
Positivity           (2026) 30:30 
https://doi.org/10.1007/s11117-026-01190-y Positivity
RESEARCH

On positive automorphisms of algebras of operators on
atomic Archimedean vector lattices

G. Cigler1,2 ·M. Kandić1,2
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Abstract
Let X be an Archimedean vector lattice. We investigate subalgebras of L (X) con-
sisting of regular operators that contain all rank-one operators of the form a ⊗ ϕb,
where a and b are atoms of X and ϕb denotes the coordinate functional associated
with b. Our main result shows that every positive automorphism of such a subalgebra
contained in L (c00(�)), is necessarily spatial, meaning that it is implemented by a
transformation of the form

T �→ PD T D−1P−1,

where P is a permutation operator and D is a positive diagonal operator. We also use
the Kakutani representation theorem to establish that every finite-dimensional vector
subspace of X is order closed.

Keywords Vector lattice · Order algebra automorphism · Inner automorphism ·
Atom · Order continuous operator

Mathematics Subject Classification Primary 46A40 · 47B65; Secondary 16W20 ·
47L05

1 Introduction

Let F be a field and let � : Mn(F) → Mn(F) be an algebra automorphism of the
algebra Mn(F) of all n × n matrices over F . A classical result from linear algebra
states that � is inner; that is, there exists an invertible matrix A ∈ Mn(F) such that

�(T ) = AT A−1
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for all T ∈ Mn(F). This follows readily from the Noether–Skolem theorem (see [4,
Theorem 3.14]), which asserts that every automorphism of a finite-dimensional central
simple F-algebra is inner.

In 1940, Eidelheit established the Banach space analogue (see [3]), proving that
for a Banach space X every algebra automorphism of the Banach algebra B(X) is
inner. Later, Sourour extended the investigation to the Banach lattice setting (see [8,
Theorem 2]), showing that if X is a Banach lattice, then every order-preserving algebra
automorphism of the algebraLr (X) of regular operators is inner and is implemented
by a lattice isomorphism.

The present paper appears to be the first systematic study of order automorphisms
of the algebra Lr (X) in the context of normed lattices X that are not assumed to
be complete. In our main result Theorem 5.8 we assume that X is an Archimedean
atomic vector lattice and we provide a description of positive algebra automorphisms
for subalgebras of Ln(X) containing operators a ⊗ ϕb for all atoms a and b from
X . In the special case where X = c00(�) is the vector lattice of finitely supported
functions on a nonempty set �, we further obtain that every order-preserving algebra
automorphism ofL (c00(�)) or of B(c00(�)) is inner.

This paper is organized as follows. In Sect. 2 we collect the preliminary material
used throughout the paper. In Sect. 3 we apply the Kakutani representation theorem to
prove that every finite-dimensional vector subspace of an Archimedean vector lattice
is order closed. Although we require this only in the special case of one-dimensional
subspaces, the result is of independent interest, as it contributes to the broader under-
standing of order convergence and order-closed sets in vector lattices. This result will
be used in Sect. 4, where we study algebras of regular operators on Archimedean
vector lattices generated by operators of the form a ⊗ ϕb, with a and b atoms and ϕb

the coordinate functional associated with b.
In Sect. 5 we establish Theorem 5.8, the main theorem of the paper. In Theorem

6.1 we first obtain an operator-theoretic characterization of vector lattices of the form
c00(�) for some nonempty set �. In particular, we show that an Archimedean vector
lattice X is lattice isomorphic to c00(�) if and only if

L (X ,Y ) = Lb(X ,Y ) = Ln(X ,Y )

for every Archimedean vector lattice Y . When Y = c00(�), this characterization
allows us to rewrite Theorem 5.8 explicitly in that setting, yielding a concrete descrip-
tion of order-preserving automorphisms of the corresponding operator algebras.

Finally, in Sect. 7 we provide concluding remarks concerning order-bounded func-
tionals and the order dual of the lexicographic product of vector lattices.
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2 Preliminaries

Let X ,Y be vector lattices. A subset of X is order bounded if it is contained in some
interval. By L (X ,Y ), Lb(X ,Y ) and Ln(X ,Y ) we denote the vector space of all
linear operators, the space of all order bounded operators and the space of all order
continuous operators from X to Y , respectively. If X and Y are normed lattices, then
the space of all bounded operators is denoted byB(X ,Y ). If X = Y we writeL (X)

instead of L (X ,Y ). Similarly, we define the symbols Lb(X), Ln(X) and B(X). If
Y = R, we write X ′ := L (X ,R), X∼ := Lb(X ,R) and X∼

n := Ln(X ,R). If X is
a normed lattice, we write X∗ := B(X ,R). A net (xα)α in X converges in order to
a vector x whenever there exists another net (yβ)β with yβ ↘ 0 such that for each β

there exists α0 such that for all α ≥ α0 we have

|xα − x | ≤ yβ.

In this case, we write xα
o−→ x .

The proof of the following well-known lemma is included for the sake of complete-
ness.

Lemma 2.1 Let u be a nonzero vector of an Archimedean vector lattice X. For a linear
functional ϕ ∈ X ′ consider the rank one operator u ⊗ ϕ.

(i) u ⊗ ϕ is order bounded if and only if ϕ is order bounded.
(ii) u ⊗ ϕ is order continuous if and only if ϕ is order continuous.

Proof (i) Suppose first that ϕ is order bounded and choose any interval [x, y] ⊆ X .
There exists a scalar λ > 0 such that ϕ([x, y]) ⊆ [−λ, λ]. Hence, for any z ∈ [x, y]
we have

|(u ⊗ ϕ)(z)| = |ϕ(z)u| = |ϕ(z)| |u| ≤ λ|u|
which proves that u ⊗ ϕ is order bounded.

Assume now that u ⊗ ϕ is order bounded and choose any interval [x, y] ⊆ X .
There exists a positive vector w such that (u ⊗ ϕ)([x, y]) ⊆ [−w,w]. Hence, for any
z ∈ [x, y]we have |ϕ(z)| |u| = |ϕ(z)u| = |(u⊗ϕ)(z)| ≤ w. Since X is Archimedean,
the set ϕ([x, y]) needs to be bounded.

