, and vice
versa, we restrict the analysis to the triangle T;. The following lemma which follows directly from (10) is further needed.

Lemma 2. Let C9 denote the (2d + 1) X 2d matrix with values of Bézier coefficients (13) (corresponding to rows) which belong to splines
(corresponding to columns) in the ordered set i restricted to T,. The two matrices are equal to

[ 1 ] [ 1
A1 Mé_l A1 Ao
M2
)‘ 1
1 M572 Ao
2
A1 . M, A2
c@r — K L Cc92 =
A1 le A2
M3
Al Mll d—2 A2
2
A | A2 M A2
1 1
where
A Mopk (1= by
M! = "2 [k 1-pk] = 2 2 k=1,2,....,d-1
k k P 5L > >
k 1 [ 2 2] u (1 —u )
2 2
and

1 1= ub uk
M? = 1=k Mk:[ 2 2|, k=1,2,...,d—1.
k [’11] [ 2 2] A1 —Illzc) /1114;
Proof of Theorem 2. Let us observe a linear combination f = 21.210 v, E;. Its restriction to a triangle T; can be expressed as f|r, =
Ziel]d ¢ BiTl “ where ¢; =0 for all i = (i, i, i3) with i; > 2, while the remaining coefficients depend linearly on the coefficients y =
(Vi)izio' In more detail, we denote by A the (2d + 1) X (2d + 1) matrix, such that

Ay =c. 14
To prove the linear independency it suffices to show that the matrix A is non-singular. For d = 2 it equals
1 0 0 0 0
A 46 A pré) Amié 0
A=]0 Hi1é; g1 + 16, U6 0
0 A4mé Arés A A
0 0 0 0 1

and is nonsingular since det A = 1, 4, ;4%5152 # 0. Note also that the rows of A sum to one, confirming the partition of unity property.
For d > 3 one can see from (11) that the matrix A can be split into three parts column-wise (here the Matlab writing conventions
for dealing with rows and columns are used):

A =AC 120, +1), Ay=AC,20,+2:2d —0,), Ay =AC,2d—£y)+1:2d+1),

12
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where
A =C%(,1:20,+1), Ay =C2(:,2(d —£,) : 2d)
and
Ay =5|C2(:26,+2:2d -, - D+ 1) | H|+&[: | €226, +2:2d -4, - D+ D).
0 0
Furthermore, the matrix A has the structure

Ay

Az

where A; € R¥1+DxC41+D) i Jower triangular, A; € R?2+DXC%2+D js ypper triangular, and A, € R is equal to

Ak 0 0 0 0 0 : 0 0
§1Mo, 4o
0 0 0 0 0 0
& M7, +1
Ay = ! A2é2 0 0 + 0 0 & .
51M£2+1
o 0 0 0 0 0
€M7, 4»
0 0 0 0 0 0 0 A1é1
A2&2 Xapg? 2 Ao(1 = u2 e 0 0
13 13 £ 2 Lo+2
(1 - ptTHes Tl e + 2 (1 —p2 ™) 0 0
= a0 -pthHe Apg s Aaba + M6y Naps? ey Aol = p2 e
13 2 £1+2 12 1 £o+1
0 0 =6 w8 Pe e - phe
0 0 Ar(l— H§1+2)52 )\1AL§1+252 A&

It is straightforward to compute the determinants

211+ £5(tp+1)
3 12 l. 13 —
det Ay = Ay'p, 2 det Ay = A2u, 2, detAy = At E G E I + & uy' + & &us).

Since det A = det A, - det A, - det A; > 0, the matrix A is nonsingular. The given basis functions are non-negative by the construction,
and from the structure of the matrix A it is straightforward to see that the rows sum to one, which proves the partition of unity
property. [

Remark 5. Theorem 2 establishes that any choice of values ¢,,¢&, € (0, 1) satisfying &, + &, = 1 yields the B-spline-like edge basis
functions. However, the objective is to select these values so that both the condition number of the matrix A (see (14)) and the
maximal distance of the Greville points (associated with basis functions (Ei)l.zjo) from the edge e = (S5}, S,) is as small as possible.
We denote these two quantities by «, and dist, respectively. Numerical experiments conducted on various triangle configurations
indicated that the choice ¢, = 4, and &, = A, gives near-optimal results.

