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Abstract: This study is devoted to proving the existence of weak solutions for a nonlinear elliptic problem with 

Neumann-type boundary data. The problem is driven by a discontinuous power nonlinearity and a nonsmooth 

prescribed data. Additionally, we aim to derive an estimate that proves the well-posedness of the problem. This 

estimate serves as an evidence for the uniqueness of the existing solution when the boundary term is “smooth”.
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1 Introduction

In this work, we investigate the existence of solutions to an elliptic equation under Neumann boundary condi-

tions in Euclidean space. The problem under study is formulated as follows:

⎧⎪⎪⎨⎪⎪⎩

−Δ p u = H(u − b)|u| q−2 u, a.e. in Ω,

u > 0, a.e. in Ω,

−|∇u(x )| p−2 𝜕
𝜕n 

u(x ) ∈ 𝜕 f (u(x )), a.e. on 𝜕Ω.

(1.1)

where Ω is a bounded domain in ℝ N with N ≥ 2. The exponents p and q are chosen such that 2 ≤ p < q < p ∗ ,
where p ∗ denotes the critical Sobolev exponent, i.e.

p∗ = N p

N − p 
if p < N , and p ∗ = +∞ if p ≥ N .

The function H represents the Heaviside function, which depends on a positive parameter b. On the boundary 

𝜕Ω, the operator 𝜕

𝜕n
denotes the outward normal derivative, and the locally Lipschitz function f specifies the 

given boundary data.

It is worth noting that a similar problem can be found in Cen et al. [1] and in Papalini’s work [2], although the 

nonlinearity differs in these cases. Compared with [1], we allow a locally Lipschitz boundary potential f , leading

*Corresponding author: Dušan D. Repovš, Faculty of Education and Faculty of Mathematics and Physics, University of Ljubljana & 

Institute of Mathematics, Physics and Mechanics, 1000 Ljubljana, Slovenia, E-mail: dusan.repovs@guest.arnes.si. 

https://orcid.org/0000-0002-6643-1271

Debajyoti Choudhuri, Department of Mathematics, School of Basic Sciences, Indian Institute of Technology Bhubaneswar, Khordha, 

752050, Odisha, India, E-mail: dchoudhuri@iitbbs.ac.in. https://orcid.org/0009-0003-8227-0185

Kamel Saoudi, Basic and Applied Scientific Research Center, Imam Abdulrahman Bin Faisal University, Dammam, Saudi Arabia,

E-mail: kmsaoudi@iau.edu.sa. https://orcid.org/0000-0002-7647-4814

Open Access. © 2026 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0 International

License.

https://doi.org/10.1515/dema-2025-0229
mailto:dusan.repovs@guest.arnes.si
https://orcid.org/0000-0002-6643-1271
mailto:dchoudhuri@iitbbs.ac.in
https://orcid.org/0009-0003-8227-0185
mailto:kmsaoudi@iau.edu.sa
https://orcid.org/0000-0002-7647-4814


2 — D. Choudhuri et al.: Neumann problem with a discontinuous nonlinearity

to a genuinely nonsmooth (possibly multivalued) Neumann condition expressed via the Clarke subdifferential; 

in this setting we also obtain a well-posedness estimate, and uniqueness when 𝜕 f is single-valued. In addition, 
Theorem 1.5 treats a singular term that, to the best of our knowledge, is not covered in refs. [1,2].

Problem (1.1) represents a partial differential equation that describes the behavior of a function u within 

the domain Ω. The presence of the Neumann boundary condition

−|∇u| p−2 𝜕
𝜕n 

u(x ) ∈ 𝜕 f (u(x )),

which holds almost everywhere on the boundary 𝜕Ω, introduces additional complexity to the problem. Problem
(1.1), with

−|∇u(x )| p−2 𝜕
𝜕n 

u(x )

being a single value, has been extensively investigated and significant results have been obtained in previous 

studies.

Problems of the type (1.1) have been studied through variational techniques such as the Mountain Pass 

Lemma and the Nehari manifold method. Classical results, including those by Ambrosetti and Badiale [3], 

Drabek-Pohožaev [4], and Perera-Pinchover [5], provide existence and multiplicity theorems for nonlinear p-

Laplacian equations.