(ii) Suppose now that xα
o−→ 0 in X . If ϕ is order continuous, then ϕ(xα) → 0. Since

X is Archimedean, we have (u ⊗ ϕ)(xα) = ϕ(xα)u
o−→ 0. Conversely, suppose that

u⊗ϕ is order continuous. From ϕ(xα)u = (u⊗ϕ)(xα)
o−→ 0 it follows ϕ(xα) → 0. 
�

A positive vector a of a vector lattice X is called an atom whenever it follows from
0 ≤ x, y ≤ a and x ⊥ y that x = 0 or y = 0. The band A generated by all atoms
of X is called the atomic part of X . If X = A, then X is an atomic vector lattice.
If X �= A, then C := Ad is the continuous part of X . By [1, Theorem 1.36] the
ideal A + C is always order dense in X . If X is Archimedean and not atomic, then
Cd = Add = A �= X , so that C �= {0}. If the principal ideal Ia generated by a
equals to the span Ra of a, then a is called a discrete element. By [6, Lemma 26.2] it
follows that every discrete element is also an atom. Moreover, by [6, Theorem 26.4],
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in an Archimedean vector lattice the principal band Ba generated by an atom a is a
projection band which is equal to Ra. In particular, in Archimedean vector lattices,
the sets of atoms and discrete elements coincide.

Let a be an atom in an Archimedean vector lattice X . Then the decomposition

X = Ra ⊕ {a}d

is an order decomposition meaning that x = x1 + x2 ∈ Ra ⊕ {a}d is positive if and
only if x1 and x2 are positive in Ra and {a}d , respectively. For every x ∈ X there
exists a unique scalar ϕa(x) and a unique vector yx ⊥ a such that x = ϕa(x)a + yx .
Since X = Ra ⊕ {a}d is an order direct sum, we have that ϕa : X → R is a lattice
homomorphism.Moreover, order continuity of the band projection onto the projection
band Ra yields order continuity of ϕa .

By Zorn’s lemma type argument, every vector lattice with at least one atom admits
a maximal family A of pairwise disjoint atoms. Since for any two atoms a1 and
a2 ∈ X in an Archimedean vector lattice we have that either a1 ∧ a2 = 0 or a1 ∧ a2
is simultaneously a nonzero multiple of both a1 and a2, the span of A is independent
of the choice of A. Therefore, an Archimedean vector lattice X is atomic if and only
if the ideal IA := spanA generated byA is order dense in X for any maximal family
A of pairwise disjoint atoms in X . If a and a′ are atoms in X such that a′ = λa for
some λ > 0, then it is easy to see that ϕa′ = 1

λ
ϕa .

Suppose now that X is an atomicArchimedean vector lattice and letA be amaximal
family of pairwise disjoint atoms in X . The following lemma characterizes positivity
of a given vector x ∈ X .

Lemma 2.2 A vector x in an atomic Archimedean vector lattice is positive if and only
if ϕa(x) ≥ 0 for every a ∈ A.

In particular, a vector x ∈ X is the zero vector if and only if ϕa(x) = 0 for every
a ∈ A. The family F of all finite subsets of A is directed with set inclusion. Since
spanA is order dense in X , for every positive vector x ∈ X we have

x = sup
a∈A

ϕa(x)a = sup
F∈F

sup
a∈F

ϕa(x)a = sup
F∈F

∑

a∈F
ϕa(x)a. (1)

The remaining unexplained facts about vector and normed lattices can be found in [1]
and [6].

LetA be a subalgebra of an algebraB. An automorphism � ofA is inner if there
exists an invertible element T ∈ A such that �(A) = T AT−1 for all A ∈ A . If there
exists an invertible element T ∈ B such that �(A) = T AT−1 for all A ∈ A , then
� is called spatial. Spatial automorphism induced by T is denoted by �T . Invertible
elements T1 and T2 fromB induce the same spatial automorphism ofA if and only if

T−1
2 T1A = AT−1

2 T1
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for all A ∈ A . The latter is equivalent to the fact that T−1
2 T1 belongs to the centralizer

CB(A ) = {T ∈ B : AT = T A for all A ∈ A }

of A in B. If A = B, then CB(B) is called the center of B and is denoted by
Z(B). It is well known that in the caseA = B = L (X) operators T1 and T2 induce
the same inner automorphism if and only if T−1

2 T1 is a nonzero scalar multiple of the
identity operator.

3 Order closedness of finite-dimensional vector subspaces

In this section we prove (see Theorem 3.2) that every finite-dimensional vector sub-
space of an Archimedean vector lattice is order closed. The value of this result is
twofold. First, we will use it in Sect. 5, where we study positive automorphisms of
certain algebras of order continuous operators on atomic Archimedean vector lattices.
Second, it is valuable in its own right, since it contributes to the broader development
and understanding of concepts related to order convergence.

For the proof of Theorem 3.2 we need the following lemmawhose proof is provided
for reader’s sake.

Lemma 3.1 Let � be a nonempty set and let V be a finite-dimensional subspace of
R

�. Then there exists a basis f1, . . . , fn for V and points a1, . . . , an in � such that
fi (a j ) = δi j .

Proof Wewill prove the statement by induction on the dimension of V . The statement
is clear if dim V = 1. Assume now that the statement holds for every n-dimensional
vector subspace of R� and let V be an n + 1-dimensional subspace of R� with basis
{h1, h2, . . . , hn+1}.

Pick a1 ∈ � such that h1(a1) �= 0 and for 2 ≤ i ≤ n + 1 define

gi = hi − hi (a1)

h1(a1)
h1.

Then gi (a1) = 0 for all i > 1 and the set {h1, g2, . . . , gn+1} is a basis for V . By the
induction hypothesis, one can find a2, . . . , an+1 and f2, . . . , fn+1 such that fi (a j ) =
δi j for 2 ≤ i, j ≤ n + 1 and span{ f2, . . . , fn+1} = span{g2, . . . , gn+1}. Therefore,
fi (a1) = 0 for all i > 1. To finish the proof, we first define

g1 = h1 −
n+1∑

i=2

h1(ai ) fi

and then f1 = 1
g1(a1)

g1. 
�
To prove Theorem 3.2 we need some more preparation. Let X be a vector lattice.