Remark 6. The Greville points associated with the basis functions (E,-)I.Zj0 can be computed as the solution of the linear system (14)
Ty.d

(i)
Next, we demonstrate the proposed construction through numerical examples and provide a comparison with the edge basis functions
introduced in [9]. In particular, we compare the condition numbers x, and the maximal distances dist. For all examples we choose

&i=Xhand g =4,

Example 1. Let the triangles T} and T, be given by .S, = (0,0), S, = (1,0), R; = (0.35,0.5), R, = (0,65,-0.3) (see Fig. 3). For this
configuration oy = 0.74, 6, = 0.86, p = 0.6, A; = 0.4625, 4, = 0.5375, y; = 0.375, u, = 0.625. For d = 7 the basis functions (E,)2, are
shown in Fig. 9.

where c is given by (13) with i =X, (see (2)) component-wise.

13
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Fig. 9. The new C! basis splines for d =7 over T, U T>.

Table 1

A numerical comparison of condition numbers and maximal Greville point distance
from the common edge for our C' basis and the C' basis from [9] for fixed triangles
T,, T, and different degrees d.

Ty — T, (uy < py)

new basis basis from [9] new basis basis from [9]

Ky dist Ky dist Ky dist Ky dist

8.3140 1.0057 11.962 2.0448 13.860 1.0057 17.795 1.8437
7.7977 0.6165 38.978 4.1318 21.162 0.98771 79.491 5.6168
11.284 0.6573 27.419 2.7223 36.143 1.7140 34.272 2.1277
12.370 0.6254 35.262 2.0206 59.752 1.8725 64.992 2.9096
18.375 0.8780 52.862 3.6758 100.79 3.3877 55.601 2.4692
19.866 0.8495 36.485 1.3400 165.82 3.7744 60.749 2.0319
30.095 1.1894 94.260 5.0206 288.69 7.0352 83.379 2.8802
32.574 1.1625 38.932 1.0273 470.42 7.9898 59.074 1.5863

O oONOU A WN |

Fig. 10 illustrates the comparison between the Greville points associated with the basis functions (E,-)izj0 (green) with those derived
in [9] (orange) for degrees d = 2,3, ..., 8. A detailed numerical comparison of these two bases — considering the condition numbers «,
of the corresponding matrices and the maximal distances dist of the Greville points from the edge is provided in Table 1 (columns
2-5), which indicates that the new basis performs much better.

Note that for the chosen triangles T} and T,, the barycentric coordinates y; and u, are such that u, > y;. If we exchange the
ordering of the triangles (see Remark 3), i.e., we exchange R, and R,, which yields u; > u,, the obtained basis functions (E,-)I,zj0
(as well as basis functions from [9]) have much worse properties in terms of x, and dist as indicated in Table (columns 6-9).
Furthermore, numerical experiments conducted on several other triangle configurations indicated that the order of the two triangles
in the construction of the basis should be such that 4, > 4,. In addition, Table 2 presents the values of k, and dist obtained when
the first two vertices of Q, are exchanged (first two columns) and when the first two vertices of Q, are exchanged (last two columns).
The results show that these alternative choices lead to worse numerical properties, which is in agreement with the observation in
Remark 4.

As can be seen from Table 1, the purely algebraic construction from [9] appears to be more robust with respect to the ordering
of the two triangles than the construction proposed here, in which different orderings of the triangles result in different couplings
of Bernstein basis polynomials (see Remark 3). Nevertheless, when the ordering is chosen such that u, > u;, the new construction
outperforms that of [9] with respect to the considered criteria, as illustrated by the next example.

Example 2. We now compare the basis (Ei)%jo, defined in (11), with the basis proposed in [9] for fixed polynomial degrees d = 6

and d =7, considering different triangle configurations (such that u, > u,). The vertices of the triangles are chosen as S| = (0,0),
S, =(1,0), R, = (05,1), R, = (:8a = 1),—1) for « € {0.1,0.2,0.3,0.4,0.5} (see Fig. 11, left). Note that 4, = 1 — a, while 4, = 0.25 is
fixed. Table 3 (first five rows) reports the values k, and dist for both the basis (11) and the basis from [9]. The results indicate that
the new basis outperforms the previously introduced one across the tested configurations. Similarly, Table 3 (last five rows) shows
the results for R, = ,),lTl(% — % a) (see Fig. 11, right), for which 4, = % is fixed and y; = a.

