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An efficient variational method is presented for estimating the diffusion coefficients and free-energy profiles along se-
lected collective variables from projected molecular dynamics trajectories under both equilibrium and non-equilibrium
conditions. The method is based on the assumption that the short-time transition probability density of the coordinate
moves can be approximated by a Gaussian form. Defining a loss function as the sum of Kullback-Leibler divergences
between the analytical short-time propagators of an overdamped Langevin model and those estimated directly from
the projected trajectories maximizes the agreement between the two and allows for its analytic evaluation. For cases
where Gaussian approximation is insufficient we present a robust alternative. To efficiently minimize this loss function
by varying diffusion and free-energy profiles along collective variables, we use an adaptive Monte Carlo scheme. The
method is applied to two model systems exhibiting diffusive dynamics, as well as to water diffusion across the interface
of a biomolecular condensate, demonstrating its robustness and accuracy.

I. INTRODUCTION

Molecular dynamics (MD) simulations have advanced
to the point where they can be used to quantitatively
model complex phenomena, including protein conformational
dynamics1,2, self-assembly of biomolecules in solution3, per-
meation of water and ions through biological membranes4,5,
chemical reactions on catalytic surfaces6, and phase transi-
tions in crystalline materials7,8. In MD simulations, the equa-
tions of motion are integrated numerically, which produces
trajectories in the 6N-dimensional phase space (N being the
number of particles) that describe the time evolution of par-
ticle positions and momenta. The structural, dynamical, and
kinetic properties of the system can be obtained from an a
posteriori analysis of the simulated trajectories9.

The high dimensionality of MD trajectories typically re-
quires dimensionality reduction for their analysis10. A low-
dimensional effective description of the system can be con-
structed by projecting the trajectories onto a reduced set of
collective variables (CVs), which are functions of the gener-
alized coordinates that characterize key states of the system,
such as reactants, products, and transition states11. The con-
struction of optimal CVs is problem-specific and is guided
by physical intuition12 or data-driven methods13,14. Although
several collective variables can be used simultaneously15, we
shall focus here on the simplest case of a one-dimensional CV.

The chosen collective variable q uniquely defines the
associated free-energy profile F(q), which can be deter-
mined accurately and efficiently using enhanced sampling
techniques15–17. Formally, the projected dynamics follows the
non-Markovian generalized Langevin equation (GLE), which
is valid over arbitrary timescales18–20. In addition to the free-
energy profile, the GLE depends on the memory kernel, which
encodes memory effects responsible for non-Markovian dy-
namics. Despite significant progress, accurate parameteri-
zation of the memory kernel remains numerically challeng-

ing and requires long trajectories sampled at high temporal
resolution21–30.

However, on timescales longer than the characteristic mem-
ory time, non-Markovian effects become negligible. In
this limit, the GLE reduces to the Markovian underdamped
Langevin equation, in which the memory kernel is replaced
by a friction term that can depend on both the instantaneous
value of q and its corresponding velocity q̇31. If, in addition,
the timescales of interest exceed the autocorrelation time of
q̇, the temporal evolution of q at inverse temperature β is
well approximated by the Markovian overdamped Langevin
equation32:

q̇ = v(q)+
√

2D(q)η(t), (1)

in which the generalized drift v(q) is expressed as the sum of
the thermodynamic force due to the free-energy profile F(q)
and the drift originating from the position-dependent diffusion
coefficient D(q):

v(q) =−D(q)β
∂F(q)

∂q
+

∂D(q)
∂q

. (2)

Here, η(t) denotes Gaussian white noise, which satisfies
⟨η(t)⟩= 0 and ⟨η(t)η(t ′)⟩= δ (t − t ′).

Overdamped Langevin models have been successfully used
to describe the kinetics of protein folding33,34, conforma-
tional transitions of proteins35, looping of a polymer chain in
solution36, nucleation of vapor bubbles37, and the dynamics
of self-association between pairs of fullerenes in water38. To
obtain an accurate description of the kinetics, it is often nec-
essary for the diffusion coefficient to depend on the collective
variable. However, extracting the diffusion profile D(q) from
the time series of q (trajectories) is challenging.