For more information on these findings and related subjects, we encourage readers to explore the research 

by Ambrosetti et al. [6] and Diening et al. [7]. Their work offers significant insights into the theory of elliptic 

equations influenced by nonlinearities and under the Neumann boundary conditions. Furthermore, the studies 

by Saoudi et al. [8] and Santos et al. [9], along with their references, provide additional context on contemporary 

trends in elliptic problems featuring discontinuous nonlinearities.

This article establishes the existence of infinitely many solutions to the non-autonomous elliptic problem 

(1.1) featuring a discontinuous nonlinearity of Heaviside type. The absence of differentiability prevents the 

application of standard variational methods, and the absence of controlling parameters introduces additional 

challenges. To overcome these obstacles, we develop a framework based on nonsmooth critical point theory, 

demonstrating that the problem exhibits a diverse solution structure despite its irregular nature.

Our findings provide new insights into the behavior of solutions u within the domain Ω, particularly in 
relation to the boundary data f , and extend known results for problems with smooth nonlinearities. These 

approaches, well-suited for handling problems with nonsmooth or discontinuous nonlinearities, enable us to 

effectively address the challenges posed by both the equation and the Neumann boundary conditions. We 

demonstrate the utility of these results by studying a singular nonlinear elliptic free boundary value problem 

with a prescribed nonsmooth Neumann data on the boundary 𝜕Ω.
The main conditions (C 1 )–(C 3 ) (resp. (H 1 ) and (H 2 )), under which we shall study the problem, will be defined 

in Section 3 (resp. Section 2). We now state our main results.

Theorem 1.1. Assume that conditions (C 1 )–(C 3 ) are satisfied. Then the boundary value problem

⎧⎪⎨⎪⎩

−Δ p u = H( |u| − b)|u| q−2 u, a.e. in Ω,

−|∇u(x )| p−2 𝜕
𝜕n 

u(x ) ∈ 𝜕 f (u(x )), a.e. on 𝜕Ω.
(1.2)

possesses infinitely many distinct solutions.

Theorem 1.2. If 𝜕 f (u) = {𝑣}, then problem (1.1) is well-defined, and the solution u is unique.

Remark 1.3. The term ‘well-defined’ used in Theorem 1.2 implies that the solution u depends continuously on 

the boundary data f . This property, known as continuous dependence, is a crucial component of well-posedness.
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Remark 1.4. The set of critical points of any real valued C 1 -functional Φ defined over a Banach space will be 

denoted by  Φ .

To illustrate the utility of Theorems 1.1 and 1.2, we shall also establish the following result.

Theorem 1.5. Assume that conditions (H 1 ) and (H 2 ) are satisfied. Then there exists a solution of the following 

problem 
⎧⎪⎪⎨⎪⎪⎩

−Δ p u = H(u − b)|u| q−2 u + 𝜆u −𝛾 , a.e. in Ω,

u > 0, a.e. in Ω,

−|∇u(x )| p−2 𝜕
𝜕n 

u(x ) ∈ 𝜕 f (u(x )), a.e. on 𝜕Ω.

(1.3)

This solution exists in the function space W 1, p (Ω), for every 2 ≤ p < q < p ∗.

Theorem 1.5 is the prime novelty of this work, since we treat a singular nonlinearity which to the best of 

our knowledge, has not been considered in the nonsmooth setup of problem (1.1).

We shall conclude the introduction by stating two interesting related conjectures (for a comprehensive 

source on variable Sobolev spaces, the readers may refer to Papageorgiou et al. [10]).

Conjecture 1.6. Theorems 1.1 and 1.5 hold for problems (1.1) and (1.3) with a variable exponent q.

Conjecture 1.7. Problem (1.1) yields the same result when considered over a metric measure space or a Heisen-

berg group.

2 Preliminaries

In this section, we shall present a concise overview of the definitions and fundamental properties of nonsmooth 

theory. These concepts will be vital for the discussion of problem (1.1). We begin by introducing the nonsmooth 

Palais-Smale condition, which is essential for the analysis of critical points.

