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—— Abstract

In this work we consider two rich subclasses of weighted automata over fields: polynomially ambiguous
weighted automata and copyless cost register automata. Primarily we are interested in understanding
their expressiveness power. Over the field of rationals and 1-letter alphabets, it is known that the
two classes coincide; they are equivalent to linear recurrence sequences (LRS) whose exponential
bases are roots of rationals. We develop a tool we call Pumping Sequence Families, which, by
exploiting the simple single-letter behaviour of the models, yields two pumping-like results over
arbitrary fields with unrestricted alphabets, one for each class. As a corollary of these results, we
present examples proving that the two classes become incomparable over the field of rationals with
unrestricted alphabets.

We complement the results by analysing the zeroness and equivalence problems. For weighted
automata (even unrestricted) these problems are well understood: there are polynomial time, and
even NC? algorithms. For copyless cost register automata we show that the two problems are
PSPACE-complete, where the difficulty is to show the lower bound.
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1 Introduction

Weighted automata are a computational model assigning values from a fixed domain to
words [12]. The domain can be anything with a semiring structure. Typical examples are:
fields [28], where in particular probabilistic automata assign to every word the probability of
its acceptance [24]; and tropical semirings, popular due to their connection with star height
problems [16]. In this paper we focus on weighted automata over fields. These are finite
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(a) A four state unambiguous weighted automaton (b) A 2-state polynomially ambiguous weighted
A over a 1-letter alphabet {a}. Nonzero initial labels automaton B over the alphabet {a}. Note that
for p1 and ¢; have value 1. The nonzero final states every word a™ has n runs with value 1, hence

are p2 and q1, both with weight 1. For every word B(a™) =n.
a™ there are two runs: on the left of value 1-2"; on
the right of value 1-3™. Depending on the parity
of n only one of the runs has nonzero output, thus
A(a™) = 3" for even n, and A(a™) = 2", otherwise.

Figure 1 Weighted automata over the field of rationals Q(+,-). For clarity, we omit zero labels.

automata with transitions, input and output edges additionally labeled by weights from the
field. On an input word the value of a single run is the product of all weights, and the output
of the weighted automaton is the sum of values over all runs. See Figure 1 for examples.

Unlike finite automata, nondeterminism makes weighted automata more expressive. This
naturally leads to the decision problem of determinisation: given a weighted automaton
does there exist an equivalent deterministic one? Over fields, it was recently shown that
the problem is decidable [4], later improved to a 2-EXPTIME upper bound on the running
time [5]. Both papers rely on techniques used to obtain Bell and Smertnig’s result [3]
characterising the intermediate class of unambiguous weighted automata: a subclass that
allows nondeterminism, but for every word there is at most one run of nonzero value. The
authors proved Reutenauer’s conjecture [26], which we explain below.

Given a weighted automaton W over the alphabet ¥ consider W(¥*), the set of all outputs
over all words. For example, in Figure 1 we have: A(a*) = {22"*! |n e N}U{3?" |n e N};
and B(a*) = N. Reutenauer’s conjecture (now Bell and Smertnig’s Theorem) states that
for every weighted automaton W over a field K: there exists an equivalent unambiguous
weighted automaton if and only if there exists a finitely generated multiplicative subgroup
G C K such that W(X*) C G U {0}. For example A(a*) C G4, where G 4 is generated
by the transition weights {2,3}. It is not hard to see that this construction generalises to
every unambiguous weighted automaton, the crux is to prove the other implication. As an
immediate nontrivial application, notice that there is no unambiguous weighted automaton
equivalent to B, as the set N\ {0} is not contained in any finitely generated subgroup.

The equivalence problem for weighted automata over fields is famously decidable in
polynomial time [28]. However, most natural problems are undecidable [24, 14, 11, 10]. This
triggered the study of intermediate classes between deterministic and unrestricted weighted
automata. One way to define such a class is based on ambiguity, generalising unambiguous
weighted automata. A much broader class are polynomially ambiguous weighted automata,
where the number of accepting runs is bounded by a polynomial in the size of the input word
(see Figure 1b). Restricting the input automaton to polynomially ambiguous can significantly
lower the complexity of a problem, for example, the discussed problem of determinisation is
known to be in PSPACE over the field of rationals [17]. Another way to define such a class
comes from cost register automata [1] (CRA), a deterministic model with polynomial register
updates. In this context it is natural to consider its copyless restriction (CCRA), because
every function recognisable by a CCRA is also recognisable by a weighted automaton [20]
(for simplicity the definition of CCRA is postponed to Section 2).
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As far as we know, these two classes, polynomially ambiguous weighted automata and
copyless CRA, are the richest studied classes that are known to be strictly contained in the
class of unrestricted weighted automata. Over the tropical semiring they are known to be
incomparable in terms of expressiveness [21, 9], which suggests the same over fields. One
attempt to prove this result was in [2], where the authors considered weighted automata
over the field of rationals with 1-letter alphabets. By identifying words a™ with their length
n, one can view such automata as sequences. In fact weighted automata over 1-letter

alphabets are equivalent to the well-known class of linear recurrence sequences (LRS) [22].

In [2], the authors prove that polynomially ambiguous weighted automata and copyless CRA
coincide, and that they are also equivalent to the class of LRS whose exponential bases are

roots of rationals. This means that in the exponential polynomial representation of LRS:

S pi(x)A?, for every i there is an n; such that A\ € Q. In particular this shows that the
Fibonacci sequence does not belong to this class, as the golden ratio ¢ is not of this form.

Our Contribution

Our work can be seen as a follow-up to [2]. An immediate corollary of our results is that
polynomially ambiguous weighted automata and copyless CRA over the field of rationals
are incomparable classes in terms of expressiveness. To prove this, we developed a tool we
call Pumping Sequence Families (PSF), which allows us to exploit the behaviour of these
classes over 1l-letter alphabets. In the following we use the standard sequence notation
(an)n = ag,a1,as,....

» Definition 1. A Pumping Sequence Family of a function f : ¥* — A, for any set A, is the
set of all sequences of the form f(u,w,v) = (f(uw™v)),, with u,w,v ranging over all words

in ¥*. We denote it by PSF(f).

One should think that f is being projected onto many single-letter-like cases at once, where
w plays the role of the single letter in the alphabet, while v and v correspond to slight
adjustments of respectively the initial and acceptance conditions. The definition of PSF(f)
exploits that u, v and w range over all words, which captures behaviour beyond the single
letter alphabet case. Using fixed words one cannot differentiate polynomially ambiguous
weighted automata and copyless CRA due to [2, Theorem 6, Theorem 13]. However, this
simple extension of the single letter case analysis will be enough to show those models to be
incomparable. To showcase our approach, let us consider a simple application for languages,
where A = {T, 1} (meaning acceptance and rejection of the word).