Following [5], a set A ⊆ X is order closed in X whenever it consists precisely of
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those elements x ∈ X for which there exists a net (xα)α in A that converges in order
to x in X . Suppose additionally that X is Archimedean. Then, for each positive vector
x ∈ X , the principal ideal Ix generated by x admits a lattice norm ‖ · ‖x defined by

‖y‖x := inf{λ ≥ 0 : |y| ≤ λx}.

If (Ix , ‖ · ‖x ) is norm complete, then it is an AM-space with a unit x . By the Kakutani
representation theorem (see e.g. [1, Theorem 4.29]), Ix is lattice isometric to some
C(K ) for some compact Hausdorff space K with x being mapped to the constant one
function. If (Ix , ‖·‖x ) is not norm complete, then its norm completion is an AM-space
with a unit x , so that Ix is a norm dense sublattice of some C(K ) space.

Theorem 3.2 Every finite dimensional vector subspace of an Archimedean vector lat-
tice is order closed.

Proof Let V be a finite dimensional vector subspace of an Archimedean vector lattice
X and let (vα)α be a net in V which converges in order to some v in X . By passing
to a tail, if necessary, we may assume that the net (vα)α is order bounded. Therefore,
there exists a positive vector y in X such that |vα| ≤ y for every α. We define

x = y +
n∑

i=1

|ei |

where {e1, . . . , en} is some basis of V . Clearly, V is contained in the principal ideal
Ix . By the Kakutani representation theorem there exists a compact Hausdorff space
K such that (Ix , ‖ · ‖x ) embeds into C(K ) as a norm dense sublattice with x being
mapped to the constant one function. Hence, without loss of generality wemay assume
that Ix is contained in C(K ).

By Lemma 3.1, there exists a basis { f1, . . . , fn} for V and points a1, . . . , an in K
such that fi (a j ) = δi j . Hence, for each α we can write

vα = λ(1)
α f1 + · · · λ(n)

α fn

for suitable scalars λ
(1)
α , . . . , λ

(n)
α . Since the net (vα)α is order bounded in C(K ) and

for each 1 ≤ i ≤ n the mapping ϕi : C(K ) → R defined by ϕ( f ) = f (ai ) is
a lattice homomorphism, the net (λ

(i)
α )α is bounded in R for each 1 ≤ i ≤ n. By

passing to appropriate subnets, we may assume that for each 1 ≤ i ≤ n the net (λ(i)
α )α

already converges to some λ(i) ∈ R. This implies that the net (vα)α converges in order
in Ix ⊆ X to λ(1) f1 + · · · + λ(n) fn ∈ Ix . Since order limits are unique, we have
v = λ(1) f1 + · · · + λ(n) fn ∈ V . 
�

4 Operators on atomic vector lattices

In this section, we study and characterize order continuous operators on an Archime-
dean vector lattice X belonging to the algebra A0 ⊆ Ln(X) defined as follows. If X

123



On positive automorphisms of algebras of operators… Page 7 of 26    30 

does not contain atoms, we set A0 = {0}. Otherwise, choose a maximal family A of
pairwise disjoint atoms in X and defineA0 to be the algebra generated by all operators
of the form a ⊗ ϕb for all a, b ∈ A. It is easy to see that

A0 = span{a ⊗ ϕb : a, b ∈ A}. (2)

Since each coordinate functionalϕb is order continuous,we indeed haveA0 ⊆ Ln(X).
In Proposition 4.2 we prove that an order continuous operator T belongs to A0 if

and only if its “matrix representation" has only finitely many nonzero entries. More-
over, Lemma 4.3 yields that every positive operator T ∈ Ln(X) satisfying T A ⊆ A
and T |C = 0 is a supremum of an increasing net of positive operators from A0. In
particular, we prove that whenever X is Dedekind complete thenA0 is an order dense
vector sublattice of Ln(X) if and only if X is atomic.

We start with the following simple lemma which will be needed throughout the
paper.

Lemma 4.1 Let T : X → Y be a linear operator between Archimedean vector lattices
and letAandB bemaximal families of pairwise disjoint atoms in X andY , respectively.

(i) If X is atomic and T is order continuous, then T ≥ 0 if and only if T a ≥ 0 for
every a ∈ A.

(ii) If Y is atomic, then T ≥ 0 if and only if ϕb ◦ T ≥ 0 for every atom b ∈ B.
(iii) If X and Y are atomic and T is order continuous, then T ≥ 0 if and only if

ϕb(Ta) ≥ 0 for all a ∈ A and b ∈ B.
Proof Since coordinate functionals are positive, it suffices to prove the “if" statements.

(i) Suppose that Ta ≥ 0 for every atom a ∈ A. Then T x ≥ 0 for every x that
is a positive linear combination of atoms in A. Since X is atomic and T is order
continuous, we conclude that T is positive.

(ii) Assume that ϕb ◦ T ≥ 0 for every atom b ∈ B and pick any x ∈ X+. Then
ϕb(T x) ≥ 0 for every atom b ∈ B, so that T x ≥ 0 by Lemma 2.2.

(iii) Suppose that ϕb(Ta) ≥ 0 for all a ∈ A and b ∈ B. By Lemma 2.2 we have
Ta ≥ 0 for every a ∈ A. Now we apply (i). 
�

The following proposition characterizes order continuous operators contained in
A0.

Proposition 4.2 The following statements are equivalent for an order continuous oper-
ator T on an Archimedean vector lattice X.

(i) T ∈ A0.
(ii) There exist only finitely many pairs (a, b) ∈ A × A such that

(a ⊗ ϕa)T (b ⊗ ϕb) �= 0

and T satisfies T A ⊆ A and T |C = 0.
(iii) There exist only finitely many pairs (a, b) ∈ A × A such that ϕa(Tb) �= 0 and

T satisfies T A ⊆ A and T |C = 0.

