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1. Introduction

1.1. Hilbert’s Nullstellensatz for a finitely generated commutative algebra A over a
field T is a combination of three results (see e.g. [16]):

(i) Every radical ideal of A is an intersection of prime ideals.
(ii) Every prime ideal of A is an intersection of maximal ideals (i.e. A is a Jacobson
ring).
(iii) Every maximal ideal of A has finite codimension.

Geometrically, it characterizes the vanishing ideals of A: A point of A is an algebra
homomorphism from A to a finite field extension of F. For every set X of points of A its
vanishing ideal (e x{a € A | #(a) = 0} is a radical ideal of A. Conversely, every radical
ideal I of A is the vanishing ideal of the set of all points ¢ of A that satisfy ¢(I) = 0.

There are various ways to extend these notions to noncommutative [F-algebras, which
lead to different ideas of what type of result would constitute a “noncommutative
Nullstellensatz”. In particular, should a “noncommutative Nullstellensatz” deal with one-
sided or two-sided ideals?

1.2. The approach with two-sided ideals is already well-developed; see [24, Ch. 9].
We recall it briefly for motivation. It mimics the three steps above. By [22, Thm. 10.11],
every semiprime ideal of an (associative unital) ring A is an intersection of prime ideals.
This extends (i).

Motivated by (ii) we say that a ring A is Jacobson if every prime ideal of A is an in-
tersection of left-primitive ideals. If A is also an F-algebra then left-primitive ideals of A
coincide with kernels of irreducible representations of A. Examples of Jacobson rings are:
Weyl algebras A, (IF'), enveloping algebras of finite-dimensional Lie F-algebras, group IF-
algebras of polycyclic-by-finite groups; see [24, Cor. 9.1.8]. More generally, let R be a
commutative Jacobson ring and let A be a constructible R-algebra (i.e. A is obtained
from R by a finite number of extensions, each being either an almost normalizing exten-
sion or a finite module extension). Then A is Jacobson by [24, Thm. 9.4.21]. Many Ore
extensions are Jacobson rings; see [24, 9.7.1(b)]. Other examples are finitely generated
PI algebras over fields; see [15, Th. 11.7].

The most difficult part is to find a good analogue of property (iii). For finitely gener-
ated PI algebras over fields we use the fact that every left-primitive ideal is maximal by
[15, Th. 4.3] and has finite codimension by [15, Th. 11.5]. In general we use the fact that
every left-primitive ideal is an intersection of maximal left ideals; see [22, Cor. 11.5]. If
A is a countably generated algebra over an uncountable field IF, then every maximal left
ideal I of A is “nice” in the sense that the skew-field Endp (A/I) is algebraic over [F'; see
[24, Def. 9.1.4 and Prop. 9.1.7]. A similar theory exists for constructible algebras over
commutative Jacobson rings; see [24, Def. 9.2.3 and Thm. 9.4.21].
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The geometric meaning is similar to the above: Let A be an F-algebra. The points
of A are “nice” irreducible representations of A (i.e. the endomorphism ring of the
corresponding simple A-module is algebraic over IF). For every set X of points of A its
vanishing ideal

ﬂwex {a € A|n(a) =0}

is semiprime. Conversely, every semiprime ideal of A is of this form.

1.3. We are interested in a different approach, dealing only with one-sided ideals.
We say that an IF-algebra satisfies the left Nullstellensatz if it satisfies the following
properties motivated by (i)-(iii):

(a) Every semiprime left ideal is an intersection of prime left ideals.
(b) Every prime left ideal is an intersection of maximal left ideals.
(c) Every maximal left ideal has finite codimension.

In Section 3 we will explain the geometric meaning of such algebras: A nice directional
point of an [F-algebra A is a pair (7, v) where 7 is a finite-dimensional irreducible rep-
resentation of A and v is an element of the representation space of 7. For every set X
of nice directional points of A the set

ﬂ(m)ex {a e A|7x(a)v =0}

is a semiprime left ideal of A. Conversely, if A satisfies the left Nullstellensatz, then
every semiprime left ideal is of this form for some X.

We say that a ring is weakly left Jacobson if it satisfies (b). Note that every weakly left
Jacobson ring is Jacobson. In Section 4 we give examples of Jacobson rings that are not
weakly left Jacobson. The main examples are the Weyl algebra A;(IF) and the universal
enveloping algebra of the Heisenberg-Lie algebra. In Section 5 we prove that a Jacobson
ring that is finitely generated as a module over its center is weakly left Jacobson, see
Corollary 17.

We say that a ring is strongly left Jacobson if it satisfies (a) and (b). To the best of our
knowledge, it is an open question whether (a) is true for every ring. Known examples
of strongly left Jacobson rings are discussed in Section 2. In Section 6 we show that
an Azumaya algebra is strongly left Jacobson if and only if its center is Jacobson, see
Theorem 23.

In Section 7 we prove our main result (Theorem 30) which says that for any finite-
dimensional F-algebra A and central variables z1,...,z,, the F-algebra Alzy,...,z,]
satisfies the left Nullstellensatz.
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2. A brief survey of left Nulstellensitze
2.1. Quaternionic Nullstellensatz

A point a = (ay,...,aq) € H?is central iff a;a; = aja; for all i and j. Let Hx1, . .., 24]
be the ring of all quaternionic polynomials in d central variables. For every

f= Y ey €Hlz,. .. 24 (1)
U1 yeesld
and every central point a = (a1, ...,aq) € H? we define the value
fla) = Z Ciyoig@i --aff € H. (2)
i1,.-0s0d
In 2021 G. Alon and E. Paran characterized maximal left ideals of H[x1, ..., z4] as sets

of the form I, := {g € H[z1,...,24] | g(a) = 0} where a € H is a central point; see [1,
Theorem 1.1]. They also showed that every completely prime left ideal of H|x1, ..., 4]
is an intersection of maximal left ideals; see [1, Proposition 4.4].

