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Abstract
Ergodic isolated quantum many-body systems satisfy the eigenstate thermalization hypothesis
(ETH), i.e. the expectation values of local observables in the system’s eigenstates approach the pre-
dictions of the microcanonical ensemble. However, the ETH does not specify what happens to
expectation values of local observables within an energy window when the average over disorder
realizations is taken. As a result, the expectation values of local observables can be distributed
over a relatively wide interval and may exhibit nontrivial structure, as shown in Aramthottil et al
(2021 Phys. Rev. B 104 214201) for a quasiperiodic disordered system for site-resolved magnetiza-
tion. We argue that the non-Gaussian form of this distribution may falsely suggest non-ergodicity
and a breakdown of ETH. By considering various types of disorder, we find that the functional
forms of the distributions of matrix elements of the site-resolved magnetization operator mirror
the distribution of the onsite disorder. We argue that this distribution is a direct consequence of
the local observable having a finite overlap with moments of the Hamiltonian. We then demon-
strate how to adjust the energy window when analyzing expectation values of local observables in
disordered quantum many-body systems to correctly assess the system’s adherence to ETH, and
provide a link between the distribution of expectation values in eigenstates and the outcomes of
quench experiments.

1. Introduction

The fundamental postulates of thermodynamics for closed systems are a consequence of ergodicity,
wherein a system explores all accessible microstates within its phase space over long times, allow-
ing physical observables to be determined as ensemble averages with respect to appropriate statistical
ensembles [1, 2]. While the attempts to define ergodicity of quantum systems date back to the early days
of quantum mechanics and von Neumann’s ergodic theorem [3], the definition of ergodicity of quantum
many-body systems, in the form of the eigenstate thermalization hypothesis (ETH), was developed only
several decades later [4]. Initially, the progress was restricted to semi-classical systems exhibiting classical
chaos. In such systems, the eigenvalue statistics were argued to follow the predictions of random matrix
theory [5–7], in contrast to the Poissonian statistics observed in classically integrable systems.

A leap in our understanding of quantum ergodicity for closed systems was made in [8], where con-
sidering a simple Hamiltonian with many disconnected sectors perturbed by a random matrix coupling
led to mixing of a large number of states within a small energy range. This resulted in ergodic eigen-
states that have expectations similar to those of the microcanonical ensemble. The questions of quantum
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ergodicity were also considered by [9–12], which led to the introduction [13–15] of the ETH ansatz

⟨n|Ô|m⟩=O
(
E
)
δmn + e−S(E)/2f

(
E,ω

)
Rmn, (1)

where |m⟩, |n⟩ are the eigenstates of the given Hamiltonian and En and Em are the corresponding
eigenvalues, E= (Em + En)/2,ω = Em − En. Here, O(E) is the expectation value of the microcanonical
ensemble, while f(E,ω) controls the functional form of thermalization; smooth functions approxim-
ate both. For time-reversal symmetry, Rmn is a random real variable with zero mean and unit variance
R2
mn = 1, while S(Ē) is the thermodynamic entropy at energy Ē, i.e. the logarithm of the density of states

(DoS) [16]. Numerical investigations have extensively verified the ETH, ranging from the smoothness
of the expectation value of the operator to the exponential decay in off-diagonal elements of the oper-
ator with system size, across a diverse range of nonintegrable quantum many-body systems [15, 17–36].
Recently, the notions of quantum ergodicity and ETH were connected [37–40] with the ideas of unitary
designs [41] and the theory of free probability [42]. The most important object for our work here is the
smooth function O(E) (we set E→ E further on), which was argued in [43] to encode the overlap of the
Hamiltonian with conserved quantities, including the higher moments of the Hamiltonian.

In this work, we focus on the ETH in disordered many-body systems and pose the question of
how to perform the disorder average of the equation (1) to extract meaningful information about the
quantum ergodicity of the system. We first demonstrate that disorder can lead to anomalous distribu-
tions of matrix elements for certain observables, which may be misinterpreted as evidence for the break-
down of the ETH. We then argue that this problem is intimately connected to the way the energy win-
dow of the microcanonical ensemble is adjusted to each disorder realization. We analyze the implications
of the different choices of the position of the energy window for the resulting distribution of expecta-
tion values of local observables, and we show how properties consistent with the ergodic character of the
system are restored.

The paper is organized as follows. In section 2, we briefly describe the peculiar properties of the
probability distribution of the site-resolved magnetization for the Heisenberg spin−1/2 chain in the
presence of the quasiperiodic disorder as encountered in [44]. The site resolved magnetization is defined
as ⟨n|ŝzl |n⟩ ≡ szl , where ŝzl is z-projection of spin 1/2 operator at site l; with l sampled over site indices
and aggregated over sites when considering distributions. We proceed to explore the distribution of szl
for the Heisenberg spin −1/2 chain with different types of onsite disorders. This leads us to a conjec-
ture about the relationship between the distribution of the onsite disorder and the properties of the szl
distribution. We show the validity of this conjecture by finding the leading-order approximation for the
microcanonical expectation of the site-resolved magnetization in section 3, and conclude that the partic-
ular structure of the szl distribution is an artifact of the choice of the energy window, section 4. Finally,
in section 5, we show that these specific structures have direct consequences for experiments and can be
detected in the time dynamics of the szl expectation values.

