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Abstract

Let X be an Archimedean vector lattice. We investigate subalgebras of .2’ (X) con-
sisting of regular operators that contain all rank-one operators of the form a ® ¢,
where a and b are atoms of X and ¢, denotes the coordinate functional associated
with b. Our main result shows that every positive automorphism of such a subalgebra
contained in .Z(cgo(A)), is necessarily spatial, meaning that it is implemented by a
transformation of the form

T+ PDTD™'P7!,

where P is a permutation operator and D is a positive diagonal operator. We also use
the Kakutani representation theorem to establish that every finite-dimensional vector
subspace of X is order closed.

Keywords Vector lattice - Order algebra automorphism - Inner automorphism -
Atom - Order continuous operator

Mathematics Subject Classification Primary 46A40 - 47B65; Secondary 16W20 -
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1 Introduction
Let F be a field and let ®: M, (F) — M, (F) be an algebra automorphism of the
algebra M, (F) of all n x n matrices over F. A classical result from linear algebra

states that ® is inner; that is, there exists an invertible matrix A € M,,(F) such that

O(T) = ATA™!

B4 M. Kandi¢
marko.kandic @fmf.uni-lj.si

G. Cigler
gregor.cigler @fmf.uni-lj.si
Faculty of Mathematics and Physics, University of Ljubljana, Jadranska 19, 1000 Ljubljana,

Slovenia

Institute of Mathematics, Physics, and Mechanics, Jadranska 19, 1000 Ljubljana, Slovenia

Published online: 11 April 2026 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11117-026-01190-y&domain=pdf

30 Page2of26 G. Cigler, M. Kandi* ¢

for all T € M, (F). This follows readily from the Noether—Skolem theorem (see [4,
Theorem 3.14]), which asserts that every automorphism of a finite-dimensional central
simple F-algebra is inner.

In 1940, Eidelheit established the Banach space analogue (see [3]), proving that
for a Banach space X every algebra automorphism of the Banach algebra Z(X) is
inner. Later, Sourour extended the investigation to the Banach lattice setting (see [8,
Theorem 2]), showing that if X is a Banach lattice, then every order-preserving algebra
automorphism of the algebra ., (X) of regular operators is inner and is implemented
by a lattice isomorphism.

The present paper appears to be the first systematic study of order automorphisms
of the algebra £ (X) in the context of normed lattices X that are not assumed to
be complete. In our main result Theorem 5.8 we assume that X is an Archimedean
atomic vector lattice and we provide a description of positive algebra automorphisms
for subalgebras of ., (X) containing operators a ® ¢, for all atoms a and b from
X. In the special case where X = coo(A) is the vector lattice of finitely supported
functions on a nonempty set A, we further obtain that every order-preserving algebra
automorphism of £ (cop(A)) or of B(cpo(A)) is inner.

This paper is organized as follows. In Sect. 2 we collect the preliminary material
used throughout the paper. In Sect. 3 we apply the Kakutani representation theorem to
prove that every finite-dimensional vector subspace of an Archimedean vector lattice
is order closed. Although we require this only in the special case of one-dimensional
subspaces, the result is of independent interest, as it contributes to the broader under-
standing of order convergence and order-closed sets in vector lattices. This result will
be used in Sect. 4, where we study algebras of regular operators on Archimedean
vector lattices generated by operators of the form a ® ¢, with @ and b atoms and ¢,
the coordinate functional associated with b.

In Sect. 5 we establish Theorem 5.8, the main theorem of the paper. In Theorem
6.1 we first obtain an operator-theoretic characterization of vector lattices of the form
coo(A) for some nonempty set A. In particular, we show that an Archimedean vector
lattice X is lattice isomorphic to cop(A) if and only if

for every Archimedean vector lattice Y. When Y = ¢go(A), this characterization
allows us to rewrite Theorem 5.8 explicitly in that setting, yielding a concrete descrip-
tion of order-preserving automorphisms of the corresponding operator algebras.

Finally, in Sect. 7 we provide concluding remarks concerning order-bounded func-
tionals and the order dual of the lexicographic product of vector lattices.
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2 Preliminaries

Let X, Y be vector lattices. A subset of X is order bounded if it is contained in some
interval. By Z(X,Y), % (X,Y) and .%,(X, Y) we denote the vector space of all
linear operators, the space of all order bounded operators and the space of all order
continuous operators from X to Y, respectively. If X and Y are normed lattices, then
the space of all bounded operators is denoted by A(X, Y). If X = Y we write .Z(X)
instead of Z (X, Y). Similarly, we define the symbols .%,(X), %, (X) and ZB(X). If
Y =R, we write X' := Z(X,R), X~ := Z,(X,R) and X, := Z,(X,R). If X is
a normed lattice, we write X* := Z(X, R). A net (x4)y in X converges in order to
a vector x whenever there exists another net (yg)g with yg \ 0 such that for each
there exists «g such that for all @ > «y we have

|xe — x| < yg.

In this case, we write x, > x.
The proof of the following well-known lemma is included for the sake of complete-
ness.

Lemma 2.1 Let u be a nonzero vector of an Archimedean vector lattice X. For a linear
functional ¢ € X' consider the rank one operator u @ ¢.

(1) u ® ¢ is order bounded if and only if ¢ is order bounded.
(i1) u ® ¢ is order continuous if and only if ¢ is order continuous.

Proof (i) Suppose first that ¢ is order bounded and choose any interval [x, y] € X.
There exists a scalar A > 0 such that ¢([x, y]) € [—A, A]. Hence, for any z € [x, y]
we have

[(u ® 9)(2)] = lp@ul = le@)] lu] < Alul

which proves that u ® ¢ is order bounded.

Assume now that # ® ¢ is order bounded and choose any interval [x, y] € X.
There exists a positive vector w such that (u ® ¢)([x, y]) € [—w, w]. Hence, for any
z € [x, ylwehave |¢(2)] [u] = |e(2)u] = |t ®¢)(z)| < w. Since X is Archimedean,
the set ¢ ([x, y]) needs to be bounded.

(i1) Suppose now that x, 2 0in X.If @ is order continuous, then ¢ (x,) — 0. Since
X is Archimedean, we have (1 ® ¢)(xy) = @(xq)u > 0. Conversely, suppose that
u ® ¢ is order continuous. From ¢ (xy)u = (4 ® ¢)(xy) > 0it follows o(xy) — 0.0

A positive vector a of a vector lattice X is called an arom whenever it follows from
0<x,y<aandx L ythatx = 0or y = 0. The band A generated by all atoms
of X is called the atomic part of X. If X = A, then X is an atomic vector lattice.
If X # A, then C := A% is the continuous part of X. By [1, Theorem 1.36] the
ideal A + C is always order dense in X. If X is Archimedean and not atomic, then
C4 = A% = A # X, so that C # {0}. If the principal ideal I, generated by a
equals to the span Ra of a, then a is called a discrete element. By [6, Lemma 26.2] it
follows that every discrete element is also an atom. Moreover, by [6, Theorem 26.4],
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in an Archimedean vector lattice the principal band B, generated by an atom a is a
projection band which is equal to Ra. In particular, in Archimedean vector lattices,
the sets of atoms and discrete elements coincide.

Let a be an atom in an Archimedean vector lattice X. Then the decomposition

X =Ra @ {a}?

is an order decomposition meaning that x = x; + x> € Ra @ {a}¢ is positive if and
only if x; and x; are positive in Ra and {a}?, respectively. For every x € X there
exists a unique scalar ¢, (x) and a unique vector y, L a such that x = ¢, (x)a + y.
Since X = Ra @ {a}¢ is an order direct sum, we have that ¢,: X — R is a lattice
homomorphism. Moreover, order continuity of the band projection onto the projection
band Ra yields order continuity of ¢,.

