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 a b s t r a c t

Splines over triangulations provide a flexible and effcient way to approximate bivariate functions 
defined over domains, partitioned by triangles. One of the important challenges is the construction 
of locally supported non-negative basis functions that form a partition of unity, i.e., B–spline–like 
basis functions. Due to smoothness conditions that depend on the geometry of the triangulation, 
spline basis functions are typically divided into three groups: triangle, vertex, and edge functions. 
While the construction of triangle and vertex basis splines is well developed, the computation 
of non-negative edge basis splines of general degree that form a partition of unity has so far 
been addressed only for 𝐶1 continuous splines, using a completely algebraic approach, with no 
explicit geometric interpretation ([7]). In this paper a novel approach is presented that extends the 
control-triangle-based idea known for vertex basis splines and can be geometrically explained and 
generalized to splines of a higher order of smoothness. The construction is developed on pairs of 
adjacent triangles forming a strictly convex quadrilateral.  Since each smoothness order requires 
a separate analysis, a detailed study is provided for the 𝐶1 and 𝐶2 continuous splines of degrees 
𝑑 ≥ 2 and 𝑑 ≥ 4, respectively. Numerical examples are provided to confirm the effectiveness and 
applicability of the derived construction.

1.  Introduction

Splines over triangulations provide a geometrically flexible framework for applications in approximation theory, computer-aided 
geometric design (CAGD) and numerical analysis. Such splines consist of polynomials of total degree less than or equal to a fixed 
prescribed degree, defined over triangles of a triangulation, and are usually represented using the local Bernstein–Bézier representation 
(see, e.g., [1, Chapters 2, 5]). The smoothness of a chosen order across the edges of the triangulation is obtained by imposing linear 
constraints on the coefficients of the Bernstein–Bézier forms over the neighboring triangles. However, the geometric flexibility comes 
with the price that in general even the dimension of the spline space is not easy to be determined, as it depends on the geometry 
of the triangulation. There are two standard approaches to overcome this difficulty. The first is to consider super-smooth spline 
spaces, in which higher-order smoothness is imposed at selected vertices or edges of the triangulation (e.g., Argyris splines [2]). The 
second approach, known as the macro-element technique, defines spline spaces over the triangulation refined by a selected split (e.g. 
Clough–Tocher splines [3], Powell–Sabin splines [4]).

For both approaches the dimension and the basis splines are determined by finding the minimal determining set that identifies the 
coefficients in the Bernstein–Bézier form that are free to be chosen, or to specify a collection of interpolation functionals (see, e.g., 
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$\pd $


$k$


$Q_j$


$r+1$


$k\in \set {0,1,\ldots , \pd -r}$


$\set {\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \,i=0,1,\ldots ,\pd -k}$


$r+1$


$k\in \set {\pd -r+1,\ldots , \pd }$


$\set {\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \,i=0,1,\ldots ,\pd -k}$


$k\in \set {r,r+1,\ldots , \pd }$


$\set {\bernTTT {Q_2}{\pd }{(i,k-i,\pd -k)}, \,i=0,1,\ldots ,k}$


$r+1$


$k\in \set {0, 1,\ldots , r-1}$


$\set {\bernTTT {Q_2}{\pd }{(i,k-i,\pd -k)}, \,i=0,1,\ldots ,k}$


$\sum _{i=0}^{\pd -k} \zeta _i \, \bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}$


$\zeta _i \in \RR $


$\T _1$


$\bfm {s}=(s_1,s_2,s_3) \in \indSetT {\pd }$


$s_3 \leq r$


$(\zeta _i)_{i=0}^{\pd -k}$


\begin {align*}\sum _{i=0}^{\pd -k} \zeta _i \, b[(i,\pd -k-i,k), Q_1, \T _1]_{\bfm {s}} = 0, \quad \bfm {s}=(s_1,s_2,s_3)\in \indSetT {\pd }, \quad s_3 \leq r.\end {align*}


$\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}$


$\T _1$


$(s_1,s_2,s_3)$


$\pd -k-i \leq s_1\leq \pd -k$


$s_2\leq k$


$s_3 \leq r$


$s_1=\pd -s_2-s_3$


$s_1\geq \pd -k-r$


\begin {equation*}\bern {s_3}{\pd -k-s_1}(\lambda _1) \sum _{i=\pd -k-s_1}^{\pd -k} \zeta _i \, \bern {s_1}{s_1-(\pd -k-i)}(\mu _1) = 0, \quad s_1=\pd -k-r, \ldots , \pd -k, \quad s_3 =0,1,\ldots , r,\end {equation*}


$s_1$


$r+1$


$r + 1$


$i = 0, 1, \ldots , r$


$\T _1$


$k$


$\T _2$


$k$


$r+1$


$i = \pd -k-r, \ldots , \pd -k$


$k > \pd -r$


$r+1$


$\T _1$


$k$


$\bernTTT {Q_j}{\pd }{\bfm {k}}$


$k_3=k$


\begin {align}k\in \set {0,\ldots ,r-1}: & \; {\varphi }^{Q_1}_{k,i+1}=\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \; {\varphi }^{Q_2}_{\pd -k,k+1-i}=\bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)}, \; i=0,1,\ldots ,k-1, \label {eq-fun-tilde-phi-1a}\\ & {\varphi }^{Q_1}_{k, k+1}= \sum _{i=k}^{\pd -k} \bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \quad {\varphi }^{Q_2}_{\pd -k, 1}= \sum _{i=k}^{\pd -k} \bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)}\label {eq-fun-tilde-phi-1b}\\ k\in \set {r,\ldots ,d-r}: & \; {\varphi }^{Q_1}_{k,i+1}=\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \; {\varphi }^{Q_2}_{\pd -k,r+1-i}=\bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)}, \; i=0,1,\ldots ,r-1, \label {eq-fun-tilde-phi-2a}\\ & {\varphi }^{Q_1}_{k, r+1}= \sum _{i=r}^{\pd -k} \bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \quad {\varphi }^{Q_2}_{\pd -k, 1}= \sum _{i=r}^{\pd -k} \bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)} \label {eq-fun-tilde-phi-2b}\\ k\in \set {d-r+1,\ldots ,d}: & \; {\varphi }^{Q_1}_{k,i+1}=\bernTTT {Q_1}{\pd }{(i,\pd -k-i,k)}, \; {\varphi }^{Q_2}_{\pd -k,\pd -k+1-i}=\bernTTT {Q_2}{\pd }{(i,\pd -k-i,k)},\; i=0,1,\ldots ,\pd -k.\label {eq-fun-tilde-phi-3a}\end {align}


$C^1$


$C^2$


$\pd = 5$


$C^1$


$\pd = 5$


$Q_1$


$Q_2$


$C^2$


$\pd = 5$


$Q_1$


$Q_2$


$j \in \set {1,2}$


$0\leq k\leq r-1$


$\pd -r+1\leq k\leq d$


$2\binom {r+1}{2}$


$Q_1$


$Q_2$


$j \in \set {1,2}$


$r\leq k\leq \pd -r$


$(\pd +1-2r)(r+1)$


$\mathcal {G}^{\T _\ell }_{\vertices }$


$\binom {r+1}{2}$


$Q_1$


$Q_2$


$n_3$


$\bernTT {Q_j}{\pd }{\bfm {k}}$


$C^1$


$C^2$


$T_1$


$T_2$


$k$


$\bfm {R}_2$


$T_1$


$T_2$


$\bfm {R}_1$


$\bfm {R}_2$


$Q_1=\tris {\bfm {Q}_{1,1}}{\bfm {Q}_{1,2}}{\bfm {Q}_{1,3}}$


$\tris {\bfm {Q}_{1,2}}{\bfm {Q}_{1,1}}{\bfm {Q}_{1,3}}$


$Q_2$


$Q_1$


$Q_2$


$Q_1$


$Q_2$


$C^1$


$r=1$


$\pd -1$


$\pd $


$\pd +1$


\begin {equation}\label {eq-tab-C1-FunPhi-1} \includegraphics {fx2}\end {equation}


\begin {equation}\label {eq-tab-C1-FunPhi-2} \includegraphics {fx3}\\\end {equation}


$k=1,2,\ldots , \pd -1$


$Q_j , j = 1, 2$


\begin {equation*}\bfm {\varphi }^{Q_j} := \set {\varphi ^{Q_j}_{0, 1}} \cup \defset {\varphi ^{Q_j}_{k, 1}, \varphi ^{Q_j}_{k, 2}}{k=1,2,\ldots ,\pd -1} \cup \set {\varphi ^{Q_j}_{\pd , 1}},\end {equation*}


\begin {equation}\label {C1BasisSplines-vert} E_0:=\varphi ^{Q_1}_{0, 1} = \varphi ^{Q_2}_{0, 1}, \quad E_{2\pd }:=\varphi ^{Q_1}_{\pd , 1} = \varphi ^{Q_2}_{\pd , 1},\end {equation}


$\bfm {\varphi }^{Q_1}$


$\bfm {\varphi }^{Q_2}$


\begin {equation}\label {C1BasisSplines-edge-d=2} E_1=\xi _2 \varphi ^{Q_2}_{1, 1}, \quad E_2=\xi _1 \varphi ^{Q_1}_{1, 1} + \xi _2 \varphi ^{Q_2}_{1, 2}, \quad E_3= \xi _1 \varphi ^{Q_1}_{1, 2}\end {equation}


$\pd =2$


\begin {equation}\label {C1BasisSplines-edge} \begin {split} & E_{2i-1}=\varphi ^{Q_2}_{i, 1}, \quad E_{2i}=\varphi ^{Q_2}_{i, 2}, \quad i=1,2,\ldots ,\ell _1,\\ & E_{2\ell _1+1} = \xi _2 \varphi ^{Q_2}_{\ell _1+1, 1}, \\ &E_{2 i} = \xi _1 \varphi ^{Q_1}_{i, 1} + \xi _2 \varphi ^{Q_2}_{i, 2}, \quad E_{2 i + 1} = \xi _1 \varphi ^{Q_1}_{i, 2} + \xi _2 \varphi ^{Q_2}_{i+1, 1}, \quad i=\ell _1+1,\ldots , \pd -\ell _2-2, \\ & E_{2(\pd -\ell _2-1)} = \xi _1 \varphi ^{Q_1}_{\pd -\ell _2-1, 1} + \xi _2 \varphi ^{Q_2}_{\pd -\ell _2-1, 2}, \\ & E_{2(\pd -\ell _2-1) + 1} = \xi _1 \varphi ^{Q_1}_{\pd -\ell _2-1, 2},\\ & E_{2i}=\varphi ^{Q_1}_{i, 1}, \quad E_{2i+1}=\varphi ^{Q_1}_{i, 2}, \quad i=\pd -\ell _2,\ldots ,\pd -1, \end {split}\end {equation}


$\pd \geq 3$


\begin {equation}\label {C1BasisSplines-choices} {\tt (a)}\; \ell _1= \lceil \tfrac {\pd -3}{2}\rceil , \; \ell _2= \pd -3 - \ell _1, \quad {\tt (b)}\; \ell _1= \lfloor \tfrac {\pd -3}{2}\rfloor , \; \ell _2= \pd -3 - \ell _2,\end {equation}


$\xi _1, \xi _2 \in (0,1)$


$\xi _1+\xi _2=1$


$\pd $


$\pd \geq 4$


$Q_2$


$Q_1$


$2\leq d\leq 5$


$C^1$


$\pd $


$2\ell _1+1$


$Q_2$


$2 \ell _2+1$


$Q_1$


$\xi _1$


$\xi _2$


$\pd \geq 2$


$\xi _1, \xi _2 \in (0,1)$


$\xi _1+\xi _2=1$


$E_i$


$i=0,1,\ldots , 2\pd $


$\T _1\cup \T _2$


$i_3 \leq 1$


$\bfm {\varphi }^{Q_j}$


$T_1$


$T_2$


\begin {equation}\label {eq-Bcoeff-C1} \bfm {c} = {(c_{(\pd ,0,0)}, c_{(\pd -1,0,1)},c_{(\pd -1,1,0)}, c_{(\pd -2,1,1)}, \ldots , c_{(1,\pd -1,0)},c_{(0,\pd -1,1)}, c_{(0,\pd ,0)})}^T.\end {equation}


$i_3 \leq 1$


$\T _1$


$\T _2$


$C^1$


$\T _1$


$\bfm {C}^{Q_j}$


$(2 \pd +1) \times 2\pd $


$\bfm {\varphi }^{Q_j}$


$\T _1$


\begin {equation*}\includegraphics {fx4}\end {equation*}


\begin {equation*}\bfm {M}^1_k = \begin {bmatrix} \lambda _2 \\ 1 \end {bmatrix} \cdot \begin {bmatrix} \mu _2^k & 1-\mu _2^k \end {bmatrix} = \begin {bmatrix} \lambda _2 \mu _2^{k}& \lambda _2 (1-\mu _2^{k})\\ \mu _2^{k}& (1-\mu _2^{k})\\ \end {bmatrix},\quad k=1,2,\ldots , \pd -1,\end {equation*}


\begin {equation*}\bfm {M}^2_k = \begin {bmatrix} 1 \\ \lambda _1 \end {bmatrix} \cdot \begin {bmatrix} 1-\mu _2^k & \mu _2^k \end {bmatrix} = \begin {bmatrix} (1-\mu _2^{k})& \mu _2^{k}\\ \lambda _1(1-\mu _2^{k})& \lambda _1 \mu _2^{k} \end {bmatrix},\quad k=1,2,\ldots , \pd -1.\end {equation*}


$f=\sum _{i=0}^{2\pd } \gamma _i E_i$


$\T _1$


$f|_{\T _1} = \sum _{\bfm {i} \in \indSetT {\pd }} c_{\bfm {i}} \bernTT {\T _1}{\pd }{\bfm {i}}$


$c_{\bfm {i}} = 0$


$\bfm {i}=(i_1,i_2,i_3)$


$i_3 \geq 2$


$\bfm {\gamma } = (\gamma _i)_{i=0}^{2\pd }$


$A$


$(2\pd +1)\times (2\pd +1)$


\begin {equation}\label {def-matrixA-C1-a} A \bfm {\gamma } = \bfm {c}.\end {equation}


$A$


$\pd =2$


\begin {equation*}\label {def-matrixA-C1-b} {\scriptsize { A= \left [ \begin {array}{@{}ccccc@{}} 1 & 0 & 0 & 0 & 0 \\[1mm] \lambda _1 & \lambda _2 \xi _2 & \lambda _2 \mu _2 \xi _1 & \lambda _2 \mu _1 \xi _1 & 0 \\[1mm] 0 & \mu _1 \xi _2 & \mu _2 \xi _1+\mu _2 \xi _2 & \mu _1 \xi _1 & 0 \\[1mm] 0 & \lambda _1 \mu _1 \xi _2 & \lambda _1 \mu _2 \xi _2 & \lambda _1 \xi _1 & \lambda _2 \\[1mm] 0 & 0 & 0 & 0 & 1 \\ \end {array} \right ] }}\end {equation*}


$\det A = \lambda _1 \lambda _2 \mu _2^2 \xi _1 \xi _2 \not = 0$


$A$


$\pd \geq 3$


$A$


\begin {equation*}\widetilde {A}_{1} = A(:,1:2\ell _1+1),\quad \widetilde {A}_{2} = A(:,2\ell _1+2:2(\pd -\ell _2)),\quad \widetilde {A}_{3} = A(:,2(\pd -\ell _2)+1:2\pd +1),\end {equation*}


\begin {equation*}\widetilde {A}_{1} = \bfm {C}^{Q_2}(:,1:2\ell _1+1),\quad \widetilde {A}_{3} = \bfm {C}^{Q_1}(:,2(\pd -\ell _2):2\pd )\end {equation*}


\begin {equation*}\widetilde {A}_{2} = \xi _2 \left [ \begin {array}{@{}c|c@{}} & 0\\ \bfm {C}^{Q_2}(:,2\ell _1+2:2(\pd -\ell _2-1)+1)& \vdots \\ & 0 \end {array} \right ]+ \xi _1 \left [ \begin {array}{@{}c|c@{}} 0 & \\ \vdots & \bfm {C}^{Q_1}(:,2\ell _1+2:2(\pd -\ell _2-1)+1)\\ 0 & \end {array} \right ].\end {equation*}


$A$


\begin {equation*}\includegraphics {fx5}\end {equation*}


$A_{1}\in \RR ^{(2\ell _1+1)\times (2\ell _1+1)}$


$A_{3}\in \RR ^{(2\ell _2+1)\times (2\ell _2+1)}$


$A_{2} \in \RR ^{5\times 5}$


\begin {equation*}\includegraphics {fx6}\end {equation*}


\begin {align*}\det A_{1} = \lambda _2^{\ell _1}\mu _2^{\frac {\ell _1 (\ell _1+1)}{2}} \quad \det A_{3} = \lambda _1^{\ell _2}\mu _2^{\frac {\ell _2 (\ell _2+1)}{2}}, \quad \det A_{ 2} = \lambda _1 \lambda _2 \mu _2^{\pd +1} \xi _1\xi _2(\lambda _1\xi _1^2 \mu _2^{\ell _2} + \lambda _2\xi _2^2 \mu _2^{\ell _1}+ \xi _1 \xi _2 \mu _2^{\pd -1}).\end {align*}