2. Unusual distribution for the site-resolved magnetization

We begin with a brief description of the distribution of site-resolved magnetization in a Heisenberg
spin-1/2 chain (HSC) with quasiperiodic disorder [44]. The HSC is a paradigmatic model extensively
employed to study ergodicity breaking and the interplay between disorder and quantum many-body
dynamics [45]. The HSC Hamiltonian with open boundary conditions in the presence of an onsite
potential reads

ĤHSC =
L−1∑
l=1

(
ŝxl ŝ

x
l+1 + ŝyl ŝ

y
l+1 + ŝzl ŝ

z
l+1

)
+

L∑
l=1

hl ŝ
z
l , (2)

where ŝαl are spin-1/2 operators acting on site l, with α ∈ x,y,z and L is the system size. Disorder in the
model arises from the onsite potential term; initially, we shall consider an example of disorder arising
from a quasiperiodic potential (QP) [46]. The model has a U(1) symmetry leading to magnetization,
M≡

∑L
l=1 ŝ

z
l , being conserved. We will restrict ourselves to the magnetization-zero sector in this work.

The QP introduces a deterministic, incommensurate modulation in the onsite potential, given by:

hl =Wcos(2πβl+ϕ) , (3)

where β is an irrational number, frequently chosen as the inverse golden ratio, β = (
√
5− 1)/2,

ensuring the potential lacks periodicity for typical finite L. The phase ϕ is drawn randomly from
a uniform distribution, ϕ ∈ [0,2π), with each value of ϕ corresponding to a distinct disorder
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Figure 1. The probability distribution of site-resolved magnetization, szl , for disorder-averaged GOE matrices (a) and the HSC-
QP Hamiltonian atW = 0.5 (b) at different system sizes, L. For both (a) and (b) panels, 100 eigenstates are considered at the res-
caled energy ϵ= 0.5. The number of disorder realizations is varied, being at least 7500 for L ⩽ 16 and 60 for L= 18 for panel (a),
while for HSC-QP case (b) it is 104 disorder realizations for L ⩽ 16 and 2500 for L= 18. The insets show the standard deviations
of respective distributions, decreasing exponentially with L for GOE (a) and saturating for HSC-QP model.

realization. At a strong onsite potential, the system is in the non-ergodic, many-body localized (MBL),
regime [45, 47–49] which, at system sizes and timescales relevant to experimental and numerical con-
siderations, arises for Wc ⩾ 2 [44, 50]. Interestingly, such a QP disorder appears often in experimental
implementations of the disorder [51–55]. In the remainder of this work, however, we focus on the
regime of weak disorder, W≪Wc, in which the system is ergodic and possesses level statistics charac-
teristic of the Gaussian orthogonal ensemble (GOE) of random matrices [56, 57].

Analysis of the properties of matrix elements ⟨n|Ô|n⟩ of the observable Ô requires fixing an energy
window to which the eigenvalues En belong. This energy window is commonly rescaled with the system
size, L, to facilitate comparisons across different system sizes and scales, as detailed in prior works such
as [58]. In a more rigorous framework, particularly in the context of studies exploring the MBL phe-
nomenon, a definition of rescaled energy values was proposed in [59, 60]. This approach provides a way
of comparing properties of the system at different energies by defining the rescaled energy ϵ as:

ϵ=
E− Emin

Emax − Emin
, (4)

where E represents the energy of the state under consideration, while Emin and Emax denote the min-
imum and maximum eigenvalues in the spectrum, respectively. This definition ensures that ϵ is normal-
ized to the range [0,1].

The observable of interest in this work is the site-resolved magnetization, Ô ≡ ŝzl . In analogy with a
random matrix, one could expect the observable to be Gaussian distributed around its mean value and
with a standard deviation that is exponentially decreasing with system size. We confirm this expecta-
tion numerically by taking the Hamiltonian Ĥ as a matrix from the GOE [56]. The dimension of H is
the same as the Hilbert space dimension of HSC; the diagonal matrix elements of H are taken from the
Gaussian distribution N (0,1) with zero mean and unity variance, while the off-diagonal elements of H
are taken from N (0,1/2). In figure 1(a), we show the probability distribution of site-resolved magnetiza-
tion considering the expectation values szl = ⟨n|ŝzl |n⟩ in eigenstates |n⟩ around the rescaled energy ϵ= 0.5.
We observe a clear single peak structure with the standard deviation decreasing exponentially with sys-
tem size.

A different result is obtained for the HSC Hamiltonian with QP disorder for eigenstates around
ϵ= 0.5, that is, eigenstates in the middle of the spectrum. In this case, the distributions were found [44]
to have a peculiar double-peak structure in the ergodic regime. With increasing system size, the double
peak structure was found to be more prominent, as shown in figure 1(b). This result raises the question:
Is it a signature of the ETH breakdown, or is it a peculiar property of the disorder distribution?

We note that a similar behavior was found for the difference in the site-resolved magnetization of
adjacent sites δszl ≡ szl+1 − szl . [44] hinted at characteristic relationship of the distribution of szl with that
of adjacent onsite potential difference, δhl ≡ hl+1 − hl, which for QP takes the probability distribution

3
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form P(δhl) = (2Wπ sin(πβ))−1(1− (δhl/(2W sin(πβ)))2)−1/2 with δhl ∈ [−2W sin(πβ),2W sin(πβ)]
having peaks at δhl =±2W sinπβ. We point out here that the onsite fields hl also have a probability
distribution P(hl) = (Wπ)−1(1− (hl/W)2)−1/2 with peaks at ±W.

Motivated by the intuitions from [44] that the distributions of szl or δs
z
l have similar characteristics

to those of hl or δhl, we here explore the probability distribution of site-resolved magnetization and its
differences. In particular, we examine various kinds of disorder and contrast it with the distribution of
the onsite disorder and its differences for the following potentials:

1. Random disorder (RD): in this case, the onsite potentials hl are sampled independently from a
uniform box distribution:

hl ∈ [−W,W] , (5)

where W denotes the disorder strength. The RD introduces spatially uncorrelated variations in the
potential landscape. This model, at considered system sizes, is in the MBL regime at a sufficiently
strong disorder. In figures 2(a), (f) and 3(a), (f), we see that the distribution of szl also has a regime
where it is flat, resembling the distribution of hl, while the distribution of δszl shares features with the
triangle distribution of δhl.