By Zorn’s lemma type argument, every vector lattice with at least one atom admits
a maximal family A of pairwise disjoint atoms. Since for any two atoms a; and
apy € X in an Archimedean vector lattice we have that either a; A ao = 0 ora; A ap
is simultaneously a nonzero multiple of both a; and ay, the span of A is independent
of the choice of A. Therefore, an Archimedean vector lattice X is atomic if and only
if the ideal 1 4 := span .4 generated by A is order dense in X for any maximal family
A of pairwise disjoint atoms in X. If a and a’ are atoms in X such that a’ = Aa for
some A > 0, then it is easy to see that ¢,/ = %(pa.

Suppose now that X is an atomic Archimedean vector lattice and let .4 be a maximal
family of pairwise disjoint atoms in X. The following lemma characterizes positivity
of a given vector x € X.

Lemma 2.2 A vector x in an atomic Archimedean vector lattice is positive if and only
if pa(x) > 0 for everya € A.

In particular, a vector x € X is the zero vector if and only if ¢, (x) = O for every
a € A. The family F of all finite subsets of A is directed with set inclusion. Since
span A is order dense in X, for every positive vector x € X we have

X = sup g, (x)a = sup sup g, (x)a = sup »  @u(x)a. M)
acA FeF aeF FeF ,cF

The remaining unexplained facts about vector and normed lattices can be found in [1]
and [6].

Let o7 be a subalgebra of an algebra %8. An automorphism & of .o/ is inner if there
exists an invertible element 7 € .« such that ®(A) = TAT ! forall A € <. If there
exists an invertible element 7 € % such that ®(A) = TAT ! forall A € <, then
® is called spatial. Spatial automorphism induced by T is denoted by ®7. Invertible
elements 7 and 7, from % induce the same spatial automorphism of .« if and only if

T,'TA = AT, Ty
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forall A € 7. The latter is equivalent to the fact that Tz_1 T1 belongs to the centralizer
Cyp(A)={T e€B: AT =TAforall A € &/}

of o/ in B.If o/ = A, then Cz(H) is called the center of A and is denoted by
Z (). It is well known that in the case & = % = Z(X) operators T} and T, induce
the same inner automorphism if and only if T{] T is a nonzero scalar multiple of the
identity operator.

3 Order closedness of finite-dimensional vector subspaces

In this section we prove (see Theorem 3.2) that every finite-dimensional vector sub-
space of an Archimedean vector lattice is order closed. The value of this result is
twofold. First, we will use it in Sect. 5, where we study positive automorphisms of
certain algebras of order continuous operators on atomic Archimedean vector lattices.
Second, it is valuable in its own right, since it contributes to the broader development
and understanding of concepts related to order convergence.

For the proof of Theorem 3.2 we need the following lemma whose proof is provided
for reader’s sake.

Lemma 3.1 Let Q2 be a nonempty set and let V be a finite-dimensional subspace of
RS, Then there exists a basis f1, ..., f, for V and points ay, . .., a, in  such that

fiaj) = 8ij.

Proof We will prove the statement by induction on the dimension of V. The statement
is clear if dim V = 1. Assume now that the statement holds for every n-dimensional
vector subspace of R and let V be an 1 + 1-dimensional subspace of RS with basis
{hi,ho, oo hpgt).

Pick a; € Q such that h1(a;) # 0 and for2 <i < n + 1 define

_ hi(a)
hi(ar)

g =h; hi.

Then gj(a;) = 0 for alli > 1 and the set {h1, g2, ..., gn+1} 1S a basis for V. By the
induction hypothesis, one can find ay, . .., a,4+1 and f2, ..., fu41 such that fi(a;) =
gjjfor2 <i,j <n+1andspan{fz,..., fuy1} = span{ga, ..., gnt1}. Therefore,
fi(ar) =0foralli > 1. To finish the proof, we first define

n+1
gr=h1—Y hi@)f;
i=2
and then f; = Sﬁgl. O

To prove Theorem 3.2 we need some more preparation. Let X be a vector lattice.
Following [5], a set A € X is order closed in X whenever it consists precisely of
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those elements x € X for which there exists a net (xy), in A that converges in order
to x in X. Suppose additionally that X is Archimedean. Then, for each positive vector
x € X, the principal ideal I, generated by x admits a lattice norm || - ||, defined by

[yl :==1inf{a = 0: [y] < Ax}.

If (Iy, || - |lx) is norm complete, then it is an AM-space with a unit x. By the Kakutani
representation theorem (see e.g. [1, Theorem 4.29]), I, is lattice isometric to some
C(K) for some compact Hausdorff space K with x being mapped to the constant one
function. If (I, | - ||x) is not norm complete, then its norm completion is an AM-space
with a unit x, so that I, is a norm dense sublattice of some C(K) space.

Theorem 3.2 Every finite dimensional vector subspace of an Archimedean vector lat-
tice is order closed.

Proof Let V be a finite dimensional vector subspace of an Archimedean vector lattice
X and let (vy)o be a net in V which converges in order to some v in X. By passing
to a tail, if necessary, we may assume that the net (vy ), is order bounded. Therefore,
there exists a positive vector y in X such that |vy| < y for every «. We define

n
x=y+) el
i=1

where {eq, ..., e,} is some basis of V. Clearly, V is contained in the principal ideal
I,. By the Kakutani representation theorem there exists a compact Hausdortf space
K such that (I, || - ||x) embeds into C(K) as a norm dense sublattice with x being
mapped to the constant one function. Hence, without loss of generality we may assume
that I, is contained in C(K).

By Lemma 3.1, there exists a basis { f1, ..., f} for V and points ay, ..., a, in K
such that f;(a;) = ;;. Hence, for each o we can write

Vg = )‘(()(l)fl + - ’)\((xn)fn

for suitable scalars Afj), e, Aé"). Since the net (vy )¢ is order bounded in C(K) and
for each 1 < i < n the mapping ¢;: C(K) — R defined by ¢(f) = f(a;) is
a lattice homomorphism, the net (X,()f >)a is bounded in R for each 1 < i < n. By
passing to appropriate subnets, we may assume that for each 1 < i < n the net (Ag ))a
already converges to some 1) € R. This implies that the net (v ), converges in order
inl, € Xto AW f +... + 10 f, e I.. Since order limits are unique, we have
v=ADf 4. AW eV, O

4 Operators on atomic vector lattices

In this section, we study and characterize order continuous operators on an Archime-
dean vector lattice X belonging to the algebra o) C %, (X) defined as follows. If X
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does not contain atoms, we set 2% = {0}. Otherwise, choose a maximal family A of
pairwise disjoint atoms in X and define 7 to be the algebra generated by all operators
of the form a ® ¢, for all a, b € A. It is easy to see that

2y = spanf{a @ ¢p : a,b € A}. 2)

Since each coordinate functional ¢}, is order continuous, we indeed have <7y C %, (X).

In Proposition 4.2 we prove that an order continuous operator 7 belongs to 7 if
and only if its “matrix representation" has only finitely many nonzero entries. More-
over, Lemma 4.3 yields that every positive operator T € .Z;,(X) satisfying TA C A
and T|¢c = 0 is a supremum of an increasing net of positive operators from <7%. In
particular, we prove that whenever X is Dedekind complete then .7 is an order dense
vector sublattice of %, (X) if and only if X is atomic.

We start with the following simple lemma which will be needed throughout the

paper.