The primary goal of several existing methods for inferring
D(q) is to construct a likelihood function that quantifies the
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probability of observing a specific trajectory in the collective-
variable space, given the model parameters F(q) and D(q). To
construct the likelihood, an explicit expression for the propa-
gator p(q′,τ|q,0) is required. The propagator defines the con-
ditional probability of observing a system in a state q′ at time
τ , given that it was in a state q at time t = 0.

Building on the work of Bicout and Szabo39, Hummer40

discretized the collective-variable space and expressed the lo-
cal propagators of an overdamped Langevin model in terms
of the lag-time τ and a rate matrix R that describes transi-
tions between adjacent cells and encodes information on F(q)
and D(q). In this framework, the likelihood depends on the
number of transitions that occur between neighboring cells
within the time interval τ and on the rate matrix R, whose
elements are treated as parameters. The elements of R that
best reproduce the observed trajectory along q are obtained by
Bayesian inference or by maximizing the likelihood, yielding
self-consistent estimates of F(q) and D(q). A key requirement
of this approach is that the lag-time τ be chosen such that
a sufficient number of nearest-neighbor transitions between
cells are observed.

Alternatively, when the chosen τ is sufficiently short,
the analytical approximations for the propagators can be
used38,41. In this case, F(q) and D(q) are directly varied
to maximize the likelihood of the observed trajectory. The
choice of τ is crucial in this method, as it must be short
enough for the analytical approximation to hold, yet long
enough for the condition of Markovianity to be satisfied. Al-
though this approach has strong statistical foundations, eval-
uating the likelihood function at every optimization step be-
comes computationally expensive for long trajectories. A re-
lated approach is to perform the likelihood maximization ana-
lytically with respect to the drift v(q) and the diffusion profile
D(q), which gives the first and second Kramers-Moyal coef-
ficients that link the conditional averages and variances of the
displacements ∆q = q(t + τ)− q(t) to the drift and diffusion
terms in Eq. (1)36,42–44. While this avoids variational opti-
mization, it requires verification that the reconstructed F(q)
from v(q) and D(q) is consistent with the true free-energy pro-
file.

Other methods avoid explicit likelihood construction and
are generally less sensitive to the choice of τ . However, they
are typically more computationally demanding. Liu et al.45

introduced a dual-simulation approach, in which Langevin dy-
namics simulations are performed with a known free-energy
profile, and the diffusion coefficient is adjusted until the simu-
lated survival probability matches that obtained directly from
MD. Woolf and Roux46 estimated F(q) and D(q) from a series
of locally restrained simulations. Pérez-Villa and Pietrucci31

optimized the free-energy, friction, and mass profiles by
matching the time-dependent probability density P(q, q̇, t) ob-
tained from a few hundred short MD trajectories, initiated at
the transition state, to that generated by Langevin dynamics.
This approach is particularly appealing because it applies to
both underdamped and overdamped regimes. For a compre-
hensive review of methods for determining D(q), see the work
of Domingues et al.47 and the references therein.

In this work, we present a simple and computationally ef-

ficient variational approach for estimating the diffusion and,
optionally, free-energy profiles along selected collective vari-
ables from projected MD trajectories. The method is based on
a loss function designed to maximize the agreement between
the analytical approximation for the short-τ propagators of an
overdamped Langevin model, defined by a given F(q) and
D(q), and the corresponding propagators directly estimated
from the projected trajectories. For cases where analytical ap-
proximations for the propagator are insufficient, we present a
robust, though slightly more computationally expensive alter-
native. Furthermore, we show that an adaptive Monte Carlo
minimization scheme emerges naturally from the construction
of the loss function. The robustness of the approach is demon-
strated on two model systems exhibiting diffusive dynamics
under both equilibrium and non-equilibrium conditions, and
by analyzing the diffusion of water between the dense and di-
lute phases of a biomolecular condensate.