123



   30 Page 8 of 26 G. Cigler, M. Kandi´ c

Proof (i)⇒(ii) Pick T ∈ A0. Then T = ∑
c,d∈F λcd(c⊗ϕd) ∈ A0 for some finite set

F ⊆ A and some scalars λcd . Clearly, T (spanA) ⊆ spanA and T |C = 0. Since T is
order continuous, we have T A ⊆ A. A direct calculation shows that

(a ⊗ ϕa)T (b ⊗ ϕb) =
∑

c,d∈F
λcdϕa(c)ϕd(b)(a ⊗ ϕb) = 0

for (a, b) /∈ F × F .
(ii)⇒(i)Assumenow that there exists a finite setG ⊆ A×A such that (a⊗ϕa)T (b⊗

ϕb) = 0 for (a, b) /∈ G and T satisfies T A ⊆ A and T |C = 0.. Then G ⊆ F × F for
some finite subset F ⊆ A. Clearly, if (a, b) /∈ F × F , then (a⊗ϕa)T (b⊗ϕb) = 0. It
follows that ϕa(Tb) = 0 for (a, b) /∈ F × F . We define the order continuous operator

S =
∑

c,d∈F
ϕc(Td)(c ⊗ ϕd) ∈ A0

and calculate

ϕa((T − S)b) = ϕa(Tb) −
∑

c,d∈F
ϕc(Td)ϕd(b)ϕa(c)

for a, b ∈ A. If a /∈ F , then ϕa(Tb) = 0 and ϕa(c) = 0 for every c ∈ F which clearly
implies ϕa((T − S)b) = 0. On the other hand, if a ∈ F , then ϕa(c) = 0 for every
c ∈ A \ {a} yielding

ϕa((T − S)b) = ϕa(Tb) −
∑

d∈F
ϕa(Td)ϕd(b).

If b /∈ F , then every term in the sumabove is zero, so thatwe haveϕa(Tb) = ϕa(Sb) =
0. On the other hand, if b ∈ F , the sum above reduces to ϕa(Tb). Therefore, both cases
give ϕa((T − S)b) = 0 for all a, b ∈ A. Lemma 4.1(iii) implies T |A = S|A. Since
T |C = S|C = 0, S and T agree on the order dense ideal A⊕C of X . To conclude the
proof we once more use the fact that T and S are order continuous.

(ii)⇔(iii) follows from the identity (a ⊗ ϕa)T (b ⊗ ϕb) = ϕa(Tb)(a ⊗ ϕb). 
�
If a vector lattice X is finite-dimensional and Archimedean, it is atomic and order

isomorphic to R
n ordered coordinatewise where n = dim X . Hence, if {a1, . . . , an}

is a maximal family of pairwise disjoint atoms in X , then every linear operator T on
X is of the form

T =
n∑

i, j=1

(ai ⊗ ϕai )T (a j ⊗ ϕa j ).

Suppose now that X is an atomic Archimedean vector lattice and let A be a maximal
family of pairwise disjoint atoms in X . For a finite subset F ⊆ A we define the finite
truncation TF of T by

TF =
∑

a,b∈F
(a ⊗ ϕa)T (b ⊗ ϕb).
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If we order the family F of all finite subsets of A by set inclusion, F becomes a
directed set, so that we may consider (TF )F∈F as a net. The following lemma shows
that every positive order continuous operator T ∈ Ln(X) on an atomic Archimedean
vector lattice can be recovered from its finite truncations.

Lemma 4.3 Let X be an atomic Archimedean vector lattice. Then for each positive
operator T ∈ Ln(X) the net (TF )F∈F satisfies TF ↗ T in Ln(X). Moreover, for
each x ≥ 0 we have TF x ↗ T x.

Proof Pick any finite subset F ∈ F and observe that 0 ≤ ∑
a∈F a ⊗ ϕa ≤ I yields

0 ≤ TF ≤ T . Clearly, positivity of T implies 0 ≤ TF1 ≤ TF2 for each pair F1, F2 ∈ F
with F1 ⊆ F2. To prove that T is the supremum of (TF )F∈F inLn(X), let S ∈ Ln(X)

be any upper bound of (TF )F∈F . Choose any c ∈ A, and select F ∈ F such that c ∈ F .
By assumption, we have S ≥ TF ≥ 0, and so

Sc ≥
∑

a,b∈F
(a ⊗ ϕa)T (b ⊗ ϕb)c =

∑

a,b∈F
ϕb(c)ϕa(Tb)a =

∑

a∈F
ϕa(T c)a.

Since
T c = sup

F∈F

∑

a∈F
ϕa(T c)a

by (1), we have Sc ≥ T c. To conclude the proof, we apply Lemma 4.1(i) for the
operator S − T . 
�
Proposition 4.4 For an Archimedean vector lattice X the following statements hold.

(i) The algebra A0 is a vector lattice. For T = ∑
a,b∈F λab(a ⊗ ϕb) ∈ A0 the

modulus is given by
|T | =

∑

a,b∈F
|λab|(a ⊗ ϕb).

(ii) If X is Dedekind complete, then A0 is an ideal ofLn(X).

Proof We will simultaneously prove (i) and (ii). To this end, pick any T ∈ A0 and
any maximal set A of pairwise disjoint atoms in X . Then there exists a finite subset
F ⊆ A such that

T =
∑

a,b∈F
λab(a ⊗ ϕb).

We claim that the operator

S =
∑

a,b∈F
|λab|(a ⊗ ϕb)

is themodulus of T inA0. By definition, S belongs toA0. Clearly, for every atom c ∈ X
we have Sc ≥ T c,−T c, so that Lemma 4.1 yields S|A ≥ T |A,−T |A. Furthermore,
S|C = T |C = 0 implies S|A⊕C ≥ T |A⊕C ,−T |A⊕C . Therefore, restrictions of order
continuous operators S − T and S + T to the order dense ideal A ⊕ C are positive
which implies S − T and S + T are positive on X . This yields S ≥ T ,−T .
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Let S̃ ∈ Ln(X)be anyupper bound for {T ,−T } andobserve that for every c ∈ A\F
we clearly have S̃c ≥ T c = Sc = 0. On the other hand, for c ∈ F we have

S̃c ≥
∑

a∈F
λaca and S̃c ≥ −

∑

a∈F
λaca,

which implies

S̃c ≥
∣∣∣∣
∑

a∈F
λaca

∣∣∣∣ =
∑

a∈F
|λac|a = Sc.

