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A new branch of the Enhanced Strain Gradient Crystal Plasticity (ESGCP) theory is introduced,
based on a quadratic energetic contribution associated with the gradient of the cumulative
shear strain on each slip system, within a thermodynamically consistent framework for the
formation of slip and kink bands in crystalline microstructures. Together with the recently
proposed Nye-tensor-based ESGCP formulation, a new differential operator is developed for
the solution of the corresponding nonlocal field equation (or higher-order balance equation).
In both branches of the ESGCP theory, the higher-order modulus is intrinsically coupled to
the evolving microstructural state of irradiated crystalline lattices during deformation. The
ESGCP framework is employed to investigate the Hall-Petch (mean grain size) effect and is
systematically compared with classical Strain Gradient Crystal Plasticity (CSGCP) models. The
results reveal that, in contrast to CSGCP formulations where the grain-size effect continuously
intensifies by the loading, the ESGCP models predict an enhanced grain-size sensitivity at low
strain levels followed by a progressive attenuation at higher levels of loading.

In addition, a novel quantum computing algorithm based on the quantum Fourier transform
(QFT) is developed to solve the classical linear momentum balance equation within a fixed-point
iteration scheme, while nonlocal field equations associated with the ESGCP and CSGCP models
are addressed using a quantum finite difference approach. It is demonstrated that the proposed
QFT-method achieves a poly-logarithmic computational speedup, offering significant advantages
for high-resolution simulations of irradiated materials, where both numerical accuracy and
computational efficiency are critical for reliable structural integrity assessments in nuclear
power plant applications.

1. Introduction

Quantum computing. Contemporary computational science is undergoing a disruptive transformation driven by the rapid devel-
opment of quantum computing and its emerging integration with high-performance and supercomputing architectures. Quantum
computing constitutes a fundamentally new computational paradigm based on non-classical representations of information and
data processing, enabling access to exponentially large solution spaces and the extraction of information from highly complex
datasets through inherently parallel quantum operations. By exploiting quantum mechanical principles such as superposition,
entanglement, and interference, quantum algorithms can achieve substantial improvements in computational efficiency for specific
classes of problems. In classical computing, algorithmic acceleration is typically achieved through increased hardware resources and
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parallelization strategies; however, for many problems, a linear growth in input size leads to exponential increases in computational
time and memory requirements. In contrast, quantum algorithms can, for certain problem classes, achieve polynomial scaling where
classical algorithms exhibit exponential complexity. Classical computation relies on the manipulation of classical bits, which can
exist only in one of two discrete states, denoted as O or 1, at any given time. Operations on classical bits deterministically update
these states through logical transformations. Quantum computing, by contrast, is based on the quantum bit, or in abbreviation
qubit, which constitutes the fundamental unit of quantum information. Unlike classical bits, qubits can exist in a superposition of
basis states, represented as a linear combination of the orthonormal vectors |0) and |1) in the Hilbert space H?. Upon measurement,
the quantum state irreversibly collapses to one of these basis states according to the Born rule, introducing probabilistic outcomes
that are intrinsic to quantum computation. The motivation for quantum computing dates back to the early 1980s, when Richard
Feynman (Feynman, 1982) and Yuri Manin (Manin, 1980) independently recognized that classical computers are fundamentally
inefficient at simulating quantum systems, particularly as the number of interacting particles increases beyond a few. Since
then, sustained theoretical and experimental progress has led to the development of several landmark quantum algorithms that
demonstrate provable advantages over their classical counterparts. Notable algorithms include Grover’s search algorithm (Grover,
1997), Shor’s integer factorization algorithm (Shor, 1997), the Harrow-Hassidim-Lloyd (HHL) algorithm for solving systems of
linear equations (Harrow et al., 2009), the variational quantum eigensolver (VQE) (McClean et al., 2016), and quantum algorithms
for Hamiltonian simulation (Low and Chuang, 2019). Grover’s search algorithm enables the retrieval of a target element from
an unstructured database of size N using 0(\/ﬁ) operations via amplitude amplification, whereas an optimal classical algorithm
requires O(N) operations. Consequently, Grover’s algorithm provides a quadratic speedup over classical search methods. Shor’s
algorithm factors an integer N represented with » bits in O(»? logn) time using O(n? lognloglogn) quantum gates, while the most
efficient known classical algorithms exhibit sub-exponential runtime scaling of O(exp({ %n(log n)?)). The HHL algorithm solves a
system of linear equations with N variables in O(poly(log N, «)) time, where x denotes the condition number of the coefficient matrix,
representing an exponential improvement over classical algorithms with complexity O(N\/;). The HHL algorithm consists of five
principal stages: state preparation, quantum phase estimation, controlled ancilla rotation, inverse quantum phase estimation, and
measurement. The variational quantum eigensolver adopts a hybrid quantum-—classical computing strategy by iteratively preparing
a parameterized quantum state |y (6;)), evaluating expectation values of the Hamiltonian on quantum hardware, and updating the
parameters ¢; using classical optimization algorithms until convergence. This approach is particularly advantageous for condensed
matter and materials physics problems, where local interactions allow the Hamiltonian to be decomposed into sums of operators that
can be evaluated in parallel. Quantum algorithms for direct Hamiltonian simulation address the numerical solution of Schrodinger’s
equation by decomposing time evolution into a sequence of sub-intervals over which individual Hamiltonian components are evolved
independently. This decomposition enables a runtime scaling of O(poly(n)é), where 7 is the number of qubits, ¢ is the evolution time,
and ¢ is the desired simulation accuracy. In contrast, direct classical simulation of generic quantum dynamics scales as O(exp(n)ﬁ),
highlighting the exponential advantage achievable through quantum simulation techniques.

Quantum Fourier transform. The quantum Fourier transform (QFT) is a fundamental primitive in quantum computing and plays a
central role in accelerating key subroutines on quantum hardware (Coppersmith, 2002; Sutor, 2024; Nielsen and Chuang, 2010). The
QFT constitutes a critical building block in several cornerstone quantum algorithms, including quantum phase estimation, the HHL
algorithm, Shor’s factoring algorithm, and quantum algorithms for Hamiltonian simulation. In particular, quantum phase estimation
— a core component of the HHL algorithm — is typically organized into three main stages: (i) preparation of a uniform superposition
over the clock (control) register using Hadamard gates, (ii) controlled unitary operations that imprint eigenphase information onto
the control register, and (iii) application of the inverse quantum Fourier transform (IQFT), which converts the accumulated phases
into a binary representation such that the eigenvalues of the coefficient matrix become encoded in the clock qubits. In Shor’s
algorithm, the QFT is employed to extract the period associated with modular exponentiation, thereby enabling efficient integer
factorization. In quantum Hamiltonian simulation, the QFT is used to switch between conjugate representations (e.g., position
and momentum), where the transform facilitates evolution in a basis in which the Hamiltonian (or a component thereof) is more
easily implemented, followed by the IQFT to return to the real-space (position) representation. A useful comparison arises with the
classical fast Fourier transform (FFT). On a classical computer, the FFT applied to N = 2" data points requires O(N log(N)) time,
surprisingly the QFT on a quantum computer can be implemented in ©((log(N))?) time. This asymptotic improvement indicates
that, for large problem sizes, quantum computers can perform Fourier transforms substantially faster than classical computers,
provided that data are available in a suitable quantum-encoded form and that state preparation and readout costs do not dominate
the overall complexity. Consequently, the QFT provides a natural bridge between Fourier-based classical numerical methods and
quantum algorithmic primitives, motivating its use in quantum-—classical hybrid workflows.

Quantum computing in solid mechanics. Quantum computing has recently been explored as an enabling technology for numerical
methods in solid mechanics, motivated by its potential to reduce computational complexity and accelerate selected classes of
calculations beyond what is achievable with purely classical algorithms. In particular, quantum algorithms have been investigated for
the solution of partial differential equations, boundary value problems, and the large-scale linear systems that arise routinely in finite
difference and finite element discretizations. Although the practical performance of quantum methods depends on state preparation,
noise, and readout overheads, the underlying algorithmic scaling motivates continued development of quantum and quantum-
classical hybrid approaches for computational mechanics. Several representative contributions illustrate the current landscape.
For example, Cao et al. (2013) proposed a quantum algorithm for the Poisson equation, introducing a quantum finite-difference
formulation in which the Laplacian operator is embedded into a Hamiltonian and solved via Hamiltonian simulation techniques;
subsequent advances in quantum finite-difference methods were reported by Miyamoto and Kubo (2021). In the context of finite
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element methods (FEM), Montanaro and Pallister (2016) developed a quantum algorithm for accelerating the solution of linear
systems associated with boundary value problems, drawing inspiration from the HHL-algorithm and demonstrating polynomial
speedup under standard complexity assumptions. Extending this direction to near-term devices, Arora et al. (2025) developed
a Quantum-FEM framework for the steady-state heat equation using linear and quadratic shape functions on noisy quantum
hardware by employing a variational quantum linear solver. Beyond direct PDE solvers, quantum optimization paradigms have
also been introduced for structural design. In particular, Sukulthanasorn et al. (2025) investigated quantum annealing for topology
optimization and the design of truss and continuum structures. Iterative quantum-inspired approaches to FEM linear systems have
been explored as well, such as the quantum relaxation algorithm proposed by Raisuddin and De (2024). At the scale-bridging
level, Liu et al. (2024) proposed a quantum representative volume element (RVE) solver and demonstrated its application to the
Poisson equation. Lastly, Lubasch et al. (2025) reported the use of QFT-based primitives for solving partial differential equations,
including incompressible advection, heat conduction, isotropic acoustic wave propagation, and Poisson’s equations. Collectively,
these studies indicate a growing interest in leveraging quantum algorithmic primitives — particularly those related to linear algebra
and Fourier analysis — to accelerate computational workflows relevant to solid mechanics.

Crystal plasticity theory. At the microscopic scale, metallic materials are composed of crystalline lattices whose mechanical response
under external loading arises from the combined contributions of elastic and plastic deformation mechanisms (Tang et al., 2023;
Dadhich and Alankar, 2022; Ahmadikia et al., 2021; Lindroos et al., 2022a; Agius et al., 2022). While elastic deformation
is associated with reversible lattice distortion, plastic deformation in crystalline solids occurs primarily through the glide of
dislocations along specific crystallographic directions and planes, commonly referred to as slip systems. The heterogeneity of plastic
deformation at the crystal scale and its interaction with crystallographic orientation have been studied extensively within the
framework of classical crystal plasticity (CCP) theory, which has provided a robust foundation for modeling anisotropic plastic
behavior in crystalline materials (Rys et al., 2022; You et al., 2023; Lindroos et al., 2022b; Ren et al., 2021; Pai et al., 2022;
Cao et al.,, 2025; White et al., 2025; Li et al., 2025; Wang et al., 2025; Zhang and Sumigawa, 2025; Toursangsaraki et al.,
2025; Pai et al., 2025), deformation twin (Sudhalkar et al., 2025), creep (Roy et al., 2025), and hydrogen diffusivity via grain
boundaries (Ding et al., 2024). Furthermore, strain localization arises as a consequence of heterogeneous plastic deformation and
numerical instabilities in computational implementations. For example, Clayton (2024) investigated shear localization coupled with
phase transformation, while dynamic indentation (Clayton et al., 2023) and the dynamic behavior and phase transformation of high-
strength steels (Williams et al., 2025) were also investigated. In addition, aspects of strain localization have recently been examined
in the context of fatigue, such as slip band formation in single-crystal copper (Yan et al., 2020) and single-crystal nickel (Sumigawa
et al., 2024). However, the explicit introduction of dislocation concepts has revealed important limitations of the CCP framework.
In particular, the distinction between statistically stored dislocations (SSDs) and geometrically necessary dislocations (GNDs),
formalized by Nye (1953), has been shown to be essential for capturing size-dependent plasticity effects, such as the Hall-Petch effect
and other scale-sensitive phenomena. These observations motivated the development of strain gradient crystal plasticity (SGCP)
theories, in which gradients of plastic deformation are incorporated to account for the additional hardening associated with GNDs. An
early and influential contribution in this direction was provided by Gurtin (2002), who proposed an SGCP formulation based on the
Nye tensor, establishing a direct connection between lattice curvature and GND density. Subsequent developments have introduced
alternative gradient measures to address specific shortcomings of Nye-tensor-based formulations. For example, Wulfinghoff and
Bohlke (2012) proposed a strain gradient crystal plasticity model based on the total cumulative shear strain, which offers improved
robustness in problems involving strain localization. This approach was later extended by Lame Jouybari et al. (2024) to incorporate
cumulative shear strain contributions associated with individual slip systems, thereby enhancing the physical resolution of slip-
system-level plasticity. In general, SGCP models introduce an intrinsic material length scale or nonlocal parameter through nonlocal
field equations, which governs the influence of strain gradients on the material response. In most existing formulations, this length
scale is assumed to be constant throughout the deformation process. Experimental evidence, however, suggests that the intrinsic
length scale is closely linked to evolving microstructural features and should not necessarily be treated as a fixed material parameter.
Observations from microbending and microtorsion experiments indicate that strain gradient effects are most pronounced during
the early stages of deformation and progressively diminish as plastic flow develops, implying that microstructural evolution can
reduce size effects at higher deformation levels. This behavior motivates the interpretation of the length scale as an evolving
quantity that reflects changes in the underlying dislocation glide. Along these lines, Zbib and Aifantis (1998) developed gradient-
dependent constitutive relations for parabolic hardening and softening behaviors, later extending the concept to damage-dependent
length scales that control damage localization and two-surface damage-plasticity (Brepols et al., 2020). Furthermore, Dahlberg and
Boasen (2019) directly linked the intrinsic length scale to the dislocation density, while Petryk and Stupkiewicz (2016) related
it to strain-rate gradients. Additional micromorphic and gradient-enhanced formulations have been proposed to regulate strain
localization, including the micromorphic crystal plasticity model based on cumulative shear strain developed by Scherer et al. (2019)
and the strain gradient plasticity framework with a saturating internal variable introduced by Abatour and Forest (2024). More
recently, Lame Jouybari et al. (2025), Lame Jouybari (2026) proposed an enhanced strain gradient crystal plasticity theory based
on the Nye tensor, in which the intrinsic length scale is explicitly coupled to microstructural evolution in irradiated materials during
deformation. Collectively, these developments highlight the central role of microstructural evolution in strain gradient plasticity and
motivate ongoing efforts to formulate physically informed, adaptive length-scale models within crystal plasticity theory.