Lemma4.1 Let T: X — Y be alinear operator between Archimedean vector lattices
and let A and B be maximal families of pairwise disjoint atoms in X and Y, respectively.

(1) If X is atomic and T is order continuous, then T > 0 if and only if Ta > 0 for
everya € A.
(ii) IfY is atomic, then T > 0 if and only if o o T > 0 for every atom b € B.
(i) If X and Y are atomic and T is order continuous, then T > 0 if and only if
op(Ta) > 0foralla € Aand b € B.

Proof Since coordinate functionals are positive, it suffices to prove the “if" statements.

(i) Suppose that Ta > 0 for every atom a € A. Then Tx > 0 for every x that
is a positive linear combination of atoms in 4. Since X is atomic and 7 is order
continuous, we conclude that T is positive.

(ii) Assume that ¢, o T > O for every atom b € B and pick any x € X ™. Then
op(Tx) > 0 for every atom b € B, so that Tx > 0 by Lemma 2.2.

(iii) Suppose that ¢p(Ta) > 0 for all @ € A and b € B. By Lemma 2.2 we have
Ta > 0O for every a € A. Now we apply (i). O

The following proposition characterizes order continuous operators contained in
2.

Proposition 4.2 The following statements are equivalent for an order continuous oper-
ator T on an Archimedean vector lattice X.

() T € .
(ii) There exist only finitely many pairs (a, b) € A x A such that

(@a®¢)T (D ®pp) #0
and T satisfies TA C Aand T|c = 0.

(iii) There exist only finitely many pairs (a, b) € A x A such that ¢,(Tb) # 0 and
T satisfies TA € Aand T|¢c = 0.
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Proof (i)=(ii) Pick T € .«%. Then T = Zc,deF Aed (¢ ® @q) € o for some finite set
F C A and some scalars A.4. Clearly, T (span . A) € span A and T'|¢ = 0. Since T is
order continuous, we have T A C A. A direct calculation shows that

@® )T ® @) = Y heapal(c)pa(b)a ® pp) =0
c,deF

for (a,b) ¢ F x F.

(i1)=(i) Assume now that there exists a finite set G C A x A suchthat (a®¢,)T (b®
¢p) = 0for (a,b) ¢ G and T satisfiesTA C Aand T|c =0.. Then G C F x F for
some finite subset F C A. Clearly, if (a, b) ¢ F x F,then (a ® 9,)T (b ® ¢p) = 0. It
follows that ¢, (Th) = O for (a, b) ¢ F x F. We define the order continuous operator

S= " @(Td)(c®ga) €
c,deF

and calculate

0a(T = $)b) = ¢a(Th) = Y 9e(Td)pa(b)ga(c)
c,deF

fora,b € A.Ifa ¢ F,then ¢,(Tbh) = 0and ¢,(c) = 0 for every ¢ € F which clearly
implies ¢, ((T — S)b) = 0. On the other hand, if a € F, then ¢,(c) = 0 for every
¢ € A\ {a} yielding

©a((T — S)b) = ¢a(Th) — Z @a(Td)pa (D).
deF

Ifb ¢ F,thenevery term in the sum above is zero, so that we have ¢, (Tb) = ¢,(Sb) =
0. On the other hand, if b € F, the sum above reduces to ¢, (T'b). Therefore, both cases
give ¢, ((T — S)b) = 0 for all @, b € A. Lemma 4.1(iii) implies 7|4 = S|4. Since
T|c = S|c =0, S and T agree on the order dense ideal A @ C of X. To conclude the
proof we once more use the fact that 7 and § are order continuous.

(i1)<(iii) follows from the identity (@ ®@ ¢,)T (b ® ¢p) = @ (Th)(a @ ¢p). O

If a vector lattice X is finite-dimensional and Archimedean, it is atomic and order
isomorphic to R” ordered coordinatewise where n = dim X. Hence, if {a, ..., a,}
is a maximal family of pairwise disjoint atoms in X, then every linear operator 7' on
X is of the form

n
T=) (a®¢)Ta; Q)
ij=1
Suppose now that X is an atomic Archimedean vector lattice and let .4 be a maximal

family of pairwise disjoint atoms in X. For a finite subset F C A we define the finite
truncation T of T by

Tr= Y (@®¢)T(b® ).
a,beF
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If we order the family F of all finite subsets of .4 by set inclusion, F becomes a
directed set, so that we may consider (TFr) pcr as a net. The following lemma shows
that every positive order continuous operator 7 € .%,(X) on an atomic Archimedean
vector lattice can be recovered from its finite truncations.

Lemma4.3 Let X be an atomic Archimedean vector lattice. Then for each positive
operator T € £,(X) the net (Tp) per satisfies Tr /' T in £,(X). Moreover, for
each x > 0 we have Tpx /' Tx.

Proof Pick any finite subset F € F and observe that 0 < Zae ra® @, < I yields
0 < Tr < T.Clearly, positivity of 7 implies 0 < Ty, < T, for each pair Fy, > € F
with F; € F,. To prove that T is the supremum of (Tr) e in 2, (X),let S € £, (X)
be any upper bound of (TF) pe 7. Choose any ¢ € A, and select F € F suchthatc € F.
By assumption, we have § > Tr > 0, and so

Se= Y @®p)Tb@@pc= Y ¢p(ga(Thia= ) ¢a(Tc)a.

a,beF a,beF acF

Since

Tc = sup Z 0a(Tc)a
FeF cp

by (1), we have Sc > Tc. To conclude the proof, we apply Lemma 4.1(i) for the
operator S — 7. O

Proposition 4.4 For an Archimedean vector lattice X the following statements hold.

(1) The algebra < is a vector lattice. For T = Za,beF Aab(a ® @p) € ) the
modulus is given by

ITI= " |tabl(a ® gp).

a,beF
(i) If X is Dedekind complete, then <7 is an ideal of £, (X).

Proof We will simultaneously prove (i) and (ii). To this end, pick any 7" € .o and
any maximal set A of pairwise disjoint atoms in X. Then there exists a finite subset
F C A such that

T = Z rab(a ® ¢p).

a,beF

We claim that the operator

S= " lhala®ep)

a,beF

is the modulus of 7 in 2%). By definition, S belongs to 7). Clearly, for every atom ¢ € X
we have S¢ > T'c, —Tc, so that Lemma 4.1 yields S|4 > T'|a, —T|4. Furthermore,
Slc = T|c = 0implies S|agc = Tlapc, —T |a@c- Therefore, restrictions of order
continuous operators S — 7 and S + T to the order dense ideal A @ C are positive
which implies § — T and S + T are positive on X. This yields S > T, —T.
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LetS € %, (X) be any upper bound for {T', —7'} and observe that forevery ¢ € A\ F
we clearly have Sc¢ > Tc¢ = Sc = 0. On the other hand, for ¢ € F we have

Se > Z laca  and Se > — Z Aaca,
acF aeF
which implies
Se > Z Aaca

aceF

= Z [Aacla = Sc.

acF

By applying Lemma 4.1 once again we obtain S|4 > S|4. Since S|c = 0, we also
have §|C > Slc = 0. Similarly as before, order continuity of S and S and order
density of A @ C in X yield S > S. This finally proves that S is the supremum of the
set {T, —T} in both &%) and %, (X). To finish the proof, note that [1, Theorem 1.56]
yields that .%;, (X) is a vector lattice whenever X is Dedekind complete.

