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Anharmonic quantum effects of implanted muons:
Route to probing nuclear quantum behavior in solids
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The quantum behavior of light particles in solids gives rise to phenomena that cannot be captured by a classical
description. We show that muon spin spectroscopy (wSR), when paired with a quantum-mechanical treatment of
the implanted muon, becomes a sensitive and direct probe of nuclear quantum effects. By modeling the muon as
a spatially extended quantum particle, our approach captures strong anharmonic behavior. We demonstrate this
in Zn-barlowite, which serves as a nontrivial test case due to its structurally complex lattice and the presence of
both fluorine and hydroxyl groups. Our results establish a route for extracting nuclear quantum signatures from
1SR data and open different opportunities for studying light nuclei such as hydrogen and lithium in systems

where quantum fluctuations shape structure and function.
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Materials containing light nuclei, such as hydrogen or
lithium, play a key role in many important material classes,
including superconductors, hydrogen-storage materials, semi-
conductors, Li-ion batteries, and other advanced technologies
[1-5]. To understand these materials careful consideration of
quantum-mechanical effects is required, such as uncertainty
in nuclear positions, a finite zero-point energy, and quantum
tunneling, which can profoundly influence their properties.
Accurately capturing these phenomena requires advanced
computational methods that can address their complex inter-
play [1,6,7]. Therefore, there is a pressing need for approaches
that seamlessly integrate nuclear quantum effects into ab initio
descriptions of matter, paving the way for a deeper under-
standing of many, inherently quantum, materials. However,
the development of accurate and efficient ab initio methods is
hindered by the difficulty of experimentally determining the
precise impact of these quantum effects.

Muon spin spectroscopy (1SR) offers a unique insight by
being able to directly measure the quantum behavior of light
particles in solid-state environments [8—10]. In uSR, positive
muons—charged (anti)particles ~9x lighter than protons—
are implanted into a material, where they interact with the
surrounding magnetic and electronic fields. Their low mass
enhances their sensitivity to quantum effects, by increasing
their wave-function spread (i.e., their quantum uncertainty
in position), boosting zero-point energy (ZPE), and speeding
up quantum tunneling. ©SR enables direct measurement of
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these effects through dipolar interactions between the mag-
netic moment of the muon and those of the surrounding
nuclei and electrons [11-14]. Muons thus act as ideal proxies
for studying the general quantum behavior of light particles
in materials. This can most clearly be seen in cases where
classical, point-particle descriptions of muons fail to ade-
quately describe experimental «SR data, promoting the need
for a quantum description of muons [15-17]. By combining
advanced ab initio [density functional theory (DFT)] and
muon wave-function calculations with SR experiments, a
much deeper understanding of light particles in matter can be
achieved. We demonstrate this for the case of Zn-barlowite
[18-21], where we find that the average muon positions are
shifted from those based on classical predictions by strong
quantum anharmonic effects, while the stability of different
candidate muon stopping sites are significantly impacted by
quantum ZPE. We confirm these ab initio predictions by pre-
cision SR experiments. We selected Zn-barlowite for this
study because, as a candidate quantum spin liquid (QSL), it
is a material of broad current interest [22—-27]. Zn-barlowite
offers a nontrivial environment in which to test the quantum
behavior of the implanted muon. Its lattice [Fig. 1(a)], which
includes both fluorine and hydroxyl groups, provides an ideal
environment for observing pronounced anharmonic effects,
owing to the strong coupling between the muon spin and the
spins of surrounding electronegative ions—enabling a direct
measurement of the muon’s quantum response. Using DFT
to simulate classical muons in a DFT + u approach [12] (see
the Appendix A for details) we predict four distinct classical
muon stopping sites. The muon forms a u-OH complex at
three of them [Figs. 1(b)-1(d)] that are very close in energy
(Table I), while at the fourth site, the muon forms a F-u-Br
complex [Fig. 1(e)] with a classical energy 0.6 eV higher than
at the lowest u-OH site. A large occupancy of this higher-
energy site was found in a prior experiment [21], however,
this seems to be in conflict with the heuristic expectation that

Published by the American Physical Society
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FIG. 1. (a) Candidate muon stopping sites in Zn-barlowite iden-
tified using classical DFT + w (green) in the undistorted 2 x 2 x 1
supercell. (b)—(d) Close-up views of the u-OH sites, showing local
distortions induced by the muon. (e) F-u-Br stopping site with its
associated local distortion.

only sites with energies within approximately 0.5 eV of the
lowest-energy site are typically occupied [8,12,28].