By applying Lemma 4.1 once again we obtain S̃|A ≥ S|A. Since S|C = 0, we also
have S̃|C ≥ S|C = 0. Similarly as before, order continuity of S and S̃ and order
density of A ⊕ C in X yield S̃ ≥ S. This finally proves that S is the supremum of the
set {T ,−T } in both A0 and Ln(X). To finish the proof, note that [1, Theorem 1.56]
yields that Ln(X) is a vector lattice whenever X is Dedekind complete.

To prove thatA0 is an ideal inLn(X), we first note that a closer examination of the
proof of [7, Lemma 3.8] reveals that for all atoms a, b ∈ X each operator a ⊗ϕb is an
atom ofLn(X). Suppose that we have 0 ≤ |T | ≤ |S| for some operators T ∈ Ln(X)

and S = ∑
a,b∈F λab(a ⊗ ϕb) ∈ A0. Then

0 ≤ T+, T− ≤ |T | ≤
∑

a,b∈F
|λab|(a ⊗ ϕb).

By the Riesz decomposition property there exist positive operators Mab and Nab such
that T+ = ∑

a,b∈F Mab, T− = ∑
a,b∈F Nab and 0 ≤ Mab, Nab ≤ |λab|(a ⊗ ϕb).

Since a ⊗ ϕb is an atom in Ln(X), we have that Mab and Nab are positive scalar
multiples of a ⊗ ϕb. This yields that T = T+ − T− is a linear combination of
operators a ⊗ ϕb for a, b ∈ F proving that T ∈ A0. 
�

We conclude this section with the following operator theoretical characterization
of atomic Archimedean vector lattices.

Corollary 4.5 A nonzero Archimedean vector lattice X is atomic if and only if for every
nonzero positive operator T ∈ Ln(X) there exists a positive nonzero operator S ∈ A0
such that 0 < S ≤ T .

Proof If X is atomic, then every positive order continuous operator T on S is by
Lemma 4.3 the supremum of the increasing net (TF )F∈F .

To prove the converse statement, observe first that since the identity operator on
X is order continuous, the algebra A0 is, by assumption, nontrivial, yielding that the
vector lattice X contains atoms. Assume that X is not atomic. Then there exists a
nonzero positive vector x which is disjoint with every atom in X . For an atom c in X
we consider the rank-one operator x ⊗ϕc. By Lemma 2.1, the operator x ⊗ϕc is order
continuous. By assumption, there exists a nonzero positive operator S ∈ A0 such that
0 < S ≤ x ⊗ ϕc. There exists a finite subset F ⊆ A and scalars λab such that

S =
∑

a,b∈F
λab(a ⊗ ϕb).
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Pick any positive vector y ∈ X such that Sy �= 0. Then

0 <
∑

a,b∈F
λabϕb(y)a ≤ ϕc(y)x

shows that x is not disjoint with some atom which proves that the span of A is order
dense in X . 
�
Corollary 4.6 A Dedekind complete vector lattice is atomic if and only if A0 is an
order dense ideal inLn(X) and Lr (X).

5 Automorphisms of algebras of operators on atomic vector lattices

Throughout this section, we assume that A is a maximal family of pairwise disjoint
atoms in an atomic Archimedean vector lattice X . Let A be an algebra in L (X)

containingA0 (see Sect. 4) and let� : A → A be a positive algebra automorphism. In
Theorem5.6,weprove that every suchpositive automorphism� satisfies�(A0) = A0
whenever A ⊆ Ln(X). Furthermore, if A ⊆ Ln(X) and X is Dedekind complete,
in Theorem 5.8 we conclude that for each positive operator T the restriction of �(T )

to the ideal generated by atoms behaves as a “generalized permutation" operator. This
result will be extremely useful in Sect. 6 where we consider algebras of operators on
vector lattices of the form c00(�) for some nonempty set�. In that case, we prove that
every positive automorphism � : A → A is of the form �(T ) = PDT D−1P−1 for
some “diagonal" operator D and some “permutation" operator P .

We start with the following characterization of rank-one operators.

Lemma 5.1 Let T be an order continuous operator on an atomic Archimedean vector
lattice X and let A be any algebra containing A0. Then T is a rank-one operator if
and only if dim(TA T ) = 1.

Proof Suppose first that the rank of T is one. By Lemma 2.1 we have T = u ⊗ ϕ for
some nonzero vector u ∈ X and nonzero functional ϕ ∈ X∼

n . Then for any A ∈ A
we have

T AT = (u ⊗ ϕ)A(u ⊗ ϕ) = ϕ(Au)(u ⊗ ϕ),

which shows dim(TA T ) ≤ 1. Since u �= 0, there exists an atom b ∈ A such that
ϕb(u) �= 0. Furthermore, X being atomic and ϕ nonzero and order continuous yield
the existence of an atom a ∈ A such that ϕ(a) �= 0. Therefore, T (a ⊗ ϕb)T =
ϕ(a)ϕb(u)(u ⊗ ϕ) �= 0 which proves that dim(TA T ) = 1.

For the opposite implication, assume that the rank of T is at least two. We claim
that there exist atoms a, b ∈ A such that Ta and Tb are linearly independent. If this
were not the case, there would exist a nonzero vector v ∈ X such that for each a ∈ A
we have Ta = λav for some scalar λa . If v = 0, then Lemma 4.1 yields T = 0, which
is impossible.

By linearity of T it follows that for every x ∈ spanA we have T x = λxv for some
scalar λx . Since X = X+ − X+ it suffices to prove that for every x ∈ X+ we have
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T x = λxv for some scalar λx . To this end, since spanA is order dense in X , there exists
an increasing net (xα)α in spanA of positive vectors such that 0 ≤ xα ↗ x . Order
continuity of T yields T xα

o−→ T x and so λxαv
o−→ T x . Since the one-dimensional

vector space Rv is order closed by Theorem 3.2, we have T x = λv for some scalar λ.
This shows that T is a rank-one operator which, by assumption, is impossible. Hence,
there exist atoms a, b ∈ A such that Ta and Tb are linearly independent.