From Table 3 one can observe that the condition number and the distance of the Greville points from the edge increase as the
configuration approaches the limiting case 4, — 1 (equivalently, 1, — 0). This behavior can be intuitively explained by the geometry
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Table 2

Condition numbers and maximal Greville point distance from
the common edge for the C! basis when the first two vertices
of O, are exchanged (first two columns) and when the first two
vertices of Q, are exchanged (last two columns), for the triangles
T,,T, from Example 1 and different degrees d.

Ql,l A QI‘Z Qz,l A Qz,z

d Ky dist Ky dist

2 9.9307 1.8705 9.8164 1.7498
3 97.840 8.7446 50.903 4.8703
4 189.80 12.661 35.086 2.4113
5 76.394 4.5641 53.337 2.8869
6 199.81 9.4486 77.042 3.0263
7 123.83 5.3766 92.019 3.5803
8 193.19 7.6846 197.44 5.2749
9 277.92 8.0894 213.01 5.5029

Fig. 10. A comparison of Greville points obtained for the new basis (green) and for the basis from [9] (orange) for degrees d =2,3,...,8.

of the control triangles, since, as follows from (7), the area of the control triangle Q, grows proportionally to . A similar behavior
occurs for A, - 0. A more detailed theoretical analysis is beyond the scope of the present paper. Nevertheless this observation
indicates that, when applying the basis construction to a full triangulation, one should avoid pairs of triangles that are close to
such limiting configurations, for instance by introducing additional splittings. In particular, the intersection point Z (see (6)) should
remain sufficiently close to the midpoint of the common edge.
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R1 R7

s,

Fig. 11. Various triangle configurations used for the comparison shown in Table 3. The triangles on the left correspond to the first 5 rows and the
ones on the right corresponds to the last 5 rows of numerical values.

Table 3

A numerical comparison of condition numbers k, and maximal distances of Greville points from the common edge for our C' basis and the C'
basis from [9] with degrees d = 6 and d = 7 for different triangle configurations, shown in Fig. 11. The first five rows correspond to positions
with a fixed y; = 0.25 and different values of 4,. The last five rows show results as y, changes and 4, = 2/3 is fixed.

d=6 d=17

new basis basis from [9] new basis basis from [9]
R, A m Ky dist Ky dist Ky dist Ky dist
(—1/30,-1/3) 0.9 0.25 50.880 2.4584 236.07 25.978 55.416 2.1739 272.50 23.766
(1/10,-1/3) 0.8 0.25 22.417 1.3340 41.331 5.4564 24.210 1.1879 109.62 9.8889
(7/30,-1/3) 0.7 0.25 14.290 0.97604 33.225 4.5391 15.125 0.88531 94.064 8.7529
(11/30,-1/3) 0.6 0.25 11.204 0.82983 57.918 8.1071 11.614 0.75379 85.052 9.2718
(1/2,-1/3) 0.5 0.25 10.173 0.83515 113.34 15.587 10.460 0.70018 129.99 14.260
(17/54,-1/9) 2/3 0.1 7.7146 0.79136 472.56 60.342 7.9601 0.69311 1777.9 195.42
(7/24,-1/4) 2/3 0.2 10.396 0.84081 65.468 9.0066 11.032 0.75637 139.31 15.962
(11/42,-3/7) 2/3 0.3 16.845 1.2877 28.947 3.9138 17.418 1.1746 74.987 7.9998
(2/9,-2/3) 2/3 0.4 31.916 2.5052 35.580 4.8963 32.916 2.2901 41.314 4.8451
(1/6,-1) 2/3 0.5 66.875 4.9500 71.919 9.4479 71.480 4.7773 29.921 3.0837

Remark 7. The edge basis functions derived in this section can be employed in exactly the same manner as the splines introduced
in [9] for constructing the B-spline-like basis of the Argyris spline space [9, Section 3] and generalized Clough-Tocher spline space
of arbitrary degree [23].