» Example 2. Consider f: {a}* — {T, L} which maps all words of even length to T and
all others to L. Then PSF(f) consists of four sequences (for simplicity we write an example
generator for each sequence):

f(g £,e)=T,T,T,T,...

flae,e) =L, 1, 1,1, ...
fle,a,e)=T,L,T,L,...
fla,a,e) =L, T,1,T,....

» Example 3. Consider ¢ : {a,b}* — {T, L} which maps all words of the form a™b"™ to T
and all others to L. Then PSF(g) is an infinite set:
(ab,e,e)=T,T,T,T,...
(a,e,e)=L, L, 1,1, ...
(e,ab,e)=T,T,L,1,..
(ab,b,e)=1,...1,T, J_ 1,... for every k > 0.
\‘,_/

> © ©» »
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The above examples already present us with a simple use case for Pumping Sequence
Families. By looking at the transition function of the underlying DFA we can see that, gener-
alising Example 2, for a regular language the Pumping Sequence Family of its characteristic
function will be finite. However, as witnessed in Example 3, the Pumping Sequence Family
of the context-free language L = { a*b* | k € N} is infinite, proving that it is not regular and
thus differentiating regular and context-free languages. Note that, due to Parikh’s theorem,
over 1-letter alphabets the two language classes are equivalent and semi-linear. Meaning if
we would fix u, v and w then simply looking at the single letter case behaviour we would not
be able to differentiate these classes.

We now present how we use Pumping Sequence Families for weighted functions. There
the set A from Definition 1 is simply the underlying field.

For a function h recognised by a Copyless Cost Register Automaton we will restrict
elements of its Pumping Sequence Family. Note that, since copyless CRA are a subset
of weighted automata, elements of PSF(h) can be essentially represented as exponential
polynomials. Consider such a sequence a,, = Zle pi(n)AT. Let us write the polynomials p;
explicitly: p;(z) = X7, a; ja7. For every degree k we define the sum of k-degree coefficients

Sk((an)n) = Zle a; k. In Theorem 15 we show that, up to minor technical details, for all
Ek the set { Sk((an)n) | (an)n € PSF(h) } is contained in a finitely generated subsemiring R.
For intuition, if we consider the generators {%, %}, by adding, subtracting and multiplying,
they generate R = { ¢ | a € Z,k € N}. This allows us to give an example of a polynomially
ambiguous automaton that is not definable by any copyless CRA (the proof is short but
technical, see Example 17).

For polynomially ambiguous weighted automata, our work is inspired by [25], where the
authors attempt to characterise polynomially ambiguous weighted automata in a similar
manner to Bell and Smertnig’s Theorem. For a function recognised by a polynomially
ambiguous weighted automaton W and given a sequence (¢,), € PSF(WW) consider again
its exponential polynomial Zle pi(x)A? and let E((cn)n) = {Ai |1 <i<d} be the set of
exponential bases. In Theorem 28 we show that the set U, ) cpspony) £((cn)n) is contained
in a finitely generated subgroup G. We provide a self-contained proof, and we show that
our property, which is simpler to work with when considering examples, is equivalent to the
one in [25] (conjectured to characterise polynomially ambiguous automata). We obtain a
corresponding, simple but technical, example of a copyless CRA that is not definable by any
polynomially ambiguous weighted automaton (Example 29).

In this context a natural question is whether our property for copyless CRA can be
a characterisation. We conjecture that it is not the case and that, in some sense, such a
characterisation should not exist. We show examples of functions that satisfy the property
we developed for CCRA, but we find it unlikely that there are CCRA that define them.
More generally, in [21] the authors prove that the class of CCRA is not closed under reversal
for the tropical semiring. More precisely, there is a CCRA C such that there is no CCRA
C'(w) = C(w"), where w” is w reversed. We conjecture that over fields CCRA are also not
closed under reversal, which makes such characterisations unlikely.

Our final contribution is the analysis of the equivalence and zeroness problems for both
classes. As already mentioned for weighted automata (even without restrictions) equivalence
and zeroness are in polynomial time [28] and even in NC? [29]. For copyless CRA the
translation to weighted automata [20] yields an exponential blow up in the size of the
automaton (we provide a self-contained short translation). Since problems in NC? can be
solved sequentially in polylogarithmic space [27], this yields a trivial PSPACE algorithm. Our
contribution is a matching PSPACE lower-bound.
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» Theorem 4. Zeroness and equivalence problems are PSPACE-complete for CCRA over Q.

Organisation

We start with definitions in Section 2. In Section 3 and Section 4 we prove the properties of
copyless CRA, and polynomially ambiguous weighted automata, respectively; and we present
examples separating the classes. In Section 5 we discuss the decision problems.

2 Preliminaries

Let N:={0,1,2,...}. For a field K, let K* := K \ {0} denote the multiplicative group of
nonzero elements. We sometimes write 1x and O for the elements 1 and 0 of the field, to
emphasize which 1 and 0 we mean.

2.1 Automata and Sequences

A weighted automaton over a field K is a tuple A = (d, %, (M(a))aes, I, F), where: d € N is
its dimension; ¥ is a finite alphabet; M (a) € K% are transition matrices; I, F' € K¢ are the
initial and final vectors, respectively. For simplicity, sometimes we will write A = (d, M, I, F'),
that is, we will omit ¥ in the tuple.

Weighted automata can be defined more generally over semirings, but in this paper we
only consider the case of fields. The field Q is already rich enough to produce all phenomena
of interest to us. Thus, our examples will be for Q with the usual addition and product,
unless stated otherwise.

Given a word w = wy ... w, € *, we denote M (w) == M (wy)-...- M(wy,). In particular
M (€) is the d x d-identity matrix. A weighted automaton defines a function A: ¥* — K, by
A(w) =17 - M(w) - F. We say that a weighted automaton A is a linear recurrence sequence
(LRS) if |X| = 1. Then, by identifying ¥* with N, that is, identifying the word a™ with its
length n, we write that A4: N — K. We will also denote such sequences (a,), instead of A,
where a,, == A(n).

» Example 5. Consider an LRS A = (2,M,I,F), where: M = (}1); I =(}) and F = (9).
Then A(n) = a, = n.

For weighted automata we define their underlying automata. A weighted automaton
A=(d, %, (M(a))ees, I, F) can be interpreted as an automaton with states {1,...,d} such
that for every a € ¥ a nonzero entry in M,[i, j] defines a transition from i to j labeled by a
of weight M,[i, j] (thus we ignore transitions of weight 0). Similarly, initial and final states
are i such that I[i] and F[i] are nonzero, respectively. Their weights are I[i] and F[i]. By
ignoring the weights of transitions, initial and final states, we obtain a finite automaton B,
which we call the underlying automaton of A.

» Example 6. The LRS A = (2, M, I, F) in Example 5 is an equivalent presentation of the
weighted automaton B in Figure 1b.