For an arbitrary atom e ∈ A we define the rank one operators X1 := a ⊗ ϕe and
X2 = b ⊗ ϕe. We claim that T X1T = Ta ⊗ (ϕe ◦ T ) and T X2T = Tb ⊗ (ϕe ◦ T )

are linearly independent for some e ∈ A. To see this, suppose that

0 = α(Ta ⊗ (ϕe ◦ T )) + β(Tb ⊗ (ϕe ◦ T )) = (αTa + βTb) ⊗ (ϕe ◦ T )

for some scalars α and β. If α �= 0 or β �= 0, then ϕe ◦ T = 0 since Ta and Tb are
linearly independent. By Lemma 4.1, we have T = 0, which is impossible. Hence,
T X1T and T X2T are linearly independent elements in TA T . 
�

The following example shows that the algebra A0 can be a proper subalgebra of
Ln(X).

Example 5.2 Consider the vector lattice c00 of all eventually null sequences. On c00
we define the functional ϕ by ϕ(x) = ∑∞

n=1 xn . Then ϕ is a well-defined positive
functional on c00. Choose any net (xα)α in c00 such that xα ↘ 0 and pick an index α0.
Then for all α ≥ α0 we have 0 ≤ xα ≤ xα0 so that the net (xα)α≥α0 is supported only
on finitely many coordinates. Since order convergence on c00 is coordinatewise, ϕ is
order continuous. Clearly, for any u �= 0 the operator u ⊗ ϕ is not contained in A0.

In Theorem 6.1 which is needed for the description of positive algebra automor-
phisms ofL (c00(�))we are going to prove that every linear functional on c00 is order
continuous. See also the subsequent corollary.

Let A be a subalgebra in L (X) which contains A0. For a given positive algebra
automorphism � : A → A and a, b ∈ A we define Fab := �(a ⊗ ϕb).

Lemma 5.3 If �(A0) ⊆ Ln(X), then the following assertions hold.

(i) For all a, b ∈ A the operator Fab is a rank-one operator.
(ii) For all a, b ∈ A there exist positive scalars γa, a positive nonzero vector ua ∈ X

and a positive nonzero order continuous functional ψb such that

Fab = γa
γb

(ua ⊗ ψb)

with ψa(ua) = 1 and ψa(ub) = 0 for b �= a.
(iii) For distinct atoms a, b ∈ A and an atom e we have ψb(e) = 0 whenever

ua ∧ e > 0.

Proof (i) ByLemma5.1, fora, b ∈ A the dimension of the vector space (a⊗ϕb)A (a⊗
ϕb) is one. Since � is an automorphism of A , the dimension of

�
(
(a ⊗ ϕb)A (a ⊗ ϕb)

) = FabA Fab
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is also one. By Lemma 5.1 and order continuity of Fab we conlude that Fab is also a
rank-one operator.

(ii) By (i), the operator Fab is a rank-one operator. Therefore, Fab = xab ⊗ fab
for some nonzero vector xab ∈ X and nonzero functional fab. Since Fab is order
continuous, fab is order continuous by Lemma 2.1. Moreover, fab is order bounded
by [2, Theorem 2.1]. Positivity of � and [1, Theorem 1.72] yield

Fab = |Fab| = |xab ⊗ fab| = |xab| ⊗ | fab|.

Therefore, we may assume that xab and fab are positive. For an atom a ∈ Awe define
ua := xaa and ψa = faa . Now we chose arbitrary atoms a and b from A. Since
(a ⊗ ϕb)(b ⊗ ϕa) = a ⊗ ϕa , we have

FabFba = �(a ⊗ ϕb)�(b ⊗ ϕa) = �
(
(a ⊗ ϕb)(b ⊗ ϕa)

)
) = �(a ⊗ ϕa) = Faa .

In particular, we get

ψa(ua)(ua ⊗ ψa) = F2
aa = Faa = ua ⊗ ψa,

and therefore, ψa(ua) = 1. Moreover,

ua ⊗ ψa = Faa = FabFba = fab(xba)(xab ⊗ fba)

implies that xab = λbaua and fba = μbaψa and so

Fab = γab(ua ⊗ ψb)

for a suitable positive scalar γab. Fix c ∈ A. Since ψb(ub) = 1 for b ∈ A we get

Fcc = FcbFbc = γcbγbc(uc ⊗ ψb)(ub ⊗ ψc) = γcbγbcFcc

yielding γcb = 1
γbc

. For an arbitrary a ∈ A, the identity Fab = FacFcb yields γab =
γacγcb = γac

γbc
. Thus, if we define γa := γac for all a ∈ A, we obtain the desired

expression

Fab = γa

γb
(ua ⊗ ψb).

Finally, the fact that for distinct atoms a, b ∈ Awe have
γ 2
b

γ 2
a
ψa(ub)(ub⊗ψa) = F2

ba =
0 gives us ψa(ub) = 0.

(iii) Choose any atom e ∈ Awith ua ∧e > 0. Since e is an atom, there exists λ > 0
such that ua ∧ e = λe. Positivity of ψb and the inequality

0 = ψb(ua) ≥ ψb(ua ∧ e) = λψb(e)

yield ψb(e) = 0. 
�
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For the proof of Proposition 5.5 we need to introduce the sets Ua and�a as follows.
Pick a ∈ A, and let ua and ψa be as in Lemma 5.3. We define

Ua = {e ∈ A : ua ∧ e �= 0} = {e ∈ A : ϕe(ua) �= 0}

and
�a = {e ∈ A : ψa(e) �= 0}.

Lemma 5.4 For distinct atoms a and b in A we have

Ua ∩ Ub = ∅ and �a ∩ �b = ∅.

Proof We first prove Ua ∩Ub = ∅ for distinct atoms a and b inA. Suppose there exists
an atom e ∈ Ua ∩Ub. Since e is an atom, there exist positive scalars λ and μ such that
ua ∧ e = λe and ub ∧ e = μe. Pick any atom c in X . Then c �= a or c �= b, so that
0 ≤ λψc(e) = ψc(ua ∧e) ≤ ψc(ua) = 0 or 0 ≤ μψc(e) = ψc(ub∧e) ≤ ψc(ub) = 0
yields ψc(e) = 0. In particular, we have Fdc(e) = 0 for arbitrary atoms c, d ∈ A.