II. METHODS

A. Variational optimization

We outline a variational procedure for determining the
position-dependent diffusion coefficient D(q) along a single
collective variable q. The method can be extended to multi-
ple dimensions if substantially more data is available. Unless
stated otherwise, the free-energy profile is assumed to have
been estimated independently.

Consider a discrete time series q(ti) = qi, sampled at a tem-
poral resolution ∆t = ti+1 − ti. We define the lag-time τ as
τ = k∆t, where k is a positive integer. If τ is chosen such that
the dynamics of q is both overdamped and Markovian, the
temporal evolution of q can be described by the overdamped
Langevin equation, parameterized in terms of the free-energy
profile F(q) and the diffusion profile D(q). Under these con-
ditions, the conditional probability p(q′,τ|q,0) of observing a
transition from q to q′ in a time τ is given by the propagator of
the overdamped Langevin model, which depends only on the
free energy and diffusion profile.

Given a recorded time series of q, the propagators can be
estimated directly. We refer to these as "empirical" propaga-
tors and denote them by p̂. To perform the estimation, we
assume that 0 ≤ q(t)< L and discretize the collective variable
space into N bins of equal width δ = L/N. Along the observed
trajectory, we collect the displacements ∆q = q(t + τ)− q(t)
and assign each displacement to the j-th bin if jδ ≤ q(t) <
( j + 1)δ . The probability density of the collected displace-
ments then corresponds to the propagator for bin j, which be-
comes exact in the limit N → ∞.

To obtain a self-consistent estimate of D(q) (and option-
ally F(q)), we require that, for a given choice of free-energy
and diffusion profiles, the propagators p j predicted by the
Langevin model match the empirical propagators p̂ j as closely
as possible. More specifically, we introduce a loss function L
defined as the sum of Kullback-Leibler (KL) divergences DKL
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between p j and p̂ j:

L =LKL+Lλ =
1
N

N−1

∑
j=0

DKL(p j∥ p̂ j)+λ

N−2

∑
j=0

[D(q j+1)−D(q j)]
2,

(3)
where the second term imposes smoothness on D(q) and
is equivalent to the smoothening prior in the method of
Hummer40. A similar term can be added to regularize F(q),
which becomes important when F(q) and D(q) are estimated
simultaneously. A practical procedure of choosing the opti-
mal λ will be given in the next Section. The KL divergence
for bin j is defined as:

DKL, j =
∫

∞

−∞

p j(q) log
p j(q)
p̂ j(q)

dq, (4)

and vanishes if p j(q) = p̂ j(q), meaning that the loss function
in Eq. (3) is bounded from below by L = 0 in the case of
λ = 0 or constant D(q). To establish the connection between
F(q) and D(q) and the model propagator, we present two ap-
proaches.

The first approach is suitable when a sufficiently short lag-
time τ is used. In this case, the propagator can be written
explicitly and takes a Gaussian form. Adopting the notation
of Palacio-Rodriguez and Pietrucci38, we write:

p(q′,τ|q,0) = 1√
2πµ

exp
[
− (q′−q−φ)2

2µ

]
. (5)

In the simplest (first-order) approximation, we have:

φ = v(q)τ, (6a)

µ = 2D(q)τ, (6b)

while in the second-order approximation38,48 one finds:

φ = v(q)τ +
1
2
[
v(q)v′(q)+D(q)v′′(q)

]
τ

2, (7a)

µ = 2D(q)τ +
[
v(q)D′(q)+2v′(q)D(q)+D(q)D′′(q)

]
τ

2.
(7b)

As will be shown in the next Section, the second-order ap-
proximation permits the use of larger τ than the first-order
approximation, as it includes higher-order corrections that ac-
count for the curvature of F(q) and D(q). The Gaussian (nor-
mal) form of the propagator is particularly convenient, as it is
fully determined by the first two moments of the distribution.
In practice, this means that one needs only to compute the em-
pirical mean displacement φ̂ and variance µ̂ when estimating
the propagators. Furthermore, for two normal distributions
p j = N (φ ,µ) and p̂ j = N (φ̂ , µ̂), the integral in Eq. (4) can
be evaluated analytically, yielding