A. Lame Jouybari and L. Cizelj International Journal of Plasticity 202 (2026) 104711

Irradiated material. Since the Chicago Pile-1 reactor is achieved critical operation in December 1942, sustained efforts have been
devoted in improving both the efficiency and safety of the structural integrity of nuclear reactor components. During reactor
operation, fast neutrons emitted from the fission chain reaction interact with structural internals and can generate irradiation-
induced lattice defects, here collectively referred to as irradiation defects. These defects alter the microstructure through the creation
and evolution of point defects, defect clusters, and related damage features, and they consequently modify the mechanical response
and macroscopic behavior of reactor materials. Reported consequences include a reduction of toughness and ductility, an increase
in yield strength, and a contraction of the work-hardening regime, all of which can significantly affect component reliability and
lifetime. Despite the pronounced loss of ductility observed in many irradiated alloys, fracture surface analyses of irradiated materials,
including stainless steels, have shown that the dominant fracture mechanism can remain ductile, albeit characterized by intense
microscopic localization of plastic deformation (El Shawish et al., 2016; Hesterberg et al., 2019; Lame Jouybari et al., 2023). This
apparent paradox has been rationalized by the emergence of highly localized deformation patterns that promote early failure even
when macroscopic plasticity is strongly suppressed. Consistent with this interpretation, transmission electron microscopy (TEM)
observations have confirmed the formation of narrow, defect-free channels — often termed clear channels — in which irradiation
defects are swept away by gliding dislocations during the plastic part of deformation (Thomas et al., 2019). The development of such
channels concentrates plastic slip into a small fraction of the microstructure, thereby enhancing strain localization and accelerating
ductile damage accumulation. Accordingly, clear-channel formation is widely regarded as a primary microstructural mechanism
underlying premature ductile failure in irradiated alloys.

Fast Fourier transform-method. The fast Fourier transform (FFT)-based method for solving the classical balance (Cauchy equilibrium)
equation in heterogeneous media was first introduced in the pioneering work of Moulinec and Suquet (1998). In this approach,
the heterogeneous material is reformulated by introducing an auxiliary homogeneous reference elastic medium, which enables the
governing equations to be reformulate into the Lippmann-Schwinger integral equation. The resulting formulation is particularly
well suited to periodic microstructures and benefits from the efficient evaluation of convolution operators in Fourier space. Owing
to its computational efficiency and its natural compatibility with voxelized microstructures obtained from imaging, the FFT-
based method has become a paradigm in computational micromechanics. In particular, compared with standard finite element
implementations whose computational cost can scale as O(N?) for large-scale discretizations, FFT-based solvers reduce the dominant
cost to O(Nlog(N)), where N denotes the number of elements or voxels with the discretized representative domain. It is worth
mentioning that several approaches have been proposed to reduce computational cost in finite element simulations of hyperelastic
materials. Notably, the so-called corrected cluster cubature (E3C) hyper-reduction method has been developed to significantly reduce
CPU time (Wulfinghoff, 2025, 2026). In addition, data-driven computational approaches have been explored in the context of
micromorphic continua (Ulloa et al., 2024). The convergence behavior of the original FFT fixed-point scheme, however, was shown
to depend strongly on the choice of the auxiliary reference material and on the contrast between phases in the heterogeneous
medium. High phase contrast and suboptimal reference selection can lead to slow convergence or even numerical divergence, thereby
motivating substantial subsequent efforts to improve robustness and efficiency. A variety of enhanced formulations have therefore
been proposed, including polarization-based schemes (Wicht et al., 2021), Krylov-subspace accelerations (Brisard and Dormieux,
2010), collocation-based methods (Zeman et al., 2010), and Fourier-Galerkin schemes (Lucarini and Segurado, 2019). Collectively,
these developments have significantly broadened the applicability of FFT-based solvers, particularly for strongly heterogeneous
materials and nonlinear constitutive behavior.

Contribution of this study. For the first time, this study introduces a QFT-method into classical crystal plasticity framework and
strain gradient crystal plasticity (SGCP) theory in order to accelerate Fourier-based computations that arise in FFT-method solvers.
Specifically, the proposed approach targets a reduction of the asymptotic runtime of the Fourier transform step from O(N log(N))
in the classical FFT-method to O((log(N))?) using QFT primitives, yielding poly-logarithmic complexity according to the domain
resolution. This acceleration is particularly advantageous for high-resolution simulations of polycrystalline aggregates, where the
number of voxels N can become prohibitively large in three-dimensional analyses. The QFT-method is presented in details, including
the complete algorithmic workflow as well as the required intermediate steps and mathematical proofs and justifications. In addition,
the study revisits several SGCP models from the recent literature, organized here as the Classical MicroSlip-SGCP (CMSlip) model,
the Classical MicroCurl-SGCP (CMCurl) model, and the Enhanced MicroCurl-SGCP (EMCurl) model. Building upon these frameworks,
a new branch of ESGCP theory is introduced in the form of an Enhanced MicroSlip-SGCP (EMSlip) model driven by the cumulative
shear strain associated with each slip system. Moreover, modified operators are incorporated into the CMCurl and EMCurl models;
these models are denoted in this work as the CMCurl-Star and EMCurl-Star models. For each of the considered SGCP models, the
corresponding QFT-method formulation within the quantum finite difference method is derived and discussed in detail, ensuring
a consistent quantum—classical mapping of the governing operators. Finally, the proposed QFT-method is demonstrated through
two-dimensional and three-dimensional simulations of irradiated polycrystalline aggregates subjected to tensile loading, thereby
illustrating its applicability to the plastic deformation. It is emphasized that all quantum algorithms in this study are implemented
using the quantum computing toolbox' in Matlab (2025) and executed on an ideal (noiseless) quantum simulator, providing a
baseline assessment of the method prior to hardware development.

1 The proposed algorithms can be implemented in any software equipped with a quantum computing toolbox.
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Outline. The paper is organized as follows. Section 2.1 summarizes the classical crystal plasticity (CCP) framework adopted for
irradiated crystals. Section 2.2 reviews the classical strain gradient crystal plasticity (SGCP) formulations considered in this work,
namely the CMSlip, CMCurl, and CMCurl-Star models. Section 2.3 first revisits the EMCurl-SGCP model and subsequently introduces
the EMCurl-Star and EMSlip extensions. Section 2.5 presents the proposed quantum Fourier transform-method in detail, including
its integration into the CCP framework and into each of the SGCP models. Section 3 reports numerical results obtained with the
proposed QFT-method for high-resolution two-dimensional and three-dimensional polycrystalline aggregates, with emphasis on the
formation of strain localization (e.g., shear bands or clear channels) and on the influence of mean grain size. A complete set of
appendices is also provided to support reproducibility and to document implementation details. Appendix A summarizes fundamental
concepts in quantum computing, including the quantum bit, quantum gates, and circuit representations. Appendix B presents the
state-preparation procedure (amplitude encoding) used to transfer crystal’s state variables to quantum states. Appendix C details the
QFT circuit and its application within the quantum finite difference method. Appendix D provides validation of the QFT-method
implementation against analytical solutions for representative constitutive responses, including linear elasticity, perfect plasticity,
linear softening, and nonlinear softening behaviors. Finally, Appendix E presents additional analyses of slip and kink bands formation
in two-dimensional single-crystal simulations equipped with SGCP models under tensile loading.

Notation. This study captures the typical notation for the tensor analysis in the crystal plasticity for example, the scalar, first-
order (vector), second-order, third-order, and fourth-order tensors represented as A, A, A, A, and A4, respectively. The Levi-Civita
third order permutation tensor is represented by €. Furthermore, the superscripts over the letters such as totep. " * and - are
denoted for the total, elastic, plastic, time derlvatlve, Fourier transform, fluctuation, and spatial mean value part of the tensor,
respectively. Also, mathematical symbols such as ®, X, *, ., :, V, V ., VX, and 4 denote the tensor product, cross product, convolution,
dot product, double contraction, gradient, divergence, curl and Laplacian operators. For example the curl of the second order
tensor is calculated as V x X = ¢, X,, ¢, ® ¢; in the Cartesian coordinate basis in the real space such as (¢,.¢,.¢;), and the
Einstein’s summation convention is used in indicial representations. Furthermore, the norm of the second order tensor is calculated
as ||)N( ll= /)N( X, and the symmetric and skew-symmetric parts of the second order tensor are calculated as Sym()N( )=(X+X /2,

and Skew()N( )= ()f -X T)/2. Lastly, the Dirac (bra-ket) notation is used in the quantum computing (see Appendix A).
2. Material and methods

This section presents the theoretical frameworks and the computational methodology employed in this study. First, the classical
crystal plasticity (CCP) formulation is recalled in the infinitesimal deformation framework.? Due to the irradiation effect on the
crystalline lattices such as increasing of yield stress, reduction of ductility and work hardening domain, and strain localization,
this framework is promising in the analysis of this crystalline lattices.> Furthermore, a summary of the classical strain gradient
crystal plasticity (CSGCP) and EMCurl model variants considered herein. Next, a new branch of the enhanced strain gradient crystal
plasticity (ESGCP) theory is introduced in the form of the EMSlip model. Finally, the proposed quantum Fourier transform-method
and the associated algorithmic workflow are presented, including their integration within the CCP framework and within each of
the SGCP models investigated in this work.

2.1. Classical crystal plasticity

In the infinitesimal deformation-rotation framework of CCP, the total displacement gradient tensor is assumed to admit an
additive decomposition into elastic and plastic parts, as stated in Eq. (1). The elastic strain tensor is then identified as the symmetric
part of the elastic displacement gradient, Eq. (6). The plastic part of the tensor is governed by crystallographic slip and is expressed
through the rate of the plastic displacement gradient, which is defined as the sum over all active slip systems, N,, as given in Eq. (2).

(Vu)'©t = (Vu>e+(Vu>P a
(VipP = 4 ((Vu)P) = Zym ®n" @

Assuming the absence of body, inertial forces, and quasi-static deformation, the principle of virtual power leads to:

Vo=0 VxeB 3

t=on VxeiB (€))

Within a thermodynamically consistent framework, an isothermal specific Helmholtz free-energy density is postulated in the form
v = (et &, ), where the potential depends on the elastic strain tensor, Eq. (6), and on the cumulative shear strain yg  for
each slip system, Eq. (9). By adopting a quadratic form in the elastic strain and in the cumulative shear strain and enforcing the

2 This framework is modified to capture the skew-symmetric part of the displacement gradient tensor.
3 Extending this framework to finite deformations for unirradiated crystalline lattices is also possible; however, it introduces additional computational costs.
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Clausius—Duhem inequality, constitutive equations are obtained for the Cauchy stress tensor, the slip evolution (shear strain rate),
and the critical resolved shear stress.

i ®)
e =5 (Ve + (V) )
7% = sign (z%) <¥>n N
e
Yeun = /0t|7"| dt N

Here K, n, 7%, at® and y, are respectively denoted as the Norton flow coefficient, Norton flow exponent, initial critical resolved
shear stress, the maximum softening, and the softening rate parameters. These parameters are correlated with the experimental
physics-based models which formulated for the irradiated materials following Lame Jouybari et al. (2024).

2.2. Classical strain gradient crystal plasticity theory

The classical strain gradient crystal plasticity (CSGCP) theory is used here to denote models in which the nonlocal parameter
(intrinsic length scale) is prescribed as a fixed material constant, A = const. Within this class, two previously developed SGCP
models are recalled, namely the MicroCurl model (Marano et al., 2021) and the MicroSlip-SGCP model (Lame Jouybari et al.,
2024). For clarity, the Classical MicroCurl formulation is hereafter referred to as the CMCurl model and employs the Nye tensor as
the gradient variable. The MicroSlip-SGCP formulation is hereafter referred to as the CMSlip model and uses the cumulative shear
strain associated with each slip system as the gradient variable. In both models, the nonlocal parameter is assumed to remain constant
throughout deformation, and serves as the weight to the strain gradient effect. Furthermore, Appendix A of Lame Jouybari et al.
(2024) shows that this parameter can be physically interpreted in terms of the dislocation pile-up mechanism, with its magnitude
directly related to the initial critical resolved shear stress, 7, and the characteristic length of the dislocation pile-up.