Now we define S = e ⊗ ϕe. Then FdcS = γd
γc

(ud ⊗ ψc)(e ⊗ ϕe) = 0. If we write

T := �−1(S), multiplicativity of � gives

0 = �−1(FdcS) = (d ⊗ ϕc)T = d ⊗ (ϕc ◦ T )

for all atoms c, d ∈ A. Hence, ϕc ◦ T = 0 for every atom c ∈ A. By Lemma 4.1(ii)
we conclude T = 0 which is impossible, so Ua ∩ Ub = ∅.

Now we prove �a ∩ �b = ∅ for distinct atoms a, b ∈ A. Suppose there exists an
atom e ∈ �a ∩ �b. Then ψa(e) �= 0 and ψb(e) �= 0. Since ψa and ϕe are positive
linear functionals, for an atom c ∈ A \ {e} we have 0 ≤ (ψa ∧ ϕe)(c) � ϕe(c) = 0
and so (ψa ∧ ϕe)(c) = 0. Moreover, by the Riesz-Kantorovich formula (see e.g. [1,
Theorem 1.18]) we have

λ := (ψa ∧ ϕe)(e) = inf{ψa(te) + ϕe((1 − t)e) : t ∈ [0, 1]}
= inf{tψa(e) + (1 − t) : t ∈ [0, 1]}
= min{1, ψa(e)} > 0.

Therefore ψa ∧ ϕe = λϕe as ψa ∧ ϕe is order continuous and X is atomic. Similarly
we get ψb ∧ ϕe = μϕe for some μ > 0.

For every atom c ∈ A we have ψa(uc) = 0 or ψb(uc) = 0 since c �= a or c �= b.
It follows that 0 � λϕe(uc) = (ψa ∧ ϕe)(uc) � ψa(uc) = 0 or 0 � μϕe(uc) =
(ψb ∧ ϕe)(uc) � ψb(uc) = 0 and so

ϕe(uc) = 0

for every atom c ∈ A. The operator S = e ⊗ ϕe clearly satisfies

SFcd = (e ⊗ ϕe)(uc ⊗ ψd) = ϕe(uc)(e ⊗ ψd) = 0
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for all atoms c, d ∈ A. It follows that

�−1(S)(c ⊗ ϕd) = 0

for all atoms c, d ∈ A. By Lemma 4.1(i) we conclude �−1(S) = 0 which is impossi-
ble. This finally proves the claim. 
�
Proposition 5.5 Let A ⊆ Ln(X) be any algebra of operators which contains A0.
If � is a positive automorphism of A , then for arbitrary T ∈ A we have T ∈ A0
whenever �(T ) ∈ A0.

Proof Suppose that for T ∈ A we have S := �(T ) ∈ A0 whereas T /∈ A0. By
Proposition 4.2 there exist infinitely many pairs (a, b) ∈ A×A such that the product
(a⊗ϕa)T (b⊗ϕb) �= 0.Applying�we equivalently obtain Faa SFbb �= 0 for infinitely
many pairs (a, b) ∈ A × A. Since S ∈ A0 we can write

S =
∑

c,d∈F
scd(c ⊗ ϕd)

for some finite set F ⊆ A. To conclude the proof, we consider two cases.
Case 1: Assume there exist infinitely many a ∈ A such that for some b ∈ A

the product FaaSFbb is nonzero. Since F is finite, using Lemma 5.4 we derive that
F intersects �a for only finitely many a ∈ A. Therefore, there exists a ∈ A such
that FaaSFbb �= 0 for some b and �a ∩ F = ∅. Consequently, since c /∈ �a yields
ψa(c) = 0, we have

FaaS = (ua ⊗ ψa)
∑

c,d∈F
scd(c ⊗ ϕd) =

∑

c,d∈F
scdψa(c)(ua ⊗ ϕd) = 0

which contradicts FaaSFbb �= 0.
Case 2: There exists only finitely many a ∈ A such that for some b ∈ A the product

FaaSFbb is nonzero and for some a ∈ A the product FaaSFbb is nonzero for infinitely
many b ∈ A. A similar argument as in Case 1 shows that there exists b ∈ A such that
FaaSFbb �= 0 for some a and Ub ∩ F = ∅. Since d /∈ Ub yields ϕd(ub) = 0, we have

SFbb =
∑

c,d∈F
scd(c ⊗ ϕd)(ub ⊗ ψb) =

∑

c,d∈F
scdϕd(ub)(c ⊗ ψb) = 0

which is again in contradiction with FaaSFbb �= 0. 
�
Theorem 5.6 Let A ⊆ Ln(X) be any algebra of operators that contains A0. The
following assertions hold for a positive algebra automorphism � : A → A .

(i) There exist a bijection π : A → A and a set of positive scalars {δa : a ∈ A}
such that for all a, b ∈ A we have

�(a ⊗ ϕb) = δa
δb

(
π(a) ⊗ ϕπ(b)

)
(3)

�−1(a ⊗ ϕb) = δ
π−1(b)

δ
π−1(a)

(
π−1(a) ⊗ ϕπ−1(b)

)
. (4)
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In particular, �(A0) = A0 and �(A +
0 ) = A +

0 .
(ii) The inverse �−1 is positive.

Proof (i) First we prove that for arbitrary a ∈ A the set Ua is a singleton set. Assume
on the contrary that for some a the set Ua contains two different atoms e and f , and
pick b, c ∈ A. Then

Fbce = γb

γc
(ub ⊗ ψc)(e) = γb

γc
ψc(e)ub.

If c �= a, by Lemma 5.3(iii) we conclude ψc(e) = 0 which implies Fbce = 0, and
similarly, Fbc( f ) = 0.

By Proposition 5.5 there exists a finite set F ⊆ A which without loss of generality
contains a such that �(T ) = e⊗ ϕe + f ⊗ ϕ f where T = ∑

b,c∈F tbc(b⊗ ϕc) ∈ A0.
Then

�(T ) =
∑

b,c∈F
tbcFbc.