In 2025 J. Cimpri¢ showed that H[zq,...,z4] is a strong left Jacobson ring. He also
extended this result from Hlz1, . .., 24] to the standard quaternion algebra Hp = (_1}’.{_1)
where R is a commutative Jacobson ring containing %; see [10, Theorems 2.1 and 3.1].

In 2024 M. Aryapoor proved an explicit version of Quaternionic Nullstellensatz; see
[4, Theorem 1.5]. In 2026 he extended this result (and the characterization of maxi-
mal left ideals) from H[zy,...,2q4] to D[z1,...,xq] where D is a centrally algebraically
closed skew-field; see [6, Theorems 4.5 and 4.7]. We do not know whether the strong left
Jacobson property extends, too.

Theorem 1 summarizes the discussion above for quaternionic polynomials. We are
mostly interested in the generalizations of (b) < (c). To generalize (a) < (b) one has to
replace the central points with the directional points; see Section 3. The relation between
the central points and the directional points for H[x1, ..., z4] was discussed in the proof
of [10, Theorem A.3., (1) = (2)].

Theorem 1. Let P be a subset of H[x1,...,x4]. For every element q € H[z1,...,x4] the
following are equivalent.

(a) Every central point of H? that annihilates all elements of P also annihilates q.
(b) q is in the intersection of all maximal left ideals that contain P.

(c) q is in the smallest semiprime left ideal that contains P.

(d) For every ¢ € H there exists N € Ng such that

()N € T+ 1I(cq)+ ...+ I(cq)™.

where I is the left ideal of H[z1,...,xq] generated by P.
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Some geometric aspects of Quaternionic Nullstellensatz are discussed in [2,3,17,18].
2.2. Matriz Nullstellensatz

In 2022 J. Cimpri¢ proved that for every commutative Jacobson ring R and every
n € N the ring M, (R) is strongly left Jacobson; see [9, Theorem 3]. In 2025 he also proved
an explicit version of Matrix Nullstellensatz; see [10, Theorem 5.1]. A characterization
of maximal left ideals in M, (R) was already proved by D. R. Stone in 1980; see [25,
Theorem 1.2].

Theorem 2 summarizes these results for matrix polynomials over algebraically closed
fields:

Theorem 2. Let P be a subset of M, (k[xy,...,x4]) where k is an algebraically closed
field and n,d € N. For every q € My, (k[x1,...,2q]) the following are equivalent:

(a) For every a € k% and v € k™ (i.e. a directional point (a,v)) such that p(a)v =0 for
every p € P we have g(a)v = 0;

(b) q is in the intersection of all mazximal left ideals that contain P.

(c) q is in the smallest semiprime left ideal that contains P.

(d) For every c € M, (k) there exists N € Ny such that

(eq)N € T+ 1I(cq)+...+ I(cq)V.
where I is the left ideal of My, (Kk[x1,...,z4]) generated by P.
2.3. Bergman’s Nullstellensatz

The original motivation for this paper was the following result:

Theorem 3. [20, Theorem 6.3] Let A be the free real algebra in variables {x1,...,x4}. Let
P be a finite subset of A and let q be a given element of A. The following are equivalent:

(a) For every finite-dimensional representation w: A — End(V) and for every vector
v €V such that w(p)v = 0 for every p € P we have w(q)v = 0.

(b) q is in the left ideal of A generated by P.

In (a) it suffices to consider representations of dimension at most Zj:o g’ where d is

the mazimum of the deg(q) and {deg(p) : p € P}.

In [8, Theorem 4.1] it was observed that this result also holds for finitely generated
free algebras over any field.
It is still an open question whether the following are equivalent:
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(a’) For every finite-dimensional irreducible representation 7: A — End(V) and for
every vector v € V such that 7(p)v = 0 for every p € P we have 7(q)v = 0.
(b’) ¢ is in the smallest semiprime left ideal of A that contains P.

3. Geometric interpretation

We assume that all rings and algebras are associative and unital. Two-sided ideals
will simply be called ideals.

We will use the definitions of prime and semiprime left ideals from [19, Sec. 1]. We say
that a left ideal I of a ring A is prime if for every a,b € A such that aAb C I we have
a € I orb e I. We say that [ is semiprime if for every a € A such that aAa C I we have
a € I. Note that every maximal left ideal is prime, every prime left ideal is semiprime,
and any intersection of semiprime left ideals is again semiprime.

Pick a left ideal I of a ring A. We define its Jacobson radical rad(I) as the intersection
of all maximal left ideals that contain I. For an algebraic characterization of rad(I) see
[21, Expl. 1.4]. We define the semiprime radical ¥/T of I as the smallest semiprime left
ideal containing I and the prime radical “¥/T of I as the intersection of all prime left
ideals containing I. As every prime left ideal is semiprime, /I C “¥/I. We do not know
whether VI = “¥/T in general, but we give sufficient conditions for this to be true in
Corollary 17. Since every maximal left ideal is prime, we have “¥/T C rad(I) for every left
ideal I. Clearly, A is weakly (resp. strongly) left Jacobson if and only if “¥/T = rad(I)
(resp. V1 = rad(I)) for every left ideal I of A.

Lemma 4 gives a geometric interpretation of maximal left ideals:

Lemma 4. Let A be a ring, M a simple left A-module and m a nonzero element of M.
Then the annihilator anny (m) := {r € A | rm = 0} of m is a mazimal left ideal of A.
Moreover, every mazimal left ideal of A is of this form.

In particular, if A is an F-algebra, then mazimal left ideals of A coincide with left
ideals of the form Jp, :={a € A | w(a)v =0} where m: A — End(Vy) is an irreducible
representation of A and v € V \ {0}.

Proof. The annihilator anny;(m) is clearly a left ideal of A. To show that it is maximal
we have to prove that for every ¢ € A\anny;(m), anny(m)+Ac = A. If c € A\anny (m),
then e¢m # 0 which implies that Acm = M since M is simple. In particular, there exist
r € A such that m = rem; ie. 1 —re € annps(m).