2. Cosine disorder: it arises via randomizing the QP in equation (3) by choosing the phase ϕl ∈ [0,2π)
independently at each lattice site l, [61], resulting in

hl =Wcos(2πβl+ϕl) . (6)

The HSC with this disorder type is in the MBL regime for W⩾ 2.5 [61]. The cosine disorder as
shown in figures 2(b), (g) and 3(b), (g) has similar structure of disorder to quasiperiodic one with
singular values at the end for P(hl). In the ergodic regime of HSC this leads to double peaks
appearing in the site-resolved spin expectation values szl . At the same time, the distribution of the
difference of the on-site potential P(δhl) differs and shows just a single peak centered around zero.
Correspondingly, the distribution of the difference of site-resolved spin expectation values (δszl ) shows
a single peak.

3. Binary disorder: we consider here a distribution with equal probability hl =−W and hl =W. The
model is in the MBL regime for disorder strength Wc ⩾ 1.25 [62]. We show in figures 2(c), (h)
and 3(c), (h) that the distributions of szl in the ergodic regime of this model are characterized by
strong double peaks resembling the binary distribution of hl. Analogous behavior occurs for δszl ,
which has a distribution similar to the distribution of δhl, with three peaks, with one in the middle
with a prominent amplitude.

4. Tertiary disorder: we consider a distribution of disorder with hl selected randomly, with equal

probability, to be hl ∈ {−W,0,W}. This model is in the MBL regime for Wc ⩾ 1.25
√

3
2 [62]. In

figures 2(d), (i) and 3(d), (i), we show the presence of triple peaks in the szl distribution, associated
with the tertiary distribution of hl, while δhl has a quinary distribution and correspondingly δszl has 5
peaks with amplitudes decreasing with the distance from |δszl |= 0.

5. Triangle-wave quasiperiodic disorder: we consider here a spatially correlated disorder of the form

hl =W

[
2

∣∣∣∣2( (2πβl+ϕ)

2π
−
⌊
(2πβl+ϕ)

2π
+

1

2

⌋)∣∣∣∣− 1

]
, (7)

where β is the inverse golden ratio. As shown in figures 2(e), (j) and 3(e), (j), this disorder has the
peculiar property of hl being distributed uniformly, resulting in szl admitting a flat-top distribution
form similar to RD, while the distribution of δhl has singularities at the edges of the distribution
corresponding to double peaks for δslz.

The numerical analyses from figures 2 and 3 confirm the inference of [44]: for each type of dis-
order, the site-resolved magnetization (or its difference between neighboring sites) has a distribution that
closely resembles the features of the distribution of on-site disorder (or its differences between neighbor-
ing sites). These features are inconsistent with the distribution of expectation values of local observables
in highly excited eigenstates based on random matrix theory, see figure 1(a), and hence may be inter-
preted as inconsistent with the ergodicity of the system. The remainder of this manuscript is devoted to
understanding the origin and the implications of these false signatures of non-ergodicity in the ergodic
regime of disordered many-body systems.
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Figure 2. The distribution of onsite disorder is depicted for various types of disorders, including random (a), cosine (b), binary
(c), tertiary (d), and triangle-wave (e). Additionally, the corresponding distributions of site-resolved magnetization are shown in
(f)–(j), considering 100 states near ϵ= 0.5 averaged over at least 200 disorder realizations for a system of size L= 18.

Figure 3. The distribution of the difference of adjacent onsite disorder, δhl, is depicted for various types of disorders, including
random (a), cosine (b), binary (c), tertiary (d), and triangle-wave (e). Additionally, the corresponding distributions of differ-
ences of adjacent site-resolved magnetization, δszl , (f)–(j), considering 100 states near ϵ= 0.5, averaged over at least 200 disorder
realizations for a system of size L= 18.

3. Microcanonical expectation for site-resolved magnetization

In this section, we argue that the apparent signatures of non-ergodicity in the disorder-averaged distribu-
tions of matrix elements of local observables—shown in the bottom rows of figures 2 and 3—originate
from the interplay between the energy dependence of O(E) in the ETH ansatz (1) and the choice of
energy window (ϵ= 0.5) used in the analysis.

To proceed more formally, following [43] we define the Hilbert–Schmidt product in operator space

as ⟨Â, B̂⟩ ≡ 1
DTr[Â

†B̂], where D is the Hilbert space dimension, and the norm as ||Â||=
√
⟨Â, Â⟩. The

Hamiltonian of an ergodic many-body system is denoted by Ĥ, and Ô represents an arbitrary few-body
observable. The operator space can be decomposed into two orthogonal subspaces: one spanned by the
powers of the Hamiltonian, Ĥk (with k⩾ 0), and an orthogonal complement. Hence, the observable Ô
can be decomposed as

Ô = Ô∥ + Ô⊥, (8)

where Ô∥ belongs to the subspace spanned by the moments of the Hamiltonian Ĥk, while Ô⊥ lies in the

orthogonal complement of this subspace. Assuming that ℓ is the smallest positive integer such that Ĥℓ+1

is linearly dependent on Ĥ0,Ĥ,Ĥ2, . . . ,Ĥℓ, the parallel component of the observable of interest can be
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uniquely expressed as

Ô∥ =
ℓ∑

k=0

γkĤ
k. (9)

Substituting equation (9) into equation (8) and evaluating the expectation value in the eigenstate |n⟩ of
the Hamiltonian Ĥ, we obtain

⟨n|Ô|n⟩=
ℓ∑

k=0

γkE
k
n + ⟨n|Ô⊥|n⟩. (10)

To establish a connection between the diagonal matrix element ⟨n|Ô|n⟩ and the smooth function O(E)
in the ETH ansatz (1), it is necessary to understand the behavior of ⟨n|Ô⊥|n⟩.