Definition 2.1 ([11, Definition 2]) [Nonsmooth Palais-Smale condition]. Let J : X → ℝ be a locally Lipschitz func-
tional. We say that J satisfies the (PS) c condition if any sequence (u n ) in X with the following properties

(i) J(u n ) → c;

(ii) D J (u n ) → 0;

possesses a subsequence which converges strongly in X.

The object D J (u) is the nonsmooth representative of the derivative of a nondifferentiable functional, say J, 

and it is defined as follows

D J (u) : = min{‖𝑣‖ X ∗ : 𝑣 ∈ 𝜕 J(u)}.
Here, 𝜕 J(u) denotes the generalized gradient (subdifferential) of J in the sense of Clarke [8].

A fundamental tool for locating critical points of such nondifferentiable functionals is the following exten-

sion of the Mountain Pass Theorem.

Theorem 2.2 (Rădulescu [11, Corollary 1]). Let X be a Banach space and J : X → ℝ a locally Lipschitz functional 
such that J(0) = 0. Assume there exist constants 𝜌 1 , 𝜌 2 > 0 and an element 𝜎 ∈ X satisfying
(1) J(u) ≥ 𝜌 2 for all u ∈ X with ‖u‖ X = 𝜌 1 ;
(2) ‖𝜎 ‖ X > 𝜌 1 and J(𝜎) < 0.
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Define the Mountain Pass value

c = inf
𝜁 ∈Γ

max 
t∈[0,1]

J(𝜁 (t)), where Γ = {𝜁 ∈ C([0, 1]; X ) : 𝜁 (0) = 0, 𝜁 (1) = 𝜎}.

Then there exists a sequence (u n ) ⊂ X such that:

J(u n ) → c and D J (u n ) → 0, as n → ∞,

and c ≥ 𝜌 2 .
Furthermore, if J satisfies the nonsmooth Palais–Smale condition at level c, then c is a critical value of J; that 

is, there exists u ∈ X such that J(u) = c and 0 ∈ 𝜕 J(u).

More on nonsmooth analysis can be found in Grossinho-Tersian [12]. Next, we present an important result 

which relates the convergence of a sequence in the function space X to the convergence of its corresponding

subgradients in the dual space X ∗. 

Proposition 2.3 (Santos-Tavares [9, Proposition 1]). Let (u n ) ⊂ X and (𝜂 n ) ⊂ X 
∗ with 𝜂 n ∈ 𝜕 J(u n ). If u n → u in X

and 𝜂 n
∗
←←←←←←← ⇀ 𝜂 in X ∗ (w.r.t. weak ∗ -convergence), then 𝜂 ∈ 𝜕 J(u).

To investigate the solutions of the Neumann boundary value problem (1.1), we define an energy functional 

that helps us find the critical points related to these solutions.

Definition 2.4. A function u ∈ W 1, p (Ω) is said to be a solution of the Neumann problem (1.1) if it is a critical 

point of the energy functional I : W 1, p (Ω) → ℝ defined by

I(u) : = 1 
p∫ 

Ω

|∇u| p dx − 
∫ 
Ω

G(u) dx + 
∫ 
𝜕Ω

f (Tr(u)) dS, (2.1)

where Tr denotes the trace operator, dS being the surface element. Here, G : ℝ → ℝ is the (even) potential 
associated with the discontinuous nonlinearity, defined by

G(t) : = 1 
q
H( |t| − b) ( |t| q − b q ) .

It is locally Lipschitz on ℝ, G ∈ C 1 (ℝ∖{±b}), and

for every |t| ≠ b, we have G ′ (t) = H( |t| − b)|t| q−2 t.
Since q < p ∗ , the Sobolev embedding W 1, p (Ω) ↪ L q (Ω) guarantees that the bulk term ∫ Ω G(u) dx is finite for

every u ∈ W 1, p (Ω). In particular, I is well defined and locally Lipschitz on W 1, p (Ω).

We also observe that

inf
u∈W 1, p( Ω ) 

I(u) ≤ 0 = I(0). (2.2) 

We now state some important properties of the functional

Z : L q (Ω) → ℝ, Z(u) : = 
∫ 
Ω

G(u) dx.

