
Journal of Cosmology
and Astroparticle
Physics

     

PAPER • OPEN ACCESS

Classical constant electric fields and the
Schwinger effect in de Sitter
To cite this article: Mar Bastero-Gil et al JCAP04(2026)040

 

View the article online for updates and enhancements.

You may also like
Vacuum birefringence and the Schwinger
effect in (3+1) de Sitter
Mariona Banyeres, Guillem Domènech
and Jaume Garriga

-

Fermionic Schwinger effect and induced
current in de Sitter space
Takahiro Hayashinaka, Tomohiro Fujita
and Jun'ichi Yokoyama

-

Schwinger effect in de Sitter space
Markus B. Fröb, Jaume Garriga, Sugumi
Kanno et al.

-

This content was downloaded from IP address 86.58.13.79 on 10/06/2026 at 12:33

https://doi.org/10.1088/1475-7516/2026/04/040
/article/10.1088/1475-7516/2018/10/023
/article/10.1088/1475-7516/2018/10/023
/article/10.1088/1475-7516/2016/07/010
/article/10.1088/1475-7516/2016/07/010
/article/10.1088/1475-7516/2014/04/009


J
C
A
P
0
4
(
2
0
2
6
)
0
4
0

ournal of Cosmology and Astroparticle Physics
An IOP and SISSA journalJ

Received: November 13, 2025
Revised: January 29, 2026

Accepted: February 17, 2026
Published: April 14, 2026

Classical constant electric fields and the Schwinger
effect in de Sitter

Mar Bastero-Gil,a Paulo B. Ferraz,a,b António Torres Manso,b Lorenzo Ubaldic,d
and Roberto Vega-Morales a

aDepartamento de Física Teórica y del Cosmos and CAFPE,
Universidad de Granada, Campus de Fuentenueva, E-18071 Granada, Spain
bUniversidad de Coimbra, Faculdade de Ciências e Tecnologia da Universidade
de Coimbra and CFisUC, Rua Larga, 3004-516 Coimbra, Portugal
cJožef Stefan Institute, Jamova 39, 1000 Ljubljana, Slovenia
dInstitute for Fundamental Physics of the Universe (IFPU),
Via Beirut 2, 34014 Trieste, Italy

E-mail: mbg@ugr.es, paulo.ferraz@student.uc.pt, atmanso@uc.pt,
lorenzo.ubaldi@ijs.si, rvegamorales@ugr.es

Abstract: We study constant classical electric fields and the Schwinger effect in de Sitter
space, with potential implications for magnetogenesis and inflationary dark matter produc-
tion. Treating the photon as a dynamical field, we show that sustaining a constant electric
field in de Sitter requires a tachyonic photon mass of order the Hubble scale. This observa-
tion has physical implications, as it alters the infrared behaviour of the induced Schwinger
current. Using an on-shell renormalization condition consistent with a tachyonic photon, we
recompute the current for charged fermions and scalars, finding it to be finite and positive
even in the massless limit of the charge carriers, contrary to earlier results in the literature
predicting a puzzling negative IR divergence. For scalars, we include a non-minimal coupling
to the Ricci curvature, enabling us to analyze the conformal limit, where the current closely
matches that of charged fermions.

Keywords: inflation, quantum field theory on curved space

ArXiv ePrint: 2508.14973

© 2026 The Author(s). Published by IOP Publishing
Ltd on behalf of Sissa Medialab. Original content from

this work may be used under the terms of the Creative Commons
Attribution 4.0 licence. Any further distribution of this work must
maintain attribution to the author(s) and the title of the work,
journal citation and DOI.

https://doi.org/10.1088/1475-7516/2026/04/040

https://orcid.org/0000-0003-1070-5461
mailto:mbg@ugr.es
mailto:paulo.ferraz@student.uc.pt
mailto:atmanso@uc.pt
mailto:lorenzo.ubaldi@ijs.si
mailto:rvegamorales@ugr.es
https://doi.org/10.48550/arXiv.2508.14973
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1475-7516/2026/04/040


J
C
A
P
0
4
(
2
0
2
6
)
0
4
0

Contents

1 Introduction 1

2 Classical constant electric fields in de Sitter 3
2.1 Conditions for a constant electric field 3
2.2 Renormalized Lagrangian with a constant electric field 5
2.3 Counterterm with a constant electric field 7
2.4 Renormalized Schwinger current and modified counterterms 9

3 Scalar Schwinger current in de Sitter 12
3.1 Behavior of the scalar current 14

4 Fermion Schwinger current in de Sitter 20
4.1 Behavior of the fermion current 23

5 Summary and conclusions 26

A Alternative mechanism for constant electric field 27

B Calculation of the QED Counterterm (δ3) 29
B.1 Vacuum polarization in scalar QED 29
B.2 Vacuum polarization in fermionic QED 30

C Calculation of the fermion current 31

1 Introduction

A strong electric field is expected to generate electron-positron pairs directly from the
quantum field theory (QFT) vacuum. This possibility was first anticipated in 1936 by Euler
and Heisenberg [1], well before the modern formulation of Quantum Electrodynamics (QED),
and later firmly established in Schwinger’s seminal work [2]. The effect, known as Schwinger
pair production, has not yet been observed in a laboratory setting.1 This leaves us in the
intriguing situation that one of the fundamental predictions of QED, arguably the most
successful theory of nature, remains untested experimentally. The main obstacle is the
requirement of an extremely strong electric field, on the order of the electron mass squared,
which exceeds current technological capabilities. Nonetheless, ongoing advances keep alive
the prospect of observing this phenomenon in the laboratory in the near future [6, 7].

While such extreme fields remain out of reach in the laboratory, the situation may have
been different in the early Universe. During inflation, the vast energy available could naturally
generate electric fields strong enough to trigger the Schwinger effect. Moreover, as we discuss
in detail, in an expanding spacetime the Schwinger effect can occur even in the presence of

1Observations of the Schwinger effect have been reported in condensed matter systems [3, 4], where graphene
provides an analog of the QFT vacuum [5], and electron–hole pairs replace e+e− pairs.
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very weak electric fields. As explored in numerous studies [8–14], mechanisms for sustaining
a nearly constant electric field during inflation can be constructed by coupling a U(1) gauge
field to the background expansion. In this context, the Schwinger effect may play a significant
role in both magnetogenesis and the production of dark matter during inflation and raises
the intriguing possibility that the first observational evidence of the Schwinger effect could
arise from cosmological signals [15].

The Schwinger current in de Sitter space was first computed in 1 + 1 dimensions [16–18],
and later extended to 3 + 1 dimensions for minimally coupled charged particles of spin
0 [19–24] and spin 1/2 [25]. Although the regularized current is formally divergent, it can
nevertheless be obtained analytically in a fully non-perturbative manner and made finite
through an appropriate renormalization procedure. In 3 + 1 dimensions the renormalized
current was found to display some puzzling features and in particular both the scalar [19, 22]
and fermion [21] currents were found to have a peculiar negative infrared (IR) divergence in
the small electron2 mass regime. This would lead to large currents flowing opposite to the
electric field direction and imply a negative conductivity for small electron masses. It was
argued in [22] that these regimes with divergent IR negative conductivity are not physical
and should be interpreted by taking into account the running of the gauge coupling from
the small electron mass scale to the Hubble scale. When the separation between the two
scales is very large, one crosses a Landau pole, beyond which the conductivity appears to
be negative but the theory is no longer under control.

In this work we argue that the appearance of these IR divergences is due to the renor-
malization procedures implicitly utilized in [19, 21, 22]. Imposing physical renormalization
conditions which are consistent with a constant electric field in de Sitter space, we show
that the renormalized current is free of any IR divergences, both for scalars and fermions,
without any need to run the coupling. In deciding how to fix the renormalization conditions,
we first point out that in order to sustain a constant electric field in de Sitter space it
is unavoidable to have a tachyonic instability. Requiring the electric field to be constant
and uniform both inside and outside the Hubble horizon, as was assumed in [19, 21, 22],
implies that the photon, treated as a classical dynamical field, must have a tachyonic mass
m2
A = −2H2, where H is the Hubble constant. Upon quantization of the electron field, the

theory contains a single counterterm to absorb the only divergence corresponding to the
wave-function renormalization of the photon field or, equivalently, to the electric charge
renormalization. We fix the counterterm by imposing an on-shell renormalization condition
with m2

A = −2H2 and show that one obtains a renormalized current free of UV and IR
divergences. We also show for the first time that for a conformally coupled charged scalar the
behavior of the current is the same as for a charged fermion, as one would expect.

This paper is organized as follows: In section 2 we discuss the conditions required for
sustaining a classical constant electric field in de Sitter space. We show that this necessarily
implies a tachyonic photon mass and examine the consequences for renormalization, presenting
the relevant on-shell renormalization conditions and renormalized Lagrangian. In section 3 we
compute the induced Schwinger current for charged scalars in de Sitter space. We analyze its
behavior across different regimes, including the strong and weak-field limits as well as the large

2For the remainder of this paper we use the label “electron” for both charged scalars and fermions.
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mass limit, and compare with previous results obtained in the literature. In section 4 we turn to
the fermionic case, performing the analogous computation for the charged fermion Schwinger
current, again studying its behavior in various limits. We summarize our findings and discuss
their implications in section 5. Several technical details are collected in the appendices.

2 Classical constant electric fields in de Sitter

In this section we discuss a classical constant electric field in de Sitter space. We are
ultimately interested in the production of charged particles in this setup and in the current
they generate. Such particles can be produced both via the Schwinger effect, due to the
electric field, and gravitationally, due to the time dependent de Sitter metric. The current
we will compute is defined through the usual Noether’s theorem as the variation of the
action with respect to the gauge field. Upon explicit calculation, as we will see, one finds
this quantity to diverge. This is not surprising, as the Schwinger effect is related to loop
diagrams in quantum field theory. The purpose of this work is twofold. First, we carefully go
through the renormalization procedure, for which we already pointed out the main points in
a previous work [26]. Here we provide more details of the calculation. Second, we examine our
renormalized currents in various limits, which elucidates several important physical aspects
and confirms the validity of our approach.

As in previous studies [19, 22, 25], we consider a classical constant electric field in de
Sitter space and treat the geometry of spacetime as a background. This means we do not deal
with the dynamics of the energy-momentum tensor and do not worry about renormalizing
vacuum energy. Crucially, and in contrast to previous works, we treat the classical gauge
field Aµ, which is responsible for setting the constant electric field, as dynamical. This is
because the only divergence in the calculation of the current is encoded in the vacuum
polarization diagram, consisting in an electron loop with two external photon legs. To remove
the divergence we need the counterterm associated with such a diagram. This requires the
two-point function of the photon field, which is obtained by treating the field dynamically.

In this section we point out that in order to have a constant electric field, the dynamics
of the gauge field in de Sitter space is not trivial and a tachyonic instability is required. In
later sections we discuss how such a dynamics affects the renormalization condition, which
fixes the finite part of the counterterm, and leads to a well-behaved renormalized current.