2.2.1. Classical MicroCurl strain gradient crystal plasticity model

The classical strict MicroCurl strain gradient crystal plasticity (CMCurl) model is recalled here (Marano et al., 2021; Gurtin,
2002). The formulation is constructed on the basis of the Nye tensor, « = -V x (Vg)” (Nye, 1953), which captures the lattice
curvature within the infinitesimal deformation—rotation framework. In this model, the Nye tensor quantifies the incompatibility of
the plastic distortion and provides a kinematically consistent representation of geometrically necessary dislocations (Lame Jouybari
et al., 2025). When the Nye tensor is considered as an gradient variable, the principle of virtual power yields, in addition to the
classical Cauchy equilibrium equation and its associated boundary condition from the CCP framework, a nonlocal field equation
and corresponding higher-order boundary condition, as summarized in Egs. (3) and (4).

s+VxM=0, VxeB, 10

m=M:e¢-n, Vx € 0B. an

Following a thermodynamically consistent framework, the specific free-energy density is postulated in quadratic form as y =
py(e®,V X (Vg)p v v"), where the potential depends on the elastic strain, the Nye tensor, cumulative shear strain, and shear
strain. By enforcing the Clausius-Duhem inequality, constitutive equations are obtained for the double-stress in Eq. (12), the micro-
stress tensor in Egs. (14) and (15), the back-stress in Eq. (16), the shear strain rate in Eq. (17), and the critical resolved shear stress
in Eq. (8), respectively, in application to irradiated materials.

M=AV x (Vu)” (12)
s == VX (M)=-Vx(AVx (Vu)") (13
=-A{VxVx(Vu)’} (14
=—A{Ve®V.(Vu)" - 4(Vu)’} as)
yi==s: (m"@n") (16)
7% =sign (t* — y%) <W>n a7

It has previously been reported that the frequency-domain representation of Eq. (13) exhibits a small amplitude within the slip
band, owing to the modified frequency representation of the Curl operator in Fourier space (Marano et al., 2021). Accordingly, this
study considers two different approaches for evaluating the micro-stress tensor. Further details are provided in Appendices C.3 and
E. Specifically, Eq. (14) is used in the CMCurl-Star model (the modified frequency corresponds to the Eq. (C.32)), whereas Eq. (15)
defines the CMCurl model (the modified frequency corresponds to the Eq. (C.33)). Notably, in both formulations, the higher-order
stress (or back-stress) contributes to the shear flow rule through a kinematic hardening term.
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2.2.2. Classical MicroSlip strain gradient crystal plasticity model
The classical strict MicroSlip strain gradient crystal plasticity model is hereafter referred to as the CMSlip model (Lame Jouybari
et al., 2024). This model is constructed using the cumulative shear strain associated with each slip system, y? . By applying the

principle of virtual power, the corresponding nonlocal field equation, Eq. (18), and the associated higher-order boundary condition,
Eq. (19), are obtained.

VM*—x*=0 Vx€B, VaeN, (18)
m*=M"n Vx € 0B, Va € N, (19)
Following a thermodynamically consistent framework, the specific free-energy density is postulated in quadratic form as y =
py (e, Vys, . ve . ¥*) , where the potential depends on the elastic strain, the gradient of the cumulative shear strain, cumulative
sheat strain, and shear strain. By enforcing the Clausius-Duhem inequality, constitutive equations are obtained for the double-stress

in Eq. (20), the higher-order stress in Eq. (21), the shear strain rate in Eq. (22), and the critical resolved shear stress in Eq. (8),
respectively.

MO=AVy (20)

X AL 21
2O — 7Q 4 LA\ 7

& =sign<r“><—' s ) (22)

Notably, in this formulation the higher-order stress enters the shear flow rule as an isotropic hardening term.
2.3. Enhanced strain gradient crystal plasticity theory

The Enhanced Strain Gradient Crystal Plasticity (ESGCP) theory was recently introduced in Lame Jouybari et al. (2025). In
this framework, the nonlocal parameter — referred to therein as the higher-order modulus — is allowed to inherit microstructural
evolution during deformation and loading. For irradiated materials, this feature is particularly relevant: as irradiation defects are
locally swept away by gliding dislocations, pronounced local softening can form, and the higher-order modulus is correspondingly
reduced within these softened regions, which are often associated with shear-band formation. It was shown that this local reduction
of the higher-order modulus is essential, as it reduces the magnitude of the higher-order stresses and, as a consequence, promotes
sustained strain localization at larger deformation levels. Accordingly, this section first recalls the EMCurl model of Lame Jouybari
et al. (2025), which is formulated in terms of the Nye tensor. Subsequently, an EMSlip model is introduced, in which the gradient
measure is based on the cumulative shear strain associated with each slip system.

2.3.1. Enhanced MicroCurl strain gradient crystal plasticity model

Similar to the CMCurl model discussed in Section 2.2.1, the EMCurl model is formulated in terms of the Nye tensor (Lame Jouy-
bari et al., 2025). By adopting the same theoretical setting — in which the Nye tensor is treated as gradient variable and the principle
of virtual power is applied — the classical balance and nonlocal field equations, Egs. (3) and (10), together with the corresponding
boundary conditions in Egs. (4) and (11), are obtained in the same manner as for the CMCurl model. The essential difference
between the two formulations arises from the thermodynamic aspect of the higher-order modulus. In the enhanced model, the
higher-order modulus is no longer assumed to be constant; instead, it is taken to evolve with deformation and is here prescribed as a
function of the cumulative shear strain, A* = A% (y2_ ). Accordingly, the specific Helmholtz free energy is postulated to incorporate
contributions associated with both stored (non-dissipative) energy and dissipated energy during deformation, thereby enabling a
thermodynamically consistent coupling between microstructural evolution and the higher-order stress response.

oy = py(e®, VX (V) 78,7
=361 C e+ 5A(re,,) VX (V)" VX (V) + oy (v, (23)
Applying the Clasius-Duhem inequality leads to:
M*=A"V x (Vu)" (24)

s* == VX M*=-Vx(AVx(Vu)")

=—[{VA"} x Vx (Vu)” + A" {V x V x (Vu)"}] (25)
=— (VA X Vx (Vu)’ = A" {V@ V. (Vu)’ — A (Vu)"} (26)
o _1 p. py 0A”
I =5 [Vx(Vu)’ : Vx(Vu)’] o 27)
Iz — " =l -7 \"
7* =sign(z® — y* - T%) <#‘r> (28)

Here, Eq. (25) is employed in the EMCurl-Star model, whereas Eq. (26) corresponds to the EMCurl model. In addition, the generalized
back-stress, I'*, is introduced in Eq. (27) and is incorporated into the shear flow rule as a kinematic hardening contribution,
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analogous to the back-stress term in Eq. (16). Furthermore, the higher-order modulus A* is defined as the second derivative of the
hardening part of the free energy, py”, with respect to the cumulative shear strain in each slip system. To maintain the dimensional
consistency of the micro-stress tensor, the coefficient, (A,/2x)?, is incorporated within the expression of the higher-order modulus
which includes the length scale A in the unit of meter.*
e <@>2d2‘llh=_<ﬂ>2 d'[gr =<ﬂ>2ATaexp<_yéxﬂ> 29)
2z ) dy*? 2z ) dy2,, 2r %0 %0

cum

Accordingly, microstructural characteristics associated with softening behavior — specifically the maximum softening parameter
at*, the softening rate parameter y,, and the cumulative shear strain y& = — are incorporated into the constitutive definition of the
higher-order modulus A%.

2.3.2. Enhanced MicroSlip strain gradient crystal plasticity model

The Enhanced MicroSlip Strain-Gradient Crystal Plasticity (EMSlip) model is constructed on the same kinematic foundation as the
CMSlip formulation presented in Section 2.2.2. As in the classical theory, the cumulative shear strain on each slip system, y% , is
treated as an internal state variable, and the principle of virtual power is employed to derive the governing balance equation.
Consequently, the formulation retains the classical balance and nonlocal field equations, Egs. (3) and (18), together with the
associated boundary conditions in Egs. (4) and (19). Similar to Section 2.3.1, the higher-order modulus is no longer assumed to
be constant but is instead allowed to evolve with deformation. To accommodate this dependence in a thermodynamically consistent

manner, the specific Helmholtz free-energy density is postulated as follows.

N N
1 . . 1
V=W T Vium) = 5,6 1 C e+ D) + 2 55 A (V) VVéum V7eum (30)
a a

Furthermore, applying the Clasius-Duhem inequality leads to:

M®=p ()V;I; = A(Ygum)VYgum (3D
cum

I(l =V'Ma =V. [A(Ygum)Vygum] = VA(yélum)‘Vygum + A(ygum)Aygurn (32)

1 0AG oym)

re =§Tﬂlm gum'v}lgum (33)

cum
Iz = (z& = z*+ %) \"
7% =sign (r")< ( ch ) (39

Here, the second higher-order stress, I'*, acts as an isotropic hardening term within the shear flow rule. The higher-order modulus
is defined consistently with Eq. (29). Furthermore, the principal similarities and differences between the Classical and Enhanced
SGCP theories are summarized in Fig. 1, based on the results reported in Appendix E.

2.4. Periodic Lippmann-Schwinger equation

In the infinitesimal deformation-rotation framework, the periodic Lippmann-Schwinger formulation is introduced by decomposing
the total displacement gradient tensor field (Vu™!) into an homogeneous part (Vu) and a fluctuating part (Vu*). The fluctuation part
is assumed to be periodic on the boundary of the body (Vu*#03), whereas the classical Cauchy traction is generally non-periodic
(o.n — #dB). To facilitate the solution of the resulting boundary value problem, an auxiliary homogeneous reference medium is
introduced, taken here as an isotropic linear elastic material characterized by the elasticity tensor go_ Relative to this reference
material, a polarization tensor field (r) is defined to capture the local deviation of the heterogeneous constitutive response from
the reference behavior. By combiningNthe classical Cauchy equilibrium equation with the constitutive relation for the Cauchy stress
tensor (o), the periodic Lippmann-Schwinger integral equation is obtained, following the original formulation of Lippmann and
Schwinger (1950).

Vul®'(x) = Vu + Vu* (x) VxeB, Vu*#iB

o(x) =C(x) : e(x) Vx€B, o.n—#iB

~ ~ "o - (35)
M) =0(x)-C": Vulx) VxeB

Voox) =0 VxeB

Accordingly, the total displacement gradient tensor field, which solves the Lippmann-Schwinger equation, can be obtained through
two equivalent representations. In real space, the solution is written as a convolution between the Green operator (G) and the
polarization tensor, as given in Eq. (36). Alternatively, in Fourier space, the same solution is expressed through a double contraction
of the Green operator with the polarization tensor, as stated in Eq. (37). It is further noted that the Green operator employed here

4 Analytical calibration in Lame Jouybari et al. (2025) demonstrates that this length scale is exactly equal to the shear band width.
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Fig. 1. Schematic comparison of Classical and Enhanced SGCP theories for MicroSlip and MicroCurl models. Color indicates differences; black
items are shared.
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is general and, in particular, non-symmetric, which is consistent with the use of the non-symmetric displacement gradient tensor
field.

Real space: Vu(x) = Vu - G * 7(x) (36)

Fourier space: Vu(x) = Vu+ IDFT (@(g)) =Vu-IDFT (g@ 36)) 37)

2.5. Quantum Fourier transform-method

Typically, quantum algorithms for solving partial differential equations (PDEs) follow a common workflow that is largely shared
across the literature (Tosti Balducci et al., 2022). These steps can be summarized as follows: (1) Problem setting: the PDE is specified
together with the relevant initial and boundary conditions. (2) Discretization: the spatial domain is discretized using an underlying
numerical scheme, such as finite differences or finite elements. (3) Quantum state preparation and superposition: a quantum register
with an appropriate number of qubits is allocated to represent the discretized domain, and the problem variables and parameters
are encoded into the qubits. (4) Quantum primitive: differential operators associated with the PDE are implemented within the circuit
through quantum primitives, thereby modifying the amplitudes and phases of the qubits in accordance with the desired derivatives.
(5) Output and measurements: the solution on the discretized domain is extracted from the final quantum state via measurement and
suitable post-processing. Motivated by this general methodology, the QFT-method is proposed in this study to address the linear
momentum balance equation as well as the nonlocal field equations arising in the SGCP models introduced in the previous sections.
The direct implementation of the QFT circuit is presented in Appendix C, and its complexity and computational cost are compared
with those of the Cooley-Tukey FFT algorithm in Fig. C.3.

