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Emergent epithelial elasticity governed by
interfacial surface mechanics and
substrate interaction
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During the life of animals, epithelial tissues undergoextensivedeformations–first to formorgansduring
embryogensis and later to preserve integrity and function in adulthood. To what extent these
deformations resemble that of non-living elastic materials is not well understood. We derive an
elasticity theory of epithelia, supported by a thin layer of extracellularmaterial and the stroma, inwhich
the mechanics of individual cells are dominated by differential interfacial tensions stemming from cell
cortical tension and adhesion. Upon coarse-graining a discrete cell-levelmechanicsmodel, we obtain
a harmonic deformation energy and derive the critical conditions for the elastic instability, where an
initially flat tissueeither bucklesout of planeor formswrinkles.Due to thedistinct originof elasticity, the
scaling of the critical buckling load and the wrinkling wavelength with layer’s thickness is
fundamentally different than in solid plates. The theory also naturally describes reversal of the groove-
to-crest thickness-modulation phase–a recently observed epithelial shape feature which cannot be
explained by the classical elasticity theory. Our work provides a guideline for understanding the
relative role of cell surface tensions and the interaction of tissues with substrates during epithelial
morphogenesis.

The structure and formof epithelial tissues are intricately connected to their
specific functions within an organ. While the mostly protective role of the
skin epithelium, for instance, requires smooth and stratified tissue archi-
tecture, epithelia of the digestive tract assume single-cell-thick corrugated
structures, so as to optimize the exchange of nutrients. These distinct shapes
begin to emerge during embryonic development, when the organism
undergoes tissue-scale shape changes, transforming initially smooth epi-
thelia into compartmentalized and differentiated cellular structures that
eventually develop into fully functional organisms1–3.

While the detailed shape- and structural changes during epithelial
morphogenesis are underlined by comprehensive biochemical patterning
with specific spatial and temporal dynamics4–7, the more general aspects of
the shape formation rely on physical mechanisms such as buckling,
wrinkling, and folding. Many of these deformation modes can be inter-
preted in the context of thin-plate elasticity.Whether a plate will buckle out
of plane upon uniaxial compression depends on its thickness h. In parti-
cular, in the limit of small deformation, the elastic energy of the plate
associated with pure compression scales with the thickness as Wc ∝ h,
whereas the elastic energy associated with buckling scales as Wb ∝ h3.
Consequently, thin plates tend to buckle out of plane under externally
applied uniaxial load, whereas thick plates initially compress while

remaining flat8–10. Eventually, even thickmedia undergo surface instabilities
once the external compression exceeds the Biot threshold11,12.

This interplay between bending and compression is fundamental to
understanding the physical basis of epithelial morphogenesis and the
resulting complex tissue architectures. Indeed, the corrugated epithelial
patterns such as villi and crypts have been previously explained through a
relative growth of the fast-renewing intestinal epithelium against a mostly
static stroma13–16. The area mismatch at the epithelium-stroma interface,
caused by the differential growth, induces elastic stresses, leading to the
formation of wrinkles with a characteristic wavelength. The wavelength is
determined by a competition between the thin epithelium, which tends to
buckle out of plane, and the thick stroma, which prefers pure
compression17–22.

However, the underlying analogy between epithelia and solid plates
may disregard some cell-scale specific mechanics and thus may not always
be justified. Indeed, as proposed by Thompson23, the stresses in epithelia
may largely be concentratedat cells’ surfaces,making thembehavemore like
liquid droplets and less like classic solid plates, where stresses are distributed
throughout the volume. While surface tension can be incorporated in the
elastic plate theory21,24, such approach assumes that the tissue itself still
behaves like a homogeneous elastic plate and neglects its cellularized
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structure. Within the analogy with incompressible droplets, tissue defor-
mations would contribute to an elastic energy, associated only with shape
changes of cell outlines, whereas cell interiorswould not support bulk elastic
stresses (Fig. 1a)25,26.

Experimentally, the relevance of surface tensions in epithelial
mechanics may be underscored through a simple dimensional analysis
where cell surface energy is comparedwith the bulk elastic energy, γL2 ~EL3.
This comparison yields the elastocapillary length scale ξ ~ γ/E, representing
a linear cell dimension below which surface tensions dominate over bulk
elastic forces. Depending on cell type and various measurements, ξ is esti-
mated to range between 0.1 and 10 μm27–29. Given that linear dimensions of
epithelial cells are typically around 1− 10 μm, surface forces at the cell level
should be considered in the coarse-grained picture of tissue elasticity.While
a complete theoretical description of epithelial mechanics would incorpo-
rate both effects, the extent to which elastic properties of tissues may depart
from those of nonliving elastic sheets due to surface-tension effects is here
studied by a minimal model that assumes droplet-like mechanics of cells
while entirely disregarding bulk elasticity.