To prove that <% is an ideal in £, (X), we first note that a closer examination of the
proof of [7, Lemma 3.8] reveals that for all atoms a, b € X each operator a ® ¢y, is an
atom of %, (X). Suppose that we have 0 < |T'| < |§] for some operators T € .Z;,(X)
and S =) ,cp rab(@ ® @p) € . Then

0<THT7<ITI< )Y Pall@@gp).
a,beF

By the Riesz decomposition property there exist positive operators M, and N,j, such
that 7% = Za,beF Mgy, T™ = Za,beF Nap and 0 < Myp, Nap < |Aapl(a ® @p).
Since a ® ¢p is an atom in %, (X), we have that M, and N, are positive scalar
multiples of a ® ¢p. This yields that T = T% — T~ is a linear combination of
operators a ® ¢p, for a, b € F proving that T € 7. O

We conclude this section with the following operator theoretical characterization
of atomic Archimedean vector lattices.

Corollary 4.5 A nonzero Archimedean vector lattice X is atomic if and only if for every
nonzero positive operator T € £, (X) there exists a positive nonzero operator S € )
suchthat0 < S < T.

Proof If X is atomic, then every positive order continuous operator 7 on S is by
Lemma 4.3 the supremum of the increasing net (Tr) pcr.

To prove the converse statement, observe first that since the identity operator on
X is order continuous, the algebra <7 is, by assumption, nontrivial, yielding that the
vector lattice X contains atoms. Assume that X is not atomic. Then there exists a
nonzero positive vector x which is disjoint with every atom in X. For an atom ¢ in X
we consider the rank-one operator x ® ¢.. By Lemma 2.1, the operator x ® ¢, is order
continuous. By assumption, there exists a nonzero positive operator S € .27 such that
0 < § < x ® .. There exists a finite subset F' C A and scalars A, such that

S= > lar(a®pp).

a,beF
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Pick any positive vector y € X such that Sy # 0. Then

0< > happ(a < ge(y)x
a,beF

shows that x is not disjoint with some atom which proves that the span of A4 is order
dense in X. O

Corollary 4.6 A Dedekind complete vector lattice is atomic if and only if <%y is an
order dense ideal in £, (X) and £, (X).

5 Automorphisms of algebras of operators on atomic vector lattices

Throughout this section, we assume that A4 is a maximal family of pairwise disjoint
atoms in an atomic Archimedean vector lattice X. Let ./ be an algebra in .Z(X)
containing .27 (see Sect. 4) andlet & : &/ — &/ be a positive algebra automorphism. In
Theorem 5.6, we prove that every such positive automorphism & satisfies ® (<) = <%
whenever &/ C %, (X). Furthermore, if &/ C £,(X) and X is Dedekind complete,
in Theorem 5.8 we conclude that for each positive operator T the restriction of @ (7T')
to the ideal generated by atoms behaves as a “generalized permutation" operator. This
result will be extremely useful in Sect. 6 where we consider algebras of operators on
vector lattices of the form cop(A) for some nonempty set A. In that case, we prove that
every positive automorphism ®: &7 — o is of the form ®(T) = PDTD~'P~! for
some “diagonal" operator D and some “permutation” operator P.
We start with the following characterization of rank-one operators.

Lemma 5.1 Let T be an order continuous operator on an atomic Archimedean vector
lattice X and let of be any algebra containing <%y. Then T is a rank-one operator if
and only if dim(T </ T) = 1.

Proof Suppose first that the rank of 7' is one. By Lemma 2.1 we have T = u ® ¢ for
some nonzero vector # € X and nonzero functional ¢ € X,”. Then for any A € &/
we have

TAT = (u® p)A(u ® ¢) = p(Au)(u @ ¢),

which shows dim(T </ T) < 1. Since u # 0, there exists an atom b € A such that
op(u) # 0. Furthermore, X being atomic and ¢ nonzero and order continuous yield
the existence of an atom a € A such that ¢(a) # 0. Therefore, T(a ® ¢p)T =
w(@)pp(u)(u ® ¢) # 0 which proves that dim(7 </ T) = 1.

For the opposite implication, assume that the rank of T is at least two. We claim
that there exist atoms a, b € A such that Ta and Tb are linearly independent. If this
were not the case, there would exist a nonzero vector v € X such that for eacha € A
we have Ta = A,v for some scalar A,. If v = 0, then Lemma 4.1 yields 7 = 0, which
is impossible.

By linearity of T it follows that for every x € span.A we have Tx = A, v for some
scalar A,. Since X = X — X it suffices to prove that for every x € X* we have
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Tx = Ayv for some scalar A, . To this end, since span A is order dense in X, there exists
an increasing net (x4)y in span.A of positive vectors such that 0 < x, ' x. Order
continuity of T yields T x, > Tx and so Ax,V 5 Tx. Since the one-dimensional
vector space Ru is order closed by Theorem 3.2, we have Tx = Av for some scalar A.
This shows that T is a rank-one operator which, by assumption, is impossible. Hence,
there exist atoms a, b € A such that Ta and Tb are linearly independent.

For an arbitrary atom e € A we define the rank one operators X| := a ® ¢, and
Xo=b® ¢.. Weclaimthat TX,T = Ta ® (pe o T) and TXoT = Tb ® (g0 T)
are linearly independent for some e € .A. To see this, suppose that

0=a(Ta® (peoT))+p(TDR(pe0T)) = (aTa+pTb)® (geoT)

for some scalars o and 8. If @« # O or B # O, then ¢, o T = 0 since Ta and Tb are
linearly independent. By Lemma 4.1, we have T = 0, which is impossible. Hence,
TXT and T X, T are linearly independent elements in 7.2/ T . O

The following example shows that the algebra .o can be a proper subalgebra of
Zn(X).

Example 5.2 Consider the vector lattice cgg of all eventually null sequences. On cqg
we define the functional ¢ by ¢(x) = > o2, x,. Then ¢ is a well-defined positive
functional on cgg. Choose any net (xy)q in cop such that x, N\ 0 and pick an index .
Then for all & > ap we have 0 < x4 < Xq, so that the net (x4 )y>q, is supported only
on finitely many coordinates. Since order convergence on cq is coordinatewise, ¢ is
order continuous. Clearly, for any u # 0 the operator u ® ¢ is not contained in 7).

In Theorem 6.1 which is needed for the description of positive algebra automor-
phisms of -Z(cop(A)) we are going to prove that every linear functional on cqg is order
continuous. See also the subsequent corollary.

Let o be a subalgebra in . (X) which contains .2%. For a given positive algebra
automorphism ®: &/ — o/ and a, b € A we define F,p := ®(a @ ¢p).

Lemma 5.3 If ® () C £, (X), then the following assertions hold.

(1) Foralla,b € A the operator Fp, is a rank-one operator.
(ii) Foralla, b € A there exist positive scalars y,, a positive nonzero vector ug € X
and a positive nonzero order continuous functional vy such that

Fap = %(”a ® ¥p)
with ¥ra(ug) = 1 and ¥, (up) = 0 for b # a.

(iii) For distinct atoms a,b € A and an atom e we have Y,(e) = 0 whenever
ug ANe > 0.

Proof (i) By Lemma5.1,fora, b € Athe dimension of the vector space (a®¢p) <7 (a®
@p) is one. Since @ is an automorphism of <7, the dimension of

D ((a @ gp) (a @ ¢p)) = Fapd Fap
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is also one. By Lemma 5.1 and order continuity of F,; we conlude that F; is also a
rank-one operator.