A weighted automaton A is polynomially ambiguous if there is a polynomial function
p: N — N such that for every w € ¥* the number of accepting runs of the underlying
automaton on w is bounded by p(|w]). For example, the automaton in Example 6 is
polynomially ambiguous as it suffices to take p(n) = n. In general this is a strict subclass:
there exist weighted automata that are not equivalent to any polynomially ambiguous
weighted automata.

67:5
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LRS can be characterised in another way. An LRS (a,,),, can be defined by a (homogeneous)
recurrence relation of the form a, 4, = Zi:o ¢; - any; With ¢; € K and k initial values ag,
..., ag—1. Here k is the order of the recurrence. For instance, the LRS (ay,), from Example 5
can be defined by an42 = 2a,41 — a, and a9 = 0, a3 = 1. It is well-known that the two
definitions coincide [15, Lemma 1.1] [8, Proposition 2.1]. Moreover, the translation is effective
in polynomial time, and under this translation, the dimension d of the weighted automaton
equals the order k of the recurrence.

Any given LRS (a,,), satisfies many different linear recurrences. However, it is well-
known that there is a unique (homogeneous) recurrence of minimal order satisfied by (ay,),, [6,
Ch. 6.1]. The corresponding order k is then the order of the LRS. This minimal recurrence
gives rise to the characteristic polynomial ¢ = x* —cj_12*~1—-- - —cg of (ay), [6, Ch. 6.1] [13].
The roots of the characteristic polynomial (considered in the algebraic closure K) are the
characteristic roots of the LRS (an)n.-

» Example 7. Continuing from Example 5, the characteristic polynomial is ¢ = 2% —2z+1 =
(r — 1)2. Hence, the only characteristic root is 1 (with multiplicity 2).

The characteristic roots of LRS definable by polynomially ambiguous weighted automata
are always roots of elements of K [2, 18, 25]. So, for example, the Fibonacci sequence
Fo=0, Fy =1, F1o = F,11+ F,, is not recognised by a polynomially ambiguous weighted
automaton over Q, as its characteristic roots are the golden ratio ¢ = % and ¢ = 177\/5

We recall an additional characterisation of LRS, namely as coefficient sequences of rational
functions, leading to exponential polynomials. See also [6, Chapter 6][13][15, Proposition 2.11]
or [19, Appendix A]. A sequence (ay), is an LRS if and only if the (formal) generating
series F =3 > jan,z" € K[z] is a rational function: the series F' is the formal Taylor series
expansion of some p/q with p, ¢ € K[x] coprime polynomials and ¢(0) # 0. For nonzero
X € K, the following are now equivalent:

A is a characteristic root of (ap)n;

A appears as an eigenvalue of M (a) in a weighted automaton representation of (ay,), of

minimal dimension;

1/X is a pole of F, that is, ¢(1/\) = 0.

Further, the characteristic roots appear as eigenvalues of M (a) in every representation of
(an)n using a weighted automaton. But in a weighted automaton that is not of minimal
dimension, the matrix M (a) may have additional eigenvalues.

In characteristic 0, every LRS (ay)n, has, for large enough n, a representation as an
exponential polynomial sequence (EPS):

k
ay, = Z q;(n)A!  for sufficiently large n,
i=1

with ¢; polynomials over K and )\; € K the nonzero characteristic roots of (ay, ),,. Furthermore,
the exponential bases A; and the polynomials ¢; are uniquely determined by (ay, ).

» Example 8. The Fibonacci numbers admit the representation F,, = %g@” — %wn.

In characteristic p > 0, the situation is more complicated (see [19, Appendix A]): an
LRS may not have a representation by an exponential polynomial (even for large n). If it
does have such a representation, it is however still unique as long as the polynomials ¢; are
chosen of minimal degree, that is, with deg(g;) < p. Further, every EPS is an LRS, and the
exponential bases of the EPS are precisely the nonzero characteristic roots of the LRS.
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2.2 Cost Register Automata

We will introduce one more formalism that generalises weighted automata to polynomial
updates [1]. A cost register automaton (CRA) over a field K is a tuple C = (Q, g0, d, X, 0, 1, V),
where: () is a finite set of states; ¢ € ) is the initial state; d € N is its dimension; X is a
finite alphabet; §: Q x ¥ — Q x Poly? is a deterministic transition function, where Poly?
is the set of d-dimensional polynomial maps; p: K% is the vector of initial register values;
and v: Q — Polyd is the final function. Here, a polynomial map P € Polyd is a tuple
P = (p',...,p%) with polynomials p’ € K[z1,...,z4]. Every polynomial map induces a
function K¢ — K<

Given ¢ €  and a € X we write pg o for the polynomial map such that 6(¢,a) = (¢, pg.a)
for some ¢’ € Q. Note that if we ignore the polynomials in 0, then (Q, qo,X,d) is just a
deterministic finite automaton without final states. Thus, given a word w, there is a unique
state reachable from gy when reading w. We will denote it g,,. For words w € ¥ we define
polynomial maps p,, by induction: if w = a € ¥ is a letter then p,, = pg,,a; otherwise if
w = w'a for a letter a € ¥ then p, = py,, .4 © Pu-

A CRA defines a function C: ¥* — K, similarly to weighted automata. Formally, given a
word w = w;y ... w, € ¥* we define C(w) = (V(quw) © Puw)(1)-

» Example 9. We can define the automaton recognising the same function as in Example 5.

There is only one state, which is also initial, and only one letter. The dimension is 2, we
will label the two resulting registers as x and y. There is only one transition defined by the
polynomial map (p*, p¥) with p®(z,y) = z + y and p¥(x,y) = y. The initial vector is defined
by u(z) =0, u(y) = 1; and the output is the polynomial z.

One can think of the polynomial maps as generalising linear updates definable by matrices.

When restricting the model to linear polynomials, the CRA formalism is equivalent to weighted
automata [1], and it is called linear CRA. The resulting weighted automaton is of polynomial
size in the size of the linear CRA. Note that CRA use separate notions of states (the set
Q) and registers (i.e., the dimension d). In general, states are not needed, as one can easily
encode the states by enlarging the dimension to d x |@Q|, even for linear CRA. However, such
encodings do not preserve the copyless restriction on CRA, which we discuss next.

A copyless CRA (CCRA) is a CRA such that all polynomial maps in the transition
function and the output function are copyless. A polynomial map P € Poly? is copyless if it
can be written using sum, product, variable names and constants using each variable name
only once. In particular z* for k > 1 is not copyless.

» Example 10. For d = 3 the map P is defined by three polynomials p®(z,y, z), p¥(z,y, z)
and p*(x,y,2). If p* = (x+3) - (y+ 2), p¥ = 7 and p* = 1, then P is copyless; but if
p* =y+1, py =y and p® = z, then P is not copyless.