2.1 Conditions for a constant electric field

We begin with a free abelian gauge theory in a de Sitter background,

S = −
∫
d4x

√
−g 1

4F
µνFµν . (2.1)

Here the metric is gµν = a2(τ)(−dτ2 + dx⃗2), with the conformal time τ ,

τ = − 1
aH

< 0 , H = da
a2dτ = const. , (2.2)

and Fµν = ∂µAν − ∂νAµ. We are interested in the configuration which realizes a constant
and uniform electric field. This is the one measured by a comoving observer with 4-velocity
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uµ (ui = 0, uµuµ = −1), given by Eµ = uνFµν and such that the field strength EµE
µ =

E2 = const. The gauge field configuration that produces such a constant electric field in
the z direction is given by [19, 22, 25],

Aµ = E

H2τ
δzµ . (2.3)

Throughout this work, and as done in previous literature, we treat the gauge field as
classical. However, as discussed above and differently from previous literature, we treat it as
dynamical, rather than as a background, requiring it to solve the equation of motion,

gαµ∂αFµν = 0 . (2.4)

It is easy to check that eq. (2.3) does not solve eq. (2.4):

gαµ∂αFµν = −2H2τ2 E

H2τ3 δ
z
ν = −2H2Aν ̸= 0 . (2.5)

The easiest way to satisfy the equation of motion is to introduce a tachyonic mass,

m2
A = −2H2 , (2.6)

into the action of the gauge field,

S = −
∫
d4x

√
−g

(1
4F

µνFµν + 1
2m

2
AAµA

µ
)
. (2.7)

The photon mass mA should be thought of as a Stueckelberg mass [27], obtained upon
the replacement 1

2m
2
AA

2
µ → 1

2m
2
A

(
Aµ + 1

mA
∂µσ

)2
, with σ the Stueckelberg field, and the

addition of the gauge fixing term Lgf = −
√

−g 1
2ξA (∂µAµ − ξAmAσ)2. The theory is then

gauge invariant. We see that in order to have a constant electric field in de Sitter space, we
need a source term which breaks conformal invariance and provides a tachyonic condition,
necessary to compensate for the exponential expansion of space.

A second possible solution is to instead introduce a modified kinetic term of the form
(τe/τ)FµνFµν where τe is a constant which could be fixed as the time at the end of inflation
for example. As we show in the appendix A, this leads to the same equations of motion as
introducing a tachyonic mass with a canonically normalized kinetic term. In both scenarios
the electric field originates from a transverse component of the gauge field, which we treat as
purely classical, with no contribution from the longitudinal mode. It should not be surprising
that in de Sitter space the photon must have a tachyonic mass since, as space expands
exponentially, the electric field must be continuously fed exponentially meaning that a
tachyonic instability is required to maintain a constant electric field.

A realistic model could be constructed, for example, by considering a massless photon
with an effective coupling to the inflaton ϕ such as an axion like coupling ϕFµνF̃µν . This
acts as a source for the electric field, leads [9, 12] to tachyonic production of long wavelength
modes for one of the two transverse components of the gauge field, and generates a classical
electromagnetic field with ⟨E⃗·B⃗⟩ ≠ 0, coherent over scales comparable to the Hubble horizon. A
full treatment of the Schwinger effect incorporating this mechanism for generating a constant
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electromagnetic field, including an explicit inflationary model and possible backreaction
effects, requires numerical study [28] and left to ongoing work.

In this work, like in previous literature [19, 22, 25] directly related the Schwinger current,
we concentrate on the simplified assumption that only the zero momentum mode (infinite
wavelength) of the gauge field experiences a tachyonic instability, which is provided by the
tachyonic mass term in the action. As a consequence we have only a uniform and constant
electric field and no magnetic field. Although this setup is less realistic than the ϕFµνF̃µν

model, it has the virtue of making the calculation fully tractable analytically giving useful
insight into the Schwinger effect in de Sitter spacetime. We will see below the crucial role the
tachyonic mass condition m2

A = −2H2 plays in renormalization and obtaining a physically
consistent Schwinger current with proper IR behavior.

2.2 Renormalized Lagrangian with a constant electric field

In the fully quantum theory of QED there are four quantities (ignoring vacuum energy)
which need to be renormalized, associated with the normalization of the fields for the photon
and electron, the electron mass, and the electric charge. These four bare parameters receive
quantum corrections at loop order which are divergent. However, since we are treating
the electric field as classical, in other words the photon is not quantized, there are no
internal photon propagators in the theory at any loop order. Thus, the electron propagator
is not corrected at loop level which implies that neither the electron field or mass are
renormalized. Furthermore, due to the Ward identity, the renormalization of the electric
charge is determined by the renormalization of the photon field. So in the end, when considering
a classical constant electric field, there is only one Lagrangian parameter which must be
renormalized which we take to be the normalization of the photon field.

Since we are interested in computing the current of charged particles generated by the
constant electric field out of the vacuum, one might worry about radiative effects which would
require quantizing the photon field. However, it can be shown [29] that after the e+e− pair is
produced, the net effect of acceleration due to the electric field and deceleration (redshift)
due to the expansion of space is such that within a few e-folds the particles reach terminal
velocity which implies that very quickly the current reaches a constant value. This is a crucial
difference between de Sitter and flat spacetime and allows us to treat the gauge field as
classical since the charged particles do not accelerate. Thus we do not need to account for
radiative effects and can solve the theory exactly quantizing only the electron field, further
justifying our classical treatment of the electric field.

We can write the renormalized Lagrangian for a classical photon with tachyonic mass
m2
A = −2H2 in de Sitter coupled to a current as,

L = − 1
4(1 + δ3)(Fµν)2 − 1

2m
2
AAµA

µ −AµJ
µ + . . . . (2.8)

All fields and parameters are understood to be renormalized, and the conserved current Jµ

can be for fermions or scalars. One can show [30] that the renormalized mA is related to
the bare one as m2

A = (1 − δ3)m2
A0

in the same way the renormalized charge e is related to
the bare charge e2 = (1 − δ3)e2

0, so there is no additional divergence. As we will see, in the
presence of a constant classical electric field, the induced Schwinger current only depends
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Figure 1. Vacuum polarization diagram.

on just two ratios: the charge times electric field divided by the Hubble scale squared and
the electron mass divided by Hubble scale.

The counterterm δ3 cancels the infinite divergence in the photon field normalization. In
this model the full divergence is encoded in the one-loop vacuum polarization diagram shown
in figure 1. Note for a scalar there is a second “bubble” diagram which also contributes. There
are no higher loop corrections to the two point function of the photon, due to the fact that
the photon is not quantized. Thus, once we compute the vacuum polarization diagram(s),
and fix δ3 with an appropriate (physical) renormalization condition, the theory is defined
to all orders. Even non-perturbative quantities such as the induced Schwinger current can
be computed with a single counterterm and are guaranteed to be finite and unambiguous
predictions of the theory.

In order to define our theory we must first fix the counterterm with an appropriate
physical renormalization condition. Since the field Aµ is classical, the obvious choice is to
pick on-shell renormalization conditions, requiring the renormalized two point function to
have a pole at p2 = −m2

A with residue −i which fixes,

Π(p2 = −m2
A) = 0, (2.9)

where e2Π(p2) is defined as the coefficient of −i
(
p2gµν − pµpν

)
in the sum of all 1PI contri-

butions to the photon 2-point correlation function [31]. Since we have a classical electric field
and Aµ is not quantized, Π(p2) is determined exactly at one loop, with the corresponding
diagram shown in figure 1 (with a second diagram for scalars). This renormalization condition
leads to the condition on the counterterm,

δ3 = −e2Π(−m2
A). (2.10)

Obviously, for a massless photon one takes m2
A = 0 which holds in flat space.3 However, as

we have discussed above, a massless photon is inconsistent with a constant classical electric
field in de Sitter space which requires a tachyonic mass m2

A = −2H2. Thus we take the
counterterm to be fixed by the condition,

δ3 = −e2Π(2H2). (2.11)
3As we discuss more below, this is equivalent to the renormalization procedures used in [19, 22, 25].
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As we’ll see, with this renormalization condition, the renormalized Schwinger current in de
Sitter space is not only UV finite, but crucially, it is also free of the negative IR divergences
which were found in previous calculations for both scalars [19, 22] and fermions [25]. In
appendix A we discuss an alternative way of producing a uniform and constant electric field,
but no magnetic field, relying on a modified kinetic term. We show that at the end of the day
the equation of motion for the vector field is the same as in the tachyonic mass case. That
implies that the two cases are physically indistinguishable and that the same renormalization
condition described in this section applies to both.

2.3 Counterterm with a constant electric field

Unlike for the regularized Schwinger current, when computing the vacuum polarization
diagram we cannot compute analytically the loop diagram in de Sitter space. To obtain an
analytic result, one must work in the Minkowski limit in both the spacetime integral and the
massive charged scalar propagator, as was done (implicitly) in previous calculations in the
literature [22]. This properly takes care of the UV modes in the counterterm thus allowing
divergences in the regularized current to be canceled ensuring a finite renormalized current. The
vacuum polarization diagram is then given by the well known result from QED which depends
on the invariant mass squared (p2) of the photon. If we follow the renormalization procedure
used (implicitly) in previous calculations in the literature, assuming a massless photon and
setting p2 = 0, a negative IR divergence is introduced into the counterterm when the electron
mass is taken to zero. As we’ll see, this negative IR divergence is then introduced into the
physical renormalized current as there is no corresponding IR divergence in the regularized
current which could cancel it.

To see this explicitly we take the flat space result from scalar QED for the vacuum
polarization [31]. Setting p2 = 0, we have for the counterterm,

δϕ3 = − e2Π(0) =
(

e

12π

)2 [
− 3 ln

( Λ2

m2
ϕ

)]
, (2.12)

where mϕ is the mass of the charged scalar which enters through the propogator (in the
Minkowski limit) and Λ is the mass of the Pauli-Villars fields used to regulate the UV
divergence (see appendix B.1 for details) which cancels the one in the regularized current. With
this counterterm we can reproduce previous results in the literature for the renormalized
current of a minimally coupled massive charged scalar [19, 22] which were obtained using
different renormalization procedures. While the UV log divergence cancels the one in the
regularized current we see explicitly the IR divergence in the mϕ → 0 limit. Since the vacuum
polarization is computed strictly in the Minkowski limit, it knows nothing about de Sitter
and is independent of H which we expect plays a role in the infrared part of the calculation,
as we’ll see explicitly below. Note also that one cannot invoke renormalization of the electric
charge to simply throw away the ln(m2

ϕ/H
2) term, as advocated in [22], since this term is

needed to ensure the proper behavior of the renormalized current in the large mϕ/H limit,
as we’ll see explicitly in section 3.

However, as we have discussed above, taking p2 = 0 is inconsistent with the presence of a
constant (dynamical) electric field in de Sitter space, independently of considerations about
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renormalization or the Schwinger current. As we have shown, in order to sustain a constant
(dynamical) electric field in de Sitter space one requires the photon to have a tachyonic mass
−p2 = m2

A = −2H2. If we evaluate the vacuum polarization diagram now with p2 = 2H2

and again in the Minkowski limit we instead obtain,

δϕ3 = − e2Π(2H2) =
(

e

12π

)2 [
− 3 ln

( Λ2

H2

)
+ 3 ln

(m2
ϕ

H2

)
+ 6

(
2
m2
ϕ

H2 + 1
)3/2

coth−1
(√

2
m2
ϕ

H2 + 1
)

− 12
m2
ϕ

H2 − 8
]
, (2.13)

where we see explicitly in the second line the new terms which are now generated. Crucially,
in the limit mϕ/H → 0 there is no negative IR divergence and δϕ3 converges to,

δϕ3 = e2

144π2

[
− 3 ln

( Λ2

H2

)
+ ln 8 − 8

]
≈ e2

144π2

[
− 3 ln

( Λ2

H2

)
− 5.9

]
. (2.14)

The log divergence cancels the one in the regularized current giving a renormalized current
which is both UV and IR finite in the massless electron limit.