2.5.1. Classical crystal plasticity: QFT-method implementation

In the CCP framework, the governing equation to be satisfied at each material point is the Cauchy equilibrium equation, i.e., the
linear momentum balance equation. Accordingly, within the first step of a quantum-computing workflow, (1) Problem setting, Eq. (3)
is prescribed as the target equation. As shown in Section 2.4, this balance equation can be reformulated into the periodic Lippmann—
Schwinger equation, whose solution may be expressed either in real space or in Fourier space. The real-space representation involves a
convolution operator, Eq. (36), which becomes computationally expensive for high-resolution discretizations. Therefore, the efficient
approach is to evaluate the solution in Fourier space, Eq. (37). In this setting, the polarization tensor field is transformed to Fourier
space, double contracted with the Green operator, and subsequently returned back to real space, yielding the total displacement
gradient tensor field. To perform this sequence of operations using a quantum algorithm, the following procedure is proposed.

The second step of the quantum-computing workflow corresponds to (2) Discretization. Considering a periodic cubic microstruc-
ture in three dimensions, with volume V = L3, and discretized into uniform cubic voxels such that Nt = N3. A voxel with indices
i,j.k €1{0,1,...,N — 1} is associated with the Cartesian position x;;, = (%o +i X Ax, yg +j X Ax, z + k X Ax)T € R3, where Ax denotes
the voxel edge length.

The third step corresponds to (3) State preparation or superposition, which is detailed in Appendices A and B. The polarization
tensor field, z, is defined at all voxels and belongs to 7 = 7;;; € R¥ONwhere | € {1,...,N""} denotes the voxel index.

The tensor field is then rearranged into a normalized vector representation, 7 = HTIHVec (r) € RN A quantum register with

NPl = [log)(9 x N™)] qubits is subsequently allocated to represent the polarization tensor field. The entries of 7 are encoded

into the amplitudes of the Nqb'POl—qubit in the superposition states, with amplitudes 7, and computational basis states |g), yielding
qb-Pol

- oN -1
[7) = Zqzo Tq|‘1>~

With the polarization tensor field prepared, the algorithm proceeds to step (4) Quantum primitive. In this step, the quantum circuit
implementing the quantum Fourier transform (see Appendix C) is constructed and applied to the quantum state that encodes the
polarization field. The number of qubits required to represent the discretized spatial domain is set as N4>t = [logz(N“’t)]. The QFT
circuit is then applied to transfer the polarization field to Fourier space, |?A> = QFT (|7)). Once the Fourier-space representation
is obtained, the transformed state is rearranged into tensor form, ’z‘ € H3*3N The tensor field is subsequently double-contracted

with the Green operator, (:‘r, and assigned to the displacement gradient tensor field in Fourier space, @, including the treatment of
the zero-frequency mode (Nsuch as &£ =0).

Finally, step (5) Output and measurement consists of applying the IQFT circuit (see Appendix C) to return the displacement
gradient tensor field to real space, followed by rescaling with the norm of the polarization tensor field used prior to superposition,
such that Vu = V_li+ ”Z” I9FT (@) The complete QFT-method algorithm for the CCP framework is provided in Algorithm 1.

2.5.2. Classical MicroCurl strain gradient crystal plasticity model: QFT-method implementation

In the CMCurl model, once the Cauchy equilibrium equation has been solved to the prescribed accuracy, an additional balance
equation must be satisfied. Accordingly, step (1) Problem setting consists of specifying the CMCurl nonlocal field equation, Eq. (15).
In step (2) Discretization, the discretization is inherited from the solution procedure for the Cauchy equilibrium equation; details are
provided in Section 2.5.1. Briefly, the periodic microstructure is discretized on a uniform grid with N'* = N3 voxels.

Step (3) State preparation provides a quantum representation (see Appendix B) of the plastic distortion tensor field within the
quantum register. The plastic distortion tensor, H” = (Vu)? € R3*3N™ s first rearranged and normalized into a vector form,

10
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Algorithm 1 End-to-End QFT-method workflow in the classical crystal plasticity framework.
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normalized plastic distortion vector is encoded into the amplitudes of the corresponding qubits, |ﬁ) =y

11

<H”) € RN, A quantum register with N = [log,(9 x N°!)] qubits is then initialized in the zero state, and the

NP

a=0  Hila).
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The subsequent step (4) Quantum primitive applies the QFT circuit (see Appendix C) to transform the encoded field to Fourier
space, Iﬁ) =QFT (Iﬁ)). The resulting amplitudes are then rearranged back into the tensor representation, H” = Ten <|ﬁ)) €

SN, Depending on the selected MicroCurl nonlocal field equation — i.e., Eq. (14) or Eq. (15) — the Fourier-domain
representation of the double-curl operator and the associated length-scale parameter are multiplied to obtain the micro-stress in
Fourier space, § = —A DCurl H?. More details in Appendix C.3.

Finally, stepN (5) Output and measurement consists of applying the IQFT (see Appendix C) to return the micro-stress tensor in real
space, s =||I;I” | IQFT (E) The resulting micro-stress is then used to evaluate the back-stress required in the shear flow rule.

2.5.3. Classical MicroSlip strain gradient crystal plasticity model: QFT-method implementation

In the CMSlip model, the QFT-method workflow is initiated by step (1) Problem setting, which consists of specifying the nonlocal
field equation, Eq. (21). Step (2) Discretization follows the same spatial discretization employed for the solution of the Cauchy
equilibrium equation. In the subsequent steps, the procedure is carried out independently for each slip system.

Step (3) State preparation provides the quantum representation of the cumulative shear strain associated to each slip system
within the quantum register (see Appendix B). For a given slip system «, the cumulative shear strain field satisfies y% € RN,
therefore, no additional vectorization is required. However, the field is normalized as m = ”yglmygum. A quantum register with
N® = [logz(Nmt)] qubits is then initialized in the zero state, and the normalized cumulative shear strain is encoded into the

NP

amplitudes of the corresponding superposition state, |y% )= Zq=0 Yem q|‘1>~

Step (4) Quantum primitive applies the QFT circuit (see Appendix B) to transfer the encoded field to Fourier space, |;§;) =
OFT (l}—c’i;) . In accordance with the nonlocal field equation, Eq. (21), the Fourier-domain representation of the Laplacian operator
(see Appendix C.3) and the associated length-scale factor are then applied multiplicatively to obtain the higher-order stress in Fourier
space, 7i=A fin |E).

Finally, step (5) Output and measurement consists of applying the IQFT (see Appendix B) to return the higher-order stress in real
space, 7 =llr&ll IQFT (%)

2.5.4. Enhanced MicroCurl strain gradient crystal plasticity model: QFT-method implementation

In the EMCurl model, the quantum-computing procedure for evaluating the differential operators associated with the state
variables closely follows the implementations described in Sections 2.5.2 and 2.5.3. Therefore, only the additional steps specific to
the enhanced model are outlined here. In particular, the higher-order modulus is first evaluated in real space according to Eq. (29).
The corresponding quantum algorithm is then applied to transfer this field to Fourier space, A% = QFT (lﬁ)), and to compute its

gradient via VAY =||AY|| IQFT Cﬁ@) An analogous procedure is employed to evaluate the curl and double-curl operators
acting on the plastic distortion tensor.

Based on these quantities, the micro-stress tensor is subsequently computed using Egs. (25) and (26), followed by the evaluation
of the back-stress according to Eq. (16) and the generalized back-stress associated with each slip system given by Eq. (27). A complete
description of the QFT-method algorithm for the EMCurl model is provided in Algorithm 2.

2.5.5. Enhanced MicroSlip strain gradient crystal plasticity model: QFT-method implementation

Similar to Sections 2.5.3 and 2.5.4, the EMSlip formulation requires the solution of a nonlocal field equation. This procedure
involves evaluating the gradient of the higher-order modulus as well as the gradient and Laplacian of the cumulative shear strain
associated with each slip system. The corresponding differential operators are computed within the proposed QFT-method workflow
following the same state-preparation, QFT/IQFT, and Fourier-domain operator-application strategy described previously. A complete
QFT-method algorithm for the EMSlip model is provided in Algorithm 3.

Validation of the proposed QFT-method algorithms within the CCP framework and the SGCP models is presented in Appendix D. A
range of representative material responses is considered to assess both accuracy and robustness. First, linear elasticity is examined
using a two-layer laminate with different elastic properties. The numerical solution obtained with the proposed QFT-method is
compared against the corresponding FFT-method solution, showing excellent agreement. Second, a single crystal under simple
shear is analyzed for three constitutive material behaviors—linear hardening, perfect plasticity, and linear softening. In these cases,
the QFT-method results are validated by direct comparison with the analytical solutions reported in Lame Jouybari et al. (2024).
Finally, a nonlinear softening behavior is considered for a single crystal subjected to simple shear, and the QFT-method results are
benchmarked against the analytical solution proposed by Lame Jouybari et al. (2025). Collectively, these test cases demonstrate
that the proposed QFT approach reproduces established numerical and analytical references across elastic, plastic, and softening
behaviors.

3. Results
This section reports numerical results obtained for periodic two- and three-dimensional polycrystalline aggregates generated
by Voronoi tessellation with randomly oriented grains (Quey et al., 2011). The microstructures are discretized at high resolution,

enabling a detailed assessment of localized deformation and microstructural fields. All simulations are performed under uniaxial
tensile loading at a relatively low applied strain rate of 10™° s~! in order to promote quasi-static response and to resolve the

12
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Algorithm 2 End-to-End QFT-method workflow in the Enhanced MicroCurl-SGCP model.

q Ag \2 Az o
Real-space evaluation: A” = (—3) “LO exp (— %)

-

\

Vectorization and normalization:
flax]]

A% = L vec(ar) e RN

Solve the generalized balance equation +

Quantum state preparation and amplitude encoding:

Y

Input the state variables

b—H1
— qu 1
%) = 32 A% 1g)

\

v B, + 40)

[Quantum Fourier Transform circuit: N9°~QFT = [log, (N'°)]

|
|
|
|
|
|
|
|
|
|
|
|
[ Quantum finite difference method ] I [Quantum register allocation: N9°~H! = [log, (N'°))]
|
|
|
|
|
|
|
|
|
|
|
|
|

\d . Y

Transformation to Fourier space: [A%) = QF T (|A7))

Higher-order modulus
Quantum accelerated evaluation

\

{Gradient operator evaluation:

|
|
\ o
Plastic distortion tensor : : VA@ = Grad|A%)
Quantum accelerated evaluation -
-« : |
| N
4 : I [Inverse Quantum Fourier Transform circuit: [IQFT] = [QFT]"
|
e g g !
Micro stress tensor evaluation: n +
s* = : I | Measurement & return to real space
- | ——
~[{VA") x V x (Vu)” + A" {V x V x (Va)"}] 1| VA" 4% 10T (Gradd® )
. — - J | L
|
|
Y |
1 Back-stress evaluation: ) "
o= s omt @ Vectorization and normal}zation:
-_ . m n ‘p' _ 1 P N Lot
L - b, H = gy Vee®) € R
Y +
(" Generalized back-stress evaluation: [Q“a“t“m register allocation: N4°~2 = [logy ON'*)]
9A* A" s @
947 —  _AGjon
= - Sign (%) +
_ 1 p. P 0A®
L re = 2 [V x (VE) PVx (VE) ot Quantum state preparation and amplitude encoding:
. Nab-H2
) = 2, "HY |g)
Y +
[Quantum Fourier Transform circuit: N9~ = [log, (9N'°1)]

Transformation to Fourier space: |ﬁ> =QFT (W))

\

. . Th tot
Reassembly into tensor representation: H? € H3*3*N ©

\

Curl & Double-Curl operators evaluation:

V x HP = Curl 0P

V XV x HP = DCurl - J 0P

\

[Inverse Quantum Fourier Transform circuit: [IQFT] = [QFT]+

\

Measurement & return to real space
V x HP =|[H?|| IQFT (V/X\H")
V XV x HP =|[H?|| IQFT (v ></V\><H")

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
[ Time-step update J I
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I

13



A. Lame Jouybari and L. Cizelj International Journal of Plasticity 202 (2026) 104711

Algorithm 3 End-to-End QFT-method workflow in the Enhanced MicroSlip-SGCP model.
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Table 1
Material parameters of the polycrystalline aggregates.
E v K n 7 AT 1) H
Two-dimensional aggregate 100 GPa 0.3 10 MPa s™ 15 100 MPa 50 MPa 0.05 0 MPa
Three-dimensional aggregate 100 GPa 0.3 10 MPa s™" 15 100 MPa 50 MPa 0.10 0 MPa

0.0

Fig. 2. Microstructures of the two-dimensional polycrystalline aggregate composed of (a) 200 columnar grains (b) 2000 columnar grains. Colors
indicate grain orientation relative to the loading direction; black lines are grain boundary voxels.

progressive development of strain localization mechanisms. Furthermore, the MicroContinuity higher-order condition is considered
for all polycrystalline aggregate simulations.

The primary aim of this section is to demonstrate the proposed QFT-method as a computational tool for simulating polycrystalline
aggregates and for investigating the predictive capabilities of the CSGCP and ESGCP theories within this setting, with particular
emphasis on the formation of shear bands (or clear channels) and the evolution of microscopic state variables. In addition, the
influence of mean grain size is examined within both the CSGCP and ESGCP frameworks. For the enhanced models, the evolution
of the deformation-dependent length scale (higher-order modulus) is analyzed throughout loading. Finally, the evolution of the
higher-order stresses associated with each SGCP model is examined in detail during the loading.