To prove the converse pick a maximal left ideal I of A and note that M := A/I is a
simple left A-module containing m := 1+ I. Clearly, anny (m) = 1. O

Let us define a directional point of A as a pair (M, m) where M is a simple left A-
module and m € M \ {0} (or in the case of F-algebras as a pair (7,v) where 7: A —
End(V;) is an irreducible representation of A and v € V; \ {0}). We will consider
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the elements of A as “polynomials”. We say that a “polynomial” a € A annihilates a
directional point (M, m) (resp. (m,v)) if am = 0 (resp. 7w(a)v = 0).

For every set X of directional points of A we write Z(X) for the set of all “polynomials”
from A that annihilate all elements of X. If X is a singleton then Z(X) is a maximal
left ideal by Lemma 4. It follows that for every set of directional points X, the set
I(X) = Nyex Z(x) is a semiprime left ideal.

For every set of “polynomials” G C A we write V(G) for the set of all directional
points of A that are annihilated by all elements of G. The set Z(V(G)) = (1, ey(¢) Z(@) =
({Z(z) | z such that G C Z(x)} is equal to the intersection of all maximal left ideals of
A that contain G. Therefore, we get the following geometric interpretation of the strong
left Jacobson property (analogously for the weak version):

Proposition 5. A ring (or F-algebra) A is strongly left Jacobson if and only if for every
set of “polynomials” G C A the set Z(V(Q)) is equal to the smallest semiprime left ideal
of A that contains G.

Let A be an IF-algebra. We would prefer to consider only those directional points
(m,v) of A which are “nice” in the sense that 7 is finite-dimensional. For every set of
“polynomials” G C A we write Vyice(G) for the set of all nice directional points of A
that are annihilated by all elements of G.

The set Z(Vhice(G)) is equal to the intersection of all maximal left ideals of finite
codimension that contain G. Namely, note that by the proof of Lemma 4, maximal left
ideals of finite codimension coincide with the left ideals of the form J., where 7 is a
finite-dimensional irreducible representation and v € V, \ {0}.

Recall that by definition an [F-algebra A satisfies the left Nullstellensatz if it is strongly
left Jacobson and every maximal left ideal has finite codimension. By the above, we have
the following geometric interpretation:

Proposition 6. An F-algebra A satisfies the left Nullstellensatz if and only if for every

set of “polynomials” G C A the set T(Vnice(G)) is equal to the smallest semiprime left
ideal of A that contains G.

4. Counterexamples

The aim of this section is to give examples of [F-algebras that satisfy the Jacobson
property but do not satisfy the weak left Jacobson property.

Theorem 7. For any field ' of characteristic 0, the first Weyl algebra

AY(F) = F(z,y)/(yx — 2y — 1) (3)

is not weakly left Jacobson.
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Proof. We show first that every left ideal I of A is prime, so I = “¥/I. Namely, if a,b € A
fulfil aAb C I, then also (> AaA)b C I. Since A is simple we have either > AaA =0
or Y  AaA = A. In the first case a = 0 € I, and in the second case 1 € > AaA implies
bel.

We now take the left ideal I := Ayx. Clearly z ¢ I. To show that I # rad(I) it suffices
to show that x € m for every maximal left ideal m of A with yz € m. So assume to the
contrary that m is a maximal left ideal of A and that yz € m but ¢ m. By maximality
of m there exists r € A such that 1+ rx € m. We can expand r as r = Zf:o a;(z)yt € A
with suitable £ € Ng and a;(x) € F[z] for i € {0,...,¢}. Note that yz* — 2%y = ka*~! for
every k € N, and yz° — 2% = 0. Write r(V) := yr —ry = Zf:o agl)(m)yi where agl)(:c)
is the first derivative of a;(z). Using analogous notation for arbitrary derivatives, we
claim that y" + r(™z € m for every n € Ny. The case n = 0 follows from the definition
of r. Suppose now that the claim is true for some n € Ny, then y"t! + r(*tly =
Yy (yr™ — M)z = y(y™ + M) — My € m since m is a left ideal containing ya;
so the claim is also true for n + 1. If n is larger than the maximum of degrees of a;(x),
the claim implies that y™ € m.

So we know that there exists n € Ny such that y™ € m. We now show that in fact
y™ € m for all n € Ny. For this it remains to show that for any & € N such that y* € m
we also have y*~! € m. Namely, ky*~! = y*z — zy* = y*lya — 2y* € m since yr € m
and y* € m; as F has characteristic 0 this shows that indeed y*~! € m. In particular
1 € m, so we have obtained a contradiction. 0O

To deduce other counterexamples we need the following:

Lemma 8. Let m: A — B be a surjective ring homomorphism. The image and preimage
under m give a bijective correspondence between the left ideals of B and the left ideals
of A that contain ker . It also preserves semiprime, prime and maximal left ideals. In
particular if A is weakly or strongly left Jacobson, then so is B.

Proof. It is easy to check that the image and preimage under 7 give a bijective cor-
respondence between the left ideals of B and the left ideals of A that contain ker .
This correspondence clearly preserves the order by inclusion, so it preserves maximal
left ideals. In the following we check that this correspondence also preserves semiprime
left ideals; the argument for prime left ideals is analogous.

Let J be a semiprime left ideal of B. To prove that the left ideal 7=1(.J) is semiprime,
pick @ € A such that aAa C 7=1(J). It follows that m(a)m(A)r(a) C J. Since J is
semiprime and 7(A) = B, it follows that 7(a) € J. Therefore a € 7= 1(J).

Let I be a semiprime left ideal of A containing ker 7. To show that 7(I) is semiprime,
pick b € B such that bBb C 7(I). Since 7 is surjective, we have B = 7(A) and b = m(a)
for some a € A. Tt follows that aAa C 7= (7 (I)) = I since kerm C I, and so a € I since
I is semiprime. Therefore b € m(I).
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Finally assume that A is weakly (strongly) left Jacobson and let J be a semiprime
(prime) left ideal of B. Then w—!(J) is a semiprime (prime) left ideal of A, so 7~ 1(J) =
(M where M is a set of maximal left ideals of A. For every m € M clearly kerm C
7 1(J) Cm, so m(m) is a maximal left ideal of B. It follows that J = ({m(m) | m € M}.
This shows that B is weakly (strongly) left Jacobson. 0O

As a special case of Lemma 8 we obtain:

Corollary 9. Any algebra over a field of characteristic 0 which has A1(F) as a homomor-
phic image is not weakly left Jacobson.