Repeating the analysis for a charged fermion loop we again first examine the counterterm
assuming a massless photon with p2 = 0,

δψ3 = − e2Π(0) =
(
e

6π

)2 [
− 3 ln

( Λ2

m2
ψ

)]
, (2.15)

where mψ is the charged fermion mass and again we see the IR divergence in the mψ → 0
limit. With this counterterm one reproduces the results for the renormalized current from [25]
which computed the current using adiabatic subtraction. Now imposing the renormalization
condition in eq. (2.11) consistent with a constant electric field in de Sitter space we obtain,

δψ3 = − e2Π(2H2) = e2

36π2

[
− 3 ln

( Λ2

H2

)
+ 3 ln

(m2
ψ

H2

)
(2.16)

− 6
(m2

ψ

H2 − 1
)√

2
m2
ψ

H2 + 1 coth−1
(√

2
m2
ψ

H2 + 1
)

+ 6
m2
ψ

H2 − 5
]
,

where again in the second line we see the new terms generated by the tachyonic photon mass
condition. Again this is free of IR divergences in the mψ/H → 0 limit which gives,

δψ3 = e2

36π2

[
− 3 ln

( Λ2

H2

)
+ ln 8 − 5

]
≈ e2

36π2

[
− 3 ln

( Λ2

H2

)
− 2.9

]
. (2.17)

We also see that the log divergent and log 8 terms have the same coefficient as the scalar
case up to a factor of 4. As in the scalar case, the log divergence cancels the one in the
regularized current giving a renormalized fermion current which is both UV and IR finite in
the massless electron limit. While eq. (2.14) and eq. (2.17) are obtained in the Minkowski
and large loop momentum limit, they are perfectly self consistent and free of IR divergences
which have been cured, not by hand, but by imposing the tachyonic photon mass condition
needed for sustaining a constant electric field in de Sitter space.
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2.4 Renormalized Schwinger current and modified counterterms

Until now, our previous discussion has been completely independent of considerations of the
Schwinger current. With the counterterm defined in eq. (2.11) we can define the physical
renormalized current. Varying the action of eq. (2.8) with respect to the gauge field,

(1 + δ3) ∂µFµν −m2
AAν = Jν . (2.18)

Using the field configuration given in eq. (2.3), we have ∂µFµν = −2aHEδzν . While we treat
Aµ as classical, we are going to compute a current arising from the quantum fluctuations
of charged scalar and fermion fields. To compare such a current to the other classical terms
in eq. (2.18) we should take its vacuum expectation value ⟨0| Jµ |0⟩ ≡ ⟨Jµ⟩ where |0⟩ is the
Bunch-Davies vacuum of the charged field giving for eq. (2.18),

∂µFµν −m2
AAν = ⟨Jν⟩reg + 2aHEδzνδ3 . (2.19)

We have added the subscript ‘reg’ to the expectation value of the current since, as we will
see explicitly in the next sections, ⟨Jµ⟩ is divergent and must therefore be regularized. We
expect the structure of such divergences to be the same as those of the counterterm as we
will verify explicitly. The combination on the right hand side of eq. (2.19) is then finite. We
emphasize that the same scheme must be used to regularize both ⟨Jµ⟩ and δ3. Furthermore,
an appropriate renormalization condition must be chosen to fix once and for all the finite
parts of the counterterm after which we obtain an unambiguous renormalized current,

⟨Jz⟩ren = ⟨Jz⟩reg + 2aHE δ3 . (2.20)

The renormalized current clearly will be UV finite, but as we argue and demonstrate below,
it should be free of any IR divergences and always positive as well.

The regularized current is obtained non-perturbatively containing all of the effects coming
from de Sitter space and full dependence on the electron mass where crucially, there is no IR
divergence in the small electron mass limit. However, the counterterm in eq. (2.14) has been
obtained taking the Minkowski limit in the vacuum polarization diagram. Thus, although
there is no IR divergence when taking p2 = 2H2, we should not expect to properly capture
all IR effects. We can see this when considering the renormalized Schwinger current where,
because of the missing contributions from de Sitter space, this procedure for computing the
vacuum polarization diagram leads to a small (constant) negative finite contribution to the
counterterm of roughly δϕ3fin ≈ −0.004e2 in eq. (2.14) for a charged scalar and δψ3fin ≈ −0.008e2

in eq. (2.17) for a charged fermion. As we’ll see below, in the small electron mass limit,
this leads to a constant, but slightly negative renormalized current implying the unphysical
behavior of a current flowing opposite to the electric field. As we explore more below, we
expect that including additional corrections to the vacuum polarization from de Sitter space
ensures a positive current.

In general corrections from de Sitter space cannot be included analytically, but one
that can be included analytically is the curvature correction to the electron mass coming
from a non-minimal coupling to gravity in the case of a scalar or the spin connection as
in the case of the charged fermion. These corrections are automatically included in the
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regularized current which is computed non-perturbatively in de Sitter space directly from
the Lagrangian. However, in the counterterm they are not included in the pure Minkowski
approximation of the electron propagator used above and implicitly in previous calculations in
the literature. To see how they enter in the electron propagator we can consider the equations
of motion in a curved background for a free non-minimally coupled scalar,

(□ +m2
ϕ + ξR)ϕ = 0 , (2.21)

as well as for a free fermion, (
□ +m2

ψ + 1
4R
)
ψ = 0. (2.22)

The latter is obtained [32] by taking the square of the Dirac operator, /D /Dψ = 0 with
/D = γµDµ and Dµ = ∂µ + Bµ where Bµ is the spin connection. One consequence of the
curved background is the addition of a term proportional to R in the Klein-Gordon equation. In
particular, in de Sitter space, R = 12H2 is a constant and such a term can be incorporated into
the squared mass term. We account for that by taking the free scalar propagator proportional
to (k2 +m2

ϕ + ξR)−1 and the free fermion propagator proportional to (k2 +m2
ϕ +R/4)−1. We

use these propagators in the calculation of the one-loop diagrams where the kinematics is
considered to be as in a flat background. There are additional (time dependent) corrections
from de Sitter space inside the □ operator which our calculation does not account for, but to
our current knowledge they cannot be computed analytically. Nevertheless, we expect that if
one were eventually to perform the calculation of the counterterm fully analytically in de
Sitter space, the resulting renormalized current would still be positive in all regimes.

With the modified propagators we repeat the calculation of the vacuum polarization
imposing the tachyonic photon mass in the renormalization condition in eq. (2.11) to obtain
the counterterm (see appendix B.1 for details),

δϕ3 = e2

144π2

[
− 3 ln

( Λ2

H2

)
+ 3 ln

(m2
ϕ

H2 + 12ξ
)

− 12
(m2

ϕ

H2 + 12ξ
)

+ 6
(
2
(m2

ϕ

H2 + 12ξ
)

+ 1
)3/2

coth−1
(√

2
(m2

ϕ

H2 + 12ξ
)

+ 1
)

− 8
]
, (2.23)

for the scalar case, while for the fermion case we obtain (see appendix B.2 for details),

δψ3 = e2

36π2

[
− 3 ln

( Λ2

H2

)
+ 3 ln

(m2
ψ

H2 + 3
)

+ 6
(m2

ψ

H2 + 3
)

− 6
((m2

ψ

H2 + 3
)

− 1
)√

2
(m2

ψ

H2 + 3
)

+ 1 coth−1
(√

2
(m2

ψ

H2 + 3
)

+ 1
)

− 5
]
, (2.24)

where again Λ is the mass of the Pauli-Villars fields and we have taken R = 12H2 for the
curvature in de Sitter space. We see explicitly that the curvature corrections to the mass give
additional positive finite contributions in the counterterm. Now in the massless limit,

δϕ3 = e2

144π2

[
− 3 ln

( Λ2

H2

)
+ ln 8 − 32 + 30

√
5 cot−1(

√
5)
]

≈ e2

144π2

[
− 3 ln

( Λ2

H2

)
+ 2.4

]
, (2.25)
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where we have taken ξ = 1/6 for the case of a conformally coupled scalar. So we see explicitly
the positive contributions coming from the curvature corrections to the charged scalar mass
ensure a positive finite contribution4 to the counterterm of δϕ3fin ≈ 0.002e2. As we’ll see below,
this ensures a positive renormalized scalar current. For the charged fermion counterterm in
the massless limit we obtain (see appendix B.2 for details),

δψ3 = e2

36π2

[
− 3 ln

( Λ2

H2

)
+ ln(27) + 13 − 12

√
7 coth−1(

√
7)
]

(2.26)

≈ e2

36π2

[
− 3 ln

( Λ2

H2

)
+ 3.7

]
,

which leads to a positive finite contribution to the counterterm of δψ3fin ≈ 0.01e2 and again to
a positive renormalized fermion current, as we’ll see below. These counterterms will lead to
renormalized currents which are both UV and IR finite as well as always positive.

Before continuing with the calculation we summarize our previous discussion:

• The UV divergence is encoded in the ln Λ2 term. If we were able to perform the exact
calculation in de Sitter, we would find the same coefficient for this term. In other
words, the Minkowski calculation captures correctly the UV divergence structure of de
Sitter. This is simply the statement that for UV modes the curvature is irrelevant. The
ln Λ2 term will cancel exactly against the analogous term calculated explicitly in the
current ⟨Jz⟩ which is regularized with the same scheme.

• If we imposed the (unphysical) renormalization condition Π(p2 = 0) = 0 for a massless
photon in place of eq. (2.11) and dropped the curvature corrections to the squared masses
in the propagators we would obtain the counterterms δϕ3 = −e2/(48π2) ln(Λ2/m2

ϕ) and
δψ3 = −e2/(12π2) ln(Λ2/m2

ψ). These would then lead to renormalized currents which
would match exactly those found in previous literature [19, 22, 25] and reproduce
the same puzzling negative IR divergences. This points clearly to the issue of those
derivations.

• Taking the limit mϕ,ψ → 0 and R → 0, that is dropping the squared mass and its
curvature correction, we still have counterterms free of IR divergences. What cures
such divergences, which were erroneously found in previous literature [25], is the
renormalization condition (eq. (2.11)) imposed at p2 = −m2

A rather than at p2 = 0.

• As we examine explicitly below, if we did not include the curvature correction terms
in the propagators, the finite term in δ3 is negative and leads to a renormalized
current which would become negative in some IR regions with mϕ,ψ/H ≪ 1. This is a
justification a posteriori for keeping those terms in the propagators, but it is clear that
the full de Sitter calculation of δ3 would take them into account. As we’ll show below,
including them in the Minkowski calculation leads to a renormalized current which is
always well behaved in the IR and always positive, as expected.

4Note for the minimally coupled scalar case with ξ = 0 there is no curvature correction to the mass. In this
case the finite contribution from the counterterm is negative as in eq. (2.14), but the regularized current is
positive definite with a larger magnitude than the negative finite piece of the counterterm so the renormalized
current is always positive in this case as well (see solid curves in figure 2).
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• Given our procedure, the renormalized gauge coupling e, which will enter in many
results in what follows, is the electric charge of the charged particles that an observer
would measure at around the Hubble scale, |p| = |mA| =

√
2H. The gauge coupling at

a different energy scale is readily obtained by running with the beta function which is
the same as in flat spacetime.

3 Scalar Schwinger current in de Sitter

In this section we summarize the calculation of the charged scalar Schwinger current in de
Sitter space. We refer the reader to [19, 22] for more details of the derivation. As we comment
more below, there are important differences with the results obtained in this study and those
in the literature due to different renormalization procedures.