It is easy to see that copyless polynomial maps are preserved under composition. Thus, in a
CCRA all polynomial maps p,, are copyless.

Functions definable by Copyless CRA are known to be definable by weighted automata
[20, 21].

3 Pumping Sequence Families of CCRA

Throughout the section, fix a field K. In this section we prove a result restricting Pumping
Sequence Families of CCRA. This result will be based on the observation that sequences
of the form (A(uw™"+1v)),,, obtained from a CCRA A, are always representable by very
particular exponential polynomials. To this end, we first introduce the following class of
functions.

67:7
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» Definition 11. A K-valued sequence (ay )y is an exponential polynomial sequence generable
from A C K (in short, an A-generable EPS) if it can be obtained, using pointwise products
and sums, from the following sequence families:

Constant sequences (o), for a € A,

The linear sequence (n - 1x)n,

Ezponential sequences (that is, geometric progressions) (a™), for a € A,

Sequences of the form (%104" — ﬁ)n for1#£a € A.

«

The last family may be a bit unexpected at first glance. It arises from the geometric sum

1 1 a —1
o — = =
a—1 a—1 a—1

n—1
Yook (a#),
i=0
with the representation in Definition 11 corresponding to the normal form for exponential
polynomials (with the two exponential bases a and 1x). Because possibly 1/(1 — «) € A,
this last family cannot always be generated from the other three families.

n

» Example 12. Since ), _01 of = (a(a+1)+1)) +1, the geometric sum appears when

iterating a copyless update rule of the form = +— ax 4 1 from the starting value 1.
Taking A = K, the class of K-generable EPS admits a more familiar description.

» Lemma 13. A sequence (an), is a K-generable EPS if and only if it is an EPS with
coefficients and exponential bases in K.

Proof. We first check that every K-generable EPS is indeed an EPS. Since EPS with
coefficients and exponential bases in K are closed under products and sums, it suffices to
verify the claimed property for the families in Definition 11. However, each of these families
is obviously an EPS and the only exponential bases that appear are 1x and o € K.
Conversely, suppose that (a,), has a representation a, = D \cxx D=0 ax,in' A" with
ay,; € K (only finitely many of which are nonzero). Each of (o i)n, (n")n and (A"), is
clearly a K-generable EPS, and so is therefore (ay, ). <

Recall that the exponential bases being contained in K is a nontrivial restriction on an
EPS. In general, these will be contained in the algebraic closure K. In particular, every
A-generable EPS is trivially a K-generable EPS, and hence by Lemma 13 an EPS (in the
sense discussed in Section 2), so that our terminology is consistent. Working with, possibly
proper, subsets A C K will be crucial to obtain a pumping-like criterion that is strong enough
to differentiate between CCRA and polynomially ambiguous WFA.

We need a final definition before stating our main theorem of the section.

» Definition 14. Let R C K be a subsemiring. An R-CCRA is a CCRA with all of its initial
register values, output expression and transition coefficients in R.

We will now exploit Pumping Sequence Families, the main tool introduced in this paper
(recall Definition 1).

» Theorem 15. If R C K is a subsemiring and f: ¥* — K is recognised by an R-CCRA,
then there exists m > 1 such that,
for every g € PSF(f), the sequence (h(n)), = (g(m(n+1))), is an R-generable EPS, and
if the characteristic of K is 0 and q is the exponential polynomial representing h, then
for every k € N the sum of k-degree coefficients Si(q) is in R.
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Figure 2 Two simple single-state CCRAs on a
single-letter alphabet (Example 16).

al2 al?2 all x=2x+vy,y =4, .—)ﬁ
b|1 b|1 b1 z=%2+1
%Mg“& x’yv'z::l}l\ﬁz

Figure 3 A polynomially ambigu- Figure 4 A simple CCRA and its variable flow
ous weighted automaton with no equi- graph. Red nodes are constant registers; blue nodes
valent CCRA (Example 17). are updating ones (Definition 19).

The sum of k-degree coefficients Sy, (g) is obtained by summing all the coefficients of z*
in g across all the exponential bases (see [19, Appendix A] for a detailed discussion). The
characteristic condition in the second property can be removed, leading to a slightly weaker
result which is discussed in [19, Appendix B.7].

It is obvious that, for any input, the output of an R-CCRA is in R. However, this is
different from the property in Theorem 15 — we make a claim about the coefficients of the
exponential polynomial, not the values that it takes. The individual coefficients do not need
to always lie in R, as the following example illustrates.

Observe that we can assume R is finitely generated — by the initial register values, output
expression and transition coefficients of the CCRA.

» Example 16.
Consider the left Z-CCRA in Figure 2. On words of the form a"*!, this CCRA outputs
qn) =An+1) = L;’l =32.3" — 1.1" Even though the automaton itself only uses
integer coefficients, a denominator 2 appears in the coefficients of q. However, the sum of
the coefficients is So(g) = 2 — 2 = 1, an integer.
The second Z-CCRA in Figure 2 outputs

5n+2 _

71(”+7)+3n+1 = (2n+12).5"+3.3"+ (—in—1)-1" = q(n).

B(an—i-l) — 1

Here Si(q) =22 —1=6€Zand Sy(q) = +3- 7 =45€ Z.

Before proving Theorem 15, we demonstrate how it can be applied. We use it to show
that not every function recognisable by a polynomially ambiguous WFA can be recognised

by a CCRA.

» Example 17. The automaton in Figure 3 is polynomially ambiguous. Let f: {a,b}* — Q
be the function associated with the automaton and, for the sake of contradiction, assume
that f can be recognised by a CCRA. This yields a finitely generated subsemiring R and
a natural number m such that for all g € PSF(f), the sequence (h(n)), = (g((n + 1)m)),
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meets the conditions from Theorem 15. Consider, for any k, gi = f(a, a*b,e) € PSF(f). By
grouping the paths based on which b is used to transition between the second and third state,

we get
m(n+1)
hi(n) = ge((n + 1)m) = k2% + 2k2°F 4 - 4 m(n + k2R = N g2k,
j=1
. . . NN B Ll (O L v : : :
Using the identity > jor Jat = B o) which can be derived from the geometric

41

sum o) = “—* by formal differentiation and some easy manipulations, one finds

hi(n) = q1(n) - (28™)" + go(n) - 17,
with

km2kmtk  p(m2k —m — 1)2kmtk k2F
al) =gyt 2F -1 and g2(n) = 737

We have Sy (hi) = km2Fm+* /(2 —1). Only a finite set of prime numbers can appear
among denominators of elements of R and only finitely many primes divide 2m, we can thus
take a prime p that fulfills neither of these conditions. We can also now fix k = p—1. We get

(p — 1)m2(p_1)m+p_1

S1(hp71) = -1 _ 1

Since p t 2m, the numerator is not divisible by p. However, by Fermat’s Little Theorem,
the denominator is. As we have assumed that p does not appear in the denominator of any
element of R, this means S;(h,—1) € R, contradicting the statement of Theorem 15.