Set

h(t) : = H( |t| − b)|t| q−2 t for t ∈ ℝ.
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The following lemma describes the Clarke subdifferential of Z (cf. Santos–Figueiredo [13, Lemma 3.1]).

Lemma 2.5. The functional Z : L q (Ω) → ℝ, defined by

Z(u) : = 
∫ 
Ω

G(u) dx,

is locally Lipschitz. Moreover, for every u ∈ L q (Ω) and every 𝜂 ∈ 𝜕Z(u), we have 𝜂 ∈ L
q

q−1 (Ω) and

𝜂(x ) ∈ [h(u(x )), h(u(x ))], for a.e. x ∈ Ω,

where

[h( t), h(t)] =

⎧⎪⎪⎨⎪⎪⎩

{0}, |t| < b,
[ 
min{0, |t| q−2 t}, max{0, |t| q−2 t} ] , |t| = b,
{|t| q−2 t}, |t| > b.

Proof. Fix R > 0 and let u, 𝑣 ∈ L q (Ω) satisfy ‖u‖ L q , ‖𝑣‖ L q ≤ R. Since

G(t) = 1 
q

( |t| q − b q ) + for every t ∈ ℝ,

where s ↦ (s) + is 1-Lipschitz, we have

|G(s) − G(t)| ≤ 1 
q
‖‖s| q − |t| q|| ≤ 

( |s| q−1 + |t| q−1 ) |s − t|, for every s, t ∈ ℝ.

Therefore, 

|Z(u) − Z(𝑣)| ≤ 
∫ 
Ω

( | u| q−1 + |𝑣| q−1 ) |u − 𝑣| dx ≤ 
( 
‖u‖q−1 

L q
+ ‖𝑣‖q−1 

L q

) 
‖u − 𝑣‖ L q ,

which shows that Z is locally Lipschitz on L q (Ω).
Next, G is locally Lipschitz on ℝ and 𝜕G(t) = [h( t), h(t)] (in the sense of Clarke) with [h( t), h(t)] as 

stated in the lemma. By Clarke’s theorem on generalized gradients of integral functionals (see, e.g., Clarke [14,

Theorem 2.7.5]), for every u ∈ L q (Ω) and every 𝜂 ∈ 𝜕Z(u), we have 𝜂 ∈ L
q

q−1 (Ω) and

𝜂(x ) ∈ 𝜕G 
( 
u(x ) 
) 
= [h( u(x )), h(u(x ))], for a.e. x ∈ Ω.

This proves the claim. □

In this paper, we assume that the function f : ℝ → ℝ fulfills the following conditions

(H 1 ) f ∈ L 1 (ℝ);
(H 2 ) for every L > 0, there exists P L ∈ L 

p ′

+ (𝜕Ω) such that for each 𝑤(u) ∈ 𝜕 f (u(x)), it follows that |𝑤(u(x))| ≤
P L (x) almost everywhere on 𝜕Ω for |u(x)| < L.

Additionally, according to Lebourg’s theorem (see Clark [14, Theorem 2.3.7, p. 41]), and since the locally Lipschitz

condition in ℝ is equivalent to the Lipschitz condition on bounded sets, there exists 𝛾 ∈ L p 
′ 

+ (𝜕Ω) such that

| f (t)| ≤ 𝛾 (x )|t|, a.e. on 𝜕Ω for every t ∈ ℝ. (2.3)
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We observe that conditions (H 1 ) and (H 2 ) are also sufficient to tackle problems driven by a discontinuous 

nonlinearity in addition to an irregular Neumann data.

Remark 2.6. A direct consequence of Lemma 2.5 is that every element 𝜂 of the subdifferential 𝜕Z(u) satisfies

𝜂 ∈ L 
q

q−1 (Ω) and, for almost every x ∈ Ω, the inclusion 𝜂(x ) ∈ [h( u(x )), h(u(x ))] holds.

3 Auxiliary results

In the next section, we shall establish our main results through nonsmooth theory. Accordingly, we shall outline 

and prove some auxiliary results in this section.

Proposition 3.1. Under hypothesis 2, the energy functional I : W 1, p (Ω) → ℝ defined in (2.1) satisfies the 
Palais–Smale condition.

