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DIRECT AND INVERSE SPECTRAL CONTINUITY FOR

DIRAC OPERATORS

R.V. BEssoNnoOv AND P.V. GUBKIN

Abstract. The half-line Dirac operators with L?-potentials can be characterized by
their spectral data. It is known that the spectral correspondence is a homeomor-
phism: close potentials give rise to close spectral data and vice versa. We prove the
first explicit two-sided uniform estimate related to this continuity in the general
L?-case. The proof is based on an exact solution of the inverse spectral problem for
Dirac operators with J-interactions on a half-lattice in terms of the Schur’s algorithm
for analytic functions.
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1 Introduction

The problem of stable reconstruction of differential operators from their spectral
data is a classical subject of spectral theory. Here, stability means that the nonlinear
map relating coefficients of the operators and their spectral data is a homeomorphism
between some topological spaces. An overview of stability results for operators with
discrete spectrum can be found in Hryniv [Hryll, Hryl1], Horvath and Kiss [HK10];
see also Savchuk and Shkalikov [SS10], Chelkak, Kargaev, and Korotyaev [KC09,
CKKO04]. Spectral stability for operators with nonempty continuous spectrum is much
less studied. We give some historical remarks below in Sect. 1.4. This paper is devoted
to the stability of the solutions of direct and inverse spectral problems for Dirac
operators on the half-line Ry = [0, 400).

1.1 Dirac operators. The Dirac operator D, on Ry with a square summable
potential ¢ € L?(R, ) is defined by the differential expression

] , _ (Img Regq
Dy: X—JX +QX, Q—(Req “Imgq)’ (1.1)

where J = ([1) _01), and X belongs to the set of all locally absolutely continuous
vector-valued functions in the Hilbert space

LR, C) = {Y iRy 5 € Y [ageeny = [ Y @) do < o0}
+

satisfying a self-adjoint boundary condition (X(0), (22;‘;)%2 =0, and such that
D,X € L*(R4,C?). With this domain, D, is the densely defined self-adjoint operator
on L?(Ry,C?), see [Lev91], [Den06]. Without loss of generality, we will work with
the boundary condition corresponding to o = 0. To describe appropriate spectral
data for Dy, consider the matrix-valued solution N = (;:* ') of the Dirac system
JN'(z,2)+Q(x)N(x,z) =zN(z,z), N(0,z) = ((1) %), z € C. The Weyl function of D,
is defined by
mg(z) = lim w, Imz > 0.
x—=+00 N9 (T, 2

This function belongs to the Herglotz class in the upper half-plane Cy ={z € C:
Im z > 0}, i.e., it is analytic and takes C into itself. See [Den06] for the Weyl theory
of Dirac operators from the perspective of Krein systems. It is well-known that
the Weyl function m, determines D, uniquely. From the point of view of spectral

correspondence it is more convenient to work with the Cayley transform of m,, i.e.,
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with the Schur function f; of D,. Recall that an analytic function f on C. is said
to belong to the Schur class S(C.) if |f(z)| <1 for all z € C;. The Schur function
fq of Dy is determined by
1 1+f,
mg = 1.2
q 1 _ fq ( )
Each function f € S(C,) has the nontangential boundary values almost everywhere
on R [Gar81]. As usual, we use the same letter f for the function in the unit ball
of L>(R) defined by these boundary values. In a moment we will see that Schur
functions of D, with ¢ € L?(R ) belong to the set

$2(C4) = {f € 5(CL): log(L | ") € L'(R) . (1.3)

The set S2(C) is a complete metric space with respect to the metric

ps,(f,9) = \//—log 1—‘1_fg ) (1.4)

It can be shown that f,, — g in S3(Cy.) if and only if [|log(1—|fa|?*)|| &) — || log(1—
191*) Iz, and f, — g in Lebesgue measure on R, see Lemma 4.4.

1.2 Sylvester-Winebrenner theorem. Our starting point is the following funda-
mental result that stems from the paper [SW99] by Sylvester and Winebrenner.

Theorem 1.1 (Sylvester-Winebrenner theorem). The correspondence F :q+— fq is a
homeomorphism from L?(Ry) onto So(Cy). Moreover, we have

| la@Pdw=— [ —log(1 ~[1,(2)* e (15)
R, T JR

The fact that F is a bijection from L?(R.) onto S3(C. ), as well as identity (1.5),
was established by Denisov [Den06] following original ideas of Sylvester and Wine-
brenner [SW99]. We use arguments from the same paper [SW99] to prove continuity
of F and F~!, see details in Sect. 4.2.

Theorem 1.1 belongs to a general direction in spectral theory that relies on the
usage of trace formulae (or sum rules, in the terminology of B. Simon [Sim11]). This
direction often leads to the most general results when one is interested in complete
characterization theorems ( “spectral gems” [Sim11]). See, e.g., [KS03, KS09, DKS10,
Yud18, BD20, BD21, DEY21]. The proofs of such theorems, however, do not involve
reconstruction procedures for potentials from the spectral data, and in particular,
they do not imply any continuity estimates related to the spectral correspondence.
To illustrate the situation, let us rewrite the sum rule (1.5) in the form

lg = 0112 (&) = psa(fo, 0)% /.
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Having this identity, it is natural to expect that quantities ||¢ — §|r2(r,), ps,(fq, f3)
control each other for ¢, § € L?(R). Moreover, Theorem 1.1 says that ||g, —q]| L2(Ry) —
0 if and only if pg, ( f4., f3) — 0, making this expectation even more plausible. It turns
out, however, that it is false. In fact, we have the following theorem.

Theorem 1.2. There are potentials wy,, Ty, ¢n, Gn in the unit ball of L*(Ry) such
that

nh~>n30 Hu" - anHL2(R+) =0, but TLIEEOPSQ (fun7fﬁn) >0, (16)
nh_)rgo HQn - Qn||L2(R+) >0, but nh_{goPSz (ana ffjn) =0. (17)

In other words, the homeomorphisms F, F~' in Theorem 1.1 are not uniformly
continuous on bounded subsets of L*(R.), So(Cy).

As an “explanation” for (1.6), (1.7), let us mention that the continuous operators
F, F~! are not linear and the closed unit balls in L*(R.), So(C, ) are not compact.
In particular, the standard general arguments are not applicable here and the lack of
uniform continuity of F, F~! is possible. To prove (1.6), we construct some explicit
sequences of potentials u,, @,. The proof of (1.7) is more delicate. Here we use a
very important observation of Volberg and Yuditskii [VY02] on the non-injectivity
of the scattering map for Jacobi matrices. This observation was transferred to the
setting of the nonlinear Fourier transform by Tao and Thiele [TT03] and to Dirac
operators by the first author and Denisov [BD24].

1.3 The main result.  Let us now turn to positive results. For every f € S3(C,),
the function |f|? is comparable to |log(1 — |f|?)| on the set E where |f| <1/2, and
the complement R\ F has a finite measure as log(1 — |f|?) € L'(R). It follows that
f € L3(R). Thus, the Fourier transform of any element f € So(C.) is well defined
and belongs to L%(R). We will denote it by f, so that

7 1 —i€x
flo =7 / f(@)e " da (1.8)

if f is integrable. We will need the following Wiener-type norm and the weighted
L'-norm:

1wy = [ 1F@Ids, ol = [ la(©lede.

Our main result is the following theorem.

Theorem 1.3. Let g, G € L*(Ry), and let f,, f; be the Schur functions (1.2) of the
corresponding Dirac operators Dy, Dg (1.1). Then we have

allg—dlley, my) < Ife = fallwi ey <colla—dllry, my) (1.9)

for c1 =\/7/2, ca =227 and any A > 12max (||qH2L2(R+), ch||%2(R+)).
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We would like to stress that (1.9) is a uniform estimate. This makes it much
stronger than the continuity property in Theorem 1.1, cf. (1.6), (1.7). Note also that
(1.9) is nontrivial and new even in the case ¢ =0.

1.4 Historical remarks. Before proceed with further results, let us give a few
historical remarks. Perhaps, the most general stability result in the one-dimensional
spectral theory is the Krein-de Branges spectral theorem (see Sect. 5.2 of [Rem18]).
It gives stability of the solution of direct and inverse spectral problems for canonical
Hamiltonian systems and implies spectral stability for various other classical oper-
ators (Schrodinger and Dirac operators, Krein strings, Jacobi matrices). However,
the proof of Krein-de Branges theorem, at least in its current form, cannot give ex-
plicit stability estimates, because it uses the following general topological argument
to prove the fact that the solution map is a homeomorphism:

a continuous bijection between two Hausdorff compacts

1.10
is a homeomorphism. ( )

Moreover, the usage of compactness arguments similar to (1.10) forces to deal with
very weak variants of stability, because for this approach closed bounded subsets in
the metric spaces under consideration need to be compact. Even implicit stability
control with respect to the norms like || - [|r»®,) or || - ||y &) Via general Krein-de
Branges theory is not possible because these norms define topologies that are not
locally compact.

For classical operators, there are well-known constructive methods to solve inverse
spectral problems developed by Gelfand-Levitan and Krein (see Marchenko [Mar06]
for an excellent historical overview) and more recent methods by Belishev-Mikhaylov
[BM12] and Makarov-Poltoratski [MP23]. In principle, one can use these methods to
prove spectral continuity by accurate estimation of all quantities appearing in the
proofs. See, e.g., historically first stability results by Marchenko [Mar68], Lundina
and Marchenko [LM69], Marchenko and Maslov [MMT70], as well as their recent
extensions by Xu [Xu21], Xu and Bondarenko [XB22]. Section 6 in Denisov [Den06]
is devoted to spectral continuity for L (R )-potentials.

On the other hand, it seems difficult to get optimal estimates from a direct analysis
of concrete classical methods because they are rather involved and even “just” char-
acterization theorems (isomorphisms between potentials and spectral data without
proving continuity) are already very nontrivial. In particular, the control of stabil-
ity in classical methods comes from consideration of integral equations on intervals
[0, R], R >0, it becomes weaker and weaker with R growing to infinity if we do not
impose strong integrability assumptions on the potential.

This explains why we choose another road and first treat the case of the so-called
exactly solvable models. In this case a detailed analysis is possible and gives explicit
two-sided estimates. We then approximate a general Dirac operator with potential
q € L?*(R,) by a sequence of exactly solvable models and arrive at Theorem 1.3. Our
main instrument is the classical Schur’s algorithm whose definition we now recall.
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1.5 Schur’s algorithm.  The Schur class S(D) in the open unit disk D={z € C:
|z| <1} consists of analytic functions F' on D such that |F(z)| <1 for all z € D. We
will deal with the subset of S(D) defined by

S.(D)={F e S(D): F is not a finite Blaschke product}.

The Schur’s algorithm for F' € S, (D) is the following iterative procedure:

Fy, — F(0)

Foy=F,  2Fq=—t_—kK
0 k+1 I~ FL(0)F}

. k>0, zeD. (1.11)

All functions produced by Schur’s algorithm belong to S.(ID), moreover, each step
Fy, — Fj1 is the bijection from S, (D) onto itself. The numbers {F}(0)}x>0 in (1.11)
are called the recurrence coefficients of F. We also will need a version of Schur’s
algorithm for periodic functions in the upper half-plane C,. Fix £ > 0 and define

Se+(Co) ={f:CL 5D f(2) = F(e**), F € S.(D)}. (1.12)

A function f € S(C;) belongs to S .(C,) if and only if f(z 4+ 7/¢) = f(z) for every
z € C4, and there is no finite Blaschke product B in D such that f = B(e?‘?).
Relation (1.11) for f(z) = F(e**), F € S, (D), takes the form

_ o= ful)
1— fr(c0) fi
where fi(00) = limy_, fi(iy) = F(0), see Lemma 2.9. It is natural to call the num-

bers {fr(00)}rez, the recurrence coefficients of f € S;,(C,). They determine func-
tions f, F uniquely. In fact, the knowledge of first n recurrence coefficients of f

fo=1f €% fin k>0, ze€Cy, (1.13)

allows to approximate it with accuracy 2e~2™¥ in the half-plane Imz >y > 0, cf.
(1.3.43) in [Sim05].

1.6 Kronig-Penney model. Let us consider the half-line Dirac operators D, (1.1)
on R; whose potentials

q= Z cr0pk, c, € C, (1.14)
keZ

now are linear combinations of point masses (usually, they are called J-interactions)
supported on the half-lattice ¢Z, = {¢k: k € Z, k > 0} of sparseness ¢ > 0. The
spectral theory of this class of Dirac operators can be considered in the framework
of the relativistic Kronig-Penney model for massless particles (for comparison, in
the original Kronig-Penney model [D+31] for a non-relativistic electron in a one-
dimensional crystal, Schrodinger operators with d-interactions on the lattice Z were
used, and ¢, = ¢ in the classical case). The Kronig-Penney model and its various
generalizations are called exactly solvable models, meaning that the resolvents of the
operators under consideration (Schrodinger or Dirac) as well as associated quantities
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(spectra, resonances, eigenfunctions, etc) can be often found explicitly in terms of the
potential q. Solvable models attracted an enormous attention in theoretical physics
and mathematics. We refer the reader to the classical monograph [A+88] (1988) by
Albeverio, Gesztesy, Hoegh-Krohn, and Holden, to the review chapter by Exner in
the second edition [A+05] (2005) of this monograph, and to later survey by Kostenko
and Malamud [KM13] (2013). The most close mathematical references to our work
are [CMP13, LS14, Hug98, GS87]. The main distinction of our setting from the
previous considerations comes from the fact that exactly solvable relativistic models
are usually studied for radial massive Dirac operators

Dm,q;chG _01>X’(ac)+m62 (é _01>X(:1:)+Q(:c)X(x),

with some positive parameters ¢, m (corresponding to the velocity of light and the
mass of the particle, see Sect. 4.6.6 in [Tha92]). We consider the case where m =0
and choose physical units so that ¢ =1. We also assume that @ is real and written in
the second canonical form, i.e., @ = Q*, trace Q = 0, see (1.1). These assumptions are
standard for the spectral theory of Dirac operators [LS91] and for its applications
to the nonlinear Schrodinger equation [FT07] (the massless Dirac operator is the
auxiliary operator for the inverse scattering transform method for NLSE) but less
common in the area of exactly solvable models.

Essential part of the literature devoted to exactly solvable models deals with
direct problems: knowing potential ¢ (a measure on some discrete subset of R), one
determines some spectral characteristics of the corresponding Schrédinger or Dirac
operator. On the other hand, the full spectral characterization (the Weyl function or
the spectral measure and the corresponding Fourier transform) is not known even for
potentials ¢ supported on a lattice in the simplest massless case m = 0. Moreover, it
is not immediate if it is possible to describe spectral measures in closed form in terms
of ¢. Indeed, for general g of the form (1.14) the corresponding spectral measures
could have a complex structure and arbitrary spectral type (e.g., singular continuous
component is not excluded). Below we show that such a description indeed exists,
and, moreover, it turns out to be very simple and explicit (modulo nonlinearity and
generality of the problem). To state our second main result, we need the following
bijection s : D — C:

w 1+ |wl

w e C. (1.15)

Theorem 1.4. Let g be a discrete complex-valued measure on Ry such that suppq C
VZy, £>0. Then the Schur function f, of D, is a nondegenerate 7 /{-periodic
function, i.e., f, € S¢.(Cy), where the set S;.(CL) is defined in (1.12). Any element
of Se«(Cy) arises uniquely in this way. Moreover, ¢ and f, determine each other via

q({tk}) = »(for(o0)),  k€Zy, (1.16)

where { fgx(00) }rez, s the sequence of recurrence coefficients of f,, see (1.13).
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It is astonishing that the Schur’s algorithm [Sch17] (1917) and the Kronig-Penney
model [D+31] (1931) met in Theorem 1.4 almost a century after their independent de-
velopment and generalizations in various directions. In fact, Theorem 1.4 completely
reduces the spectral theory of the relativistic Kronig-Penney model for massless
particles to the theory of orthogonal polynomials on the unit circle [Sze75, Sim05].
To illustrate this, we formulate some immediate spectral consequences. Below we
assume that ¢ is an arbitrary discrete complex-valued measure on R, such that
suppq C Z, and D, is the corresponding Dirac operator. We will use the standard
notation o4.(Dy), 0p(Dy), 0sc(D,) for the absolutely continuous, pure point, and

singular continuous parts of its spectrum.
COROLLARY 1.5 (Rakhmanov). If 04.(Dy) =R, then q({k}) =0 as k — +o0.