The specific tension-dominated mechanics may result in tissues’
unique large-scale elastic properties and deformations30–33. Epithelial layers
consisting of droplet-like cells may exhibit unexpected behaviors such as
forming wrinkles even when not being supported by substrates and features
of shapemay significantlydiffer fromthe analogous shapes in solidplates34,35.
One such feature is the epithelial thicknessmodulation and its phase relative
to the undulation of the epithelium-substrate interface: While in supported
solid plates the thickness modulation is universally in phase with substrate
undulations13, an inverted phase is observed in some epithelia organoids
(Fig. 1b, c), as well as in epithelia grown on wrinkled substrate36–38. Such
phase-inverse cannot be explained within the classical elasticity theory39–41

and cell surface tensions could be the root origin of themodulation24,36,37,42–44.
In addition, the distinct epithelial elasticity may show up in unusual

scaling relations of some of the key physical quantities such as the critical
load to induce an elastic instability. This is suggested by a discrete model of
uniaxially compressed epithelialmonolayers, where apical, basal, and lateral
cell sides are under constant surface tensions Γa, Γb, and Γl, respectively,
while cells’ interiors are assumed filled with an incompressible fluid. Using
this model, we show that the critical buckling force is independent of the
layer’s thickness (Fig. 1d), in contrast to the classic Euler buckling of solid
plates, where the critical force scales with thickness as ∝ h3. While the
dependence of buckling threshold on cells’ thickness has not yet been sys-
tematically studied, recent experiments show that a monolayer of epithelial
cells exhibits the same buckling threshold as a stratified tissue and that the
threshold depends strongly on cortical contractility45. These suggested
deviations from predictions of the classical elasticity theory highlight a need
to derive elasticity theories of tissues by coarse-graining their specific
microscopic mechanics models rather than a priori assuming certain
macroscopic elasticity.

Here, we address this challenge, by deriving an elasticity theory,
describing epithelia supported by the basement membrane and the stroma
(Fig. 1e). To explore the role of surface stresses in shaping the tissue, we
assume that cell mechanics are dominated by surface tensions, while cell
interiors resemble an incompressiblefluid.Wefind that due to these specific
mechanics, the coarse-grained elasticity is fundamentally different from
classic supported solid plates. In particular, we study linear stability of flat
tissues and explore conditions under which epithelia wrinkle or buckle out
of plane. Importantly, our theory captures the unconventional scaling of the
critical in-plane force to induce an elastic instabilitywith epithelial thickness
and shows that other key physical parameters such as the wavelength of
wrinkles also scale differently than in supported solid plates. Finally, our
approach naturally describes the phase inversion of the groove-to-crest
thickness modulation and it offers a set of experimentally testable analytical
results thatmay help uncover the relative contribution of surfacemechanics
to epithelial elasticity.
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Fig. 1 | Vertex model of epithelial sheets. a Schematic of an epithelium, composed
of liquid-filled cells with apical, basal, and lateral surface tensions Γa, Γb, and Γl,
respectively. Only surface stresses of deformed cells contribute to the elastic energy.
b,cHuman brain organoid, reprinted from Fig. 4a in ref. 40 (bwith scale bar 100μm)
and midsaggital section of a mouse cerebellum, adapted from Fig. 5 in ref. 41 (c).
Thickness modulation in both samples is in anti-phase compared to substrate
undulations. Both Figures are reprinted with permission from Springer Nature.
Contour in (c) was added to the original image.dCritical buckling force as a function
of tissue thickness. Red and green data points show the results from the vertexmodel,
whereas the cyan line is the result for the classic Euler’s buckling of a plate. Right:
Shapes of uniaxially compressed epithelia for different cell aspect ratios and cell-
areas. e Schematics of contributions to the effective elastic energy: apico-basally
polar surface tension marked with green dots (left), thin basement membrane
marked with green line (middle), and elastic stroma marked with green area (right).
fDetailed geometry of two adjacent cell cross-sections. Lateral edges are denoted by li
−1, li, and li+1, azimuthal angles by ψi and ψi+1, lateral angles by ϕi−1, ϕi, and ϕi+1,
basal angle by θi, and vertical displacements of the mid-point of basal edges yi and
yi+1.
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Results
Discrete cell-scale model
We study epithelial sheets in two dimensions, wherewe view themas chains
of quadrilateral cell cross-sections. Cell interiors are assumed incompres-
sible,meaning that the cross-section area of each cell is keptfixed atA0. Cells
adhere to their immediate neighbors along the lateral sides, whereas at the
basal sides they are supportedby a thin layer of extracellularmaterial, i.e., the
basement membrane (BM), and a thick stroma (Fig. 1f and Supplementary
Note 1). Both BM and the stroma are considered elastic, carrying the
bending- and bulk-elastic energy, respectively.

The apical, basal, and lateral cell sides are exposed to different
microenvironments and carry distinct physiological functions, thereby
being subjected to differential surface tensions. These tensions, denoted by
Γa, Γb, and Γl for apical, basal, and lateral sides, respectively, result from cell-
cell- and cell-substrate adhesion, and cortical tension due to acto-myosin
contractility. In discrete form, the total potential energy of the entire
epithelium-BM-stroma system is thus calculated as a sum over all cells and
reads

W ¼
X
i

Γa‘
a
i þ Γb‘

b
i þ Γlli þ

B
2
‘
b
i

ρ2i
þ K

2
y2i ‘

b
i

 !
: ð1Þ

Here ‘ai ; ‘
b
i ; and li are lengths of apical, basal, and lateral cell sides,

respectively, ρi is the local radius of curvature of BM, evaluated at the basal
vertex of i− th lateral side,whereas yi is the vertical displacement of themid-
point of basal edge with index i from its reference position (Fig. 1f and
Supplementary Note 1). In Eq. (1), the elastic-energy densities of BM and
the stroma are multiplied by the corresponding basal lengths ‘

b
i ¼ ð‘bi�1 þ

‘bi Þ=2 and ‘bi , respectively; B and K are the elastic moduli associated with
BM’s bending- and stroma’s bulk-elastic deformations, respectively. To
describe the contribution from the stroma within the linear-stability
analysis, the bulk-elastic modulus K needs to be assumed proportional to
the wavenumber of the dominant deformation mode (i.e., K ¼ Kq)18.