(i1) By (i), the operator F;, is a rank-one operator. Therefore, F,p, = xqp @ fap
for some nonzero vector x,, € X and nonzero functional f,,. Since F, is order
continuous, f,p is order continuous by Lemma 2.1. Moreover, f;; is order bounded
by [2, Theorem 2.1]. Positivity of ® and [1, Theorem 1.72] yield

Fap = |Fapl = 1Xab ® fab| = |Xap| @ | fanl-
Therefore, we may assume that x, and f;, are positive. For an atom a € A we define
Ug ‘= Xgq and ¥, = fu,. Now we chose arbitrary atoms a and b from A. Since
(a® @p)(b® ¢y) =a® ¢y, we have

FapFpa = @@ @ ¢p) (b ® 94) = @((a ® 9p)(b ® ¢a))) = P(@ ® ¢a) = Fua-

In particular, we get

Va(ta) (e ® Vo) = Fag = Fag = tta ® Y,
and therefore, V¥, (u,) = 1. Moreover,

Ug @ Ya = Faa = FabFpa = fab(Xpa)(Xab @ fba)

implies that x,, = Apguty and fp, = Wpa ¥, and so

Fap = Vap(ug @ Yrp)

for a suitable positive scalar y,;. Fix ¢ € A. Since ¥, (up) = 1 for b € A we get

Fee = FepFoe = Veb Ve (e @ ¥p) (Up @ V) = VebVie Fee

yielding y.» = V% For an arbitrary a € A, the identity F,p, = Fyc Fep yields yap =

YacYeb = % Thus, if we define y, := Yy, for all a € A, we obtain the desired

expression
V.
Fap = —(tta ® Yp).
Vb

2
Finally, the fact that for distinct atoms a, b € A we have % a(up)up@¥,) = F, bza =
0 gives us ¥, (up) = 0.

(iii) Choose any atom e € A with u, Ae > 0. Since e is an atom, there exists A > 0
such that u, A e = Ae. Positivity of ¥, and the inequality
0=1Yp(uq) = Vp(uqg N e) = Ap(e)
yield ¥, (e) = 0. O
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For the proof of Proposition 5.5 we need to introduce the sets U, and W, as follows.
Pick a € A, and let u, and v, be as in Lemma 5.3. We define

Uy ={leecA: ugne#0={eecA: ¢.(uy) # 0}

and

W, =fee A: Yale) # 0}

Lemma 5.4 For distinct atoms a and b in A we have
U NU, =0 and Y,NV, =0.

Proof We first prove U, NU;, = @ for distinct atoms a and b in .A. Suppose there exists
an atom e € U, NUp. Since e is an atom, there exist positive scalars A and p such that
uqg N e = re and up A e = pe. Pick any atom ¢ in X. Then ¢ # a or ¢ # b, so that
0 < Ayc(e) = Ye(uane) < Ye(ug) =00r0 < puipe(e) = Ye(upne) < Ye(up) =0
yields . (e) = 0. In particular, we have Fy.(e) = O for arbitrary atoms ¢, d € A.
Now we define S = e ® ¢,. Then Fy.S = J):—‘Z(ud R Ye)(e ® o) = 0. If we write

T := &~ 1(S), multiplicativity of ® gives
0=0""(FeS) = d® )T =d ® (pc o T)

for all atoms ¢, d € A. Hence, ¢, o T = 0 for every atom ¢ € A. By Lemma 4.1(ii)
we conclude 7 = 0 which is impossible, so U, N U, = 0.

Now we prove ¥, N ¥, = ¢ for distinct atoms a, b € A. Suppose there exists an
atom e € ¥, N Y;,. Then ¥, (e) # 0 and ¥,(e) # 0. Since ¥, and @, are positive
linear functionals, for an atom ¢ € A\ {e} we have 0 < (¥; A @)(¢c) < @e(c) =0
and so (¥, A @.)(c) = 0. Moreover, by the Riesz-Kantorovich formula (see e.g. [1,
Theorem 1.18]) we have

A= (Ya A @e)(e) = inf{yq(te) + @ ((1 —1)e) : 1 € [0, 1]}
=inf{ty,(e) + (1 —1): ¢t €0, 1]}
= min{l, ¥, (e)} > 0.

Therefore ¥, A ¢ = A, as ¥, A @, is order continuous and X is atomic. Similarly
we get ¥y A ¢, = g, for some pu > 0.
For every atom ¢ € A we have ¥, (u;) = 0 or ¥, (u;) = 0 since ¢ # a or ¢ # b.
It follows that 0 < A, (uc) = (Yo A @e)(e) < VYa(ue) = 00r 0 < pge(uc) =
(Yp A @e)(ue) < Yp(ue) =0 and so
@e(ue) =0
for every atom ¢ € A. The operator § = e ® ¢, clearly satisfies

SFeqg = (@ @e)(ue @ V) = @elttc)(e ® Yrg) =0
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for all atoms ¢, d € A. It follows that
> (S)(c®pa) =0

for all atoms ¢, d € A. By Lemma 4.1(i) we conclude ®~!(S) = 0 which is impossi-
ble. This finally proves the claim. O

Proposition 5.5 Let &7 C %,(X) be any algebra of operators which contains <.
If ® is a positive automorphism of <7, then for arbitrary T € &/ we have T €
whenever ®(T) € .

Proof Suppose that for T € &/ we have S := ®(T) € o4 whereas T ¢ o). By
Proposition 4.2 there exist infinitely many pairs (a, b) € A x A such that the product
(@®@,)T (bRgp) # 0. Applying @ we equivalently obtain F,, S Fpp # 0forinfinitely
many pairs (a, b) € A x A. Since S € o/ we can write

S= Y sealc®¢a)

c,deF

for some finite set F C A. To conclude the proof, we consider two cases.

Case I: Assume there exist infinitely many @ € A such that for some b € A
the product F,,S Fpj is nonzero. Since F is finite, using Lemma 5.4 we derive that
F intersects W, for only finitely many a € A. Therefore, there exists a € A such
that F,,SFpp # 0 for some b and ¥, N F = (. Consequently, since ¢ ¢ U, yields
Ya(c) = 0, we have

FaaS = (a ® Ya) Y, Sea(c @ @) = Y Seata(c)(a ® 9a) =0

c,deF c,deF

which contradicts F,,; S Fpp # 0.

Case 2: There exists only finitely many a € A such that for some b € A the product
F,4S Fpp, is nonzero and for some a € A the product F,, S Fp;, is nonzero for infinitely
many b € A. A similar argument as in Case 1 shows that there exists b € A such that
FouSFpp # 0 for some a and U, N F = . Since d ¢ U, yields p4(up) = 0, we have

SFpp =Y Sealc®pa)up @ Yp) = Y scapa(up)(c ® yp) =0
c,deF c,deF

which is again in contradiction with F,,SFp, # O. O
Theorem 5.6 Let o7 C %£,(X) be any algebra of operators that contains <%. The
following assertions hold for a positive algebra automorphism ®: of — <.

(1) There exist a bijection w: A — A and a set of positive scalars {8, : a € A}
such that for all a, b € A we have

D(a ® pp) = 3 (1(@) ® Prir) 3)
O @@ = 7L (7T @ B g1y @

@ Springer



30 Page 16 of 26 G. Cigler, M. Kandi” ¢

In particular, ® () = A and CID(%+) = %+.
(i1) The inverse o1 s positive.

Proof (i) First we prove that for arbitrary a € A the set U, is a singleton set. Assume
on the contrary that for some a the set {4, contains two different atoms e and f, and
pick b, ¢ € A. Then

Foce = 2wy ® o) (©) = pe()up.
Ye Ye

If ¢ # a, by Lemma 5.3(iii) we conclude v¥.(¢) = O which implies Fp.e = 0, and

similarly, Fp.(f) = 0.