3.1. Two-dimensional aggregate

Initially, two-dimensional microstructure is considered to enable a direct comparison of the characteristic responses predicted
by different SGCP models and by their corresponding QFT-method implementations introduced in Section 2.5. The microstructure
is statistically isotropic polycrystalline aggregate composed of equiaxed grains with random orientations which each grain is
assigned a random crystallographic orientation described by Euler angles, resulting in an overall texture-free (isotropic) aggregate.
The geometry is then discretized into a regular cubic voxel grid (Quey et al., 2011). Accordingly, the periodic two-dimensional
polycrystalline aggregate shown in Fig. 2(a) with total area 1 mm? is generated and consists of 200 grains with an approximately
mean grain size of GS = 0.07 mm. Each grain is equipped with an in-plane (planar) slip system which is rotated by the grain
orientation. The microstructure is discretized on a regular grid of 1024* voxels (approximately one million voxels), providing
sufficient spatial resolution to capture localization phenomena and microstructural field variations. The aggregate is subjected
to uniaxial tensile loading at a low strain rate® of 107 s~!, a final deformation amplitude of Vu,, = 0.02 is prescribed, and the
MicroContinuity higher-order interface condition on the grain boundary is considered.® The material parameters are taken to be
identical to those in Table 1 which is calibrated for the irradiated stainless steels in Lame Jouybari et al. (2024). Furthermore, the
set of SGCP models introduced in Sections 2.2 and 2.3 is employed here. To ensure a meaningful comparison between the CSGCP and

5 This low strain rate of loading is required in the SGCP models due to the explicit coupling between the classical balance equation and the nonlocal field
equation in the proposed algorithm.

6 The MicroContinuity condition ensures continuity of the higher-order traction tensor in each SGCP models across both sides of the grain boundary. Further
details are provided in Lame Jouybari et al. (2024, 2025).
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Fig. 3. Evolution of the spatially averaged state variables for the microstructure shown in Fig. 2(a) under applied loading. Results are shown
for the CMSlip and CMCurl models with length scale A = 0.0158,N, and for the EMSlip and EMCurl models with length scale A, = 0.025, mm.

ESGCP theories, the initial length scale in the ESGCP theory is set to A, = 0.025 mm. The corresponding fixed nonlocal parameter
for the CSGCP theory is then obtained via Eq. (29), yielding A = 0.0158 N.

In all simulations, the proposed QFT-method introduced in Section 2.5 is employed. The classical balance equation is solved
following the procedure described in Section 2.5.1. For the amplitude encoding (state preparation) of the polarization tensor field,
a quantum register with N9P°! = 24 qubits is used. The mapping to Fourier space is performed using a QFT2D circuit acting on a
register of N9t = 20 qubits.

For the nonlocal field equation in the CMCurl model, a quantum register with N®®H = 24 qubits is allocated for the amplitude
encoding of the plastic distortion tensor. In the CMSlip model, a register of N%H = 20 qubits is used to encode the cumulative shear
strain. For the EMCurl model, two quantum registers are employed to evaluate the nonlocal field equation: the first is associated
with the higher-order modulus and contains N®H! = 20 qubits, while the second encodes the plastic distortion tensor using
N9H2 — 24 qubits. Finally, for the EMSlip model, two quantum registers are likewise assigned, with N9 = 20 qubits representing
the higher-order modulus and N2 = 20 qubits representing the cumulative shear strain associated to each slip system.

Fig. 3 illustrates the evolution of representative state variables during loading for different SGCP models. The corresponding
macroscopic stress-strain responses indicate that all models initially exhibit linear elastic behavior and, upon reaching the
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Fig. 4. Evolution of the spatially averaged state variables for the microstructure shown in Fig. 2(a) under applied loading. Results are shown for
the CMCurl and CMCurl-Star models with length scale A = 0.0158, N, and for the EMCurl and EMCurl-Star models with length scale A, = 0.025, mm.
The model variants differ in the evaluation of the double-curl operator within the micro-stress tensor, Eq. (13), in Fourier space.

macroscopic yield stress, reproduce a subsequent hardening regime. A clear distinction is observed between the classical and
enhanced models. In the ESGCP models (MicroCurl and MicroSlip), the macroscopic hardening rate is reduced, whereas in the
Classical SGCP models (MicroCurl and MicroSlip) the macroscopic hardening response increases monotonically. This trend is
interpreted in terms of the evolution of higher-order stresses (or back-stresses). Specifically, after the onset of plasticity, the rate of
increase of the higher-order stresses decreases in the Enhanced SGCP models, while it continues to increase in the Classical SGCP
models.

The reduction of the higher-order stress rate in the Enhanced SGCP models is directly associated with the incorporation of local
softening mechanisms by the reduction of the critical resolved shear stress and, consequently, the effective strength of the crystal.
In the enhanced models, this softening is accompanied by a corresponding reduction of the higher-order modulus, whereas in the
classical SGCP formulations the higher-order modulus (nonlocal parameter) remains fixed throughout deformation. As a result, the
enhanced models exhibit a progressive attenuation of higher-order modulus in the plastic regime, consistent with the observed
macroscopic and microscopic behaviors. Although the critical resolved shear stress decreases in all models, the macroscopic stress—
strain curves still exhibit overall hardening. This is attributed to the planar analysis of the two-dimensional microstructure, where
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plastic deformation and subsequent localization are formed to the narrow bands, while the remaining regions of the grains remain
elastic. As a result, the elastic response dominates in a volume-averaged than the local softening within the bands.

Fig. 4 compares the evolution of state variables when two different mathematical operators, Egs. (C.32) and (C.33), are employed
to solve the nonlocal field equations for the CMCurl and CMCurl-Star models, Egs. (14) and (15), and for the EMCurl-Star and EMCurl
models, Egs. (25) and (26). The macroscopic responses indicate that the DCurl-S operator produces a lower level of hardening
behavior, which is consistent with the reduced magnitude of the resulting back-stresses. As shown in Appendix E, the DCurl-J
operator (Eq. (C.33)) slightly affects the slip bands, whereas the DCurl-S operator (Eq. (C.32)) does not influence slip band and
instead through kink-band formation. Consequently, the CMCurl and EMCurl models employing the DCurl-J operator exhibit a
larger volume fraction of activated plastic deformation than the corresponding CMCurl-Star and EMCurl-Star models using the
DCurl-S operator. This broader plastic activation leads to a stronger reduction of both the higher-order modulus and the critical
resolved shear stress compared with the DCurl-S-based formulations.

Fig. 5 presents the spatial distributions of the plastic distortion tensor norm and the rotation field” at the final loading,
Vu,, = 0.02, for the SGCP models. It is observed that all SGCP formulations reproduce localized deformation in the form of slip
and kink bands, with kink bands being consistently accompanied by finite rotation fields. Distinct regularization characteristics are
obtained for the different SGCP models. In the CMSlip and EMSlip models, both slip and kink bands are regularized, whereas in the
CMCurl and EMCurl models the regularization is expressed primarily through the rotation field within kink bands, and to appear
as bundles of closely spaced slip bands. A further qualitative difference is observed between the classical and enhanced theories.
In the CSGCP (MicroSlip and MicroCurl) models, the localized bands progressively widen, extend toward grain boundaries, and
exhibit reduced localization intensity at the final loading stage. In contrast, in the ESGCP (MicroSlip and MicroCurl) models the
band widths remain stable and consistent with the prescribed length scale A, = 0.025 mm. For instance, in the EMSlip model both
slip and kink bands are regularized to a characteristic width comparable to A, = 0.025 mm, while in the EMCurl model, the kink
bands are transferred to the bundle of slip bands by the characteristic length approximately equal to the A, = 0.025 mm.

Fig. 6 shows the corresponding distributions of the plastic distortion norm and rotation field obtained with the CMCurl-Star
and EMCurl-Star models employing the DCurl-S operator which is introduced based on the Eq. (C.32) in Appendix C.3. The results
indicate that, similar to the CMCurl and EMCurl models using the DCurl-J operator, the DCurl-S-based operator within the CMCurl-
Star and EMCurl-Star models primarily affect kink-band patterns. In these models, slip bands remain totally unregularized and
uninfluenced; by contrast, in the CMCurl and EMCurl models the slip bands are weakly affected and exhibit a slightly increased
width. Moreover, in the CMCurl-Star model, the transferred slip bands extend to grain boundaries, whereas in the EMCurl-Star
model these transformed bands remain under controlled and closely equal the prescribed length scale A, = 0.025 mm.

The simulations were also performed using the FFT-based method proposed by Lame Jouybari et al. (2024, 2025). The two
methods yield identical results in terms of the macroscopic evolution of the state variables, as well as the distributions of the
norm of the plastic distortion tensor and the rotation field.® This agreement provides an additional verification of the numerical
implementation and confirms the consistency of the proposed QFT-method with established FFT-method.

3.2. Mean-grain size effect

The second polycrystalline aggregate in Fig. 2(b) is analyzed to investigate mean-grain size effect in the CSGCP and ESGCP
theories. This microstructure contains 2000 grains within a 1 mm? domain, yielding a two—dimensional mean grain size of GS =
0.0223 mm (see Fig. 2). For comparison, results are also generated for the coarser-grains microstructure illustrated in Fig. 2(a).
Material properties, higher-order interface condition on the grain boundaries, spatial resolution, and tensile loading conditions are
identical to those adopted in Section 3.1. The internal length-scale parameters are chosen as follows:

+ Classical SGCP theory: A = 0.0101N,
+ Enhanced SGCP theory: A, = 0.02mm.

These settings permit a direct comparison of mean-grain size effect between the CSGCP and ESGCP theories under otherwise identical
conditions.

Grain-size effect. Both theories reproduce the well-known Hall-Petch trend, Figs. 7 and 8: the finer microstructure is stronger and
displays a higher work-hardening rate. The additional hardening is traced to a larger back-stress y arising in the fine aggregate.
Consistently, the Nye-tensor norm |l«|| grows more rapidly for the smaller grains, indicating a higher density of GNDs. The
associated decrease in the average critical resolved shear stress 7, reveals that softening over volume is more pronounced in the
fine microstructure.

7 The rotation field is the norm of the axial vector of the skew-symmetric part of the elastic part of the displacement gradient tensor, w =
More details in the Appendix B of Lame Jouybari et al. (2025).

8 The differences between the distributions obtained using the FFT and QFT methods are negligible and do not affect the overall localization patterns within
the microstructure or the typical effects of the different SGCP models.
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Fig. 5. Distributions of the norm of the plastic distortion tensor, || (Vu)? ||, and the rotation field, ¢, in the two-dimensional microstructure shown
in Fig. 2(a), at final stage of the deformation Vu,, = 0.02, obtained from the CMSlip and CMCurl models with the A = 0.0158 N and EMSlip and
EMCurl models with the A, = 0.025 mm.
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Fig. 6. Distributions of the norm of the plastic distortion tensor, || (Vu)? ||, and the rotation field, ¢, in the two-dimensional microstructure shown
in Fig. 2(a), at final stage of the deformation Vu,, = 0.02, obtained from the CMCurl-Star model with the A = 0.0158 N and EMCurl-Star model
with the A, = 0.025 mm.

Classical versus enhanced SGCP models. In the classical models, Figs. 7 and 8, the stress-strain curves for the two microstructures
diverge progressively with applied loading, because the constant length scale A enforces a persistent increase in back-stress
that suppresses GND multiplication. By contrast, the EMCurl and EMSlip models introduce a deformation-dependent higher-order
modulus A(y.,,)- As plastic deformation proceeds, A(y,,) reduces faster in the fine aggregate than in the coarse one. This accelerates
early hardening but soon saturates the back-stress, allowing GND accumulation to resume. Consequently, the initial separation
between the two stress—strain curves is large, yet the curves converge at higher deformations—an effect absent from the classical
models. The ESGCP theory therefore captures a realistic transition from Hall-Petch-dominated hardening to saturation at larger
level of loading, reflecting the evolving microstructural state.

3.3. Three-dimensional aggregate

In this section, a three-dimensional periodic Voronoi tessellation is used to generate a polycrystalline aggregate with a total
volume of 1 mm?, consisting of 125 randomly oriented FCC grains, and totally texture-free (isotropic) aggregate. Each grain has
up to 12 crystallographic slip systems for dislocation glide, defined by {111}(110). The slip systems are specified in the reference
configuration and rotated according to the crystallographic orientation of each grain. The aggregate has a mean grain size on the
order of GS = 0.2 mm and is discretized on a regular 2563 voxel grid, corresponding to approximately 1.68x 107 voxels. The aggregate
is subjected to uniaxial tensile loading along the z-direction, with a prescribed final strain component Vu,, = 0.01 applied at a low
strain rate of 10=° s~!. This loading configuration, together with periodic boundary conditions, enables a direct assessment of the
heterogeneous intragranular and intergranular responses under quasi-static tension. Furthermore, the MicroContinuity higher-order
interface condition is considered on the grain boundaries.

The numerical analysis includes the CCP framework (4, = 0 mm) as well as the EMSlip and EMCurl-Star models, for which the
initial length scale of A, = 0.075 mm is chosen. The material parameters are identical to those® in Table 1.