We introduce dimensionless quantities by expressing lengths and
tensions in units of

ffiffiffiffiffiffi
A0

p
and Γl, respectively. In particular, we apply the

following renormalizations: li=
ffiffiffiffiffiffi
A0

p ! li (and analogously for the other
quantities with units of length), W=ðΓl

ffiffiffiffiffiffi
A0

p Þ ! W, B/(ΓlA0) → B, and
K

ffiffiffiffiffiffi
A0

p
=Γl ! K , and we define dimensionless average and differential

apico-basal surface tensions as

Γ ¼ Γa þ Γb
Γl

and Δ ¼ Γa � Γb
Γl

; ð2Þ

respectively. Since we assume homogeneousmonolayers, the values of Γ,Δ,
K, and B are uniform along the tissue and, therefore, they are the only free
parameters of our model.

Reference state. In a flat configuration, all cells assume rectangular
shapes and the energy (Eq. (1)) per cell simplifies toW/N= Γ/h+ h, where
h is the cell height. Minimizing W with respect to h yields the optimal
height

h ¼ Γ1=2 : ð3Þ

Continuum limit
To derive a continuum limit ofW (Eq. (1)), we first express apical and basal
edge lengths and the local radius of curvature in Eq. (1) as functions of the
lateral-side lengths li−1, li, and li+1, inclinations of cellmidlines relative to the
x-axisψi andψi+1, and the inclinations of lateral sides relative to the y-axisϕi
−1, ϕi, and ϕi+1.We treat these variables as well as yi and yi+1 as functions of
the distance σ along the reference-state midline: ϕi → ϕ(σ) and
ϕiþ1 ! ϕðσÞ þ _ϕðσÞσ0 þ €ϕðσÞσ20=2, where the “dot" denotes the derivative
with respect to σ, and analogously for the other variables (Supplemen-
tary Note 1).

Next,we express the energy as an integralL ¼ RNh�1

0 LðσÞdσ, where the
Lagrangian density

L ¼ LT þ LB þ LK þ LC1 þ LC2 ð4Þ

is expanded to second order in the variables, δl(σ) = l(σ)− h,ψ(σ),ϕ(σ), and
y(σ), describing deformations from the reference state, characterized by
δl = ψ = ϕ = y = 0. To simplify the equations, we hereafter omit the notation
“δ" from δl(σ) and its derivatives. The five terms in the Lagrangian density
(Eq. (4)) are outlined below and derived in full details in Supplemen-
tary Note 1.

Epithelial surface energy, captured by thefirst three terms of Eq. (1), in
continuum limit reads

LT ¼Δ€l€ψ

8h3
þ

€l
2

8h4
þ ð4l€l þ €ψÞ2 � €ψ€ϕþ €ϕ

2

8h2
þ

þ 2Δ_l _ψ þ 2 _ψ€ψ
4h

þ h2
1
4
_l
2 þ ψ2 � 2ψϕþ ϕ2 þ 4

� �
þ

þ 1
16

ð€l2 þ 16Δψ_l þ 32l2 � 8ψ€ϕ� 8 _ψ _ϕ� 8ϕ€ψÞþ
þ hð _ψðψ � ϕÞ � Δ _ϕÞ :

ð5Þ

The BM bending energy expresses as an effective epithelial bending
energy,

LB ¼ B
2

_ψ �
€l
2

 !2

; ð6Þ

with€l=2 playing the role of a local epithelial spontaneous curvature.
The term representing the bulk elastic energy of the stroma reads

LK ¼ K
ð€y þ 2h _y þ 2hyÞ2 þ 4h4y2

16h4
: ð7Þ

Here, the variable y is, in fact, a dependent integral quantity given by
yðσÞ ¼ R σ0sðtÞ sinψðtÞdt, s(t) being the tissuemidline. By differentiating this
expression with respect to σ, we obtain a constraint _y ¼ ψ � _l=2, which is
taken into account by the following term in the Lagrangian density:

LC1 ¼ QðσÞh
_l
2
� ψ þ _y

 !
; ð8Þ

Q(σ) being the corresponding Lagrange multiplier.
We study epithelial sheets under a small uniaxial compressive strain

jϵj≪1, imposed by a constraint Nh�1ð1� ϵÞ ¼ RNh�1

0 _xdσ, where x is the
local projection of tissue midline to the horizontal axis. In the Lagrangian
density, this constraint is represented by

LC2 ¼ μð1� ϵ� _xÞ ; ð9Þ

where μ is the applied load ensuring a fixed compressive strain ϵ. The
variable _xðσÞ is derived from a local constraint of fixed cell-cross-
section area.