By definition, since Ô∥ is a linear combination of the powers of the Hamiltonian Ĥ, we have

[Ĥ,Ô∥] = 0. Therefore, the operator Ô⊥ encodes the components of the observable Ô that do not

commute with the Hamiltonian. In particular, when ||[Ĥ,Ô]||= O(1), the norm of Ô⊥ is also of
order unity, ||Ô⊥||= O(1). To bound ⟨n|Ô⊥|n⟩ in equation (10), we invoke properties of ergodic sys-
tems. While Ô⊥ is a nontrivial operator, it bears no special relationship to the eigenvectors |n⟩ of the
Hamiltonian. If the system is ergodic, ⟨n|Ô⊥|n⟩ can be modeled as a diagonal element of a random
matrix scaling as ⟨n|Ô⊥|n⟩= O(1/

√
D) and, therefore, exponentially with the system size, L. In this

case, equation (10) implies that ⟨n|Ô|n⟩ becomes, up to O(e−L) corrections, a smooth function of
energy, leading to

O (E) =
ℓ∑

k=0

γkE
k. (11)

In passing, we note that the influence of integrals of motion beyond the moments of the Hamiltonian,
Ĥk, can be systematically taken into account, as shown in [43].

Let us now specialize to the observable of interest, i.e. the site-resolved magnetization, ŝzl , and as
the Hamiltonian consider ĤHSC. From equation (11), we observe that understanding of the microca-
nonical expectation value szl (E) requires evaluation of the coefficients γk. Moreover, for a system with
near-Gaussian DoS with a variance proportional to the system size (see appendix B) and an operator
with norm independent of the system size, it was observed [43] that taking only the first p terms in the
expansion (9), incurs an error decreasing with system size L as O(1/Lp−1). For this reason, we consider
only the first two terms in the expansion ŝzl,∥ = γ0Ĥ0

HSC + γ1Ĥ1
HSC, resulting in

ŝzl = γ0I+ γ1ĤHSC + ŝzl,⊥. (12)

Calculating the Hilbert–Schmidt product ⟨I, ŝzl ⟩ in (12), we find that

1

D
Tr(ŝzl ) = γ0 + γ1

1

D
Tr
(
ĤHSC

)
, (13)

while, by computing ⟨HHSC, ŝzl ⟩ in (12), we obtain that

1

D
Tr
(
ĤHSC ŝ

z
l

)
= γ0

1

D
Tr
(
ĤHSC

)
+ γ1

1

D
Tr
(
Ĥ2

HSC

)
. (14)

In both steps, we used the fact that ŝzl,⊥ is orthogonal to Ĥk
HSC for any integer k⩾ 0. Directly comput-

ing Tr(szl ) = 0, Tr(ĤHSC)/D=−1/4, Tr(ĤHSC ŝzl )/D= 1/4hl − 1/(4(L− 1))
∑

l̸=i hi and Tr(Ĥ2
HSC)/D=

(3L2 − 3L− 1)/(16(L− 1))+ 1/4
∑L

i=1 h
2
i − 1/(4(L− 1))

∑
l ̸=j hlhj, we use equations (13) and (14) to

determine the values of γ0 and γ1, which, through (11), imply that

szj (E)∝
E+ 1/4

3L/4+
∑

i h
2
i

hj =
E−⟨E⟩

3L/4+
∑

i h
2
i

hj , (15)

up to O(1/L) corrections. Above, ⟨E⟩= 1
DTr(ĤHSC) =− 1

4 . Further details of the derivations may be
found in appendix A while the near-Gaussian assumption on the DoS is justified in appendix B.

The derived linear relationship between the site-resolved magnetization, szj (E), and the energy accur-
ately reproduces the behavior of the diagonal matrix element ⟨n|ŝzl |n⟩ in the Hamiltonian’s eigenstates.

6
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Figure 4. The site-resolved magnetization, szl , for a single disorder realization of the HSC QP model at different rescaled ener-
gies ϵ for L= 18 andW = 0.5. The dark blue and red scatter plots correspond to sites l= 9 and l= 10. The dashed, vertical
lines indicate the rescaled energy values that give the maximum value of DoS and the average rescaled energy ⟨ϵ⟩. The bold blue
lines illustrate the analytical curves obtained by expanding the microcanonical expectation value,O(ϵ), to the first order in the
Hamiltonian’s moment.

This is illustrated in figure 4 which shows that ⟨n|ŝzl |n⟩ concentrate, up to fluctuations suppressed expo-
nentially with system size L, around the curves szj (E) at all values of the rescaled energy ϵ as ascertained
in figure 6. Fitting ⟨n|ŝzl |n⟩ as a function of energy, we confirm that the resulting linear fit reproduces
the parameters of (15) down to machine precision. In particular, we observe that the zero of szl (E)
occurs at the rescaled energy ⟨ϵ⟩ corresponding to ⟨E⟩.

4. Artifacts in disorder averaged observables

The simple approximation for the microcanonical expectation of site-resolved magnetization, (15), estab-
lishes a framework to capture the anomalous probability distribution of slz when disorder-averaged prop-
erties of the system are considered.

The approximation implies that for a given disorder strength, szl is proportional to the local disorder
field hl and linearly varies with the energy from the point E= ⟨E⟩. Consequently, if one considers the
eigenstates around an energy significantly distant from ⟨E⟩ for different disorder realizations, the szl val-
ues will be confined within a width restricted by the energy distance from ⟨E⟩, and they will take linearly
dependent values proportional to hl within this width. This scenario is illustrated in figure 5 where we
compare the distributions of szl obtained for different energy intervals, one of them being centered at
⟨ϵ⟩ ≈ 0.62 and two other at ⟨ϵ⟩± ε with ε≈ 0.076. Already for random uniform disorder, the obtained
distributions significantly differ, compare figure 5(a). For QP disorder, the difference is more spectacular,
and a double peak structure appears.