9 In three-dimensional simulations, y, is doubled and the loading is half relative to the two-dimensional simulations to mitigate numerical instabilities from
macroscopic softening in the CCP framework.

20



A. Lame Jouybari and L. Cizelj International Journal of Plasticity 202 (2026) 104711

500 . . . 40
£
400 =
= > 30 1
& s
c wn
_ 300 8
© % 20
w -
z 200 i
5 5
n — — = -200 Grains - CMCurl 104
100 2000 Grains - CMCurl &
--200 Grains - EMCurl &0
------------- 2000 Grains - EMCurl ==
0 : - " 0
0.000 0.005 0.010 0.015 0.020 0.000 0.005 0.010 0.015 0.020
Displacement gradient, Vu,, Displacement gradient, Vu,,
6 z
5 =
S5 A £ 0.010
— e Z \
= A / < R
) , % 0.009 1
$ Iy =
%3 e e
i 4 s}
2, yd o & 0.008] N .
5 d T 8 -
g T = .
Z e ¢ 0.007 AN
.80 A g . ~
o= P <= -
i 20
0 — =
0.000 0.005 0.010 0.015 0.020 0.000 0.005 0.010 0.015 0.020
Displacement gradient, Vu,, Displacement gradient, Vu,,
% 100 10
e =
L 95 >
o =
b7 ’:
9 s 6
g 90 =
I o
3 ;o
5 8 g
2
£ 80 J
b T T T 0
-
O 0.000 0.005 0.010 0.015 0.020 0.000 0.005 0.010 0.015 0.020
Displacement gradient, Vu,, Displacement gradient, Vu,,

Fig. 7. Evolution of the spatially averaged state variables for the microstructures shown in Fig. 2 during applied loading. Results are obtained
from the CMCurl model with the length scale A =0.0101 N, and the EMCurl model with the length scale A, = 0.02 mm.

In all simulations presented in this section, the proposed QFT-method introduced in Section 2.5 is employed. To construct the
QFT3D circuit corresponding to the discretized geometry, a quantum register with N%9% = 24 qubits is used. For the solution
of the classical balance equation and for the amplitude encoding (state preparation) of the polarization tensor field, a quantum
register with N%P°! = 28 qubits is assigned. For the EMCurl-Star model, the higher-order modulus associated with each slip system,
A%, is encoded independently for each slip system using a quantum register of N-HL = 24 qubits, while the plastic distortion
tensor is encoded using a register of N¥®®H2 = 28 qubits. Similarly, for the EMSlip model, the higher-order modulus A? is encoded
independently for each slip system on a register with N®®H! = 24 qubits, and the cumulative shear strain associated with each slip
system is encoded independently on a register with N®°H2 = 24 qubits.

Fig. 10 presents the evolution of selected state variables during deformation for the CCP framework and for the EMSlip and
EMCurl-Star models. The macroscopic stress-strain responses coincide in the elastic regime; however, clear differences emerge after
the macroscopic yield stress and the onset of plastic flow. In particular, macroscopic softening is observed in the CCP framework
and in the EMCurl-Star model, whereas the EMSlip model exhibits the macroscopic hardening behavior. Consistent with the model
definitions, the higher-order stresses vanish in the CCP framework (y* = 0 MPa and I'* = 0 MPa), while they increase after the
onset of plasticity in both the EMSlip and EMCurl-Star models. As the critical resolved shear stress decreases during deformation,
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Fig. 8. Evolution of the spatially averaged state variables for the microstructures shown in Fig. 2 during applied loading. Results are obtained
from the CMSlip model with the length scale A =0.0101 N, and the EMSlip model with the length scale A, = 0.02 mm.

the higher-order modulus likewise decreases in these enhanced formulations, reflecting the coupling between softening behavior,
microstructural sate and the higher-order modulus. The evolution of the Nye tensor further highlights the stabilizing role of the
enhanced models. In the CCP framework, the Nye tensor increases sharply after plasticity initiates, which is consistent with the
development of strong localization and the associated accumulation of lattice incompatibility. In contrast, the EMSlip and EMCurl-
Star models exhibit a more moderate evolution of the Nye tensor, indicating reduced accumulation of GNDs, which is attributed to
the presence and evolution of higher-order stresses.

Fig. 11 shows the spatial distributions of the norm of the plastic distortion tensor for the CCP framework and for the EMSlip and
EMCurl-Star models. In the CCP framework, plastic deformation localizes into extremely narrow slip and kink bands with a width of
only one to two voxels, and these bands can propagate across grain boundaries. In the EMSlip model, both slip and kink bands are
regularized, while strong localization persists in regions where bands interact and intersect. By contrast, in the EMCurl-Star model
the slip bands remain essentially unregularized and retain a one- to two-voxel width, similar to the CCP response, indicating that
the corresponding back-stress and generalized back-stress contributions are negligible within these bands. Nevertheless, the original
kink band from CCP framework are transformed into bundles of slip bands, demonstrating the ability of the proposed QFT-method
to resolve detailed local-field features in large-scale three-dimensional simulations. It is worth noting that, in this three-dimensional
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Fig. 9. Microstructure of the three-dimensional polycrystalline aggregate composed of 125 grains. The colors represent the orientation of the
grains with respect to the loading direction and black lines correspond to the grain boundary voxels.

analysis with a microstructure resolution of approximately 17 million voxels, the proposed QFT method achieves significantly better
overall simulation runtime compared to the FFT method due to less computational complexity given in Fig. C.3.

4. Conclusions

In this study, a new branch of the Enhanced Strain Gradient Crystal Plasticity (ESGCP) theory is introduced in the form of the
EMSlip model, which incorporates a quadratic energetic contribution associated with the gradient of the cumulative shear strain on
each slip system. Similar to the Nye tensor-based ESGCP formulation, the EMSlip model introduces a physically motivated length
scale that is defined as a function of the evolving microstructural state of irradiated crystals. As a result, the model introduces
first- and second-order higher-order stresses associated with each slip system in a thermodynamically consistent manner, derived
directly from the gradient of the cumulative shear strain. It is further demonstrated that the EMSlip model regularizes both slip and
kink bands to the prescribed length scale, thereby controlling the characteristic band width during deformation. In addition, it is
shown that the EMCurl model only weakly influences slip band development under tensile loading due to the use of Laplacian and
gradient—divergence operators in Fourier space. To address this limitation, a new EMCurl-Star SGCP model is proposed, in which the
nonlocal field equation is solved using the frequency representation of the curl operator in Fourier space. This modification leaves
slip bands essentially unaffected while promoting the transformation of kink bands into bundles of parallel (transferred) slip bands
within the irradiated microstructure.

A major contribution of this work is the development of a quantum Fourier transform (QFT)-method as the computational
framework within classical crystal plasticity, CSGCP, and ESGCP theories. The proposed QFT-method consists of four principal
steps: (i) state preparation via amplitude encoding on an assigned quantum register, (ii) construction of the QFT circuit associated
with that register, (iii) application of the relevant differential operators in Fourier space, and (iv) transformation back to real space
using the inverse QFT (IQFT). This algorithm is first employed to solve the classical linear momentum balance equation within the
CCP framework and is subsequently extended to solve the nonlocal field equations associated with the various SGCP models using
a quantum finite difference approach. Notably, the QFT-method formulation achieves a computational complexity of O((log(N))?),
providing a polynomial speedup compared with respect to the classical FFT-methods, which scale as O(N log(N)).

High-resolution simulations of two-dimensional and three-dimensional polycrystalline aggregates are conducted using the
proposed QFT-method. The two-dimensional simulations enable a systematic comparison between CSGCP and ESGCP formulations.
In the CSGCP models, higher-order stresses increase monotonically during deformation, leading to progressive delocalization and
suppression of geometrically necessary dislocation (GND) accumulation. In contrast, in the ESGCP models the coupling between the
higher-order modulus and local softening within slip and kink bands reduces the influence of higher-order stresses as deformation
proceeds, thereby maintaining localization and allowing sustained GND accumulation. Both CSGCP and ESGCP frameworks are
further employed to analyze the Hall-Petch (mean-grain size) effect using microstructures with different average grain sizes. The
results show that, in CSGCP models, strain gradient effects continuously intensify with increasing deformation, whereas in ESGCP
models these effects are pronounced at lower level of loading but progressively reduce at higher loading, consistent with the original
motivation of the ESGCP theory (Lame Jouybari et al., 2025). Finally, three-dimensional high-resolution simulations of irradiated
polycrystalline aggregates demonstrate that the EMSlip model regularizes both slip and kink bands to the prescribed length scale,
while the EMCurl-Star model breaks the equivalent ratio between slip and kink bands, transforming original kink bands from CCP
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Fig. 10. Evolution of the spatially averaged state variables for the microstructure shown in Fig. 9 during applied loading. Results are obtained
from the CCP framework (A, = 0 mm) and EMSlip and EMCurl-Star models with the length scale A, = 0.075 mm.

framework into bundles of parallel slip bands whose characteristic length is set by the internal length scale within the higher-order

modulus.

Future work will focus on implementing the complete QFT-method algorithm within quantum software frameworks such as Qiskit
and deploying it on real quantum hardware (e.g., IBM quantum processors). Additional developments will address the impact of noise
and decoherence and will explore quantum error-mitigation strategies to enable reliable simulations on noisy intermediate-scale

quantum (NISQ) devices.
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Fig. 11. Distribution of the norm of the plastic distortion tensor, || (Vu)? ||, in the three-dimensional microstructure shown in Fig. 9, at final
stage of the deformation Vu,, =001, obtained from (a) the CCP framework (A4, = 0 mm) and (b) EMSlip and (c) EMCurl-Star models with the
length scale A, = 0.075 mm.
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Appendix A. Fundamentals of quantum computing

In this study, quantum bits (qubits) and operations acting on qubits are expressed using the Dirac (bra—ket) notation. All quantum-
state manipulations are assumed to satisfy the standard postulates of quantum mechanics, including the state-space, unitary evolution
(operator), measurement, and tensor product postulates. According to the state-space postulate, the set of all admissible states of
a quantum register forms a complex vector space endowed with an inner product, i.e., a Hilbert space, denoted here by H. For a
register of N qubits, the associated state space is finite dimensional and is isomorphic to C?", such that H =~ C2".

The unitary evolution postulate states that the time evolution of an isolated (closed) quantum system is governed by a unitary
operator, i.e., a linear operator whose inverse equals its Hermitian conjugate. The measurement postulate distinguishes this closed-
system evolution from the measurement process: when an experiment is performed, or when the system interacts with an external
environment, the system can no longer be considered closed, and its evolution is no longer purely unitary. Finally, the tensor product
postulate specifies the construction of composite quantum systems. For a quantum state composed of m subsystems with state spaces
H;, the total state space is given by the tensor product of the subsystem spaces, H®*t = ®If":‘01 H.

A.1. Quantum bit

A bit is the fundamental unit of information in classical computing and can assume one of two discrete states, 0 or 1. Analogously,
the quantum bit, or qubit, is the fundamental unit of quantum information in quantum computing. The classical binary states are

. . . 1 0 . . .
generalized to the quantum computational basis states |0) = < O> and 1) = < ]>, which form an orthonormal basis of the single
qubit state space. The key distinction between a qubit and a classical bit is that, whereas a classical bit must be either 0 or 1 at any
time, a qubit can exist in the basis state |0), the basis state |1), or in any normalized linear combination (superposition) of these
states. Accordingly, a single-qubit state |y) € C? can be expressed as follows.

1
vy =D wla) =volo) +yll); wg+wi=1 @an
q=0
Here y, € C denotes the complex amplitude associated with each basis state. Upon measurement in the computational basis, the
qubit collapses irreversibly to one of the basis states, and the probability of obtaining outcome ¢ is given by |ll/q|2- Consequently,
the state must be normalized such that the total probability equals unity, i.e., || v ||= (w|y) = Z;:0|Wq|2 = 1. More generally, an
n-qubit system is represented in the composite state space obtained from the tensor product of n single-qubit spaces.

[wo) ® ly) ® - @ lw,2) ® lw,_;)

1 1 1 1
Z Z Z Z Wllotll-z-llnlelnfllqoql”'qn—an—1>

90=04¢;=0  g,2=0g,_;=0
2n—1

= D vla) (A.2)
q=0

ly)

_ _ 2]
Here y, € C and ¢ = ¢)2" 1y gq2" 24t 422" +4,_12° = qyq; ... 4,_»9,_,, and Zq:O ‘/’5 =1
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Table 2
Quantum gate representation.