$\det A = \det A_{1} \cdot \det A_{2} \cdot \det A_{3} > 0$


$A$


$A$


$\xi _1, \xi _2\in (0,1)$


$\xi _1+\xi _2=1$


$A$


$(E_i)_{i=0}^{2\pd }$


$\edge {\bfm {e}}{\bS _1}{\bS _2}$


$\kappa _2$


$\xi _1 = \lambda _2$


$\xi _2=\lambda _1$


$(E_i)_{i=0}^{2\pd }$


$\bfm {c}$


$c_{(i,j,k)} = \bX ^{\T _1,\pd }_{(i,j,k)}$


$\kappa _2$


$\xi _1 = \lambda _2$


$\xi _2=\lambda _1$


$\T _1$


$\T _2$


$\bfm {S}_1 = (0,0)$


$\bfm {S}_2 = (1,0)$


$\bfm {R}_1 =(0.35, 0.5)$


$\bfm {R}_2 = (0,65,-0.3)$


$\sigma _1 = 0.74$


$\sigma _2 = 0.86$


$\rho = -0.6$


$\lambda _1 = 0.4625$


$\lambda _2 = 0.5375$


$\mu _1 = 0.375$


$\mu _2 = 0.625$


$\pd =7$


$(E_i)_{i=0}^{2\pd }$


$C^1$


$d=7$


$T_1 \cup T_2$


$C^1$


$C^1$


$T_1, T_2$


$\pd $


$(E_i)_{i=0}^{2\pd }$


$\pd =2,3,\ldots ,8$


$\kappa _2$


$2$


$5$


$\pd =2,3,\ldots , 8$


$\T _1$


$\T _2$


$\mu _1$


$\mu _2$


$\mu _2 > \mu _1$


$\bfm {R}_1$


$\bfm {R}_2$


$\mu _1 >\mu _2$


$(E_i)_{i=0}^{2\pd }$


$\kappa _2$


$6$


$9$


$\mu _2 \geq \mu _1$


$C^1$


$Q_1$


$Q_2$


$T_1, T_2$


$\pd $


$\kappa _2$


$Q_1$


$Q_2$


$\mu _2 \geq \mu _1$


$(E_i)_{i=0}^{2\pd }$


$\pd = 6$


$\pd =7$


$\mu _2 \geq \mu _1$


$\bfm {S}_1 = (0,0)$


$\bfm {S}_2 = (1,0)$


$\bfm {R}_1 =(0.5, 1)$


$\bfm {R}_2 = (\tfrac {1}{6}(8\alpha -1),-\tfrac {1}{3})$


$\alpha \in \set {0.1,0.2,0.3,0.4,0.5}$


$\kappa _2$


$C^1$


$C^1$


$\pd = 6$


$\pd = 7$


$\mu _1 = 0.25$


$\lambda _1$


$\mu _1$


$\lambda _1=2/3$


$5$


$5$


$\lambda _1 = 1-\alpha $


$\mu _1 = 0.25$


$\kappa _2$


$\bfm {R}_2 = \tfrac {1}{\alpha -1}(\tfrac {\alpha }{2}-\tfrac {1}{3},\alpha )$


$\lambda _1=\tfrac {2}{3}$


$\mu _1=\alpha $


$\lambda _1 \to 1$


$\lambda _2 \to 0$


$Q_2$


$\tfrac {1}{\lambda _2}$


$\lambda _1 \to 0$


$\bfm {Z}$


$C^2$


$r=2$


$3(\pd -1)$


\begin {equation}\label {eq-CandidatesForC2} \bfm {\varphi }^{Q_j} := \set {\varphi ^{Q_j}_{0, 1}, \varphi ^{Q_j}_{1, 1}, \varphi ^{Q_j}_{1, 2}} \cup \defset {\varphi ^{Q_j}_{k, 1}, \varphi ^{Q_j}_{k, 2}, \varphi ^{Q_j}_{k, 3}}{k=2,3,\ldots ,\pd -2} \cup \set {\varphi ^{Q_j}_{\pd -1, 1}, \varphi ^{Q_j}_{\pd -1, 2},\varphi ^{Q_j}_{\pd , 1}}\end {equation}


$Q_j$


$j=1,2$


$3(\pd -3)$


$3(\pd -2)$


$\T _1$


$\T _2$


$c_{(i_1,i_2,i_3)}$


$i_3 \leq 2$


\begin {equation}\label {eq-Bcoeff-C2} \bfm {c}={\left (c_{(\pd ,0,0)}, c_{(\pd -1,0,1)},c_{(\pd -1,1,0)}, \left (c_{(\pd -k,k-2,2)}, c_{(\pd -k,k-1,1)}, c_{(\pd -k,k,0)}\right )_{k=2}^{\pd }\right )}^T.\end {equation}


$i_3 \leq 2$


$\T _1$


$\T _2$


$C^2$


$\T _1$


$\bfm {C}^{Q_j}$


$3 \pd \times 3(\pd -1)$


$\bfm {\varphi }^{Q_j}$


$\T _1$


\begin {equation*}\includegraphics {fx7}\end {equation*}


\begin {align*}& \bfm {M}^1_\ell = \begin {bmatrix} \lambda _2^2\\\lambda _2\\1 \end {bmatrix} \cdot \begin {bmatrix} \mu _2^\ell , \ell \mu _1 \mu _2^{\ell -1}, 1-\mu _2^\ell - \ell \mu _1 \mu _2^{\ell -1} \end {bmatrix},\quad \ell =1,2,\ldots , \pd -2, \\ & \bfm {M}^1_{\pd -1} = \begin {bmatrix} 1 & 0 & 0\\ \lambda _1 & \lambda _2 \mu _2^{\pd -1} & \lambda _2(1-\mu _2^{\pd -1})\\ 0 & \mu _2^{\pd -1}& 1-\mu _2^{\pd -1} \end {bmatrix},\quad \bfm {N}^1_{1} = \begin {bmatrix} 0 & 2\lambda _1\lambda _2 & \lambda _2^2\\ 0 & \lambda _1 & \lambda _2\\ 0 & 0& 1 \end {bmatrix},\quad \bfm {N}^1_{\pd -1} = \begin {bmatrix} \lambda _1^2 & 0 & 2\lambda _1\lambda _2\\ 0 & 0 & \lambda _1\\ 0 & 0& 0 \end {bmatrix}, \\ & \bfm {N}^1_\ell = \begin {bmatrix} 2\lambda _1 \lambda _2\\\lambda _1\\0 \end {bmatrix} \cdot \begin {bmatrix} 0, \mu _2^{\ell -1}, 1-\mu _2^{\ell -1} \end {bmatrix},\quad \ell =2,3,\ldots , \pd -2,\end {align*}


\begin {align*}& \bfm {M}^2_{1} = \begin {bmatrix} \lambda _1 & \lambda _2 & 0\\ 0 & \mu _1 & \mu _2\\ \lambda _1^2 & 2 \lambda _1 \lambda _2 & 0 \end {bmatrix},\quad \bfm {M}^2_\ell = \begin {bmatrix} \lambda _2(1-\mu _2^{\ell -1})& \lambda _2 \mu _2^{\ell -1}& 0\\ 1-\ell \mu _1 \mu _2^{\ell -1}-\mu _2^\ell & \ell \mu _1 \mu _2^{\ell -1} & \mu _2^{\ell }\\ 2\lambda _1\lambda _2(1-\mu _2^{\ell -1})& 2\lambda _1\lambda _2 \mu _2^{\ell -1}& 0\\ \end {bmatrix},\quad \ell =2,3,\ldots , \pd -2, \\ & \bfm {M}^2_{\pd -1} = \begin {bmatrix} \lambda _2 & 0 & 0\\ 1-\mu _2^{\pd -1}& \mu _2^{\pd -1}& 0\\ 2\lambda _1\lambda _2 & 0 & \lambda _2^2\\ \end {bmatrix},\quad \bfm {N}^2_\ell = \begin {bmatrix} \lambda _1\\ 0\\ \lambda _1^2 \end {bmatrix} \cdot \begin {bmatrix} 1-\ell \mu _1 \mu _2^{\ell -1} -\mu _2^{\ell }, \ell \mu _1 \mu _2^{\ell -1}, \mu _2^{\ell } \end {bmatrix},\quad \ell =1,2,\ldots , \pd -2, \\ & \bfm {N}^2_{\pd -1} = \begin {bmatrix} \lambda _1 (1-\mu _2^{\pd -1}) & \lambda _1 \mu _2^{\pd -1} & \lambda _2\\ 0 & 0 & 1 \end {bmatrix}.\end {align*}


\begin {equation}\label {C2BasisSplines-vert} E_0:=\varphi ^{Q_2}_{0, 1}, \quad E_1:=\varphi ^{Q_2}_{1, 1}, \quad E_2:=\varphi ^{Q_2}_{1, 2}, \quad E_{3\pd -3}:=\varphi ^{Q_1}_{\pd -1, 1}, \quad E_{3\pd -2}:=\varphi ^{Q_1}_{\pd -1, 2}, \quad E_{3\pd -1}:=\varphi ^{Q_1}_{\pd , 1}.\end {equation}


$3(\pd -2)$


$3(\pd -3)$


$Q_1$


$Q_2$


$\pd \geq 5$


\begin {equation}\label {C2BasisSplines-edge} \begin {split} & E_{3i-3}=\varphi ^{Q_2}_{i, 1}, \quad E_{3i-2}=\varphi ^{Q_2}_{i, 2}, \quad E_{3i-1}=\varphi ^{Q_2}_{i, 3},\quad i=2,\ldots ,\ell _1+1,\\ & E_{3\ell _1+3} = \xi _2 \varphi ^{Q_2}_{\ell _1+2, 1}, \quad E_{3\ell _1+4} = \xi _1 \varphi ^{Q_1}_{\ell _1+2, 1}, \quad E_{3\ell _1+5} = \xi _2 \varphi ^{Q_2}_{\ell _1+2, 2},\\ & E_{3\ell _1+6} = \xi _1 \varphi ^{Q_1}_{\ell _1+2, 2} + \xi _2 \varphi ^{Q_2}_{\ell _1+2, 3}, \quad E_{3\ell _1+7} = \xi _1 \varphi ^{Q_1}_{\ell _1+2, 3} + \xi _2 \varphi ^{Q_2}_{\ell _1+3, 1}, \quad E_{3\ell _1+8} = \xi _1 \varphi ^{Q_1}_{\ell _1+3, 1} + \xi _2 \varphi ^{Q_2}_{\ell _1+3, 2}, \\ & E_{3\ell _1+9} = \xi _1 \varphi ^{Q_1}_{\ell _1+3, 2}, \quad E_{3\ell _1+10} = \xi _2 \varphi ^{Q_2}_{\ell _1+3, 3}, \quad E_{3\ell _1+11} = \xi _1 \varphi ^{Q_1}_{\ell _1+3, 3},\\ & E_{3i}=\varphi ^{Q_1}_{i, 1}, \quad E_{3i+1}=\varphi ^{Q_1}_{i, 2}, \quad E_{3i+2}=\varphi ^{Q_1}_{i, 3},\quad i=\pd -1-\ell _2,\ldots ,\pd -2,\\ \end {split}\end {equation}


\begin {equation}\label {C2BasisSplines-choices} {\tt (a)}\; \ell _1 = \lceil \tfrac {\pd -5}{2}\rceil , \; \ell _2 = \pd -5-\ell _1, \quad {\tt (b)}\; \ell _1= \lfloor \tfrac {\pd -5}{2}\rfloor , \; \ell _2 = \pd -5-\ell _1,\end {equation}


$C^2$


$C^1$


$\xi _1, \xi _2 \in (0,1)$


$\xi _1+\xi _2=1$


$\pd $


$\pd =5$


$\pd =6\, {\tt (a)}$


$\pd =7$


$\xi _1$


$\xi _2$


$\pd =4$


$6$


\begin {equation*}\varphi ^{Q_1}_{2, 1} + \varphi ^{Q_1}_{2, 2} + \varphi ^{Q_1}_{2, 3} = \varphi ^{Q_2}_{2, 1} + \varphi ^{Q_2}_{2, 2} + \varphi ^{Q_2}_{2, 3},\end {equation*}


$C^2$


\begin {equation*}\varphi _{2,0}(\bfm {X})= \begin {cases} 2\lambda _1 \lambda _2 \mu _2^2 \, \bernTT {\T _1}{4}{(1,1,2)}(\bfm {X}), & \bfm {X} \in \T _1\\ 2\lambda _1 \lambda _2 \mu _1^2 \,\bernTT {\T _2}{4}{(1,1,2)}(\bfm {X}), & \bfm {X} \in \T _2\\ \end {cases}\end {equation*}


$C^2$


\begin {equation}\label {C2BasisSplines-edgeDeg4} \begin {split} & E_{3}=\xi _2 \varphi ^{Q_2}_{2, 1}, \quad E_{4}= \xi _1 \varphi ^{Q_1}_{2, 1}, \quad E_{5}= \xi _1 \varphi ^{Q_1}_{2, 2} + \xi _2 \varphi ^{Q_2}_{2, 2} - \varphi _{2,0}, \quad E_6= \varphi _{2,0}, \quad E_{7}=\xi _2 \varphi ^{Q_2}_{2, 3}, \quad E_{8}= \xi _1 \varphi ^{Q_1}_{2, 3} \end {split}\end {equation}


$6$


$\pd =4$


$\xi _1, \xi _2 \in (0,1)$


$\xi _1+\xi _2=1$


$E_i$


$i=0,1,2,9,10,11$


$E_i$


$i=3,4,5,6,7,8$


$\T _1\cup \T _2$


$A \in \RR ^{12\times 12}$


$(E_i)_{i=0}^{11}$


$\T _1$


\begin {align*}{\scriptsize { \left [ \begin {array}{cccccccccccc} 1 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \\ \lambda _1 & \lambda _2 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & \mu _1 & \mu _2 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \\ \lambda _1^2 & 2 \lambda _1 \lambda _2 & 0 & \lambda _2^2 \xi _2 & \lambda _2^2 \mu _2^2 \xi _1 & 2 \lambda _2^2 \mu _1 \mu _2 \xi _1 & 0 & 0 & \lambda _2^2 \mu _1^2 \xi _1 & 0 & 0 & 0 \\ 0 & \lambda _1 \mu _1 & \lambda _1 \mu _2 & \lambda _2 \mu _1 \xi _2 & \lambda _2 \mu _2^2 \xi _1 & \lambda _2 \mu _2 \left (2 \mu _1 \xi _1+\xi _2\right ) & 0 & 0 & \lambda _2 \mu _1^2 \xi _1 & 0 & 0 & 0 \\ 0 & 0 & 0 & \mu _1^2 \xi _2 & \mu _2^2 \xi _1 & 2 \mu _1 \mu _2 & 0 & \mu _2^2 \xi _2 & \mu _1^2 \xi _1 & 0 & 0 & 0 \\ 0 & \lambda _1^2 \mu _1 & \lambda _1^2 \mu _2 & 2 \lambda _1 \lambda _2 \mu _1 \xi _2 & 0 & 2 \lambda _1 \lambda _2 \mu _1 \mu _2 & 2 \lambda _1 \lambda _2 \mu _2^2 & 0 & 2 \lambda _1 \lambda _2 \mu _1 \xi _1 & \lambda _2^2 \mu _2 & \lambda _2^2 \mu _1 & 0 \\ 0 & 0 & 0 & \lambda _1 \mu _1^2 \xi _2 & 0 & \lambda _1 \mu _2 \left (2 \mu _1 \xi _2+\xi _1\right ) & 0 & \lambda _1 \mu _2^2 \xi _2 & \lambda _1 \mu _1 \xi _1 & \lambda _2 \mu _2 & \lambda _2 \mu _1 & 0 \\ 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & \mu _2 & \mu _1 & 0 \\ 0 & 0 & 0 & \lambda _1^2 \mu _1^2 \xi _2 & 0 & 2 \lambda _1^2 \mu _1 \mu _2 \xi _2 & 0 & \lambda _1^2 \mu _2^2 \xi _2 & \lambda _1^2 \xi _1 & 0 & 2 \lambda _1 \lambda _2 & \lambda _2^2 \\ 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & \lambda _1 & \lambda _2 \\ 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 1 \\ \end {array} \right ] }}\end {align*}