Consider now ‘corrected’ observables s̃zl = szl − szl (E), where szl (E) is the approximation for the
microcanonical expectation found by explicitly solving for the first two coefficients in (11). Such a com-
pensation results in a single peak, Gaussian-like distributions for both random uniform and QP dis-
orders, as illustrated in figures 5(c) and (d). We have verified that the residual differences (absent, by
the way, in the QP case) can be attributed to finite-size (by a comparison with lower system size results)
and low-order truncation effects.

Let us concentrate on eigenstates around ⟨ϵ⟩ where no energy correction to magnetization is neces-
sary and analyze the influence of the system size on the probability distributions for both szl and δs

z
l .

Both distributions significantly narrow with the system size, with the associated standard deviation
decreasing exponentially with increasing L, as shown in insets in figure 6. The distributions are, to a
good approximation, Gaussians for sufficiently large L as apparent from the lower panels plotted in the
logarithmic vertical scale. This indicates that the corrections to szl coming from the energy dependence
are exponentially decreasing with L, consistently with the expectations based on the random matrix the-
ory, recall figure 1(a).

Within this framework, one can explain the anomalous behavior in figure 1(b), as well as similar
observations in [63–65]. The rescaled energy considered in that work, fixed as ϵ= 0.5, significantly devi-
ates from the value of the rescaled energy ⟨ϵ⟩ ≈ 0.62 corresponding to ⟨E⟩=−1/4. Note also that ⟨ϵ⟩
fluctuates between disorder realizations. In effect, one observes non-trivial distributions of the on-site
magnetization as in figure 2, where the eigenstates belong to the energy window determined by ϵ= 0.5
sufficiently far from ⟨ϵ⟩ and also fluctuate from one disorder realization to another. The same mechan-
ism can also be extended to linear combinations of site-resolved magnetizations, explaining the charac-
teristics of differences in site-resolved magnetization shown in figure 3.

The interested reader may be puzzled by the dependence of the observed anomalies on disorder
amplitude W. Firstly, let us stress that such a behavior may be considered as anomalous when observed

7
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Figure 5. (a), (b) The probability distribution for the site-resolved magnetization, szl , and (c), (d) the site-resolved magnetization
after removing the approximate microcanonical expectation, s̃zl . Results are shown, respectively, for the HSC model with Random
(a), (c) and QP (b), (d) disorder. For all panels L= 18,W = 0.5, with 100 eigenstates in intervals around ⟨ϵ⟩ and ⟨ϵ⟩± ε for at
least 1300 disorder realizations.

Figure 6. The probability distribution of site-resolved magnetization, szl , (a) and the difference of site-resolved magnetization, δszl ,
(b) for disorder-averaged HSC-QP Hamiltonian. The insets for (a) and (b) show the standard deviation with system sizes for szl
and δszl , respectively. Panels (c) and (d) show the same curves as in (a) and (b) but in a logarithmic vertical scale. The distribu-
tions are forW = 0.5 considering 100 eigenstates at the average energy ⟨ϵ⟩ with at least 4500 disorder realizations for different
system sizes, L.

in the otherwise ergodic regime. For large disorder, close to the crossover to many-body localization, the
nonergodic behavior is expected. The small disorder details are discussed in appendix D.

5. Effects on time-dynamics

In this section, we examine the experimental consequences of the anomalous distributions of szl in eigen-
states. We consider a system with Hamiltonian Ĥ, initialized in state |ϕ⟩ and denote the time-evolved

state by |ϕ(t)⟩= e−iĤt|ϕ⟩. The long-time average O of the expectation value of an observable Ô is given
as

O≡ lim
T→∞

1

T

ˆ T

0
dt⟨ϕ(t) |Ô|ϕ(t)⟩

= lim
T→∞

1

T

ˆ T

0
dtei(Em−En)t

∑
m,n

⟨m|Ô|n⟩c∗mcn, (16)

where cn = ⟨n|ϕ⟩. Performing the time integral, we note that only the diagonal terms, m= n, yield a
non-vanishing contribution, showing that O is given by the expectation value in the diagonal ensemble,

O =
∑
n

⟨n|Ô|n⟩|cn|2, (17)

defined by the initial state |ϕ⟩. When the Ĥ is ergodic and local, and the initial state is a product
state, the energy fluctuations are subextensive [4], δEϕ/Eϕ ∼ 1/

√
L, where Eϕ = ⟨ϕ|Ĥ|ϕ⟩ and δEϕ =√

⟨ϕ|Ĥ2|ϕ⟩− E2ϕ. In that case, the diagonal ensemble expectation value, (17), may be close to the

microcanonical average O(Eϕ), (1), at energy Eϕ. In an ergodic disordered system, the mechanism
leading to the false signatures of non-ergodicity in the distributions of expectation values of local

8
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Figure 7. The disorder averaged rescaled energy expectation value for the Néel state, ϵψ , and the associated standard deviation
with disorder realization (shown here by the error bars ) varying with disorder strength for different system sizes. For the HSC
Hamiltonian with RD (a) and QP disorder (b). Both (a) and (b) consider 2500 disorder realizations.

Figure 8. The probability distribution of site-resolved magnetization of eigenstates, P(szl ), for different system sizes around ener-

gies ⟨ψ|Ĥ|ψ⟩, the expectation energy of the Néel state for both the RD (a) and QP (b) case. Both (a) and (b) consider 100 eigen-
states for at least 1000 disorder realizations withW = 0.5. The bottom row provides a comparison with the distributions for
site-resolved magnetization at long times obtained from dynamics of the initial Néel state, P(szl ) again for both RD (c) and QP
(d) disorder cases. Both (c) and (d) consider 2500 disorder realizations.

observables in eigenstates may lead to a non-trivial spread of the long-time averages, equation (16), of
the local observables. In the following, we analyze this effect on the example of disordered HSC, showing
how to assess the ergodicity of the system correctly.