COROLLARY 1.6 (Baxter). If >y lq({k})| < oo, then 0,(Dy) = 05.(Dy) = 0, and the
main spectral measure i, of Dy has the form pq = wydx, where wy =Y}z cre®™ is

such that "z ek < 0o, ming wg > 0. The converse is also true.

COROLLARY 1.7 (Szegd-Golinskii-Tbragimov). If 3,5 klq({k})[* < oo, then
0p(Dy) = 05.(Dy) = 0, and the main spectral measure p, of Dy has the form
fq = wedz, where logwy = 3 jcq ek is such that 3,y |k||ck|? < oo. The con-
verse is also true.

Generalized versions of Schur’s algorithm appeared in spectral theory previously.
For example, in Sect. 10 of [Den06] Denisov discusses an analogue of Schur’s algo-
rithm in the form of the differential equation

df(2)

L2 = —iafy(e) + A~ AWDS), LERy, 2€Cy, A0 =qt/2)/2.

for Schur functions f; of potentials ¢, = q(¢ + -) generated by q € Li (R, ), see (10.3)
in [Den06]. See also Poltoratski [Pol24] for a similar Ricatti equation for certain
meromorphic inner functions arising on the spectral side of Dirac system. These
equations are more difficult to analyze in the perturbation regime than the recursive
relation (1.13) in the classical Schur’s algorithm.

1.7 Plan of the paper. We start the next section with the introduction of canon-
ical Hamiltonian systems and Dirac operators with measures. We prove Theorem 1.4
in Sect. 2.4. Theorem 1.3 is proved in Sect. 3. We derive it from continuity estimates
for Schur’s algorithm (Sect. 3.1) and Theorem 1.4. In Sects. 4.2-4.4 we show that
the spectral correspondence F : ¢ — f, is a homeomorphism that is not uniformly
continuous in both directions, thus proving Theorem 1.1 and Theorem 1.2.
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2 Dirac operators with periodic Weyl functions

2.1 Canonical Hamiltonian systems. A canonical Hamiltonian system on Ry =
[0,400) is the differential equation of the form

JX'(z,2) =2H(z) X (z, 2), zeRy, zeC, (2.1)

0 -1
10
C — C? is taken with respect to z € R,, and H is a Hamiltonian. Here and below

where, as before, J = ( ), the derivative of the vector-valued function X : Ry x

by a Hamiltonian we mean a matrix-valued mapping on R,

hi h
. > )
H:x— (h h2> , H(z) =0

whose entries hy, ha, h are real-valued functions in L{ (R ) ={f: f € L'[0,/] for all
¢>0}. We also assume that H is not identically zero on any subset of R of positive
Lebesgue measure. A Hamiltonian H is called singular if H ¢ L'(R,), or, equiva-

lently,
/ trace H(z) dx = +o0.
Ry

The set of singular Hamiltonians on R, will be denoted by Hg;png. Let ©, ® denote
the solutions of (2.1) satisfying ©(0,2) = ({), ®(0,2) = (!). Take w € C;. URU {0}
(here and below oo is regarded as the element of the Riemann sphere, and the
linear fractional transformations involving oo are understood accordingly). To each
Hamiltonian H € Hy;,,, one can associate the Weyl function,

. O (z,2)+ P (x, 2)w (Chs ot
= 1 = (b — .
ma(z) = Hm_ O+ (z,2) + O (z,2)w’ 9=lo- ) o | *€C
(2.2)

It is known that the limit above exists for every z € C, and does not depend on

the choice of w. Moreover, the Weyl function, my, is analytic in C, and takes C,
into C; unless it coincides with a constant ¢ € RU {oco}. Weyl’s theory for canonical
Hamiltonian systems can be found in [HSWO00], [Rem18], [Rom14]. We also define
the Schur’s function f3 by

_my—i A4+ fu
_my+i7 '

Iu (2.3)

Analytic functions taking C into C; form the Herglotz-Nevanlinna class N(C, ).
The set

N(C;)=N(Cy)URU {0}

is the compactification of N(C,) when the latter is equipped with the topology of
convergence on compact subsets in C,. This topology (we extend it to N(C,)) is
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metrizable with the metric, e.g.,
o 2w ()
2 VTH MG P+ ()P
2

(m,00) = max ———.
pelm.o0) = | I TT TmGIT

One can choose other metrics on N(C, ) determining the same compact topological
space, see discussion on page 109 in [Rem18].

pe(m,m)

Different singular Hamiltonians H, H can have equal Weyl functions. For instance,
it is not difficult to check that if H(z) = & (x)H(£(z)) almost everywhere on R, for
some locally absolutely continuous increasing bijection £ : Ry — R4, then my = m.
It will be convenient to call such H, H equivalent, so that Hing becomes the set of
classes of equivalent Hamiltonians:

Hging = {H is a singular Hamiltonian on R}/ ~.

One can check that each class of equivalence in Hy;,, contains the unique (up to
values on a set of measure zero) element H'" such that trace " =1 on R . One can
turn H;pg into a compact Hausdorff space by defining the topology via the metric,

e.g.,

dn (thT7 f}:ltr)

dH,H) =Y 27" _
(HH) =) T d (A

n=>0

(2.4)
dp(H", 1) = sup

otsn

/0 () — T (s)) ds.

Compactness of Hy;,, follows from Riesz representation theorem, see the proof of
Theorem 5.4 in [Rem18].

The following theorem is a key result of Krein — de Branges spectral theory of
canonical Hamiltonian systems [KK68], [Bra68], [DM76], [Rem18], [Rom14].

Theorem 2.1 (Krein — de Branges theorem). The correspondence H +— my is the
homeomorphism of compact metric spaces Hgipng, N(C,).

For a discussion (and some surprisingly deep applications) of the continuity part in
Theorem 2.1, see Sect. 5 in [Rem18], Sect. 2 in [EKT18], or Sect. 3 in [ELS211]. Cur-
rently, explicit estimates related to the continuity properties of the homeomorphism
in Theorem 2.1 are not known. However, in contrast to the Sylvester-Winebrenner
theorem (Theorem 1.1), the homeomorphism in Krein-de Branges theorem are uni-
formly continuous in both directions by compactness and the Heine-Cantor theorem.

Let ‘H € Hging be a singular Hamiltonian on Ry = [0,4+00). The fundamental
matrix solution corresponding to # is the locally absolutely-continuous (with respect
to € Ry) matrix-valued mapping M : Ry x C — SL(2,C) satisfying the differential
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equation
JM'(x,2) = 2H(z) M (z, 2), M(0,2)=(}Y), (2.5)

almost everywhere on R, where the differentiation is taken with respect to x € R,
and z € C is a spectral parameter. Note that we have M = (@,q)) in terms of the

solutions ©, ® of (2.1) satisfying ©(0,2) = (}), ®(0,2) = (V). Let us write w; = Aw,
for two complex numbers wy, we and a matrix A with det A # 0 if

W, — w2 + a2 A— @1 G2
1=, = .
a21Wo + A92 a1 a22

It is straightforward to generalize this definition to the case where wy, ws can admit
the value oo. For a matrix A € SL(2,C), we have w; = Aw, if and only if wy = A~ wy,
w2 € CU{oo}. Note also that the definition (2.2) for my can be rewritten in the
following form:

my = lim o1 M(z,2) ow, (2.6)

where 0] = ((1) (1)) and M7 stands for the transposed matrix M. Relation (2.3) between

the Weyl and Schur functions reads as

mg=Lf, f,=Rmy, L:(_il i) R:G 7) (2.7)

LEMMA 2.2. For H € Hgi,g and A € SL(2,R) define Ha = A*HA. Then we have

(a) Ma=A"TMA, where Ma and M are solutions of (2.5) with Hamiltonians
Ha and H;
(b) my, = o1 A*01my, where my,, and my are the Weyl functions corresponding

to Ha and H.

Proof. The proof is a calculation. We have J~! = —.J and

ai; a2 — a22 —ai2 — —a1; —agi
A= , A= . JATN T = =—A*.
azr 22 —a21 ail —Q12 —a22
Therefore we can write

JATTMAY =JA'M' A= (JAT')(J'M'A) = A*(JM")A=2A*"HM A
= 2(A*HA)A™'M A,

which proves assertion (a) of the lemma. To prove (b), take w € R. Formula (2.6) for
my , takes the form

M, = lim o1 Ma(z,2) 0w = g}Lf&Ul(AflM(iU? 2)A) 0w
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= li_}In o1 A*M (z,2)T (A7) orw.
Note that o1(A~1)*0; € SL(2,R), hence the number @ = o1 (A~!)*0yw is in R. Then,

we have

T * T
My, :IlgrgloalA M(z,2)

010 = 01 A%y lim oy M (z,2) 010 = o1 A*oymay.
T—00
This proves the lemma. O

Given a Hamiltonian H € Hy;y,y and £ > 0, define the Hamiltonian H, =H (¢ + -)
on R;. Let my, be the Weyl function of H,. For the following lemma see, e.g., the
proof of formula (2.13) in [BD20].

LEMMA 2.3. We have my(z) = o1 M (£, 2)T oymay, (2) for all z € C, where M is the
solution of (2.5).

LEMMA 2.4. Let H be a singular Hamiltonian on R. Define

H(z) = {(3(1))7 z €[0,€), B, = ( cos{z sin€z> '

H(z—-1), z>{, —sinfz coslz

Then we have my = Eg;my and fy = e fy.

Proof. Notice that M(t,x) = E,, solves (2.1) with the Hamiltonian H for = < /.
Lemma 2.3 then gives

T

. cosflz sinlz . cosflz sinflz

my = o . oimy = ) mg (2.8)
—sinfz cosfz —sinfz cosfz

as claimed. Applying relation (2.7) we get

Jn=Rmy = RE;mpy = RE;.Lfn
L (1 =i\ [ costz sinlz i Fur = ez 0 f
"1 i J\=sintz costz)\ -1 1) 0 etz )T
The proof of the lemma is concluded. O

2.2 Dirac operators with measures. Let us denote by M the set of all signed
complex Borel measures on R with suppu C Ry such that the total variation of
p is finite on all intervals [0,L], L > 0. Each element ¢ € M generates the matrix

potential
0= Mo t1 = Reg, (2.9)
pr o —p2 )’ w2 =Imgq.

Conversely, each matrix potential @ of the form (2.9) with real entries p; 2 € M
generates a complex-valued measure ¢ = p; + i in M that we also refer to as the
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potential. It is possible to associate a self-adjoint Dirac operator D, to each g € M.
That was done by Zeng in paper [Zen23| devoted to Dirac operators with measures. In
particular, Zeng [Zen23] proved relation of these operators to canonical Hamiltonian
systems, that we will use in the proof of Theorem 1.4. For the reader’s convenience,
we give a summary of some results from [Zen23|. Since our measures ¢ € M might
have a nontrivial point mass at © =0 (the case formally excluded by Zeng, though
he mentioned that it can be covered as well), we make necessary modifications of
definitions.

Take ¢ € M, construct the corresponding matrix potential @ as in (2.9), and
define the solution of the differential equation

JN!(z) + Q(x)N,(x) =0, lim N,(z)= <(1) ?) (2.10)

z—0, x<0

as the unique 2 x 2 continuous from the right matrix function N, such that
TN, ( +/ QUmNT)Q@)N,(z1)=J, xeR,  (2.11)

where

for a 2 x 2 matrix 7. This definition of the solution N, of (2.10) via (2.11),
as well as the existence and uniqueness of such a solution are due to Persson
[Per88] (see Theorem 3.1 in [Per88]). The reader might note appearance of J* in
the expression g(Q({z1})J*) in (2.11). This multiplicative factor J* does not ap-
pear in the work [Per88] of Persson. The explanation is simple: (2.10) is in fact
the differential equation for JN, (namely, JN, + QJ* - JN, = 0), and the coeffi-
cient in front of JN, in (2.10) is QJ*, not (). Then, we need to use same coef-
ficient in (2.11). Finally, g(Q({z1})J*)Q(x1)Ny(z1) is just the short way to write
g(Q({z1)J)Qw1) " - IN,(x).

For regular potentials, the matrix-valued function Ny solving (2.11) coincides with
the classical solution of (2.10). More precisely, if ¢ = sdx for some s € Ll (R, ), and
we define S by Sdx = JQ, then g(Q({z1})J*) = (; ]) for every z1 € Ry, and (2.10),
(2.11) are both equivalent to the integral equation

Ny(z) = ( ) / S(z1)Ny(z1) dxy, >0, Ny(z) = <(1) (1)> on (—o0,0),

that can be solved by iterations:

N, () = (é ?) +/()r5(x1)dx1+/0IS(x1)/()ml S(ws) dwy s (2.12)

+/ S(CEl)/ S(JEQ)/ S(xg)d$3d$2d$1+"'
0 0 0
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Here, the series converges in the matrix norm and the n-th term can be bounded by

| < ([1s@lde )

< (4H5HL1[o,z])".
n!

/Ox - /0 S(21)S(2) - -~ S () dar . .. dacy

(2.13)

For a general ¢ € M, the solution NN, can be approximated by solutions of regular
equations. More precisely, if ¢ is a nonnegative continuous function supported on
[—=1,1], [[ollpmy = 1, and . = e tp(x/e), € >0, is the corresponding approximate
unity, then the solutions of regularized equations

TN} (2)+ Q) () Nyo) (z) =0, Nq<s>(—1)=<(1) ?) q(g)(«’v):/mwe(y—w)Q(y),

(2.14)
converge pointwise on R to Iy, see [Per88| (we use initial condition at x = —1 instead
of z = 0 because supp ¢®) C [~1, 00) for small € > 0, one can also use any other point
in (—o0,0) for the initial condition). In particular, for every ¢ € M we have det N, =1
on R and the multiplicative property

Ny(wz) = Ny(wa, w1)Ny(wr), —00 < wy < wp < 00, (2.15)

holds, where Ny(ws,w) is the value at wy — wy of the solution of (2.10) for the
potential x — xr, (z)g(x +w1), xr, being the indicator function of R, . Indeed, it
is enough to use the multiplicative property for regularized solutions N, and take
the limit.

For regular potentials ¢ (i.e., for ¢ = sdz with some s € L] (R.)) the correspond-
ing Dirac operators are related to canonical systems as follows. One need to take the
solution of (2.10) and define the Hamiltonian

Hy(w) = Ny (z)Ny(), x> 0. (2.16)

Then, the Dirac operator D, and the operator of canonical system Dy, are unitary
equivalent, see, e.g., [Rom14] or Sect. 2.4 in [Bes20]. As we will see in a moment, the
same relation holds for ¢ € M.