The first and most accessible approximation to improve the
classical point-particle description of DFT + p is the quantum
harmonic approximation, valid for small displacements of the
muon from its classical position [15]. Neglecting the quantum
entanglement of muon and nuclear positions, the muon ZPE
for each site can be estimated by summing the contributions
hw;/2 of the three main I'-point normal phonon modes w;
calculated by DFT with the muon embedded in the crystal
[15,29]. This leads to total muon site energies listed in Table I.

The relative stability of the highest-energy F-u-Br site
is improved from the classical calculations by taking into
account the quantum ZPE. However, since at this site the
muon is shared between strongly electronegative F~! and
Br~! ions, the potential could be strongly anharmonic, making
the harmonic approximation insufficient. Furthermore, as the
highest-frequency normal mode at the p-OH sites is along
the u-O direction, one could expect strong anharmonic ef-
fects also at u-OH sites, with a higher-energy penalty for
displacements towards the oxygen than away from it due to
the positive muons being electrostatically repulsed from the
positive nucleus of oxygen.

To distinguish between the harmonic and anharmonic sce-
narios, we turn to experiment. The aim is to determine the

TABLE I. A comparison of classical and quantum
(classical+ZPE) muon energies in the harmonic and anharmonic
effective potentials for the four candidate muon stopping sites,
relative to the lowest-energy site (u-OH);. Ar, is the absolute
quantum anharmonic shift of the average muon position from the
classical position.

(#-OH);  (u-OH);  (u-OH);  F-u-Br
Classical (eV) 0 0.0 0.1 0.6
Harmonic (eV) 0.9 0.9 1 1.3
Anharmonic (eV) 0.9 1 1.1 1.2
Ary, (A) 0.17 0.12 0.08 0.06

1.0 4.mT|
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= 0.6 4
g 1 mT
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FIG. 2. Experimental LF decoupling 1SR data on Zn-barlowite
(points) at 20 K, fitted using Eq. (1) (curves) assuming (a) a classi-
cal muon position, (b) a point-particle muon shifted to the average
quantum muon position (Fig. 3), and (c) a fully quantum muon.

unique nuclear neighborhoods and muon wavefunctions at
sites F-p-Br and p-OH in Zn-barlowite, exploiting the cou-
pling between muon and nuclear spins [8,30,31]. For this
purpose, longitudinal-field (LF) SR experiments were per-
formed on Zn-barlowite powder samples on the FLexible
Advanced MuSR Environment (FLAME) instrument at PSI,
Switzerland, in fields up to 4 mT (Fig. 2).

To check whether the predicted muon stopping sites
account well for experimental data we compute the
time evolution of the muon polarization due to dipo-
lar interactions with nuclear spins at each of the four
muon sites i via exact-diagonalization calculations, giving
P () = (Tr{o) exp(L it )o ' exp(FFLit)})a, where o', is
the muon’s Pauli spin operator in the detector direction 7 rela-
tive to a powder grain, and (- - - ); represents a powder average
[8,31-33]. The Hamiltonian 7—2,- consists of the Zeeman inter-
action due to the external applied field B, dipolar interactions
between the muon and nuclear spins, and quadrupole inter-
action of the Br nuclei (spin / = 3/2) with the local electric
field gradient [15,34]. The latter two terms depend on the
muon position, providing experimental sensitivity to the muon
position. Furthermore, the electron spins of magnetic Cu*"
ions remain disordered and fluctuate in the QSL ground state
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FIG. 3. Effective potentials in the weakly bound adiabatic limit (relative to the classical energy) for muon displacements along the (a) F-
Br and (b)-(d) (u«-0O); directions at F-u-Br and p-OH sites, respectively, from DFT (black points, interpolated by orange curves). These
are compared to the effective potential under the harmonic approximation (dashed gray). Also shown here, the quantum muon probability
distributions |y, |* in the adiabatic potentials (blue curves) with the resulting average muon displacements Ar, (dashed vertical blue lines)
away from their classical/harmonic positions (dashed vertical gray lines).

of Zn-barlowite [18,20,21,35], further dynamically relaxing
the muon’s spin. Due to these fluctuations, the final muon
polarization at a given muon site can be written as [§,10]
Pi(t) = P (+)P®"(¢). Here, the contribution due to electron
spin fluctuations is accounted for by the exponential function
PO (1) = exp(—Agynt), Where Aqyn is the dynamical relax-
ation rate, which depends on the applied field B. Although
each local surrounding could have a different relaxation rate
Agyn the final fits are not noticeably improved by allowing this,
SO we constrain Aq4y, to be equal at all sites to minimize the
number of free parameters.