Name symbol Matrix representation

Identity gate [Id] = [(1) (1)]
Hadamard gate —E'— [H] = [\Zﬁ

2
Y-axis rotation gate [RY,] =
Z-axis rotation gate with global phase [R1,] = [(1) expo(j ¢)]

5
<t

b5

—sin

Ccos (

~— ,N‘

m\m/‘\
o
[SIEY

[STENSTEN

>]

cos (
sin (

1 0 0 O
Swap gate [Swap] = 8 (1) (1) 8
0O 0 0 1
————— 1 0 0 O
0 1 0 0
Controlled not Gate [CNot] = 0o 0 0 1
—p— 0 0 1 0
— 1 0 0 0
Controlled Z-axis rotation gate with global phase Gate [Cqub] = 8 (l) (1) 8
_i CR1, '— 0 0 0 exp(jp)

A.2. Quantum gate and circuit

In quantum computing, the evolution of a quantum state |y) to another quantum state |y’) € C?" is described by a unitary
transformation, commonly referred to as a quantum gate. The corresponding operator is represented by a unitary matrix U € C2"*%"
such that |y’) = U|y). The unitarity requirement ensures that inner products, and hence amplitudes, are preserved during evolution,
which in turn guarantees conservation of total probability.

lW'y=Uly);, U'=U" (A.3)

Typically, quantum gates are visualized using circuit diagrams. These diagrams are read from left to right, where each horizontal
wire represents a qubit (or, more generally, a quantum register line). For clarity, identity operations are often omitted from circuit
drawings unless they are needed to emphasize synchronization between qubits or to indicate the timing of operations. The principal
quantum gates employed in this study include the identity gate, Hadamard gate, controlled gate, rotation gate, swap gate, and
controlled-rotation gate, as summarized in Table 2. Owing to their matrix representations, the role of each gate is briefly outlined
here. The identity gate leaves the quantum state unchanged and is primarily used to denote that no operation is applied on a given
qubit during the circuit. The Hadamard gate is a key single-qubit operation that creates superposition by mapping a computational
basis state into an equal linear combination of basis states. The z-axis rotation gate (including a global phase) modifies the phase of
the qubit by an angle ¢. The swap gate acts on a two-qubit state and exchanges the corresponding amplitudes associated with the
two qubits, thereby permuting the computational basis components. Finally, the controlled z-axis rotation gate (with global phase)
applies the phase rotation to the target qubit conditioned on the control qubit being in the state |1).

Appendix B. State preparation

The first step in any quantum algorithm is the preparation of an appropriate initial quantum state. This task is commonly referred
to as the state preparation problem. In general, classical data can be encoded into quantum states using a variety of strategies,
including basis encoding, angle encoding, phase encoding, dense encoding, Hamiltonian encoding, and amplitude encoding. In this
study, amplitude encoding is adopted, and its essential formulation is summarized in this appendix. More details can be obtained
in Mottonen et al. (2004).

Consider a vector v € R™ with n components in real space. To perform amplitude encoding (state preparation), the vector v is
first normalized as in the following equation.

v

Toll

-
U=

(B.1)
A multi qubit register with N® = [log,(n)] qubits is then introduced and initialized in the all-zero state, [0y®N" Following the
binary-tree construction, a sequence of recursive IUCRY gates — composed of RY, and CNot operations — is applied to encode the

normalized components of the vector into the amplitudes of the quantum state. Since all state-preparation procedures used in the
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qubit 2: ]0) IUCRY,
qubit 3: |0) IUCRY, —————
qubit 4: |0) IUCRY,

(a) State-preparation circuit of a vector field = € RS

llull
IUCRY, B — RY,, —

(b) IUCRY, decomposition.

IUCRY, — RY,, —— RY,, —
(c) IUCRY, decomposition.
IUCRY3 ] RY94 C) RY95 () RY96 () RY97 ()

(d) IUCRY; decomposition.

_| RY,, |_9_| RY,, |_9_| RY,, |_@_| RY,, |_9_| RY, l_@_| RY, |_9_| RY,, l_@_| RY, |_@_

—
—
—
—
—_————

IUCRY,
(e) IUCRY, decomposition.

Fig. B.1. State preparation circuit and decompositions of the inverse uniformly controlled RY, rotations.

algorithm of Section 2.5 are performed in real space, the encoded data are purely real-valued; therefore, no additional phase-setting
operations are required and the recursive UCR, gates need not be applied.

201
qb State preparation Uq
0N ————— Yy la; oy, = ol (B.2)

q=0

Fig. B.1 illustrates the circuit used for state preparation (amplitude encoding) of a vector v € R'°. In this example, four qubits
are initialized in the computational basis state |0000). A single-qubit RY, gate is first applied to the first qubit. Subsequently, a
sequence of IUCRY gates is applied in a hierarchical manner, consistent with the binary-tree construction: the first IUCRY acts on
the second qubit as the target, controlled by the first qubit; the second IUCRY acts on the third qubit as the target, controlled by
the first and second qubits; and the third IUCRY acts on the fourth qubit as the target, controlled by the first, second, and third
qubits.

Appendix C. Quantum Fourier transform

The discrete Fourier transform, DFT (f), of a scalar function f € R defined on a discretized one-dimensional domain with N
grid points, [f] = [ Jos f1sen f N—l]’ maps the samples to their Fourier-space representation, [ f ] = [ ForFiseein f N—1]> according to
the following relation.

N-1

F=DFT (=% ¥ fiexp(22) (GHY)
=
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[/] = [DFT] /] (C.2)
1 1 1 1 1
1 ® @ @3 oN-1
1 1 (1}2 w4 wf) wZ(N—l)
[DFT| = N1 W Wb @0 WIN-D) (C.3)
i wl\'l—l wZ(].V—I) w3(1'\/—]) w(N—l')(N—])
fi =IDFT (f) = Z f exp( 2’””‘) c.4

Here w = exp (2’” ) and IDFT denote, respectively, the Nth root of unity and the inverse discrete Fourier transform. Furthermore,

- . . . L -1 .
it can be shown that the discrete Fourier transform is a unitary transformation, i.e., [DFT ]Jr = [DFT ] . Consequently, the discrete
Fourier transform can be implemented as a unitary operation and, therefore, admits realization by an appropriate quantum circuit.

Consider a normalized discretized scalar function, f = ”fﬂ, encoded into the amplitudes of a quantum register with N%® =

— ab
[logz(N)] qubits, such that |f) = Zzio s ,|0)- Applying the quantum Fourier transform to this register then yields:

HNIP oNab

2 folay — 2 fo1p) (C.5)

As an example, consider a scalar function with 16 components. In this case, a quantum register of four qubits is required, and the
corresponding quantum Fourier transform can be implemented by the circuit shown in Fig. C.1. The matrix representation of this
circuit is provided in Eq. (C.6).

(QFT) = ([17!] @ [147] © [14°)] © [1a*]) ( [Crlz‘-‘ﬂ] ® 1] o [wﬂ)

2

([Crl‘g_‘ﬁ] ® [1d7] ® [qu“]) ( [Crlfg“"‘] ® [1d7] ® [1d] )

([1a"'] ® [H?] ® [1a”°] ® [1a#*]) <[qu1] ® [Crﬂ2 ‘ﬁ] ® [Id‘14]>

2

[1a”] ®

< Cr1%” "4] ® [107] > [10"'] ® [1d] ® [H?] ® [1d**])
< [1d'] ® [149°] ® [Crl‘ﬂ 44]> [1d7'] ® [1d7*] ® [1d9] ® [H**])
(

([Swap?' ] ® [1d*] ® [1d?*]) Id‘”] ® [5wap"2 ] ® [1d%])

(11 1 1 1 1 1 1 1 1 1 1 1 1]

1 o w2 w3 w4 w5 w6 w7 (1)8 0)9 wlO wll w12 w13 wl4 wl5

1 0)2 0)4 0)6 0)8 0)10 0)12 C014 0)16 0)18 a)ZO 0)22 0)24 0)26 0)28 0)30

1 C()3 C()6 C()9 w12 wlS wlS C()21 w24 w27 (030 Cl)33 (036 6039 CO42 CO45

1 0)4 0)8 C012 COl() 0)20 0)24 0)28 w32 w36 C040 0)44 0)48 a)52 0)56 a)()O

1 wS a)IO a)IS a)20 (D25 a)30 w35 6040 a)45 a)SO a)SS (060 6065 w70 6075

1 w6 wlZ w18 w24 w30 w36 w42 w48 w54 w60 w66 w72 0)78 w84 0)90
_ 1 1 0)7 0)14 le 0)28 0)35 0)42 0)49 6056 0)63 C070 0)77 0)84 6091 0)98 a)l()S ©6)
VA1 (1)8 CO16 CO24 CO32 CO4O CO48 6056 6064 CO72 wSO w88 CO% w104 60112 w120 .

1 (,09 wl8 w27 w36 w45 w54 w63 C()72 wSl w90 0)99 0)108 wll7 0)126 w135

1 0)10 0)20 0)30 0)40 0)50 0)60 0)70 0)80 0)90 C0100 0)110 0)120 0)130 C0140 a)150

1 wll w22 w33 w44 wSS w66 C()77 C088 w99 wllO C()121 60132 w143 60154 C0165

1 0)12 0)24 0)36 0)48 0)60 0)72 0)84 6096 0)108 0)120 0)132 0)144 0)156 0)168 wlSO

1 CO13 CO26 CO39 CO52 CO65 CO78 w91 CO104 (0117 60130 (0143 60156 w169 60182 w195

1 wl4 w28 w42 wSé w70 w84 w98 C0112 126 wl40 C()154 w168 C0182 C()]96 w2]0

B 0)15 0)30 0)45 0)60 0)75 0)90 C0105 a)120 6()135 0)150 0)165 0)180 0)195 0)210 0)225_

which is exactly equal to the normalized matrix form of the discrete Fourier transform given in Eq. (C.3) for the N = 16. Following
the pioneering work of Cooley and Tukey (1965), the classical Cooley-Tukey FFT algorithm achieves the computational cost of
evaluating Fourier coefficients to O(N log N). Furthermore, the quantum Fourier transform (QFT) can be implemented with a circuit
complexity on the order of O((log N)?) (Coppersmith, 2002). Fig. C.3 illustrates this comparison, highlighting the explicit poly-
logarithmic speed-up of the QFT over the FFT and its resulting advantages as the data size increases. This comparison highlights
the asymptotic efficiency of the QFT circuit relative to the classical FFT and motivates its potential benefit for high-resolution
microstructure simulations.
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Fig. C.3. Complexity and computational costs of the FFT-algorithm and QFT circuit.

Furthermore, the inverse quantum Fourier transform is implemented by executing the quantum Fourier transform circuit in
reverse order, as illustrated in Fig. C.2.
NP NPy
IQFT: Y flp)— Y f,la) €7
p=0 9=0
For example, the quantum circuit implementing the inverse quantum Fourier transform for the scalar function defined in Eq. (C.8)

with sixteen components is shown as follows:
[IQFT] = ([Id*'] ® [Swap?~"*] ® [1d"*]) ([Swap?’' "] ® [1d*| ® [Id*°])

([1a”] ® [1%"] ® 14| ® [H*]) <[Id‘“] ® [117] ® [Crl"g“’“] )

(1] ® [1??] ® [H#] ® [1d*]) ([qul] ® [Cn",z,““] ® [qu3])

(1410 |crrz | @ et ) ) o 7] o] )
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<[Crl‘g_q4] ® [14?] ® [Id"3]> ( [Crl"%l_‘ﬁ] ® [4”] ® [Id"“])

< [Crl‘g_qz] ® [14%] ® [qu“]) ([H9'] ® [107?] ® [1d] ® [1d**])

2
=[QFT] (C.8)

C.1. Two-dimensional quantum Fourier transform

Consider a scalar function f defined on a discrete two-dimensional domain with N, x N, grid points, such that:

fiy=gh;  {1.2,...N}®{L2,....N} —R (€C.9)

Initially, the scalar function on a discretized domain is aligned to the vector such that:
f=Vec(fy)= {fll7f21’ s N f120 Fo2s s Ig2s s Sings PN o ’fNXNy} (C.10)

Then, by applying the state-preparation procedure described in Appendix B, the normalized vector 7 is encoded into a quantum
register | ) comprising N9*1°t = N9* 4+ N®¥ qubits, where N®** = [log,(N, )| and NV = [log,(N,)] are allocated to represent the
x- and y-directions, respectively. The circuit corresponding to the two-dimensional quantum Fourier transform is then constructed
as the tensor product of two one-dimensional QFT circuits, as illustrated in Fig. C.4.

[QFT*] = [QFT'] ® [QFT'] : |F) — [7) (C.11)

Similar to the one-dimensional case, the two-dimensional inverse quantum Fourier transform is implemented by executing the
corresponding two-dimensional quantum Fourier transform circuit in reverse order.

C.2. Three-dimensional quantum Fourier transform

Similar to Appendix C.1, consider a scalar function f defined on a discrete three-dimensional domain with resolution N, XN, XN,
in the Cartesian directions, such that:
fie=ghik  {1,.2,....N,} ® {1.2,....N,} ® {1,2,....N,} — R (C.12)

Then the scalar function is aligned to the vector such that:
J = Vec (fijk) = {flll’lelﬁ---7fNXI1’f]2Isf2217---’fNXZI’---7f1NyNzaf2Nysz---stxNyNz} (C.13)

Then, by applying the state preparation procedure described in Appendix B, the normalized vector 7 is encoded into a quantum
register | /) composing N4>t = N9>* 4+ N9®¥ 1 N9 qubits, where N%®** = [log,(N,)], N®*¥ = [log,(N ,)]> and N%Z = [logy(N, )] are
allocated to represent the x-, y-, and z-directions, respectively. The circuit corresponding to the three-dimensional quantum Fourier
transform is then constructed as the tensor product of three one-dimensional QFT circuits, as illustrated in Fig. C.5.