5. C? Continuous B-spline-like basis functions

For r = 2 the definition (9) provides 3(d — 1) spline functions
. o o Q; o o, 0 0; 0; 0;
0% = {ogl ot o fuloetopben s k=23 a2} u{el, ogl 00 | as)
for each control triangle Q;, j = 1,2, where the first three and the last three splines belong to a group of vertex basis functions, while
the remaining 3(d — 3) are the candidates for 3(d — 2) edge basis splines, which we need to determine. To observe the restriction of

these splines to the triangle T or T,, we collect the nonzero Bézier coefficients (i.e., coefficients c;, ;, ;,) with i3 <2) into a vector of
the form

T
d
c= (C(d,O,O)»C(d—l,O,l)’C(d—l,l,O)’ (C(d—k,k—Z,Z)’C(d—k,k—l,l)’C(d—k,k,O))k=2> . (16)

Since the Bézier coefficients with i; <2 over T, are uniquely determined by those over T, via the C? continuity conditions, and
vise-versa, we restrict the analysis to the triangle 7. The next lemma follows directly using the results given in Theorem 1.
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Lemma 3. Let C% denote the 3d x 3(d — 1) matrix with columns that correspond to values of Bézier coefficients (16) of splines in the
ordered set (le (given by (15)) restricted to T,. The two matrices are equal to

1 [1
M,
M3
N | i e
A2 N M3
N}, A3
o1 — X2 ,C92 = N;3
M} A3
/\f M3—2
Ny M A2
)\% Ng—z Mg—l
N{
Ni
where
A
M) =\ Ay |- (Wl cpps = — s, £=1,2,...d -2,
1
1 0 0 0 244 A B0 244
1 d-1 d-1 1 1
M =4 udt A -udH Nl=lo A4 Akl NLo=lo 0o 4 |
0 ug! 11— pud™! 0 0 1 0 0 0
(24,4,
1_ £-1 £-1 -
Ny=| & |- [ous™ 1=pf™t] £=23...d-2,
| O
and
[ 4, A 0 Ap(1 = M?l) ﬂzllzﬁl 0
M} = 02 W m| M= 1—@1;45-1;{4; fmuf;'l Wl £=23,...d-2,
|22 24, O 20,0 = ™Y 22y Ay 0
A 0 0 PR
2 _ d—1 d-1 2 _ -1 _ ¢ -1 ¢ _
M =(1-uf HY 02, N = 02 =y = e ] e=1,2,..d -2,
24, Ay 0o 2 A3
[ IO e Y
d-1 0 0 1|
Their rows sum to one.
For a group of vertex basis splines we select
. Qo . (@] . Q . Qo . Q . Q
Ey =9y}, Eii=o0r;. Eyi=00 Eysi=0,,. Egyi=9¢, Eq, =0, (17a)

Since we need 3(d — 2) linearly independent edge basis splines, but we get only 3(d — 3) such splines from each of the control triangles
0, and Q,, we must again combine these splines with the aim to keep as many as possible “uncombined” splines. For d > 5 the choice
that we propose is the following:

Ey 3= rpff» Ey = 4%2, E; = (p%, i=2,...,0,+1,
Esp 43 = '52‘pg,2+2,1’ Esp 4 =4 "’g,l+2,1’ Esp 45 = ‘52"’fo+2,2’
Ezp 16 =& rp?}‘ﬂ,z + 52(.0?12”_3’ Esp 47 = 51(.0?11”3 + 52(p?12+391, E3pivs = 5160?11“’1 + é‘zfﬂzﬂlz, (17b)
Esf 9= 51¢?]1+3,2» Esp 10 = 52¢?12+3’35 Eypn = 51fﬂ?]l+3,3,
Ej = (Pﬁls E3i1 = (P%’ E3iyn = (P%’ i=d=1=0,...,d=2,
where

@ =521, tr=d-5-¢,, ¢ =53] tr=d-5-¢,, (18)
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Pt o 035 o34 el %
\ N

C ¢ C
‘Pzzi 90225 9932.:1;
A

Q1| Q@ @ Q1 Q1 Q1 @ Q1) [ @1 Q1
Po1 | P Pra | P2a P22 P32 P33 ve.1| P62 | |¥71
Q2 Q2

2 n
¥6,1 ¥6,2 | ¥7,1

Q2| [ Q2] [ @2 Q2
B

Fig. 12. An illustration of the 2nd coupling for C?, done similarly to the C' case.

and ¢,,& €(0,1), & + &, =1, are any two chosen parameters. Note that for odd degrees d both choices are the same. A graphical
illustration of this proposed coupling for d = 5, d = 6 (a) and d = 7 is shown in Fig. 12. Black border quadrilaterals indicate the selected
vertex basis functions. Green border quadrilaterals represent splines that are individually included in the edge group, while green
connecting lines signify that a convex combination of two splines is included in the edge group. Thin green border quadrilaterals
denote that each function in the first row is multiplied by &, and each function in the second row by &,.