Let us give some special cases of Corollary 9.

Example 10. The Heisenberg Lie algebra b is the Lie algebra over a field F with basis
X,Y,Z € b and with the Lie bracket satisfying [X,Y] = Z and [X,Z] = [V, Z] = 0. We
have a homomorphism & from the enveloping algebra U(h) onto the Weyl algebra A, (IF)
defined by ®(X) =z, ®(Y) =y and &(Z) = —1. If F has characteristic 0, then U(h) is
not left Jacobson.

Example 11. Since A (F) = F(z,y)/(yx — zy — 1) is a homomorphic image of F(z,y),
the free F-algebra F(xz,y) is not left Jacobson if IF has characteristic 0.

Recall that by [24, Cor 9.1.8] the algebras from Theorem 7 and Example 10 are
Jacobson.

5. Some weakly Jacobson rings

In this section we show that a ring that is finitely generated as a module over its
center is weakly left Jacobson if and only if it is Jacobson; see Corollary 17.
Consider any left ideal I of a ring A with center R := Z(A). Set

[[:A]:={acA]|aACI}. (4)

This is a particular example of an ideal quotient. It is easy to check that [I : A] is a
two-sided ideal of A, and [I : A] C I because A has a unit.

Proposition 12. Let A be a ring with center R := Z(A) and I a prime left ideal of A.
Then [I : A} is a (two-sided) prime ideal of A and INR is a prime ideal of R. Moreover,
INR =[I: A]NR, which implies that the inclusion mapping R C A induces an injective
mapping of the integral domain R/(I N R) into the center of the prime ring A/[I : A].

Proof. Consider a,a’ € A such that aAa’ C [T : A]l. If o/ ¢ [I : A], then there exists
b € A such that o't ¢ I. However, abca’t’ € I for all b,c € A because abca’ € [I : A,
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and therefore ab € I for all b € A because [ is prime, i.e. a € [ : A]. This shows that
[ : Al is a prime ideal of A.

Next consider r,s € R such that rs € I. Then rAs = Ars C I, sor € Torse [l
because [ is prime. This shows that I N R is a prime ideal of R.

Since [ : A] C I, we have [I : AJNn R C I N R. To prove the converse pick r € INR
and note that rA = Ar C I which implies that r € [I : A]. O

Definition 13. Let A be a ring with center R := Z(A) and I a prime left ideal of A.
By Proposition 12 we can identify the integral domain R := R/(I N R) with a subset of
the center of the prime ring A := A/[I : A]. Write S := R\ {0} and note that the field
R; := S™'R is contained in the center of the prime ring A; := S~!A. For every a € A
and g € R\ I we write a/q := (q)~'a € A; where @ is the projection of a to A and ¢ is
the projection of ¢ to R.

Remark 14. If a,b € A and ¢,s € R\ I then a/q+b/s = (sa+qb)/(gs) and (a/q)(b/s) =
(ab)/(gs). Moreover, a/q = b/s iff sa — qb € [I : A]. To see that Aj is indeed prime
assume that (a/q)(z/1)(b/s) = 0/1 for every z € A. It follows that axb € [I : A] for
all z € A. Since [I : A] is a prime ideal, a € [I : Al or b € [I : A]. So a/qg = 0/1 or
b/s=0/1.

Proposition 15. Let A be a ring with center R := Z(A) and I a prime left ideal of A.
Assume I # A. Then

(I):={a/qlacl andqe R\1} (5)
is a left ideal of A1 and
I={acAla/l€(I)}. (6)

Proof. Givena/q,b/s € (I) witha,b € I and ¢,s € R\I, then a/q+b/s = (sa+gb)/(¢qs) €
(I), so (I) is closed under addition. Given a/q € Ay and b/s € (I) with a € A, b € I,
and ¢,s € R\ I, then (a/q)(b/s) = (ab)/(gs) € (I), so (I) is a left ideal of Aj.

The inclusion “C” in (6) holds by definition of (I). Conversely, suppose a € A fulfils
a/1 € (I). This means there are b € I and s € R\ I such that a/1 =b/s;i.e. sa—be [I:
A]. Since [I : A] C I and b € I, it follows that sa € T and so sAa = Asa C I. Therefore
a € I because I is prime and s ¢ I. O

Recall that any nondegenerate bilinear form 3: V' x V — F on a finite-dimensional
F-vector space V induces an F-linear isomorphism between V and its dual vector space
V* namely -°: V — V* w— w® with w’(v) := B(v,w) for all v,w € V. In this case it
follows that for every linear subspace U of V and any v € V' \ U there exists w € V such
that S(u,w) =0 for all u € U and S(v,w) # 0.
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Theorem 16. Let A be a ring that is finitely generated as a module over its center R :=
Z(A) and I a prime left ideal of A. Write

I“:={beA|IbC[I:A]}. (7)
Then I+ is a right ideal of A and
I={aeA|alt C[I:A]}. (8)

Proof. It is easy to check that I+ is a right ideal of A and that the inclusion “C” holds
in (8), so it only remains to prove the converse inclusion “2”. Assume ¢ € A \ I, then
in order to complete the proof we have to find b € I+ such that b ¢ [I : A]. Note that
I#A.

By Definition 13 and Remark 14, A is a prime Rj-algebra. As A is finitely generated
as an R-module by assumption, A; has finite dimension over Ry, i.e. A; is a finite-
dimensional prime algebra over the field R;. By [22, Prop. 11.7] this implies that A; is
simple, so Ay is central simple over its center Z(A;) O R;. By [23, Lemma 1.1] and [12,
Lemma 4 and formulas (9) and (11) in §22], the reduced trace Tr: A; — Z(Aj) is a
nondegenerate trace functional; i.e. Tr is a Z(Aj)-linear functional that fulfils Tr(zy) =
Tr(yzx) for all z,y € Ay, and for every x € Ay \ {0/1} there exists y € A such that
Tr(zy) # 0/1.