Our starting point is the action for scalar QED in de Sitter space,

S =
∫
d4x

√
−g
[

− 1
4(1 + δ3)FµνFµν − 1

2m
2
AAµA

µ

− gµν (∂µ − ieAµ)ϕ∗ (∂ν + ieAν)ϕ− (m2
ϕ + ξR)ϕ∗ϕ

]
. (3.1)

We assume a constant and uniform external electric field E along the z-direction direction
with the gauge field given by eq. (2.3) and m2

A = −2H2. After redefining the scalar field to
ϕ = q/a one obtains the equation of motion for the mode functions qk [19, 22],

q′′
k + ω2

kqk = 0, (3.2)

where primes indicate derivatives with respect to τ . The mode frequency ωk is,

ω2
k = (kz + eAz)2 + k2

x + k2
y + a2(m2

ϕ + ξR) − a′′

a
(3.3)

=k2 + 2(aH)λrk + (aH)2
(
1/4 − µ2

)
,

where we defined k ≡
(
k2
x + k2

y + k2
z

)1/2
as well as the dimensionless ratios,

λ = eE

H2 , mϕ = mϕ

H
, µ2 = 9

4 − (m2
ϕ + 12ξ) − λ2, r = kz

k
, (3.4)

and used R = 12H2 for the Ricci scalar in de Sitter space. We can see explicitly in eq. (3.3)
that even in the case with mϕ = 0 and ξ = 1/6, which gives µ2 = 1/4 − λ2, there is still
a source of conformal symmetry breaking through λ, i.e. the constant electric field. Thus
conformally coupled (charged) scalars, which are not gravitationally produced, can still
be produced via the Schwinger mechanism. The exact solution for the equation of motion
in eq. (3.2) is known in terms of the Whittaker function,

qk = e−πλr/2
√

2k
Wiλr,µ(2ikτ) , (3.5)

where Wiλr,µ(2ikτ) is the positive frequency solution in the asymptotic past (−kτ → ∞).
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Varying the action with respect to the gauge field leads to eq. (2.18) with the conserved
current for a charged scalar given by,

Jϕµ = ie

2
{
ϕ† (∂µ + ieAµ)ϕ− ϕ (∂µ − ieAµ)ϕ†

}
+ h.c. . (3.6)

This is an operator defined in terms of the quantized scalar field ϕ and we are interested in
its expectation value. With a constant electric field in the z-direction, the expectation value
of the current will vanish in all components except in the z-direction giving,〈

Jϕz

〉
≡ ⟨0|Jϕz |0⟩ = 2e

a2

∫
d3k

(2π)3 (kz + eAz) |qk|2 . (3.7)

The calculation of the integral is difficult and contains quadratic and logarithmic divergences,
but remarkably can be carried out analytically [19]. To examine these divergences it is
convenient to introduce temporarily a momentum cut off ζ which leads to,〈

Jϕz

〉
= aH

e2E

4π2 lim
ζ→∞

[
2
3

(
ζ

aH

)2
+ 1

3 ln 2ζ
aH

− 25
36 + µ2

3 + λ2

15 + Fϕ(λ, µ)
]
, (3.8)

where we have defined the function,

Fϕ(λ,µ) ≡45+4π2 (−2+3λ2+2µ2)
12π3

µcosh(2πλ)
λ2 sin(2πµ) − 45+8π2 (−1+9λ2+µ2)

24π4
µsinh(2πλ)
λ3 sin(2πµ)

+Re
[∫ 1

−1
dr

i

16sin(2πµ)
(
−1+4µ2+

(
7+12λ2−12µ2

)
r2−20λ2r4

)
×
((

e−2πrλ+e2πiµ
)
ψ

(1
2 +µ−irλ

)
−
(
e−2πrλ+e−2πiµ

)
ψ

(1
2 −µ−irλ

))]
. (3.9)

Following [22], we regularize the current with the manifestly gauge invariant Pauli-Villars
method. We introduce 3 extra heavy fields which satisfy the sum rules [22],

3∑
i=0

(−1)i = 0 and
3∑
i=0

(−1)im2
i = 0, (3.10)

where i = 0 represents the original charged field ϕ which has mass m2
0 = m2

ϕ + 12ξH2 while
the auxilary fields have masses m2

2 = 4Λ2 −m2
0 and m2

1 = m2
3 = 2Λ2. Here Λ plays the role

of the regulator which will be sent to infinity at the end of the calculation. The first sum
enforces two of the extra heavy fields to have the wrong kinetic sign. Using eq. (3.8) for each
field and summing the contributions we obtain the regularized current.〈

Jϕz

〉
reg

=
3∑
i=0

(−1)i ⟨Jz⟩i = aH
e2E

4π2

[
1
6 ln

( Λ2

H2

)
− 2λ2

15 + Fϕ(λ, µ)
]
, (3.11)

Using the counterterm of eq. (2.23), derived by fixing the renormalization condition
of eq. (2.11), we obtain the physical renormalized Schwinger current,

⟨Jϕz ⟩ren =⟨Jϕz ⟩reg + (2aHE)δϕ3

=aeH3 λ

4π2

[
−2λ2

15 + Fϕ(λ, µ) + 1
6 ln (m2

ϕ + 12ξ) − 2
3(m2

ϕ + 12ξ) (3.12)

+1
3
(
2(m2

ϕ + 12ξ) + 1
)3/2

coth−1
(√

2(m2
ϕ + 12ξ) + 1

)
− 4

9

]
,
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which is finite and positive for all parameters (see figure 2).
As anticipated, the ln Λ2 from ⟨Jz⟩reg cancels exactly against the same term in the

counterterm. If we set ξ = 0, the first three terms match exactly the results found in previous
calculations using different regularization and renormalization procedures: in [19] which
utilized adiabatic subtraction to renormalize the current, in [21] which utilized the point-
splitting scheme, and in [22] which used RG evolution taking the renormalization scale to
be the electron mass mϕ. These first three terms can also be obtained from our calculation
by setting p2 = 0 (massless photon) in the vacuum polarization diagram which leads to
δϕ3 = − e2

48π2 ln Λ2

m2
ϕ
. So we see these various methods of regularization and renormalization,

which all give the same result for the renormalized current, are equivalent to computing the
vacuum polarization diagram and imposing the renormalization condition in eq. (2.11), but
setting p2 = −m2

A = 0. However, if we keep only the first three terms (with ξ = 0) in eq. (3.12),
then we see there is a leftover (negative) logarithmic divergence in the mϕ → 0 limit as there
is no longer a coth−1

√
m2
ϕ + 1 term to cancel it. So we can trace the peculiar negative IR

divergence in the renormalized scalar current found in previous literature [19, 21, 22]5 to
unphysical renormalization conditions that are inconsistent with a constant classical electric
field in de Sitter space which, as shown in section 2.1, requires a photon with a tachyonic
mass p2 = −m2

A = 2H2.

3.1 Behavior of the scalar current

With the result for the induced comoving Schwinger current in hand we now examine its
behavior and study different limits. The physical current is defined as J = ⟨Jϕz ⟩ren/a. It is
convenient to define a dimensionless current which we will examine in what follows,

Jϕ ≡ ⟨Jϕz ⟩ren
aeH3 , (3.13)

and which depends only on λ, mϕ, and ξ. In figure 2 we show Jϕ for a minimally coupled
scalar with ξ = 0 (solid) and a conformally coupled scalar with ξ = 1/6 (dashed) as a function
of λ (top) for various fixed values of mϕ and as a function of mϕ (bottom) for various fixed
values of λ. We can then examine the behavior in various limits.

3.1.1 Strong force limit: |eE| ≫ H2

In the limit λ ≫ 1 and λ ≫ m2
ϕ + 12ξ the function Fϕ(λ, µ) given in (3.9) approaches,

Fϕ(λ, µ) → 2
15λ

2 + λ

3πe
−π

−9/4+m2
ϕ

+12ξ
λ . (3.14)

The term proportional to λ2 here cancels exactly against the first term in eq. (3.12). The re-
maining terms in eq. (3.12) which come from the counterterm give subdominant contributions

5The authors of [22] argue that one can run the electric charge from the electron mass to the Hubble
scale in order to remove the negative IR divergent log term and obtain a positive current when the mass is
small. This is akin to simply dropping the log divergent term in eq. (3.11). However, when the mass is large
this log term must be kept to obtain the correct behavior in the large mass limit so it is not clear to us that
this is an unambiguous procedure. Furthermore, since it is the renormalized electric charge which appears in
the current, it is unclear why further renormalization should be needed to remove IR divergences.
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Figure 2. Top: Induced (dimensionless) Schwinger current defined in eq. (3.13) for a minimally
coupled scalar with ξ = 0 (solid) and a conformally coupled scalar with ξ = 1/6 (dashed) as a function
of λ ≡ eE/H2 for various values of fixed mϕ ≡ mϕ/H as labeled in the figure. Bottom: Same as top
but now as a function of mϕ for various fixed values of λ.
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and can be neglected. The dimensionless current then goes as,

Jϕ ≃ λ2

12π3 e
−π

−9/4+m2
ϕ

+12ξ
λ . (3.15)

It is instructive to compare it to the result derived with a different method to calculate the
current in this limit. Under the assumption λ2+m2

ϕ+12ξ ≫ 1, there exists an adiabatic vacuum
for the charged scalar in the asymptotic future and one can calculate the pair production rate
by computing Bogoliubov coefficients as was done in [19]. Repeating their analysis, one finds
the number of pairs produced per unit physical four-volume Γ = H4/(2π)3λ2 exp(−π(m2

ϕ +
12ξ− 9/4)/λ2). From this constant rate we have the number density of pairs n = Γ/(3H) and
we can estimate the physical current as J = 2|e|nv. Here the factor 2 accounts for the fact
that particles are produced in pairs and v is their velocity which we can take to be v ∼ 1 in the
strong electric field. Then the current is in perfect agreement with J = ⟨Jϕz ⟩ren/a = eH3Jϕ
where Jϕ is given by eq. (3.15).

At large λ the exponential in eq. (3.15) is of order one, so Jϕ approaches λ2/(12π3) for
any value of the scalar electron mass as λ grows. We can see this explicitly in figure 2. In
the limit λ ≫ m2

ϕ ≫ (1, 12ξ), the terms −9/4 and 12ξ in the exponent can be neglected
and one obtains the physical current,

⟨Jϕz ⟩ren
a

= 1
12π3

|e|3E2

H
e

−π
m2
ϕ

|eE| . (3.16)

Replacing 1/H → t− t0, thinking of t0 as the time when the electric field is turned on, we
recover the expression for the Schwinger current in flat spacetime as found in [19, 22]. This
expression diverges for H → 0. As noted in [19], this is due to the fact that in the absence of
Hubble dilution, the current would diverge in Minkowski space if the electric field existed
in the infinite past, in contrast to the situation in de Sitter space, where the electric field
can be assumed to always exist and the current is finite.

3.1.2 Weak force limit: |eE| ≪ H2

In the weak field limit λ ≪ 1 we find,

Jϕ ≃ λ

72π2

[
3 log

(
m2
ϕ + 12ξ

)
+ 6

(
2m2

ϕ + 24ξ + 1
)3/2

coth−1
(√

2m2
ϕ + 24ξ + 1

)

−12m2
ϕ − 144ξ − 8 −

2π
√

−4m2
ϕ − 48ξ + 9

(
4m2

ϕ + 48ξ − 5
)

sin
(
π
√

−4m2
ϕ − 48ξ + 9

)
−3ψ

(1
2 − 1

2

√
−4m2

ϕ − 48ξ + 9
)

− 3ψ
(1

2 + 1
2

√
−4m2

ϕ − 48ξ + 9
)]

.

(3.17)

The current is proportional to λ and therefore linear in the electric field. Let us consider
next taking mϕ = 0; the quantity in the squared parentheses in eq. (3.17) is positive for
any ξ > 0. For ξ = 1/6, the conformal case, we obtain,

Jϕ ≃ λ

12π2

(
(γE + 1

3) +
( ln 2

2 − 4 + 5
√

5 coth−1(
√

5) − 4
3

))
, (3.18)
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where γE ≈ 0.577 is Euler’s constant. The two terms in the first parenthesis come from the
regularized current while the terms in the second parenthesis come from the counterterm. The
first three terms in the second parenthesis arise due to the curvature corrections to the electron
mass in the propagator. So we see explicitly the curvature corrections to the conformally
coupled scalar mass entering in δϕ3 are crucial (otherwise the log and coth−1 terms cancel as
mϕ → 0) for compensating the negative term and ensuring a positive renormalized current. We
also see that in the massless limit the current for a conformally coupled scalar converges to a
constant that is fixed by the physical renormalization in eq. (2.11) and numerically equal to
Jϕ ≈ 0.011λ. As we’ll see in the next section, for a conformally coupled scalar the physical
current in eq. (3.12) has the same behaviour as the charged fermion current (see figure 3),
which gives us further confidence in our renormalization procedure.