The Lagrangian in Eq. (4) generalizes the model of ref. 34 by incor-
porating an elastic interaction between the tissues and the substrate. This
extension yields a more comprehensive coarse-grained elasticity theory,
enabling a detailed study of the interplay between cell surface tensions and
substrate elasticity, and allowing us to address elastic instabilities, critical
buckling forces, compression, and thickness profiles in this, more complete,
setting.

Throughout the text, the analytical results are compared with the
results of vertex-model simulations that minimize the discrete model (Eq.
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(1)) in its full non-linear form (Materials and Methods). In all figures, the
results of the vertexmodel are denoted by datapoints, whereas the analytical
results are represented by solid curves.

Deformation modes
The Lagrangian yields a system of three differential equations for variables
ψ(σ),ϕ(σ), and l(σ) (SupplementaryNote 2).We solve it in the Fourier space
by assuming ψðσÞ ¼ R ΨðqÞ expðiqσÞdq, ϕðσÞ ¼ R ΦðqÞ expðiqσÞdq, and
lðσÞ ¼ δhþ R ΛðqÞ expðiqσÞdq, q being the wavenumber of deformation
mode and δh ≪ h a constant part of cell-height deformation. Upon these
transformations, the system of governing equations simplifies to a single
polynomial equation, which is solved to obtain the force μ as a function of
the wavenumber q. At the onset of instability (i.e., at small μ and q), we
obtain

μ ¼K
q
þ Kðh4 þ 2h2Δ� 2Þq

8h2
þ

þ ð8B� Δ2 þ 2Þq2
8

þ Kðh4 þ 5Þq3
16h4

þ

þ ½8Bðh4=2þ h2Δ� 1Þ þ h4 � Δ2�q4
32h2

:

ð10Þ

By comparing this equation to its analogue for nonliving supported thin
sheets (e.g., ref. 18), we extract the effective bending modulus of the
epithelium-BM bilayer from the quadratic term: Beff = B+ (2− Δ2)/8∝ h0.
This modulus can either be negative or positive, depending on the Δ-value,
indicating an elastic instability.WhileBeff does not depend on thickness, the
effective Young’s modulus, calculated in ref. 34, scales with thickness as
E ∝ h2. Both moduli scale differently than in solid plates and so does their
ratio B/E ∝ h−2. Other related studies that mostly coarse grain 2D vertex
models with area and perimeter elasticity–where tissues are represented as
planar polygonal tilings–have also reported unusual elastic moduli46–49.
However, since the reduced-dimensionality 2D vertex models do not
describe cell height, their effective elastic moduli do not yield scaling with h.

Buckling. Since the total deformation energy equals the work of the
applied load

RNh�1

0 μdσ, the dominant deformation mode at the point of
instability is characterized by q0, where ð∂μ=∂qÞq¼q0

¼ 0. Depending on
Γ, Δ, B, and K, tissues undergo either buckling or wrinkling instability,
where q0 = 0 (q0 = 2π/L for tissues with finite end-to-end length L) or
q0 > 0, respectively. In absence of the apico-basal differential tension (i.e.,
Δ = 0) and supporting structures (i.e., B = K = 0), a tissue with an end-to-
end length L buckles at a critical force μ0 = π2/L2 ∝ h0 (Supplementary
Notes 3 and 4). This result agrees with numerical results (Fig. 1d) and is in
contrast with Euler instability in solid plates, where μc ∝ h3.

The critical buckling force is related to the critical compressive strain by
(Supplementary Note 3)

μc ¼ 2h2ϵc ; ð11Þ

such that in absence of differential tension and supporting structures,

ϵ0 ¼
π2

2h2L2
/ h�2 : ð12Þ

Interestingly,while ϵ0, likeμ0, is inverselyproportional to the length squared
(i.e., ϵ0 ∝ L−2), similarly to the standard Euler instability in solid plates, the
h−2-dependence on the layer thickness in Eq. (12) is, again, fundamentally
different from the h2-dependence in plates (Fig. 2a).

Buckling persists when the tissue is supported by BM, however, the
critical compressive strain increases relatively to the unsupported case and
reads ϵ0ð1þ 4BÞ. In contrast, the apico-basal differential tensionΔ tends to
decrease the critical compressive strain as ϵ0(1− Δ2/2). At Δ ¼ ffiffiffi

2
p

, where

the tissue transitions from buckling to wrinkling, as discussed in the next
section, the critical compressive strain is 0.

Tissues with non-zero differential tension which are additionally
supportedby aBM(i.e.,Δ≠ 0 andB>0), buckle once the compressive strain
reaches a critical value (Fig. 2b)

ϵ½Δ;B�c;buck ¼ ϵ0 1� Δ2

2
þ 4B

� �
; ð13Þ

which includes both individual contributions of Δ and B.

Buckling-to-wrinkling transition. The competing effects of the com-
bined tissue-BM bending rigidity and the apico-basal differential tension
result in a transition from buckling to wrinkling, whereby an initially flat
tissue becomes contractile and it spontaneously loses stability at a peri-
odic mode, characterized by a wavenumber q0, which minimizes μ
(Eq. (10)).