As ¢ € A\ it follows from (6) of the previous Proposition 15 that ¢/1 € Ay\(I). As (I)
is a left ideal of Ay it is in particular a Z(A;)-linear subspace. As the bilinear functional
Ar x A 3 (z,y) — Tr(xy) € Z(A;) is nondegenerate and as Ay is finite-dimensional
over Ry, hence also over Z(A), there exists y € Ay such that Tr(zy) = 0/1 for all z € (I)
and Tr((c¢/1)y) # 0/1. The former means that zy = 0/1 for all z € (I), because Tr is
nondegenerate and Tr(zyz) = Tr(zay) = Tr(2’y) = 0/1 for all z € (I) and all z € A;
with 2/ := zx € (I). The latter implies that (¢/1)y # 0/1. By definition of A; there are
be A and s € R\ I such that y = b/s. We have shown that (ab)/(¢s) = (a/q)(b/s) = 0/1
for all a € I, ¢ € R\ I, and that (¢b)/s = (¢/1)(b/s) # 0/1. The former means that
ab€ [I:A]forall a €1,ie. be I+, and the latter that ¢b ¢ [ : A]. O

Corollary 17. Let A be a ring that is finitely generated as a module over its center R :=
Z(A). Then A is weakly left Jacobson if and only if A is Jacobson.

Proof. If A is weakly left Jacobson then A clearly is Jacobson. Conversely, assume that
A is Jacobson and let I be a prime left ideal of A. We show that I is the intersection
of all maximal left ideals of A that contain I. In order to do so consider any ¢ € A\ I.
The proof is complete once we have found a maximal left ideal m of A that fulfils I Cm
and ¢ ¢ m.

By the previous Theorem 16 there exists b € I+ such that ¢b ¢ [ : A]. As [I: A] is a
prime ideal of A by Proposition 12, and as A is Jacobson by assumption, there exists a
maximal left ideal m of A that fulfils [I : A] C m and cb ¢ m. We construct the simple
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A-left module M := A/m and write [a] € M for the equivalence class of an element
a € A. Then a[b] = [ab] = [0] for all a € I because b € I+ so that ab € [[ : A] C m,
and c[b] = [cb] # [0]. Note that this also implies that [b] # [0]. So the annihilator
m :=anny([b]) = {a € A | a[b] = [0]} is a maximal left ideal of A because M is simple
(see Lemma 4), and I C m and ¢ ¢ m hold as required. O

Corollary 18. Let A be a ring that is finitely generated as a module over its center R :=
Z(A). If R is Noetherian, then A is weakly left Jacobson.

Proof. If R is Noetherian, then A is Jacobson by [24, Sec. 9.1.3], so A is weakly left
Jacobson by the previous Corollary 17. 0O

6. Some strongly Jacobson rings

In this section we show that an Azumaya R-algebra is strongly left Jacobson if and
only if R is Jacobson. This follows from Corollary 17 and Proposition 21; see Theorem 23.

Let the ring A be a separable algebra over its center R := Z(A); i.e. A is an Azumaya
R-algebra. By [11, Thm. 3.4 of Chap. II] or [14, Thm. 7.1.4], A is a finitely generated
projective R-module and the morphism of R-algebras

Ea: A®r A — Endg(A), a®br ZEp(a®b) 9)
defined by
Ea(a®b)(c) := acdb for a,b,c € A (10)

is an isomorphism. Here A°P denoted the opposite ring of A and Endg(A) is the R-
algebra of R-module endomorphisms on A.

Lemma 19. Let A be an Azumaya algebra with center R := Z(A) and let (vi,w;)i=1,....d
be a dual basis of M := A considered as a (finitely generated projective) R-module; i.e.
Viy...,04 € M and wy,...,wq € Hompr(M, R) are such that 2?21 wi(x)v; = for every
x € M. Then there exist p € N and e, f&* € A forie {1,...,d}, a € {1,...,p} such
that for alli € {1,...,d} and z € A we have

zp:ef‘xff = w;(x) (11)
a=1

Proof. Every functional w;: A — R C A with ¢ € {1,...,d} describes an element of
Endgr(A). Since Ep: A ®p A°? — Endg(A) is surjective, the preimages of w; under Zp
provide elements e, f* € A fori € {1,...,d} and a € {1,..., p}, with p € N sufficiently
large, such that (11) holds. O
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A submodule N of a module M over a commutative ring R is called prime if the
following holds: Whenever elements » € R and m € M fulfil rm € N, then rM C N
or m € N. In [5, Def. 2.1], a submodule N of a module M is called semiprime if the
following holds: Whenever an element m € M fulfils m € > (N : m)M we have m € N;
here (N : m) denotes the ideal (N : m) := {r € R | rm € N} of R. By [5, Thm. 2.6],
every semiprime submodule of a finitely generated R-module is an intersection of prime
submodules.

Lemma 20. Suppose M is a finitely generated projective R-module. Pick a dual basis
(viywi)i=1,...a of M. A submodule N of M is semiprime if and only if for every x € M
that fulfils w;(xz) € (N : z) for alli € {1,...,d} we have z € N.

Proof. Suppose that N is a semiprime submodule of M. Pick z € M such that w;(z) €
(N :z)forallie{1,...,d}. Then it follows that x = Z?:1 wi(z)v; € Y 2(N : z)M. Since
N is semiprime, this implies x € N.

Conversely, consider a submodule N of M such that for any = € M it follows from
wi(z) € (N :z) foralli € {1,...,d} that z € N. To prove that N is semiprime, take any
T = Z?erjmj € M with k € Ng and r; € (N : z), mj € M for j € {1,...,k}. Since
(N : ) is an ideal in R we have w;(x) = Z?Zl rjwi(m;) € (N :x) foralli € {1,...,d},
so x € N by assumption. 0O

Proposition 21. Let the ring A be an Azumaya algebra over its center R := Z(A). Then
every semiprime left ideal of A is an intersection of prime left ideals of A.