We record the conclusion as a theorem.

» Theorem 18. If |X| > 2, then there exist functions f: ¥* — Q that are recognisable by a
polynomially ambiguous weighted automaton, but not by a Q-CCRA.

Proof. By Example 17. <

3.1 The Proof of Theorem 15

The proof of Theorem 15 proceeds in several steps. We start with a very simple case and
then, in each step, use the previous result to show a slightly more general one.

» Definition 19. A single letter, single state CCRA is simple if, in the transition, every
register value is either set to a constant (constant registers), or depends only on its old value
and on the values of constant registers (updating registers).

Since there is only one state, there is also only one transition, so the definition makes sense.
We can visualise constant and updating registers with a graph representing the dependency
of register values on each other (Figure 4).

» Lemma 20. If A is a single state, single letter simple R-CCRA, then (A(a™*1)),, is an
R-generable EPS.

Proof. In a simple CCRA, the register values change in very simple ways. For constant
registers, after the first transition, they remain set to the same values. For updating registers,
the first update is special. However, after that, the input they get from the constant registers
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Figure 5 An example for variable flow graphs of A and B in the proof of Lemma 21.

stabilizes. Let us consider what happens from that point on. After the first step, the register
values are of course still in R. Since the updating registers can only depend on themselves
and constants, the update formulas can be reduced to the form x := ax 4 § for constants
a, B € R. This gives us an LRS (2,41 = az, + ). Solving the LRS, we need to distinguish
two cases. For a = 1, the solution is

B B

a—1 a-—1

Tpt1 = 21 + B0, and for o #£ 1 it is Tpt1 = +a"x.
In both cases the sequence (x,,11), is clearly an R-generable EPS. Constant registers, leading
to constant sequences, also clearly are R-generable EPS.

The output expression combines these sequences using sums and products of the sequences
and additional constants from R. These operations preserve the property of being an R-
generable EPS, and so the sequence (A(a"*1)),, is an R-generable EPS. <

In the next two lemmas we will reason about the behaviour of CCRA on cycles. Similar,
but different, observations were made in [21, Proposition 1 and Lemma 4].

» Lemma 21. If A is a single state, single letter R-CCRA (not necessarily simple) with r
registers, then (A(a™("+1)),, is an R-generable EPS.

Proof. Consider the compound effect on registers of the letter a being applied 7! times.
We can get the corresponding expressions simply by composing the substitution 7! times.
They will still of course be copyless and polynomial, meaning we can create an auxiliary
CCRA B with a 1-letter alphabet such that B(a™) = A(a™). It is also easy to see, from
how substitutions compose, that B is still an R-CCRA.

We claim that the new CCRA B is simple: we will prove this by looking at the variable
flow graph of A. Since A is copyless, there is at most one outgoing edge from any vertex. In
BB the expression for register v will use u if and only if in the variable flow graph of A there
is a path of length r! from w to v. (This is visualised in Figure 5.)

Consider an arbitrary register ¢. It will either be in a cycle on the graph of A or not.
Assume t is not in a cycle and there is a path of length 7! from some register v to t. Such a
path would have to contain a cycle. However, that is impossible, since each vertex has at
most one outgoing edge and ¢ itself is not in a cycle. This means ¢ will be a constant register
in the auxiliary automaton.

Now assume t is in a cycle in the variable flow graph of A, and let [ be the length of the
cycle. We want to prove that ¢ is an updating register in . Assume there is a path of length
r! from some u to t. To show that ¢ is an updating register, we need to show that either
u =t or u is a constant register in B. If u is in the same cycle as ¢, we have v = t, since [ | r!.
If u is outside the cycle containing ¢, then u cannot be a part of any cycle, as any vertex can
have at most one outgoing edge. This means that u is a constant register in B. Thus, the
auxiliary CCRA B is simple, and we can apply Lemma 20 to it, finishing the proof. <
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x1 = p1(x) Ty = ¢ (z)
7 = 90(a) z=a o = ol (a)
4 L A
xr, = cM gp(x) €1 = <P1(95)v (p/(l')
. o(z) ,_
Ty = Cp T = p ()

Figure 6 The two possible forms the auxiliary automaton B can take in the proof of Lemma 22.
z1:=0 zy = i1o1(z) + (1 —i2)pl(z) i1:=0

Tr =0 T = dor_100(x) + (1 —idor )@l (2')  dorp2 =0

iar410(2) + (1 — d2r42)" (2)
Tri=cr X =0 dopgo =1

Figure 7 How to transform B into a single state automaton in the proof of Lemma 22.

» Lemma 22. If A is a single letter R-CCRA (not necessarily single state) with s states
and r registers, then (A(a4r2)''+1)Y) is an R-generable EPS.

Proof. Consider the compound effect on registers of the letter a being applied s! times. We
can get the corresponding transitions between states by looking at paths of length s!, and
corresponding update expressions by composing appropriate s! substitutions. The updates
will of course still be copyless and polynomial, and the transitions deterministic, meaning
we can create an auxiliary CCRA B such that B(a") = A(a™"'). Note that the transition
expression coefficients will all still be in R, so B is still an R-CCRA. Since A is deterministic,
after at most s steps it always reaches a cycle. This cycle has length at most s, and so its
length divides s!. This means that, after trimming B, we get an automaton of one of the
forms in Figure 6.

We want to reduce B to only one state. The first possible form already has only one
state. The second one can easily be simulated with one state, as shown in Figure 7. After
this operation, the automaton B is a single-state R-CCRA with 4r + 2 registers such that
B(a™) = A(a™"). This lets us use Lemma 21 and finishes the proof. <

» Lemma 23. If A is an R-CCRA (not necessarily single letter) with r registers and s
states, then, for all w € X%, the sequence (A(w T2 +1)Y) is an R-generable EPS.

Proof. Consider the composite effect of the word w on registers and state transitions. This
effect is still copyless, polynomial, deterministic and all the transition coefficients are still in
R. We can thus create an auxiliary R-CCRA B such that A(w™) = B(a™). The CCRA B
has a one letter alphabet, letting us use Lemma 22 and finishing the proof. <

» Lemma 24. [f A is an R-CCRA with r registers and s states, then, for all u,w,v € ¥*,
the sequence (A(uw® 2! (1)), is an R-generable EPS.
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Proof. Adding some prefix u simply changes the initial register values. The register values
are of course still in R. Adding a suffix v simply changes the output expression. Its coefficients
are of course still in R. Thus, we obtain an R-CCRA B with B(z) = A(uzv) for all words
x € ¥*. By Lemma 23, the sequence (A(uw™v)),, = (B(w™)), is an R-generable EPS. <«

We also need the next lemma which is proven in [19, Appendix B].