$\det A = 2 \lambda _1^5 \lambda _2^5 \mu _2^{10} \xi _1^2 \xi _2^2$


$(E_i)_{i=0}^{11}$


$\T _2$


$E_5$


$\T _2$


$A$


$\{1, 3, 2, 8, 9, 6, 7, 4, 5, 11, 10, 12\}$


$\mu _1$


$\mu _2$


$\pd \geq 5$


$\xi _1, \xi _2 \in (0,1)$


$\xi _1+\xi _2=1$


$E_i$


$i=0,1,\ldots ,3\pd -1$


$\T _1\cup \T _2$


$\kappa _2$


$\xi _2$


$\pd =5$


$\T _1$


$\T _2$


$\T _1\cup \T _2$


$E_i$


$A$


$(E_i)_{i=0}^{3\pd -1}$


$\T _1$


$A$


$A$


\begin {align*}& A(:,1:3(\ell _1+1)) = C^{Q_2}(:,1:3(\ell _1+1)), \\ & A(:,3 \ell _1 + 4:3\ell _1+ 12) = \xi _1 \widetilde {C}^{Q_1} + \xi _2 \widetilde {C}^{Q_2}, \\ & A(:,3\pd -3(\ell _2+1)+1:3\pd ) = C^{Q_1}(:,3\pd -3(\ell _2+1)+1:3\pd ),\end {align*}


$\widetilde {C}^{Q_1}$


$3 \pd \times 9$


$1,3,8$


$C^{Q_1}(:,3 \ell _1+4:3\ell _1+9)$


$\widetilde {C}^{Q_2}$


$2,7,9$


$C^{Q_2}(:,3 \ell _1+4:3\ell _1+9)$


$A(1:3(\ell _1+1), 3\ell _1+4:3\pd )$


$A(3\pd -3(\ell _2+1)+2:3\pd , 1:3\pd -3(\ell _2+1))$


$A$


$\det A = \det A_{1} \cdot \det A_{2} \cdot \det A_{3}$


\begin {align*}& \det A_{1} = \det C^{Q_2}(1:3(\ell _1+1),1:3(\ell _1+1)) = \lambda _2^{3\ell _1+1} \mu _2^{{(\ell _1+1)}^2},\\ & \det A_{3} = \det C^{Q_1}(3\pd -3(\ell _2+1)+2:3\pd -3(\ell _2+1)+2:3\pd ) = {(-1)}^{\ell _2}\lambda _1^{3\ell _2+1} \mu _2^{\ell _2 (\ell _2+1)},\end {align*}


$A_{1}$


$\det A_{3}$


$10\times 10$


$A_{2}$


$\xi _1 \widetilde {C}^{Q_1} + \xi _2 \widetilde {C}^{Q_2}$


\begin {equation*}\det A_{2} =-\lambda _1^5 \lambda _2^5 \xi _1^3 \xi _2^3 \mu _2^{3 \ell _1+4 \ell _2+15} \left (\lambda _2 \xi _2 \mu _2^{\ell _1} \left (2 \xi _1 \mu _2^{\ell _2+2}+\xi _2\right )+\lambda _1 \xi _1 \mu _2^{\ell _2} \left (2 \xi _2 \mu _2^{\ell _1+2}+\xi _1\right )\right ).\end {equation*}


$A$


$A$


$A$


$(E_i)_{i=0}^{3\pd -1}$


$\T _1$


$A$


$\bfm {c}$


$c_{(i,j,k)} = \bX ^{\T _1,\pd }_{(i,j,k)}$


$\xi _1, \xi _2\in (0,1)$


$\xi _1+\xi _2=1$


$C^1$


$\xi _1 = \lambda _2$


$\xi _2=\lambda _1$


$\kappa _2$


$\T _1$


$\T _2$


$\mu _2 \geq \mu _1$


$C^2$


$\T _1$


$\T _2$


$\kappa _2$


$\xi _2$


$\pd =5$


$\xi _2 = \lambda _1$


$\lambda _1$


$(E_i)_{i=0}^{3\pd -1}$


$\pd =5$


$\xi _2 = \lambda _1$


$C^2$


$(E_i)_{i=0}^{3\pd -1}$


$d=5$


$T_1 \cup T_2$


$(\kappa _2, {\tt dist})$


$\pd =4,5,\ldots ,9$


$(33.866, 1.0057)$


$(72.677, 1.0053)$


$(121.01, 0.89562)$


$(158.98, 0.65958)$


$(248.25, 0.51549)$


$(327.62, 0.59333)$


$C^2$


$(E_i)_{i=0}^{3\pd -1}$


$\pd =4, 5, \ldots , 9$


$\T _1$


$\T _2$


$C^2$


$\pd =6$


$\pd =7$


$\kappa _2$


$\pd =6$


$\pd =7$


$\lambda _1\to 0$


$\lambda _2\to 0$


$\kappa _2$


$C^2$


$C^2$


$C^2$


$C^2$


$C^r$


\begin {equation*}\mathcal {F}=\set {\varphi ^{Q_j}_{k, i}: \,j\in \set {1,2}, \,r\leq k\leq \pd -r, \, i=1,2,\ldots ,r+1},\end {equation*}


$2(\pd +1-2r)(r+1)$


$r>2$


$(\pd +1-2r)(r+1) + \binom {r+1}{2}$


$\pd \geq \tfrac {5 r}{2}-1$


$C^2$


$\pd =4$


$\mathcal {F}$


$\pd $


$r$


$r=3$


$\pd \geq 8$


$C^1$


$C^2$


$r\geq 3$


$r\leq 2$


$C^1$


$C^2$


$\pd \geq 2$


$\pd \geq 4$


$\pd $


$\pd $


$C^r$


$\kappa _2$


$\mu _2 \geq \mu _1$


$C^1$


$C^r$


$r\geq 1$


$r$


$C^2$


$C^2$
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[1, Chapters 6, 7, 8]), such that the associated interpolation problem has a unique solution in the given spline space. The resulting 
basis splines generally lack some key properties, such as non-negativity and the partition of unity property.

A locally supported basis composed of non-negative splines forming the partition of unity will be referred to as a B–spline–like basis. 
The construction of such bases has been an active area of research in recent years (see, e.g., [5–9]). A common strategy is to separate 
the domain points in the minimal determining set to three groups – vertex, edge, and triangle group – which then decomposes the 
basis to vertex, edge and triangle basis splines. Note, that for certain choices of the degree and the split, some basis groups may be 
omitted.

The idea for computing vertex basis splines was first introduced in [10] for quadratic 𝐶1 Powell–Sabin splines. It is based on 
assigning a control triangle to each vertex and defining the vertex basis splines using three interpolation functionals associated with 
the vertices of the control triangle. The use of Bernstein basis polynomials over the control triangles for the definition of vertex basis 
functions was later introduced by Speleers in [6] in the context of quintic 𝐶2 Powell–Sabin splines. There, the interpolation conditions 
defining the vertex basis functions were derived from the Bernstein basis polynomials associated with the control triangles. The idea 
was further theoretically developed in [11], where, in addition, relations between Bézier coefficients of polynomials of different 
degrees corresponding to the same interpolation conditions were established, allowing for an elegant subdivision–based construction 
that is employed in this paper as well. This control triangle approach, which has also been generalized to higher orders of smoothness, 
can be found in, e.g., [5,6,8,12–15]. An important advantage of such basis constructions is their natural application to the development 
of quasi–interpolants; see, e.g., [16] and the references therein.

While the construction of vertex basis splines is well established and geometrically intuitive, the construction of B–spline–like basis 
functions associated with degrees of freedom belonging to the edges of a triangulation has received comparatively less attention. One 
of the existing contributions in this direction is the paper [9], in which a construction of 𝐶1 continuous edge basis splines is presented. 
It is shown therein that, in order to achieve locality, the problem can be reduced to the study of such basis splines defined over two 
neighboring triangles only. The proposed approach is mathematically rigorous and effective, but it is primarily algebraic in nature 
and lacks a clear geometric interpretation. Consequently, possible extensions to higher orders of smoothness are not apparent.

In general, research on splines of global smoothness 𝑟 ≥ 2 is less developed. General approaches for Powell-Sabin splines of 
arbitrary degree and smoothness are given in [7,11], and some simplex splines approaches for 𝐶2 are described in [17,18]. Some 𝐶2

constructions and applications can also be found in [19].
Motivated by the idea of extending the control-triangle-based construction to edge basis splines, an entirely new approach for 

the construction of edge B–spline–like functions is presented in this paper. As in [9], the construction is localized to two triangles 
𝑇1 and 𝑇2 sharing a common edge and forming a strictly convex quadrilateral, and the Bernstein–Bézier representation is employed. 
The method developed in this paper is based on the selection of two specific control triangles that contain both triangles 𝑇1 and 
𝑇2. The key idea underlying the proposed approach is to identify such control triangles that, after subdividing the Bernstein basis 
polynomials defined over each control triangle onto 𝑇1 and 𝑇2, a large number of the resulting Bernstein–Bézier coefficients vanish. 
Furthermore, a clear separation of candidates for vertex and edge basis splines with the desired properties is possible. Two control 
triangles are required in order to derive a sufficient number of linearly independent edge basis splines. The proposed construction 
is entirely geometric in nature and can be applied to derive 𝐶𝑟 continuous edge B–spline–like splines of sufficiently high degree. 
However, since each smoothness order requires a separate analysis, a detailed study is provided for the 𝐶1 and 𝐶2 continuous cases, 
which are the most relevant for practical applications.

The remainder of the paper is organized as follows. A short review of Bernstein–Bézier representation for polynomials over 
triangles together with the notation employed in this work is given in Section 2. In Section 3 splines over two triangles sharing 
an edge and forming a strictly convex quadrilateral are considered, control triangles are introduced and candidates for vertex and 
edge B–spline–like basis functions are derived. Derivation of 𝐶1 continuous B–spline–like basis functions of degree 𝑑 ≥ 2 is given in 
Section 4 together with numerical examples and a comparison with the basis splines derived in [9]. Section 5 is devoted to the analysis 
of 𝐶2 continuous splines of degree 𝑑 ≥ 4. Some notes on edge B–spline–like splines of higher order of smoothness are provided in 
Section 6, and concluding remarks are given in Section 7.

2.  Bernstein–Bézier representation of polynomials over a triangle

We denote by ℙ1
𝑑 the univariate polynomials of degree 𝑑, and by ℙ2

𝑑 the bivariate polynomials of total degree 𝑑. Any 𝑝 ∈ ℙ1
𝑑 , 

observed over the interval [𝑎, 𝑏], can be uniquely expressed in a Bernstein–Bézier representation

𝑝(𝑥) =
𝑑
∑

𝑖=0
𝑐𝑖𝐵

𝑑
𝑖 (

𝑥−𝑎
𝑏−𝑎 ), 𝑥 ∈ [𝑎, 𝑏], 𝐵𝑑

𝑖 (𝑡) ∶=
(

𝑑
𝑖

)

𝑡𝑖(1 − 𝑡)𝑑−𝑖, 𝑡 ∈ [0, 1].

The coefficients 𝑐𝑖 ∈ ℝ, called Bézier coefficients, define control points ((1 − 𝑖
𝑑 )𝑎 +

𝑖
𝑑 𝑏, 𝑐𝑖) ∈ ℝ2, 𝑖 = 0, 1,… , 𝑑, and their control polygon 

determines the shape of the graph of 𝑝 over the interval [𝑎, 𝑏]. Bivariate polynomials are naturally observed over triangles. With 𝑇 =
(

𝑽1,𝑽2,𝑽3
) we denote the triangle with vertices 𝑽𝑖, 𝑖 = 1, 2, 3, and △0 ∶= ((1, 0), (0, 1), (0, 0)) is a so called unit triangle. To enumerate 

the bivariate Bernstein basis polynomials we define the set

𝕀𝑑 ∶=
{

𝒊 = (𝑖1, 𝑖2, 𝑖3) ∈ ℕ3
0 ∶ |𝒊| = 𝑖1 + 𝑖2 + 𝑖3 = 𝑑

}
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consisting of (𝑑+22
) multi-indices, which is the dimension of ℙ2

𝑑 . For any 𝑝 ∈ ℙ2
𝑑 , its Bernstein–Bézier representation over △0 is of the 

form

𝑝(𝑢, 𝑣) =
∑

𝒊∈𝕀𝑑

𝑐𝒊𝐵
△,𝑑
𝒊 (𝑢, 𝑣), 𝐵△,𝑑

𝒊 (𝑢, 𝑣) ∶= 𝑑!
𝑖1!𝑖2!𝑖3!

𝑢𝑖1𝑣𝑖2 (1 − 𝑢 − 𝑣)𝑖3 , (𝑢, 𝑣) ∈ △0, 𝒊 = (𝑖1, 𝑖2, 𝑖3) ∈ 𝕀𝑑 ,

for some coefficients 𝑐𝒊 ∈ ℝ, and this representation allows us to define the control mesh over △0 with control points 
{

( 𝑖1𝑑 ,
𝑖2
𝑑 , 𝑐𝒊) ∶ 𝒊 ∈ 𝕀𝑑

}

. To define such a representation over a general triangle 𝑇  we need to express points in 𝑇  by their barycentric 
coordinates with respect to 𝑇 . Namely, for 𝑿 ∈ 𝑇 , we denote by Bar𝑇 (𝑿) = (𝑢1, 𝑢2, 𝑢3) triple of values such that 𝑿 = 𝑢1𝑽1 + 𝑢2𝑽2 + 𝑢3𝑽3
and 𝑢1 + 𝑢2 + 𝑢3 = 1. Barycentric mapping is closely related to the bijective linear mapping

𝑮𝑇 ∶ △0 → 𝑇 , 𝑮𝑇 (𝑢, 𝑣) ∶= 𝑢𝑽1 + 𝑣𝑽2 + (1 − 𝑢 − 𝑣)𝑽3
of the triangle △0 into 𝑇 . Namely, for each 𝑿 ∈ 𝑇  the first two barycentric coordinates (𝑢1, 𝑢2, 𝑢3) = Bar𝑇 (𝑿) are equal to (𝑢1, 𝑢2) =
𝑮−1

𝑇 (𝑿) and the last one is clearly 𝑢3 = 1 − 𝑢1 − 𝑢2. With this notation the Bernstein–Bézier representation of a polynomial 𝑝 over a 
general triangle 𝑇  is given as

𝑝(𝑿) =
∑

𝒊∈𝕀𝑑

𝑐𝑇𝒊 𝐵
𝑇 ,𝑑
𝒊 (𝑿), 𝐵𝑇 ,𝑑

𝒊 ∶= 𝐵△,𝑑
𝒊 ◦𝑮−1

𝑇 , (1)

for some Bézier coefficients 𝑐𝑇𝒊 ∈ ℝ that together with domain points
𝑿𝑇 ,𝑑

𝒊 ∶= 𝑮𝑇 (
𝑖1
𝑑 ,

𝑖2
𝑑 ) =

𝑖1
𝑑 𝑽1 +

𝑖2
𝑑 𝑽2 +

𝑖3
𝑑 𝑽3, 𝒊 ∈ 𝕀𝑑 , (2)

define the control mesh with control points (𝑿𝑇 ,𝑑
𝒊 , 𝑐𝑇𝒊 ).

Remark 1. To denote the set of Bézier coefficients {𝑐𝒊 ∶ 𝒊 ∈ 𝕀𝑑
}

, we use the representation with a lower triangular matrix 𝑪 =

Mat
(

(

𝑐𝒊
)

𝒊∈𝕀𝑑

)

, 𝑪 ∈ ℝ(𝑑+1)×(𝑑+1), such that its element 𝑪(𝑖, 𝑗) in 𝑖–th row and 𝑗–th column (counted from 0 to 𝑑) equals 𝑪(𝑖, 𝑗) =
𝑐(𝑖−𝑗,𝑗,𝑑−𝑖). Equivalently, 𝑐(𝑖1 ,𝑖2 ,𝑖3) = 𝑪(𝑑 − 𝑖3, 𝑖2). In particular, this matrix representation for degrees 𝑑 = 3 and 𝑑 = 4 equals

⎡

⎢

⎢

⎢

⎢

⎣

𝑐(0,0,3) 0 0 0
𝑐(1,0,2) 𝑐(0,1,2) 0 0
𝑐(2,0,1) 𝑐(1,1,1) 𝑐(0,2,1) 0
𝑐(3,0,0) 𝑐(2,1,0) 𝑐(1,2,0) 𝑐(0,3,0)

⎤

⎥

⎥

⎥

⎥

⎦

,

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑐(0,0,4) 0 0 0 0
𝑐(1,0,3) 𝑐(0,1,3) 0 0 0
𝑐(2,0,2) 𝑐(1,1,2) 𝑐(0,2,2) 0 0
𝑐(3,0,1) 𝑐(2,1,1) 𝑐(1,2,1) 𝑐(0,3,1) 0
𝑐(4,0,0) 𝑐(3,1,0) 𝑐(2,2,0) 𝑐(1,3,0) 𝑐(0,4,0)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Many essential operations on polynomials, such as evaluation, subdivision and differentiation can be easily applied using the 
blossoming principle (see [20–22] for more details). Note that the blossom [𝑝] ∶ (ℝ2)𝑑 → ℝ of a polynomial 𝑝 is independent of 
the representation of 𝑝. However, if 𝑝 is given in the Bernstein–Bézier form (1), its blossom [𝑝] can be easily computed using the 
generalized de Casteljau algorithm, given in Algorithm 1. The following properties are further needed:

1. Let 𝑝 ∈ ℙ2
𝑑 . The Bézier coefficients in (1) are equal to 𝑐𝑇𝒊 = [𝑝]

(

𝑽 ⟨𝑖1⟩
1 ,𝑽 ⟨𝑖2⟩

2 ,𝑽 ⟨𝑖3⟩
3

)

, 𝒊 ∈ 𝕀𝑑 .