Proof. Let I be a semiprime left ideal of A and consider an arbitrary element ¢ € A\ I.
In order to complete the proof we construct a prime left ideal J of A that fulfils I C J
and c ¢ J.

Let (v;,w;)i=1,....a be a dual basis of A considered as an R-module. The first step is
to show that I is also semiprime as a submodule of A. So assume that x € A satisfies
wi(z) € (I : ) for all 4 € {1,...,d}. Note that w;(x) € ({ : x) means that w;(x)z € I.
Then zazx = Z‘Ll wi(z)viax = Z‘Ll viaw;(z)x € I for all a € A, which implies z € T
because [ is a semiprime left ideal of A. By Lemma 20 this means that I is indeed a
semiprime submodule of A.

By [5, Thm. 2.6] there exists a prime R-submodule N of A such that I C N and
c¢ N.Set J:={x e A|Ax C N}. It is easy to check that J is a left ideal of N and
J C N because A has a unit. In particular ¢ ¢ J. Moreover, I C J because Az CI C N
for all x € I. It only remains to show that J is prime as a left ideal of A:

Let p € N and e, f* € A for i € {1,...,d}, a € {1,...,p} fulfil formula (11) of
Lemma 19. Pick any x € A and 2’ € A\ J such that zaz’ € J for all a € A. As
x' ¢ J there is a’ € A such that a’z’ ¢ N. On the other hand, for each i € {1,...,d}

P

we have w;(z)a’x’ = Y F _efafia’s’ € J C N. Since N is a prime R-submodule of
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A and o'z’ ¢ N we have w;(z)A C N for all i € {1,...,d}. It follows that az =
azgzl wi(T)v; = Zle wi(z)av; € N foralla e A;sox € J. O

The following technical Lemma will be needed in the proofs of Theorem 23 and Propo-
sition 24.

Lemma 22. Let A be a ring which is finitely generated as a module over its center. Then
every left-primitive ideal of A is mazimal. In particular, if m is a mazimal left ideal of
A, then the (two-sided) ideal [m : A] of A from (4) is mazimal.

Proof. Let m be a maximal left ideal of A. Note that [m : A] is the annihilator of the
simple left A-module A/m, so [m : A] is left-primitive. Since A is a PI ring by [15,
Lemma 1.19], every left-primitive ideal of A is maximal by Kaplansky’s Theorem [15,
Thm. 4.13]; in particular [m : A] is a maximal ideal of A. O

By [11, Cor. 3.7 of Chap. II] or [14, Cor. 7.1.7] there is a bijective correspondence
between the (two-sided) ideals of an Azumaya algebra A and the ideals of its center
R := Z(A). It is given by

I—~INR and J—SJA (12)

for (two-sided) ideals I of A and ideals J of R, respectively. It is clear that the relation
C is preserved in both directions, and consequently also maximal ideals are preserved.
As observed in [15, Thm. 8.17(b)] the correspondence also preserves prime ideals.

Theorem 23. Let A be an Azumaya algebra over its center R := Z(A). Then A is strongly
left Jacobson if and only if R is Jacobson.

Proof. By the correspondence (12), R is Jacobson (i.e. every prime ideal of R is an
intersection of maximal ideals of R) if and only if every prime ideal of A is an intersection
of maximal ideals of A. The latter in turn is true if and only if every prime ideal of A
is an intersection of left-primitive ideals (because the left-primitive ideals in A coincide
with the maximal ideals by Lemma 22). By definition this is true if and only if A is
Jacobson. By Corollary 17 and Proposition 21, A is Jacobson if and only if A is strongly
left Jacobson. O

We also make the following observation:

Proposition 24. Let A be an Azumaya algebra over its center R := Z(A) and let m be
a mazximal left ideal of A. Then m N R is a mazimal ideal of R and A/m is a finite-
dimensional vector space over R/(m N R).

Proof. Since m is a maximal left ideal of A, [m : A] is a maximal two-sided ideal of A
by Lemma 22. Since the correspondence (12) preserves maximal ideals, [m: AN R is a
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maximal ideal of R. By Proposition 12, [m : A] N R = m N R which implies that m N R
is a maximal ideal of R. As A is a finitely generated module over R, the dimension of
A /m over the field R/(m N R) is finite. O

7. Polynomials with coefficients in algebras

The aim of this section is to show that every F-algebra of the form Alz,...,z,] =
A @pF[zy,...,2,], where A is a finite-dimensional algebra over a field F and z1,...,z,
are central variables, satisfies the left Nullstellensatz; see Theorem 30. The proof consists
of three steps. For simple A we use Theorem 23, then we prove it for semisimple A
and finally for general A. In parallel we also prove that every maximal left ideal of
Alzq,...,x,) has a special form, see Proposition 31. The cases A = H and A = M(C)
were already discussed in [10, Theorems 1.2 and 1.4].

If A is a finite-dimensional and simple F-algebra, then its center |E := Z(A) is a finite
(hence algebraic) field extension of IF. Write IF for the algebraic closure of IF, then
is also the algebraic closure of IE, so by [14, Prop. 4.5.1.], there exists & € N such that
A @1 F = M(F) where M (IF) denotes the F-algebra of square matrices of size k.

For ¢ € F" an evaluation map A[z1,...,7,] 3 a +— a(€) € Mg(F) can be defined by

a(€) ==Y a,’ € Agp T = M(F) (13)

foralla =3, a,a¥ € Alzy,...,z,] with coefficients a,, € A (using standard multiindex
notation). This evaluation map is clearly is an [E-algebra morphism, and therefore

Jew i ={a € Alzy,...,zn] | a(§)v =0} (14)
is a left ideal of A[zy,...,x,] for every v € F*. Note that 1 € Je v if and only if v = 0.