We fix the initial quench state as the Néel state |ψ⟩ ≡ |↑↓ · · · ↑↓⟩ and follow the time evolution for
individual disorder realizations using Chebyshev propagation scheme [66]—see appendix C. For disorder
strength W = 0.5, the average rescaled energy of |ψ⟩ in the HSC model with both the RD and QP dis-
order is ⟨ψ|ĤHSC|ψ⟩ ≡ ϵψ ≈ 0.3, see Figure 7. The latter value is significantly distant from the rescaled
energy ⟨ϵ⟩ ≈ 0.62 corresponding to ⟨E⟩=−1/4. At the considered system size, the expectation value
ŝzl enters a stationary regime already at time-scales O(100). Hence, as an approximation for the infinite

time average in equation (16) for the operator ŝzl = Ô, we consider its long time average as

szl ≡
1

t2 − t1

ˆ t2

t1

⟨ψ|ŝzl (t) |ψ⟩dt. (18)

where we take t1 = 200 and t2 = 2000. For the considered HSC, and for the operator Ô = ŝzl , the long
time average approximates accurately (for this choice of t1, t2 up to errors of the order O(10−4)) the
diagonal ensemble expectation value given by (17). Hence, in the following, we are using the diagonal
ensemble and the long-time average of the ŝzl operator interchangeably. We show in figure 8 that the
probability distribution obtained from the long-time average of szl over disorder realizations has sim-
ilar characteristics to that found from eigenstates at energies corresponding to the initial energy of the
Néel state for each disorder realization. In particular, for the HSC-QP model, P(szl ) reveals a double
peak structure, with similar widths of the side peaks for L= 16,18 while being broader for L= 20, which
reflects the standard deviations in ϵψ (see figure 7). With increasing system size the orthogonal fluctu-
ation to the microcanonical expectation, ⟨n|Ô⊥|n⟩, exponentially decreases, leading to better approxima-
tions of the peaks in P(szl ) by the distribution P(szl ).

The distributions of szl , obtained from the simulated time dynamics for different sites l and dis-
order realizations, do not follow a naive expectation of their narrow concentration around the mean
value equal to zero for disordered ergodic systems. As shown in figure 9, these distributions are centered
around the microcanonical ensemble expectation value, szl (Eψ) calculated at the energy Eψ of the initial
Néel state, up to corrections decreasing with system size L. This microcanonical ensemble expectation
value is estimated as an average of szl over N eigenstates with eigenenergies close to a desired energy
szl (E) = 1/N

∑
n⟨n|ŝzl |n⟩.

9
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Figure 9. The probability distribution of long time average of the site-resolved magnetization, szl , (18), corrected by the microca-
nonical expectation value, szl (Eψ), in the Néel state, P(szl − szl (Eψ)), for the HSC Hamiltonian with RD for different system sizes.
The microcanonical expectation is calculated as an average over 10 eigenstates, and the probability distributions are found by
considering 2500 disorder realizations.

Figure 10. The time dynamics of the site-resolved magnetizations, szl (t) = ⟨ψ|̂szl (t)|ψ⟩, for the Néel initial evolved state with the
HSC Hamiltonian and RD, (a) or QP (b) disorders for a single disorder realization withW = 0.5 and the system size L= 20. Each
black curve represents a different site magnetization szl (t). The bottom row shows the same dynamics when the microcanonical
expectation for each spin, szl (Eψ) (obtained using 100 eigenstates) is subtracted, s̃zl ≡ szl (t)− szl (Eψ).

Similarly to the case of eigenstates considered earlier, the significant spread of the long-time aver-
ages, szl , may lead to false conclusions about the breakdown of ergodicity. A remedy for this artifact may
be, however, readily constructed, even at the single disorder realization level. Instead of analyzing the
long-time dynamics for individual spin, szl (t) = ⟨ψ|ŝzl (t)|ψ⟩, one may subtract from it the microcanonical
expectation. The result of such a procedure can be seen in figure 10. The top row presents different szl (t)
for a single disorder realization, showing the residual spread of the saturation values, szl , present even at
long times. When s̃zl (t) = szl (t)− szl (Eψ) are plotted, the spread dramatically narrows down, and s̃zl (t) fluc-
tuates, at long times, around zero mean, as one could expect for the ergodic dynamics.

6. Conclusion

In this study, we have highlighted the subtle issues related to self-averaging in disorder-averaged observ-
ables, focusing on the experimentally relevant probe of site-resolved magnetization in spin-1/2 chains.
Taking as an example the paradigmatic HSC, we systematically investigated various types of onsite dis-
order in the ergodic regime. Our results show that the nontrivial structures observed in the probab-
ility distributions of matrix elements of local observables arise as a direct consequence of the energy
dependence of the microcanonical expectation value, which varies for each specific disorder realization.
Importantly, we demonstrated that the expected Gaussian behavior predicted by random matrix theory
can be recovered either by selecting eigenstates near the infinite-temperature energy window or by expli-
citly removing the mean microcanonical contribution. This work clarifies how misleading signatures of
non-ergodic behavior can emerge and provides practical guidance for correctly interpreting numerical
and experimental results in disordered quantum systems.