At first, we need some notation. By BV] (R;) we will denote the set of all
continuous from the right functions X : R — C? such that their coordinate functions
have a finite variation on any interval [0, L], L > 0, and the restriction of X to the set
(—00,0) is a constant vector in C2. This constant vector will be denoted by X (0—).
This agrees with the standard notation

X(0—-)= lim X(x),

z—0, x<0



GAFA SPECTRAL CONTINUITY 365

because much stronger property X (z)= X(0—) is assumed for all x <0 if X €
BVi,(R4). Recall that for a € [0,27) we denoted by e, the vector

< sin « >

€ = .

cos

For ¢ € M and X € BV] .(R.), we will say that D, X € L*(R,C?) if there exists a
function Y € L?(R,C?) solving equation

JX'(z)+ QX (z) =Y (x), x>0,

in the sense of Persson, i.e., such that for all x € R we have

X@+ [ QU)X @) =IX(0) 4 [ Vs, @17

where we extended Y by zero to (—00,0). Here, @ is defined by (2.9), in particular,
QX is a vector-valued measure. Let us define the domain of the Dirac D, on R
corresponding to the boundary condition « € [0,27) by

dom D, = { X €BV},o(Ry) N LA(R,C?): (X (0-), €a) 2 =0,
D,X € L*(R,,C?) in the sense (2.17)}.
For X € domD,, we define
Dy XY

for the unique (up to values on sets of Lebesgue measure zero) function Y €
L*(R4,C?) in (2.17). With this definition, D, sends functions on R into functions in
L?*(R4,C?). Since we are interested in D, as a densely defined self-adjoint operator
on L*(R4,C?), an additional step is needed to place domD, into L?(R,,C?). For
this, we note that the values of X € domD, on R as well as the function Y =D, X
in (2.17) depend solely on the restriction of X to Ry . Indeed, we only need to check
that for X € dom D, the value X (0—) is determined by the restriction of X to R..
For this, we substitute x =0 into (2.17) and get

9(Q({0}H)JM)@Q ({0}) (0)
0 85 e

J[i {0} ] X(0) = Je?" QU)X (0) — JX(0).

JX(0-) — JX(0)

Thus, the value

X (0—) ="M x(0) (2.18)
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is determined by the restriction of X onto Ry and we can consider dom D, as the
subset of L2(R,C?). A similar argument applies to any point = € R. In fact, we have

X(z—)=e/" U X (2), z eR, (2.19)

while Q({z}) # 0 for at most countable set of points x € R. Similar argument applied
to (2.11) gives

Ny(z—) =€ QWIN (),  zeR. (2.20)

Let us now recall the definition of the operator of canonical system. We will deal
with Hamiltonians H of rank two almost everywhere on R, for the general case see
[Rom14] or [Rem18] (the latter book considers linear relations instead of operators
to cover the most general situation). At first, we denote by ACjo(Ry) the set of all
functions X : R, — C? such that their coordinate functions are absolutely continuous
on any compact subset of R, . The Hilbert space L?(H) is defined by

L) = {X Ry 5 C: X2y :/R (M) X (), X (2)) s < o0).
+
For X € ACj,(R,), we will say that Dy X € L?(H) if there exists a function Y €
L?(H) solving the equation
JX'(x) =H(z)Y (z), x>0,

or, in other words, such that

JX(x)=JX(0)+ /Ox HY (z1)dzy,  zeR,. (2.21)

The domain of the canonical system operator Dy on R corresponding to the bound-
ary condition « € [0,27) is defined by

dome.[ = {X S AC]OC(R+) N LQ(H) : <X(O)’eo‘>cz - 0’

Dy X € L*(H) in the sense of (2.21)}.

For X € dom Dy, we define

Dy : X — }7
for the unique (up to values on sets of Lebesgue measure zero) function Y € L*(H)
in (2.21).

PROPOSITION 2.5. Let g € M, define Hy by (2.16). Then the Dirac operator Dy in
L*(R4,C?) defined on the domain dom D, for the boundary condition « € [0,27) is
unitarily equivalent to the operator Dy, in L*(H,) defined on the domain dom Dy,
for the same boundary condition a. In particular, D, is a densely defined self-adjoint
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operator on L*(R,,C?). The unitary equivalence is given by the multiplication oper-

ator U: X — N;'X from L*(Ry,C?) to L*(H,). We have U(domD,) = dom Dy, .

Proof. Recall that H, = N;N,. In particular, we have det H, = det(N,)? =1 every-
where on Ry. The same relation H, = N7 N, tells us that X € L*(Ry,C?) if and
only if UX € L*(H), and, moreover, || X|| 2, c2) = [[UX||12(3)- Thus, the multipli-
cation operator U : X — N, ' X is unitary from L*(R,,C?) to L?(H,). For functions

X € BV .(Ry), X € AC1o.(R,), related by X = N;'X we have <X(0)’e°‘>c2 =0
if and only if <Nq‘1(O)X(O),ea>C2 =0, ie., <Nq—1(0)e_J*Q({O})X(O—),ea>C2 =0,
where X (0—) is defined by (2.18). However, (2.20) gives N,(0) = e~/ @UD N, (0—) =
e=/" QU Thus, N, 1(0)e=/"?U%) = I and we have <X’(O),em>@2 =0 if and only if

<X (0-), €a><c2 = 0. Now, the result is a consequence of the following two lemmas. [J

LEMMA 2.6. If a function X € BV|(R) solves (2.17) for some Y € LQ(R+,C2)
then X = UX solves (2.21) with Y =UY. In particular, ¥ € L*(H) and X €
ACc(Ry).

LEMMA 2.7. If a function X € ACpc(Ry) solves (2.21) for some Y € L*(H), then
X =U'X solves (2.17) with Y =U~YY. In particular, Y € L?>(R,,C?) and X €
Bvloc( )

Proof of Lemma 2.6. The result is Claim 3.3 in [Zen23]. We repeat the proof for the
reader’s convenience. Integral equation (2.11) shows that N, is of locally bounded

variation, i.e., its columns belong to the space BV], (R, ). Hence X € BV} .(Ry) as
a product of BVIOC(RJr) functions. Moreover, (2.19) and (2.20) imply

X(z—) = Ny(a—) "' X (z) = Nyfa) e~/ D" x ()
= Ny(2) " X (2) = X (@),

i.e., X is continuous. For simplicity, we write below G (z;) instead of g(Q({z1})J*).
Equality (2.17) rewrites as

JNq(m)X(m)+/( M]G(xl)cg(xl)zvq(xl))z(xl):JX(0)+/( L Ydn,

(2.22)
Denote M(z) = [_ s0.z) G(21)Q(21) Nyg(z1). For 2 X 2 matrix-valued functions Oy,
O, whose Columns belong to BV} (R} ), the formula of integration by parts (see
assertion (iv) in Theorem (21.67) in [HS69]) reads as

[ (@01)0x(e1) = 01(0)0s(e) - O1(~)6s(~0

— /( Oox] @1(.181) d@z(.ﬁlﬁ'l),

where dO1, dO, denote the representing measures of ©1, ©, as functions of bounded
variations. Clearly, if ©9 is continuous, we can replace Os(z1—) by ©3(z1). Applying



368 R.V. BESSONOV, P.V. GUBKIN GAFA

this formula to ©; = M and to the continuous matrix-valued function ©9 = (X ,0)
with columns X, (8), and considering the first column in the resulting expressions,
we get

/m] G (21)Q(1) N, (21)X (21) = M (2) X () — /(m} M(z1)dX (z1).
Equality (2.11) gives M (x) =J — JNy(z), € R, hence
| GQE N ) X )
— (= IN@)X @)~ [ (T = TN () dX (o)
—
_/ y (1) dX (1) — TN, (2) X () + JX (—00).

Combining this with (2.22), we get (recall that X is constant and Ny = I on (—o0,0),
so X(—o0) = X(0—) = X(0) by continuity)

/( ]JNq(xl)df((xl):/( V(@)da

We see that the measures JN,(z1)dX (1) and Y (x1) dz; coincide, hence X is abso-
lutely continuous and

TX(z) = JX(0 /JdX 1) /JN (1) TV IN, (21) dX (21)
- / TN, (1) Y () day = /O TN, (21)" T N, (1) Y (1) das

/ H 1171 LEl dfﬁl,

because JA~'J 1 = A* for every real 2 x 2 matrix A with unit determinant. The
lemma follows. 0

Proof of Lemma 2.7. The proof is similar to the proof of Lemma 2.6. Assume that
X € AC)oe(Ry) solves (2.21) for some Y € L*(H). Set X =U~"'X, Y =U"'Y. Using
Hq = N;N, we see that Y € L*(Ry,C?) with 1Y |lz2®, c2) = HY”LQ('H )- Next, since
Columns of N, belong to BV, (R4) by (2.11) and X € ACjo.(R,) by the assumption
of the lemma, we have X € BV{ (R). Thus, it remains to show that X, Y satisfy
(2.17). Let us proceed as in the proof of Lemma 2.6. Namely, we denote G(z) =
g(Q({x})J"), M(z) = [ _o . G(21)Q(21)Ng(1), and use integration by parts to get
the formula

| GREN ) X )

= JN, (1) dX (1) — JN,(2) X (x) + JX (—00),

(700737]
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that we rewrite next in the form

/(_OO ; G(x1)Q(x1)X (1) Z/ JNq(xl)dX(xl) —JX(z)+ JX(0-). (2.23)

(_OO’I]
Since X satisfies (2.21), we have

JN, (1) dX (1) = IN,(21) J*H,Y (21) doy = TNy (1) J* Ny(21)*Y (1) day
= Y(.%'l) dl’l,

where we used the fact that JAJ* = (A*)~! for real matrices with unit determinant.
Now equation (2.23) takes the form

| GE@)QE)X()= [  Y(n)de - IX()+ IX(0-),
(—o0,2] (

—00,7]
which is equivalent to (2.17). O

Knowing that operators D, and Dy, are unitary equivalent, it is of no surprise
that they have the same spectral measures and Weyl functions. Recall that the Weyl
function of D, for q € L*(R,) is defined by

noo(x, 2)

mg(z) = lim ————=, Imz >0,
x—=+00 N9 (T, 2

where N = (;1* ™%} is the solution of the Dirac system JN'(z,z) + Q(x)N(z,2) =

zN(z,2), N(0,z) = ((1) (1)), z € C. Let us use the same definition for potentials ¢ € M,
with the interpretation of solution N in the sense of Persson:

JN(z,z)+ /(Oo ; g(QHz1}) — 2)J")(Q(z1) — 2)N(x1,2) = J, reR. (2.24)

Note that Ny(x) = N(z,0), z € Ry, for the function N, solving (2.11). A variant of
Lemma 2.6 for N in place of X implies that N(z,z) = N,(z)M(z,z), where M is
the fundamental matrix solution for the Hamiltonian H, = Ny N,. In particular, for
w =00, &(z) = 01N, (r)To1w and each Im z > 0 we have
— T T — 1 T~ —
mg(z) = IEIEOO o1N(z,2)" oyw = zgrfoo o1 M(x,z)" o1@0(x) =my, (2),

because @w(x) € RU oo for every x € Ry (according to the Weyl circles analysis, for
every H € Hging, 2 € C, the sets o1 M (z, 2)To1(CL URU o) shrink to the singleton
set {my(2)} as x — o0, see, e.g., Sect. 8 in [Rom14]). Thus, for every ¢ € M we have

Mg =My, Hy= N;Nq, (2.25)

as in the standard theory for ¢ € L (R;). The Schur function f, is then defined
via (1.2). Clearly, we have f, = fy,. Our final remark concerning the general theory
of Dirac operators with measures is the spectral theorem for these operators. For

potentials ¢ € L{. (R, ), it can be found in Sects. 7, 14 of [Den06].
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PROPOSITION 2.8. Let g € M. Define the main spectral measure p, of the Dirac
operator Dy on R, to be the representing measure of the harmonic function Immg =
Re( +f‘1), i.e., by

q

1-|f,(2)]? 1 Imz
m = ; e m duq(l’), S (CJ,_, (226)

where f, is the Schur function of D,. Then the operator D, on L*(R,C?) is unitarily
equivalent to the multiplication operator by the independent variable in L?(u,). The
operator V : L>(R;,C?) — L?(u,) of unitary equivalence is densely defined by

V:X— —/R ), N1(z z)>@2 de, Ni(z,2)=N(z,2) (5),

on smooth functions X : Ry — C with compact support.

Proof. In view of (2.25), the result is a direct consequence of Proposition 2.5 and
the spectral theorem for operators of canonical systems (see Sect. 8 in [Rom14], or
Chap. 3 in [Rem18]). O

In what follows we will deal with a subclass of M — potentials ¢ supported on
lattices. To simplify notation, we define

My={qe M : suppq ClZ,}.

Take ¢ € My and let @ be the matrix potential associated with ¢ via (2.9). Define
also the constant 2 x 2 matrices Q[¢k] = Q({¢k}). We have

N, (z) = e/QlnlJQUM=DI. . Q0] n=|x/l], x> 0. (2.27)

Here |y]| is the integer part of y (the maximal integer k such that k <vy).

2.3 Auxiliary lemmas. Recall that D denotes the open unit disk {z € C: |z| <
1}. Take a number ¢ > 0 and consider the conformal map etz . Q¢ . — Qp from
Qc, ={z€Cy:|Rez| <m/2l} to Qp={z€D:2¢(-1,0]}. We will denote by
we : Qp — Q¢ the inverse conformal map.

LEMMA 2.9. Suppose that the Schur function g € S(C4) satisfies g(z + w/l) = g(2)

for some £ >0 and all z € Cy, i.e., g is w/l—periodic. Then G = g(we(:)): Qp — C
extends analytically to the whole open unit disk D. In particular,

(a) there exists the finite limit g(oo) =limy_, o g(1y);
(b) if g(00) =0, then g = e***f, where f is also w/{—periodic and f € S(C,).

Thus, one step of the Schur’s algorithm e***g, = % for a m/l—periodic Schur
function g in C, corresponds to the one step of the Schur’s algorithm zGy = %

for its counterpart G in D.



GAFA SPECTRAL CONTINUITY 371

Proof. Since g(z + w/l) = g(z) for all z € C,, the function G = g(we(-)) extends to
a continuous function on D\ {0}. Therefore, G is analytic in D\ {0}. The point 0
is a removable singularity of G because G is bounded. From here we see that there
exists the limit

G(0) =lim G(e) = lim g(we(e)) = lim g(iy) = g(c0).

e—0 y—+o00

To prove (b), notice that g(co) = 0 implies G(0) = 0. Then by Schwarz lemma we have
G(\) = AF()\), A€ D, for some F € S(D). In particular, g(z) = w, ' (2)F(w; *(2)) =
e?* f(z) for f € S(Cy). O

b
—a

exp(A) = cosh(\) (1 0) + Sinh()\)A, A=+Va?+ b2

LEMMA 2.10. Let A= (Z ) be a zero-trace symmetric matriz. Then we have

0 1 A

b —a b —a 1

Ak 00 A2k o0 A2k+1 oo )\21@ 1 0) 0 )\Qk
exp(A) =Y 7 = T PR . ) P
S Gt e~ L o 1) X

Proof. We have A? = (a b ) (a b ) = \? ((1)0). Therefore

The series in the right hand-side are Taylor series of cosh(\) and sinh(\)/\. The
lemma follows. O

2.4 Proof of Theorem 1.4. Given a Hamiltonian H on R, , and 0 < u < v < o0,
let us denote by M (v,u,z) the value at v — u of the fundamental matrix solution for
the Hamiltonian H(u+ ) on Ry.

LEMMA 2.11. If g € My and f, is the Schur function of Dy, then f,(z+7/) = fo(2)
forall z€ C4.