Proof. Assume that (u n ) ⊂ W 1, p (Ω) is a sequence such that

I(u n ) → c and 𝜕I(u n ) → 0 in W −1, p 
′ 
(Ω).

We shall first show that I is coercive. 

To this end, define

J : W 1, p (Ω) → ℝ

by

J(u) :=
∫

𝜕Ω

f (Tr(𝑣))dS,

where 

Tr : W 1, p (Ω) → W 
1− 1 

p 
, p 
(𝜕Ω) 

is the trace operator.

Let 

K(u) : = p −1 
∫ 
|∇u| p dx

and define T : L p (𝜕Ω) → ℝ by

T(𝑣) : = 
∫ 
𝜕Ω

f (𝑣)dS, for every 𝑣 ∈ L p (𝜕Ω).

Notably, since T is locally Lipschitz, we can apply Clarke’s theorem [14, Theorem 2.7.5] to obtain

𝜕T(u) = {𝑣 ∈ L p ′ (𝜕Ω) : 𝑣 ∈ 𝜕f (u(x )) a.e. on 𝜕Ω}.

Since J = T ⚬ Tr, the Chain Rule leads to

𝜕 J(𝑣) = 𝜕T(Tr(𝑣))DTr(𝑣).

Now, let

Tr ∗ : 
( 
W

1− 1
p
, p 
(𝜕Ω) 
) ∗ 

→ 
( 
W 1, p (Ω) 

) ∗

be the adjoint operator corresponding to Tr. According to Clarke [14, Remark 2.3.11], we have

𝜕 J(𝑣) ⊂ Tr ∗ (𝜕T(Tr(𝑣))), for every 𝑣 ∈ W 1, p (Ω).
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We shall use

‖u‖ : =
⎡⎢⎢⎣
⎛⎜⎜⎝∫ Ω
|∇u| p dx

⎞⎟⎟⎠

p

+
⎛⎜⎜⎝∫ Ω
| u| p dx
⎞⎟⎟⎠

p ⎤ ⎥ ⎥ ⎦

1

p

as the norm on elements of W 1, p (Ω).
We are now ready to define the weak formulation of problem (1.1) as follows:

I(u) : = K(u) − A(u) + F(u),

where

A(u) : = 1 
q∫ 

Ω

H( |u| − b)(b q − |u| q )dx, F(u) = 
∫ 
𝜕Ω

f (Tr(u))dS.

Thus, we have

𝜕I(u) ⊂ {K ′ (u)} − 𝜕A(u) + 𝜕F(u), for every u ∈ W 1, p (Ω). 

Suppose that the sequence (I(u n )) is bounded by 𝛽 > 0. Then we have

I(u n ) = K(u n ) − A(u n ) + F(u n ) ≤ 𝛽 . (3.1)

Consequently, it follows that

1 

p
‖u n ‖ p ≤ 𝛽 + 1q ∫

Ω∩{|u n|>𝛼} 

( 
b q − |u n | q ) dx + 

∫ 
𝜕Ω

f (Tr(u(x )))dS. 
(3.2)

Therefore, we obtain

1 

p
≤ 

𝛽

‖u n ‖ p + 
1

q‖u n‖ p ∫

Ω∩{|u n |>𝛼}

( 
b q − |u n | q )dx + 1 

‖u n‖ p ∫ 
𝜕Ω

f (Tr(u(x )))dS

≤

⎛⎜⎜⎝
𝛽

‖u n ‖ p + 
1

‖u n‖ p ∫ 
𝜕Ω 

f (Tr(u(x )))dS
⎞⎟⎟⎠
→ 0, as n → ∞,

(3.3)

since by (2.3) there exists 𝛾 ∈ L p ′ (𝜕Ω) such that

| f (t)| ≤ 𝛾 (x )|t| a.e. on 𝜕Ω and for every t ∈ ℝ.

Hence, we have

1

‖u n ‖ p
|||||||∫ 𝜕Ω

f (Tr(u(x )))dS

|||||||
≤ 

1 

‖u n‖ p ∫ 
𝜕Ω

𝛾 | Tr(u)|dS ≤ C‖𝛾 ‖ p ′
‖u n ‖ p−1 → 0, as n → ∞. (3.4)

This leads to a contradiction and hence I is indeed coercive.