The contractile behavior of the tissue is seen in a negative critical
compressive strain for jΔj above the wrinkling threshold (Fig. 2c)

Δ½B�
c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ 4BÞ

p
; ð14Þ

where

ϵ½Δ;B�c;wrink ¼ � 4Bþ 1

2ðh4 � 2Þ ðjΔj � Δ½B�
c Þ2 : ð15Þ

In absence of BM (i.e., B = 0), the critical differential tension reduces to
Δc ¼

ffiffiffi
2

p
, which agrees with the result previously derived for unsupported

tissues34. Note that here, both ϵ½Δ;B�c;wrink and μ½Δ;B�c;wrink ¼ 2h2ϵ½Δ;B�c;wrink scale dif-
ferently with the thickness h compared to the buckling regime (Fig. 2a).

Wrinkling. For jΔj >Δ½B�
c , tissues develop periodic wrinkling patterns,

characterized by a wavenumber (Fig. 2d)

q½Δ;B�0 ¼ 25=4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � 2=h2

q jΔj � Δ½B�
c

� �1=2
: ð16Þ

The presence of the stroma causes wrinkling regardless of the presence
of BMand the differential surface tension, i.e., the optimalwavenumber q0 is
always non-zero and the divergence in denominator is only apparent sinceffiffiffi
2

p
<Δ < h2.Whenconsideringonly the effects of the stromaandneglecting

both the differential surface tension and the interaction with BM (i.e.,
Δ = B = 0), the corresponding governing equations yield a critical wrinkling
compressive strain

ϵ½K�c ¼ 3 � 2�7=3h�2K2=3 / h�2 ð17Þ

and a critical force μ½K�c ¼ 3 � 2�4=3K2=3 / h0 with a dominant wrinkling
mode, given by a wavenumber (Fig. 2e)

q½K�0 ¼ ð2KÞ1=3 / h0 : ð18Þ

Scaling relations of ϵc, μc, and q0 with K are the same as in supported solid
plates, but the scaling of all three quantities with thickness h is fundamen-
tally different. Indeed, in solid plates, ϵc ∝ h0, μc ∝ h, and q0 ∝ h−150.

In tissues supported by stroma,where, additionally, the effects ofΔ and
B are present, we examine the optimal wavenumber perturbatively. SinceK
inEq. (10) appears at the lowest order inq, its influence is greater than that of
Δ andB, which iswhywe can treat corrections due toΔ andBperturbatively
as q½Δ;B;K�0 ¼ q½K�0 þ δqðΔ;B;KÞ, where δqðΔ;B;KÞ ≪ q½K�0 . For smallΔ and
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B, we obtain

q½Δ;B;K�0 ¼ q½K�0 ð1þ 1
6
½Δ2 � 8B�Þ : ð19Þ

This result shows that BM’s bending rigidity increases thewavelengthwhile
jΔj decreases it (Fig. 2f). The asymmetry between positive and negative Δ-
valuesdue tobasal presence of the substrate entersq0 at thenext lowest order
(Supplementary Note 4). Note that because Eq. (19) was obtained
perturbatively for small deviations of the wavenumber from q½K�0 , assuming
small Δ- and B-values, it does not reduce to Eq. (16) for K = 0.

Thickness modulation
The characteristic wavelength of the deformation pattern is often the pri-
mary geometric observable in deformedmultilayered elastic sheets and can
be used to determine the relative stiffnesses of the layers. However, our
results show that the elastic interaction among the layers may not always be
the dominant mechanism of wrinkling, since wrinkling can also appear in
unsupported sheets due to specific internal forces, namely differential
interfacial tensions.As a result, thewrinklingwavelengthmaynotbe the sole
and most reliable observable to pinpoint the dominant mechanism of
wrinkling in soft biological tissues.

An additional shape feature of interest is the groove-to-crest mod-
ulation of the layer thickness. Indeed, in supported solid plates, the thick-
ness is modulated along the waveform and thismodulation is universally in
phasewith the undulation of the layer-substrate interface, such that the top
(thin) layer is thicker in crests than in grooves13,51,52. In various elastic
bilayers, the thickness modulation of the thinner film is often not explored
or it is modeled to be constant53–56. The inverted thickness modulation (i.e.,
the thickness modulates in anti-phasewith substrate undulations) (Fig. 3a)
has been so far experimentally observed in certain organoid systems39 and
epithelia, grown on wavy substrates37,38 as well as theoretically predicted for
epithelia with non-negligable effects of surface tension24,34 and due to the
presence of system-spanning elastic fibers, present in certain organs39. In
non-living systems, a similarly unusual thickness modulation has been
reported in elastic three-layered composite, where the wrinkling pattern of
the thin middle layer transitions from serpentines to pearling57.