2. Suppose that 𝑇 =
(

𝑽1,𝑽2,𝑽3
) and 𝑄 =

(

𝑸1,𝑸2,𝑸3
) are two triangles and let 𝑝 ∈ ℙ2

𝑑 be given by (1) with 𝑪 = Mat
(

(

𝑐𝑇𝒊
)

𝒊∈𝕀𝑑

)

. The 
coefficients of the Bernstein–Bézier representation of 𝑝 over the triangle 𝑄 can be computed by

𝑐𝑄𝒊 = [𝑝]
(

𝑸⟨𝑖1⟩
1 ,𝑸⟨𝑖2⟩

2 ,𝑸⟨𝑖3⟩
3

)

= 𝙳𝚎𝙲𝚊𝚜𝚝

(

𝑪 ,
(

𝑸⟨𝑖1⟩
1 ,𝑸⟨𝑖2⟩

2 ,𝑸⟨𝑖3⟩
3

)

, 𝑇
)

, 𝒊 ∈ 𝕀𝑑 . (3)

Algorithm 1: de Casteljau algorithm (𝙳𝚎𝙲𝚊𝚜𝚝).
Input: Matrix 𝑪 with Bézier coefficients {𝑐𝒊 ∶ 𝒊 ∈ 𝕀𝑑

}

, points 𝑿1,𝑿2,… ,𝑿𝑑 , triangle 𝑇
(𝑢𝓁,1, 𝑢𝓁,2, 𝑢𝓁,3) ← Bar𝑇 (𝑿𝓁), 𝓁 = 1, 2,… , 𝑑;
𝑐(0)𝒊 ← 𝑐𝒊, 𝒊 ∈ 𝕀𝑑 ;
for 𝓁 = 1, 2,… , 𝑑 do

foreach 𝒊 ∈ 𝕀𝑑−𝓁 do
𝑐(𝓁)𝒊 ← 𝑢𝓁,1𝑐

(𝓁−1)
𝒊+(1,0,0) + 𝑢𝓁,2𝑐

(𝓁−1)
𝒊+(0,1,0) + 𝑢𝓁,3𝑐

(𝓁−1)
𝒊+(0,0,1);

end 
end 
Output: value 𝑐(𝑑)(0,0,0)

Remark 2. In what follows the Algorithm 1 is applied also as
𝙳𝚎𝙲𝚊𝚜𝚝

(

𝑪 ,
(

𝑿1,𝑿2,… ,𝑿𝑑
)

, 𝑇
)

= 𝙳𝚎𝙲𝚊𝚜𝚝
(

𝑪 ,
(

𝒖1, 𝒖2,… , 𝒖𝑑
))

,

where 𝒖𝓁 = Bar𝑇 (𝑿𝓁), 𝓁 = 1, 2,… , 𝑑. 
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Fig. 1. A visual representation of Bézier coefficient groups (red - vertex group, black - triangle group, blue - edge group) for 𝐶1 (left) and 𝐶2 (right) 
super-smooth Argyris spline space.

Fig. 2. Illustration showing that, due to local support requirements, it is sufficient to study only two adjacent sub-triangles (traced with purple) 
along a common edge.

2.1.  A 𝐶𝑟 spline space over a triangulation

Let Ω ⊂ ℝ2 be a given planar connected domain with a polygonal boundary partitioned by a triangulation Δ =
{

𝑇1, 𝑇2,… , 𝑇𝑀
}

, 
such that the intersection of two triangles is either empty, a common edge or a vertex, and such that Ω = ∪𝑀

𝑚=1𝑇𝑚. We denote the set 
of vertices and edges by  =

{

𝑽𝑗 ∶ 𝑗 ∈ 
} and  =

{

𝐞𝑘 ∶ 𝑘 ∈ 
} respectively, where   and   denote the index sets. Observing 

the spline space

𝑟
𝑑 (Δ) ∶=

{

𝑠 ∶ Ω → ℝ ∶ 𝑠|𝑇𝑚 ∈ ℙ2
𝑑 , 𝑚 ∈ {1, 2,… ,𝑀}

}

∩ 𝐶𝑟(Ω)

or its subspace, determining the dimension of the space and construction of locally supported non-negative basis functions that form 
a partition of unity, i.e., B–spline–like basis functions, presents challenging problems.

Due to smoothness conditions that depend on the geometry of the triangles in the triangulation, the coefficients in the Bernstein–
Bézier form are usually separated into three groups – triangle, vertex and edge group. Fig. 1 graphically presents this separation for the 
𝐶1 and 𝐶2 super-smooth Argyris spline space, where super-smoothness of order 2 for 𝐶1 and order 4 for 𝐶2 is imposed at the vertices 
of a triangulation. Red domain points correspond to vertex, black to triangle, and blue to edge Bézier coefficients. The same separation 
is applied to basis splines as well (more details are given in Section 3).

As already reviewed in the introduction the construction of vertex basis splines is well developed. It is based on selecting for 
each vertex of the triangulation the control triangle, that contains all the domain points in the vertex group around the chosen vertex. 
Requiring the 𝐶𝑠 continuity at the vertex one chooses over the control triangle the Bernstein basis polynomials of degree 𝑠 and 
subdivides them to local triangles (denoted by red in Fig. 1) to determine the values of Bézier coefficients in the vertex group (see 
[11, Theorem 3]). The triangle basis splines are chosen simply as the Bernstein basis polynomials corresponding to domain points in 
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the triangle group extended by zero outside the observed triangle. An approach to compute the non-negative edge basis splines of 
general degree forming the partition of unity is explored only for 𝐶1 continuous splines (see [9]). However, the construction proposed 
in [9] is done in an algebraic way and does not have a clear geometric interpretation. A novel approach for computing edge basis 
splines that can be applied to splines of a higher order of smoothness and is based on the selection of specific control triangles is 
presented in the next section. Due to the requirement of the local support it is sufficient to consider the problem on two triangles 
sharing an edge as illustrated in Fig. 2 (purple triangles).

3.  Splines over two triangles sharing an edge

Suppose that the triangulation of a connected domain Ω consists of only two triangles Δ =
{

𝑇1, 𝑇2
}

, 𝑇1 =
(

𝑺1,𝑺2,𝑹1
) and 𝑇2 =

(

𝑺1,𝑺2,𝑹2
)

, that share the edge 𝒆 = (𝑺1,𝑺2) and form a strictly convex quadrilateral. For a spline 𝑠 ∈ 𝑟
𝑑 (Δ), 𝑟 ≥ 0, we denote its 

restriction to triangles by
𝑠|𝑇𝓁 =∶ 𝑝𝓁 ∈ ℙ2

𝑑 , 𝑝𝓁 =
∑

𝒊∈𝕀𝑑

𝑐𝑇𝓁𝒊 𝐵𝑇𝓁 ,𝑑
𝒊 , 𝓁 = 1, 2,

where 𝑐𝑇1(𝑑−𝑖,𝑖,0) = 𝑐𝑇2(𝑑−𝑖,𝑖,0), 𝑖 = 0, 1,… , 𝑑. To present the Bézier coefficients of 𝑠 over both triangles we use the following table represen-
tation

(4)

The 𝐶𝑟 continuity conditions hold true iff

𝑐𝑇2𝒊 = [𝑝1]
(

𝑺⟨𝑖1⟩
1 ,𝑺⟨𝑖2⟩

2 ,𝑹⟨𝑖3⟩
2

)

, 𝒊 = (𝑖1, 𝑖2, 𝑖3) ∈ 𝕀𝑑 , 𝑖3 ∈ {0, 1,… , 𝑟}.

Thus, the dimension of this spline space equals 𝑟
𝑑 (Δ) =

(𝑑+2
2

)

+
(𝑑−𝑟+1

2

)

. Let us separate the Bézier coefficients 𝑐𝑇𝓁𝒊 , 𝒊 = (𝑖1, 𝑖2, 𝑖3) ∈ 𝕀𝑑 , 
for 𝓁 = 1, 2 into three groups:

• Vertex group: 𝑇𝓁 = 𝑇𝓁𝑺1
∪ 𝑇𝓁𝑺2

, 𝑇𝓁𝑺𝑗
∶=

{

𝑐𝑇𝓁𝒊 ∶ 𝑑 − 𝑟 + 1 ≤ 𝑖𝑗 ≤ 𝑑
}

 for 𝑗 = 1, 2,

• Triangle group: 𝑇𝓁
△

=
{

𝑐𝑇𝓁𝒊 ∶ 𝑟 + 1 ≤ 𝑖3 ≤ 𝑑
}

,

• Edge group: 𝑇𝓁 =
{

𝑐𝑇𝓁𝒊 ∶ 0 ≤ 𝑖1 ≤ 𝑑 − 𝑟 + 2, 0 ≤ 𝑖2 ≤ 𝑑 − 𝑟 + 2, 0 ≤ 𝑖3 ≤ 𝑟
}

,

In Fig. 2 the two observed triangles are denoted in purple and the domain points corresponding to these three groups are colored in 
red, gray and blue respectively for the 𝐶1 (left) and 𝐶2 (right) order of smoothness. By denoting

𝑛1 ∶=
|

|

|

𝑇𝓁𝑺𝑗

|

|

|

=
(

𝑟 + 1
2

)

, 𝑛2 ∶=
|

|

|

𝑇𝓁
△
|

|

|

=
(

𝑑 − 𝑟 + 1
2

)

, 𝑛3 ∶=
|

|

|

𝑇𝓁
|

|

|

= (𝑑 + 1 − 2𝑟)(𝑟 + 1) +
(

𝑟 + 1
2

)

, (5)

the dimension can be expressed as dim(𝑟
𝑑 (Δ)) = 2𝑛1 + 2𝑛2 + 𝑛3. The goal is to construct 2𝑛1, 2𝑛2 and 𝑛3 B–spline–like basis functions 

corresponding to the two vertices, two triangles and one edge of Δ, respectively, so that

(a) the triangle basis functions have zero Bézier coefficients in the vertex and edge group,
(b) the edge basis functions have zero Bézier coefficients in the vertex and triangle group,
(c) the vertex basis functions have zero Bézier coefficients in the triangle group,
(d) basis functions are non-negative and form a partition of unity.

Note that, for the vertex basis functions, we do not impose the condition that the Bézier coefficients in the edge group are zero, since 
the smoothness conditions imply that a small number of these coefficients must be non-zero. In what follows, we assume that 𝑑 ≥ 2𝑟
ensuring that at least one Bézier coefficient associated with domain points on the common edge appears in the edge group.
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Fig. 3. The control triangles 𝑄1 (red) and 𝑄2 (blue) and their domain points for degree 𝑑 = 5.

3.1.  Control triangles

By assumption, the triangles 𝑇1 and 𝑇2 form a strictly convex quadrilateral. For the construction of edge B–spline–like basis 
functions we introduce two so called control triangles

𝑄𝑗 =
(

𝑸𝑗,1,𝑸𝑗,2,𝑸𝑗,3
)

, 𝑗 = 1, 2,

in the following way (see Fig. 3. Denoting by line(𝑷1,𝑷2) the line through points 𝑷1 and 𝑷2, the vertices of 𝑄𝑗 are chosen as
𝑸1,1 = 𝑞1 ∩ line(𝑺2,𝑹1), 𝑸1,2 = 𝑞1 ∩ line(𝑺2,𝑹2), 𝑸1,3 = 𝑺2,

𝑸2,1 = 𝑞2 ∩ line(𝑺1,𝑹1), 𝑸2,2 = 𝑞2 ∩ line(𝑺1,𝑹2), 𝑸2,3 = 𝑺1,

where 𝑞𝑗 = line(𝑺𝑗 ,𝑺𝑗 +𝑹1 −𝑹2) is the line through 𝑺𝑗 parallel to the line(𝑹1,𝑹2).
Further, let the barycentric coordinates of 𝑹2 with respect to 𝑇1 be denoted by Bar𝑇1 (𝑹2) =∶ (𝜎1, 𝜎2, 𝜌), and let 𝒁 be the intersection 

between line(𝑹1,𝑹2) and line(𝑺1,𝑺2). It is straightforward to compute that
𝒁 = 𝜇1𝑹1 + 𝜇2𝑹2 = 𝜆1𝑺1 + 𝜆2𝑺2, 𝜇1 ∶=

−𝜌
1−𝜌 , 𝜇2 ∶=

1
1−𝜌 , 𝜆1 ∶=

𝜎1
𝜎1+𝜎2

, 𝜆2 ∶=
𝜎2

𝜎1+𝜎2
. (6)

Note that 𝜌 < 0 and 𝜎𝑗 , 𝜇𝑗 , 𝜆𝑗 > 0 for 𝑗 = 1, 2, since the triangles are assumed to form a strictly convex quadrilateral. Moreover, it is 
straightforward to compute that

Bar𝑄1
(𝑺1) =

(

𝜇1, 𝜇2, 0
)

, Bar𝑄1
(𝑺2) = (0, 0, 1), Bar𝑄1

(𝑹1) =
(

𝜆1, 0, 𝜆2
)

, Bar𝑄1
(𝑹2) =

(

0, 𝜆1, 𝜆2
)

Bar𝑄2
(𝑺1) = (0, 0, 1), Bar𝑄2

(𝑺2) =
(

𝜇1, 𝜇2, 0
)

, Bar𝑄2
(𝑹1) =

(

𝜆2, 0, 𝜆1
)

, Bar𝑄2
(𝑹2) =

(

0, 𝜆2, 𝜆1
)

,

and the areas of control triangles satisfy

area(𝑄𝑗 ) =
area(𝑇1) + area(𝑇2)

𝜆𝑗
, 𝑗 = 1, 2. (7)

Over 𝑄𝑗 for 𝑗 = 1, 2, we choose (𝑑+22
) Bernstein basis polynomials 𝐵𝑄𝑗 ,𝑑

𝒌 , 𝒌 = (𝑘1, 𝑘2, 𝑘3) ∈ 𝕀𝑑 , that clearly lie in 𝑟
𝑑 (Δ). Their schematic 

representation for 𝑑 = 5 is shown in Fig. 3 (right), where each red dot represents one Bernstein basis polynomial over 𝑄1, and the 
blue dot the Bernstein basis polynomial over 𝑄2. Their Bernstein–Bézier representation over Δ, obtained by the subdivision onto 𝑇1
and 𝑇2, is given in the following theorem.
Theorem 1. Let

𝐵
𝑄𝑗 ,𝑑
𝒌

|

|

|𝑇𝓁
=

∑

𝒊∈𝕀𝑑

𝑏[𝒌, 𝑄𝑗 , 𝑇𝓁]𝒊𝐵
𝑇𝓁 ,𝑑
𝒊 , 𝑗 = 1, 2, 𝓁 = 1, 2, 𝒌 ∈ 𝕀𝑑 .