Proof. Let H,= NN, for the matrix-valued function N, in (2.27), and let M, be the
fundamental solution of the corresponding canonical system (2.5). The Hamiltonian
H, is a constant rank two Hamiltonian on [¢k,¢(k + 1)) for every k € Z,. By Lemma
2.2, the function My(z) = M,(¢(k + 1),0k,2) has the form M;(z) = A, 'Ep, Ay for
Ay, = y/H,(Ck) and the function Ej, defined in Lemma 2.4. In particular, M} is
7 /{—antiperiodic for every k € Z., i.e., it satisfies My(z + /) = —M,(z) for all
z € C4. For each n the chain rule for solutions of ODE gives

M,(ln,z) = My_1(2)My—2(2) - - - Mp(z).
Therefore, M,(¢n, z) is m/¢-periodic or m/¢-antiperiodic depending on the parity of

n € Zy. Since My(¢n,z) and —M,(¢n,z) generate the same fractional linear trans-
form, we obtain 7 /¢-periodicity of ms, from its definition:

my, (2) = xh_)rgo o1 My (x,2) oyw = n_}gr}}lez o1 M, (fn, 2)  oyw, zeCy.

To conclude, recall that f, is related to mg =mgy, via (1.2). O
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LEMMA 2.12. Let g € My for some £ >0, and let f, be the Schur function of D,.
Then f,(c0) exists and satisfies

fq(00) = (q({0})),

where » is defined in (1.15). Moreover, the Schur function of Dy,, qo = q({+ ),
satisfies

fa(2) = f4(0)
1~ fy(00) fo(2)’

Proof. Recall that fg, fg, coincide with Schur functions of Hamiltonians H, = Ny Ny,
Hqg, = N,, Ny, , where

e f.,(2) = zeCy. (2.28)

N,(z) = ’Qlnl7QUM=1] .. o JQI0] n=|z/t], x>0,
N, (z) = e/ RUMAD] g JQU(n=1)] . o JQN] n=|z/t], x>0.

In particular, we have

Lemma 2.2, Lemma 2.4 and relation (2.7) give
mg = 01Ny(0)* o1 Epmy,, fq=Ro1Ny(0) 01E. Lfg,.

Denote ¢ = ¢({0}). We have JQ[0] = (}Eef g;g) Lemma 2.10 gives

-JQI[0].

N,(0)" = N;(0) = 9 = cosh(|c]) - ((1) 2) ( sablic).

Furthermore, the straightforward calculation shows
1 —i coslz  sinlz i 9 [ e 0
REeL = (1 i ) (—sinﬁz cosﬁz) (—1 1) _22< 0 e_“zz> ’
1 — Re¢ Im( coslz sinfz i1
Ep L=
o1 JQ[0]or B (1 i ) (Im( —Re() <—sin€z cos[z) (—1 1)’

e 0 ze—iﬁz
=2 (geiﬁz 0 ) :

When working with the relation “=”, the constant factor 2¢ can be cancelled, hence

cosh([¢])e* Sml‘}(' JCeitz o2il tanlhc(l\q)z
fq == ( %(eiéz COSh(‘ |) —z@z) fqe = (tanlfé(d)ce%;gz 1 > fQE'
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Note that the function s~ !: (> tar“?l‘qz from C to D is inverse to the function s:

log 1+}s| from D to C. This follows from the fact that tanh ™" [s| = L log 1+\5}‘

2|s|
Therefore the obtained formula for f, rewrites as

2ilz -1 2ilz -1
fo= <%1€ i g 1(C)>fqz7 fq:% fqe%% )

(e Qe fy +1
sitzp _ Ja— 2 ()
IR

It remains to prove that f,(c0) = 31(¢). For this we simply write

Tim (fy(iy) = () = Jim 2, (ig) (1 = 5 1(C) fy i) =0,

y*)OO
where we used the fact that both f, and f,, are bounded in C,. U

Proof of Theorem 1.4. Let q be a discrete measure on R, such that suppq C ¢Z,
for some ¢ > 0. The Schur function f,:Cy — D of D, on R, coincides with the
Schur function of the Hamiltonian H, = Ny N, on R, where N, is defined in (2.27).
By Lemma 2.11, f, is m/¢-periodic in C,. For s defined in (1.15), Lemma 2.12
states that ¢({0}) = »(f,(c0)) and f,, is the first Schur’s iterate of f,. Then (1.16)
follows by the induction principle. Since there exists infinitely many Schur iterates
of fq (equivalently, |f;x(c0)| <1 for each k € Z, ), we have f; € S¢.(C;). It remains
to show that for every f € S;.(Cy) there exists ¢ € My such that f = f,. Take
[ € Se+(Cy), find its recurrence coeflicients { fz(c0)}rez, , and define ¢ by

q({kl}) = (fr(0)),  k€Zy.

The first part of the proof shows that recurrence coefficients of f and f, coincide.
The same is true for the corresponding Schur functions F'= fowy, F, = fyowe in D
in Lemma 2.9 and the standard recurrence coefficients in Schur’s algorithm in D for
these functions. It follows that F' = Fj, see formula (1.3.43) in [Sim05]. Thus, f = f,
and the proof is completed. Il

2.5 Proof of Corollaries 1.5-1.7. Consider a Schur function F € S,(ID). Note

that 1+j§, % are analytic functions in D with positive real part. It follows that

there are finite nonnegative measures o, v on the unit circle T being the boundary

values of the corresponding positive harmonic functions in D, i.e.,

1L—[AF(\)? IA]2

1= AF(\)2 /]1—)\§|2 ©), (2.29)
L FQP [ 1P

T FOIE e agp ™) (2:30)

for all A € D, see Section 1.3 in [Gar81]. Taking A =0, one can see that o is a
probability measure on T. In general, the measure v is not probabilistic and there is
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no simple way of expressing v/v(T) in terms of 0. However, v/v(T) coincides with the
1 Foa(N—Fa(0)

A1-Fa(0)Fa(N)
of the Schur function F,, = oF for a specific value o € T. More precisely, we have the

following relation.

measure 0,1 generated via (2.29) by the first Schur iterate Fy1(\) =

LEMMA 2.13. Suppose that F' € S(D) and a € T are such that o = i:%, 0)| < 1.
Then
L—[Ma? 1 |F(0)* 1-|F]
— = AeD. 2.31
T Mou2  L+aFP(OE[I-FE (2:31)
In particular, we have v/v(T) = 04,1, i.e.,
L= DELOP 1 1P
: - A auE),  AeD. 2.32
T AP~ () Je i = age ) (232
Fo—Fa(0) _ aF—aF(0)
Proof. We have \F, 1 = T (0)F. L FO)F . It follows that
1—|F0)*)(1—|F|?
|- By = (PO =
[1-F(0)F|
and, taking into account F'(0) + a =1+ aF(0), we get
L \F. . = 1-FO)F —aF +aF(0) (1+aF(0))(1-F)
o 1-F(0)F 1-FOF
These two relations yield (2.31). Integrating (2.31) over T, we see that % =
Now, (2.32) follows from (2.30). O

(T)
Let a Schur function F' € S.(ID) and a probability measure o on T be related as
n (2.29). There is a strong connection between properties of orthogonal polynomials

in L?(c) and the properties of F. Let {®)}r>0 be the family of polynomials such
that @5 = 2¥ + .-+ + ®,(0) for each k >0 and

((I)klaq)kg)LQ(a) =0 for all 0k < ko < 0.

Let also ®}(z) = 2"®;(1/%) denote the so-called reflected orthogonal polynomials. It
is well-known (see, e.g., Theorem 1.5.2 in [Sim05]) that

Dp11(2) = 2Pk(2) — apPy(2), k>0, (2.33)

for all z € C and some sequence {ax >0 C D, which is called the sequence of recur-
rence coefficients of o. Moreover, any {ay }r>0 C D arises uniquely as the sequence of
recurrence coefficients of some probability measure ¢ supported on an infinite subset
of T, see Sect. 1.7 in [Sim05]. The following theorem is due to Geronimus [Ger44],
its modern exposition can be found in Sect. 3.1 of [SimO05].
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Theorem 2.14 (Geronimus’ theorem). Assume that a Schur function F € S.(D) and
a probability measure o on T are related by (2.29). Let {F(0)}r>0 be the recurrence

coefficients of F, see (1.11), and let {ou}r>0 C D be the recurrence coefficients of o
in (2.33). Then F(0) = oy, for all k> 0.

Geronimus’ theorem allows to formulate many results of the theory of orthogo-
nal polynomials in the language of Schur functions. Let us state several landmark
theorems of the theory in this form. In all of them, 0 = w, dmrt + o4 (respectively,
v = w, dmr +vs) is the Radon-Nikodym decomposition of o (respectively, v/) into the
absolutely continuous and singular parts. Here and below mp denotes the Lebesgue
measure on the unit circle T normalized so that my(T) =1. For F, v related by
(2.30) it is known that

w, () = % for Lebesgue almost all £ € T, (2.34)
and
_ e L= JF@EE?
v *TIgr% T Fo)P dmr(§), (2.35)

where xlim stands for the *-weak convergence of measures. For the proof of relations
(2.34), (2.35), see Theorem 1.5.3, Theorem 1.3.1 in [Gar81]. Similar relations hold for
the measure o (for o, one need to replace F' by £F in (2.34), (2.35)). In the next
three results we assume that a Schur function F' € S, (D) and measures o, v on T are
related by (2.29), (2.30) and {F%(0)}r>0 = {au }rx>0 are the recurrence coefficients of
F,o.

Theorem 2.15 (Rakhmanov’s theorem). If |F| <1 almost everywhere on T, then

Proof. By (2.34) if |F| < 1 almost everywhere on T, then w, > 0 almost everywhere
on T. By the classical Rakhmanov’s theorem [Rak77], see also Sect. 9.1 in [Sim05],
this implies limy>o ax = 0. It remains to use Geronimus theorem. O

Below, W(T) stands for the Wiener algebra of all absolutely convergent Fourier
series on T.

Theorem 2.16 (Baxter’s theorem). The following assertions are equivalent:

(1) FeS.(D)nWHT), maxeer |F(£)| < 1;

(2) 2ks0 [Fr(0)] < oo;

(3) o =w,dmt, where w, € W(T), infrw, > 0;
(4) v =w,dmr, where w, € W(T), infrw, > 0.

Proof. Equivalence (2) < (3) is the original Baxter’s theorem [Bax63] (modulo
Geronimus’ theorem 2.14). Equivalence (1) < (2)&(3) was proved by Golinskii
in [Gol97]. So, it suffices to prove the equivalence (2) < (4). For this we take



376 R.V. BESSONOV, P.V. GUBKIN GAFA

a €T, set F,, = aF and note that (2) is equivalent to 3=~ |Fax(0)| < 0o because
Fox(0) = aFy(0) for all k> 0. Assumption »;~, [Fox(0)| < oo is equivalent to the
assumption (2) for F, 1, the first Schur iterate of F,,. In turn, the latter is equivalent

to the fact that the probability measure o, ; corresponding to Fy, ; satisfies assump-

tion (3) with o replaced by o4,1. Now, choosing o = }:?Egg we see from Lemma, 2.13

that 0,1 =v/v(T), and the result follows. O

Next theorem deals with the Sobolev space Hj5(T) — the set of functions

Hy)(T) = {g eLNT): Y [kllg(k))* < oo},

keZ
where §(k) is the k-th Fourier coefficient of a function on the unit circle T, see (3.3).

Theorem 2.17 (Szegd-Golinskii-Ibragimov theorem). The following assertions are
equivalent:

(2) 0 =w,dmt, where w, = e¥ for some ¢ € Hy5(T);
(3) v=w,dmr, where w, =¥ for some 1) € Hyo(T).

Proof. The proof is similar to the proof of Theorem 2.16. The equivalence (1) < (2) is
the original Szegs-Golinskii-Ibragimov theorem [GI71] (modulo Geronimus theorem
2.14). Let us show that (3) is equivalent to (1). For this we take o € T, set F,, = aF’
and note that (1) is equivalent to Y, k[Fax(0)]* < co because Fy(0) = aFy(0)
for all k> 0. Assumption Y ;50 k|Fax(0)]* < oo is equivalent to the assumption (1)
for F,, 1, the first Schur iterate of F,. In turn, the latter is equivalent to the fact

that the probability measure o, corresponding to F, ; satisfies assumption (2)
with o replaced by o,,1. Now, choosing o = %Egg we see from Lemma 2.13 that

a1 =v/v(T), and the result follows. O

Let ¢ € M, and let f; is the Schur function of D,. Recall that the main spectral
measure [i, of the Dirac operator D, on Ry is defined by

1- P11

Writing g = wy dx + pig,s for pg s Ldx, we obtain

1— 2
wy(z) = % for Lebesgue almost all = € R, (2.37)

and

dz, (2.38)

where the limit is understood in the x-weak sense. These relations are analogous to
(2.34), (2.35) and have essentially the same proofs.
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Given ¢ € My, we know that f, € S;.(C), see Theorem 1.4. By Lemma 2.9, there
exists F, € S,(D) such that F,(e?**) = f,(z), z € C;. Below we prove Corollaries
1.5-1.7 based on Theorem 1.4 and the following proposition.

PROPOSITION 2.18. Let g € My and f; € Se.(Cy) be the measure-valued potential
and its Schur function. Also let F, € S.(D) be such that F,(e**) = f,(2), z € C,.
Then the spectral measure piq, of Dy is periodic with period /¢ and satisfies

1—|[F(M)P 5/ 1—[AP
S LA - —————dpy(x), A eD. 2.39
1= FNP mJigz) 1= A2tz 70 ) (2:39)

In particular, if v, is the measure on T generated by F, via then fuq(E) =

(2.30),
vg(E*), where E* = {e***, x € E} for every Borel set E C [—%, ).

Proof. Set we(x) = %, x € R, and take arbitrary zo € R. By (2.38), for the

proof of (2.39) it suffices to show that for every A € D we have
XN 1= AP

a s i We(@) d (2.40)
‘17FQ()‘)‘2 0T Jlzo—Z wo+25) I1 _)\621&5’2 €

For ¢ >0, denote r. = e~2%. In view of F,(e**) = f,(z), z € C, relation (2.40) can
be rewritten in the form

1—|F 2 ¢ 1— )2 F(2il(a+ie))|2
LT AP LR
’1_ (M 0T Jlwo— L wo+ %) 11— )\elx’ I1—F, (6 )2
: L= |AP 1= [Fy(rf)P
= lim = dm
B e xR = FyGrg U
— [Fy(r-\)?