DKL, j =
1
2

log
µ̂ j

µ j
+

µ j +(φ j − φ̂ j)
2

2µ̂ j
− 1

2
. (8)

The second approach addresses cases where large τ leads to
a non-Gaussian propagator. This occurs when the time series

q is sampled at low temporal resolution or when a large τ is
required to satisfy the Markovian condition. To proceed, we
recall that the overdamped Langevin equation corresponds to
the Fokker–Planck (Smoluchowski) equation for the probabil-
ity density P(q, t):

∂P(q, t)
∂ t

=
∂

∂q

{
D(q)e−βF(q) ∂

∂q

[
eβF(q)P(q, t)

]}
. (9)

The Green’s function of Eq. (9) is the propagator. In principle,
numerically integrating Eq. (9) from a delta-function initial
condition yields an exact propagator. In practice, however, a
delta function cannot be realized numerically.

To construct a practical numerical scheme, we again esti-
mate N propagators from the observed time series of q. While
estimating the first two moments was sufficient in the first ap-
proach, we now represent each propagator as a histogram on
a grid of M points. The value of M is chosen to provide suffi-
cient spatial resolution for the discretized probability density.
Similarly, we approximate each of the N initial conditions
from the time series and represent them on the same grid. For
a given choice of F(q) and D(q), the Fokker–Planck equation
is numerically propagated from each initial condition for a du-
ration τ using the scheme of Bicout and Szabo39 (see SI for
details). This allows us to evaluate the propagator and esti-
mate the KL-divergence by performing numerical integration
in Eq. (4).

In both approaches, the loss L is a functional of F(q) and
D(q). We minimize L using a Monte Carlo (MC) scheme,
which is preferred over gradient-based algorithms as it avoids
the need to compute the gradient of the loss function. Further-
more, the MC approach easily enforces the strict positivity of
D(q). By representing F(q) and D(q) on a grid of N points,
the functional minimization is reduced to a multivariate op-
timization over the grid values. Each MC step consists of
proposing a small perturbation to a selected grid value, which
is then accepted or rejected based on the Metropolis criterion.
In this context, the loss serves as an effective energy func-
tion (see SI for details). Importantly, the computational cost
of evaluating the loss scales with the number of grid points
N when Gaussian propagators are used, whereas maximum-
likelihood-based methods scale with the trajectory length38.

A significant advantage of our loss function is that mini-
mization can be performed very efficiently. We achieve this
by converting the set of KL-divergences DKL, j from a previ-
ous optimization step into a discrete probability distribution
P:

P j =
DKL, j

∑
N−1
j=0 DKL, j

. (10)

Rather than choosing move locations randomly, new MC per-
turbations are sampled from P . This strategy allows the al-
gorithm to adaptively focus on regions of D(q) that contribute
most strongly to the loss. The adaptive sampling is particu-
larly effective in the first approach, where a high local KL-
divergence typically indicates a locally incorrect D(q).

Another aspect of our optimization procedure is that we
typically keep F(q) fixed at its initial estimate, although we
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will demonstrate that this is not strictly necessary. We ob-
served that fixing F(q) reduces the number of MC steps re-
quired and improves robustness, particularly in the presence
of small free energy barriers. A limitation of keeping the free
energy profile fixed is that any error in F(q) propagates to the
estimate of D(q). This issue can be mitigated by performing
additional optimization steps in which both F(q) and D(q) are
allowed to vary.

B. Example 1: Di�usion on a periodic domain

We tested the method on a one-dimensional model system
undergoing diffusive dynamics on a periodic domain40. The
free-energy and diffusion profiles were defined as:

βF(q) =−cos(2q)+ const., (11a)

D(q) = D0[2+ sin(q)], (11b)

where 0≤ q< 2π and D0 = 0.1 rad2 ps−1. The trajectory used
for the analysis was generated by integrating the overdamped
Langevin equation for 100 ns with a timestep of 10−2 ps using
the Euler–Maruyama integrator.