The Bézier coefficients are equal to 

𝑏[𝒌, 𝑄1, 𝑇1]𝒊 =

{

𝐵𝑖1
𝑖1−𝑘2

(𝜇1)𝐵
𝑖3
𝑘1+𝑘2−𝑖1

(𝜆1), (𝑘2 ≤ 𝑖1 ≤ 𝑘1 + 𝑘2) ∧ (𝑖2 ≤ 𝑘3)

0, elsewise
, (8a)

Journal of Computational and Applied Mathematics 489 (2027) 117914 

6 



M. Knez and M. Šteblaj

𝑏[𝒌, 𝑄1, 𝑇2]𝒊 =

{

𝐵𝑖1
𝑘1
(𝜇1)𝐵

𝑖3
𝑘1+𝑘2−𝑖1

(𝜆1), (𝑘1 ≤ 𝑖1 ≤ 𝑘1 + 𝑘2) ∧ (𝑖2 ≤ 𝑘3)

0, elsewise
, (8b)

𝑏[𝒌, 𝑄2, 𝑇1]𝒊 =

{

𝐵𝑖2
𝑖2−𝑘2

(𝜇1)𝐵
𝑖3
𝑘3−𝑖1

(𝜆1), (𝑘2 ≤ 𝑖2 ≤ 𝑘1 + 𝑘2) ∧ (𝑖1 ≤ 𝑘3)

0, elsewise
, (8c)

𝑏[𝒌, 𝑄2, 𝑇2]𝒊 =

{

𝐵𝑖2
𝑘1
(𝜇1)𝐵

𝑖3
𝑘3−𝑖1

(𝜆1), (𝑘1 ≤ 𝑖2 ≤ 𝑘1 + 𝑘2) ∧ (𝑖1 ≤ 𝑘3)

0, elsewise
. (8d)

Proof.  We denote by 𝐼𝒌,𝑑 ∈ ℝ(𝑑+1)×(𝑑+1) the matrix with 𝐼𝒌,𝑑 (𝑑 − 𝑘3, 𝑘2) = 1 and zero values elsewhere. Assume first that 𝑗 = 1. By (3) 
the Bézier coefficients of 𝐵𝑄1 ,𝑑

𝒌  observed over 𝑇1 are for all 𝒊 = (𝑖1, 𝑖2, 𝑖3) ∈ 𝕀𝑑 equal to

𝑏[𝒌, 𝑄1, 𝑇1]𝒊 = [𝐵𝑄1 ,𝑑
𝒌 ]

(

𝑺⟨𝑖1⟩
1 ,𝑺⟨𝑖2⟩

2 ,𝑹⟨𝑖3⟩
1

)

= 𝙳𝚎𝙲𝚊𝚜𝚝

(

𝐼𝒌,𝑑 ,
(

𝑺⟨𝑖1⟩
1 ,𝑺⟨𝑖2⟩

2 ,𝑹⟨𝑖3⟩
1

)

, 𝑇
)

= 𝙳𝚎𝙲𝚊𝚜𝚝

(

𝐼𝒌,𝑑 ,
(

(𝜇1, 𝜇2, 0)⟨𝑖1⟩, (0, 0, 1)⟨𝑖2⟩, (𝜆1, 0, 𝜆2)⟨𝑖3⟩
))

= 𝙳𝚎𝙲𝚊𝚜𝚝

(

𝐼(𝑘1 ,𝑘2 ,𝑘3−𝑖2),𝑑−𝑖2 ,
(

(𝜇1, 𝜇2, 0)⟨𝑖1⟩, (𝜆1, 0, 𝜆2)⟨𝑖3⟩
))

,

where the last equality follows by applying 𝑖2–times the argument (0, 0, 1). From well known properties of the de Casteljau algorithm, 
we further derive that 

𝑏[𝒌, 𝑄1, 𝑇1]𝒊 =
∑

𝒋∈𝕀𝑖3

⎛

⎜

⎜

⎝

∑

𝒔∈𝕀𝑖1

𝑐𝒋+𝒔+(0,0,𝑖2)𝐵
△,𝑖1
𝒔 (𝜇1, 𝜇2, 0)

⎞

⎟

⎟

⎠

𝐵△,𝑖3
𝒋 (𝜆1, 0, 𝜆2),

where 𝑐𝒌 = 1 and 𝑐𝓵 = 0 for all 𝓵 ≠ 𝒌. Since

𝐵△,𝑖1
(𝑠1 ,𝑠2 ,𝑠3)

(𝜇1, 𝜇2, 0) =

{

𝐵𝑖1
𝑠1 (𝜇1), 𝑠3 = 0

0, elsewise
, 𝐵△,𝑖3

(𝑗1 ,𝑗2 ,𝑗3)
(𝜆1, 0, 𝜆2) =

{

𝐵𝑖3
𝑗1
(𝜆1), 𝑗2 = 0

0, elsewise
,

it follows that 

𝑏[𝒌, 𝑄1, 𝑇1]𝒊 =
𝑖3
∑

𝑗1=0

𝑖1
∑

𝑠1=0
𝑐(𝑗1+𝑠1 ,𝑖1−𝑠1 ,𝑖3−𝑗1+𝑖2)𝐵

𝑖1
𝑠1 (𝜇1)𝐵

𝑖3
𝑗1
(𝜆1),

which by assuming that only 𝑐𝒌 is nonzero implies (8a). Similarly we derive (8b)–(8d). This completes the proof. ∎

3.2.  Candidates for B–spline–like basis functions

Theorem 1 reveals that many of the coefficients 𝑏[𝒌, 𝑄𝑗 , 𝑇𝓁]𝒔, 𝒔 = (𝑠1, 𝑠2, 𝑠3) ∈ 𝕀𝑑 , are equal to zero. Graphical illustration and the 
schematic table representation (4) of nonzero Bézier coefficients of 𝐵𝑄𝑗 ,𝑑

𝒌  for 𝒌 = (𝑖, 𝑑 − 𝑘 − 𝑖, 𝑘), 𝑖 = 0, 1,… , 𝑑 − 𝑘 for a fixed 𝑘 = 𝑘3, 
and 𝑗 = 1 are shown in Fig. 4. Similar illustration for 𝑗 = 2 is provided in Fig. 5. Circled domain points denote which Bernstein 
basis polynomial is used, and black domain points (and blue fields in table representation) indicate nonzero coefficients after the 
subdivision.

Since the Bézier coefficients 𝑏[𝒌, 𝑄𝑗 , 𝑇𝓁]𝒔 with 𝑠3 > 𝑟 do not affect the 𝐶𝑟 smoothness conditions, the splines obtained from 𝐵𝑄𝑗 ,𝑑
𝒌

by setting these coefficients over both triangles 𝑇1 and 𝑇2 to zero remain in 𝑟
𝑑 (Δ). Let us denote these splines by 𝐵

𝑄𝑗 ,𝑑
𝒌 . Note that 

they are not linearly independent anymore. In more detail, for a fixed 𝑘 = 𝑘3 and the control triangle 𝑄1, we have 𝑑 − 𝑘 + 1 splines 
𝐵𝑄1 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘), 𝑖 = 0, 1,… , 𝑑 − 𝑘. Each can be represented with a matrix of Bézier coefficients over 𝑇1 and a matrix over 𝑇2, joined in a 

table of the form (4). As illustrated in Fig. 4 and certified by Theorem 1, all Bézier coefficients of the spline 𝐵𝑄1 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘) in columns 

indexed from 𝑘 + 1 to 𝑑 vanish. This implies that splines obtained from different levels regarding the index 𝑘 are linearly independent. 
Similarly, for the control triangle 𝑄2, fixed 𝑘 and 𝒌 = (𝑖, 𝑘 − 𝑖, 𝑑 − 𝑘), 𝑖 = 0, 1,… , 𝑘, we have 𝑘 + 1 splines 𝐵𝑄2 ,𝑑

(𝑖,𝑘−𝑖,𝑑−𝑘), that also have 
zero Bézier coefficients in columns indexed from 𝑘 + 1 to 𝑑 (see Fig. 5).

The following lemma shows that the number of linearly independent splines for a fixed 𝑘 and a fixed control triangle 𝑄𝑗 is at most 
𝑟 + 1.

Lemma 1. (a) Let 𝑘 ∈ {0, 1,… , 𝑑 − 𝑟} be fixed. The set 
{

𝐵𝑄1 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘), 𝑖 = 0, 1,… , 𝑑 − 𝑘

}

 contains exactly 𝑟 + 1 linearly independent splines.
(b) For a fixed 𝑘 ∈ {𝑑 − 𝑟 + 1,… , 𝑑}, all splines in 

{

𝐵𝑄1 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘), 𝑖 = 0, 1,… , 𝑑 − 𝑘

}

 are linearly independent.
(c) Let 𝑘 ∈ {𝑟, 𝑟 + 1,… , 𝑑} be fixed. The set 

{

𝐵𝑄2 ,𝑑
(𝑖,𝑘−𝑖,𝑑−𝑘), 𝑖 = 0, 1,… , 𝑘

}

 contains exactly 𝑟 + 1 linearly independent splines.
(d) For a fixed 𝑘 ∈ {0, 1,… , 𝑟 − 1}, all splines in 

{

𝐵𝑄2 ,𝑑
(𝑖,𝑘−𝑖,𝑑−𝑘), 𝑖 = 0, 1,… , 𝑘

}

 are linearly independent. 

Proof.  It suffices to prove statements (a) and (b), since (c) and (d) can be proved in a similar manner.
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Fig. 4. The top row of plots shows the nonzero coefficients over 𝑇1 and 𝑇2 (colored black) corresponding to the Bernstein polynomial over 𝑄1
associated with the chosen domain point (circled in red) for 𝑑 = 5 and 𝑘 = 2. The corresponding coefficient tables are shown below, with nonzero 
entries shaded in blue.

Proof of (a): To examine linear independence, let us observe a linear combination ∑𝑑−𝑘
𝑖=0 𝜁𝑖 𝐵

𝑄1 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘) for 𝜁𝑖 ∈ ℝ. It is zero iff the 

Bézier coefficients in its Bernstein–Bézier form are all zero. It is enough to consider only the triangle 𝑇1 and the coefficients with 
indices 𝒔 = (𝑠1, 𝑠2, 𝑠3) ∈ 𝕀𝑑 for 𝑠3 ≤ 𝑟, which gives the following equations for (𝜁𝑖)𝑑−𝑘𝑖=0 : 

𝑑−𝑘
∑

𝑖=0
𝜁𝑖 𝑏[(𝑖, 𝑑 − 𝑘 − 𝑖, 𝑘), 𝑄1, 𝑇1]𝒔 = 0, 𝒔 = (𝑠1, 𝑠2, 𝑠3) ∈ 𝕀𝑑 , 𝑠3 ≤ 𝑟.

By (8a), the spline 𝐵𝑄1 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘) has non-zero Bézier coefficients over 𝑇1 only at indices (𝑠1, 𝑠2, 𝑠3) satisfying 𝑑 − 𝑘 − 𝑖 ≤ 𝑠1 ≤ 𝑑 − 𝑘, 𝑠2 ≤ 𝑘, 

𝑠3 ≤ 𝑟. Since 𝑠1 = 𝑑 − 𝑠2 − 𝑠3, the last two bounds imply that 𝑠1 ≥ 𝑑 − 𝑘 − 𝑟. The nontrivial equations are thus, by applying (8a), equal 
to

𝐵𝑠3
𝑑−𝑘−𝑠1

(𝜆1)
𝑑−𝑘
∑

𝑖=𝑑−𝑘−𝑠1

𝜁𝑖 𝐵
𝑠1
𝑠1−(𝑑−𝑘−𝑖)

(𝜇1) = 0, 𝑠1 = 𝑑 − 𝑘 − 𝑟,… , 𝑑 − 𝑘, 𝑠3 = 0, 1,… , 𝑟,

showing that for a fixed 𝑠1 all the equations are the same. Thus not more than 𝑟 + 1 splines can be linearly independent. It is 
straightforward to see that the first 𝑟 + 1 splines, corresponding to 𝑖 = 0, 1,… , 𝑟, are linearly independent as each of these splines 
progressively adds a new non-zero Bézier coefficient over 𝑇1 in the 𝑘-th column of the matrix representation (see Fig. 4 for the 
illustration). Similarly, by observing non-zero Bézier coefficients over 𝑇2 in the 𝑘-th column, one can see that the last 𝑟 + 1 splines, 
corresponding to 𝑖 = 𝑑 − 𝑘 − 𝑟,… , 𝑑 − 𝑘, are linearly independent as well.

 Proof of (b): For 𝑘 > 𝑑 − 𝑟 the set of splines in case (b) of the lemma contains fewer than 𝑟 + 1 functions. Their linear indepen-
dence is immediate, since each spline progressively adds a new non-zero Bézier coefficient over 𝑇1 in the 𝑘-th column of the matrix 
representation. ∎

Based on the above observations, results given by Lemma 1 (and its proof), and the aim to preserve the partition of unity property, 
we propose to join the splines 𝐵𝑄𝑗 ,𝑑

𝒌  with respect to 𝑘3 = 𝑘 in the following way: 

𝑘 ∈ {0,… , 𝑟 − 1} ∶ 𝜑𝑄1
𝑘,𝑖+1 = 𝐵𝑄1 ,𝑑

(𝑖,𝑑−𝑘−𝑖,𝑘), 𝜑
𝑄2
𝑑−𝑘,𝑘+1−𝑖 = 𝐵𝑄2 ,𝑑

(𝑖,𝑑−𝑘−𝑖,𝑘), 𝑖 = 0, 1,… , 𝑘 − 1, (9a)

𝜑𝑄1
𝑘,𝑘+1 =

𝑑−𝑘
∑

𝑖=𝑘
𝐵𝑄1 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘), 𝜑𝑄2

𝑑−𝑘,1 =
𝑑−𝑘
∑

𝑖=𝑘
𝐵𝑄2 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘) (9b)

Journal of Computational and Applied Mathematics 489 (2027) 117914 

8 



M. Knez and M. Šteblaj

Fig. 5. The top row of plots shows the nonzero coefficients over 𝑇1 and 𝑇2 (colored black) corresponding to the Bernstein polynomial over 𝑄2
associated with the chosen domain point (circled in blue) for 𝑑 = 5 and 𝑑 − 𝑘 = 2. The corresponding coefficient tables are shown below, with 
nonzero entries shaded in blue.

𝑘 ∈ {𝑟,… , 𝑑 − 𝑟} ∶ 𝜑𝑄1
𝑘,𝑖+1 = 𝐵𝑄1 ,𝑑

(𝑖,𝑑−𝑘−𝑖,𝑘), 𝜑
𝑄2
𝑑−𝑘,𝑟+1−𝑖 = 𝐵𝑄2 ,𝑑

(𝑖,𝑑−𝑘−𝑖,𝑘), 𝑖 = 0, 1,… , 𝑟 − 1, (9c)

𝜑𝑄1
𝑘,𝑟+1 =

𝑑−𝑘
∑

𝑖=𝑟
𝐵𝑄1 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘), 𝜑𝑄2

𝑑−𝑘,1 =
𝑑−𝑘
∑

𝑖=𝑟
𝐵𝑄2 ,𝑑
(𝑖,𝑑−𝑘−𝑖,𝑘) (9d)

𝑘 ∈ {𝑑 − 𝑟 + 1,… , 𝑑} ∶ 𝜑𝑄1
𝑘,𝑖+1 = 𝐵𝑄1 ,𝑑

(𝑖,𝑑−𝑘−𝑖,𝑘), 𝜑
𝑄2
𝑑−𝑘,𝑑−𝑘+1−𝑖 = 𝐵𝑄2 ,𝑑

(𝑖,𝑑−𝑘−𝑖,𝑘), 𝑖 = 0, 1,… , 𝑑 − 𝑘. (9e)

The coupling (9) is graphically illustrated for 𝐶1 and 𝐶2 splines of degree 𝑑 = 5 in Figs. 6 and 7, respectively.
For a fixed 𝑗 ∈ {1, 2}, the splines defined in (9) are linearly independent and their sum has in its Bernstein–Bézier representation 

all the coefficients in the vertex and edge group equal to one. For 0 ≤ 𝑘 ≤ 𝑟 − 1 and 𝑑 − 𝑟 + 1 ≤ 𝑘 ≤ 𝑑 definition (9) yields 2(𝑟+12
) spline 

functions that belong to a group of vertex basis functions. Thus only one of 𝑄1 or 𝑄2 would be needed to derive the vertex basis 
functions. Furthermore, for a fixed 𝑗 ∈ {1, 2} and 𝑟 ≤ 𝑘 ≤ 𝑑 − 𝑟 we obtain (𝑑 + 1 − 2𝑟)(𝑟 + 1) functions that belong to a group of edge 
spline functions, since their Bézier coefficients in 𝑇𝓁  are all equal to zero. Recalling (5) (and applying the result of Lemma 1), we 
observe that using only a single control triangle does not provide a sufficient number of edge basis functions, as it gives (𝑟+12

) too few 
splines. For this reason, we need to combine the splines obtained from both control triangles 𝑄1 or 𝑄2 in order to obtain 𝑛3 linearly 
independent splines and with the aim to keep the partition of unity property, inherited from the Bernstein basis polynomials 𝐵𝑄𝑗 ,𝑑

𝒌 . 
In the next two sections we study in detail the 𝐶1 and 𝐶2 case.

Remark 3. Note that the definition of the functions in (9) depends on the ordering of triangles 𝑇1 and 𝑇2. Specifically, for a fixed 𝑘, 
we select individually the Bernstein basis polynomials corresponding to the “bottom” few domain points (closer to 𝑹2), and we sum 
the ones above (see Fig. 6 and Fig. 7). Interchanging the roles of 𝑇1 and 𝑇2, that is, exchanging 𝑹1 and 𝑹2, is equivalent to selecting 
individually the Bernstein basis polynomials corresponding to the “top” few domain points individually and summing those below. 