It is instructive to also consider the case with ξ = 0 and m2
ϕ + λ2 ≪ 1. In this limit the

main contribution to the current comes from Fϕ(λ, µ) and one finds,

Jϕ ≃ 3
4π2

λ

λ2 +m2
ϕ

. (3.19)

When m2
ϕ ≪ λ2 the current goes as λ−1 so it increases as the electric field becomes weaker. This

surprising behavior, first noted in 1 + 1 dimensions [16] then in 3 + 1 dimensions [19, 22], is
known as infrared hyperconductivity and is a feature found in de Sitter space, but absent in
flat space. In [22] a nice explanation for this phenomenon was provided which we summarize
here. A light scalar field experiences gravitational particle production in a de Sitter background,
leading to the expectation value ⟨ϕ∗ϕ⟩ ≃ 3H4/(4π2m2

ϕ). In the presence of a weak electric force
the squared mass gets effectively replaced [16] by m2

ϕ → m2
ϕ+e2E2/H2. The expectation value

of the scalar field then gives mass to the vector field m2
A = e2⟨ϕ∗ϕ⟩ ≃ 3e2H2/(4π2(m2

ϕ + λ2))
which turns the medium into a superconductor. Note that since m2

ϕ + λ2 ≪ 1 the vector
induced squared mass is positive and much larger than H2 so this contribution overcomes
the negative tachyonic mass introduced earlier. Writing the equation of motion for a massive
gauge field, ∂µF νµ = −m2

AA
ν ≡ Jν and plugging in the positive induced m2

A, as well as the
field configuration eq. (2.3), one obtains a current in perfect agreement with eq. (3.19).

3.1.3 Large mass limit

We now consider the case in which the charged scalar particles are very heavy. This limit
was already largely discussed in [22], where it was pointed out that the resulting current
matches the one obtained from the Euler-Heisenberg effective action. Although our final
results are similar, our derivation has some differences compared to that of [22]. First, we
separate the contribution of the counterterm which should not be included in the comparison,
as we explain below; second, we consistently keep track from the very beginning of the terms
proportional to the ξ coupling of the scalar field to the Ricci scalar. The latter point results
in several terms with powers of ξ which were not accounted for in [22].
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Starting from eq. (3.12) and taking the limit m2
ϕ ≫ (λ, 12ξ) gives〈

Jϕz

〉
ren

=aeH3 λ

4π2

[
Fϕ(λ, µ)|mϕ≫1 − 2λ2

15 + 1
3 lnmϕ

+ 1
m2
ϕ

( 1
30 + 2ξ

)
− 1
m4
ϕ

( 1
210 + 2

5ξ + 12ξ2
)

+ 1
m6
ϕ

( 1
945 + 4

35ξ + 24
5 ξ

2 + 96ξ3
)

(3.20)

− 1
m8
ϕ

( 1
3465 + 4

105ξ + 72
35ξ

2 + 288
5 ξ3 + 864ξ4

)
+ O

(
1
m10
ϕ

)]
,

where the integral function is given by,

Fϕ(λ, µ)|mϕ≫1 =2λ2

15 − 1
3 lnmϕ

+ 1
m2
ϕ

( 7
18 − 2ξ

)
+ 1
m4
ϕ

(41
90 + 7

180λ
2 − 14

3 ξ + 12ξ2
)

+ 1
m6
ϕ

(676
945 + 19

90λ
2 − 164

15 ξ − 14
15λ

2ξ + 56ξ2 − 96ξ3
)

(3.21)

+ 1
m8
ϕ

(401
315 + 2809

3150λ
2 + 31

840λ
4 − 2704

105 ξ − 38
5 λ

2ξ

+ 984
5 ξ2 + 84

5 λ
2ξ2 − 672ξ3 + 864ξ4

)
+ O

(
1
m10
ϕ

)
.

In this limit the contribution to Fϕ comes from the integral in the second and third lines
of eq. (3.9). In eq. (3.20) the terms −2λ2/(15) + 1/3 lnmϕ in the first line cancel out while
the remaining terms in lines 2, 3, and 4, suppressed by negative even powers of mϕ, trace
back to the contribution proportional to the counterterm δ3 in eq. (2.20).

It is interesting to consider how to interpret the current in this large mass limit. Starting
with the action of eq. (3.1) and integrating out the heavy charged scalar field we obtain,

S =
∫
d4x

√
−g

[
−1

4(1 + δ3)FµνFµν − 1
2m

2
AAµA

µ + Leff
flat + Leff

curv

]
, (3.22)

where we have the flat-space Euler-Heisenberg Lagrangian,

Leff
flat = e4

23040π2m4
ϕ

[
7 (FµνFµν)2 +

(
FµνF̃

µν
)2
]

− e6

80640π2m8
ϕ

FµνF
µν
[31

4 (FµνFµν)2 + 77
16
(
FµνF̃

µν
)2
]

+ O
(

1
m12
ϕ

)
,

(3.23)

as well as the Euler-Heisenberg Lagrangian in curved-space,

Leff
curv = e2

16π2m2
ϕ

[ 1
12

(
ξ − 1

6

)
RFµνF

µν − 1
90RµνF

µαF να

− 1
180RµναβF

µνFαβ + 1
60∂

αFαµ∂βF
βµ
]

+ O
(

1
m4
ϕ

)
,

(3.24)
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which was derived in [33] for a generic curved background. The only degrees of freedom now
are those of the gauge field Aµ which we are still treating as classical so we still only need
one counterterm in δ3. Varying the action of eq. (3.22) with respect to Aµ we obtain,

(1 + δ3)∂µFµν −m2
AAν = Jeff

flat,ν + Jeff
curv,ν , (3.25)

where the effective currents, after setting Aµ = Eδzµ/(H2τ), are given by,

Jeff
flat,µ =aeH3 λ

4π2

(
7

180
λ2

m4
ϕ

+ 31
840

λ4

m8
ϕ

)
+ . . . ,

Jeff
curv,µ =aeH3 λ

4π2
1
m2
ϕ

( 7
18 − 2ξ

)
+ . . . . (3.26)

Note that Jeff
flat,µ is proportional to H and Jeff

curv,µ to H3, so both vanish when H → 0, implying
that in the case under consideration with a constant electric field they only play a role in a
curved background. We want to compare these effective currents against eq. (3.20) which
we derived treating the charged scalar fields as dynamical and quantized degrees of freedom,
taking the large mass limit only at the end of the calculation. Looking at eq. (3.25) it is
clear that we should compare Jeff

flat,µ and Jeff
curv,µ against the terms in our regularized current,〈

Jϕz

〉
reg

, i.e. only the terms in the first line of eq. (3.20). The remaining terms in eq. (3.20)
are proportional to δ3 and are already accounted for by the term δ3∂

νFµν in eq. (3.25). So
for the comparison we have to check aeH3λFϕ(λ, µ)|mϕ≫1/(4π2), with Fϕ(λ, µ)|mϕ≫1 given
in eq. (3.21), against the effective currents. The term which goes as m−2

ϕ matches exactly
the one in Jeff

curv,µ. It is also easy to find the terms proportional to m−4
ϕ and m−8

ϕ in eq. (3.21)
that match those in Jeff

flat,µ.
We have found that the result for the regularized current, once we take the large mass

limit for the charged field, reproduces what we would obtain from the Euler-Heisenberg
Lagrangian. Recall that computing ⟨Jµ⟩ means computing the expectation value of an
operator which in turn is defined in terms of creation and annihilation operators describing
the quantum fluctuations of the scalar field. In the large mass limit these quantum fluctuations
are too heavy to become real pairs of charged particles. However, they still contribute to the
expectation value of the current operator and the result matches what one would obtain by
first integrating out the heavy field and including the effects of its fluctuations in the effective
Euler-Heisenberg Lagrangian. While the flat part of this effective Lagrangian has been long
known to all orders, the curved part is difficult to derive and to our knowledge is known only
to leading m−2

ϕ order [33]. Given that our method reproduces exactly this lowest order we
speculate that it also reproduces correctly all the higher orders in m−2n

ϕ (with n a positive
integer), but leave a detailed investigation of this point to future work.

Besides the contributions suppressed by powers of mϕ just discussed, in the large mass limit
there are also contributions that are exponentially suppressed, thus negligibly smaller. However,
these contributions could be interesting as perhaps they describe the production and motion
of real particles, as opposed to the expectation value of the current operator from fluctuations
of virtual particles. The leading term of the exponentially suppressed contributions comes
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from the first line of eq. (3.9), and gives,

〈
Jϕz

〉exp

reg
= aeH3 λ

4π2

(
− 1

3π2
e4πλ(2πλ− 1) + 2πλ+ 1

λ3 m3
ϕe

−2πmϕ

)
. (3.27)

This is negative for any λ > 0 and for λ ≪ 1 becomes,〈
Jϕz

〉exp

reg
= aeH3λ

(
− 4

9πm
3
ϕe

−2πmϕ
)

+ O(λ2) , (3.28)

which is in agreement with [22], but whose interpretation is puzzling. The form of the exponent
e−mϕ/H is that of a Boltzmann suppression and seems to suggest that this contribution
describes real heavy pairs produced gravitationally. However, because of the negative sign
these pairs would then generate a current opposite to the electric field which is strange. Note
in eq. (3.27) we could increase λ (within the limits m̄ϕ ≫ λ ≫ 1), that is the electric
field, which would make the current more and more negative. Moreover, one would expect
the gravitational production to give a number density n ∼ H3m

3/2
ϕ e−mϕ of pairs with non

relativistic velocities v ∼ λ/mϕ ≪ 1. Then the current J ∝ nv ∼ H3λm
1/2
ϕ e−mϕ would

be proportional to a different power of mϕ compared to
〈
Jϕz

〉exp

reg
. Hence the gravitational

production interpretation is difficult to reconcile. This puzzling behavior was already pointed
out and discussed in the 1 + 1 dimensional case in [16].

In this limit, the Bogoliubov analysis performed in [19] and mentioned above in the
strong force limit should hold in principle. One could again compute the pair production rate
of real pairs obtaining the number density and then the physical current J ≃ 2env. Going
through this exercise one obtains,〈

Jϕz

〉
Bog

= aeH3λ
1

3π2m
2
ϕe

−2πmϕ + O(λ3) . (3.29)

This is again different from eq. (3.28): it has a positive sign and is proportional to m2
ϕ as

opposed to m3
ϕ and thus is smaller in magnitude. There is yet another way of computing this

current via a semi-classical calculation for which we refer the reader to section 5 of [22] which
was inspired by [16]. In the semi-classical calculation one expects a contribution from real pairs
that have nucleated plus a contribution from a virtual current. The former contribution in
this limit reproduces eq. (3.28). However, this is puzzling because based on the understanding
in lower dimensions [16] one would expect to find eq. (3.28) only after adding the virtual
current contribution as well. We are not able in this work to provide a resolution to this
puzzle, but leave further investigation to future work.

4 Fermion Schwinger current in de Sitter

In this section we present the calculation of the charged fermion Schwinger current in de
Sitter space with many details found in [25]. While our intermediate result in eq. (4.10) is in
agreement with theirs, we differ in the explanation of the several steps involved in computing
the complex integrals. For this reason we provide the details of our derivation in appendix C
and in this section we summarize the main steps. As for the scalar current, in the fermion
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case there are also subtle and important differences with the results obtained in this study
and those in the literature due to different renormalization procedures.