Proposition 25. Let ' be a field, A a finite-dimensional simple F-algebra, and n € N.
Then Alxy,...,z,] is strongly left Jacobson, every mazimal left ideal m of A has finite
codimension over I, and there exist a point & € F™ and a vector v € F*\ {0} such that
m= ngv,

Proof. Let IE be the center of A so that the center of Afzry,...,z,] is R =
Z(A[:cl, . ,xn]) = El[z1,...,2,]. Since A is central simple over [ it is also Azumaya by
[14, Cor. 4.5.4.]. By [14, Cor. 4.3.2] it follows that A[zy,...,2,] = A @g R is Azumaya
over R. By Hilbert’s Nullstellensatz, the polynomial ring R is Jacobson (see e.g. [13,
Thm. 4.9] or [16, Cor. on p. 138]) and every maximal ideal of R has finite codimension
over E (see e.g. [7, Cor. 7.10] or [16, Cor. on p. 139]). Theorem 23 now shows that
Alzq,...,x,) is strongly left Jacobson.

Moreover, if m is a maximal left ideal of A[z,...,x,], then by Proposition 24, mN R
is a maximal ideal of R and by Hilbert’s Nullstellensatz it has finite codimension over [E
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in R. Write K := R/(m N R), then K is a finite field extension of IE. By Proposition 24,
Alzy,...,x,])/m is finite dimensional over KK and therefore

dimp Alxy,...,z,]/m = dimp E dimg K dimk Alzq,...,2,]/m < co.

As K is a finite (hence algebraic) extension of IF, it embedds into the algebraic closure
F.Set £ := (&1,...,&) = ([z1], ..., [zn]) € K® C F" where [-]: R — K is the canonical
projection onto the quotient, which is an E-algebra morphism. Then m N R = ker[-] =
{p € R| p(&) = 0} because p(§) = [p(z1,...,2,)] = [p] for all p € R.

We claim that the two-sided ideal n := [m : Afzy,...,2,]] is equal to {a €
Alzi,...,zs) | a(§) = 0}. As Afzq,...,x,] is Azumaya over R and nN R = mNR
we have n = > (mN R)A[xy,...,xz,] by the correspondence (12). Therefore n C {a €
Alxy,...,zy) | a(€) = 0}. As n is a maximal two-sided ideal by Lemma 22, we have
equality.

Write m* := {b € Alzy,...,2,] | mb C n} like in Theorem 16, then m = {a €
Alzy,...,z,] | amt C n}, or equivalently,

m={ac Alry,...,z,]|a€)bE) =0 for all b € m*}.

As 1 ¢ m there is b € m* such that b(¢) # 0. Let v € F*\ {0} be any non-zero column

of b(&) € My(FF), then a(§)v = 0 for all @ € Afxy,...,z,), so m C J¢,. By maximality
of m it follows that m = Je,. O

Example 26. Note, however, that not every left ideal of Az, ..., x,] of the form Je, is
maximal. Namely, pick A = M»(Q), £ = (0,...,0) € Q™ and v = [1 v/2]T € Q2. Since
V/2 is irrational, a(£)v = 0 is equivalent to a(§) = 0 for every a € Afzy, ..., ,). To show
that Je, is not a maximal left ideal pick any 0 # u € Q? and note that a(¢)u = 0 need
not imply a(§) = 0. Therefore Je,, € Je o © Alxy, ..., 2y

Proposition 27. Consider rings Ay, ..., Ay with k € N and let A := A, & --- & Ay. For
any j € {1,...,k} and any left ideal I; of A; we write

fj::Al@"'@A]‘_l@Ij@AjJ,-l@"'@AkQA- (15)

Then a left ideal m of A is mazximal if and only if there exist j € {1,...,k} and a
mazimal ideal m; of A; such that m = m;. Moreover, if all Aq,..., Ay are strongly left
Jacobson, then A is strongly left Jacobson.

Proof. Write p; :=0®---®0®1®0®--- 0 A; C A for j € {1,...,k}, where 1
denotes the unit of A; and is situated at position j. Clearly Z?Zl p; is the unit of A.
Every left ideal I of A decomposes as

]:[1@...@]k:flm...mfk7
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where, for each j € {1,...,k}, I; :== p;I = I N A, is a left ideal of A; and fj is a left
ideal of A. In particular if I = m is a maximal left ideal of A, then by maximality of
m, m; = A for all but one j € {1,...,k}, so m = for this remaining j € {1,...,k}.
Conversely, if n; is any maximal left ideal of A; for some j € {1,...,k}, then it is clear
that n; is a maximal left ideal of A.

Let I be a semiprime left ideal of A. For any j € {1,...,k}, the left ideal I; of A,
is also semiprime: indeed, if a € A; fulfils aAja C I;, then aAa = apjApja C I; C 1
because pjAp; C Aj, soa € I because [ is semiprime, and therefore a € I;. Now consider
any element ¢ =c¢; @ --- @ ¢ € A\ I with components ¢; € A, for j € {1,...,k}. Then
there exists j € {1,...,k} such that ¢; € A; \ I;, and if A; is strongly left Jacobson,
then there is a maximal left ideal m; of A, such that I; C m; and ¢; ¢ m;. In this case
m; is a maximal left ideal of A that fulfils I C m; and ¢ ¢ m;. O

Corollary 28. Let IF be a field, A a finite-dimensional semisimple F-algebra, and n €
N. Then Alzxy,...,x,] is strongly left Jacobson. Moreover, every mazimal left ideal of
Alxy,...,x,) has finite codimension over .