» Lemma 25. If R C K is a subsemiring, char K =0, (ay)n is an R-generable EPS and q
is the exponential polynomial representing (an)n, the sum of k-degree coefficients of q is in R.

We can finally prove the main theorem of Section 3.

Proof of Theorem 15. Let A be an R-CCRA recognizing f. Let m = (4r + 2)!s!, where r
is the number of registers and s is the number of states of A. By Lemma 24 the sequence
(R(n))n = (g((n+1)m)),, == (f(uw™*+Nv)), is an R-generable EPS. Let ¢ be the exponential
polynomial representing h. By Lemma 25, for every k, the sum of k-degree coefficients of
this representation is in R. |

3.2 CCRA versus R-generable EPS

We have seen that, for functions f: 3* — K recognisable by a CCRA, there always exists
a finitely generated subsemiring R and m > 1 such that for all g € PSF(f) the sequence
(9((n+1)m)), is an R-generable EPS. We conjecture that this is not sufficient to characterise
functions recognised by CCRA, even if it is already known that the function is recognised by
a weighted automaton.

At present, we do not have a counterexample, but we outline a plausible candidate in this
subsection. However, it appears difficult to prove that the given function is not recognised
by a CCRA.

» Example 26. Consider the following function f: {0,1}* — Q. Given w € ¥*, let
0 < k1 < ko < ... < k. be the indices of all 1’s in w, e.g. for w = 0110 we have: r = 2,
ki =2, ko = 3. Then f(w) =Y ._, ki.

Technical computations show that each element of PSF(f) is a $Z-generable EPS ([19,
Appendix B]). Nevertheless, it appears unlikely to us that f could be recognised by a CCRA.

The reason why functions can or cannot be recognised by a CCRA can be subtle: while it
appears that the function f in Example 26 cannot be recognised by a CCRA, the following
example shows a function of similar nature that can be recognised by a CCRA.

» Example 27. We define g: {0,1}* — Q: as before, given w € ¥* let 0 < k1 < ko < ... <k,
be the indices of all 1’s. Then g(w) =Y _;_; 2Fi is recognised by the CCRA in Figure 8.

Another promising example is discussed in [19, Appendix B].

4 Pumping Sequence Families of Polynomially Ambiguous WA

In this section we prove a result restricting Pumping Sequence Families of polynomially
ambiguous weighted automata.

» Theorem 28. If f is recognised by a polynomially ambiguous weighted automaton over K,
then there exist a finitely generated multiplicative semigroup G C K and N > 1 such that
the characteristic roots of every sequence in PSF(f) are contained in G,
and oN € K for all o € G.
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0: & =22, y:=3 a: z=xz,y=y+1
1 % Yz %
T = 2 —
P z =1 D T
y:=0 % y:=0 W
I o=2z,y=4%+1 b: xi=ay,y=0
Figure 8 A CCRA recognising a function Figure 9 A two-register CRA recognising
that, at first glance, may seem unrecognisable the function from Example 29.

by a CCRA (Example 27).

With this theorem, we can give the following example.

» Example 29. The function f: {a,b}* — Q defined by the CCRA in Figure 9 cannot be
recognised by a polynomially ambiguous weighted automaton.

Proof. Let us consider inputs of the form (a¥b)” for k > 1. We have f(e,a*b,e)(n) =
f ((akb)”) = k™, meaning that every natural number k appears as a characteristic root
of an LRS in PSF(f). However, the monoid (Z~g,-) generates (Qso,) as a group, and
(@0, ) is a countably generated free abelian group (with primes as the generators). Since
subgroups of a finitely generated abelian group are finitely generated, but there are infinitely
many primes, the natural numbers cannot be a submonoid of a finitely generated abelian
group. Theorem 28 shows that f is not recognised by a polynomially ambiguous weighted
automaton. <

We again record this conclusion as a theorem.

» Theorem 30. If |X| > 2, then there exist functions f: ¥* — Q that can be recognised by a
Q-CCRA but not by a polynomially ambiguous weighted automaton over Q.

Proof. By Example 29. <

The core of the proof of Theorem 28 will be the following lemma. The argument is similar
to an argument in [17] and in [25, Prop. 9.3]. A self-contained proof can be found in [19,
Appendix B].

» Lemma 31. Let A= (d,I,M,F) be a trim polynomially ambiguous weighted automaton.
Then, for every word w € ¥*, there exists a permutation matrix P such that P - M(wd!) .pt
is upper triangular. Furthermore, all nonzero eigenvalues of M (w®) are products of transition
weights (that is, of entries of the matrices M (a) for letters a € ¥0).

Before proving Theorem 28, we need a final small observation.

» Lemma 32. If H C K is a finitely generated semigroup and N > 1, then the semigroup
G={acK|a"N € HU{l1}} is also finitely generated.

Proof. Suppose 31, ..., 3, generate H. For each f3; let o; € K be a root of XV — ;. Let
G’ be the subsemigroup of K generated by a1, ..., a, together with the N-th roots of unity
in K (of which there are at most NV, since they are the roots of XV — 1).

We claim G = G’. The inclusion G’ C G holds by definition. Suppose v € G. Then
AN = gF ... gkn for some k; > 0. Define v/ = of'...af» € G’. Then (v)VN =4V, It

follows that v = 4/¢ with ¢ an N-th root of unity (whether or not v =0). Soy € G'. <
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Proof of Theorem 28. We have to show that there exists a finitely generated multiplicative
semigroup G C K and an N > 1 such that for every u, w, v € ¥*, the characteristic roots of
(f(uw™v)), are contained in G and ¥ € K for all a € G.

Let A = (d,I, M, F) be a polynomially ambiguous weighted automaton recognising
f- Let N = d!. Without restriction, we can take A to be trim. Let H C K be the
subsemigroup of K generated by all the finitely many transition weights of A, and let
G={acK|a"N € HU{l}}. By Lemma 32, the semigroup G is finitely generated.

The characteristic roots of the LRS (A(uw™v)),, are eigenvalues of M (w). By Lemma 31,

the eigenvalues of M (w™) are products of transition weights. We have M (w") = M (w),

and so the eigenvalues of M (w) are roots of degree N of products of transition weights of .A.

This means they belong to G. |

We (ambitiously) conjecture the following converse of Theorem 28.

» Conjecture 33. Let f: X* — K be recognised by a weighted automaton. If there exists a
finitely generated multiplicative subsemigroup G C K and N € Z>1 such that
the characteristic roots of every sequence in PSF(f) are contained in G,

and oN € K for all o € G,
then f is recognised by a polynomially ambiguous weighted automaton.

Conjecture 33 postulates a pumping-style characterisation. The following conjecture
postulates a “global” characterisation, with a similar restriction as in Conjecture 33 imposed
on the eigenvalues of the matrix semigroup. Here it is important that the condition is
imposed on all matrices, not just on the generators.