We begin with the action for fermion QED,

S =
∫
d4x

√
−g

[
−1

4(1 + δ3)FµνFµν − 1
2m

2
AAµA

µ + ψ (iγµ(∇µ + ieAµ) −mψ)ψ
]
, (4.1)

where ∇µ is the covariant derivative and mψ the fermion mass. Due to the spin 1/2 nature
of fermions, the covariant derivative acts as ∇µψ = (∂µ + Bµ)ψ, where Bµ is the spin
connection [32]. We use the verbein formalism such that line element can be written as,

ds2 = dxµdxνgµν = wawbηab, (4.2)

where ηab is the Minkowski metric and the basis are related by,

wa = eaµdx
µ, (4.3)

such that eaµe
µ
b = δab and eaµe

ν
a = δνµ. In this way we can write the spin connection as Bµ =

1
8w

ab
µ [γa, γb] where the Dirac matrices are then γa = eaµγ

µ such that {γa, γb} = −2ηab. Using
the de Sitter metric we find for the spin connection B0 = 0 and Bi = −1

2
∂τa
a2 γ

iγ0. With the
field redefinition ξ = a3/2ψ we obtain the equations of motion for the charged fermion,

(iγa∂a − eAaγ
a − amψ) ξ(τ) = 0. (4.4)

Following [25] we can make the substitution ξ = (iγa∂a − eAaγ
a + mψa)ζ such that the

equations of motion for the modified mode functions ζ can be written as,(
∂2
τ + ω2

k(τ) − iσs(aH)2x
)
ζs,k(τ) = 0, (4.5)

where σ1,2 = +1 and σ3,4 = −1,

ω2
k(τ) = k2 − 2aHλrk + (aH)2x2, (4.6)

is the mode frequency and we defined the dimensionless ratios,

x ≡
√
m2
ψ + λ2, mψ ≡ mψ/H, λ = eE/H2, r = kz/k . (4.7)

The solutions are obtained in terms of the Whittaker functions Wκ,µ(z) where we take the
positive frequency modes in the region τ → −∞ which are given by,

ζ+
s,k = eπλr√

2k

√
x

x− λr
W−iλr,1/2+ix(2ikτ). (4.8)

In terms of the positive frequency mode functions, the Schwinger current can be written as,

⟨Jψz ⟩ ≡⟨0|Jψz |0⟩ = −e⟨0|ξγ3ξ|0⟩

= − 2eλ
x

∫
d3k

(2π)3

[
1 + iγkz(ζ+ζ+∗′ − ζ+′

ζ+∗) + 2(F 2
k − ω2

k − γFkωk)|ζ+|2
]
, (4.9)

where we have defined γ ≡ x/λ− λ/x and Fk ≡ ωkωk/(aH)2x. Unlike the scalar current, the
expectation value of the fermion current also depends on derivatives of the mode functions,
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making its evaluation more difficult. As in the scalar case, there are quadratic and logarithmic
divergences which can be explicitly seen when introducing a momentum cut-off P . Following
the steps outlined in appendix C this results in,

⟨Jψz ⟩ = − 2aH e2E

4π2 lim
P→∞

[2
3
( P
aH

)2
− 2

3 ln
( 2P
aH

)
+ 7

18 − 4λ2

15 −
m2
ψ

3

−
3m2

ψ

2λ2

(
1 + x

2λ ln
(x− λ

x+ λ

))
− Fψ(λ,mψ)

]
, (4.10)

where we again have taken R = 12H2 and defined the function Fψ(λ,mψ) as,

Fψ(λ,mψ) ≡xcsch(2πx)
12π3λ2

{
(45 − π2(11 − 12λ2 + 8x2)) cosh(2πλ)

− (45 − π2(11 − 72λ2 + 8x2))sinh(2πλ)
2πλ

}
− 3xM2csch(2πx)

8λ3

∑
s=±

se−2πxs(Ei(2πs(x+ λ)) − Ei(2πs(x− λ)))

− csch(2πx)
4 Re

[ ∫ 1

−1
dy(1 + x2 − (1 + 3λ2 + 3x2)y2 + 5λ2y4)

×
∑
s=±

s(e2πλy − e−2πsx)ψ(i(λy + sx))
]
. (4.11)

From here on we depart from [25] which uses adiabatic subtraction whereas we utilize Pauli-
Villars regularization following the same procedure as for the scalar case. We introduce
the same three extra heavy fields with the same masses and same combination of wrong
kinetic signs as in eq. (3.10). Taking the Pauli-Villars mass Λ to infinity and dropping terms
suppressed by inverse powers of Λ we obtain the regularized current,〈

Jψz

〉
reg

= 2aH e2E

4π2

[
1
3 ln

( Λ2

H2

)
+ 1

2 + 2λ2

15 +
3m2

ψ

2λ2

(
1 + x

2λ ln
(
x− λ

x+ λ

))
+ Fψ(λ,mψ)

]
.

(4.12)

Finally, the physical renormalized fermion current is then given by,

⟨Jψz ⟩ren =⟨Jψz ⟩reg+(2aHE)δψ3 (4.13)

=eaH3 λ

2π2

[1
2 + 2λ2

15 +
3m2

ψ

2λ2

(
1+ x

2λ ln(x−λ
λ+x)

)
+Fψ(λ,mψ)+ 1

3 ln(m2
ψ+3)

+ 2
3(m2

ψ+3)− 2
3
(
(m2

ψ+3)−1
)√

2(m2
ψ+3)+1coth−1

(√
2(m2

ψ+3)+1
)

− 5
9
]
,

which as in the scalar case is always finite and positive. Neglecting the curvature correction
to the fermion mass (that is taking ln(m2

ψ + 3) → lnm2
ψ), the first five terms match exactly

the result found in [25] which utilized the adiabatic subtraction scheme. We can reproduce
that result by setting p2 = 0 in the vacuum polarization diagram when determining δψ3 . Doing
so leads to a leftover negative IR divergence. So, as in the scalar case, we see the peculiar
negative IR divergence in the renormalized fermion current found in [25] can be traced to
imposing an unphysical renormalization condition with p2 = 0. As we have emphasized, this
is inconsistent with a constant classical electric field in de Sitter space which requires the
photon to have a tachyonic mass given by p2 = −m2

A = 2H2.
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4.1 Behavior of the fermion current

With the renormalized fermion Schwinger current in hand we can examine its behaviour and
study its different limits. Again, the physical current is defined as ⟨Jψz ⟩ren/a allowing us to
define a dimensionless (or normalized) fermion current which we will examine below,

Jψ ≡ ⟨Jψz ⟩ren
aeH3 . (4.14)

In figure 3 we show Jψ (solid) as a function of λ (top) for various fixed values of mψ and
as a function of mψ (bottom) for various fixed values of λ. For comparison we also show
the conformally coupled scalar (dashed) case presented in the previous section. We see very
similar behavior between the fermion and conformally coupled scalar currents.

4.1.1 Strong force limit: |eE| ≫ H2

In the limit λ ≫ 1 the dominant contribution comes from Fψ(λ,mψ) in eq. (4.13) giving,

Jψ ≃ λ2

6π3 e
−πm2

ψ/λ (λ ≫ 1,m2
ψ) . (4.15)

This is twice the result found in the scalar case, as expected, and upon interpreting 1/H ∝ t

matches to the Schwinger current in flat spacetime.

4.1.2 Weak force limit: |eE| ≪ H2

In the weak force limit λ ≪ 1 we find,

Jψ ≃ λ

18π2

[
−

2πmψ(1 + 4m2
ψ)

sinh(2πmψ) − 6
1 + e2πmψ

Re[e2πmψψ(−imψ) + ψ(imψ)] (4.16)

+ 3 log
(
m2
ψ + 3

)
− 6(2 +m2

ψ)
√

7 + 2m2
ψ coth−1

(√
7 + 2m2

ψ

)
+ 6m2

ψ + 13
]
.

The first line comes from expanding Fψ(λ,mψ) while the second from the finite parts of the
counterterm. Taking the massless fermion limit, mψ → 0, of eq. (4.16) we get obtain,

Jψ ≃ λ

3π2

(
(γE − 1

6) + (ln 3
2 + 3 − 2

√
7 coth−1(

√
7) − 5

6)
)
. (4.17)

As for the current for a conformally coupled scalar, we see that in the massless limit the current
for a charged fermion again converges to a constant that is fixed by the physical renormalization
in eq. (2.11), but now numerically equal to Jψ ≈ 0.035λ which is about three times larger
than the conformally coupled scalar current in the massless limit (see eq. (4.17)). Organizing
the terms in the same way as for the conformally coupled scalar in eq. (3.18), the two terms
in the first parenthesis come from the regularized current while the terms in the second
parenthesis come from the counterterm. Again the first three terms in the second parenthesis
arise due to the curvature corrections to the electron mass which are crucial for compensating
the negative terms and ensuring a positive renormalized current. As we can see, the charged
fermion current has the same behavior as for a conformally coupled scalar giving us further
confidence in our renormalization procedure.

– 23 –



J
C
A
P
0
4
(
2
0
2
6
)
0
4
0

mψ = 0.001
mψ = 1
mψ = 10
mψ = 100
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
ψ
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0.001

1

mψ


ψ

Figure 3. Top: Induced (dimensionless) Schwinger current defined in eq. (4.14) for a charged fermion
as a function of λ ≡ eE/H2 for various fixed values of mψ ≡ mψ/H as shown. Bottom: Same as top,
but as a function of mψ for fixed values of λ as shown. For comparison we also show the conformally
coupled scalar (dashed) case presented in the previous section.
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4.1.3 Large mass limit

The derivation in this section agrees with and confirms the results obtained in appendix C
of [22]. In the large mass limit mψ ≫ 1 we obtain,

〈
Jψz

〉
ren

=
〈
Jψz

〉
reg

+ 2aH
3

e
λδψ3

=aeH3 λ

2π2

[
− 1

18
1
m2
ψ

+ 1
m4
ψ

(
− 1

180 + 2
45λ

2
)

+ 1
m6
ψ

(
− 1

378 + 1
45λ

2
)

+ 1
m8
ψ

(
− 1

360 + 58
1575λ

2 + 4
105λ

4
)

+ O
(

1
m10
ψ

)]

+ aeH3 λ

2π2

[
17
15

1
m2
ψ

− 27
14

1
m4
ψ

+ 4139
945

1
m6
ψ

− 22177
1980

1
m8
ψ

+ O
(

1
m10
ψ

)]
.

(4.18)

The last line in eq. (4.18) comes from the expansion of the counterterm piece. As in the
scalar case, we expect the terms coming from the regularized piece of the current (first two
lines) to match onto the effective currents,

Jeff
flat,µ =aeH3 λ

2π2

(
2
45

λ2

m4
ψ

+ 4
105

λ4

m8
ψ

)
+ . . . , (4.19)

Jeff
curv,µ = − aeH3 λ

2π2
1

18m2
ψ

+ . . . ,

which are obtained respectively from the flat space Euler-Heisenberg Lagrangian [34],

Leff
flat = e4

90π2m4
ψ

[
(FµνFµν)2 + 7

4
(
FµνF̃

µν
)2
]

− e6

630π2m8
ψ

FµνF
µν
[
8 (FµνFµν)2 + 13

(
FµνF̃

µν
)2
]

+ O
(

1
m12
ψ

)
,

(4.20)

and from the curved space Euler-Heisenberg Lagrangian [33],

Leff
curv = e2

16π2m2
ψ

[ 1
36RFµνF

µν − 13
90RµνF

µαF να

+ 1
90RµναβF

µνFαβ + 2
15∂

αFαµ∂βF
βµ
]

+ O
(

1
m4
ψ

)
.

(4.21)

We do indeed find perfect matching and again we speculate that the terms in
〈
Jψz

〉
reg

that
do not belong to Jeff

flat,µ correspond to the higher order terms of the curved Euler-Heisenberg
Lagrangian which are difficult to compute directly [33]. As in the scalar case, besides the
terms suppressed by powers of mψ which can be interpreted as the contribution from virtual
charged particles, there are also exponentially suppressed terms which might relate to real
heavy fermions. The leading term of the latter is the same as the one in eq. (3.27) for the
scalar and presents the same puzzles which we plan to investigate in a future study.
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5 Summary and conclusions

We have studied constant classical electric fields and the Schwinger effect in de Sitter space
which may have implications for inflationary dark matter production as well as magnetogene-
sis. We first derived consistency conditions for having a constant electric field in de Sitter space
showing that it requires the photon to have a tachyonic mass given by m2

A = −2H2 where H
is the Hubble scale. Crucially, in our analysis we have treated the photon field as a classical
dynamical field, as opposed to a background field. It must therefore satisfy the Euler Lagrange
equations of motion which in turn leads to the tachyonic mass condition. We then defined the
renormalized Lagrangian and a physical renormalization condition (see eq. (2.11)) consistent
with a tachyonic photon mass. This fixes the single counterterm, needed to remove the only
divergence present in the theory, which we then computed for the first time (see eq. (2.23)
for scalars and eq. (2.24) for fermions).