The diffusion profile was reconstructed using N = 24 lo-
cal propagators across a range of lag times τ , employing both
first- and second-order Gaussian propagator approximations,
as well as an approach based on the Fokker–Planck equation
(see Results and Discussion). The minimizations were initial-
ized from a uniform diffusion profile, D(q) = 0.2 rad2 ps−1.
The analytical expression for the free-energy was used to iso-
late the estimation of D(q) from inaccuracies in F(q). The
Fokker-Planck equation was solved numerically on a grid of
M = 200 points with an integration timestep of ∆t = 10−3 ps.
Statistical uncertainties were quantified by dividing the trajec-
tory into four equal-sized blocks and estimating D(q) for each
block independently.

C. Example 2: Di�usion across the interface of a
biomolecular condensate

To demonstrate the applicability of our method to a re-
alistic system, we simulated phase coexistence between the
dilute and dense phases of the low-complexity domain of
the Fused in Sarcoma protein (FUS-LCD) using the coarse-
grained Martini3-IDP force field49. An equilibrated configu-
ration consisting of 36 protein chains was taken from the work
of Wang et al.49 and placed at the center of an elongated sim-
ulation box with dimensions 12 nm × 12 nm × 50 nm. The
system was solvated with 44,504 water molecules (see Fig. 1).
A salt concentration of 0.1 M was achieved by adding 488
Na+ and 416 Cl− ions. After a short equilibration period in
the NPT ensemble, the system was simulated for 150 ns in the
NVT ensemble at T = 300 K using GROMACS 2025.250.
Trajectories were recorded every 4 ps. The default parameters
recommended for the Martini3-IDP force field and periodic
boundary conditions were used.

q = z

FIG. 1. Coexistence between the dilute and dense phases of the FUS-
LCD condensate simulated using the slab method. Because of the
relatively short simulation time, no exchange of proteins between the
protein-rich (dense) phase (shown in red) and the water-rich (dilute)
phase (shown in blue) was observed. Backbone and side-chain beads
are shown in red and gray, respectively, and the solvent is depicted in
blue. Sodium and chloride ions are omitted.

We focused on the position-dependent diffusion coefficient
of water molecules along the z direction, i.e., perpendicular
to the interface. The collective variable q was defined as the
z coordinate of water molecules. The free-energy profile was
obtained from:

F(q) =−β
−1 lnρ(q), (12)

where ρ(q) is the normalized histogram of q obtained from
the MD trajectory. The position-dependent diffusion coeffi-
cient, D(q), was estimated using N = 30 local propagators and
a lag-time of τ = 200 ps. Minimizations were initiated from
a uniform diffusion profile D(q) = 0.2 Å2ps−1. Statistical un-
certainties were quantified by dividing the trajectory into three
50-ns blocks, with the free-energy and diffusion profiles esti-
mated independently for each block.

To assess the accuracy of the estimated F(q) and D(q), the
distributions of first-passage times obtained from molecular
dynamics trajectories were compared with those predicted by
a Langevin model. Assuming that the dense phase is centered
at q = 0, a first-passage event was defined as the time required
for a molecule initially located within q < ±L/10 to exit the
dense phase, whose boundaries were set at q = ±L/4, where
L is the length of the simulation box along the z direction.
First-passage times were extracted from the MD trajectories
by analyzing the motion of water molecules along the z co-
ordinate. Langevin dynamics simulations, with initial condi-
tions randomly sampled near q = 0, were performed using the
estimated F(q) and D(q), and the resulting trajectories were
analyzed identically to the MD data.
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D. Example 3: Relaxation from the free-energy barrier

In the third example, we simulated diffusive dynamics in a
double-well potential. The free-energy and diffusion profiles
were given by:

βF(q) = 8(q2 −1)2, (13a)

D(q) = D0

[
2+ exp

(
− q2

2σ2

)]
, (13b)

where D0 = 0.01 ps−1 and σ = 0.3. In contrast to the first
model system, where the collective-variable space was easily
explored, this potential contains a much higher free-energy
barrier of 8kBT , making ergodic sampling difficult. To ex-
plore the region between the two minima, we followed the
approach of Ref.38 and relaxed short trajectories from the top
of the barrier. The trajectories were generated using the Eu-
ler–Maruyama integrator with a timestep of 10−3 ps and prop-
agated for 2× 104 steps, sufficient to observe relaxation into
one of the minima.