=lim —————
0 |1 — Fy(r-A) 2

which holds by continuity of Fj, in D. Periodicity of j, follows from the fact that
zo € R in (2.40) is arbitrary, while the left hand side does not depend on (. Relation
L 114(E) = vg(E*) is just the change of variables in the Lebesgue integral. O

In the proof of corollaries below we assume that f;, and F, are related as in
Proposition 2.18. In particular, their Schur’s iterations satisfy f, x(00) = Fyx(0) for
all k>0

Proof of Corollary 1.5. Suppose that o,.(D,) = R. It follows that |f,| <1 almost
everywhere on Ry, see (2.37). Then, the corresponding Schur function Fj in D is
such that |F,| < 1 almost everywhere on T. By Rakhmanov’s theorem 2.15, it follows
that F,x(0) — 0 as k — +o00. Then, Theorem 1.4 and the fact that f, (c0) = F, x(0)
imply ¢({k}) — 0 as k — +o0. O

Proof of Corollary 1.6. By Theorem 1.4, 37 -,lq({k})| < oo if and only if
> k>0 [Fyk(0)] < oco. By Baxter’s theorem 2.16, this is equivalent to v = w, dmr,
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w, € W(T), infrw, > 0, for the measure v constructed from F, by (2.30). By
Proposition 2.18, we have yu, = w,dz, where w,(z) = w,(e**) is a continuous -
periodic function on R with inf,cr |wq(x)| = infeer |w, ()| > 0. Moreover, for every
k € Z we have

L2 ik I
—/ e wq(x)d:c:/§ wy, (&) dmr.
T J—m/2 T

It follows that assumption 3, [g({k})| < oo implies p, = w,dz for a m-periodic
function w, such that inf,cg [wy(x)| > 0 and

wq:cheQim, Z|Ck| =Z|u7u(k)! = ”wVHWI(T) < 00.

kEZ keZ kEZ

The argument is reversible: any measure j, with these properties gives rise to the
function Fy such that Y7o |Fyx(0)] < oo, ie., Y p~qlq({k})] < oo by Theorem 1.4.
0

Proof of Corollary 1.7. By Theorem 1.4, assumption 3,5 klg({k})]* < oo is equiv-
alent to the assumption Y50 k|Fyx(0)|* < oo. Then, Szegd-Golinskii-Tbragimov the-
orem 2.17 says that the last condition is equivalent to v = e¥ dmr, ¥ € H; /2(T) for
the measure v related to Fj via (2.30). By Proposition 2.18, this can be further
equivalently reformulated in the following way: 11, = w, dx for a positive m-periodic
function w, that satisfies logw,(z) =1 (e**) on R. For these objects, we have

. 1 [7/2 ) _
logwg(z) = cre®™, Cp=— / e 2k logw, dr = / £ (&) dmry.
keZ T J—7/2 T

In particular, the series Y ycy |E|lck|? = Spez [kl (k)[? converge or not simultane-
ously. From here we see that =, klg({k})|* < oo if and only if y, = w, dz, where
logwy = 3 ez cke®*® with 3, cp |kl ck|? < oo. O

2.6 Piecewise constant Hamiltonians. Since Dirac systems generated by purely
atomic singular measures are closely related to piecewise constant Hamiltonians (see
(2.25) and (2.27)), some results of Sect. 2.3 can be rewritten in terms of canonical
Hamiltonian systems. Below we formulate two theorems of such kind and discuss the
main difference that appear in the analysis of corresponding Schur functions.

Given £ >0, we set No(C,)={m & N(C,): m(z) =m(z+x/l) for all z € C,},
where, as before, N(C;) = N(C;)UR U {oo} stands for the extended Herglotz-
Nevanlinna class. Note that 7/¢ is not necessary the minimal period of a function
m € Ny(C,). In particular, we have C; UR U {oo} C Ny(C,) for each ¢ > 0. For
n € Zy, we set Ng,, = [In,In+1).

Theorem 2.19. For every function m € Ny(Cy.), there exists H € Hging, no € Zy U
{0}, such that m =my and

(a) H is constant on each interval Ay, 0 < n < ng;
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(b) detH =1 on Up<neneDen;
(c) H is a constant nonnegative rank-one matriz on [fng, +00).

Conversely, the Weyl function of any Hamiltonian H € Hg;png satisfying (a)—(c) be-
longs to Ny(C.).

Let us note that assertions (a) and (c) are non-void only if ng > 0 and ny < oo,
correspondingly.

Piecewise constant Hamiltonians and periodic Weyl functions were previously
studied by Eichinger, Luki¢, Simanek [ELS212] and Makarov, Poltoratski [MP23].
In these papers the authors found a relation of such Hamiltonians to orthogonal poly-
nomials on the unit circle. For a subsequent development of the area, see Poltoratski
and Zhang [PR23]. It is possible to prove Theorem 2.19 based on the relation from
[ELS212], [MP23] or derive it directly from Theorem 1.4. For Theorem 2.19, the
choice of model (Dirac systems or canonical Hamiltonian systems) is not important.
However, on the level of Schur functions we will see an important difference. Let us
fix £> 0, take H satisfying (a)—(c), and define the functions f; by

o __ my — i 2ilz fo _ My, — mHZn(OO)
fi= e e (09

- . 0<n<no. (2.41)
mH + t m,Hén - mHZn (OO)

Symbol © is used here to distinguish f; from the Schur functions f, of the Dirac
operators Dy, generated by the potential ¢ such that H = H,, see Proposition 2.5.
In fact, we have f5 = fo, while in general f; # f, for n > 1.

Theorem 2.20. Let ¢, H, ng be as in Theorem 2.19, and let f;, 0 <n < ng, be the
functions defined by (2.41). Then f: belong to Si(Cy) and satisfy the generalized
Schur’s recursion:

it o _ L= F2(00) £ — fa(o0)
= (o) 1 - fe(oo) fo

0<n <np. (2.42)

Moreover, if we set a, = f2(c0), then the Hamiltonian H can be recovered from its
Schur function fy = f§ by

1—fax|?
UUn,  Up=ApAn_1-...- Ao,
H 11—%\2 ! 0

[1-a.,|? —2Ima,
_ 2 _ 2
A’I’L = 1 ‘anl 1 ‘a‘”‘ y
0 1

for all 0 < n < nyg.

(2.43)

This theorem can be also derived from results of [ELS212], [MP23] or directly
from Theorem 1.4. We skip this derivation because our main objective is the usage
of Schur’s algorithm for proving spectral stability results. From this perspective, the
classical Schur’s algorithm (that appears in Theorem 1.4) turns out to be much more
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accessible than its generalized version (2.42). The difference comes from a purely

“algebraic” obstacle — the presence in (2.42) of the multiplicative factor }:;ﬁgg

makes perturbative analysis on the side of Schur functions much more complicated.

It would be interesting to derive continuity estimates in Krein-de Branges theorem
based on (2.42). This direction remains open.

3 Spectral continuity estimates for potentials in L?(R)

Our aim in this section is to prove Theorem 1.3. The strategy of the proof is to
approximate potentials ¢,§ € L?(R,) by discrete measures supported on ¢Z,, £ — 0.
By Theorem 1.4, solution of the direct and inverse spectral problems for measures
supported on ¢Z, relies on a Schur algorithm. This and the continuity estimates
for the Schur algorithm that we prove below will be the principal ingredients of the
proof of Theorem 1.3.

3.1 Estimates for Schur’s algorithm. Recall that the Schur’s algorithm for func-
tions F' € S,(D) is defined by

Fy, — Fy(0)

Fy=F,  zF1=
0 k+1 | FL(0)F)

. k>0 (3.1)

It is known that the mapping F +— {F;(0)}r>0 is a bijection from S.(ID) onto the
space ((Z,D) consisting of all sequences {q(k)}kez, indexed by nonnegative inte-
gers Zy ={k €Z: k >0} such that |¢(k)| <1 for every k € Z,. Moreover, one can
introduce topologies on S, (D), £°(Z, ,D) so that this mapping became a homeomor-
phism, see Sect. 1.3.6 in [Sim05]. One version of the Szeg6 theorem (see Sect. 2.7.8
in [Sim05]) states that for every function F' € S,(ID) we have the following relation
between recurrence coefficients {F(0)}r>o and the logarithmic integral of F:

o0

n(F) =[] - |Fr(0)]*) = exp (/T log(1 — |F|?) me) : (3.2)

k=0

Since |F3(0)| <1 for each k and |F| <1 almost everywhere on T, the quantities
[1720(1 — |Fr(0)]?) and exp (Jylog(1 —|F|?)dmt) are defined for every F € S.(D)
but could be, in general, equal to zero. We will denote by Sz(T) the class of all
functions F' € S,(D) such that n(F) > 0. Equivalently, F' € Sz(T) if F' € S.(D) and
any of the following two equivalent assertions holds:

— 2k>0 |F(0)]* < o0, or
— log(1—|F|?) € LY(T).

For a function h € L'(T) and k € Z, let us denote by h(k) its k-th Fourier coefficient,

(k) = [ b€ dma(©) (3.3)
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Take r > 0. Denote by W'(rT) the linear space of functions h € L*(T) such that

> kez rk|fz(k)| < oo equipped with the norm |}z ckzk||W1(rT) = Zkezrk|ck|. If
hyo € L*(T), then hihy € L(T) and the following multiplicative inequality holds:

[hahallwory = > rF|(hy + ho) (k)|

kEZ

<30S kR (G)ha(k — )]
kEZ jEL

=> "1 |ha () > I ha(k - j)|
JEZ keZ

= [|hillwrmy - |hellw -

Consider the space

B'(rT) = {F € S.(D): > r¥|F4(0)] < o0}
k>0

For Schur functions F, G € Sz(T), and r € (0,1), we are going to estimate

IF = Gllweny = 3 HE0) - GGb) (3.)
in terms of

peiem) (F,G) Zrk‘Fk Gr(0)]. (3.5)

We set n(F,G) =min(n(F),n(G)), where n(-) is defined in (3.2).

Theorem 3.1. For all F,G € Sz(T), r € (0,1) such that 1 —r > 12log(n(F,G)™1) we
have

1
5781 (B, G) S IF = Gllwi ) < 2pm1 () (B, G). (3.6)

By definition, we have B'(rT) C S.(D) for all r € (0,1). The situation changes
for 7 =1 and r > 1. Schur functions F lying in B(T) were considered by Baxter in
his famous work [Bax63], see Theorem 2.16 above. For r > 1, Schur functions have
exponentially decaying recurrence coefficients. This case was studied by P. Nevai
and V. Totik in [NT89], see also Sect. 7 in [Sim05], [Sim07], [GMO06] and references
in these works. However, we are not aware of inequalities analogous to (3.6) for
r > 1. This remains an interesting open direction. We also do not know if (3.6) holds
(possibly with some different constants) if we change 12 in the statement of Theorem
3.1 by arbitrary € > 0. See Lemma 3.3 below for the case where g = 0.

For the proof of Theorem 3.1 we need some auxiliary results. Take a function
F € 5z(T). The inequality = < —log(1 — =) holds for all x € [0,1), let us apply it to
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(3.2). We have

S RO < 3~ log(1 ~ [R0)) =logn(F) ", (37)
k=0 k=0
ki:) |F(k‘)|2 = /11‘ |F|2 dmt < /T —log(1 — ’FF) dmp = logn(F)_l, (3.8)

LEMMA 3.2. Assume that F € Sz(T), r € (0,1) are such that 1 —r > Tlogn(F)™" for
some T > 0. Then || F, HWI(HT) 1/T for every n > 0.

Proof. From (3.8) we get

[ 0o [ 1/2 lo
: : g1 (F) !
Bllwion =B < (2 Y IB®F) <
k=0 k=0 k=0 1-

r2

N

The definition (3.2) of n(F) yields n(F) < n(F},) for each n > 0, hence

logn(Fn) ™" _logn(F)™' _ 1
2 n
[ Enllv ory < 1,2 < T, <T. O

LEMMA 3.3. Assume that F € Sz(T), r € (0,1) are such that 1 —r > Tlogn(F)~" for
some T'> 0. Then
T+1&
_Z\Fk < Flw o) < <TZ|F,€(0)|7~’c

k=0

Proof. One step F,, — F, 41 of the Schur’s algorithm (3.1) can be rewritten in the
following form:

2Fhi1=F, — F,(0) 4+ zF,(0)F, Fpq. (3.9)
Then,

22Fp = 2F, — 2F,(0) + 2°F,(0)F, F, 11
n—1— Fn—l(o) - ZFn(O) + an—l(O)Fn—an + Zan(O)FnFn-i-l

Iterating (3.9) further, we obtain

n n
Zn+1Fn+1 =F— Z Zka(O) + Z Zk+1Fk(O)Fka+1.
k=0

If we send n — oo, this becomes

F=Y 2F(0)= > ZF(0)FuFrpa,  z€D. (3.10)
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Lemma 3.2 applied for F}, and Fj4q gives

oo oo
> E(0) FiFip < B [ Fllw gy - [ Fren lwr omy
k=0 WirT) k=0

1 o0
< = Y rFF(0)
Tk:O

where we used the multiplicative property of the norm || - |[yy1(,1). The lemma follows
from (3.10) and the triangle inequality. O

LEMMA 3.4. Assume that F,G € Sz(T), r € (0,1) are such that 1—r > Tlogn(F,G)™!
for some T' > 0. Then we have

T+1
Z‘Gk ”Fkuwl(rﬂ‘) T—
Proof. From the previous lemma we get
T + 1&
HFkHWl(r'ﬂ‘) ZTZ|Fk+l

We use this, the Cauchy-Schwarz inequality, and (3.7) to obtain

T—I—l

> 1GR(0)] - | Fellw rmy < Z [ )\ZrlrFkH(m
k=0 =0

T+ 1
——>r Z |Gr(0)] - [Fiy1(0)]
=0 k=0

T+1X — —

<Tl:0r -\/logn(Fz) 'logn(G)~
(T +1)logn(F,G)™ 1

h T(1—7)

Since 1 —r = T'logn(F,G)~!, the lemma is proved. O

Proof of Theorem 3.1. We first prove Theorem 3.1 under the assumption F, i =
Gpnt1 =0 for some n > 0. For simplicity, in some places we write || - || instead of
| - llwr@my- Let us argue by induction. Fix k € Z, and assume that

oo

> F(0) = Gia(0)| < |Fj = Gjllwagrn) < 227"\FJ+1 Gj(0)]  (3.11)

1
2=

for every j > k. We want to prove (3.11) for j = k. Note that (3.11) clearly holds for
j =n+ 1, therefore, there is no problem with the initial step of induction. Relation
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(3.10) for F, Gy, gives

o0 o
Fy, — Gy, :<ZZZFI€+I(O) - ZZHleH(O)FkHFkH—l—I) -
- 1=0

<ZZle+l ZZHleH Gk+le+l+1)
1=0 1=0

=Y 2" (Fira(0) — Gra(0))

1=0

o0
YA (Fk+l(0)Fk+le+l+1 Gr+1(0 )Gk+le+l+1)
1=0

For every s =k + [, the expression in the last brackets can be rewritten in the form

Fo0)F.Foss — Go(0)GaGasr = (Fo{0) — Go(0)) FuFaa
+ G O)FS(FS_H — Gs+1) + GS(O)GS_H(FS — GS)

Therefore, we have

o

Fo—Gp=>) 7 (Fk+l( ) = Gra(0 ) ZZ "Fri1 Py (Fk+z(0) - Gk+l(0)) -

=0

=3 G (0) Fre (Fk+l+1 - Gk+l+1)
1=0

ZleGkH( )Gk+l+1(Fk+l Gk+l)- (3.12)
=0

For the second term in the latter sum we use the triangle inequality, the multiplicative
property of the norm || - ||yy1(,), and Lemma 3.2 to obtain

o

2 E i P (Fk+l(0) - Gk+l(0)) H
=0

< Y Feall - [ Frgisa |- ‘FkH(O) - Gk“(o)‘
1=0

Zrl’Fk-H — Gr11(0)]. (3.13)

Let us rewrite the third and the fourth term in (3.12) in the form

> 2 Gy (0) i (Fk+l+1 - Gk+l+1) =2 #Gru1(0) P (Fk“ B Gk“)’
1=0 =1
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Zzl+le+l( )Gk+l+1(Fk+l Gk+l> ZZ 2G1(0 Gk+l+1<Fk+l Gk+l)
1=0

+ ZmGk+1 (Fk - Gk) .