With this counterterm we then recomputed the induced Schwinger current in de Sitter for
both charged fermions and minimally coupled scalars finding them to be finite and positive
including in the small mass regime. In particular, our results are free of the peculiar negative
IR divergences found in previous calculations [19, 21, 25]. In [22] the authors argued that
the negative current is not physical and correctly connected the origin of the issue with
the renormalization condition, but did not connect such a condition to the tachyonic mass
of the vector, which is a crucial point of our work. Here we have examined this issue in
detail and traced the origin of these negative IR divergences to renormalization conditions
which are inconsistent with the existence of a constant classical electric field in de Sitter
space. We have also computed the Schwinger current in de Sitter space for a conformally
coupled scalar again finding it to be positive (in contrast to [35]) and finite with very similar
behavior to the charged fermion current. We then studied the behavior and various limits of
the scalar and fermion Schwinger currents (see figure 2 and figure 3). We find the same IR
hyper-conductivity for a light minimally coupled scalar found in previous calculations [19, 22]
and recover the result for the current in flat space in the strong field limit. However, in the
weak field and small mass limits our results differ from previous calculations and in particular,
are IR finite. Since the current is IR safe and always positive, we can consider production
of massless (conformally coupled) scalars and fermions during inflation, something which
cannot occur from purely gravitational production.

We emphasize that previous calculations of the Schwinger current in de Sitter space [19,
22, 25, 35], which treated the electric field strictly as a background field, all base their
renormalization procedure on making assumptions about the physical behavior of the current
and lead to some combination of negative currents, IR divergences, or different behavior
between the conformally coupled scalar and fermion currents. The renormalization procedure
presented here on the other hand relies on assumptions about the electric field as input and
treats the photon field as dynamical. It is thus independent of the current and applies to
minimally and non-minimally coupled scalars as well as fermions. We have shown this leads
to a renormalized current which is always finite and positive with virtually identical behavior
between the conformally coupled scalar and fermion currents.

Finally, we emphasize that since the gauge field is not quantized (only the charged fields),
the one-loop vacuum polarization calculation to fix the counterterm contains the full quantum
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information so our results are non-perturbative. While the calculation of the regularized
current is exact, the calculation of the counterterm is done with an approximation of the
vacuum polarization diagram in de Sitter space, as discussed in section 2.3. Thus our final
result for the renormalized current is non-perturbative but not exact and can in principle be
improved with a full calculation of the counterterm in de Sitter space. Nevertheless, our results
resolve the puzzling IR behavior found previously in the literature and are an important step
in gaining understanding of the Schwinger effect in de Sitter space.

A Alternative mechanism for constant electric field

Here we examine an alternative mechanism for generating a constant electric field utilizing a
modified kinetic term for a massless photon and show that it is equivalent to our treatment
in section 2.1 where we used a canonical kinetic term with a tachyonic mass term. To see this
consider the action for a U(1) gauge field, with a modified kinetic term plus a Proca mass term,

S = −
∫

d4x
√

−g
[1

4I
2(ϕ)FµνFµν + 1

2m
2
AAµA

µ
]
, (A.1)

with I(ϕ) a function of a homogeneous ϕ, like the inflaton, which only depends on time. Fol-
lowing section 2.2 of [36], we decompose the vector into transverse and longitudinal modes,

Ai = ATi + ∂iχ , ∂iA
T
i = 0 . (A.2)

Here χ, which we call the longitudinal mode, is related to A0 as follows,

A0 = −I2∂i∂i
−I2∂i∂i + a2m2

A

∂τχ . (A.3)

We use ∂i = ∂/(∂xi) for space derivatives, ∂τ for conformal time derivatives. The action
splits into transverse and longitudinal,

S = ST + SL ,

ST = 1
2

∫
dτd3x

[
I2
(
∂τA

T
i ∂τA

T
i − ∂iA

T
j ∂iA

T
j

)
− a2m2

AA
T
i A

T
i

]
,

SL = 1
2

∫
dτd3x a2m2

A

[
∂τχ

(
−I2∂i∂i

−I2∂i∂i + a2m2
A

∂τχ

)
− ∂iχ∂iχ

]
.

(A.4)

In this form it is clear that SL = 0 when (i) mA = 0, or when mA ̸= 0 but one considers
(ii) a field homogeneous over space χ(x⃗, τ) = χ(τ), also known as zero mode or infinite
wavelength. In what follows we only consider either case (i) or (ii), so we can forget about
the longitudinal mode.

Let us then define the rescaled field,

Vi ≡ I(ϕ)ATi . (A.5)

After a couple of integrations by parts the action ST can be brought into the form,

ST = 1
2

∫
dτd3x

[
∂τVi∂τVi − Vi

(
−∂j∂j − ∂2

τ I

I
+ a2m2

A

I2

)
Vi

]
, (A.6)
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with a canonical kinetic term. From this we get the equation of motion,

∂2
τVi(x⃗, τ) +

(
−∇2 − ∂2

τ I

I
+ a2m2

A

I2

)
Vi(x⃗, τ) = 0 . (A.7)

Now taking a homogeneous field Vi(x⃗, τ) = Vi(τ) leads to,

∂2
τVi(τ) +

(
−∂2

τ I

I
+ a2m2

A

I2

)
Vi(τ) = 0 . (A.8)

We explicitly consider two scenarios:

1. I(ϕ) = 1 and m2
A = −2H2;

2. I(ϕ) = a/ae and m2
A = 0.

As we will see, they both lead to the same homogeneous constant electric field. Since we are
taking the gauge field as homogeneous in space there is no magnetic field.

Tachyonic mass: In the first scenario, I(ϕ) = 1,m2
A = −2H2, we have Vi = ATi and,

∂2
τVi(τ) +

(
−2a2H2

)
Vi(τ) = 0 . (A.9)

Using τ = −1/(aH) in de Sitter we have,

∂2
τVi(τ) − 2

τ2Vi(τ) = 0 . (A.10)

Imposing the boundary condition Vi(τ → −∞) = 0 we find the solution,

Vi(τ) = c

τ
, (A.11)

with c a constant. Choosing c = E/H2 and i = z, we obtain the gauge field configuration
which produces a constant and uniform electric field in de Sitter space.

Modified kinetic term: In the second scenario, we don’t introduce a tachyonic mass taking
mA = 0 and instead we modify the kinetic term with,

I(ϕ) = a

ae
= τe

τ
, (A.12)

where ae and τe are constants which could be fixed as the time (or scale factor) at the end
of inflation or anything else. With this choice we have,

∂2
τ I

I
= 2
τ2 . (A.13)

It follows that (A.8) reduces to (A.10) so we have exactly the same equation of motion
as in the case above with the tachyonic mass. Thus we have another way to generate a
constant electric field. Here I(ϕ) is what sources the electric field and is proportional to
a = eHt, the exponential enhancement needed to compensate for the de Sitter expansion
and keep the electric field constant.
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Constant electric field: In both scenarios the electric field originates from a transverse
component of the gauge field, there is no contribution from the longitudinal mode. The gauge
field is treated purely as a classical field, we never need to mention quantization. The comoving
electric field is given by Eµ = uνFµν , with uν = (1/a, 0, 0, 0) the comoving observer velocity
satisfying gµνuµuν = −1 and ui = 0. Then Eτ = 0 and we only have Ei. In both scenarios
the comoving electric field must be defined in terms of the canonically normalized field Vi as,

Ei = u0F canonical
i0 = −1

a
∂τVi(τ) . (A.14)

Given Vi(τ) = E/(H2τ)δzi we get Ei = aEδzi and the constant field strength,

gijEiEj = 1
a2 (aE)(aE) = E2 . (A.15)

B Calculation of the QED Counterterm (δ3)

Here we present details of the calculation of δ3 obtained by computing the vacuum polarization
diagram (see figure 1) for the photon 2-point function following Ch.16.2 of [31].

B.1 Vacuum polarization in scalar QED

Starting with the vacuum polarization in flat space due to a charged scalar and converting
the expressions in chapter 16.2 of [31] to our metric signature we find,

Πµν
2 = 2i

∫
d4k

(2π)4

∫ 1

0
dx

(
gµν

(
k2 +M2

ϕ + p2x2
)

− 2kµkν
)

(k2 − ∆2)2 , (B.1)

where ∆2 = −M2
ϕ − x(1 − x)p2 and M2

ϕ = m2
ϕ + 12ξH2. Taking kµkν → 1/4k2gµν and with

a Wick rotation k0 → ikE we obtain,

Πµν
2 = −2e2gµν

1
8π2

∫ 1

0
dx

∫ ∞

0
dkE k

3
E

(
−k2

E
2 +M2

ϕ + p2x2
)

(
∆2 + k2

E

)2 . (B.2)

To be consistent with the regularization of the current we regularize with the same Pauli-Villars
fields where m0 = Mϕ is the original field and m2

1 = m2
3 = 2Λ2 and m2

2 = 4Λ2 −M2
ϕ such that,

Π̃µν
2 (m2, p2,Λ2) =

3∑
i=0

(−1)iΠµν
2 (p2,m2

i ), (B.3)

which leads to,

Πµν
2 = − 2e2gµν

1
8π2

∫ 1

0
dx

∫ ∞

0
dkE k

3
E

−k2
E
2 +M2

ϕ + p2x2(
∆2 + k2

E

)2 −
−k2

E
2 +m2

1 + p2x2(
∆2

1 + k2
E

)2
+

−k2
E
2 +m2

2 + p2x2(
∆2

2 + k2
E

)2 −
−k2

E
2 +m2

3 + p2x2(
∆2

3 + k2
E

)2
 . (B.4)
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Doing the integration in the momentum kE we find,

Πµν
2 = −e2

(
−p2gµν

) 1
8π2

∫ 1

0
dx x(2x−1) ln


(
p2(x−1)x−M2

ϕ

)(
M2
ϕ+p2(x−1)x−4Λ2

)
(p2(x−1)x−2Λ2)2

 .

(B.5)

The argument of the logarithm can be simplified under the assumption that the regulator
Λ → ∞. Keeping the leading term we find,

Πµν
2 = −e2

(
−p2gµν

) 1
8π2

∫ 1

0
dx x(2x− 1) ln

(
M2
ϕ − p2(x− 1)x

Λ2

)

= −e2
(
−p2gµν

) 1
144π2p3

(
3p3 log

(
M2
ϕ

Λ2

)

+6
(
4M2

ϕ + p2
)3/2

tanh−1

 p√
4M2

ϕ + p2

− 24M2
ϕp− 8p3

 . (B.6)

B.2 Vacuum polarization in fermionic QED

In QED, there is only one diagram at first order that contributes to the photon propagator,
see Ch. 16.2 of [31] that with our metric signature gives,

Πµν
2 = 4ie2

∫
d4k

(2π)4

∫ 1

0
dx

2kµkν − gµν [k2 − x(1 − x)p2 + m̄2
f ]

[k2 − ∆2]2 , (B.7)

after summing over the Dirac matrices and ∆2 is defined in a similar way as for the scalars
substituting Mϕ → Mψ where M2

ψ = m2
ψ + 3H2. Following the same procedure as above as

for the scalar case taking kµkν → k2/4gµν and k0 → ikE gives,

Πµν
2 = − 4

8π2 e
2gµν

∫
dkEk

3
E

∫ 1

0
dx

−k2
E
2 + x(1 − x)p2 − m̄2

f

[−k2
E + ∆2]2

. (B.8)

Again utilizing Pauli-Villars regularization with the same three fields as in the scalar case
we perform the integral in kE and expanding for large Λ we obtain,

Π̃µν
2 = 4

8π2 e
2(−p2)gµν

∫ 1

0
dxx(x−1) log

(M2
ψ−p2x(x−1)

Λ2

)
(B.9)

= e2

36π2 (−p2)gµν
[
5−

12M2
ψ

p2 −6
(p2−2M2

ψ)
√

4M2
ψ+p2

p3 coth−1

√
4M2

ψ+p2

p
−3log

M2
ψ

Λ2

]
.