This example was designed to test whether a relatively
small set of non-equilibrium trajectories is sufficient to re-
cover F(q) and D(q) with our method. Since the free-energy
profile cannot be estimated by histogramming, the minimiza-
tion was initialized with F(q) = 0 and D(q) = 0.02 ps−1. In
each Monte Carlo step, the decision to perturb either F(q) or
D(q) was made randomly. We used N = 36 local propaga-
tors and a lag-time of τ = 10−2 ps. Statistical uncertainties
were quantified by performing ten independent sets of short
simulations and estimating the diffusion profile (and the free-
energy) for each set. Each set contained an ensemble of 50
trajectories.

III. RESULTS AND DISCUSSION

We assess the performance of our method using three rep-
resentative examples introduced in the previous Section. The
diffusion profiles were estimated independently for each tra-
jectory block. The free-energy profiles were estimated per
block as well, but only in the second and third examples. All
reported results correspond to averages over the blocks, with
error bars representing ±σ , where σ is the standard devia-
tion across blocks. Unless stated otherwise, it is assumed that
λ = 0.

A. Di�usion on a periodic domain

First, we examine diffusion on a periodic domain for three
different values of the lag-time τ . As shown in Fig. 2, the
simplest (first-order) Gaussian approximation of the propa-
gator accurately reproduces the true diffusion profile only at
very short lag-times, τ = 0.05 ps, while for larger τ , its accu-
racy deteriorates significantly (Figs. 2B and 2C). Because of
the same level of approximation used in the Kramers–Moyal

(KM) analysis, and no regularization (λ = 0) applied dur-
ing variational fitting, both approaches exhibit similar perfor-
mance.

Using a second-order Gaussian approximation extends the
validity of the method to substantially larger τ (Fig. 2B), be-
cause it accounts for the curvature of the free-energy and dif-
fusion profile by including up to third-order derivatives of
F(q) and D(q). In our tests (not shown), discrepancies be-
tween the true and recovered D(q) begin to appear for τ > 0.2
ps near q = π/2. In contrast, the approximation-free approach
based on the Fokker–Planck (FPE) equation is insensitive to
the choice of τ and correctly recovers the true diffusion profile
even when the Gaussian approximations fail (Fig. 2C).

As stated in the Methods section, the number of Monte
Carlo (MC) steps required to reach convergence can be re-
duced by using an adaptive (biased) scheme for proposing
new MC moves. Importantly, we confirmed that the choice of
scheme does not affect the inferred D(q). In Fig. 3A, we show
that biased moves reduce the number of optimization steps by
approximately a factor of 1.6. Furthermore, Fig. 3B demon-
strates that the algorithm correctly identifies regions where de-
viations between the initial guess and the true diffusion profile
are the largest. In addition, the local KL divergences used to
construct weights for proposing new MC move locations be-
come progressively lower and more uniform as the optimiza-
tion proceeds.

Next, we illustrate how regularization can be systematically
applied during variational fitting, which is not possible in the
Kramers-Moyal approach. For demonstration, we generated a
relatively short trajectory of 0.5 ns. As shown in Fig. 4B, us-
ing the first-order Gaussian propagator with non-regularized
fitting (λ = 0) on such a short trajectory produces a noisy es-
timate of D(q). A similar result would be obtained using the
standard Kramers–Moyal analysis. Applying the regulariza-
tion requires selecting an optimal regularization strength λ in
order to obtain solutions that are as smooth as possible while
remaining consistent with the data. We determined λ using
L-curve analysis51, where, for several trial values, the loss
function is plotted on the x-axis and the regularization term
on the y-axis (Fig. 4A). The optimal λ is chosen from the re-
gion where the curve exhibits a characteristic kink (red dot in
Fig. 4A). In our case, visual inspection indicates λ ≈ 0.2. To
quantify the effect of regularization, we computed the root-
mean-squared deviation (RMSD) between the estimated and
true diffusion profiles:

RMSD =

√
1
N

N

∑
i=1

(Dest.
i −Dtrue

i )2, (14)

where i runs over the bins used to discretize D(q). As shown
in Fig. 4C, applying optimal regularization reduces the RMSD
by a factor of 1.6 and yields significantly smoother D(q)
(Fig. 4B).
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FIG. 2. Diffusion profiles estimated using the Kramers–Moyal ex-
pansion (red), the variational method with first- (blue) and second-
order (orange) Gaussian approximations of the propagator, and the
variational method based on the Fokker–Planck equation (green), for
(a) τ = 0.05 ps, (b) τ = 0.15 ps, and (c) τ = 0.80 ps. Dotted lines are
shown as guides to the eye.

B. Di�usion across the interface of a biomolecular
condensate

In the second example, we examine the diffusion of wa-
ter across the interface of a biomolecular condensate. Figure
5A shows the free-energy profile along the z-direction, which
exhibits a small barrier of approximately 0.5kBT . This is con-
sistent with the rapid exchange of water molecules between
the coexisting phases of biomolecular condensates52.

To select an appropriate lag-time τ that satisfies the condi-
tion that the dynamics of q is both overdamped and Marko-
vian, we first computed the velocity autocorrelation function
(VACF) for water beads in the dense and dilute phases sep-
arately (see SI for details). Both VACFs decay to zero for
τ > 2 ps, indicating that the dynamics is overdamped beyond
this threshold. Next, we computed D(q) for several values of
τ ranging between 8.0 ps and 400 ps (Fig. S3), and observed
that the diffusion profile fully converges for τ > 80 ps. Impor-
tantly, convergence occurs already at lower τ in the region of
D(q) corresponding to the dilute phase. This is expected be-
cause the dense phase creates a crowded environment where
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FIG. 3. (a) Comparison of the convergence rates for random (blue)
and biased (red) Monte Carlo move locations. Each line represents a
separate realization of the minimization procedure. (b) An example
evolution of local KL-divergences during Monte Carlo minimization
of the loss.

non-Markovian effects are typically stronger. Larger τ values
are therefore required to satisfy Markovian condition.

Figure 5B presents the estimated diffusion profile using
τ = 200 ps. The final estimates of D(q) are independent
of the specific Monte Carlo move proposal scheme. We
obtain Dwat = 0.196 ± 0.003 Å2/ps in the dilute phase and
Dwat ≈ 0.037± 0.001 Å2/ps in the dense phase. These val-
ues are in excellent agreement with those of Wang et al.49,
who reported Dwat = 0.199± 0.007 Å2/ps and 0.032± 0.012
Å2/ps for the dilute and dense phases, respectively. Their
analysis was based on the local mean-squared displacements,
which cannot be applied in regions where the curvature of the
free-energy is nonzero, whereas our approach remains valid
throughout the entire interfacial region.

Fig. 6 compares the efficiency of optimization schemes dif-
fering in how new MC moves are proposed. Although both
approaches converge to effectively the same minimum loss,
biased proposals require approximately 2.7 times fewer opti-
mization steps. The exact performance gain depends on the
number of bins used to discretize D(q) and on the fraction
of bins where D(q) can be given a good initial guess. This
makes our method particularly suitable for interfacial systems,
where the diffusion coefficient can be accurately determined
far from the interface using the Einstein relation, allowing the
algorithm to focus optimization on the interfacial region.