[QFT*] = [QFT?] ® [QFT'] = [QFT'¥] ® [QFT'¢] ® [QFT'] : [F) — [f) (C.14)

Smiliar to the one-dimensional and two-dimensional cases, the three-dimensional inverse quantum Fourier transform is implemented
by executing the corresponding three-dimensional quantum Fourier transform circuit in reverse order.
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C.3. Application on the finite difference method

Consider a scalar function defined on a discretized one-dimensional domain with N grid points, where f, € R and p €
{1,2,..., N — 1}. Using the finite difference method with the 63-point finite difference scheme (FDS), consistent with the regular
voxel discretization used in the FFT/QFT, the first derivative of this function on the discretized domain can be expressed as follows.

7] -fp+2)+8f(p+1)-8 -1+ -2
_f(p): S+2)+8/(p+ D -8f(p-D+ f(p—2) (C.15)
ox 124Ax

Initially, a quantum register with N = [logZ(N)] qubits is introduced. The scalar function is then normalized as 7 = m f and

- ab
encoded into the amplitudes of the register such that | /) = Z;ZO - f419). The quantum Fourier transform circuit corresponding to
this register size is subsequently defined. By applying the quantum Fourier transform to both sides of Eq. (C.15), the finite difference
scheme is mapped to Fourier space, yielding the following expression.

oNIP oNaP_;

0 ~ -~
QFT(%)(P)—W[— ‘Z{) fq+zexp(;q—qupq>+8 Z quexp(;I—quq)

q=0

PACLINY ALY
27 27

8 ) quleXp(zNLquq) + Y e eXp(zN%pq)] (C.16)

q=0 q=0

N
1 4rxip 27j

= ——l-en (1) Y fnew(Zha+2)

124x1/ 28 e qgt) o e

NP

21 27
+ 8exp (2;(’15 ) Z:‘) Fav1€xXp <2N’;’b plg + 1))
=

NPy
— 8exp (’212\]’3)”) 2{) fo1exp (;’;{) p(g — l))
2Nq:—1
ron(50) T fezew(Fra-2)) €17)
o

By introducing the new indices ¢, = ¢+2, ¢ =q+1, g3 =q—1, and ¢, = g — 2, Eq. (C.17) turns to the following equation:
4 p) NPy

€X] 7[_] .
er<ﬂ)<p>=—p<2—mb —— X fy o0 (Zwom)
a=2

ox 124x b

32



A. Lame Jouybari and L. Cizelj International Journal of Plasticity 202 (2026) 104711

exp 27jp HNab

+ 8<122—:;ﬂ)> > Z far eXp(qubl"iz)
NP =1

exp<_2”lp > 2Nqb 2

- 8% \/zNj 42 fq; eXP <2NQb P‘I3)
—47xip qub 3

exp b
* % \/zﬁ 4; fuexp (355 pas) ©18)
- oo gk s ) e (S ) oo ) or7 (I7) (C.19)

124x :

. 4np ) 8si ( 2zp
=,M or7 (i) €20
=" )QFT (7)) (c.21)

Here, in Eq. (C.21), ' denotes the modified frequency associated with the first-order derivative in Fourier space, and j denotes
the imaginary unit.

A similar procedure can be applied to the second-order derivative of the scalar function to obtain the corresponding modified
frequency representation. Accordingly, the 63-point FDS for the second-order derivative of a scalar function defined on the
discretized domain can be written as follows.

f =[P+ +16f(p+1)=30f(p) +16/(p—1) = f(p=2)
()= (C.22)
ox ox2 124x2
By applying the quantum Fourier transform to both sides of Eq. (C.22), the expression for the modified frequency associated with

the second-order derivative is obtained.

QFT< f>( - eXp(qub >+165xp<22 ip ) li(l-:lzﬁexp( 22 1P> eﬂ(ﬁ)grr <|?>) (C.23)
_ oo >*6'Ai2°5<22§35 >“5QFT (i7) (C.24)
= P )QFT (17)) (C.25)

Accordingly, the modified frequencies associated with the first- and second-order derivatives in three-dimensional space are
generalized as follows.

1

i = Tar [73in@E) + 8sin(&)] + OAx) (C.26)
Xi
# [- cos(2¢) + 16 cos(&) — 15] + O(4x?) ifi=j
o ﬁ [— cos(&; + &) — cos(&; +2¢;) C27)
+10cos(; + &;) — 10cos(=¢; +2¢;)
+c05(28; — &) + cos(=¢; +2)] + OAx]AxT) ifi# )
Here ¢ = N’p L denotes the classical frequency. Furthermore, the following differential operators in Fourier space are obtained using

the modified frequencies derived from the 63-point finite difference scheme. According to Egs. (C.32) and (C.33), the difference
between the C/EMCurl and C/EMCurl-Star models corresponds to different differential operators employed, which lead to different
modified frequencies in Fourier space.

VXA) = Ay _c’u?l(g) (C.29)
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Fig. D.1. Validation of the QFT-method against the FFT-method in a two-phase linear elastic laminate.

Appendix D. Validation

The validation of the proposed QFT-method is presented in this appendix. To this end, several representative material behaviors
are considered, including linear elastic behavior, linear plastic behavior, and nonlinear plastic behavior, in order to assess the
accuracy and robustness of the method across different constitutive equations.

D.1. Linear elastic behavior

The first benchmark problem originally simulated using the FFT-method in solid mechanics corresponds to the two-phase
laminate introduced in Moulinec and Suquet (1998), where the numerical solution was validated against an analytical reference.
The laminate consists of two layers with equal volume fractions, each exhibiting linear isotropic elastic behavior characterized by
a Young’s modulus and Poisson’s ratio. Under the imposed shear loading, each layer develops a uniform strain field, which makes
this configuration particularly suitable for verification. The elastic properties of the first layer are taken as E! = 68.9 (GPa) and
vl = 0.35, whereas the second layer is defined by E? = 400 (GPa) and v? = 0.23. The laminate geometry is discretized on a 32 x 32
pixel grid and subjected to shear loading in the x,—x, plane.

Fig. D.1 presents the results obtained with the proposed QFT-method, which show a one-to-one correspondence with the reference
FFT-method results reported in Moulinec and Suquet (1998).

D.2. Linear plastic behavior

In this appendix, the quantum algorithm proposed for the CMSlip model is validated against analytical solutions for several
representative constitutive responses, using the linear relation g, = 5 + Hy{,, as proposed in Lame Jouybari et al. (2024).
Accordingly, three material behaviors are considered: linear hardening (H = 10 MPa), perfect plasticity (H = 0 MPa), and linear
softening (H = —10 MPa). The benchmark problem consists of a single crystal with dimensions 1 mm x 1 mm, discretized on a
64 x 64 voxel grid and subjected to shear loading with an imposed macroscopic shear amplitude of ¥ = 0.01. Additional details of
the analytical solution procedure and boundary conditions are provided in Lame Jouybari et al. (2024).

Fig. D.2 compares the results obtained with the QFT-method to the corresponding analytical solutions of the CMSlip model for the
different material behaviors. For linear hardening, the shear strain field remains relatively smooth, whereas for perfect plasticity the
deformation localizes more sharply. Under linear softening, the shear strain becomes highly localized within a finite-width region,
leading to the formation of a shear band. In all cases, an excellent level of agreement is obtained between the QFT-method results

and the analytical solutions.
D.3. Nonlinear plastic behavior

In this appendix, the proposed QFT-method for the EMSlip model is examined by comparison with the analytical solution reported
in Lame Jouybari et al. (2025). To this end, the nonlinear softening behavior defined by Eq. (8) is considered for a single crystal
with dimensions of 1 mm x 1 mm subjected to simple shear loading with an imposed macroscopic shear amplitude of y = 0.001. The
nonlinear softening response is specified through a maximum softening magnitude of Ar* = 15 MPa and a softening rate parameter
of y, = 0.01. In addition, the intrinsic length scale is prescribed as A, = 0.25 mm.

Fig. D.3 compares the shear strain profiles obtained from the QFT-method with the analytical solution at three representative
stages during the loading up to ¥ = 0.001. It is observed that the shear band width remains equal to the prescribed length scale and,
throughout deformation, does not propagate toward the crystal boundary, consistent with the behavior reported for enhanced SGCP
theory in Lame Jouybari et al. (2025). Overall, an excellent level of agreement is obtained between the analytical and numerical
results.
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Fig. D.2. Validation of QFT-method against analytical solutions for different material behaviors by the fixed nonlocal parameter A = 1072 (N)
within the CMSlip-SGCP model.
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Fig. D.3. Validation of QFT-method against analytical solutions in different steps of loading, 7, by the fixed length scale A, = 0.25 (mm) within
the EMSlip model.

Appendix E. Two-dimensional single crystal under tensile loading

A periodic single crystal with unit-cell dimensions of 1 mm x 1 mm is subjected to uniaxial tension in the y-direction. The applied
loading corresponds to a macroscopic displacement-gradient component of ﬂyy =0.01, imposed at a constant strain-rate of 1076s~!;
all other Cauchy-stress components are held at zero. A single slip system (N, = 1) is oriented 45° counter-clockwise from the loading
axis. To promote strain localization, an imperfection is introduced at the central voxel (N, /2, N,/2) by reducing the initial critical
resolved shear stress to rgem‘ =0.99 7. Both the CCP framework and the SGCP models are considered here.

Material parameters. The crystal is assumed isotropic in elasticity with E = 100 GPa and v = 0.3. Viscoplastic flow, for example in
the CCP framework corresponds to the Eq. (7), is described by the Norton flow coefficient K = 10 MPas™ and Norton flow exponent
n = 15, representative of irradiated austenitic SS (Hure et al., 2016). Irradiation-induced softening is captured through an initial
critical resolved shear stress 7, = 100 MPa, a softening magnitude Ar = 20 MPa, and a softening rate y, = 0.05. The spatial resolution
— 64 X 64 voxels — is considered. For the ESGCP models the internal length scale is set to A, = 0.1 mm; the equivalent parameter
in the classical SGCP formulations is chosen as A = 0.101 N (cf. Eq. (29)).

Classical crystal plasticity framework. Fig. E.1 displays, respectively, the shear strain y and lattice-rotation field ¢ predicted by the
CCP framework. Two perpendicular localized bands emerge (equivalent ratio between slip and kink bands, or one slip band and one
kink band in lattice): one exhibits intense shear strain only (slip band) while the other combines shear strain with large rotation
(kink band). Both bands collapse to a single voxel width, indicating mesh-dependence and loss of regularization under softening
behavior.

Classical MicroSlip SGCP model. Fig. E.2 (a,b) shows that the CMSlip model keeps equivalent ratio between slip and kink bands,
regularizes both slip and kink bands, and producing finite-width zones that are insensitive to voxel size.
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Fig. E.1. Distributions of shear strain and rotation field in a two-dimensional single crystal at final loading, Vu, =001, by the CCP framework.
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Fig. E.2. Distributions of shear strain and rotation field in a two-dimensional single crystal at final loading, Vu, =001, by the (a,b) CMSlip
model, A =0.101 N, and (c,d) EMSlip model, A, = 0.1 mm.

Classical MicroCurl-SGCP model. Results in Fig. E.3 (a,b) reveals that the CMCurl model suppresses the kink band while leaving the
slip band slightly influenced, thereby breaking the slip—kink equivalence.

Enhanced MicroSlip-SGCP model. Figs. E.2 (c,d) demonstrates that the EMSlip model keeps equivalent ratio between slip and kink
bands, and stabilizes both bands with a fixed width equal to the prescribed length scale A, = 0.1 mm. The solutions are mesh-
independent and do not exhibit the fictitious band growth observed in the classical model, while the peak amplitudes are higher
due to stronger localization.

Enhanced MicroCurl-SGCP model. The cumulative shear strain field predicted by the EMCurl model (Fig. E.3 (c,d)) again shows
suppression of kink-band rotation and persistence of unstable and slightly-regularized slip localization. Thus, the enhanced
formulation inherits the kink band removing of the CMCurl model, but with higher localization amplitude in slip band.

Classical and enhanced MicroCurl-Star-SGCP models. Results in Fig. E.4 (a,b) reveals that the CMCurl-Star model suppresses the kink
band while leaving the slip band completely uninfluenced. Furthermore, Fig. E.4 (c,d) shows the results from the EMCurl-Star model
which is similar to the CMCurl-Star model due to the slip system of the crystalline lattice. The differences between the C/EMCurl-
Star models with respect to the C/EMCurl models is directly related to proposed finite difference method and different modified
frequencies, Egs. (C.32) and (C.33), in evaluating the micro-stress tensor and accordingly back-stress within the shear flow rule.
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Fig. E.3. Distributions of shear strain and rotation field in a two-dimensional single crystal at final loading, Vu, =001, by the (a,b) CMCurl

model, A =0.101 N, and (c,d) EMCurl model, A, = 0.1 mm.
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Fig. E.4. Distributions of shear strain and rotation field in a two-dimensional single crystal at final loading, Vu, =0.01, by the (a,b) CMCurl-Star
model, A =0.101 N, and (c,d) EMCurl-Star model, A, = 0.1 mm.
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Data availability

Data will be made available on request.
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