The degree d = 4 requires a special analysis due to fact that the union of the 6 edge splines obtained from both control triangles
is not linearly independent. Namely, one can check that

0 (o 0 _ O (03} (&)
Py TP T3 =0,1 10,5 T 0,5,

thus we need to find one additional C? spline to be added to the edge group. It is straightforward to see that
2 pTi4
@20(X) = {21112”2 B(Tl’lziz)(X)’ xeh
’ 24y Ayus? B, (X). X€eT,
is C? continuous, non-negative, and it clearly belongs to the edge group. Defining
(@] Q Q Q (@] Q
Ey=80,1. Ey=£80y,. Es=&0,+65055 -0 Es=020. E1=6055. Ey=£05; 19)

provides 6 non-negative linearly independent edge B-spline-like basis functions as proven in the following lemma.

Theorem 3. Letd =4 and let ¢,&, € (0,1), & + & =1, be any two chosen parameters. The splines E;, i =0,1,2,9,10, 11, defined by
(17a), and E;, i = 3,4,5,6,7,8, defined by (19), are linearly independent, satisfy the partition of unity property, and are non-negative over
T, uT.

Proof. Let A € R'2¥12 be the matrix with columns that correspond to values of Bézier coefficients (16) of splines (E,-),.lzlo restricted to
T,. It equals

[ 1 0 0 0 0 0 0 0 0 0 0 0
A . 0 0 0 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 0 0 0
}”% 244 0 ﬂ%fz ﬂ%ﬂ%‘fl 215#114251 0 0 iﬁuzél 0 0 0
0 ALty A1 Hy Ayi1 8y e A (2méE + &) 0 0 Ayuiéy 0 0 0
0 0 0 #ffz ;éél 24 4y 0 ;4552 /4%‘51 0 0 0
0 ’ﬁl‘l ’ﬁl‘z 24 A 116 0 241 Ay py iy 241‘2/‘% 0 241116 ’@l‘z ’lgﬂl 0
0 0 0 11#%52 0 A (2 & + &) 0 Alﬂ%‘fz A€ Ay iy Ay 0
0 0 0 0 0 0 0 0 0 1 1 0
0 0 0 2k, 0 28y iy 0 22, g 0 244 A
0 0 0 0 0 0 0 0 0 0 I 1
0 0 0 0 0 0 0 0 0 0 0 1

and has a nonzero determinant det A = 24°43u,0¢2£2. The rows sum to one and the elements are clearly non-negative. It remains to
prove that (E,-)}:‘0 are non-negative over T, as well (in particular, we must check Ej, as the others are non-negative by construction).
This follows from the observation that the matrix with Bézier coefficients over 7, equals the matrix A with permuted columns (by
applying the permutation {1,3,2,8,9,6,7,4,5,11, 10, 12}) and exchanged values of y; and u,. This completes the proof. [

Theorem 4. Letd > 5andleté,, &, € (0,1), & + &, = 1, be any two chosen parameters. The splines E;, i = 0,1, ...,3d — 1, defined by (17a)
and (17b), are linearly independent, satisfy the partition of unity property, and are non-negative over T, U T.
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Fig. 13. Graphs of «, (left) and dist (right) as functions of &, for a fixed degree d = 5 and the triangles 7, and 7, from Example 3.

Proof. The non-negativity over T; U T, holds true from the construction. Namely, the Bézier coefficients of splines (15) are clearly
non-negative and E; are just convex combinations of these splines. To prove the linear independency and the partition of unity, we
denote — as in the proof of Theorem 3 — by A the matrix with columns that correspond to values of Bézier coefficients (16) of splines
(E,-)fj‘] restricted to T;. We need to prove that A is nonsingular, and that its rows sum to one. By (17) and Lemma 3 one can see that
the columns of A are equal to

A1 3, + 1) = C2 (0,1 2 3(Z, + 1),
A(:, 30, +4 1 3¢, +12) = £,C% +£,C2,
A(:,3d = 3Ly + D)+ 1 :3d) = C21(:,3d = 3(£, + D) + 1 : 3d),

where C€1 is the 3d x 9 matrix obtained by inserting zero vectors at columns 1,3,8 and sequentially filling the remaining columns
with columns from C91(:, 3¢ | +4:34,49),and C2 is the analogous matrix with zero columns 2, 7,9 and the rest taken sequentially
from C92(:,37, +4 : 3¢, +9).