By Proposition 5.5 there exists a finite set F C A which without loss of generality
contains a such that ®(T) = e ®@ ¢, + [ @@ where T = Y} .o tre(b @ @) € .
Then

d(T) = Z the Fpe.

b,ceF

Since for ¢ # a we have Fpce = 0 and Fpge = %!ﬁa (e)uyp, it follows that

e=®(T)e = Z tpe Fpce = thanae = %1//11(6) Z IhaUlp.

b,ceF beF beF

Similarly we get
f= %%(f) tha“b-
beF

which is a contradiction since e and f are linearly independent. This proves that for
eacha € Athe setl, is a singleton set which yields an injective mapping 7: A — A
such that U, = {m(a)}.

Since U, consists of all atoms that are not disjoint with #, and X is atomic, an
application of (1) yields u, = x,m(a) for some positive scalar «,. Hence,

D(a @ gp) = kgm(a) @ Vp.

To prove that 7 is surjective, choose an atom ¢ € A. Since @ is an automorphism of
4, there exists T € o7 such that ®(T) = ¢ ® ¢.. By Proposition 5.5 we conclude
T € . Therefore, there exists a finite set F € A suchthat T = Za’beF Aab(a @ @p)
for some scalars A,p. Since

c=(c®p)c=0(Me= Y ki(m@®@Yp)c= Y ka¥p(c)m(a),

a,beF a,beF
and 7 (a) € A for each a € F, we conclude that ¢ = 7 (a) for some a € A.

For different atoms a, b € A we have k¥, (7w (a)) = ¥p(uy) = 0. Since k, # 0
we get Y ((a)) = 0 for all a # b. Order continuity of v, implies that

Vb = MpPr(b)
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for some 7, > 0, and so, finally ®(a ® @) = kanp(T(a) ® Yrp)). Since (P(a ®
0a))? = ®(a ® @) it follows that k.1, = 1, yielding 7, = é By Lemma 5.3 we
conclude

Dla®qpp) = V“ s (e ® Yp) = Ya¥ (7(a) @ ¢n(p))-

YbKb

By introducing §, = y,«, foreach a € A we obtain (3). One can verify (4) by a direct
calculation.

To prove ® (<) = < and CD(%JF) = %+, note that Proposition 4.4(i), and
(3) and (4) imply ®(=,") € " and ®~!(a") < ", respectively, yielding
@(%Jr) = %*. Since ) = %+ - %*, we obtain ® () =

(ii) Pick a positive operator T in .o/ and atoms a, b € A. By (4), there exist atoms
c,d € Asuch that " 1(c ® ¢.) = b ® ¢p and d'(d ® ;) = a ® @,. Since
(€ ® )T (d® pa) = ¢c(Td)(c ® ¢a) € " and by (i) we have &~ (") = ",
we conclude that

e ®@)TWA® pa))a = (b @) (T)(a ® pa)a = gp(d~(T)a)b

is a positive vector. In particular, ¢, (®~'(T)a) > 0 for all a, b € A. To finish the
proof we apply the fact that ®~!(T') is order continuous and Lemma 4.1. O

Let 7 C %,(X) be any algebra of operators which contains .« and let ®: o/ —
&/ be a positive algebra automorphism. By Theorem 5.6 there exists a bijection
7. o/ — o and a set of positive scalars {3, : a € A} such that forall a, b € A we
have

Pa®gp) = 5b (@) ® rr)) -

Since A is a Hamel basis for 1 4, we can define P, D: I 4 — [ 4 givenby Pa = 7 (a)
and Da = §,a for each a € A. Note that P and D are invertible on [ 4 with their
inverses given by P~'a = 77 '(a) and D~ 'a = 5—a for each a € A. We will call
operators P and D a permutation and a diagonal operator, respectively. Conversely,
for any set {3, : a € A} of real numbers we can define the diagonal operator on I 4
as above. The set {8, : a € A} is called the set of all diagonal coefficients of the
operator D. The operator D: I 4 — 14 is positive if and only if §, > O for every
a € A and D is bijective if and only if §, # 0 for every a € A.
Recall that for a finite subset F C A the finite truncation T of T is defined by

Tr = Z (a® (Pa)T(b ® <Pb)-
a,beF

The following lemma will be needed in the proof of Theorem 5.8.

Lemma5.7 Let &7 C %£,(X) be a subalgebra containing <%y and ®: o/ — o/ be a
positive algebra automorphism. Then for every T € o/ we have

O(Tr) = ©(T)n(r)
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for every finite subset F C A. Moreover, for every positive operator T € </ and every
positive vector x € X we have ®(Tr)x / ©(T)x where F runs over the family F of
all finite subsets of A ordered by set inclusion.

Proof Let us choose a finite subset F C A and write Tp = Za’beF(a Q)T (bQwp).
Since @ is an algebra homomorphism, by Theorem 5.6 we have

O(Tr) = Y ®(a® ) d(T)D(b® gp)

a,beF

= Y (@) ® ¢r(@)P(T) (T (D) ® ¢r (1))
a,beF

= ) (@@ ¢s) = D(T)a(r).
c,den(F)

To prove the moreover statement, note that Lemma 4.3 yields

O(Tp)x = ®(T)rryx / ©(T)x
since 7 : A — A s a bijection. O
Theorem 5.8 Let of C £,(X) be a subalgebra containing <% and let ®: of — of

be a positive algebra automorphism. Then for each T € < the ideal 1 4 is invariant
under ®(T) and we have

—1p—1
o), =PDTD P |,,.
Furthermore, for each positive T € </ we have

(T, = sup{PDSD_lP_1|,A © S e[0, TN ).

Proof Since the set {a ® ¢, : a,b € A} spans 2%, by linearity of & it suffices to
prove ®(a ® ¢p)l;, = PD(a ® pp)D~' P~} |, Pick any ¢ € A. Then

PD@a@® @)D 'Plc=PD@a®pp)D ' (c) = PD(a® gp)m ()

S2-1(0)
—1 —1
_ op( (c))PDa _ pp(™ () 5, 7(a).
57‘[71(6) 87.[71(0)

If c = 7(b), then PD(a ® gp)D~ P lc = g_;m). Otherwise, we have PD(a ®
@p) D' P~1¢c = 0 proving (), = PDTD—IP—H,A.

To prove the second formula, choose a positive operator 7' € 2/. By Lemma 4.3
we have that T = supp. z TF is the supremum of the increasing net (7r) re 7 Where
F runs over the family F of all finite subsets of A ordered by set inclusion. Clearly,
we have Tr € [0,T] N &, and for each S € [0, T] N &) we can find F € F
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such that S < Tr. By Lemma 5.7 we have ®(Tr)x / ®(T)x for each positive
vector x € X. In particular, this holds for every positive vector x € I 4 which yields
O(Tr)l1, /" ©(T)|;1,- To finish the proof note that we have

O(T)l14 = sup ®(Tp)|1, = sup{@ ()1, : S €[0, T]N )
FeF

= sup{PDSD_lP_1|,A . Sel0, TIN ).

O

For the converse, assume ®: &/ — .o/ is a linear operator such that there exist
a positive invertible diagonal operator D and a permutation operator P such that for
each T € o the ideal I 4 is invariant under ®(7) and we have

o(7)|,, = PDTD'P7'|, .

Then for T, S € &/ we have

o(TS)|,, =PDTSD'P!|, =pPDTD'P'PDSD™' P!
T4 Ia Ia
=pPDTD 'P7', PDSD'P7,
A A
= oD, 2],

Since operators in .7 are order continuous and [ 4 is order dense in X, we have
D(TS) =d(T)D(S) forall T, S € .