The coercivity of I ensures the boundedness of the sequence (u n ). This allows us to extract a subsequence, 

still denoted as (u n ), which converges weakly to some u ∈ W 1, p (Ω).
We first observe that

‖u‖ p + o(1) = D I( u n ) (u),
and thus there exist sequences (a n ) and (𝜃 n ) such that

a n ⇀ a in L q 
′ 
(Ω), and 𝜃 n ⇀ 𝜃 in L p 

′ 
(𝜕Ω).
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Consequently, we have

‖u‖ p = 
∫ 
Ω

au dx + 
∫ 
𝜕Ω

Tr ∗ (𝜃(u)) dx.

Note that 

‖u‖ p = 
∫ 
Ω

au dx + 
∫ 
𝜕Ω

Tr ∗ (𝜃(u)) dx + o(1) = D I( u n ) (u n ) = limn→∞
‖ u n ‖ p , (3.5)

which implies

u n → u, as n → ∞ in W 1, p (Ω).

Therefore, the (PS) condition indeed holds. □

Proposition 3.2. If conditions (H 1 ) and (H 2 ) hold, then the functional I, defined in (2.1), has a nontrivial critical 

point in X.

Proof. We invoke a fundamental result from nonsmooth critical point theory due to Chang [15, Theorem 3.5], 

which states that every locally Lipschitz functional on a reflexive Banach space that is bounded below attains 

its infimum as a critical value. The functional I is locally Lipschitz and, by its coercivity, is bounded from below. 

Since W 1, p (Ω) is a reflexive Banach space, Chang’s theorem guarantees that I possesses a critical point at the 

level inf X I. This concludes the proof of Proposition 3.2. □

Next, we state the following result.

Theorem 3.3. [16, Theorem 3.1] Let X be a reflexive and separable Banach space. Then there exists a biorthogonal

system 
{( 
e n, e 

∗
n

)}∞
n=1 such that the sequence {e n } is complete in X, the sequence 

{
e ∗
n

} 
is complete in the dual space

X ∗ , and they satisfy the duality relation ⟨e∗
n
, e m ⟩ =

⎧⎪⎨⎪⎩

0, if n ≠ m

1, if n = m,
for all n, m ∈ ℕ.

Finally, we recall the Fountain Theorem for nonsmooth functionals. Let

X k = span{e k }, Y k =
k⨁ 

j=1
X j, Z k =

∞⨁ 

j=k
X j.

Theorem 3.4 (Alves et al. [17, Theorem 3.8]). Let X be a Banach space and consider the function 𝜓 : X → ℝ, which 
is even and locally Lipschitz. Suppose that the sets X k , Y k , Z k are defined as in the previous sections. Then, there
exist constants R k > r k > 0 such that the following conditions are satisfied

(C 1 ) as k → ∞, we have

inf‖u‖=r k
u∈Z k

𝜓 (u) → ∞;

(C 2 ) for large k, it holds that

inf‖u‖=R k
u∈Y k

𝜓 (u) ≤ 0;

(C 3 ) the functional 𝜓 satisfies the (PS) c condition for all c > 0.
Under these conditions, the function 𝜓 possesses an unbounded sequence of critical values.
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4 Proofs of main results

Proof of Theorem 1.1. We begin by noting that condition 3 is satisfied according to Proposition 3.1. From (2.3), we 

can derive the following inequality:

I(u) ≤ 
1

2 
‖u‖ 2 − 1

q 
‖u‖qq + ‖𝛾 ‖ 2 ‖ Tr(u)‖ 2 ≤ 1 p ‖u‖ 

p − 1

q 
‖u‖qq + c‖𝛾 ‖ 2 ‖u‖.

In any finite-dimensional space, all norms are equivalent. By selecting ‖u‖ = 𝜌 k to be sufficiently large, we

obtain I(u) ≤ 0, thus confirming that condition 2 holds.

Let us define

a k = sup
u∈Z k‖u‖=1

‖ u‖ 2 .

It is evident that a k → 0, as k → ∞. 