Adding the contributions from all muon sites together, we
obtain the final fitting function for the muon polarization

4
P(t)=f, > fiP(t) + (1 = f)Poga(t), (1)

i=0

where f; is the fraction of muons that stop in the sample and f;
is the fraction of those muons that end up at a site i with polar-
ization P;(t) (see above), where i = 0 denotes the F-u-Br site
and i = 1, 2, 3 to the three (u-OH); sites, respectively. Pogq(?)
is the LF Gaussian Kubo-Toyabe function under an applied
field [36], which describes the background contribution of
muons that stop outside of the sample. Most importantly, the
muon stopping position r,, entering the polarization functions

P;(¢) is fixed directly from a given classical or quantum muon
site calculation, as described above, and is not allowed to vary
as a fitting parameter. The fitting procedure is thus limited to
determining the relative muon fractions f;, the sample fraction
fs» and the dynamical relaxation rates. The spectra from all
five applied fields are fitted simultaneously with this global
set of fitting parameters.

Fit results using Eq. (1) for a muon treated as a classical
point particle at the classical DFT + u position are shown in
Fig. 2(a) and summarized in Table III in Appendix C. These
yield a reduced y?/degree of freedom (DOF) = 9.8, showing
that the classical prediction fails to reproduce the experiment.
The discrepancy is especially prominent at low applied fields.
To improve the fit accuracy we need to model the muon
wave function. To incorporate anharmonic muon effects, we
have calculated the effective (adiabatic) anharmonic poten-
tial for the muon around each candidate stopping site under
the assumption of negligible muon-nuclear entanglement in
position (giving a single-particle, weakly bound adiabatic po-
tential [15]), and assuming a separable potential for the muon
with eigenaxes oriented along the normal mode directions
obtained from the harmonic phonon DFT calculation. The ef-
fective potentials along the most anharmonic directions at the
four muon stopping sites are shown in Fig. 3, while the poten-
tial along the perpendicular directions at these sites are found
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to be nearly harmonic (see Appendix B). Along each normal
direction, the resulting one-dimensional (1D) Schrédinger
equation for the muon wave function was solved numerically
using a finite-difference method. At the F-u-Br site, the poten-
tial along the F-Br direction is flatter than expected from the
harmonic approximation [Fig. 3(a)], reducing the muon ZPE
and stabilizing this site (see Table I). Since the muon is located
between two negatively charged ions, the average muon posi-
tion is shifted by Ar, ~ 0.06 A away from the Br~ compared
to the classical site. On the other hand, at u-OH sites the
adiabatic potentials along the u-O directions are highly an-
harmonic, shifting the average muon position by up to 0.17 A
[Figs. 3(b)-3(d) and Table I], which represents a significant
fraction of the expected 1-A u-O distance for a classical
muon.

The fits to the uSR spectra can already be improved
by shifting a point-particle muon, from the classical to the
average quantum position, which is anharmonically shifted
away from the classical one by Ar, (Table I), as shown in
Fig. 2(b). This yields x?/DOF = 3.5. However, the fit quality
is further substantially improved by taking into account the
quantum uncertainty in muon position; in other words, using
its full computed wave function v, to construct an effective
muon-nuclear spin hamiltonian, by averaging point-particle
dipolar muon-nuclear hamiltonians over the muon probabil-
ity distribution |1ﬂu|2 [15]. The result is shown in Fig. 2(c),
which yields the final reduced x2/DOF = 1.9. This good
agreement between experimental data and calculation vali-
dates our fully quantum approach to an ab initio treatment
of implanted muons. Our results show that to determine the
muon stopping sites in compounds with strongly electroneg-
ative ions such as F~, CI7, and Br™, or functional groups,
such as OH™, it is necessary to treat the muon as a quan-
tum particle in an anharmonic potential. Additionally, this
approach provides a way towards understanding the quantum
anharmonic effects of other light particles, such as hydrogen
or lithium nuclei, in materials. Using £ SR measurements of
muons as proxy particles allow us to probe these effects in
an extreme quantum limit, as the muon’s low mass ampli-
fies these quantum phenomena. This establishes uSR as a
complementary tool for investigating the quantum behavior of
light particles in crystal-lattice environments, where the muon
itself acts as a quantum probe, thus providing a direct and
quantitative benchmark of quantum-mechanical description of
anharmonic effects.