Furthermore, we have shown that these microcanonical artifacts persist in experimentally relev-
ant long-time dynamics and can lead to false signatures of non-self-averaging behavior if not properly
accounted for. Our results highlight the necessity of carefully distinguishing true ergodicity-breaking
effects from energy-window artifacts when interpreting both numerical and experimental observations.
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Appendix A. Traces for γ0 and γ1

Let us start by decomposing the Heisenberg spin-1/2 chain (HSC) Hamiltonian with onsite fields
as a sum of 2−site and 1−site local operators. Leading to the expression for the Hamiltonian
as ĤHSC ≡

∑L−1
i=1 [Ĵi,i+1 + V̂i,i+1] +

∑L
i=1 ĥi , where Ĵi,i+1 ≡ 1

2 (ŝ
+
i ŝ

−
i+1 + ŝ−i ŝ

+
i+1), V̂i,i+1 = ŝzi ŝ

z
i+1 and

ĥi ≡ hi ŝzi . Considering the zero magnetization sector in the Z−basis, which has a dimension D=
L!/((L/2)!(L/2)!), we will estimate the various traces of interest associated with the derivations of γ0
and γ1. That is, Tr[ŝzl ], Tr[ĤHSC], Tr[Ĥ2

HSC] and Tr[ŝzl ĤHSC].
It is immediately apparent that Tr[ŝzl ] is simply zero, so we start by calculating the trace of the

Hamiltonian, Tr[ĤHSC]. The tunneling terms, Ĵi,i+1, here will only have off-diagonal elements and thus
do not contribute to the Hamiltonian trace. From Tr[ŝzl ] = 0 it is evident that the contributions from the

onsite fields ĥi are also zero. And the only terms that contribute are the interaction terms V̂i,i+1 which
from the combinatorial restrictions associated with choosing two spins oriented in up/down directions
within this magnetization restricted basis make a contribution Tr[Ĵi,i+1] =−D/(4(L− 1)). Thus, consid-
ering all terms for the HSC Hamiltonian with open boundary conditions, one gets: Tr[ĤHSC] =−D/4.

Next, considering the higher moment of the Hamiltonian, Tr[Ĥ2
HSC], one needs to take into account

pure squares of the local operators of the Hamiltonian and products of different local operators. The
terms of the tunneling part that lead to products with other local operators are once again purely off-
diagonal and do not contribute, so one is left with terms of the form Ĵ2i,i+1 or Ĵi,i+1 Ĵj,j+1 (with i ̸= j) ,
here again all terms of the second form will only have off-diagonal elements and will have zero contri-
bution. On expanding the trace associated with Ĵ2i,i+1 one finds Ĵ

2
i,i+1 = Tr[(ŝxi )

2(ŝxi+1)
2 +(ŝyi )

2(ŝyi+1)
2 +

(ŝxi )(ŝ
x
i+1)(ŝ

y
i )(ŝ

y
i+1)+ (ŝyi )(ŝ

y
i+1)(ŝ

x
i )(ŝ

x
i+1)]. The first two terms here are scalars and will just have the

contribution Tr[(ŝxi )
2(ŝxi+1)

2 +(ŝyi )
2(ŝyi+1)

2] = D/8, while for the second term with the Pauli commut-

ation relations one can recover a local operator of the form V̂i,i+1; then making use of the combin-
atorial restrictions one finds Tr[(ŝyi )(ŝ

y
i+1)(ŝ

x
i )(ŝ

x
i+1)] = D/(8(L− 1)). On summing over all terms one

finds the contribution from the tunneling part as Tr[
∑

i,j Ĵi,i+1 Ĵj,j+1] = DL/8. Considering, in turn,
the interaction part of the cross-term product with the onsite field operators will have no contribu-
tion as it will just produce 3−site or 1−site ŝzl operators, both of which have vanishing trace. Now,
considering the pure products of the interaction part, one has terms of the form Tr[V̂i,i+1V̂j,j+1]. For
i= j the trace will give the scalar contribution D/16. While, for |i − j|= 1 the trace will take a form
1
4Tr[ŝ

z
m ŝ

z
n] that makes a contribution −D/(16(L− 1)). And for |i− j |> 1 one has the full 4−site oper-

ator of the form Tr[ŝzi ŝ
z
i+1 ŝ

z
j ŝ
z
j+1] that again, making use of combinatorics associated with evaluating the

probability of choosing different choices of spins within this constrained basis, gives Tr[ŝzi ŝ
z
i+1 ŝ

z
j ŝ
z
j+1] =

3D
16(L−1)(L−3) . Summing over all indices the total contribution arising from the interacting part is
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Tr[
∑

i,j V̂i,i+1V̂j,j+1] = L/8− 1
16(L−1) [2(L− 2)]+ 3D

16(L−1)(L−3) [(L− 2)(L− 3)]. And finally considering the

field terms we find traces of the form Tr[hi ŝzihj ŝ
z
j ] which when i= j is a trace over a scalar that gives

Dh2i /4 while for i ̸= j gives terms similar to V̂ and giving the trace value,
Dhihj

4(L−1) . On summing over

indices, Tr[
∑

i,j ĥiĥj] = +1/4
∑L

i=1 h
2
i − 1/(4(L− 1))

∑
i̸=j hihj. Collating all contributions from the three

terms of the Hamiltonian one finds: Tr[Ĥ2
HSC]/D= (3L2 − 3L− 1)/(16(L− 1))+ 1/4

∑L
i=1 h

2
i − 1/(4(L−

1))
∑

i̸=j hihj.

Finally, we look at Tr[Ĥŝzj ]. This trace just has a trace over local operators, which is up to a constant

already dealt with while evaluating Tr[Ĥ2
HSC]. Here, there are no contributions from the tunneling and

the interaction part based on insights mentioned above. While from the field operators, one gets a trace
over operators of the form Tr[hi ŝzi ŝ

z
j ], which have already been evaluated up to a scalar above; one finds

in the case i= j a contribution of Dhi/4, while for i ̸= j the contribution is −(Dhi)/(4(L− 1)). Summing
over the indices, we find: Tr[ĤHSC ŝzj ]/D= 1/4hj − 1/(4(L− 1))

∑
i̸=j hi.