From the structure of the matrix one can observe that the submatrices A(1 : 3(¢, + 1),3¢, +4 : 3d) and A(3d —3(£,+1)+2:
3d,1 : 3d —3(¢, + 1)) have zero elements, thus the determinant of A is decomposed into determinants of three diagonal block matrices
det A =det A, - det A, - det A3, where it is straightforward to compute that

2
det Ay = det C22(1 : 3(, + 1), 11 32, + 1)) = 4+,
det Ay = det C (3d = 3(£, + 1) +2 1 3d = 3(£, + 1) +2 1 3d) = (=12 472y 2%,

because A, is lower triangular and det A; can be transformed to a lower triangular by shifting its rows. The 10 x 10 matrix A, is a
submatrix of & C?1 + &,C22 extended by one row and one column to the right. With some elementary computations one can check
that its determinant equals

30,442,415 ¢ ) ¢ 4142
det Ay = =2 BE G T (gl (260577 + &) + i (2657 +61)).
Thus, the determinant of A is clearly nonzero, which confirms the linear independency. It is also straightforward to see that the rows
of the matrix A sum to one. This completes the proof. [

Remark 8. Let A be the matrix with columns that correspond to values of Bézier coefficients (16) of basis splines (Ei)fi()‘ I restricted
to T, (see the proof of Theorems 3 and 4). The Greville points associated with these basis splines can be computed as the solution of

the linear system with a matrix A and the right hand side vector ¢ given by (13) with g = X(f‘j"i) (see (2)) component-wise.

Remark 9. By Theorems 3 and 4 any choice of values &,,¢&, € (0, 1) satisfying &, + & = 1, yields B-spline-like edge basis functions.
As for C! continuous basis splines, numerical experiments showed that choosing &, = 4, and &, = 1, provides the basis with nearly
optimal values of k, and dist. Furthermore, the numbering/order of triangles 7| and 7, in the construction process should be taken
so that u, > u;.

As no constructions of C2 edge B-spline-like basis functions of general degree are available in the literature for comparison, we
restrict the numerical experiments to demonstrating the properties of the derived basis through representative examples.

Example 3. Let the triangles T; and 7, be chosen as in Example 1. Fig. 13 shows graphs of «, and dist as functions of &, for a fixed
degree d = 5. These results numerically confirm that the choice &, = A, yields optimal performance — note that the minimum is not
attained exactly at 4;, but it is close to this value. The basis splines (Ei)fjo‘ ! of degree d = 5 corresponding to &, = A, are depicted in
Fig. 14. The values (k,, dist) for degrees d = 4,5, ..., 9 are equal to (33.866, 1.0057), (72.677, 1.0053), (121.01, 0.89562), (158.98,0.65958),
(248.25,0.51549), (327.62,0.59333), respectively, and the corresponding Greville points are shown in Fig. 15.

Example 4. Let the vertices of the triangles be chosen as in Example 2, i.e., the triangle T; is fixed while the triangle T, changes
the position as shown in Fig. 11. Table 4 reports the values x, and dist for the basis (17) of degree d = 6 (case (a)) and d = 7. The
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Fig. 15. The Greville points associated with the C? basis splines (E,-)?;‘g ! of degree d = 4,5, ...,9 (left to right).

Table 4

Condition numbers and maximal distances of Greville point from the common
edge for our C? basis (17) of degree d =6 and d =7 for different triangle
configurations (shown in Fig. 11).

d=6 d=17
A H Ky dist Ky dist
0.9 0.25 989.91 4.6539 992.24 4.3610
0.8 0.25 233.08 2.5450 235.09 2.3695
0.7 0.25 104.38 1.8864 107.03 1.7435
0.6 0.25 63.934 1.6942 68.363 1.4730
0.5 0.25 48.808 1.6967 57.224 1.3651

d=6 d=17
A m Ky dist Ky dist
2/3 0.1 34.829 1.7397 34.940 1.5454
2/3 0.2 61.605 1.7588 63.149 1.6092
2/3 0.3 123.90 1.7951 129.56 1.6268
2/3 0.4 276.99 1.7973 293.82 1.4744
2/3 0.5 702.15 1.6818 747.04 1.8000

results indicate that the basis performs well across a broad range of triangle configurations, including cases in which the geometry
approaches limiting configurations where the two triangles would no longer form a convex quadrilateral. Nevertheless, since the areas
of the control triangles grow as 4, - 0 or 4, — 0 (see (7)), one may still expect k, and dist to increase as the triangles approach
these limiting configurations.