In conclusion, we demonstrate that the quantum behav-
ior of light particles—exemplified by the implanted muon in
a uSR experiment—can significantly influence measurable
properties in materials. This provides another experimen-
tal route to probe nuclear quantum phenomena with high
spatial resolution and element specificity. This capability po-
sitions wSR as a powerful tool not only for interpreting
muon behavior, but also for benchmarking quantum simula-
tions of light particles in complex materials. Since nuclear
quantum effects—including tunneling, zero-point motion, and
anharmonicity—play a critical role in systems containing hy-
drogen and lithium, our approach opens a pathway to study
and validate their behavior in materials such as hydrogen-
bonded compounds and lithium-ion conductors. These in-

sights are crucial for advancing fields ranging from energy
storage and solid-state chemistry to quantum materials [1].
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APPENDIX A: CLASSICAL MUON STOPPING SITES

Via a DFT + u approach we have identified the classical
muon stopping sites in Zn-barlowite [11,12] using the plane-
wave DFT code CASTEP [38]. Using the MuFinder software
[28], 32 initial muon candidates were put in low-symmetry
positions, and after converging the geometry optimization be-
low a 0.01 eV/A force tolerance, the sites were clustered into
four final candidate sites using connected-component clus-
tering [28]. The calculations were performed in a supercell
containing 2 x 2 x 1 conventional unit cells of Zn-Barlowite
[39] using the standard Perdew—Burke-Ernzerhof revised
for solids (PBEsol) functional [40], an energy cutoff of
2000 eV, and a 2 x 2 x 3 Monkhorst-Pack grid [41] for k-
point sampling. The relatively high convergence parameters
were used to ensure well-converged phonon calculations with
the force converged to 10~4 eV/A, well below the force toler-
ance of geometry optimization. The 41 charge state of the
positive muon, which was modeled by an ultrasoft hydro-
gen pseudopotential with a reduced mass and an enhanced
gyromagnetic ratio, was modeled by a 41 charge of the

TABLE II. The x, y, and z fractional coordinates of the muon
stopping sites in the 2 x 2 x 1 conventional unit cell for three
different DFT functionals: LDA, PBE, and PBEsol. For all three
functionals, a Hubbard Ut = 5 eV is used. The change in function-
als leads to almost no change in the coordinates for the lowest-energy
(u-OH), site, but a significant change in the y coordinate of the
F-p-Br site.

LDA PBE PBEsol
F-p-Br(x) 0.0747 0.0884 0.0733
F-p-Br(y) 0.1533 0.1806 0.1506
F--Br(2) 0.2488 0.2489 0.2489
(1-OH), (x) 0214 0212 0213
(1-OH),(v) 0.109 0.1088 0.109
(u-OH);(2) 0.221 0.222 0.222
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supercell. All calculations were performed in a spin-polarized
mode with an effective Hubbard Uit = U — J = 5 eV, where
U is the bare Hubbard interaction strength and J is Hund’s
coupling, consistently with previous studies [42—44]. To ver-
ify the reliability of our simulations, we have recalculated
the coordinates of the converged F-u-Br site and the lowest-
energy (u-OH); site with different functionals and compared
their values in Table II. We have compared the local density
approximation (LDA) functional [45] and the Perdew-Burke-
Ernzerhof (PBE) functional [46] to the PBEsol functional
used in the rest of the paper.

APPENDIX B: ZERO-POINT ENERGY IN THE HARMONIC
AND ADIABATIC APPROXIMATIONS

I'-point phonon calculations were performed on a unit
cell using CASTEP [38] with an energy cutoff of 2000 eV
and a 4 x 4 x 3 Monkhorst-Pack grid [41] using the standard
PBEsol functional [40] and a finite-displacement method.
This allowed us to estimate the muon’s quantum zero-point
energy (ZPE) in the harmonic approximation. Due to the low
mass of the muon, the harmonic approximation underlying
the phonon calculation is not a priori justified. Therefore,
the effective adiabatic potential in the weakly bound limit
[15] around the relaxed muon position was determined by
sampling the muon energy at 35 different positions along
the direction of the phonon normal modes of the muon. The
adiabatic potential in the directions perpendicular to the main
muon-ion direction (1-O or F-u-Br) are well described by the
harmonic approximation and are summarized in Fig. 4, while

those along it are strongly anharmonic (see Fig. 3 in the main
text).