Replacing these traces in (13) and (14) gives the explicit linear form of ŝzl,∥ as

ŝzl,∥ =

(
1
4hl −

1
4(L−1)

∑
i̸=l hi

)[
ĤHSC + 1/4

]
(3L2−3L−1)
(16(L−1)) + 1

4

∑
i h

2
i +

1
4(L−1)

∑
i̸=j hihj −

(
1
4

)2 .
(A1)

Appendix B. Density of states (DoS)

The assumption often made in the context of eigenstate thermalization hypothesis (see, e.g. [43]) is that
the DoS is a near-Gaussian with variance that depends linearly on the system size. The DoS is expected
to take the particular form

ρ(E)≈
exp
(
− (E−⟨E⟩)2)

2σ2

)
√
2πσ2

(B1)

with σ2 ∝ L.
The DoS for the HSC Hamiltonian with random and quasiperiodic potential disorder at the dis-

order strength we consider, W = 0.5, is approximately Gaussian with a slight skewness to low energies
as shown in figures 11(a) and (b), where the DoS is calculated based on a stochastic Kernel Polynomial
approximation method as in [67–69]. Presuming a variance that linearly depends on the system size and

Figure 11. The density of states varying with E for the HSC Hamiltonian with (a) random and (b) quasiperiodic disorder with
different system sizes. The panels (c) and (d) correspond to the random and quasiperiodic disorder with the density of states and
energies rescaled with a presumed standard deviation

√
L. The dashed line is the expected Gaussian form at very large system

sizes as estimated from appendix A. All plots are made forW = 0.5 considering at least 10 disorder realizations. The DoS are
calculated based on a stochastic Kernel Polynomial approximation method using Chebyshev Polynomials as in [67, 68] expanded
stochastically to the order of 200 with 200 random vectors.
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making appropriate scalings one finds a leading single curve, as shown in figures 11(c) and (d), with
additional system size corrections that approaches a Gaussian distribution with increasing system size.

An unskewed Gaussian distribution, as suggested by numericals, is expected for larger system sizes.
This is because skeweness, γ = k3

σ3 , where, k3 is the third cumulant k3 = ⟨(H−⟨H⟩)3⟩ and expected
to grow at maximum as linearly with system size along with variance for a 1 dimensional ergodic
Hamiltonian with short range interaction, goes as γ ∼ 1/

√
L.

Appendix C. Numerical details

The eigenstates and eigenvalues evaluated in the bulk of the spectrum were calculated for system sizes
L⩽ 18 either with the standard exact diagonalization (ED) method for dense matrices or using the
implementation of the shift-invert method in scipy [70]. For L= 20 we used the polynomially filtered
exact diagonalization (POLFED) method [69].

The time dynamics considered in figure 8, is obtained using the Chebyshev propagation scheme [66,
71], which approaches the time-evolution operator, U(∆t) = exp(−iH∆t), by expansion in terms of the
Chebyshev polynomials as

U(∆t)≈

(
J0 (a∆t)+ 2

N∑
k=1

(−i)k Jk (a∆t)Tk (H)

)
(C1)

where, a= (Emax − Emin)/2, b= (Emax + Emin)/2 and the Hamiltonian, H, is rescaled as H= 1
a (H− b).

Above, Jk(t) is the Bessel function of order k and Tk(H) is the Chebyshev polynomial of order k. The
order of expansion N restricts the errors in the time evolution and is determined by a binary search to
give values that makes the norm of U(∆t) acting on a random normalized state deviating from unity
not more than 10−13. For much longer times than we consider in this paper, rigorous numerical com-
parisons were made with ED for similar systems in [72].

Appendix D. Disorder dependence

There is a simple argument to explain why the resemblance between the magnetization and disorder
distributions shown in figures 2 and 3 becomes less and less pronounced as the disorder strength is
increased. Consider equation (15), we obtain the approximation

szj (E)∝
E−⟨E⟩

3L/4+
∑

i h
2
i

hj ≈
E−⟨E⟩

L(3/4+W2σ2)
hj (D1)

where σ2 is the variance for unit disorder strength, which has a maximum value of σ2 = 1 for the binary
disorder. Using (D1), one can show that the distribution for szj (E) for a fixed energy and system size gets

broader (narrower) if W<
√
3/(2σ)

(
W>

√
3/(2σ)

)
. This follows from the fact that taking a typical

value of hj ≈Wσ we obtain a dispersive curve in (D1)) which reaches extrema at W=
√
3/(2σ). For

given values of W in figures 2 and 3, assuming a fixed energy, (D1) one gets broadening distributions.
The eigenstates for figures 2 and 3 were chosen at the rescaled energy ϵ= 0.5, looking at the corres-

ponding energy value E with varying disorder realizations, we find in figure 12 that for random, cosine,
binary and tertiary disorders with increasing disorder strength, the energies approach the average energy,
⟨E⟩=−1/4, with increasing fluctuations. This leads to the distribution of szj with W becoming progress-
ively smeared from the disorder distribution and eventually losing the peculiar disorder characteristics.
For the quasiperiodic triangle wave distribution, there is comparatively less change in energy and fluctu-
ations, leading to a more apparent broadening of the site-resolved magnetization distribution.
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Figure 12. The distribution of energy values corresponding to ϵ= 0.5 over disorder realizations shown with standard box plots
for a random (a), cosine (b), binary (c), tertiary (d), and triangle-wave quasiperiodic distribution. The dashed black line corres-
ponds to ⟨E⟩=−1/4. All figures consider a system size L= 18 with 500 disorder realizations.
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