» Conjecture 34. Let f: ¥* — K be recognised by a weighted automaton. If there exists a
finitely generated multiplicative subsemigroup G C K and N > 1 such that
all eigenvalues of matrices M (w) for w € ¥* are contained in G,

and oN € K for all o € G,
then f is recognised by a polynomially ambiguous weighted automaton.

A positive resolution of the conjectures would extend a characterisation in similar spirit
of functions that can be recognised by unambiguous weighted automata [4]. While the
conjectures seem ambitious, in the preprint [25], Conjecture 34 was already proved in the
case that all transition matrices are invertible.

The following lemma shows that Conjectures 33 and 34 are in fact equivalent.

» Lemma 35. Let A= (d,I, M, F) be a minimal weighted automaton and let w € X*. Then
the set of nonzero eigenvalues of M(w) is precisely the set of all nonzero characteristic roots
of the LRS (A(uw™v)), as u, v € X* range through all words.

Proof. One direction is obvious — characteristic roots come from eigenvalues of the matrix
M (w). We only have to show that every nonzero eigenvalue A € K of M(w) shows up as
characteristic root of some LRS.

Working over K we can assume that K = K is algebraically closed. This allows us to
change to a basis in which M (w) is in the Jordan normal form. In particular, we can assume
that M (w) is upper triangular and M (w)[1,1] = \. Let e; = (1,0,...,0) € K% and let e]
be its transpose. Then A" = e] M (w™)e;.

Because A is minimal, the reachability set { I[TM(w) | w € £*} spans K'*¢ as a
vector space, and analogously the coreachability set spans K4*! — otherwise we could easily
decrease the dimension. Therefore, there exist oy, 8; € K and u;, v; € ¥* such that
e] = Z?:l a; ITM (u;) and e = zgzl M (vj)F ;. Now

d d
A" = Z Z Oéiﬂj ITM(uiw"vj)F,

i=1 j=1
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expresses the LRS (A\"),, as linear combination of LRS (ITM (u;w™v;)F'),. Since the former
has a characteristic root A\, a summand must have )\ as a characteristic root as well: this
is easily seen by considering the LRS as rational functions, and recalling that nonzero
characteristic roots correspond to reciprocals of poles, or by the uniqueness result in [19,
Theorem 39]. <

While the main theorem of this section provides a necessary pumping criterion for
polynomially ambigualisable automata, that is, those weighted automata that are equivalent
to polynomial ambiguous ones, another related open problem is to relate the minimal degree of
the polynomial bounding the ambiguity to arithmetic properties of the output (in other words,
to characterise linearly ambiguous, quadratically ambiguous, etc.). At least in characteristic
zero, a tempting idea is to look at the degrees of polynomials arising in the PSF. Indeed, it
is easy to see that if the ambiguity of the automaton is bounded by a polynomial of degree d,
then no polynomial of higher degree can appear in the PSF. The converse however does not
hold, as the following example shows.

» Example 36. The function f: {0,1}* — Q, mapping a binary word to the natural
number it represents (say, LSB on the left), is easily seen to be recognisable by a weighted
automaton. We check that, for any u, w, v € ¥*, the exponential polynomial representation of
(A(uw™v)),, only contains constant polynomials. Indeed, let u = ujus ... u,, w = wiws ... wy,
v = vivy...v;. We have

fuw™) = 2% + 2 ug + -+ 27 T 4 (27w1 + 27 g 4 -+ 27 ) (14 28 - 4 20 Y)

n—1
nt+r ntrat— ‘ 2tn_1
4 2m Ty gt 1ul:a+ﬁz_02t sotfy—y (@fcQ.

This gives us an exponential polynomial with only constant polynomials.

A set of the form {g1 + -+ gm | m < M,g; € G} for some M > 0 and a finitely
generated subgroup G < Q* is called a Bézivin set [25]. One can show that N is not a
Bézivin set.! It is also easy to see that the output set of a finitely ambiguous weighted
automaton is a Bézivin set. Since f(X*) = N, the function f cannot be recognised by a
finitely ambiguous weighted automaton.

5 Equivalence and Zeroness of CCRA

The two problems are defined as follows (for any classes of automata):

equivalence: given two automata A and B, decide if A(w) = B(w) for all w € ¥*.

zeroness: given an automaton A, decide if A(w) = 0 for all w.
It is folklore that for (polynomially) weighted automata and CCRA the two problems are
effectively interreducible. Indeed, to decide zeroness of A it suffices to check equivalence
with B that outputs 0 on all words. Conversely, to check equivalence of A and B one can
check zeroness of A — B, which can be efficiently constructed for these models. Therefore we
will deal only with zeroness.

For polynomially ambiguous weighted automata, even unrestricted weighted automata,
we know that zeroness is in polynomial time [28] and in NC? [29]. Thus, we focus on the
complexity of zeroness for CCRA. For the problem to make sense we need to introduce the

! This is a consequence of a theorem of Bézivin [7, Th. 4]: if N were Bézivin, its generating series
ZO:O nz" = ﬁ would have to have simple poles only, which is not the case.
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size of the input CCRA. Given C = (Q, qo,d, X, 6, i, ), we say that its size is |Q| + d + || +
max,(|p|), where p ranges over all polynomials and constants used in d, p and v. We assume
that polynomials are represented in the natural succinct form of arithmetic tree circuits, not
as a list of all monomials.

Recall that in the update function one cannot use polynomials like £2 because two copies
of x are needed. However, in some sense CCRA can evaluate any polynomial. For example
there is a CCRA C such that C(1") = n?, simply by having two registers storing n and
defining the output function as their product. We can say that evaluating 2 requires two

copies of x. We generalise this observation to any polynomial. Given x1,...,x), we say that
a polynomial p(xq,...,xy) is d-copyless if there exists a copyless polynomial p’(x), where
X = T11,---sT1ks---Td1,--->Tdk (d copies of every z;) such that p'(x) = p(x1,...,zk),

substituting x; ;j = x; forall 1 <i < dand 1 < j < k. In particular 1-copyless is copyless.

We will use a standard and convenient lemma that allows us to turn formulas into
polynomials. Note that we assume that formulas, like polynomials, are represented as tree
circuits. By the size of the formula, denoted |¢|, we understand the size of the circuit. The
proof can be found in [19, Appendix B].

» Lemma 37. Let x = (x1,...,2%) and let p(x) be a Boolean quantifier free formula. There
exists a polynomial p(x), of size polynomial in ||, such that for every v € {0,1}* we have:
p(v) € {0,1}; and p(v) = 1 if and only if p(v) evaluates to true. Moreover, the polynomial
p(x) is |p|-copyless.

We are ready to prove the main theorem.
» Theorem 4. Zeroness and equivalence problems are PSPACE-complete for CCRA over Q.