Finally, noticing that Πµν = −e2p2gµνΠ2(p2) and imposing the renormalization condition
in eq. (2.11) we obtain the counter term (defining Mψ = Mψ/H),

δψ3 =−e2Π(2H2) (B.10)

= e2

36π2

[
−3ln

(
Λ2

H2

)
+3ln(M2

ψ)−6(M2
ψ−1)

√
2M2

ψ+1coth−1
(√

2M2
ψ+1

)
+6M2

ψ−5
]
.
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Again this is free of IR divergences in the Mψ→0 limit which gives,

δψ3 =−e2Π(2H2) (B.11)

= e2

36π2

[
−3ln

(
Λ2

H2

)
+ln8−5

]
.

C Calculation of the fermion current

Starting with the definitions in section 4, in this appendix we review the calculation of
the fermionic Schwinger current. Following [25] the solutions of the Dirac equation can
be written as,

ξ = (iγa∂a − eAaγ
a +mψa)ζ, (C.1)

such that we have,

(∂2
τ + ωk(τ)2 − iσsσ(τ))ζs,k(τ) = 0, (C.2)

where σ1,2 = +1 and σ3,4 = −1 are eigenvalues of the matrix (m2
ψ + λ2)−1/2(mψγ

0 +
λγ0γ3). The time-dependent frequency is given by,

ω2
k(τ) = k2 − 2aHλkz + (aH)2(m2

ψ + λ2), σ(τ) = (aH)2
√
m2
ψ + λ2. (C.3)

The solutions of eq. (C.2) are given by the Whittaker function Wκ,µ(z) with parameters,

ζ+ = eπλr√
2k

√
x

x− λr
W−iλr,1/2+ix(2ikτ) (C.4)

κ = −iλkz
k

= −iλr, µs = 1
2 − iσs

√
m2
ψ + λ2 = 1

2 − λsx, z = 2ikτ, (C.5)

where we define x =
√
m2
ψ + λ2. The current can be further simplified to, using the normali-

sation condition ζ ′(ζ∗)′ − iFk(ζ(ζ∗)′ − ζ ′ζ∗) + ω2
k|ζ|2 = 0,

⟨J3⟩ = −2eλ
r

∫
d3k

(2π)3

[
1 + iγkz(ζ+ζ+∗′ − ζ+′

ζ+∗) + 2(F 2
k − ω2

k − γFkωk)|ζ+|2
]
, (C.6)

with γ = x/λ − λ/x and Fk = ωkω
′
k/σ.

Using a cut off momentum P as a regulator initially, the first term of the current is,

−2eλ
x

∫ ∞

0

d3k

(2π)3 = − lim
P→∞

P 3

6π2x
. (C.7)

For the other terms of the current, we also consider a cut-off regulator and write the Whittaker
functions in the Milles-Barnes integral representation as in [19],

Wκ,µ(z) =
∫
Cs

ds

2πiz
−se−z/2 Γ(−s− κ)Γ(s− µ+ 1/2)Γ(s+ µ− 1/2)

Γ(1/2 − κ− µ)Γ(1/2 − κ+ µ) . (C.8)

The integral is performed along a path Cs that goes from −i∞ to +i∞ and separates the
poles from Γ(−s−µ) and Γ(s−µ+ 1/2)Γ(s+µ− 1/2). From now on, in the full computation
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of the current, we follow the conventions on [19]. Using the properties of the Whittaker
functions (Wκ,µ(z))∗ = Wκ∗,µ∗(z∗) and dWκ,µ(z)/dz = (1/2 − κ/z)Wκ,µ(z) − W1+κ,µ(z)/z,
the current can be further written as,

−2eλ lim
P→∞

∫ P

0
dk

∫ 1

−1
dr

∫
Cs

ds

2πi

∫
Ct

dt

2πi
eπλr

4π2 e
iπ2 (s−t)Γ(−s+ iλr)Γ(s− ix)Γ(s+ ix+ 1)

× Γ(−t− iλr)Γ(t+ ix)Γ(t− ix+ 1)sinh π(x− λr) sinh π(x+ λr)
π2(x+ λr)

( k

aH

)−s−t

×
[
(r2 + γr − 1)k2 − aHγ(x+ λr)(1 + 1

2
(1 + i(x− λr)

−s+ iλr − 1 + 1 − i(x− λr)
−t− iλr − 1

)
)kr
]
. (C.9)

The integration in k is done considering that the contour satisfies Re(s),Re(t) < 0 such
that, once performed the integration,

−2eλ(aH)3 lim
P→∞

∫ 1

−1
dr

∫
Cs

ds

2πi

∫
Ct

dt

2πi
eπλr

4π2 e
iπ2 (s−t)Γ(−s+iλr)Γ(s−ix)Γ(s+ix+1)

×Γ(−t−iλr)Γ(t+ix)Γ(t−ix+1)sinhπ(x−λr)sinhπ(x+λr)
π2(x+λr) (C.10)

×
[
(r2+γr−1) P

3−s−t

−s−t+3−aHγ(x+λr)(1+1
2
(1+i(x−λr)

−s+iλr−1 +1−i(x−λr)
−t−iλr−1

)
)r P

2−s−t

−s−t+2
]
.

In contrast to the scalar current [19], due to the derivatives of the Whittaker functions, the
fermionic current has two extra poles6 s = iλr− 1 and t = iλr+ 1 coming from the last term
of eq. (C.11). The poles coming from the gamma functions s = iλr + n are on the right side
of the contour Cs and the poles s = ix− n, s = −ix− 1 − n are on the left side of the same
contour. In the case of the contour Ct, the poles t = −iλr+ n− 1, t = −s+ 2 and t = −s+ 3
are on the right side and t = −ix − n and t = ix − 1 − n are on the left side.

We start by performing the integration in t choosing a path Cs that satisfies −1 < Re(s)
and closing the path Ct on the right side without passing through any of the poles. The extra
contribution does not affect the final result since it vanishes for an integration along a real
part over t and also because in the limit of ξ → ∞ any contour with Re(t) > 4 vanishes. The
integral can be written in a power series of O(P 3−s−t) and O(P 2−s−t) such that the only
non-vanishing contribution comes from the poles,

t = −iλr − 1,−iλr,−iλr + 1,−iλr + 2,−iλr + 3, 3 − s, 2 − s, (C.11)

when taking P → ∞. The result after integrating in t can be separated into,

O(P 0) + O(P 4+iλr−s, . . . , P iλr−s), (C.12)

where the contribution O(P 0) comes from the poles 3 − s and 2 − s. Considering the powers
dependent on s, we close the contour Cs on the right-hand side where a non-vanishing
contribution comes from the poles:

s = iλr − 1, iλr, iλr + 1, iλr + 2, iλr + 3, iλr + 4. (C.13)
6The two extra poles were not mentioned in the calculation of the un-regulated fermion current performed

in [25] though we are in agreement with their final result.
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Notice that we included the pole s = iλr+4 as needed. The result can be separated again into,

− P 3

6π2r
+ (aH) P

2

6π2 − (aH)3

6π2 log P

aH
+ (aH)3 × O(P0). (C.14)

The zeroth order of eq. (C.14) is given by,

γE
6π2 − 23

144π2 − 7λ2

120π2 + λ4

420π2 − 23
4π2

m2
ψ

λ2 +
λ2m2

ψ

1440π2 −
5m4

ψ

576π2 +i
( 1

12π− 1
2π2x

+ 121λ2

216π2x

− 91λ4

1440π2x
+ λ6

2016π2x
− 65x

144π2 + 89λ2x

1440π2 − λ4x

1120π2 −
41m2

ψx

576π2 −
λ2m2

ψx

1440π2 −
m4
ψx

576π2

)
+ (C.15)

1
8π2

∫ 1

−1
dr(1+x2−(1+3λ2+3x2)r2+5λ2r4)(ψ(iλr−ix)+ψ(iλr+ix))−

3m2
ψx

8π2λ3 log x−λ
x+λ,

with γE = 0.577216 is the Euler constant and ψ is the digamma function.
The zero order of eq. (C.12) still to be integrated in s is,∫ 1

−1
drh(r)

( ∫ ds

2πie
iπs f(s)

sin π(s− iλr) sin π(s− ix) sin π(s+ ix)
)
, (C.16)

where h(r) = eλr sinh π(r − λr) sinh π(r + λr) and f(s) = g(s) − g(s− 1) + d
s−iλr+1 where,

g(s) = b3s
3 + b2s

2 + b1s+ c0
s− iλr

+ c1
s− iλr − 1 + c2

s− iλr − 2 + c3
s− iλr − 3 . (C.17)

Due to the periodicity of the integrand function, one may shift s → s+ 1 such that,∫
dr

∫
ds

2πi(. . .)f(s) =
∫
dr
( ∫

Cs
−
∫
Cs−1

) ds
2πi(. . .)g(s) +

∫
dr

∫
Cs

ds

2πi(. . .)
d

s− iλr + 1 .

(C.18)

where (. . .) represents the integrand of eq. (C.16). The integral in d will contain the infinite
sum of the poles s = iλr − 1 − n,−ix− n, ix− 1 − n for n = 0, 1, 2 . . . leading to [25],∫

Cs

ds

2πi(. . .)
d

s− iλr + 1 ∼ d×
[eπ(λr−x) sinh π(x+ λr)

sinh 2πx
(
γE + ψ(−ix+ iλr − 1)

)
+

+ eπ(λr+x) sinh π(x− λr)
sinh 2πx

(
γE + ψ(iλr + ix)

)]
, (C.19)

where d = 1
8π2 (1 + x2 − (1 + 3λ2 + 3x2)r2 + 5λ2r4). The last equation still needs to be

integrated in r and to do so we used the property ψ(z − 1) = ψ(z) − 1
z−1 such that,

ψ(−ix+ iλr − 1) = ψ(−ix+ iλr) − 1
−ix+ iλr − 1 . (C.20)

Moreover, when computing the integral in eq. (C.19) after including eq. (C.20), we found
terms of the form Lin(e2πiy) and Lin(e−2πiy) where y is a linear combination of λ and x

and Lin(z) are the polylogarithm functions. These can be written in terms of the Bernoulli
polynomials Bn(x) as [37]

Lin(e2πiy) + (−1)nLin(e−2πiy) = −(2πi)n

n! Bn(x). (C.21)
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Finally, the integral on g(s) can be computed by considering the poles s = iλr− 1,−ix, ix+ 1
inside the closed contour generated by Cs and Cs−1. Summing up everything it gives the
un-renormalised fermion current in terms of the momentum cut-off P ,

⟨J3⟩=−2eλ(aH)3 lim
P→∞

[
1

6π2

( P
aH

)2
− 1

6π2 log 2P
aH

+ 7
72π2 − λ2

15π2 −
m2
ψ

12π2 (C.22)

−
3m2

ψ

8π2λ2

(
1+ x

2λ log x−λ
x+λ

)
+

3xm2
ψcsch(2πx)
32π2λ3

∑
s=±

se−2πxs(Ei(2πs(x+λ))−Ei(2πs(x−λ)))

−xcsch(2πx)
48π5λ2

(
(45−π2(11−12λ2+8x2))cosh(2πλ)−(45−π2(11−72λ2+8x2))sin(2πλ)

2πλ
)

+csch(2πx)
16π2

∫ 1

−1
dr(1+x2−(1+3λ2+3x2)r2+5λ2r4)

∑
s=±

s(e2πλr−e−2πxs)Re[ψ(i(λr+xs))]
]
.
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