6 Algebras of operators on cgo(A)

Let X be an atomic Archimedean vector lattice. If we fix any maximal set A of pair-
wise disjoint atoms in X, then the ideal I 4 generated by atoms in A equals the linear
span of 4. Hence, I 4 can be realized as the vector lattice coo(A) of all finitely sup-
ported functions defined on .A. In order to better understand the structure of positive
automorphisms from Theorem 5.8 we restrict ourselves to the special case where the
underlying vector lattice X is the vector lattice coo(A) equipped with the supremum
norm. By e; we denote the characteristic function of the set {A}. When A = N, we
rather write cqg instead of cgo(N). Since it is standard to interpret elements of cgg
as eventually null sequences, we can also treat elements of coo(A) as finitely sup-
ported “sequences” indexed by the index set A. As special cases of Corollary 6.3 and
Corollary 6.6, we deduce that every positive algebra automorphism of .Z (coo(A)) and
PB(cop(A)) is inner. Since Theorem 5.8 is applicable only to subalgebras contained in
the algebra of order continuous operators, it is important to find all order continuous
operators in ZA(coo(A)). In Theorem 6.1 we provide an operator theoretical charac-
terization of vector lattices that are lattice isomorphic to a vector lattice of the form
coo. In particular, it follows that every linear operator on cgp(A) is order continuous,
in particular, also order bounded by [2, Theorem 2.1].
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Theorem 6.1 For an Archimedean vector lattice X the following statements are equiv-
alent.

(1) X is lattice isomorphic to coo(A) for some non-empty index set A.
(1) Z(X,Y) = %,(X,Y) for every Archimedean vector lattice Y .
(i) Z(X,Y) = % (X, Y) for every Archimedean vector lattice Y.
(v) X~ = X'

Proof (i) = (ii) Assume first that X is lattice isomorphic to cop(A) for some non-
empty set A. Since the inclusion .Z,(X,Y) C Z(X, Y) always holds, it suffices to
prove Z(X,Y) C £, (X, 7).

Pick any lattice isomorphism 7T': coo(A) — X.If Sy € Z(X,Y), then ST €
ZL(coo(A), Y). We claim that S := SoT € £, (coo(A), Y). To this end, pick any net
(xa)e 1n coo(A) that converges in order to 0. By passing to a tail, if necessary, we
may assume that the net (x, )y is order bounded. Hence, there exists x > 0 in coo(A)
such that 0 < |x4| < x for every «. There exists a finite subset Ag € A such that
X = Zker x®e, . Since Xq — 01in order, it follows that for every A € Ao we have

xg‘) — 0in R. Pick any ¢ > 0. Since Ay is finite, there exists an index «, such that

forall @ > o and each A € Ag we have 0 < |x¢§)‘)| < ¢. Letus denote by f the vector
ZAer |Se;.|. Then for every o > «. we have

0 < |Sxy| = Z xMSey| <ef.
reAo

Since Y is Archimedean, we have ¢ f N\, 0 as ¢ Y\, 0, so that Sx, — 0 in order
which proves order continuity of S. Since T is a lattice isomorphism, it follows that
So = ST~ is order continuous.
(i1) = (iii) Since every order continuous operator is order bounded by [2, Theorem
2.1], we have
ZL(X,Y)=%,(X,Y) S L(X,Y)C ZX,Y).

(iii)) = (iv) We take Y = R.

(iv) = (i) Pick any positive vector x € X and consider the principal ideal I,
equipped with the norm || - ||. We claim that I, is finite-dimensional. If this were not
the case, then by [6, Theorem 26.10] I, would contain an infinite sequence (e, ), eN of
pairwise disjoint positive vectors. By scaling, if necessary, assume that 0 < e, < x.If
we define the vector y, := Y ;_; ek, disjointness and positivity of vectors e, .. ., e,

yields
n n
OSyn=Zek:\/ek§x.
k=1 k=1

Since disjoint vectors are always linearly independent, the set {¢, : n € N} can
be extended to a basis of X. Pick any linear functional ¢ with ¢(e,) = 1 for each
n € N. Since, by assumption, ¢ is order bounded, by the Riesz-Kantorovich theorem
[1, Theorem 1.18] there exists |¢]|: X — R. As |¢(z)] < |¢|(|z]) for every vector z,
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for each n € N we get
lpl(x) = l@l(yn) = ¢(yn) =n

which is clearly impossible. This contradiction shows that / is finite-dimensional. By
[6, Theorem 61.4] it follows that X is lattice isomorphic to cgp(A) for some nonempty
set A. O

Corollary 6.2 For a nonempty set A and for every Archimedean vector lattice Y we
have
ZL(co0(N), Y) = ZLp(coo(A), Y) = Ly (coo(D), Y).

In particular coo(A) = coo(A)™ = coo(A)), .

The following corollary implies that every positive algebra automorphism of
Z(cop(A)) is inner.

Corollary 6.3 Let A be a nonempty set and let of be a subalgebra of £ (coo(A)) which
contains <. If ®: o/ — o is a positive algebra automorphism, then

®(T)=PDTD P!

for some permutation operator P and some positive invertible diagonal operator D
on coo(A).

Proof Observe first that by Theorem 6.1 we have %, (coo) = -Z(coo)- Since 14 =
coo(A), by Theorem 5.8 we have

®(T) =sup{PDSD~'P~1: S €0, TN o)

for each positive operator T on coo(A). Toprove ®(T) = PDT D~ P~! we will apply
[1, Theorem 1.19]. Note first, that the set [0, T']N.e%) can be considered as an increasing
net (7y )y with supremum 7'. Hence, for each positive vector x we have 0 < Tyx
Tx. If we replace x with D~1P~1x, we obtain 0 < TaD_lP_lx S TD-lp~lx,
Order continuity of PD yields 0 < PDT,D~'P~'x # PDTD~'P~!x so that
®(T)=PDTD P o

In the following example, we present an algebra o7 C .Z(cqp) containing 2% and
a positive automorphism ®: &/ — .o/ that is not inner.

Example 6.4 Let o7 be the algebra in .Z (cqp) generated by the identity operator / and
the set {e; ® ¢,; : i,j € N}. Let P be the permutation operator induced by the
bijection 7 defined as w (2k — 1) = 2k and w(2k) = 2k — 1. Then it is easy to see that
®: T — PTP~!is a positive spatial automorphism of 7. We claim that & is not
inner. If ® were inner, then there would exist an invertible operator S € </ such that
®(T) = STS~! forall T € /. This yields that S~! P belongs to the centralizer of
&/ . Since & is order dense in .Z(coo) = L (coo) and . C &7, it follows from the
order continuity of S~! P that S~! P belongs to the center of .Z(coo). Consequently,
there exists a nonzero scalar A such that S™'P = A[. It then follows that P € .7,
which is not true.
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Corollary 6.3 is, in particular, applicable to subalgebras .27 of bounded operators on
ZL(coo(A)). One could expect that P and D obtained by Corollary 6.3 are bounded.
A direct verification shows that P is indeed bounded, whereas to prove boundedness
of D we will need the following lemma which explicitly provides the operator norm
of a bounded operator on the normed space cog(A).

Lemma 6.5 A linear operator T : coo(A) — coo(A) is bounded if and only if

M := sup Z [@e;, (Tey,)| < 00.
rEA weh

Moreover, if T is bounded then ||T| = M.

Proof Without loss of generality we may assume that 7" is nonzero. Assume first that
T is bounded and pick A € A. For a finite subset F € A we define

x =) sgn(ge, (Tep))ey € con(A)
nel

and observe that ||x|| < 1. Since Tx € coo(A), for any finite subset G € A containing
the support Fr, of Tx we have

I'x= Z Z sgn(@e; (Tey))pe, (Tey,) | ex.

reG \ueF

Pick any Ao € A and define G := Fry, U {Ao}. As ||x|| < 1, we obtain

171 = ITx]| = max | 3 sgn(ge, (Tep)) e (Tey)| = max 3 ge, (Tey)]
nel nel

> Y 190, (Tep)l.