Remark 4.  It would also be natural to consider couplings in which the grouping associated with one control triangle is re-
versed with respect to that of the other. In particular, changing the order of vertices in the control triangle 𝑄1 =

(

𝑸1,1,𝑸1,2,𝑸1,3
) to 

(

𝑸1,2,𝑸1,1,𝑸1,3
) while keeping 𝑄2 unchanged, yields the configuration in which the grouping associated with 𝑄1 is reversed with 

respect to that of 𝑄2, i.e., the Bernstein basis polynomials corresponding to the “top” few domain points are selected individually, 
while those below are summed together. The analysis of such a configuration would require a separate treatment. Since numerical 
experiments showed (see also Example 1) that, with respect to the criteria introduced in the next section, this choice (as well as the 
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Fig. 6. A graphical illustration of the coupling (9) for 𝐶1 splines of degree 𝑑 = 5: all the Bernstein basis polynomials over 𝑄1 (left) or 𝑄2 (right) 
corresponding to domain points circled in red or blue are summed together.

Fig. 7. A graphical illustration of the coupling (9) for 𝐶2 splines of degree 𝑑 = 5: all the Bernstein basis polynomials over 𝑄1 (left) or 𝑄2 (right) 
corresponding to domain points circled in red or blue are summed together.
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choice obtained by exchanging the roles of 𝑄1 and 𝑄2) does not lead to bases exhibiting better properties than the bases presented 
in the remainder of the paper, we omit the corresponding analysis. 

4. 𝑪𝟏 Continuous B–spline–like basis functions

For 𝑟 = 1 the spline functions defined in (9) have non-zero Bézier coefficients, presented in the table representation (4), only in 
rows 𝑑 − 1, 𝑑 and 𝑑 + 1. Namely, the non-zero coefficients in these rows are equal to 

(10a)

and

(10b)

for 𝑘 = 1, 2,… , 𝑑 − 1. We collect these spline functions from each control triangle 𝑄𝑗 , 𝑗 = 1, 2 into the ordered set

𝝋𝑄𝑗 ∶=
{

𝜑
𝑄𝑗
0,1

}

∪
{

𝜑
𝑄𝑗
𝑘,1, 𝜑

𝑄𝑗
𝑘,2 ∶ 𝑘 = 1, 2,… , 𝑑 − 1

}

∪
{

𝜑
𝑄𝑗
𝑑,1

}

,

where the first and the last spline functions give the vertex basis splines 
𝐸0 ∶= 𝜑𝑄1

0,1 = 𝜑𝑄2
0,1 , 𝐸2𝑑 ∶= 𝜑𝑄1

𝑑,1 = 𝜑𝑄2
𝑑,1, (11a)

while for the edge basis splines, in order to obtain the required number of functions, we propose to combine splines from 𝝋𝑄1  and 
𝝋𝑄2  as

𝐸1 = 𝜉2𝜑
𝑄2
1,1 , 𝐸2 = 𝜉1𝜑

𝑄1
1,1 + 𝜉2𝜑

𝑄2
1,2 , 𝐸3 = 𝜉1𝜑

𝑄1
1,2 (11b)

for 𝑑 = 2, and

𝐸2𝑖−1 = 𝜑𝑄2
𝑖,1 , 𝐸2𝑖 = 𝜑𝑄2

𝑖,2 , 𝑖 = 1, 2,… ,𝓁1,

𝐸2𝓁1+1 = 𝜉2𝜑
𝑄2
𝓁1+1,1

,

𝐸2𝑖 = 𝜉1𝜑
𝑄1
𝑖,1 + 𝜉2𝜑

𝑄2
𝑖,2 , 𝐸2𝑖+1 = 𝜉1𝜑

𝑄1
𝑖,2 + 𝜉2𝜑

𝑄2
𝑖+1,1, 𝑖 = 𝓁1 + 1,… , 𝑑 − 𝓁2 − 2,

𝐸2(𝑑−𝓁2−1) = 𝜉1𝜑
𝑄1
𝑑−𝓁2−1,1

+ 𝜉2𝜑
𝑄2
𝑑−𝓁2−1,2

,

𝐸2(𝑑−𝓁2−1)+1 = 𝜉1𝜑
𝑄1
𝑑−𝓁2−1,2

,

𝐸2𝑖 = 𝜑𝑄1
𝑖,1 , 𝐸2𝑖+1 = 𝜑𝑄1

𝑖,2 , 𝑖 = 𝑑 − 𝓁2,… , 𝑑 − 1,

(11c)

for 𝑑 ≥ 3, where
(𝚊) 𝓁1 = ⌈

𝑑−3
2 ⌉, 𝓁2 = 𝑑 − 3 − 𝓁1, (𝚋) 𝓁1 = ⌊

𝑑−3
2 ⌋, 𝓁2 = 𝑑 − 3 − 𝓁2, (12)

and 𝜉1, 𝜉2 ∈ (0, 1), 𝜉1 + 𝜉2 = 1, are any two chosen parameters. Note that for odd degree 𝑑 both choices are the same, while for even 
degree 𝑑 ≥ 4 the choice (a) takes more functions from 𝑄2 and (b) takes more from 𝑄1. A graphical illustration of this proposed 
coupling for 2 ≤ 𝑑 ≤ 5 is shown in Fig. 8. Black border quadrilaterals indicate the selected vertex basis functions. Green border 
quadrilaterals represent splines that are individually included in the edge group, while green connecting lines signify that a convex 
combination of two splines is included in the edge group. Thin green border quadrilaterals denote that each function in the first row 
is multiplied by 𝜉1 and each function in the second row by 𝜉2.

The next theorem provides the main result of this section. By the partition of unity property, we mean that the sum of all the splines 
has in its Bernstein–Bézier representation all the coefficients in the vertex and edge group equal to one.

Theorem 2. Let 𝑑 ≥ 2 and let 𝜉1, 𝜉2 ∈ (0, 1), 𝜉1 + 𝜉2 = 1, be any two chosen values. The splines 𝐸𝑖, 𝑖 = 0, 1,… , 2𝑑, given by (11), are for 
both choices (12) linearly independent, satisfy the partition of unity property, and are non-negative over 𝑇1 ∪ 𝑇2. 
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Fig. 8. A graphical illustration of the 2nd coupling for 𝐶1 with varying degrees 𝑑. The first 2𝓁1 + 1 splines are taken from 𝑄2, the last 2𝓁2 + 1 from 
𝑄1 and the middle ones are scaled and (possibly) combined as indicated by the diagonal lines.

To prove the theorem, we first introduce the coefficient ordering for the representation of Bézier coefficients (with 𝑖3 ≤ 1) of splines 
in 𝝋𝑄𝑗 , restricted to the triangle 𝑇1 or 𝑇2:

𝒄 = (𝑐(𝑑,0,0), 𝑐(𝑑−1,0,1), 𝑐(𝑑−1,1,0), 𝑐(𝑑−2,1,1),… , 𝑐(1,𝑑−1,0), 𝑐(0,𝑑−1,1), 𝑐(0,𝑑,0))
𝑇 . (13)

Since the Bézier coefficients with 𝑖3 ≤ 1 over 𝑇1 are uniquely determined by those over 𝑇2 via the 𝐶1 continuity conditions, and vice 
versa, we restrict the analysis to the triangle 𝑇1. The following lemma which follows directly from (10) is further needed.
Lemma 2. Let 𝑪𝑄𝑗  denote the (2𝑑 + 1) × 2𝑑 matrix with values of Bézier coefficients (13) (corresponding to rows) which belong to splines 
(corresponding to columns) in the ordered set 𝝋𝑄𝑗  restricted to 𝑇1. The two matrices are equal to

where

𝑴1
𝑘 =

[

𝜆2
1

]

⋅
[

𝜇𝑘
2 1 − 𝜇𝑘

2
]

=
[

𝜆2𝜇𝑘
2 𝜆2(1 − 𝜇𝑘

2 )
𝜇𝑘
2 (1 − 𝜇𝑘

2 )

]

, 𝑘 = 1, 2,… , 𝑑 − 1,

and

𝑴2
𝑘 =

[

1
𝜆1

]

⋅
[

1 − 𝜇𝑘
2 𝜇𝑘

2
]

=
[

(1 − 𝜇𝑘
2 ) 𝜇𝑘

2
𝜆1(1 − 𝜇𝑘

2 ) 𝜆1𝜇𝑘
2

]

, 𝑘 = 1, 2,… , 𝑑 − 1.

Proof of Theorem 2.  Let us observe a linear combination 𝑓 =
∑2𝑑

𝑖=0 𝛾𝑖𝐸𝑖. Its restriction to a triangle 𝑇1 can be expressed as 𝑓 |𝑇1 =
∑

𝒊∈𝕀𝑑 𝑐𝒊𝐵
𝑇1 ,𝑑
𝒊  where 𝑐𝒊 = 0 for all 𝒊 = (𝑖1, 𝑖2, 𝑖3) with 𝑖3 ≥ 2, while the remaining coefficients depend linearly on the coefficients 𝜸 =

(𝛾𝑖)2𝑑𝑖=0. In more detail, we denote by 𝐴 the (2𝑑 + 1) × (2𝑑 + 1) matrix, such that
𝐴𝜸 = 𝒄. (14)

To prove the linear independency it suffices to show that the matrix 𝐴 is non-singular. For 𝑑 = 2 it equals

𝐴 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0
𝜆1 𝜆2𝜉2 𝜆2𝜇2𝜉1 𝜆2𝜇1𝜉1 0
0 𝜇1𝜉2 𝜇2𝜉1 + 𝜇2𝜉2 𝜇1𝜉1 0
0 𝜆1𝜇1𝜉2 𝜆1𝜇2𝜉2 𝜆1𝜉1 𝜆2
0 0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

and is nonsingular since det 𝐴 = 𝜆1𝜆2𝜇2
2𝜉1𝜉2 ≠ 0. Note also that the rows of 𝐴 sum to one, confirming the partition of unity property.

For 𝑑 ≥ 3 one can see from (11) that the matrix 𝐴 can be split into three parts column-wise (here the Matlab writing conventions 
for dealing with rows and columns are used):

𝐴1 = 𝐴(∶, 1 ∶ 2𝓁1 + 1), 𝐴2 = 𝐴(∶, 2𝓁1 + 2 ∶ 2(𝑑 − 𝓁2)), 𝐴3 = 𝐴(∶, 2(𝑑 − 𝓁2) + 1 ∶ 2𝑑 + 1),
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where

𝐴1 = 𝑪𝑄2 (∶, 1 ∶ 2𝓁1 + 1), 𝐴3 = 𝑪𝑄1 (∶, 2(𝑑 − 𝓁2) ∶ 2𝑑)

and

𝐴2 = 𝜉2
⎡

⎢

⎢

⎣

0
𝑪𝑄2 (∶, 2𝓁1 + 2 ∶ 2(𝑑 − 𝓁2 − 1) + 1) ⋮

0

⎤

⎥

⎥

⎦

+ 𝜉1
⎡

⎢

⎢

⎣

0
⋮ 𝑪𝑄1 (∶, 2𝓁1 + 2 ∶ 2(𝑑 − 𝓁2 − 1) + 1)
0

⎤

⎥

⎥

⎦

.

Furthermore, the matrix 𝐴 has the structure

where 𝐴1 ∈ ℝ(2𝓁1+1)×(2𝓁1+1) is lower triangular, 𝐴3 ∈ ℝ(2𝓁2+1)×(2𝓁2+1) is upper triangular, and 𝐴2 ∈ ℝ5×5 is equal to

It is straightforward to compute the determinants 

det 𝐴1 = 𝜆𝓁12 𝜇
𝓁1(𝓁1+1)

2
2 det 𝐴3 = 𝜆𝓁21 𝜇

𝓁2(𝓁2+1)
2

2 , det 𝐴2 = 𝜆1𝜆2𝜇
𝑑+1
2 𝜉1𝜉2(𝜆1𝜉21𝜇

𝓁2
2 + 𝜆2𝜉

2
2𝜇

𝓁1
2 + 𝜉1𝜉2𝜇

𝑑−1
2 ).

Since det 𝐴 = det 𝐴1 ⋅ det 𝐴2 ⋅ det 𝐴3 > 0, the matrix 𝐴 is nonsingular. The given basis functions are non-negative by the construction, 
and from the structure of the matrix 𝐴 it is straightforward to see that the rows sum to one, which proves the partition of unity 
property. ∎
Remark 5. Theorem 2 establishes that any choice of values 𝜉1, 𝜉2 ∈ (0, 1) satisfying 𝜉1 + 𝜉2 = 1 yields the B–spline–like edge basis 
functions. However, the objective is to select these values so that both the condition number of the matrix 𝐴 (see (14)) and the 
maximal distance of the Greville points (associated with basis functions (𝐸𝑖)2𝑑𝑖=0) from the edge 𝒆 = (𝑺1,𝑺2) is as small as possible. 
We denote these two quantities by 𝜅2 and dist, respectively. Numerical experiments conducted on various triangle configurations 
indicated that the choice 𝜉1 = 𝜆2 and 𝜉2 = 𝜆1 gives near-optimal results. 
Remark 6. The Greville points associated with the basis functions (𝐸𝑖)2𝑑𝑖=0 can be computed as the solution of the linear system (14) 
where 𝒄 is given by (13) with 𝑐(𝑖,𝑗,𝑘) = 𝑿𝑇1 ,𝑑

(𝑖,𝑗,𝑘) (see (2)) component-wise. 
Next, we demonstrate the proposed construction through numerical examples and provide a comparison with the edge basis functions 
introduced in [9]. In particular, we compare the condition numbers 𝜅2 and the maximal distances dist. For all examples we choose 
𝜉1 = 𝜆2 and 𝜉2 = 𝜆1.

Example 1. Let the triangles 𝑇1 and 𝑇2 be given by 𝑺1 = (0, 0), 𝑺2 = (1, 0), 𝑹1 = (0.35, 0.5), 𝑹2 = (0, 65,−0.3) (see Fig. 3). For this 
configuration 𝜎1 = 0.74, 𝜎2 = 0.86, 𝜌 = −0.6, 𝜆1 = 0.4625, 𝜆2 = 0.5375, 𝜇1 = 0.375, 𝜇2 = 0.625. For 𝑑 = 7 the basis functions (𝐸𝑖)2𝑑𝑖=0 are 
shown in Fig. 9.
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Fig. 9. The new 𝐶1 basis splines for 𝑑 = 7 over 𝑇1 ∪ 𝑇2.

Table 1 
A numerical comparison of condition numbers and maximal Greville point distance 
from the common edge for our 𝐶1 basis and the 𝐶1 basis from [9] for fixed triangles 
𝑇1, 𝑇2 and different degrees 𝑑.

𝑇1 ⟷ 𝑇2 (𝜇2 < 𝜇1)

new basis basis from [9] new basis basis from [9]
d 𝜅2 dist 𝜅2 dist 𝜅2 dist 𝜅2 dist

2 8.3140 1.0057 11.962 2.0448 13.860 1.0057 17.795 1.8437
3 7.7977 0.6165 38.978 4.1318 21.162 0.98771 79.491 5.6168
4 11.284 0.6573 27.419 2.7223 36.143 1.7140 34.272 2.1277
5 12.370 0.6254 35.262 2.0206 59.752 1.8725 64.992 2.9096
6 18.375 0.8780 52.862 3.6758 100.79 3.3877 55.601 2.4692
7 19.866 0.8495 36.485 1.3400 165.82 3.7744 60.749 2.0319
8 30.095 1.1894 94.260 5.0206 288.69 7.0352 83.379 2.8802
9 32.574 1.1625 38.932 1.0273 470.42 7.9898 59.074 1.5863

Fig. 10 illustrates the comparison between the Greville points associated with the basis functions (𝐸𝑖)2𝑑𝑖=0 (green) with those derived 
in [9] (orange) for degrees 𝑑 = 2, 3,… , 8. A detailed numerical comparison of these two bases – considering the condition numbers 𝜅2
of the corresponding matrices and the maximal distances dist of the Greville points from the edge is provided in Table 1 (columns 
2–5), which indicates that the new basis performs much better.