The significance of the derived C? edge basis functions lies in their ability to be applied to the construction of B-spline-like bases
for various C? spline spaces over general triangulations. In particular, the C? super-smooth Argyris spline space (see Fig. 1, right)
represents a natural and important direction for further investigation. Another relevant class of spline spaces is the C? continuous
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Clough-Tocher spline space, which is especially attractive since the requirement that neighboring triangles form a convex quadri-
lateral is automatically satisfied when each triangle split point is chosen as the incenter. However, a systematic treatment of these
spline spaces requires addressing additional nontrivial technical issues related to the consistent combination of vertex and edge basis
functions. A detailed analysis of these aspects is beyond the scope of the present paper and is therefore deferred to future research.

6. Notes on C" continuous B-spline-like basis functions

The functions
r:{(ka; : je{1,2},r5k§d—r,i=1,2,...,r+1},

defined via (9) in Subsection 3.2, provide 2(d + 1 — 2r)(r + 1) candidates for edge B—spline-like basis splines also in the case r > 2.
Since the required number of such splines is (d + 1 —2r)(r + 1) + (’;1), it follows that the degree must satisfy d > % — 1. Recall that in
the C? case with degree d = 4, which equals this bound, the candidate functions in F fail to be linearly independent. Therefore, the
true lower bound on the degree d must be determined independently for each value of r. For r = 3 numerical experiments indicate
that the degree should satisfy d > 8. An important advantage of the proposed construction is that once the problem is resolved for
the lowest admissible degree, its extension to higher degrees becomes straightforward, as already observed in the C' and C? cases.

Since spline spaces with smoothness r > 3 are of limited practical relevance and their systematic analysis would require a case-
by-case investigation for each smoothness order, we have restricted our attention in this paper to the cases r < 2, leaving the analysis
of higher—order smoothness as a possible direction for future work.

7. Conclusions

The paper presents a construction and a complete analysis of C! and C? continuous edge B—spline-like basis functions of degree
d > 2 and d > 4, respectively, over two triangles sharing a common edge and forming a strictly convex quadrilateral. The construction
is geometrically motivated and can be carried out for arbitrary polynomial degree d above a lower bound that depends on the
prescribed order of smoothness, as discussed in Section 6. The construction proceeds in two steps. First, starting from two selected
control triangles equipped with Bernstein basis polynomials of degree d, we define candidates for C" edge B-spline-like functions.
These candidates are obtained by coupling, in accordance with Lemma 1, selected Bernstein basis polynomials whose coefficients
associated with the triangle group are set to zero (see Figs. 6 and 7). In the second step, the candidate functions are further coupled
(see Figs. 8 and 12) to obtain linearly independent splines that satisfy the desired properties.

There are, of course, many possible ways to perform these two coupling steps. The particular choices adopted in this paper are
the result of extensive numerical investigations in which the quantities x, and dist were examined over a wide range of triangle
configurations. The selected couplings exhibited the most favorable behavior with respect to these measures, provided that the
ordering of the triangles is chosen such that y, > y;. For C! continuity, the derived basis outperforms the basis presented in [9] in
most cases. To the best of our knowledge, no comparable bases exist for higher orders of smoothness, making a direct comparison in
those cases unavailable.

With the presented approach, edge basis functions can also be constructed for higher orders of smoothness, since (9) provides
the candidate functions for C” splines for any r > 1. However, the second coupling step requires a case-by-case treatment for each
smoothness order r and is therefore left as a possible direction for future work.

Further future work includes the integration of the constructed edge B-spline-like basis functions into a complete basis for selected
spline spaces over a triangulation, in particular for the C? Argyris and C? Clough-Tocher spline spaces of general sufficiently high
degree. While this integration is straightforward for the edge basis functions, it requires the completion of certain Bézier coefficient
values (in the edge group) for the vertex basis functions obtained via the standard control triangle approach. Another goal for future
work is to apply the resulting spline spaces and their associated B-spline-like bases to approximation, surface modeling, and the
numerical solution of partial differential equations.
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