We see that the sum of these two expressions equals

2Gr(0)Gryr (Fr — Gr) + Y2 (Gk+l71(0)Fk+l—1 + ZGk+l(O)Gk+l+1) (Fk+l - Gk+l)-
=1

For every [ > 1 we have k +1 > k, hence Fy; — G4 can be estimated by the in-
duction assumption (3.11). Together with Lemma 3.4 this gives (we use again the

<

! (r1Gket(O)] - IGkstra ]| + |Gast-a(O)] - [ Fsaa )

multiplicative property of the norm || - ||y (1))

> 2 (2Gr41(0)Grgisr + Grpi—1(0) Fegi—1) <Fk+l - Gk+l)
=1

hE

<2

N
Il
MR

X > 1| Fit144(0) — Gryr44(0)]
t=0

<23 (IGestO)]- [ Grsttll + [Grrra(O)] - [ Frsiall

o~
—_

SUPZT T Fire44(0) = Griese(0)]
1=

T+ 1)
ZT ‘Fk:-‘rs Gk+s( )‘ (314)

Denote C(T) = 20 | 1 =311 The substitution of (3.13) and (3.14) into (3.12)
implies

Zr | Fits(0) — Grys(0)] <
< ||(F — Gi) = 2Gi(0)Grya (Fr — Gr)|| <

<(1+40(T Zr | Flts(0) = Grys(0)].  (3.15)

By Lemma 3.2, we have ||G1(0)Gri1 || < |Gill - |Gri1ll < 1/T, hence

T-1 _ T+1
THFk — Gil| < ||(Fk — Gi) — 2Gr(0)Gry1 (Ff, — Gi)|| < —HFk =Gyl (3.16)
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Therefore, for T'> 1 from (3.15) and (3.16) we see that

T -C(T)

T+1 ZTZ‘FHZ = G (0) < |Fx = Gillwr oy,

1—|—C
T+ o) ZMFW — Gnt(0)] = 1B — Gl .

To complete the induction step, it remains to check that for "= 12 we have

1 o T(1— C(T))’ T(1+4+C(T)) <2,

2= T+1 T-1

where C(T') = 234, This is indeed the case.
To finish the proof, we need to get rid of the assumption F,; = G,,4+1 = 0. For
this, we take arbitrary Schur functions F,G € Sz(T), fix n € Z,, and consider the

functions F(™, G € Sz(T) such that

F.(0), k<n, n Gr(0), Ek<n,
Oa ]6'>7’L, 0, k>n.

From (3.2) we know that n(F™ G™) > n(F,G), hence the previous part of the proof
works for F(") and G™. Tt gives

1
§||F(n) — Gy ory < ppr ey (F™,GM) < 2| F™ — G™ |1y
As n — oo, we have
Py (™, GM) = ppiny (F,G), IF™ — G |ly1ry = | F = Gllwi ).

Indeed, the first convergence immediately follows from the definition (3.5) of the
metric pgi(1); the second convergence holds because F'(k) = F((k), G(k) = G™) (k)
for all n >k, see Theorem 1.5.5 in [Sim05]. O

3.2 Approximation of LZ(R, )-potentials by discrete measures. In this short
section we prove some auxiliary lemmas related to the approximation of functions in
L?*(R;) by measures supported on ¢Z, as £ — 0. These lemmas will be used in the
proof of Theorem 1.3. Let g € L?*(R,), £ > 0. From now on and till the end of the
paper, we denote

0 £(k+1) m o
:ngkm, qlek] = /ék ™ (@) da, Q[gk]:(%e%g _RI Hi’i’;}g])

(3.17)
where dy is the point mass measure concentrated at the point £k. This notation
should not be confused with the notation ¢ = q(¢ + ) used in previous sections.
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LEMMA 3.5. For g € L*(R.), denote by H,, My the Hamiltonians on R, corre-
sponding to q, qu, respectively, see (2.16). Then Hq, — H, as £ — 0 uniformly on
compact subsets of Ry.. In particular, we have f,, — f, on compact subsets of C,. for
the corresponding Schur functions by Krein-de Branges Theorem 2.1.

Proof. Fix an arbitrary L > 0. Since H, = N;N, and H,, = N, N,, it suffices to
show that ||N,, — N,|| tends to 0 uniformly on [0,L] as ¢ — 0. Take z € [0, L] and
set k. = [z/¢]. We have N, (z) = Ny(z,lky)Ny(Lky, l(ki — 1)) - ...  Ng(20,L)Ny(£), see
(2.15). For every £ >0, k € Z, let Ay = [¢k,lk+ (). Then,

1/2
/ q(x)ldx<\/Z</ IQ(m)\Qdef) = Vgl r2(a, ,)-
Aok Ay k

Series representation (2.12) and inequality (2.13) give

1 0
o,k

[Ny (€t + 1), )] = 1+ O (llgllarm) (3.19)
where O(-) is uniform with respect to £ € [0,1] and k € Z, . By the definition (2.27)
of N,,, we have N,, ()= e/QUk-l/QUKk-—1]. | ¢JRllJQ0] Relation (3.18) gives

1 0
e (O 1) + JQEK] + O(|QIEKIII) = Ny(e(k +1),0k) + O (€lal}za, ) ) -
(3.20)

As before, we have
1’ =140 (llallzr(a,.0)) - (3.21)

Let us use the following telescopic sum relation
arag---ap, —biby--- Zal “ag—1(ak — by )bg41 -+ b,

where the empty products (appearing for k=1 and k = k, in the r.h.s.) are under-
stood as 1. We obtain

kx
1N (€k) = Nog (@)l < CpaCopw Y | No (b £k — 1)) = "]
k=1

for
k—1

— _ _ JQ44]
Cuus = g TINAGG =Dl Coa = £1||e I
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The estimates (3.19), (3.21) tell us that Cy, ;, C; » are uniformly bounded in £ € [0, 1],
x € [0, L]. Relation (3.20) implies

ZHN (k +1),0k) — /9% = O (€] 0, )

which tends to zero as ¢ — 0 (the constant in O(-) is uniform in ¢ € [0, 1], z € [0, L}]).
Finally, (3.19) implies that ||N,(z) — N,(¢k,)|| = 0 as £ — 0 uniformly in x € [0, L],
and the proof is completed. O

LEMMA 3.6. For every q € L*(R,) we have

lim > Z\qﬁk = llglZ2, - (3.22)
k>0

Proof. Recall that Ay = [¢k,lk + ¢). The Cauchy-Schwarz inequality gives

Pl =g 3| [ @] <G [ e = ol (329

k>0 k>0 k>0
In particular, both sides of (3.22) with lim replaced by limsup or liminf depend

continuously on ¢ in L?(R, )-norm. Hence, it suffices to prove (3.22) only on a dense
subset of L?(R,). Let C§°(IRy) be the set of infinitely smooth functions on Ry with
compact support. Take some ¢ € C§°(R,) and let R > 0 be such that suppgq C [0, R].
Then

Pkl = [ ta@Pdr= [ oG [ abidy-a@) de=0(@), 10

We also have ¢[¢k] =0 for k > R/{, hence

[R/{] 1 [R/{]
§ SRR =3 Gl =3 ([ la)Pde+0()
k>0 k=0 YAk
~ [ lata) P da+ 0 R0 = gl +O(RO)
which tends to zero with ¢ — 0 because R is fixed. O

LEMMA 3.7. For g€ L*(Ry) and A >0 we have

hmZe Ak g Ek”—/ e %) q(x)|dz. (3.24)
R

k>0 +

Proof. The argument is similar to the proof of the previous lemma. It is easy to
check using Cauchy-Schwarz inequality and (3.23) that both sides of (3.24) with lim
replaced by limsup or liminf depend on ¢ continuously in L?(R, )-norm. Therefore,
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we need to prove (3.24) only for ¢ € Cg°(Ry). As ¢ — 0, we have the following
estimates

altk]] = la(eh)| +O(), [ Jafa)]de = dla(ek) + O,

/ (e Ak _ =A%) gy — O (e A2,
AVA™

Therefore,

A gltk) — [ e lg(a)ldo
Ak

— e (e - [, o(a) o

4 (efAKk —€7Az)|q(ib‘)‘d.%':O(efAH%Q% ?—=0.
Ag ke

Summing up over all k£ > 0, we get

> e | glek]| - / A2 g(2)|dx| =
Ry

k>0

(Ze—A£k€2) (1_f_€2A£> —0(0),

k>0

which completes the proof. O

3.3 Approximation of S3(C, )-functions by periodic Schur functions. Take q €
L*(R;), £>0, and define o € My by (3.17). Let f,, be the Schur function of D, .
By Lemma 2.11, this function is periodic with period 7/¢. From Lemma 2.9 we know
that there exists a Schur function Fy, in D that satisfies

fCIz (Z) =Fy (GQiZZ)a fw( ) Fy, (O) z€Cy. (3’25)

It is natural to expect that f,, in some sense approximates f, as £ — 0. This is
indeed the case, we study this approximation below. For ¢ > 0, we let g,, be such
that gq, () = fg, (z) for |z| < 7/(2¢) and g4, (z) =0 for |z| > 7/(2¢). Note that g,, is
not analytic and defined only on R. We are going to prove the convergence of g,, to
fq in the following metric space X of measurable functions on R,

X = {re L2(R): [l g < 1, log(1— [rf?) € L'(®)}. (3.26)

For every r,ry,ry € X define
ptrrs) = [ ~tog (
R
= [ —log

J

f’ "7 ’2)dx

1-— T17T9

1—|ri|*)(1 - !7‘2!2)> i, (3.27)

1
((
’1—7’_17'2‘2

=
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B(riyro) = [ ~log|t=7iral do,  E(r) = E(r,r). (3.28)
R
Formula (3.27) can be written in the following form:

P (r1,79) = E(r1) + E(ry) — 2E(r1,73). (3.29)

Theorem 1.6 in [SW99] states that px is a metric on X. In particular, it satisfies the
triangle inequality

px(r1,73) < px(r1,72) + px(r2,73), r1,72,73 € X. (3.30)
This follows from the fact that the function d: D x D — R,
)

is a metric on D. Indeed, by Cauchy-Schwarz inequality, we have

Z—w

1—Zw

d*(z,w) = —log (1 -

px(ﬁ,rg):/RdQ(rl,rg)dx:/R(d(rl,rg)+d(7“2,r3))2dw

g/d2(7“1,7“2)dx+/d2(r2,7“3)d:c+2\// dz(rl,rg)d:v/dZ(rg,rg)da:
R R R R

= px (r1,72) + px (12,73) + 2px (r1,72) px (r2,73)

= (px(ﬁ, r2) + px (72, 7"3))2-

One can see that the space S2(C.) in (1.4) is a closed subspace of X with the induced
norm. To prove convergence of g, to f, in X, we will need the following lemma.

LEMMA 3.8. For every q € L*(R,) we have

1 2
~lim B(gy,) = lim 7 log(n(F,,) = ~al e, (3.31)

Proof. We have f,, () = F,,(e**®) a. e. on [—7/2¢,7/2{], hence

/20 /20 )
Bla) = [t~ iy @) de= [ 10g(1 |, () dr
1 iy |2 T
=5/ log( = |Fq, (e?)[%) dy = 7 logn(Fy,),

where the factor 27 appears in the last inequality because of the normalization of
the measure mp used in (3.2). Therefore it suffices to prove only the second equality
n (3.31). From the Szegd theorem, formula (3.2), and (3.25) we know that

log(n =D log(1 = [Fy(0)*) = Y _log(1 — | fo, k(00) ). (3.32)

k>0 k>0
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Theorem 1.4 states that »(f,, x(00)) = q[¢k], where s is defined in (1.15). As w — 0,
we have

w(w)—w=o(w]),  |xw)? - |wf=o(|w?).

Therefore from (3.23) and Lemma 3.6 we get

S {1 Faek(00) 2 = lalem)?| = >0 (lalek)?) =o0(0), €0,

k>0 k>0

1
Z‘fqek = ZZ!q[ﬁkHQJrO(l): lall72m,) +o(1),  £—=0.  (3.33)
k>0 k>0

In particular, we get supy, | f4, x(00)|> = O(£) uniformly for small £. It follows that

[ Fa0(00) 2 +10g(1 = [ £4,6(00) %) = O (Ifa e (00)|") = O (£l fye(o0)P) , € =0,
5 [l faea (0 + 1ot = [faea(0)) | = O (X Ifuna(c) ) =), 50,
k>0 k>0
EZU}M :__ZIOg ‘fqg, )| )+O(€)7 £—0.
k>0 i
The latter combined with (3.32) and (3.33) concludes the proof. O

LEMMA 3.9. The functions g,, converge to f, in X as £ — 0.

The proof of this lemma uses two function-theoretic results whose proofs we post-
pone until the next section. Firstly, if r,,r € S2(C,) are such that r, — r uniformly
on compact subsets in C, then

JLI{)IOE(’I“H,QO) = E(r,¢) for every ¢ € L'"(R): |j¢o||p(r) < 1. (3.34)
This is Lemma 4.5. Secondly, we have px(r,,r) — 0 for r,,r € X if and only if

lim E(r,) = E(r) and (3.34) holds. (3.35)

n—oo
This is assertion (d) of Lemma 4.4.
Proof of Lemma 3.9. By Lemma 3.8 and the isometric relation (1.5) in Theorem 1.1,
we have
/20

_ _ 2
lim E(gq,) = lim oy log(1 — | fq,(x)[7) da

= wlalltage,) = [ —log(1 =11, do = E(fy).

So, we only need to prove that E(g,,,¢) — E(f, ) for every function ¢ € L*(R)
satisfying [|¢[|z~@®) < 1. Fix such a function ¢. Lemma 3.5, Krein — de Branges
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Theorem 2.1 and (3.34) imply

nm/logyl—f_%go\dx:/logll—f_qsoldfC-
-0 Jr R

Furthermore, we have

‘/log]l—Ew|dw—/log|1—%¢|dw
R R

:’/ 10g|1—f7[<p\dx
|| >m/2¢

<C o ()| da,
|z|>m/2¢

for a constant C' depending only on [|¢|| ;e (r). The r.h.s. in the last formula tends to
0 as £ — 0. Thus, we get limy_,0 E(gq,,) = limy_0 E(fy,,¢) = limy_,0 E(fy,¢), and
the proof is concluded by the application of (3.35). O

LEMMA 3.10. For ¢, € L*(Ry) and A >0, we have

. > B Atk _ e A2 F
tim 37 1By (8) — By (e = o [ o1, e

k>0

Proof. First of all, let us relate Fql and g,,. For every £ >0 and k € Z,, we have

7r/2£
2€k‘ / 712€k:c dr = / 712616;16 dx
qu( \/_ gql \/ﬁ 71'/2@ Qe
/2t Q2itwy 2tk
T e—Z de
\/27r/fr/2£ el )
V2r 1 (7 s —i V2T 4
= [ Fatemeay =L (),
It follows that

S 1By (k) — B (R)le™ % = —= 37 2003,,(20k) — 3g, (20R)le%. (3.36)
k>0 2m k>0

Take arbitrary 1,79 € X and observe that the inequality —log(1—z) >« for z € [0, 1)
implies

2 7“1—7“2 1/ 9
= [ —1 1— dr > - — dx.
plrre) /R Og( ‘1—7“_17“2> /‘1—7“17“2 VA

It follows that for every r1,7o € X we have 2px(r1,72) 2 |71 — 72|/ 2(r)- Then Lemma
3.9 gives

lim [|gg, — fllz2(r) = 0. (3.37)

hmnge _fq||L2(R) =0, s

{—0
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The latter, the Cauchy-Schwarz inequality and the isometric property of the Fourier
transform imply

fi [ 190, (8) = Ga (Ole™ 2 = | 11a(€) = Jal©)le™ "/ de.
—0JR4 Rt

Thus, the claim of the lemma will follow from

lim / 9. () — 9 (&)l e /2 dg =3~ 2019y, (20k) — Gg, (20k) e[ = 0. (3.38)
—0 Ry >0
Denote h = §q, — §g,- Then the value under the limit in (3.38) equals
/ IR(E) A5/ dg — 3 20| (20k) e~ A%
R+ k>0
20(k+1)
<3 / [R(€)e ™4/ — h(20k)e= 4| de. (3.39)
20k

k>0

For every £ € R we have [h(&)| < ||gq, — 94,1/ ). Moreover, there is an absolute
constant C' > 0 such that uniformly for all small ¢ >0, all k € Z; and £ € [2¢k,
2((k 4+ 1)] we have

(B(€) — h(20k)| < CI€ — 26k] - |90, — g, |l 1),
]e*AE/Z — e AR L C|E - 20k|e A,
It follows that
[R(€)e™/2 — h(20k)e= 4| < 2Ce 4% |¢ — 20k - | g, — garll1r (v)-

Recall that g, gg, are supported on the interval of length 7 /¢ and that ||g,,|r2(r),
196l 2(r) are uniformly bounded in £ by (3.37). We get

nge - g§e‘|L1(R) < \V 77/6”911@ - g!ieHL2(R) < \ 7T/£<||9Qe||L2(]R) + ”g!ie”L2(]R))
=01V,  L—o.