HEF

By definition of convergence we get | T'|| > ZueA |(p% (Tey)|. Since 19 € A was
arbitrary, we conclude ||T|| > M.

To prove the converse statement, assume that M < oo and pick any unit vector
x = ZﬂeFx xyey € coo(A) where x;,, = @e, (x). Then |x,| < I forevery u € A.Pick
any A € A. Then the A-th component of 7'x equals ¢, (Tx) = ZueFx e, (Tey)xy,
and so

10, (T < D e, (Tep)lxul < Y e, (Te)| < M.
MEFy HEFy

Hence, ||Tx|| < M for every unit vector x € coo(A) which finally gives ||T|| < M.
For the moreover statement, observe that a combination of the conclusions above
implies ||T|| = M. O
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Corollary 6.6 Let A be a nonempty set. Then for every positive automorphism @ of
PB(coo(N)) there exist a permutation operator P and a bounded positive diagonal
operator D on coo(A) with bounded inverse such that

®(T)=PDTD'P!

foreach T € PB(coo(N)).
In particular, every positive automorphism @ of Z(coo(A)) is inner.

Proof By Corollary 6.3 there exist a permutation operator P and a positive diagonal
operator D such that ®(7") = PDTD~'P~! for each T € ZB(coo(A)). We need
to prove that D and D~! are bounded. It suffices to see that the sets of diagonal
coefficients {d), : A € A}and {d, = A} are bounded. To this end, we will apply
Lemma 6.5.

By assumption, for every T € %(coo(A)) we know that &(T) = PDTD~'p~!
belongs to % (coo(A)) yielding that DT D~ is a bounded operator on cgp(A). There-
fore, by Lemma 6.5 we have

IDTD™'| = sup Y lge, (DT D¢yl

rEA neh

Letus fix@ € A and choose an absolutely convergent series y uen fu-Foreach e A
we define Te, = t,,e. By linearity, T can be uniquely extended to a linear operator
(again denoted by T') on cgo(A). Using Lemma 6.5 we see that 7' is bounded.

Since DT D~ is bounded and DT D~ e, = dadljltuea, by Lemma 6.5 we con-
clude

IDTD™ =" ldady, 't = do Y dyy 1] < 00.
HEA HeA

Therefore, for every absolutely convergent series Y uen Tu the series > uen 4y ! 2]
also converges.
For a finite subset K € A we define a functional ¢k : 2Y(A) > Ras

ok (T = Z d;ltu.

nek
Then [|¢k || = max,ex dljl. For a fixed t = (7,,),,, the set
{pk (t) : K C A finite}

is bounded since |pg (7)] < ZME A dlj ! |#,.]. The principle of uniform boundedness
implies that the norms {||¢x || : K C A finite} are bounded yielding that (dl: I)ME A

is bounded. Therefore D~! € Z(coo(A)).

Since, clearly the linear mapping W: T +— P~!'D~!TDP is the inverse of ®, it
is a positive automorphism of % (cgo(A)). By the proof above, D is bounded which
completes the proof. O
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7 Concluding remarks on order bounded functionals

By Theorem 6.1, an Archimedean vector lattice X admits a non-order bounded func-
tional if and only if X is not lattice isomorphic to a vector lattice of the form cgp(A)
for some set A. In non-Archimedean vector lattices, constructing non-order bounded
functionals is simple, as the so-called infinitely small elements come to our help.
Recall that a positive vector x of a vector lattice X is infinitely small whenever there
exists a positive vector y such that foralln € Nwehave 0 < nx < y. Clearly, a vector
lattice is not Archimedean if and only if it contains nonzero infinitely small positive
vectors.

Example 7.1 Let X be a non-Archimedean vector lattice. Then there exist positive
nonzero vectors x, y € X such that foreachn € Nwe have 0 < nx < y. Let ¢ be any
linear functional on X such that ¢(x) = 1. Then for each @ > 0 we have o = ¢ (ax).
Since 0 < o < nyields 0 < ax < nx <y, we conclude [0, o0) C ¢([0, y]), and so,
@ is not order bounded. In particular, every order bounded functional vanishes on the
set of infinitely small vectors.

Recall that the lexicographical product X oY of vector lattices X and Y is the vector
space X x Y = X @Y equipped with the lexicographical partial ordering <y cx defined
as (x1, ¥1) <rex (x2, y2)ifx; < xporx; = xp and y; < y,. Itis a standard exercise to
prove that X oY is a vector lattice. By R} . we denote the n-dimensional vector space
R of all n-tuples ordered lexicographically. Similarly, R denotes the space of all
real sequences ordered lexicographically. Therefore, R o R is the lexicographically
ordered real plane Rﬁex, andRo(RoR) =Ro Riex is the lexicographically ordered
real vector space R3. The positive cones of these examples fall into the scope of the
so-called “lexicographic cones" studied by Wortel in [9].

Since the lexicographically ordered real plane Rfex is not Archimedean, Riex
admits a non-order bounded linear functional. As 0 < ne; < e¢; foralln € N,
every order bounded functional ¢ on Riex satisfies p(ez) = 0. Hence, it seems that
the order dual of Rfex is isomorphic to the first copy of R in the lexicographical
product. The remaining part of the paper is devoted to determine order duals of the
following lexicographically ordered vector lattices R ., and Rf? . We start with a
more general result.

Theorem 7.2 For vector lattices X and Y the mapping ®: (X oY)~ — X~ defined
as ¢ — ¢|x is a lattice isomorphism.

In particular, if X = {0}, then for every vector lattice ¥ we have (X oY)~ = {0}.

Proof We claim that the mapping ®: (X oY)~ — X" defined as ®(¢) = ¢|x is a
lattice isomorphism. If ¢ is order bounded on X o Y, then ®(¢) is order bounded on
X since every interval [a, b]y in X is contained in the interval [a, b]xoy in X o Y via
the natural identification of X and X x {0}. Clearly, ® is a linear operator.

We claim that every order bounded functional ¢ € (X o Y)™ is zero on Y. If this
were not the case, then there would exist 0 < y € Y such that ¢(y) # 0. By replacing
¢ with —g, if necessary, we may suppose that ¢(y) > 0. Pick any 0 < x € X. Then
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0 <Ay < x + y for all A > 0 which yields that ¢ ([0, x 4 y]) contains [0, co). This
is in contradiction with order boundedness of ¢.

If®(p) =¢|x =0forsome ¢ € (X oY), then ¢ = 0 as ¢|y = 0, which proves
injectivity of ®. Since for every ¢ € X~ we have ¢ 40 € (X o Y)™ it follows that ®
is surjective. To prove that @ is a lattice isomorphism, observe that ¢ + 0 is positive
on X oY if and only if ¢ is positive on X. O

Corollary 7.3 Forn, m € N the order dual of R" o R™ is lattice isomorphic to R". The
lattice isomorphism ®: (R" o R™)™ — R" is given as

P(p) = (ple1), ..., plen)).

Corollary 7.4 For every n € N U {00} the order dual of R{ . is lattice isomorphic to
R. The lattice isomorphism ®: (R} )~ — R is given as ®(p) = ¢(ey).

Lex

Proof Since forn € N we have R, = Ro Rﬁgxl and RYY = R o R{Y,, the order

dual of R{, is lattice isomorphic to the order dual of the first copy of R by Theorem

7.2. O
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