Moreover, we have

I(u) ≥ 
1

2 
‖u‖ 2 − 1

q 
‖u‖qq − c‖𝛾 ‖ 2‖u‖ ≥ 12 ‖u‖ 

2 − 1

q
c ′ a k ‖u‖ q − c‖𝛾 ‖ 2 ‖u‖.

By choosing

r k = 
( 
c ′ a k 
) 1

2−q , for each u ∈ Z k , ‖u‖ = r k ,
we arrive at:

I(u) ≥ 

(
1 

2
− 1 

q

) ( 
c ′ a k 
) 2

2−q − c‖𝛾 ‖ 2 ‖u‖ → ∞.

This confirms that condition (C 1 ) is satisfied as well. Therefore, we conclude that there exists an unbounded 

sequence of critical values, implying that the problem (1.1) indeed has infinitely many solutions. □

Proof of Theorem 1.2. Let u 1 , u 2 be any two solutions of problem (1.1), i.e. let 0 ∈ 𝜕I(u 1 ), 𝜕I(u 2 ). Then we have

0 = 
∫ 
Ω

|∇u 1 | p−2 ∇u 1 ⋅ ∇𝑣dx − 
∫

[u 1 ≠𝛼]

( 
− H(u 1 − b)u

q−1
1

) 
𝑣dx − 

∫

[u 1 =b]

𝜃 1 𝑣dx + 
∫ 
𝜕Ω

𝜂 1 𝑣dS

0 = 
∫ 
Ω

|∇u 2 | p−2 ∇u 2 ⋅ ∇𝑣dx − 
∫

[u 2 ≠b]

( 
− H(u 2 − b)u

q−1
2

) 
𝑣dx − 

∫

[u 2 =b]

𝜃 2 𝑣dx + 
∫ 
𝜕Ω

𝜂 2 𝑣dS.

(4.1)

Here, 𝜃 1 , 𝜃 2 ∈ [g ( u), ̄ g(u)], as given in Lemma 2.5. On subtracting the first equation from the second one in (4.1)

and taking 𝜙 : = u 1 − u 2 , we obtain

0 = 
∫ 
Ω

( |∇u 1 | p−2 ∇u 1 − |∇u 2 | p−2 ∇u 2 ) ⋅ ∇(u 1 − u 2 )dx

+ 
∫

[u 1 ≠b,u 2 ≠b]

( H(u 1 − b)u
q−1
1

− H(u 2 − b)u
q−1
2

)(u 1 − u 2 )dx + 
∫ 
𝜕Ω

(𝜂 1 − 𝜂 2 )(u 1 − u 2 )dS

≥ C 
∫ 
Ω

|∇(u 1 − u 2 )| p dx + 
∫

[u 1 ≠𝛼,u 2 ≠b]

( 
H(u 1 − b)u

q−1
1

− H(u 2 − b)u
q−1
2

) 
(u 1 − u 2 )dx

+ 
∫ 
𝜕Ω

(𝜂 1 − 𝜂 2 )(u 1 − u 2 )dS.

(4.2)
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We now have to consider the following four cases: (a) u 1 > b, u 2 > b, (b) u 1 > b, u 2 < b, (c) u 1 < b, (d) 
u 2 < b, u 1 < b, u 2 > b. Therefore we have

∫ 
Ω

( H(u 1 − b)u
q−1
1

− H(u 2 − b)u
q−1
2

)(u 1 − u 2 )dx

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

≥ C q ‖u 1 − u 2 ‖qLq ( Ω ) , if u 1 > b, u 2 > b

= 0, if u1 < b, u2 < b

= − 
∫ 
Ω

u 
q−1 
2

(u 1 − u 2 )dx, if u 1 < b, u 2 > 𝛼

= 
∫ 
Ω

u 
q−1 
1

(u 1 − u 2 )dx, if u 1 > b, u 2 < b

which is a positive term, so by invoking (4.2), we obtain

C‖𝜂 1 − 𝜂 2 ‖1∕ p p ′
≥ ‖u 1 − u 2 ‖. (4.3)

This gives an estimate which proves that the problem is indeed well-defined. Furthermore, if 𝜕 f (u) = {𝑣}, then 
the solution is unique. □

5 An example

We begin by considering the functional energy associated with the problem (1.3):