Our model suggests that the phase inversion may naturally emerge
fromthe surfacemechanics at the cell level. Inparticular, close to thepoint of
elastic instability, governing equations are solved by lðσÞ ¼ δhþ Λ cosðqσÞ,
yðσÞ ¼ Y cosðqσÞ, and ψðσÞ ¼ Ψ sinðqσÞ þ Ψ1 cosðqσÞ (Supplementary
Note 5). TogetherwithEq. [(8)], which connects the amplitudes byY=−Λ/
2 − Ψ/q, this solution allows a simple definition of thickness modulation,
relative to the amplitude of substrate undulations:

τ ¼ Λ

Y
� � qΛ

Ψ
: ð20Þ

Its magnitude and the sign (phase) are calculated as ∣τ∣ and sgnðτÞ,
respectively; τ is defined such that sgnðτÞ ¼ 1 for tissues that are thicker in
crests (i.e., thickness modulation and the stroma undulation are in phase),
whereas sgnðτÞ ¼ �1 for tissues thicker in grooves (i.e., thickness mod-
ulation and the stroma undulation are in anti-phase) (Fig. 3a).

The ratio of amplitudesΛ/Ψ and thewavenumber q follow directly from
governing equations and are derived for different regimes in Supplementary
Note 5.We find that while an unsupported tissue with no apico-basal polarity
(i.e., K = B = Δ = 0) exhibits no thickness modulation, i.e., τ = 0, in any other
case, the thickness ismodulated and thismodulation can either be in phase or
inanti-phasewithsubstrateundulations,dependingonparameters (Fig. 3b, c).

In-phase thickness modulation. In presence of BM but absence of the
stroma (i.e., B ≠ 0,K = 0), the tissue with no apico-basal differential tension
(i.e.,Δ=0)bends such thatq[B] = 2π/L. In this case, the thicknessmodulation

τ½B� ¼ 4π4B
L4

> 0 ð21Þ

is always in-phase with substrate undulations (Fig. 4a).
When BM is absent but the epithelium is supported by the stroma (i.e.,

B = 0, K > 0), the tissue wrinkles and the thickness modulation

τ½K� ¼ 2�5=3K4=3 > 0 ð22Þ

is, again, in phase with substrate undulations (Fig. 4b).

Phase inversion. The modulation phase cen be inverted by the apico-
basal differential surface tension Δ. In absence of supporting structures

Fig. 2 | Instability analysis in epithelial sheets. aCritical compressive strain ϵc of the
epithelium in different limits: Unsupported epithelium with non-polar surface
tensions (ϵ0, blue dots), epithelium, supported by BM (ϵ[B], black crosses), epithe-
lium, supported by stroma (ϵ[K], green stars), and epitheliumwith differential surface
tension (ϵ½Δ�buck in red squares and ϵ½Δ�wrink in blue triangles for buckling and wrinkling
deformation mode, respectively). The left panel contains both buckling and
wrinkling regimes, while only the buckling regimes are present on the right panel.
b Relative critical compressive strain ϵ for buckling instability as a function of B
(black) and Δ (red); Γ = 3.5. c Phase diagram B(Δ) showing regions of buckling and
wrinkling. dWavenumber of wrinkling in an unsupported epithelium (B =K = 0) as
a function of Δ for Γ = 4. eWavenumber of wrinkling in an epithelium supported by
the stroma as a function ofK for Δ = B = 0 and Γ = 4. f Relative optimal wavenumber
of wrinkling patterns, q½K;Δ;B�0 , as a function of B (black) and Δ (red); Γ = 3.5 and
K = 0.1. In all panels, datapoints represent vertex-model results, B denotes the
bending modulus of the basement membrane, K denotes the elastic modulus of the
stroma, and Δ denotes the apico-basal differential surface tension. In c–e, red color
denotes wrinkling regime and purple denotes buckling regime.
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(i.e., B = K = 0), the modulation, caused by Δ, differs between buckling
and wrinkling. In a buckled tissue of end-to-end length L, it reads

τ½Δ�buck ¼ � π2Δ

L2
_ 0 ; ð23Þ

whereas in a wrinkled tissue

τ½Δ�wrink ¼ �
ffiffi
2

p
ΔðjΔj� ffiffi

2
p Þ

h2�2=h2
_ 0 : ð24Þ

Inbothdeformation regimes, the value of τ canbe either positive ornegative
and the phase in both cases changes at Δ ¼ Δ½Δ�

i ¼ 0 (Fig. 4c, d).

Fig. 3 | Thickness modulation phase. a Schematics of a tissue exhibiting thickness
modulation in phase with substrate undulations (top) and a tissue exhibiting tissue
modulation with opposite phase compared to substrate undulations (bottom).
bPhase diagramΔ(B,K) showing regions of in-phase (cyan) and anti-phase (orange)
thickness modulations; here, B is the bending modulus of the basement membrane,

K is the elastic modulus of the substrate, and Δ is the apico-basal differential surface
tension. The dark blue surface showsΔ½Δ;B;K�

i , where the phase is inverted. cExamples
of optimal tissue shapes obtained by vertex-model simulations. The cell color
denotes whether the thickness modulation has the same phase as substrate undu-
lations (blue) or an opposite phase (orange). In all simulations, Γ = 4.