Therefore, the k-th term in the right-hand side of (3.39) is O(¢£3/2e=4%) as £ — 0
and the total sum can be estimated by

3/2
O(ZE3/2€—AZk> :O<ﬁ> 20(61/2), £—>O

k>0

In particular, it tends to 0 as £ — 0, as was required in (3.38). The proof is concluded.
O
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3.4 Proof of Theorem 1.3. Recall that we need to prove
ﬁ/ ]q—(ﬂe_zAzd:cg/ |fq—fq|e_‘45d§<2\/27r/ lg — Gle % dz, (3.40)
2 Jry R4 R4

where ¢,§ € L>(R,) and A € R satisfies 4 > 12max (||q\|%2(R+), ||Q||2L2(R+)>. Without
loss of generality, we can assume that

A>12max ([lgl3z @, ), 10132, ), (3.41)

the claim for A =12max (HqH%Q(R”, H(jH%Q(R”) will follow by a limiting argument
(it worth be mentioned that the constant 12 is not optimal). Fix € > 0. Let us show
that the inequality

1 — Atk — Atk
Ze lq[ek] — <D e M E (k) — By (k)]
2(1+€ k=0 k>0 ‘
Ze Ak |g[ek] — glek]| (3.42)
k>0

holds for all sufficiently small ¢. Then (3.40) will follow if we take £ — 0 in (3.42),
apply Lemma 3.7 and Lemma 3.10, and send ¢ — 0. Thus, we can now focus on
(3.42). Let r = e~4% and recall the definition (3.4) of the metric in W!(rT). We have

S e A By (k) — By (0)] = 32 M Ey (6) = g, ()] = |1Fy, — Fallwiomy: (3.43)
k>0 k>0

Note that 1 —r=1—e 4 = Al + o(f) as £ — 0. Lemma 3.8 shows that
max ([lqlf32, [1d]132 )€ = max (logn(Fy,) ™" logn(Fz,)™") +o(6), €0,
Then assumption (3.41) for small ¢ implies

1—r> 12max(log7}( )1,10g77(F¢iz)_1)'

Therefore, Theorem 3.1 applies to Schur functions Fj,, Fj, on the circle of radius
r = e AL if £ is small enough. It gives

1
578161 (Faes Fa) < Eq, = Faellwr omy < 21 om) (Fae £, (3.44)

According to the definition (3.5) of metric pp1(,1) and (3.25), we have

pBl(TT) - Fo Z r |qu k(0) — Fy, 1(0)]. (3.45)
k>0

Equality (3.25) and Theorem 1.4 state

qllk] = 2(Fy, (0)),  GleK] = >(F5,1(0))-
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The straightforward calculation shows that for u,v € C small enough we have
|(se(u) — »(v))+ (uw—70)| <elu—v. (3.46)

From (3.33) and (3.25) we know that %inaF%k(O) = %inéFqM(O) = 0 hence (3.46)
— —
applies. It gives

|(altk] = G1eK)) + (Fyu(0) = Fg x(0))| < 2| Fi(0) = Fi 1(0),

)| Fye (0) = Fio(0)] < |alek] = GleK]| < (14 £)| Py, 1(0) = F (0)]

It follows from (3.45) that
1

S ] — QIR < i (Fas Fa) < 1 S e ¥ gl6k] — a{ek]|
k>0 € >0
(3.47)
To establish (3.42), we substitute (3.47) and (3.43) into (3.44). O

4 Sylvester-Winebrenner theorem

In the first part of this section we study the metric space X and its subspace S(C.)
defined in (3.26) and (1.3), respectively. Then we use this analysis to prove that the
mapping F : ¢~ f, is a homeomorphism from L*(Ry) onto S2(Cy). The fact that
F is a bijection from L?*(Ry) to S2(Cy) was proved in Theorem 11.4 in [Den06].
Therefore, only continuity properties of this mapping need to be investigated. We
check continuity of F, F~! in Sect. 4.2 and prove the lack of uniform continuity of
F, F~1in Sects. 4.3, 4.4, correspondingly. This last part implies Theorem 1.2.

4.1 Properties of the Sylvester-Winebrenner metric. Recall that the quantities
E(ri,re), E(r), for r1,re,r € X are defined in (3.28). Our aim here is to prove the
following result.

Theorem 4.1. Let 7,7 € So(CL). Then r, — r in Sa(Cy) if and only if r, —r
uniformly on compact subsets of C4 and E(r,) — E(r).

The observation below was already used in the proof of Lemma 3.10, but we
repeat it here for convenience.

LEMMA 4.2. For every 1,72 € X we have 2px(r1,72) > [|r1 — ral|L2(w)-

Proof. Let us apply the inequality —log(1 — z) > x in formula (3.27) defining the
metric px. We obtain

9 7“1—7"2 2 / 7‘1—7“2 2 1/ 2
= [ —1 1— > — — dx. O
Px(r1;r2) /R og( ’1—7"_17’2 > ‘1—7"17’2 de 4 R‘rl ral” do




396 R.V. BESSONOV, P.V. GUBKIN GAFA

LEMMA 4.3. Let r,,r € X be such that r,, are bounded in X and r, —r as n — oo
in the Lebesque measure on R. Then ILm E(rp,p)=E(r,p) for every ¢ € X.
n—oo

Proof. Considering o = 0 in Lemma 4.2, we see that {7, },,>0 is a uniformly bounded
sequence in L?(R). Since 7, — r in the Lebesgue measure on R, we then have r, — r
weakly in L?(R). Moreover, for each k > 1, {rf},> is also a uniformly bounded
sequence in L?(R) and 7 — 7% in the Lebesgue measure on R. Thus, we have 7% — r*
weakly in L?(R) for every k > 1. Let us take ¢ € X and represent E(r,,¢) in the

P>

Here and below logz denotes the analytic branch of the logarithm in C\ (—o0, 0]
such that log1 = 0. We are going to show that

Re/
R

form

dx.

N .
E(rn, ) =Re/ —log(l —Thyp) dx = Rez (rn
® k=1"E k=N+1

hm sup dm

—)OOn

k=N+1

For this we write

[

2 2
o= [rngp]*
<[ LS
(R i
2
< ([ Il og(1 = ruf?)log(1 ~ ) da

< /Rlog(l — IrnIQ)dw/lelmlog(l — lp|?) da

k=N+1

where we used Cauchy-Schwarz inequality (for sums and for integrals) and the
fact that |r,| <1 on R. Since {r,},>o is bounded in X, we have sup, [;|log(1l —
|7|?)| dx = sup,, p%(0,7,) < oo. Moreover, fR]cpPNlog(l — |p/*)dz — 0 by the
Lebesgue dominated convergence theorem with the majorant |log(1 — |p|?)|. Thus,
we only need to check that

N ok
. . (Tnyp) _
]&EI})OJLH;OReI;AdeE(T,w).

We have ¢ € L*(R) by Lemma 4.2 for 71 = ¢, ro =0. In view of ||¢|| o r) < 1, this
implies ¢* € L?(R) for every k > 1. Then for each fixed N > 1 we obtain

. n@
lim Re / dz = Re
n—oo Z Rk 1
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from the weak convergence r¥ — r* in L2(R). Moreover,

N

r k
< el < frog (1= ) tog(1 — [oP2),

where the r.h.s. belongs to L' (R) because r, ¢ € X. Thus, by the Lebesgue dominated
convergence theorem we have

lim Re/ :/ —log|l —7p|de=E(r,¢). O
N—o0 R R

LEMMA 4.4. Let r,,r € X. The following assertions are equivalent:

k=1 Rkl

(a) 7, converges to r in X;
(b) lim E(r,) = E(r) and 1, converges to r in Lebesgue measure on R;
n—oo
(c) lim E(rn) = E(r) and lim E(rp, @) =E(r,¢) for every p € X.
n—oo
(d) Y}LngoE(rn) = E(r) and JLH;OE(T,L,@) = E(r,p) for every » € LY(R) with

[l oo ) <15
(e) 7111}()10 E(rn,)=E(r) and 7111}()10 E(rp,r) = E(r);

Proof. Since E(r) = p%(0,7) for every r € X, we have (a) = (b) by Lemma 4.2.
Then, (b) = (¢) by Lemma 4.3. Clearly, (¢c) = (d). To show that (d) = (a), we fix
e >0, take r € X and find ¢ € L*(R) N L>=(R) such that px(¢,r) < e (for instance,
one can take ¢ = xpr, where yp is the characteristic function of the set F = {x:
Ir(z)] <1—1/N}N[—N,N] for a sufficiently large N). Then, as n — oo, we have

,OX(Tn;T) <PX(7"m<P)+PX @,r \/E rn +E( )_ZE(’I”n,(,O)‘f‘pX((,O,T)
— 2px(p,7)

by assumption (d) and formula (3.29). Thus, px(r,,7) < 3¢ for all n large enough.
Since € > 0 is arbitrary, this yields (a). Equivalence of (a) and (e) is a simple conse-
quence of (3.29). O

LEMMA 4.5. If rp,r € So(Cy) are such that rn, — r uniformly on compact subsets in
C,, then

Jim E(r,, ) = E(r, ¢) (4.1)

for every ¢ € L'(R) N L®(R) with ||| @) < 1

Proof. As in the proof of Lemma 4.3, we have

E(rp, )= Re/R—log(l—rngp)d:r:—ReZ/ ()" d:E+Re/ Z

k=N+1
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and

lim sup
N—oo n

hm /|SO‘NZ|90|

N—)oo

Re/
R

k=N+1

= lim /\s@\ log(1 — |¢|) dz

because log(1 — |p|) € L'(R). Thus, to prove that E(r,,¢) — E(r,¢) it suffices to
check that

(4.2)

n—oo

lim R i/ ()
N—oo ek:l R

E(r,¢). (4.3)

As in the proof of Lemma 4.3, relation (4.3) is a consequence of the Lebesgue dom-
inated convergence theorem (this time — with the majorant |log(1 — |¢|)|). So, we
can focus on the proof of (4.2). Since |7¥| <1 and ©* € L'(R) for all n, k, it suffices
to prove that

lim | 7 de = / ™ de (4.4)
for functions ¢ from a dense subset of L'(R). By our assumption, lim,, .., r¥(z) =
r*(z) for every k> 1 and z € C,. Thus, (4.4) holds for ¥ from the set of all finite
linear combinations of Poisson kernels P, : z — = Im ——, z € C4. This set is dense

;rz’

in L'(R), which completes the proof. O

Proof of Theorem 4.1. Let r,,r € So(C,) be such that r, — r in S3(C,). Then
E(r,) — E(r) by Lemma 4.4. Moreover, we have r, — r in the Hardy space H?(C,)
by Lemma 4.2. In particular, r,, — r uniformly on compact subsets of C. Conversely,
assume that r, — r uniformly on compact subsets of C; and E(r,) — E(r). Then
Lemma 4.5 and Lemma 4.4 imply 7, — 7 in S2(C,.). U

4.2 Spectral map is a homeomorphism. As we mentioned at the beginning of
Sect. 4, the fact that the mapping F : ¢ — f, is a bijection from L?(R;) to S3(C;)
is proved in Theorem 11.4 in [Den06]; formula (1.5) is contained in Corollary 11.2
in the same paper [Den06]. The proof of continuity in Theorem 1.1 relies on the
following known lemma.

LEMMA 4.6. Suppose that {g,} is a bounded sequence in L*(R4.), and let { f,.} be the
corresponding sequence of Schur functions. Then, {g,} converges weakly in L*(R,)
if and only if {f,.} converges uniformly on compact subsets of C.
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Proof. Suppose that a sequence {g,} converges weakly to ¢ € L?(R, ). Then we have

/Oy Gn () dx — /qu(:v) dz

for every L > 0. It follows that the corresponding Weyl functions, {my,, }, converge
on compact subsets on C;. to the Weyl function m, of ¢q. To prove this fact it suffices

lim max =0

n—00 0Ky L

to note that the solutions of equations

, . N 1 0 . Img, Regn,

converge to the solution N, of the corresponding equation for ¢ uniformly on [0, L] for
each L > 0 (see (2.12), (2.13)) and use Theorem 2.1 for Hamiltonians H,, = Ny N,,,
Hq, = Ny Ny. The locally uniform convergence my, — mg on C, implies the locally
uniform convergence fq. — f,.

Conversely, assume that {g,} is a bounded sequence in L*(R,) such that Schur
functions f,, converge on compact subsets of C,. to some function f. Using the weak
compactness of closed bounded subsets of L?(R, ), we see that from each subsequence
{qn,, } one can extract another subsequence {anj } weakly converging to a function g €
L*(R). From the first part of the proof we get f, = f. In particular, g is determined
uniquely by f (the spectral correspondence ¢ +— f; is a bijection, see Theorem 11.4
in [Den06]) and the weak limit of {g,, } equals ¢ for all subsequences of the sequence

{gqn}. Tt follows that {g,} weakly converges to q. O

Proof of continuity in Theorem 1.1. Let us prove that the map F : L*(R,) —
S2(C4) is a homeomorphism assuming that this map is a bijection and the sum
rule (1.5) holds for all ¢ € L?(R,). Consider some potentials g,,q € L*(R,) and let
fn, f € S2(C4) be the corresponding Schur functions. It is well-known that ¢, — ¢ in
L*(Ry) if and only if ||gnll2®,) = llall2(r,) and g, — ¢ weakly in L*(R.). In view
of (1.5), we have [|qn|| 2, ) — l|a|l2®,) if and only if E(f,) — E(f). In particular,
the sequence {g,} is bounded in L?(R.) if and only if the sequence {f,,} is bounded
in S3(C4). If one of these sequences is bounded, we know from Lemma 4.6 that
¢n — q weakly in L?(R,) if and only if f, — f on compact subsets of C,. Thus,
¢, — q in L3(R,) if and only if E(f,) — E(f) and f, — f on compact subsets of
C4. By Theorem 4.1 this is equivalent to the convergence f, — f in S3(C.). This
proves that the map F: L?(R,) — S5(C,) is a homeomorphism. O

4.3 Direct map is not uniformly continuous. Our next aim is to prove the fol-
lowing proposition.

PROPOSITION 4.7. There are potentials ,, i, in the unit ball of L*(R.) such that
(1.6) holds. In other words, the direct homeomorphism F : S3(Cy) — L*(R.) in
Theorem 1.1 is not uniformly continuous on bounded subsets of Sa(C.).
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Proof. We construct an explicit example. For T'> 1, v > 0, denote by ¢r, the con-
stant imaginary-valued potential on [0,7] with positive imaginary part that satisfies
llar,vl|L2[0,7) = v. Extend it by zero to (T, 00). Also let £(T) be some positive number

that satisfy 100e~VT/6 < e(T) < T~'. We are going to show that
lara = gra—e@)llz@) =e(T), Uminf ps, (for,, fra—e)) > 0- (4.5)

The claim will then follow. Note that the first relation in (4.5) is a simple consequence
of the definition of ¢7,1, g7,1—<(7), and we only need to check the second relation. To
fix notation, take p > 0 and let ¢ € L?(R,) be the piece-wise constant potential
such that ¢ =1ip on [0,7], ¢ =0 on (T,00). Then Q(t) = (g _Op) on [0,7] and the
fundamental solution N(¢,z) of the corresponding Dirac system JN' 4+ QN = zN,
N(0,z)=(;?), for 0<t<T, z€C, is given by

N(t,2) =exp(t(Q = 2) =exp (¢, 77))

that can be checked by the differentiation with respect to ¢. Then, recall Lemma
2.10,

[ cosh(TA)  EfZsinh(T)) T,
N(T,z) = < A_sinh(TA)  cosh(TA) )’ A=y =2

Ptz

Notice that N (T, z) is an entire function in z and its does not depend on the choice
of the root A = /p? — z2. Indeed, this follows from the fact that functions cosh(T'\),

sinh(T'A)/A depend only on the value A%. Further, for ¢t > T we have Q(t) = ({J),

hence
N(t,z) =exp(—(t —T)zJ)N(T,z), t>T.