I S (u) = 
1 

p∫ 
Ω

|∇u| p dx − 
∫ 
Ω

G(u)dx + 
∫ 
𝜕Ω

f (Tr(u))dS − 𝜆

1 − 𝛾 ∫ 
Ω

| u| 1−d dx. (5.1)

The first difficulty is that the singular term |u| 1−d prevents I S from being Fréchet differentiable, even when 

the other nonlinearities are smooth. To overcome this, we introduce a truncation. Let u be a subsolution of the 

problem (1.3). We define the truncated function

̃ h(x, u(x )) =
⎧⎪⎨⎪⎩

|u(x )| −d−1 u(x ), if |u(x )| > u( x ),
u( x ) −d , if |u(x )| ≤ u( x ).

This modification yields a functional with improved regularity, allowing us to apply nonsmooth variational 

methods.

We now establish a key property: any positive solution u of (1.3) satisfies u ≥ u almost everywhere in Ω. This 
implies that the critical set of the singular functional,  I S , is contained within the critical set of the regularized 

functional,  I . We follow the arguments in Ghosh et al. [18, Lemma 3].

To prove this, let u > 0 be a solution of (1.3) and define the set A = {x ∈ Ω : u(x ) ≤ u( x )}. Consider the 
difference between the weak formulations of (1.3) and the equation for the subsolution u. Testing this difference 

with 𝜙 = ( u − u ) − (the negative part) yields:

0 ≥ 
⟨ 
−Δ p u + Δ p u, ( u − u ) − 

⟩

= 𝜆 
∫ 
Ω

( 
u −d − u − d 

) 
(u − u ) − dx + 

∫ 
Ω

u q−1 (u − u ) − dx ≥ 0. 
(5.2)

The first inequality follows from the monotonicity of the p-Laplacian operator. The final integrand is non-

positive on A because u ≤ u implies u −d ≥ u − d and ( u − u ) − ≤ 0. The second integral is also non-positive on 
A. Consequently, both integrals must be zero, forcing |A| = 0. Therefore, u ≥ u almost everywhere in Ω.

Lemma 5.1. For sufficiently small 𝜆 > 0, every positive solution u of problem (1.3) that satisfies u ≥ u must also 

satisfy u > u almost everywhere in Ω.
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Proof. Apparently, u is a subsolution of (1.3). therefore, any solution u > 0 of (1.3) obeys u ≥ u a.e. in Ω. Let

B = {x ∈ Ω : u(x ) = u( x )}.

B being a measurable set can be approximated with closed subsets of B such that for every 𝛿 > 0, there exists a
closed subset F ⊂ B such that |B ∖ F | < 𝛿. We now claim that |B| = 0. For if not, let a test function T ∈ C 1 

c
(Ω) be

defined as

T(x ) =

⎧⎪⎪⎨⎪⎪⎩

1, if x ∈ F

0 < T < 1, if x ∈ B∖F

0, if x ∈ Ω∖B.

(5.3)

Since u is a weak solution of problem (1.3), there exist

𝜃 s , 𝜃 ns ∈ [g ( u), g(u)], 𝑣 s , 𝑣 ns ∈ 𝜕 f (x )

such that 

0 = ⟨−Δ p u, T ⟩ − ⟨−Δ p u, T ⟩ − 
∫

F∩{u=b}

𝜃 ns TdS − 
∫

F∩{u>b}

u q−1 dx

+ 
∫

B∖F∩{u=b}

𝜃 s tdS + 
∫

B∖F∩{u>b}

u q−1 tdx − 
∫ 
𝜕Ω

𝑣 ns TdS + 
∫ 
𝜕Ω

𝑣 s TdS

+ 𝜆 
∫ 
F

u −𝛾 dx + 𝜆 
∫

B∖F

u −𝛾 Tdx = 𝜆 
∫ 
F

u −𝛾 dx + 𝜆 
∫

B∖F

u −𝛾 Tdx > 0,

(5.4)

thereby leading to an absurdity. Hence |B| = 0 and thus u > u a.e. in Ω. □

Proof of Theorem 1.5. The remaining part of the proof follows from an identical approach as in the proof of 

Theorem 1.1. □
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