Fig. 4 | Thickness modulation in epithelial sheets. a,bThickness modulation τ as a
function of B and K in the limit of no differential tension and only BM and stroma
present (a and b, respectively). c,d Thickness modulation τ as a function of Δ in the
limit of no substrate present in the buckling and the wrinkling regime (c and
d, respectively). In a–d, Γ = 4 and blue and orange areas represent same-phase and
anti-phase modulation, respectively. e Comparison of analytical expression for
thickness modulation (solid line) and numerical results of vertex model simulations
in tissues withB= 0, 0 <K < 0.1, − 0.1 <Δ< 0.3, and Γ= 4. fComparison of thickness

modulation amplitudes jτj in tissues of similar length with different supporting
structures. Parameter values are B = 0.1 for τ[B] (dark blue crosses), K = 0.1 for τ[K]

(brick circles), Δ = 0.6 for τ½Δ�buck (dark blue squares), and Δ = 1.6 for τ½Δ�wrink (brick
triangles). Dark blue and brick colors represent buckling and wrinkling modes,
respectively. In all panels, datapoints represent vertex-model results,B is the bending
modulus of basementmembrane,K is the elastic modulus of the stroma, and Δ is the
apico-basal differential surface tension.
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Thephase inversion canbe intuitively understoodbyobserving the size
of apical and basal tissue surfaces in in-phase and in anti-phase config-
urations (Fig. 3a): When thickness modulation is in phase with substrate
undulations, the apical area is larger than the basal, whereas the opposite is
true in anti-phase configurations. Tissues can, thus, invert the modulation
phase by increasing the apical tension, thereby decreasing their apical
surfaces.

An inverse of modulation phase can occur even in the presence of
supporting structures.While the combined effects of the differential surface
tension, BM, and the stroma cause the tissue to wrinkle with a wavelength,
predominantly determined by the stiffness of the stroma (Eq. (19)), the
associated thickness modulation,

τ½K;Δ;B� ¼ τ½K� 1� 4
3
B� 21=3Δ

K2=3
1� 4

3
B

� �2 !
; ð25Þ

is primarily set by the differential surface tension. In particular, thickness
modulation inverts its phase when τ switches sign, which occurs when the
apico-basal differential surface tension exceeds a transition value

Δ½B;K�
i ¼ 2�1=3K2=3

1� 4B=3
; ð26Þ

which is entirely determined by elastic properties of the substrate, i.e., BM
and the stroma (Fig. 3b and Fig. 4e). Note that, similarly to Eq. (19), Eq. (25)
is only valid for small B and Δ (Supplementary Note 5).

In terms of the contribution of various effects to the thickness-
modulation amplitude, jτj, Fig. 4f confirms that the effect of the differential
tension ismuchhigher than the effects of the interaction of tissuewith either
BM or the stroma. Additionally, the thickness-modulation amplitude
depends on the layer’s baseline thickness h only when the modulation is
caused by the apico-basal differential tension, sufficient to drive tissue
wrinkling (Fig. 4f and Eqs. (21)–(24)).

Our model assumes that the tissue can freely slide along the substrate
and can, therefore, be readily used to describe the shape of tissues grown on
stiff wavy support36,38.We can rewrite Eq. (18) to express themodulusK as a
function of deformationwavenumber q= 2π/λ and, using Eq. (25) forB= 0,
express thickness modulation as τ[λ, Δ] = − Δπ2λ−2 + 2π4λ−4, where λ is the
pre-determinedwavelength of substrate undulations. This result agreeswith
the measurements in refs. 36,38 and could be used to estimate the differ-
ential tension Δ directly from the height modulation. Such study would
require more detailed height measurements for different substrate wave-
lengths to distinguish between the applicability of our theory and other
alternative models36,38.

Discussion
We developed an elasticity theory for epithelial tissues supported by the
basement membrane and the stroma. Unlike most existing theories, which
assign specific elastic properties to the epithelium19,21, our approach derives
these properties from a microscopic, cell-scale model based on differential
interfacial tensions. By adopting a simplifiedmechanical framework that treats
cells as incompressible droplets with stresses localized at their surfaces, we
examined the influence of interfacial surface tensions on epithelial elasticity.

We compared the resultswith the classic elasticity of solid plates, where
stresses are distributed throughout the volume, and identified several key
differences, summarized in Table 1. Firstly, while classic thin plates wrinkle
only when supported by a thick substrate, epithelia may wrinkle due to
finite-thickness effects and the associated apico-basal tension asymmetry
even in absenceof substrate. Secondly, thedifferent originof elasticity results
in specific scaling relations of the wavenumber as well as the critical buck-
ling/wrinkling force and compressive strain with layer thickness. In our
model, thickness is varied by varying cells’ aspect ratio while maintaining
fixed cell cross-section areas, however, the same scaling relations are
obtained in a scenario where the height is varied by varying the area while

fixing the aspect ratio (Supplementary Note 6). Finally, deformed epithelial
monolayers exhibitmodulationof thickness that is either inphase or in anti-
phase with undulations of the epithelium-substrate interface. While the in-
phasemodulation is not surprising13, the anti-phasemodulation is, since it is
not present in classic supported solid plates and has been only recently
observed in epithelial monolayers36,38,39. Importantly, our model predicts
that the anti-phase modulation may only arise when the apical tension is
greater than the basal tension.