Finally, Fig. 7 compares first-passage-time (FPT) distri-
butions obtained directly from MD simulations with those
predicted by the Langevin model. This serves as a self-
consistency test, because both F(q) and D(q) influence FPT
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inferred D(q) from a short trajectory using non-regularized (green)
and optimally regularized (red) variational fitting. (c) Root-mean-
squared deviation (RMSD) between the inferred and true diffusion
profiles for a range of regularization strengths.

distributions, especially when the free-energy barrier is small.
The Langevin model accurately reproduces the MD results as
evidenced by a close overlap of both FPT distributions. Fur-
thermore, the mean first-passage time from MD is ⟨τFP⟩ =
41±3 ns, while the Langevin model yields ⟨τFP⟩= 37.7±0.7
ns.

C. Relaxation from the free-energy barrier

The third example differs fundamentally from the preced-
ing two because both F(q) and D(q) are inferred from non-
equilibrium trajectories. Two cases are considered. In the
first case (setup 1, blue symbols in Fig. 8B), the analytical
form of the free energy is fixed while only the diffusion pro-
file is optimized. This setup represents a situation in which
the free-energy profile has been determined independently us-
ing one of the enhanced sampling techniques. In the second
case (setup 2, red symbols in Figs. 8A and 8B), both F(q)

0.0

0.1

0.2

0.3

0.4

0.5

0.6

βF
(q
)

A

−200 −100 0 100 200
q [Å]

0.05

0.10

0.15

0.20

0.25

D
(q
) [

Å2
/p

s]

B
Wang et al. random biased

FIG. 5. (a) Free-energy profile along the z-coordinate of water
molecules estimated using the standard histogramming technique.
(b) The corresponding position-dependent diffusion profiles com-
puted using random (blue symbols) and biased (red symbols) Monte
Carlo move proposals. Reference values of diffusion coefficient, in-
cluding error bars, for Martini3 water beads (denoted by the grey
interval) refer to the work of Wang et al.49. Dotted lines are shown
as guides to the eye.
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FIG. 6. Comparison of convergence rates for random (blue) and bi-
ased (red) Monte Carlo move proposal schemes applied to water dif-
fusion across the interface of a FUS-LCD condensate.

and D(q) are optimized simultaneously, corresponding to a
situation where only the transition-state location is known in
advance, but not the detailed shape of F(q).

In both cases, the true diffusion profile is accurately recov-
ered. The free-energy profile is also well reproduced when
both F(q) and D(q) are optimized. As expected, the sec-
ond case requires substantially more optimization steps, with
the exact number depending on the maximum allowed Monte
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Carlo step size. Overall, this example demonstrates that even
a limited set of non-equilibrium trajectories contains sufficient
information to reliably extract both F(q) and D(q) using our
approach, in agreement with Refs.31,38.
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and D(q) simultaneously. Dotted lines are shown as guides to the
eye.

IV. CONCLUSIONS

In summary, we have presented a variational method for
an efficient parameterization of overdamped Langevin mod-
els from projected molecular dynamics trajectories in terms
of free-energy and diffusion profiles. When a Markovian time
series with high temporal resolution is available, the method
is particularly efficient because analytical approximations for
the propagators can be employed. For more coarsely sampled
trajectories, we proposed a robust but computationally more
demanding alternative. A further advantage of our approach
is that evaluating the loss function is computationally inexpen-
sive. This efficiency gain is particularly relevant for recently
developed methods for the automatic learning of optimal re-
action coordinates, which require re-parameterization of the
Langevin model at every iteration of the learning procedure53.

We also emphasized efficient minimization of the loss func-
tion and demonstrated how effective Monte Carlo moves can
be generated within our framework. Similar speed-ups could
be achieved in likelihood-based methods by retaining success-
ful Monte Carlo proposals to guide future updates, although
this would require additional tuning of parameters that con-
trol how past proposals are replaced by new ones.

Applying the method on three diverse representative sys-
tems encompassing both equilibrium and non-equilibrium
conditions demonstrates its robustness, efficiency, and accu-
racy. Our aim for future work is to extend the present frame-
work to multidimensional collective variable spaces.

SUPPLEMENTARY MATERIAL

Supplementary material includes additional detailes about
the Monte Carlo optimization, water diffusion dependence on
the lag-time in the biomolecular condensate and discretization
of the Fokker-Planck equation.
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