The fundamental matrix solution of the canonical system with the Hamiltonian H, =
N(t,0)*N(t,0) that corresponds to the Dirac operator with the potential ¢ is given
by M(t,z) = N(t,0)7IN(t,z2), see, e.g., Sect. 2.4 in [Bes20]. Therefore, the Weyl
function of this canonical system equals

my, = lim oy M (t,2) oyw = lim oy N(t,2)T (N (t,0)" ) oyw
4 t—oo t—o0

= lim o, N(t, 2)To10(t),

t—00

where @(t) = 01(N(t,0)")To1w belongs to Cy because w € C, and o1(N(t,
0)~YTo; € SL(2,R). So, we have

tli)m o1N(t,2) o10(t) = o1 N(T, 2) oy tli)m orexp(—(t — T)zJ) o10(t)

=0 1N(T,2) o1i = N(T, 2)i,
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where we used the fact that the fractional-linear transformation with the matrix
o1 exp(—szJ) oy for large s >0 maps C, into a small disk with center at i. Then,

—4  my, —1 1 —i
fq:mq A N N(T,z)i
mg+i  my, +i 1

B <1 —i> <icosh(T/\) + Btz sinh(TA))

. N .
1 4 i535 sinh(T'A) + cosh(T'A)
B (HTZ + piz) sinh(T'A) B % sinh(T'\)
2i cosh(T\) + (MTZ — ﬁ) sinh(TA)  2écosh(TA) + % sinh(T'))

B —ipsinh(T'\)
~ Acosh(T\) —izsinh(T\)’

From now on we will assume that z = x with real x € [c1p, cop], where ¢ = /3/4,
c2 = +/8/9. In this case p? — 22 > 0, hence A can be chosen positive, A € [p/3,p/2].
For brevity, we will write f = f; and € =&(T') in the remaining part of the proof. We

have
fla) = —ip(e™ —e™™) _ —ip +ipe 212
COMETA e TA) —gp(eTA — e TA) (N —ix) + (A +iz)e2TA

= g(z) + e P h(z),

o)== hw) = P () — g(a)) =

—2ipA
(x+1i)\)?2 — p2e=2TA

Let us denote ¢ = g1 and ¢. = qr,1—¢, and let f., g, h. be the functions corresponding
to q.. We have

p Pe

. |p/\€ - peA + Z‘x(ps _p)‘ > |p)‘€ _pe/\|
—ix A — i

(O—ia)e—iz)]  ~ ppe
= [Ae/pe = A/pl = [\/1 - a2/p2 — /1 - a2/p?

B a? [p* — a? [ p?
V1—2?/p2+/1—a?/p?
2 2

2 -
> T S L) > 20 - )

l9() — g:(@) = |5

Recall that p=1/VT, p. = (1 —¢)/V/T. Hence 1 — p?/p?> =1 — (1 —¢)? > ¢ for small
e (equivalently, for large T'). It follows that
cle  3e

l9(z) — ge(z)| = o TR x € [c1p, c2p). (4.6)
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Furthermore, we have A > A\. > p/4 for small ¢, hence e TN L e 2T = 2TP/4 =

e VT/2 and for T large enough we have

26—2T/\p)\ 26_2T>\pA
_ _—2T) _ —V/T/2
- - h - < < 9
(@) = g(a)] = e h(a)| = [ < o e <
(4.7)
26_2T)‘Ep A 26_2T>‘€p A
_ 2T\, _ eNe e Ne —T/2
— = h = < < .
|fe(x) — g-(z)| =€ |he ()] (2 +iX)? _pge—QTAg| p2(1 — e=2T):) €
(4.8)
The triangle inequality implies
[f (@) = fe()| = |g(2) — g:(2)| = [fo(2) — g(@)] = |ge(2) — fo ()]
3 3
> e =P h(@)] - e ()| > Se - 2eVT/2 > Z (4.9)
By definition of A\, we have
‘g(l‘)‘Q:‘ —ip 2: p2 _ ‘g_ge :’ 9 —Ge -1
A—ix A2 + 22 ’ 1—99. 99 — 99
We are ready to estimate pg, (f, f-). We have
J—Je 997G <4(|f_g‘+’fe_ge|)

_ ‘ (f - fé‘)(l B gge) - (g __gs)(l B ?fe)
(1 - gga)(l - ffs)

1_7f5 1_§ga

h ‘(1 _gga)(l _Tfs)

For the denominator we write |1 —gg.| = |g — g|, |1 — ff-| = | f — f-| and apply (4.6),
(4.9); for the numerator we use (4.7) and (4.8). This gives

1 f—f < f—f g—ge 4.9.0VT/2  98,—VT/2 - e—VT/6
- 1_7f5 h 1_?]‘1671*?98 D 3e/8-¢/4 < 3e? = 2
It follows that
_ 2 _ 2
1- fi_fs <e_ﬁ/6, —log(l— / _fe >2@
1_ff5 1—ffa 6

Finally, we write

ps,(f fe)? = /Qp —log (1 - lf _?J;i
c1p - 1

The proof is concluded. O

> 0.

2)dx>(02—01)p\/?_02—01
- 6 6

REMARK 4.8. The argument can be adapted to prove that F is not uniformly con-
tinuous on any ball of radius § > 0 with center at 0.
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4.4 Inverse map is not uniformly continuous. In this section we prove that the
mapping F!: S5(Cy) — L?(R;) from Theorem 1.1 is not uniformly continuous.
The proof is based on the non-injectivity of the direct scattering transform of the
Dirac operator on R. Let us introduce the required objects, following notation from
[BD24]. The results of the present section are adaptations of the results from Sect. 6
in [BG24], where the discrete scattering transform was considered.

We start with the function ¢ € L?(R) and introduce ¢, ¢~ € L*(R,),

¢ (x)=—q(x), ¢ (x)=q(-z), x>0

The functions f™ and f~ are the Schur functions corresponding to ¢ and ¢~ respec-
tively as described in the introduction of the present paper, see (1.2). From Theorem
1.1 we know that log(1 — | f*|?) € L'(R) hence there exist outer in C, functions a*
satisfying |a*|72 = 1 — | f*|?, see Theorem 4.4 in [Gar81]. Outer function is uniquely
defined by its boundary values up to a constant unimodular factor. As in [BD24], we
normalize a* by a*(ico) =1, i.e., we let

1 [ log|a® -1 [ log(1—|f*?
ai(z):exp<__‘/%dm):exp<_'/Mdm>7 Z€C+_
R —Z2 R Tr—z
(4.10)

The analytic functions b* are defined so that f* =b*/a* in C,. Finally, we let
a=ata” —bT6", b=abt-baf, r,=b/a (4.11)
The function a is outer in C4, and

L e

2 2 2
- 1 b 5 1 — = —
’a| +| | |rq| |a|2 ‘a|2

= |a| 2. (4.12)

The function r, is called the reflection coefficient of ¢ and the mapping ¢ — r, acting
from L%(R) to the space X defined in (3.26) is called the direct scattering transform.
It has some symmetries, see Lemma 2.1 in [BD24]. We will need a part of this lemma
that concerns translation of the potential.

LEMMA 4.9 (Lemma 2.1 in [BD24]). Let g € L*(R). We have r,, (\) = e~ "*r,()\) for
almost every A € R, where s €R and qs: x+ q(z — s) € L*(R) is the s-shift of q.

The following proposition is also well-known.

PROPOSITION 4.10. For every q € L*(R), we have

1
[laPdo=— [ ~tog(1 ~ Iz, ") da.
R T JR
Proof. In the upper half-plane C we can write

) =ata (=),

at a-

a=ata  —bTb =aTa” (1 —
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Therefore, (4.12) implies
/log 1— [rg?) /1og\a+|2dx /log|a |2d1:—/log|1 R de.
Recall that a® are defined so that |[a*|™2=1—|f*|? a. e. on R. Theorem 1.1 gives
= [ togla*Pdo= [ tog(L— |f* ) do=—x [ gt do,
R R Ry
= [ togla~Pde= [ tog(L—|fP)do = [ |~ do,
R R Ry
/log|a+|2d:c+/log|a*]2dx=7r/ |q+|2dzn+7r/ |q*|2d:c:7r/ |q|? da.
R R Ry Ry R

Thus, to finish the proof of the lemma we need to show that
/log\l—f+f_|2d:c:0. (4.13)
R

We have f* € L%(R) N H>(C,). It follows that f* € H?(C,), see Corollary 4.3 in
[Gar81]. We also know that |fTf~| <1 in C, by the maximum modulus principle,
hence log(1 — f*f7) is a well-defined analytic function in C, it satisfies

|f+|2k |f 1P

k>1 k>1
= [log(1 = [f**)] - [log(1 = |f~[*)].

Therefore, for every y > 0 we can write

[y

k>1

|log(1 — f*f7)P?

[ 1og(L+ (£ 17) @ + )| de
< [ og(1 = £ (@ + i) P)[/ [log(1 |~ + i) )/ da
R

< ([ 1ost 15 rinPias) ([ oI5 rinPiaz) - @y

Inclusion (f*)* € H?(C,) holds for all k > 1, hence

2k i 2%
/\log 1—|fi(:v—|—2y)| |dx_/2% k>1/m

k>1
j: 2k
<Z/‘f 7)) dx—/|log1—|fi 2)?)| da.

The latter shows that the value of the Lh.s. in (4.14) is uniformly bounded in y,
which means log(1+ f*f~) € H'(Cy). The integral of any function in H'(C,) over
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the real line R is 0, see Lemma 3.7 in [Gar81], hence
/ log|l — fTf |Pde= 2Re/ log(1— f*f7)dx=0.
R R

This gives (4.13) and ends the proof. O
PROPOSITION 4.11. If g, — q in L*(R) as n— oo then r,, — 1, in X asn— oc.

Proof. We start by rewriting (4.11) in the following form:

. _a*b_+—b*a_+_if—+—f*
" ata —btb-  atl—frf

(4.15)

We have [|g; —q"||z2@®,) — 0and ||¢, —q¢ | z2®,) = 0 as n — co. Then by Theorem
1.1 we get fF — f+ and f, — f~ in S3(C,) as n — oco. In particular, f¥ — f* in
Lebesgue measure on R by Lemma 4.4. Therefore, log(1 — |f;F|?) converge in measure
to log(1 — | f*]?). Theorem 1.1 also gives

Tim [[log(1 — £ )l ) = lim wlg; e,
— 7llq* 1B, = gL = 1F* Pl -

Then Scheffé’s lemma, see Lemma 5.10 in [Wil91], implies that 2log|a;| = —log(1 —
| £ %) converge to 2log |[a*| = —log(1—|f*|?) in L}(R). Integral representation (4.10)
of at gives

+ 2 _
@’ (z) = exp (——/ Mloghﬂdm) = exp (2i - Q, * log|a™|),
R

i |z — z|

%# is the conjugate kernel for the upper half-plane, see

Section II1.1 in [Gar81]. Harmonic conjugation is L'~ weakly continuous, see Section

where y =Imz and Q, =

I11.2 in [Gar81], hence the functions a, /a; converge to at/at in Lebesgue measure
on R as n — co. From here and (4.15) we see that r,, — r, in measure on R. By
Proposition 4.10 we also have

lim E(rqn):Jgrgoﬂé\qn]2da::7r/R|q\2dx:E(rq).

n—oo
The convergence in X now follows from Lemma 4.4. O

Next proposition is analogous to the noninjectivity of the scattering transform
for Jacobi matrices discovered by Volberg and Yuditskii in [VY02].

PROPOSITION 4.12 (Example 6.1 in [BD24]). There exist potentials q,§ € L?(R) such
that g # G in L*(R) with vy =r; a.e. in R.

LEMMA 4.13. Let g € L*(R}) be supported on (—00,0]. Then r, = —f~. Moreover,
ry = f,#, where ¢* € L*(Ry) is such that ¢* (z) = —q~ (z) = q(—z) for x > 0.
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Proof. The potential ¢ is supported on (—oo, 0] hence ¢* =0 and

b —b~
f‘l’:O, a+:1’ b+:0, a:ai, b:_bf’ rq:_:—_:_fi-
a a
We also have f,# = —f,-, see Sect. 7 in [Den06]. The equality r, = f,# follows. [

PROPOSITION 4.14. There are potentials q,, G, in the unit ball of L?>(R.) such that
(1.7) holds. In other words, the inverse homeomorphism F~':So(Cy) — L*(Ry) in
Theorem 1.1 is not uniformly continuous on bounded subsets of So(C,).

Proof. Let ¢ and G be the potentials from Proposition 4.12, denote r =r, =rs. For
any 0 > 0, considerations similar to those in Example 6.1 in [BD24] allow to assume
without loss of generality that E(r) <. In particular, we can assume without loss
of generality that potentials ¢, ¢ lie in the unit ball of L?(R,). For N € R, let

qN(:c>={q(x)’ TSN @) = an(a+ ),

_ g(x), <N, _ _
in(z) = (@) gn,s(z) =qdn(z + N).
0, z> N,

We have gy — ¢ and Gy — ¢ in L?(R) hence for large N

lan.s — ansllizze) = llav — anll 2wy = la — @l 22wy /2 (4.16)
By Proposition 4.11, we have ry, —r and rg, — r in X as n — oco. Therefore, for
every € >0 we can choose large N such that
pX(rQer) <5/27 pX(r7qu) <5/27 PX(qu»qu) < PX(qu,r) +pX(r?qu) <e.

Potentials gy s and gy s are the N-shifts of gy and gy respectively, hence Lemma
4.9 applies. It gives

N Nz

Ton s (‘T) = ei zrf]z\r (33), Ton s (:1:) = ei Tay (33),
12¢ (rQN,s ) rﬁN,s) = pX(rQN ’ rQN) <e.
Both ¢y s and gy s are supported on (—oo,0] hence r,, , = fp# andrg  =fx by
7" N,s " N,s

Lemma 4.13. Since € > 0 is arbitrary, and

gk« — akl =llav —q Zllg—q 2

dn,s — 4N sIIL2(R4) an QNHL2(R) > |lq QHLZ‘(R)/ )

PSS (qur,s’ fqﬁs) = pX(r‘INys7qu,s) <e,

this concludes the proof. O

Proof of Theorem 1.2. The theorem is a combination of Proposition 4.7 and Propo-
sition 4.14. g
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