Proof. As A is semisimple there are &k € N and simple [F-algebras A;,..., Ay such that
A=A, @ @ Ag. As ® is distributive over @, Alzy,...,2,] = Aj[r1,...,2,] D D
Aglz,...,zy]. By Proposition 25 each F-algebra Aj[zq,...,z,]) with j € {1,...,k}
is strongly left Jacobson and every maximal left ideal m; of Aj[z1,...,z,] has finite
codimension. Proposition 27 now shows that Az, ..., z,] itself is strongly left Jacobson
and that every maximal left ideal of Afz1,...,x,] is of the form m; as in (15) for some
J €{1,...,m} and some maximal left ideal m; of A;[z1,...,xy]. Clearly the codimension
of m; in Alz,...,x,] equals the codimension of m; in Aj[z1,...,z,], which is finite. O

We need only one more technical Lemma before we can prove our main theorem:

Lemma 29. Let A be a finite-dimensional algebra over some field F and B := A/rad A
with rad A := rad({0}) the Jacobson radical of A. Write 7#: A — B for the canonical
projection and define

=T ®idp(g,,.. 2, Alr1, .. 20] = Bl ..o, 2] (16)
Then every semiprime left ideal of Alxy,...,x,] contains ker 7.

Proof. Counsider a semiprime left ideal I of A[x1,...,x,]and let J:= [I: Alzq, ... ,xn]] =
{a € Alz1,...,2,] | aA[z1,...,2,] C I} be the (two-sided) ideal of Axy,...,z,] like
in (4). Then J is again semiprime: Indeed, if a € Alxy,...,z,] fulfils aca € J for
all ¢ € Alzxy,...,xy,], then this means that acad € I for all ¢,d € Alxy,...,z,], and
therefore also adcad € I for all ¢,d € Alxy,...,z,]. But this implies ad € I for all
d € Alzy,...,x,] because I is semiprime, so a € J.
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Next we show that J N A is a semiprime (two-sided) ideal of A: It is clear that JNA
is a two-sided ideal of A. Let d € N be the dimension of A over IF and let by,...,bq be
an F-basis of A. If ¢ € A fulfils aca € JN A for all ¢ € A, then also G(Z?:1 pibi)a =
2?21 p;ab;a € J for all elements 2?21 pibi € Alxy,. .., x,] with coefficients p1,...,pq €
Flz1,...,2,], so a € J because J is a semiprime ideal of Alxy, ..., z,].

By [22, Thm. 4.12], rad A is a nilpotent ideal; i.e. (rad A)” = {0} C JN A for some
n. Since J N A is semiprime, it follows that rad A C J N A. Using standard multiindex
notation, any element a € Afxy,...,z,| can be expanded as a finite sum a = ) a, "
with suitable coefficients a,, € A. If a € ker 7, then 0 = 7(a) = >, 7(a,)z”, so 7(a,) =0
for all multiindices v. Therefore a, € rad A C J N A for all multiindices v, hence a € J.
This shows that kerr C JCI. O

Theorem 30. Let A be a finite-dimensional algebra over some field F and n € N.
Then Alxy,...,x,] is strongly left Jacobson. Moreover, every mazimal left ideal of
Alzy,...,z,] has finite codimension over TF.

Proof. Recall that if we factor a finite-dimensional algebra with its Jacobson radical
then we get a semisimple algebra; see [22, Thm. 4.14]. Corollary 28 therefore applies to
the algebra B[z, ..., 2,] where B = A/rad A. So B[zy,...,x,] is strongly left Jacobson
and that every maximal left ideal of Bz, ..., z,] has finite codimension over F.

As the kernel of the surjective algebra morphism 7: Afzy,...,2,] = Blzy,...,z,]
from Lemma 29 is contained in every semiprime left ideal of A[zy,...,x,], Lemma 8
shows that the image and preimage under 7 give a bijective correspondence between
the semiprime (resp. prime, maximal) left ideals of Axy,...,z,] and semiprime (resp.
prime, maximal) left ideals of B[z1,...,z,]. It follows that also A[zy,...,z,] is strongly
left Jacobson and that every maximal left ideal of Alzy,...,xz,] has finite codimension
over F. O

Finally we want to reformulate the above noncommutative Nullstellensatz in a more
explicit way. So let A be a finite-dimensional algebra over a field IF and n € N. Let
f: A — 3 be a surjective [F-algebra morphism onto a simple F-algebra $, then define

0 := 0 ®r idp[y,,....z, Alzy, ... zp) = S[z1,. .., 20 (17)

Write E := Z(38) for the center of 8, then like in the discussion at the beginning of this
section, $ @ F = M(TF) for some k € N. Let £ € F* and v € F¥, then

Jogw:={a€Alz,...,2,] | O(a)(§v =0} (18)
is a left ideal of A[zq,...,z,] and 1 € Jg ¢, if and only if v = 0.

Proposition 31. Let A be a finite-dimensional algebra over some field F and n € N.
Then for every mazimal left ideal n of Alxy,...,x,] there exist a surjective F-algebra
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morphism 6: A — 8 onto a simple F-algebra S, a point & € F™, and a vector v € FF
such that n = Jg ¢ o.

Proof. The F-algebra B = A/rad A is semisimple, so it decomposes into a direct sum of
simple F-algebra B; @ ...® By. Let 7: A — B and 7;: B — B, be the canonical maps.
The corresponding maps on polynomial rings will be denoted by 7 and 7; respectively.

By the proof of Theorem 30, every maximal left ideal of A[zy,...,x,] is of the form
7~ 1(m) where m is a maximal left ideal of B[z1,...,z,]. By the proof of Corollary 28,
there exist j € {1,...,k} and a maximal left ideal m; of Bj[z1,...,z,] such that m =

Tj_l(mj). Write $ = B, © = 75 o and 6§ = 7; o . By Proposition 25, m; = J¢, for
some & and v. It follows that 771 (m) =07 (m;) =07 (Je,) = Jpepn. O

Corollary 32. Let A be a finite-dimensional algebra over some field F' and n € N.
Then every semiprime left ideal I of Alxq,...,x,] is the intersection of all left ideals of
Alzxy,...,x,) of the form Jy¢ . as in (18) that contain I.

Proof. Let I be a semiprime left ideal of A[xy,...,z,]. By Theorem 30 and Proposi-
tion 31, I is the intersection of some left ideals of the form Jy ¢ ,, as in (18), and therefore
I is the intersection of all left ideals of the form Jy ¢, as in (18) that contain I. O
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