The predicted anomalous elastic properties and deformations of epi-
thelia highlight the need for experimental validation. Several experiments
suggest the epithelial tissues have unusual elasto-mechanical
properties30,37,38,45. For instance, in ref. 45 the authors observe that a single-
layeredepitheliumexhibits the samebuckling thresholdas a thicker stratified
tissue.While this experiment does not describe exactly the setup assumed in
our theory (i.e., amonolayer of varying thickness), it indicates that the critical
buckling force may be affected by the specific microscopic cell interactions
and the standard theory of plate elasticity may not be sufficient. The same
experiments observe that the effective epithelial stiffness can be altered by
regulators of contractility by one order of magnitude without noticeable
changes in cellular junctional network, suggesting that the contractile
behavior of cell cortices, similar to the one incorporatedhere through surface
tensions, should be considered when modeling tissue’s elasticity58.

In this study, we analyzed a minimal model of supported mono-
layers where (constant) surface tensions dominate over bulk elasticity of
cells and we leave the exploration of more advanced models for future
work. We have neglected cells’ bulk elasticity27–29 in order to emphasize
the contribution of surface mechanics to emergent elasticity as clearly as
possible. Aside from living tissues, where bulk elasticity may play an
important role as elaborated in Introduction, our theory could readily be
tested in systemswhere entirely neglecting bulk elasticity ismore directly
justifiable. Some examples include sheets of adherent lipid vesicles or
non-biological sheets composed of immiscible microfluidic droplets59,60.
In these setups, differential surface tensions could be controlled by
anchoring the sheets at interfaces between immiscible liquids or by
introducing surfactants to modulate interfacial properties. Together
with the insights from our theory, these proposed experiments may
prove useful within a broader field of the study of soft metamaterials,
which seeks to understand how design properties at smaller
scales influence emergent elastic properties at the system level. Within
this context, our theory highlights that microscopic interactions can
have a profound impact on the overall properties, deformations, and
shapes of elastic sheets, which may exhibit behaviors distinct from
conventional elastic layers due to the uniquemicroscopic origins of their
elasticity.

Our current theory can be generalized to include mechano-chemical
feedback61–63 as well as space- and deformation-dependent surface tensions.
Further on, while single-cell-volume remains constant during many events
that include drastic tissue deformations, such as gastrulation64 or
furrowing65, it can change considerably in contact with different
substrates66,67 or spontaneously oscillate68,69. In Supplementary Note 7, we
generalize ourmodel to include cell compressibility.We find that the results
remain qualitatively the same as in the case of incompressible cells: We
observe buckling-to-wrinkling transition as well as unusual scaling of
buckling thresholdwith tissue thickness. Finally, the futureworkwill need to
include the effects of cells’ bulk elasticity, as well as more rigorously include
three-dimensional effects58, and study large deformations, where non-linear
contributions may play an important role9,18,70.

Methods
Vertex model
Our vertex model describes the tissue as a chain of quadrilateral cell cross
sections. The basal, apical, and lateral edges of cell i are under tensions Γb, Γa,
and Γl, respectively, and their lengths are denoted by ‘bi , ‘

a
i , and li, respec-

tively. Additionally, the tissue is supported by a basement membrane (BM)
with a bending rigidityB and the stromawith a bulk elasticmodulusK . The
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dimensionless potential energy of the epithelium-BM-stroma system reads

e ¼
XN
i

½κAðAi � 1Þ2 þ Γþ Δ

2
‘ai þ

Γ� Δ

2
‘bi þ

þ li þ
B
2
ρ�2
i

‘bi�1 þ ‘bi
2

þ K
2
y2i;b‘

b
i � ;

ð27Þ

where ρi and yi,b denote the local curvature radius of the basement mem-
brane and the y-coordinate of the basal vertex of i-th lateral edge, respec-
tively. The cell-areamodulus κA= 100, describes nearly incompressible cells
with actual areas close to the preferredA = 1. All edge lengths and cell areas
are calculated as li ¼ jri;head � ri;tailj and
Ai ¼ ð1=2ÞPμðri;μ × ri;μþ1Þ � ð0; 0; 1Þ, respectively, where μ denotes a
internal index of the cells, μ = 1…4, whereas the local squared curvature
of the basement membrane is calculated as
ρ�2
i ¼ 8ð1þ cos θiÞ=jriþ1;basal � ri�1;basalj2; the expression for angle θi is
given in Supplementary Note 1. The energy is minimized using gradient
descent, such that each vertex rj= (xj, yj)moveswith a velocity, proportional
to the sum of conservative forces given by Fj = − ∇je.

In each simulation, we treat only one period of a periodic pattern,
assuming periodic boundary conditions in the horizontal direction, such
thatN in e denotes the number of cells per waveform. Therefore, q ≈ 2π/L0,
where L0 = Nh−1 is the initial length of the simulation box and, thus,
K ¼ 2πhK=N . To find the optimal number of cells per waveform and the
critical compressive strain, at which the elastic instability occurs, our
simulations both vary the cell number N and the compressive strain
ϵ= δL/L0 aswell as simulate the descent of the system towards theminimum
of e so as to find the exact optimal tissue shape.

Data availability
Processed simulation data used to generate the figures are available on
Zenodo under accession code https://doi.org/10.5281/zenodo.18162163.
Raw outputs are available upon request.

Code availability
The software used to compute all numerical data included in themanuscript
is available on Zenodo under accession code https://doi.org/10.5281/
zenodo.18162163.
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