Note that for the chosen triangles 𝑇1 and 𝑇2, the barycentric coordinates 𝜇1 and 𝜇2 are such that 𝜇2 > 𝜇1. If we exchange the 
ordering of the triangles (see Remark 3), i.e., we exchange 𝑹1 and 𝑹2, which yields 𝜇1 > 𝜇2, the obtained basis functions (𝐸𝑖)2𝑑𝑖=0
(as well as basis functions from [9]) have much worse properties in terms of 𝜅2 and dist as indicated in Table (columns 6–9). 
Furthermore, numerical experiments conducted on several other triangle configurations indicated that the order of the two triangles 
in the construction of the basis should be such that 𝜇2 ≥ 𝜇1. In addition, Table 2 presents the values of 𝜅2 and dist obtained when 
the first two vertices of 𝑄1 are exchanged (first two columns) and when the first two vertices of 𝑄2 are exchanged (last two columns). 
The results show that these alternative choices lead to worse numerical properties, which is in agreement with the observation in 
Remark 4. 
As can be seen from Table 1, the purely algebraic construction from [9] appears to be more robust with respect to the ordering 
of the two triangles than the construction proposed here, in which different orderings of the triangles result in different couplings 
of Bernstein basis polynomials (see Remark 3). Nevertheless, when the ordering is chosen such that 𝜇2 ≥ 𝜇1, the new construction 
outperforms that of [9] with respect to the considered criteria, as illustrated by the next example.
Example 2. We now compare the basis (𝐸𝑖)2𝑑𝑖=0, defined in (11), with the basis proposed in [9] for fixed polynomial degrees 𝑑 = 6
and 𝑑 = 7, considering different triangle configurations (such that 𝜇2 ≥ 𝜇1). The vertices of the triangles are chosen as 𝑺1 = (0, 0), 
𝑺2 = (1, 0), 𝑹1 = (0.5, 1), 𝑹2 = ( 16 (8𝛼 − 1),− 1

3 ) for 𝛼 ∈ {0.1, 0.2, 0.3, 0.4, 0.5} (see Fig. 11, left). Note that 𝜆1 = 1 − 𝛼, while 𝜇1 = 0.25 is 
fixed. Table 3 (first five rows) reports the values 𝜅2 and dist for both the basis (11) and the basis from [9]. The results indicate that 
the new basis outperforms the previously introduced one across the tested configurations. Similarly, Table 3 (last five rows) shows 
the results for 𝑹2 =

1
𝛼−1 (

𝛼
2 − 1

3 , 𝛼) (see Fig. 11, right), for which 𝜆1 =
2
3  is fixed and 𝜇1 = 𝛼.

From Table 3 one can observe that the condition number and the distance of the Greville points from the edge increase as the 
configuration approaches the limiting case 𝜆1 → 1 (equivalently, 𝜆2 → 0). This behavior can be intuitively explained by the geometry 
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Table 2 
Condition numbers and maximal Greville point distance from 
the common edge for the 𝐶1 basis when the first two vertices 
of 𝑄1 are exchanged (first two columns) and when the first two 
vertices of 𝑄2 are exchanged (last two columns), for the triangles 
𝑇1, 𝑇2 from Example 1 and different degrees 𝑑.

𝑸1,1 ⟷ 𝑸1,2 𝑸2,1 ⟷ 𝑸2,2

𝑑 𝜅2 dist 𝜅2 dist

2 9.9307 1.8705 9.8164 1.7498
3 97.840 8.7446 50.903 4.8703
4 189.80 12.661 35.086 2.4113
5 76.394 4.5641 53.337 2.8869
6 199.81 9.4486 77.042 3.0263
7 123.83 5.3766 92.019 3.5803
8 193.19 7.6846 197.44 5.2749
9 277.92 8.0894 213.01 5.5029

Fig. 10. A comparison of Greville points obtained for the new basis (green) and for the basis from [9] (orange) for degrees 𝑑 = 2, 3,… , 8.

of the control triangles, since, as follows from (7), the area of the control triangle 𝑄2 grows proportionally to 1
𝜆2
. A similar behavior 

occurs for 𝜆1 → 0. A more detailed theoretical analysis is beyond the scope of the present paper. Nevertheless, this observation 
indicates that, when applying the basis construction to a full triangulation, one should avoid pairs of triangles that are close to 
such limiting configurations, for instance by introducing additional splittings. In particular, the intersection point 𝒁 (see (6)) should 
remain sufficiently close to the midpoint of the common edge.
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Fig. 11. Various triangle configurations used for the comparison shown in Table 3. The triangles on the left correspond to the first 5 rows and the 
ones on the right corresponds to the last 5 rows of numerical values.

Table 3 
A numerical comparison of condition numbers 𝜅2 and maximal distances of Greville points from the common edge for our 𝐶1 basis and the 𝐶1

basis from [9] with degrees 𝑑 = 6 and 𝑑 = 7 for different triangle configurations, shown in Fig. 11. The first five rows correspond to positions 
with a fixed 𝜇1 = 0.25 and different values of 𝜆1. The last five rows show results as 𝜇1 changes and 𝜆1 = 2∕3 is fixed.

𝑑 = 6 𝑑 = 7

new basis basis from [9] new basis basis from [9]
𝑹2 𝜆1 𝜇1 𝜅2 dist 𝜅2 dist 𝜅2 dist 𝜅2 dist

(−1∕30,−1∕3) 0.9 0.25 50.880 2.4584 236.07 25.978 55.416 2.1739 272.50 23.766
(1∕10,−1∕3) 0.8 0.25 22.417 1.3340 41.331 5.4564 24.210 1.1879 109.62 9.8889
(7∕30,−1∕3) 0.7 0.25 14.290 0.97604 33.225 4.5391 15.125 0.88531 94.064 8.7529
(11∕30,−1∕3) 0.6 0.25 11.204 0.82983 57.918 8.1071 11.614 0.75379 85.052 9.2718
(1∕2,−1∕3) 0.5 0.25 10.173 0.83515 113.34 15.587 10.460 0.70018 129.99 14.260

(17∕54,−1∕9) 2/3 0.1 7.7146 0.79136 472.56 60.342 7.9601 0.69311 1777.9 195.42
(7∕24,−1∕4) 2/3 0.2 10.396 0.84081 65.468 9.0066 11.032 0.75637 139.31 15.962
(11∕42,−3∕7) 2/3 0.3 16.845 1.2877 28.947 3.9138 17.418 1.1746 74.987 7.9998
(2∕9,−2∕3) 2/3 0.4 31.916 2.5052 35.580 4.8963 32.916 2.2901 41.314 4.8451
(1/6,-1) 2/3 0.5 66.875 4.9500 71.919 9.4479 71.480 4.7773 29.921 3.0837

Remark 7.  The edge basis functions derived in this section can be employed in exactly the same manner as the splines introduced 
in [9] for constructing the B–spline–like basis of the Argyris spline space [9, Section 3] and generalized Clough–Tocher spline space 
of arbitrary degree [23]. 

5. 𝑪𝟐 Continuous B–spline–like basis functions

For 𝑟 = 2 the definition (9) provides 3(𝑑 − 1) spline functions

𝝋𝑄𝑗 ∶=
{

𝜑
𝑄𝑗
0,1, 𝜑

𝑄𝑗
1,1, 𝜑

𝑄𝑗
1,2

}

∪
{

𝜑
𝑄𝑗
𝑘,1, 𝜑

𝑄𝑗
𝑘,2, 𝜑

𝑄𝑗
𝑘,3 ∶ 𝑘 = 2, 3,… , 𝑑 − 2

}

∪
{

𝜑
𝑄𝑗
𝑑−1,1, 𝜑

𝑄𝑗
𝑑−1,2, 𝜑

𝑄𝑗
𝑑,1

}

(15)

for each control triangle 𝑄𝑗 , 𝑗 = 1, 2, where the first three and the last three splines belong to a group of vertex basis functions, while 
the remaining 3(𝑑 − 3) are the candidates for 3(𝑑 − 2) edge basis splines, which we need to determine. To observe the restriction of 
these splines to the triangle 𝑇1 or 𝑇2, we collect the nonzero Bézier coefficients (i.e., coefficients 𝑐(𝑖1 ,𝑖2 ,𝑖3) with 𝑖3 ≤ 2) into a vector of 
the form

𝒄 =
(

𝑐(𝑑,0,0), 𝑐(𝑑−1,0,1), 𝑐(𝑑−1,1,0),
(

𝑐(𝑑−𝑘,𝑘−2,2), 𝑐(𝑑−𝑘,𝑘−1,1), 𝑐(𝑑−𝑘,𝑘,0)
)𝑑
𝑘=2

)𝑇
. (16)

Since the Bézier coefficients with 𝑖3 ≤ 2 over 𝑇1 are uniquely determined by those over 𝑇2 via the 𝐶2 continuity conditions, and 
vise-versa, we restrict the analysis to the triangle 𝑇1. The next lemma follows directly using the results given in Theorem 1.
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Lemma 3. Let 𝑪𝑄𝑗  denote the 3𝑑 × 3(𝑑 − 1) matrix with columns that correspond to values of Bézier coefficients (16) of splines in the 
ordered set 𝝋𝑄𝑗  (given by (15)) restricted to 𝑇1. The two matrices are equal to

where

𝑴1
𝓁 =

⎡

⎢

⎢

⎣

𝜆22
𝜆2
1

⎤

⎥

⎥

⎦

⋅
[

𝜇𝓁
2 ,𝓁𝜇1𝜇

𝓁−1
2 , 1 − 𝜇𝓁

2 − 𝓁𝜇1𝜇𝓁−1
2

]

, 𝓁 = 1, 2,… , 𝑑 − 2,

𝑴1
𝑑−1 =

⎡

⎢

⎢

⎣

1 0 0
𝜆1 𝜆2𝜇𝑑−1

2 𝜆2(1 − 𝜇𝑑−1
2 )

0 𝜇𝑑−1
2 1 − 𝜇𝑑−1

2

⎤

⎥

⎥

⎦

, 𝑵1
1 =

⎡

⎢

⎢

⎣

0 2𝜆1𝜆2 𝜆22
0 𝜆1 𝜆2
0 0 1

⎤

⎥

⎥

⎦

, 𝑵1
𝑑−1 =

⎡

⎢

⎢

⎣

𝜆21 0 2𝜆1𝜆2
0 0 𝜆1
0 0 0

⎤

⎥

⎥

⎦

,

𝑵1
𝓁 =

⎡

⎢

⎢

⎣

2𝜆1𝜆2
𝜆1
0

⎤

⎥

⎥

⎦

⋅
[

0, 𝜇𝓁−1
2 , 1 − 𝜇𝓁−1

2
]

, 𝓁 = 2, 3,… , 𝑑 − 2,

and

𝑴2
1 =

⎡

⎢

⎢

⎣

𝜆1 𝜆2 0
0 𝜇1 𝜇2
𝜆21 2𝜆1𝜆2 0

⎤

⎥

⎥

⎦

, 𝑴2
𝓁 =

⎡

⎢

⎢

⎣

𝜆2(1 − 𝜇𝓁−1
2 ) 𝜆2𝜇𝓁−1

2 0
1 − 𝓁𝜇1𝜇𝓁−1

2 − 𝜇𝓁
2 𝓁𝜇1𝜇𝓁−1

2 𝜇𝓁
2

2𝜆1𝜆2(1 − 𝜇𝓁−1
2 ) 2𝜆1𝜆2𝜇𝓁−1

2 0

⎤

⎥

⎥

⎦

, 𝓁 = 2, 3,… , 𝑑 − 2,

𝑴2
𝑑−1 =

⎡

⎢

⎢

⎣

𝜆2 0 0
1 − 𝜇𝑑−1

2 𝜇𝑑−1
2 0

2𝜆1𝜆2 0 𝜆22

⎤

⎥

⎥

⎦

, 𝑵2
𝓁 =

⎡

⎢

⎢

⎣

𝜆1
0
𝜆21

⎤

⎥

⎥

⎦

⋅
[

1 − 𝓁𝜇1𝜇𝓁−1
2 − 𝜇𝓁

2 ,𝓁𝜇1𝜇
𝓁−1
2 , 𝜇𝓁

2
]

, 𝓁 = 1, 2,… , 𝑑 − 2,

𝑵2
𝑑−1 =

[

𝜆1(1 − 𝜇𝑑−1
2 ) 𝜆1𝜇𝑑−1

2 𝜆2
0 0 1

]

.

Their rows sum to one. 
For a group of vertex basis splines we select 

𝐸0 ∶= 𝜑𝑄2
0,1 , 𝐸1 ∶= 𝜑𝑄2

1,1 , 𝐸2 ∶= 𝜑𝑄2
1,2 , 𝐸3𝑑−3 ∶= 𝜑𝑄1

𝑑−1,1, 𝐸3𝑑−2 ∶= 𝜑𝑄1
𝑑−1,2, 𝐸3𝑑−1 ∶= 𝜑𝑄1

𝑑,1. (17a)

Since we need 3(𝑑 − 2) linearly independent edge basis splines, but we get only 3(𝑑 − 3) such splines from each of the control triangles 
𝑄1 and 𝑄2, we must again combine these splines with the aim to keep as many as possible “uncombined” splines. For 𝑑 ≥ 5 the choice 
that we propose is the following:

𝐸3𝑖−3 = 𝜑𝑄2
𝑖,1 , 𝐸3𝑖−2 = 𝜑𝑄2

𝑖,2 , 𝐸3𝑖−1 = 𝜑𝑄2
𝑖,3 , 𝑖 = 2,… ,𝓁1 + 1,

𝐸3𝓁1+3 = 𝜉2𝜑
𝑄2
𝓁1+2,1

, 𝐸3𝓁1+4 = 𝜉1𝜑
𝑄1
𝓁1+2,1

, 𝐸3𝓁1+5 = 𝜉2𝜑
𝑄2
𝓁1+2,2

,

𝐸3𝓁1+6 = 𝜉1𝜑
𝑄1
𝓁1+2,2

+ 𝜉2𝜑
𝑄2
𝓁1+2,3

, 𝐸3𝓁1+7 = 𝜉1𝜑
𝑄1
𝓁1+2,3

+ 𝜉2𝜑
𝑄2
𝓁1+3,1

, 𝐸3𝓁1+8 = 𝜉1𝜑
𝑄1
𝓁1+3,1

+ 𝜉2𝜑
𝑄2
𝓁1+3,2

,

𝐸3𝓁1+9 = 𝜉1𝜑
𝑄1
𝓁1+3,2

, 𝐸3𝓁1+10 = 𝜉2𝜑
𝑄2
𝓁1+3,3

, 𝐸3𝓁1+11 = 𝜉1𝜑
𝑄1
𝓁1+3,3

,

𝐸3𝑖 = 𝜑𝑄1
𝑖,1 , 𝐸3𝑖+1 = 𝜑𝑄1

𝑖,2 , 𝐸3𝑖+2 = 𝜑𝑄1
𝑖,3 , 𝑖 = 𝑑 − 1 − 𝓁2,… , 𝑑 − 2,

(17b)

where

(𝚊) 𝓁1 = ⌈

𝑑−5
2 ⌉, 𝓁2 = 𝑑 − 5 − 𝓁1, (𝚋) 𝓁1 = ⌊

𝑑−5
2 ⌋, 𝓁2 = 𝑑 − 5 − 𝓁1, (18)
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Fig. 12. An illustration of the 2nd coupling for 𝐶2, done similarly to the 𝐶1 case.

and 𝜉1, 𝜉2 ∈ (0, 1), 𝜉1 + 𝜉2 = 1, are any two chosen parameters. Note that for odd degrees 𝑑 both choices are the same. A graphical 
illustration of this proposed coupling for 𝑑 = 5, 𝑑 = 6 (𝚊) and 𝑑 = 7 is shown in Fig. 12. Black border quadrilaterals indicate the selected 
vertex basis functions. Green border quadrilaterals represent splines that are individually included in the edge group, while green 
connecting lines signify that a convex combination of two splines is included in the edge group. Thin green border quadrilaterals 
denote that each function in the first row is multiplied by 𝜉1 and each function in the second row by 𝜉2.