APPENDIX C: DETAILS ON THE uSR EXPERIMENTS

The zero-field (ZF) and longitudinal-field (LF) uSR ex-
periments were performed on the FLexible Advanced MuSR
Environment (FLAME) instrument at PSI located at the
wM3.3 beamline of the HIPA complex at the Swiss Muon
Source (SuS) at PSI. The sample was pressed into a pellet
with a 6 mm diameter, glued with GE varnish to a ~30-
um-thick copper foil and mounted on a sample holder fork
close to a cold finger to ensure good thermal conductivity.
The magnetic field at the sample position was measured with a
Hall probe, while active zero-field compensation using vector
magnets reduced the field under zero-field conditions to <1
uT. To be able to precisely measure the muon-nuclear spin os-
cillation, one has to collect much higher statistics than usual.
For ZF measurement, 128 million muon/positron events were
counted for the backward detector, and 127 million muons
were in the forward detector. Between 25 million and 50
million events were gathered for the LF measurements. Data
were fitted using the LMFIT Python package [47] using a
microscopic approach outlined in Refs. [31,32,38]. The fitting
parameters were obtained using Eq. (1). The muon stop-
ping fractions were determined from a global fit performed
simultaneously on all five spectra from different applied lon-
gitudinal fields B. While the dynamical relaxation rate Agyn
was allowed to vary with applied field, it was constrained to
be identical for all muon stopping sites at a given field. This

TABLE III. Fitting parameters in Eq. (1) in the main text, used to fit the measured spectra using three different descriptions of the muon:
classical, shifted classical, and quantum (Fig. 2 in the main text). The fractions were determined from a global fit performed simultaneously

over all spectra recorded at different applied longitudinal fields.

Classical
B (mT) fs (%) Senr (%) fous (%) Soua (%) Aayn (us™") Abgd (™)
0 84.9+0.5 205+1.1 0.5+10 70+ 3 0.13 +0.01 0.132 +0.009
0.5 same same same same 0.12+0.01
1.0 same same same same 0.039 £ 0.007
2.06 same same same same 0.018 £ 0.003
4.25 same same same same 0.012 4 0.002

Shifted Classical

B (mT) S (%) Senr (%) fous (%) Soua (%) Adyn (us™") Abgd (us™")
0 87.8+0.4 40.7 £ 0.6 134 +2.1 459+2.2 0.085 £ 0.006 0.127 £ 0.006
0.5 same same same same 0.079 £ 0.005
1.0 same same same same 0.028 £ 0.003
2.06 same same same same 0.015 £ 0.002
4.25 same same same same 0.01 £ 0.001

Quantum
B (mT) fs (%) Srer (%) fous (%) Jons (%) Aayn (us™) Jpga (us™")
0 89.0+0.3 46.7+0.5 28.1+1.9 2524+1.9 0.102 £ 0.004 0.093 £ 0.006
0.5 same same same same 0.111 £0.003
1.0 same same same same 0.0326 + 0.0023
2.06 same same same same 0.0175 £+ 0.0010
4.25 same same same same 0.0113 4+ 0.0007
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restriction reduces the number of free parameters and prevents
overfitting. For the same reason, the background relaxation
rate was kept constant across all applied fields. All free fitting
parameters are reported in Table ITI. We see that the dynamical
relaxation rate decreases with increasing field, consistent with
the progressive decoupling of the dynamically fluctuating
Cu’" magnetic moments. Importantly, the muon stopping site
positions were never treated as adjustable parameters but were
taken from the ab initio calculations and the quantum muon
wave function, as the static polarization functions P'(¢) were
calculated directly from the known crystallographic struc-

ture. To properly treat the muon as a quantum-mechanical
particle, its dipolar Hamiltonian was averaged over the three-
dimensional probability distribution of the muon |v,|?, as in
Refs. [15,16]. For each muon, the three-dimensional probabil-
ity distribution consists of the three one-dimensional adiabatic
potentials along the principal phonon modes of the muon
(see previous section), and was numerically sampled using a
30 x 30 x 30 rectangular mesh. Due to computational limita-
tions, the Hamiltonian was truncated to a dimension of 256,
taking into account only interactions with the seven nuclei
with spin / > 0 closest to the muon at a given muon site.
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