Proof. Regarding the upper bound, by [19, Lemma 50], we know that a CCRA can be
translated to a weighted automaton of exponential size. It is known that the equivalence
problem for weighted automata is in NC? [29]. Since problems in NC? can be solved
sequentially in polylogarithmic space [27], this essentially yields a PSPACE algorithm. One
has to take care that the weighted automaton is not fully precomputed (as it would require
too much space). A standard approach computing the states and transitions on the fly solves
this issue. See e.g. [17, Section 6.1] for a similar construction.

The rest of the proof is devoted to the matching PSPACE lower bound. We reduce
from the validity problem for Quantified Boolean Formulas (QBF), which is known to be
PSpraCE-complete [23, Theorem 19.1]. One can assume the input is a formula of the form

w:vxlaylvxkayk (P(xlvyla"'axlmyk)a (1)

where ¢ is quantifier-free. The variables x; and y; alternate, z; are quantified universally and
y; are quantified existentially. For simplicity, we write x = (x1,...,2%) and y = (y1,- .., Yx)-
We write p(x,y) instead of o(z1,¥1,...,2k, yx). Given v € {0,1}2* we denote by ¢(v) the
truth value of the formula ¢ with all variables evaluated according to v.

For the reduction, we will need to go through many evaluations of z; and y; in a way
that respects the quantifiers. It will be convenient to define these evaluations using auxiliary
formulas. Let x” and y’ be fresh copies of variables in x and y all of dimension k. We define
three quantifier-free formulas: START(x,y), NEXT(x,y,x’,y’) and END(X,y), as follows.

k

k
START(X,y) = /\ -y, END(X,y) = /\ x;.
1=1 =1
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Note that START and END do not use y, but in this form it will be easier to state the claim
later explaining their purpose. We also define

k k
NEXT(X,y,x,y') = /\ -z A /\ zj | =
i=1

j=i+1
k i1

T A /\ -zl A /\(xj = )Ny = ;)
J=i+1 7j=1

To understand the formulas, it is easier to ignore the y and y’ variables at first. Then
these formulas essentially encode a binary counter with k bits: START encodes that all x; are
0; END encodes that all x; are 1; and NEXT encodes that x’ is x increased by 1 in binary.
The values of y can be guessed to anything in START and END. In NEXT we keep consistently
the guessed existential values for all unchanged universal variables. The following lemma
formally states the purpose of the formulas.

> Claim 38. The formula ¢ in Equation (1) is valid if and only if there exists a sequence
Vi,...,Vn € {0,1}2F such that:

1. p(v;) is true for all 1 < i < n;

2. START(vy) is true;

3. NEXT(V4,Viy1) is true for all 1 <i<n—1;

4. END(v,,) is true.

Proof. The formulas START, NEXT and END are defined in such a way that they go through
all possible evaluations of universal variables, guessing consistently the values for existential
variables. The first condition guarantees that ¢ is valid. <

Thanks to Claim 38 we will not need to differentiate between universal and existen-
tial variables. In the following we will implicitly use Lemma 37. To avoid additional
notation we will write formula names for their corresponding polynomials. Let ¢ =
max{|START|, |[END|, [NEXT|, |¢|}, then all polynomials corresponding to these formulas are
{-copyless. To ease the notation we write

1 1 1 1 4 0 0 0
Z:(xh'"?xk7y17"'7yk7"'7x17'"’xlwyla"'ayk)

for ¢ identical copies of vectors of variables in x and y. Note that identical copies occur on
indices equal modulo 2k (this will be useful when defining the transitions). The number
of copies will be sufficient to evaluate all polynomials corresponding to the formulas in a
copyless manner. To emphasise this, we will write START(z), END(z) and NEXT(z).

We are ready to define the CCRA C = (Q,po,d, %, 9, p,v), where: Q = {p;,¢; | 0<i <
2k}; d = 80k + 1; ¥ = {0,1,#}. We denote the 8¢k + 1 variables as follows: z, z’, z”,
z°' and s. That is: four disjoint copies corresponding to ¢ copies of x, y and one extra
variable s. We denote the variables in the copies by z;, 2}, 2/, 29!d for 1 < i < 2¢k. The
initial function assigns the value 1 to all variables. It will be important that u(s) = 1; for all
other variables the initial value could be arbitrary. The final function is defined by v(z) =0
for all 2 € Q \ {qo} and v(qy) = s - END(2°19).

Before we define the transitions we give an intuition on how the automaton works. We
call a subword of length 2k a block. The automaton will read a sequence of blocks which
correspond to consecutive evaluations v; from Claim 38 and store them in multiple copies of
x and y. After reading every block the automaton will check whether: NEXT holds with the
previous block; and whether ¢ holds on the current block. As an invariant, the register s
will have value 1 if no error has been detected, and 0 otherwise.
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Figure 10 Example for kK = 1. The state go has an outgoing edge as it is the only one that has a
possibly nonzero output.

Most of the transitions will initialise some registers. Given a set of variables Z and
b € {0,1}, we define the copyless polynomial map Pz as: Pz(z) = b for z € Z and
Pz 1(z) = z otherwise. In words, the variables in Z are initialised to b and all others keep
their previous value. We will use one type of sets Z, defined as follows: Z; = { z;, z;-, zé-’ |i=i
mod 2k }. This will allow us to remember 3¢ copies at once.

Formally, we define the transitions as follows (see Figure 10 for the shape of the automaton
without the register updates):
1. 0(pi—1,b) = (pi, Pz, p) for all 1 <4 <2k and b € {0,1}.
2. 0(¢i—1,b) = (g, Pz, p) for all 1 <4 <2k and b € {0,1}.
3. 6(par, #) = (qo, Qo), where Qg resets all variables to 0 except for: z°'d where it puts the

content of z”, i.e., Qo(2919) = 2/ for all 1 < i < 2¢k; and Qo(s) = s - START(Z') - (2).
4. §(qak, #) = (b, Ro), where Ry resets all variables to 0 except for: z°'4 where it puts the

content of z”, i.e., Qo(2¢) = 2/ for all 1 < i < 20k; and Qo(s) = s - NEXT(2°'9,2) - (2).
Note that all polynomials are copyless.

The proof that the reduction works follows essentially from Claim 38. The transitions
in Item 1 and Item 2 guess the evaluations v;. These are stored in three copies: z, z’, z".
The remaining two transitions verify the correctness of these evaluations, i.e., whether they
satisfy the conditions in Claim 38. Note that as an invariant these transitions keep in v°'4 the
previous valuation. In both Item 3, Item 4 we check whether ¢(v;) holds. Additionally, in
Ttem 3 we check whether START(vy) is true; and in Item 4 we check whether NEXT(v;_1,Vv;)
is true. All checks are multiplied into the register s, which becomes 0 if any error occurs,
and remains 1 otherwise. Finally, the output function guarantees that a nonzero value can
be output only if END(v,,) holds. |
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