The degree 𝑑 = 4 requires a special analysis due to fact that the union of the 6 edge splines obtained from both control triangles 
is not linearly independent. Namely, one can check that

𝜑𝑄1
2,1 + 𝜑𝑄1

2,2 + 𝜑𝑄1
2,3 = 𝜑𝑄2

2,1 + 𝜑𝑄2
2,2 + 𝜑𝑄2

2,3 ,

thus we need to find one additional 𝐶2 spline to be added to the edge group. It is straightforward to see that

𝜑2,0(𝑿) =

{

2𝜆1𝜆2𝜇2
2 𝐵

𝑇1 ,4
(1,1,2)(𝑿), 𝑿 ∈ 𝑇1

2𝜆1𝜆2𝜇2
1 𝐵

𝑇2 ,4
(1,1,2)(𝑿), 𝑿 ∈ 𝑇2

is 𝐶2 continuous, non-negative, and it clearly belongs to the edge group. Defining
𝐸3 = 𝜉2𝜑

𝑄2
2,1 , 𝐸4 = 𝜉1𝜑

𝑄1
2,1 , 𝐸5 = 𝜉1𝜑

𝑄1
2,2 + 𝜉2𝜑

𝑄2
2,2 − 𝜑2,0, 𝐸6 = 𝜑2,0, 𝐸7 = 𝜉2𝜑

𝑄2
2,3 , 𝐸8 = 𝜉1𝜑

𝑄1
2,3 (19)

provides 6 non-negative linearly independent edge B–spline–like basis functions as proven in the following lemma.
Theorem 3. Let 𝑑 = 4 and let 𝜉1, 𝜉2 ∈ (0, 1), 𝜉1 + 𝜉2 = 1, be any two chosen parameters. The splines 𝐸𝑖, 𝑖 = 0, 1, 2, 9, 10, 11, defined by
(17a), and 𝐸𝑖, 𝑖 = 3, 4, 5, 6, 7, 8, defined by (19), are linearly independent, satisfy the partition of unity property, and are non-negative over 
𝑇1 ∪ 𝑇2. 
Proof.  Let 𝐴 ∈ ℝ12×12 be the matrix with columns that correspond to values of Bézier coefficients (16) of splines (𝐸𝑖)11𝑖=0 restricted to 
𝑇1. It equals 

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0 0 0 0 0 0 0 0
𝜆1 𝜆2 0 0 0 0 0 0 0 0 0 0
0 𝜇1 𝜇2 0 0 0 0 0 0 0 0 0
𝜆21 2𝜆1𝜆2 0 𝜆22𝜉2 𝜆22𝜇

2
2𝜉1 2𝜆22𝜇1𝜇2𝜉1 0 0 𝜆22𝜇

2
1𝜉1 0 0 0

0 𝜆1𝜇1 𝜆1𝜇2 𝜆2𝜇1𝜉2 𝜆2𝜇2
2𝜉1 𝜆2𝜇2

(

2𝜇1𝜉1 + 𝜉2
)

0 0 𝜆2𝜇2
1𝜉1 0 0 0

0 0 0 𝜇2
1𝜉2 𝜇2

2𝜉1 2𝜇1𝜇2 0 𝜇2
2𝜉2 𝜇2

1𝜉1 0 0 0
0 𝜆21𝜇1 𝜆21𝜇2 2𝜆1𝜆2𝜇1𝜉2 0 2𝜆1𝜆2𝜇1𝜇2 2𝜆1𝜆2𝜇2

2 0 2𝜆1𝜆2𝜇1𝜉1 𝜆22𝜇2 𝜆22𝜇1 0
0 0 0 𝜆1𝜇2

1𝜉2 0 𝜆1𝜇2
(

2𝜇1𝜉2 + 𝜉1
)

0 𝜆1𝜇2
2𝜉2 𝜆1𝜇1𝜉1 𝜆2𝜇2 𝜆2𝜇1 0

0 0 0 0 0 0 0 0 0 𝜇2 𝜇1 0
0 0 0 𝜆21𝜇

2
1𝜉2 0 2𝜆21𝜇1𝜇2𝜉2 0 𝜆21𝜇

2
2𝜉2 𝜆21𝜉1 0 2𝜆1𝜆2 𝜆22

0 0 0 0 0 0 0 0 0 0 𝜆1 𝜆2
0 0 0 0 0 0 0 0 0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

and has a nonzero determinant det 𝐴 = 2𝜆51𝜆
5
2𝜇

10
2 𝜉21𝜉

2
2 . The rows sum to one and the elements are clearly non-negative. It remains to 

prove that (𝐸𝑖)11𝑖=0 are non-negative over 𝑇2 as well (in particular, we must check 𝐸5, as the others are non-negative by construction). 
This follows from the observation that the matrix with Bézier coefficients over 𝑇2 equals the matrix 𝐴 with permuted columns (by 
applying the permutation {1, 3, 2, 8, 9, 6, 7, 4, 5, 11, 10, 12}) and exchanged values of 𝜇1 and 𝜇2. This completes the proof. ∎
Theorem 4. Let 𝑑 ≥ 5 and let 𝜉1, 𝜉2 ∈ (0, 1), 𝜉1 + 𝜉2 = 1, be any two chosen parameters. The splines 𝐸𝑖, 𝑖 = 0, 1,… , 3𝑑 − 1, defined by (17a) 
and (17b), are linearly independent, satisfy the partition of unity property, and are non-negative over 𝑇1 ∪ 𝑇2.

Journal of Computational and Applied Mathematics 489 (2027) 117914 

18 



M. Knez and M. Šteblaj

Fig. 13. Graphs of 𝜅2 (left) and dist (right) as functions of 𝜉2 for a fixed degree 𝑑 = 5 and the triangles 𝑇1 and 𝑇2 from Example 3.

Proof.  The non-negativity over 𝑇1 ∪ 𝑇2 holds true from the construction. Namely, the Bézier coefficients of splines (15) are clearly 
non-negative and 𝐸𝑖 are just convex combinations of these splines. To prove the linear independency and the partition of unity, we 
denote – as in the proof of Theorem 3 – by 𝐴 the matrix with columns that correspond to values of Bézier coefficients (16) of splines 
(𝐸𝑖)3𝑑−1𝑖=0  restricted to 𝑇1. We need to prove that 𝐴 is nonsingular, and that its rows sum to one. By (17) and Lemma 3 one can see that 
the columns of 𝐴 are equal to

𝐴(∶, 1 ∶ 3(𝓁1 + 1)) = 𝐶𝑄2 (∶, 1 ∶ 3(𝓁1 + 1)),

𝐴(∶, 3𝓁1 + 4 ∶ 3𝓁1 + 12) = 𝜉1𝐶
𝑄1 + 𝜉2𝐶

𝑄2 ,

𝐴(∶, 3𝑑 − 3(𝓁2 + 1) + 1 ∶ 3𝑑) = 𝐶𝑄1 (∶, 3𝑑 − 3(𝓁2 + 1) + 1 ∶ 3𝑑),

where 𝐶𝑄1  is the 3𝑑 × 9 matrix obtained by inserting zero vectors at columns 1, 3, 8 and sequentially filling the remaining columns 
with columns from 𝐶𝑄1 (∶, 3𝓁1 + 4 ∶ 3𝓁1 + 9), and 𝐶𝑄2  is the analogous matrix with zero columns 2, 7, 9 and the rest taken sequentially 
from 𝐶𝑄2 (∶, 3𝓁1 + 4 ∶ 3𝓁1 + 9).

From the structure of the matrix one can observe that the submatrices 𝐴(1 ∶ 3(𝓁1 + 1), 3𝓁1 + 4 ∶ 3𝑑) and 𝐴(3𝑑 − 3(𝓁2 + 1) + 2 ∶
3𝑑, 1 ∶ 3𝑑 − 3(𝓁2 + 1)) have zero elements, thus the determinant of 𝐴 is decomposed into determinants of three diagonal block matrices 
det 𝐴 = det 𝐴1 ⋅ det 𝐴2 ⋅ det 𝐴3, where it is straightforward to compute that

det 𝐴1 = det 𝐶𝑄2 (1 ∶ 3(𝓁1 + 1), 1 ∶ 3(𝓁1 + 1)) = 𝜆3𝓁1+12 𝜇(𝓁1+1)2

2 ,

det 𝐴3 = det 𝐶𝑄1 (3𝑑 − 3(𝓁2 + 1) + 2 ∶ 3𝑑 − 3(𝓁2 + 1) + 2 ∶ 3𝑑) = (−1)𝓁2𝜆3𝓁2+11 𝜇𝓁2(𝓁2+1)
2 ,

because 𝐴1 is lower triangular and det 𝐴3 can be transformed to a lower triangular by shifting its rows. The 10 × 10 matrix 𝐴2 is a 
submatrix of 𝜉1𝐶𝑄1 + 𝜉2𝐶𝑄2  extended by one row and one column to the right. With some elementary computations one can check 
that its determinant equals

det 𝐴2 = −𝜆51𝜆
5
2𝜉

3
1𝜉

3
2𝜇

3𝓁1+4𝓁2+15
2

(

𝜆2𝜉2𝜇
𝓁1
2

(

2𝜉1𝜇
𝓁2+2
2 + 𝜉2

)

+ 𝜆1𝜉1𝜇
𝓁2
2

(

2𝜉2𝜇
𝓁1+2
2 + 𝜉1

))

.

Thus, the determinant of 𝐴 is clearly nonzero, which confirms the linear independency. It is also straightforward to see that the rows 
of the matrix 𝐴 sum to one. This completes the proof. ∎
Remark 8. Let 𝐴 be the matrix with columns that correspond to values of Bézier coefficients (16) of basis splines (𝐸𝑖)3𝑑−1𝑖=0  restricted 
to 𝑇1 (see the proof of Theorems 3 and 4). The Greville points associated with these basis splines can be computed as the solution of 
the linear system with a matrix 𝐴 and the right hand side vector 𝒄 given by (13) with 𝑐(𝑖,𝑗,𝑘) = 𝑿𝑇1 ,𝑑

(𝑖,𝑗,𝑘) (see (2)) component-wise. 
Remark 9. By Theorems 3 and 4 any choice of values 𝜉1, 𝜉2 ∈ (0, 1) satisfying 𝜉1 + 𝜉2 = 1, yields B–spline–like edge basis functions. 
As for 𝐶1 continuous basis splines, numerical experiments showed that choosing 𝜉1 = 𝜆2 and 𝜉2 = 𝜆1 provides the basis with nearly 
optimal values of 𝜅2 and dist. Furthermore, the numbering/order of triangles 𝑇1 and 𝑇2 in the construction process should be taken 
so that 𝜇2 ≥ 𝜇1. 
As no constructions of 𝐶2 edge B–spline–like basis functions of general degree are available in the literature for comparison, we 
restrict the numerical experiments to demonstrating the properties of the derived basis through representative examples.
Example 3. Let the triangles 𝑇1 and 𝑇2 be chosen as in Example 1. Fig. 13 shows graphs of 𝜅2 and dist as functions of 𝜉2 for a fixed 
degree 𝑑 = 5. These results numerically confirm that the choice 𝜉2 = 𝜆1 yields optimal performance – note that the minimum is not 
attained exactly at 𝜆1, but it is close to this value. The basis splines (𝐸𝑖)3𝑑−1𝑖=0  of degree 𝑑 = 5 corresponding to 𝜉2 = 𝜆1 are depicted in 
Fig. 14. The values (𝜅2, 𝚍𝚒𝚜𝚝) for degrees 𝑑 = 4, 5,… , 9 are equal to (33.866, 1.0057), (72.677, 1.0053), (121.01, 0.89562), (158.98, 0.65958), 
(248.25, 0.51549), (327.62, 0.59333), respectively, and the corresponding Greville points are shown in Fig. 15.
Example 4. Let the vertices of the triangles be chosen as in Example 2, i.e., the triangle 𝑇1 is fixed while the triangle 𝑇2 changes 
the position as shown in Fig. 11. Table 4 reports the values 𝜅2 and dist for the basis (17) of degree 𝑑 = 6 (case (a)) and 𝑑 = 7. The 
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Fig. 14. The 𝐶2 basis splines (𝐸𝑖)3𝑑−1𝑖=0  for 𝑑 = 5 over 𝑇1 ∪ 𝑇2 from Example 3.

Fig. 15. The Greville points associated with the 𝐶2 basis splines (𝐸𝑖)3𝑑−1𝑖=0  of degree 𝑑 = 4, 5,… , 9 (left to right).

Table 4 
Condition numbers and maximal distances of Greville point from the common 
edge for our 𝐶2 basis (17) of degree 𝑑 = 6 and 𝑑 = 7 for different triangle 
configurations (shown in Fig. 11).

𝑑 = 6 𝑑 = 7

𝜆1 𝜇1 𝜅2 dist 𝜅2 dist

0.9 0.25 989.91 4.6539 992.24 4.3610
0.8 0.25 233.08 2.5450 235.09 2.3695
0.7 0.25 104.38 1.8864 107.03 1.7435
0.6 0.25 63.934 1.6942 68.363 1.4730
0.5 0.25 48.808 1.6967 57.224 1.3651

𝑑 = 6 𝑑 = 7

𝜆1 𝜇1 𝜅2 dist 𝜅2 dist

2/3 0.1 34.829 1.7397 34.940 1.5454
2/3 0.2 61.605 1.7588 63.149 1.6092
2/3 0.3 123.90 1.7951 129.56 1.6268
2/3 0.4 276.99 1.7973 293.82 1.4744
2/3 0.5 702.15 1.6818 747.04 1.8000

results indicate that the basis performs well across a broad range of triangle configurations, including cases in which the geometry 
approaches limiting configurations where the two triangles would no longer form a convex quadrilateral. Nevertheless, since the areas 
of the control triangles grow as 𝜆1 → 0 or 𝜆2 → 0 (see (7)), one may still expect 𝜅2 and dist to increase as the triangles approach 
these limiting configurations.

The significance of the derived 𝐶2 edge basis functions lies in their ability to be applied to the construction of B–spline–like bases 
for various 𝐶2 spline spaces over general triangulations. In particular, the 𝐶2 super-smooth Argyris spline space (see Fig. 1, right) 
represents a natural and important direction for further investigation. Another relevant class of spline spaces is the 𝐶2 continuous 
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Clough–Tocher spline space, which is especially attractive since the requirement that neighboring triangles form a convex quadri-
lateral is automatically satisfied when each triangle split point is chosen as the incenter. However, a systematic treatment of these 
spline spaces requires addressing additional nontrivial technical issues related to the consistent combination of vertex and edge basis 
functions. A detailed analysis of these aspects is beyond the scope of the present paper and is therefore deferred to future research.

6.  Notes on 𝑪𝒓 continuous B–spline–like basis functions

The functions
 =

{

𝜑
𝑄𝑗
𝑘,𝑖 ∶ 𝑗 ∈ {1, 2}, 𝑟 ≤ 𝑘 ≤ 𝑑 − 𝑟, 𝑖 = 1, 2,… , 𝑟 + 1

}

,

defined via (9) in Subsection 3.2, provide 2(𝑑 + 1 − 2𝑟)(𝑟 + 1) candidates for edge B–spline–like basis splines also in the case 𝑟 > 2. 
Since the required number of such splines is (𝑑 + 1 − 2𝑟)(𝑟 + 1) +

(𝑟+1
2

)

, it follows that the degree must satisfy 𝑑 ≥ 5𝑟
2 − 1. Recall that in 

the 𝐶2 case with degree 𝑑 = 4, which equals this bound, the candidate functions in  fail to be linearly independent. Therefore, the 
true lower bound on the degree 𝑑 must be determined independently for each value of 𝑟. For 𝑟 = 3 numerical experiments indicate 
that the degree should satisfy 𝑑 ≥ 8. An important advantage of the proposed construction is that once the problem is resolved for 
the lowest admissible degree, its extension to higher degrees becomes straightforward, as already observed in the 𝐶1 and 𝐶2 cases.

Since spline spaces with smoothness 𝑟 ≥ 3 are of limited practical relevance and their systematic analysis would require a case-
by-case investigation for each smoothness order, we have restricted our attention in this paper to the cases 𝑟 ≤ 2, leaving the analysis 
of higher–order smoothness as a possible direction for future work.

7.  Conclusions

The paper presents a construction and a complete analysis of 𝐶1 and 𝐶2 continuous edge B–spline–like basis functions of degree 
𝑑 ≥ 2 and 𝑑 ≥ 4, respectively, over two triangles sharing a common edge and forming a strictly convex quadrilateral. The construction 
is geometrically motivated and can be carried out for arbitrary polynomial degree 𝑑 above a lower bound that depends on the 
prescribed order of smoothness, as discussed in Section 6. The construction proceeds in two steps. First, starting from two selected 
control triangles equipped with Bernstein basis polynomials of degree 𝑑, we define candidates for 𝐶𝑟 edge B–spline–like functions. 
These candidates are obtained by coupling, in accordance with Lemma 1, selected Bernstein basis polynomials whose coefficients 
associated with the triangle group are set to zero (see Figs. 6 and 7). In the second step, the candidate functions are further coupled 
(see Figs. 8 and 12) to obtain linearly independent splines that satisfy the desired properties.

There are, of course, many possible ways to perform these two coupling steps. The particular choices adopted in this paper are 
the result of extensive numerical investigations in which the quantities 𝜅2 and dist were examined over a wide range of triangle 
configurations. The selected couplings exhibited the most favorable behavior with respect to these measures, provided that the 
ordering of the triangles is chosen such that 𝜇2 ≥ 𝜇1. For 𝐶1 continuity, the derived basis outperforms the basis presented in [9] in 
most cases. To the best of our knowledge, no comparable bases exist for higher orders of smoothness, making a direct comparison in 
those cases unavailable.

With the presented approach, edge basis functions can also be constructed for higher orders of smoothness, since (9) provides 
the candidate functions for 𝐶𝑟 splines for any 𝑟 ≥ 1. However, the second coupling step requires a case-by-case treatment for each 
smoothness order 𝑟 and is therefore left as a possible direction for future work.

Further future work includes the integration of the constructed edge B–spline–like basis functions into a complete basis for selected 
spline spaces over a triangulation, in particular for the 𝐶2 Argyris and 𝐶2 Clough–Tocher spline spaces of general sufficiently high 
degree. While this integration is straightforward for the edge basis functions, it requires the completion of certain Bézier coefficient 
values (in the edge group) for the vertex basis functions obtained via the standard control triangle approach. Another goal for future 
work is to apply the resulting spline spaces and their associated B–spline–like bases to approximation, surface modeling, and the 
numerical solution of partial differential equations.
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