Since for c �= a we have Fbce = 0 and Fbae = γb
γa

ψa(e)ub it follows that

e = �(T )e =
∑

b,c∈F
tbcFbce =

∑

b∈F
tba Fbae = γb

γa
ψa(e)

∑

b∈F
tbaub.

Similarly we get
f = γb

γa
ψa( f )

∑

b∈F
tbaub.

which is a contradiction since e and f are linearly independent. This proves that for
each a ∈ A the set Ua is a singleton set which yields an injective mapping π : A → A
such that Ua = {π(a)}.

Since Ua consists of all atoms that are not disjoint with ua and X is atomic, an
application of (1) yields ua = κaπ(a) for some positive scalar κa . Hence,

�(a ⊗ ϕb) = κaπ(a) ⊗ ψb.

To prove that π is surjective, choose an atom c ∈ A. Since � is an automorphism of
A , there exists T ∈ A such that �(T ) = c ⊗ ϕc. By Proposition 5.5 we conclude
T ∈ A0. Therefore, there exists a finite set F ⊆ A such that T = ∑

a,b∈F λab(a⊗ϕb)

for some scalars λab. Since

c = (c ⊗ ϕc)c = �(T )c =
∑

a,b∈F
κa(π(a) ⊗ ψb)c =

∑

a,b∈F
κaψb(c)π(a),

and π(a) ∈ A for each a ∈ F , we conclude that c = π(a) for some a ∈ A.
For different atoms a, b ∈ A we have κaψb(π(a)) = ψb(ua) = 0. Since κa �= 0

we get ψb(π(a)) = 0 for all a �= b. Order continuity of ψb implies that

ψb = ηbϕπ(b)
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for some ηb > 0, and so, finally �(a ⊗ ϕb) = κaηb(π(a) ⊗ ϕπ(b)). Since (�(a ⊗
ϕa))

2 = �(a ⊗ ϕa) it follows that κaηa = 1, yielding ηa = 1
κa
. By Lemma 5.3 we

conclude
�(a ⊗ ϕb) = γa

γb
(ua ⊗ ψb) = γaκa

γbκb
(π(a) ⊗ ϕπ(b)).

By introducing δa = γaκa for each a ∈ Awe obtain (3). One can verify (4) by a direct
calculation.

To prove �(A0) = A0 and �(A +
0 ) = A +

0 , note that Proposition 4.4(i), and
(3) and (4) imply �(A +

0 ) ⊆ A +
0 and �−1(A +

0 ) ⊆ A +
0 , respectively, yielding

�(A +
0 ) = A +

0 . Since A0 = A +
0 − A +

0 , we obtain �(A0) = A0.
(ii) Pick a positive operator T in A and atoms a, b ∈ A. By (4), there exist atoms

c, d ∈ A such that �−1(c ⊗ ϕc) = b ⊗ ϕb and �−1(d ⊗ ϕd) = a ⊗ ϕa . Since
(c ⊗ ϕc)T (d ⊗ ϕd) = ϕc(Td)(c ⊗ ϕd) ∈ A +

0 and by (i) we have �−1(A +
0 ) = A +

0 ,
we conclude that

�−1((c ⊗ ϕc)T (d ⊗ ϕd))a = (b ⊗ ϕb)�
−1(T )(a ⊗ ϕa)a = ϕb(�

−1(T )a)b

is a positive vector. In particular, ϕb(�
−1(T )a) ≥ 0 for all a, b ∈ A. To finish the

proof we apply the fact that �−1(T ) is order continuous and Lemma 4.1. 
�

Let A ⊆ Ln(X) be any algebra of operators which contains A0 and let � : A →
A be a positive algebra automorphism. By Theorem 5.6 there exists a bijection
π : A → A and a set of positive scalars {δa : a ∈ A} such that for all a, b ∈ A we
have

�(a ⊗ ϕb) = δa
δb

(
π(a) ⊗ ϕπ(b)

)
.

SinceA is a Hamel basis for IA, we can define P, D : IA → IA given by Pa = π(a)

and Da = δaa for each a ∈ A. Note that P and D are invertible on IA with their
inverses given by P−1a = π−1(a) and D−1a = 1

δa
a for each a ∈ A. We will call

operators P and D a permutation and a diagonal operator, respectively. Conversely,
for any set {δa : a ∈ A} of real numbers we can define the diagonal operator on IA
as above. The set {δa : a ∈ A} is called the set of all diagonal coefficients of the
operator D. The operator D : IA → IA is positive if and only if δa ≥ 0 for every
a ∈ A and D is bijective if and only if δa �= 0 for every a ∈ A.

Recall that for a finite subset F ⊆ A the finite truncation TF of T is defined by

TF =
∑

a,b∈F
(a ⊗ ϕa)T (b ⊗ ϕb).

The following lemma will be needed in the proof of Theorem 5.8.

Lemma 5.7 Let A ⊆ Ln(X) be a subalgebra containing A0 and � : A → A be a
positive algebra automorphism. Then for every T ∈ A we have

�(TF ) = �(T )π(F)
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for every finite subset F ⊆ A. Moreover, for every positive operator T ∈ A and every
positive vector x ∈ X we have �(TF )x ↗ �(T )x where F runs over the family F of
all finite subsets of A ordered by set inclusion.

Proof Let us choose a finite subset F ⊆ A andwrite TF = ∑
a,b∈F (a⊗ϕa)T (b⊗ϕb).

Since � is an algebra homomorphism, by Theorem 5.6 we have

�(TF ) =
∑

a,b∈F
�(a ⊗ ϕa)�(T )�(b ⊗ ϕb)

=
∑

a,b∈F
(π(a) ⊗ ϕπ(a))�(T )(π(b) ⊗ ϕπ(b))

=
∑

c,d∈π(F)

(c ⊗ ϕc)�(T )(d ⊗ ϕd) = �(T )π(F).

To prove the moreover statement, note that Lemma 4.3 yields

�(TF )x = �(T )π(F)x ↗ �(T )x

since π : A → A is a bijection. 
�
Theorem 5.8 Let A ⊆ Ln(X) be a subalgebra containing A0 and let � : A → A
be a positive algebra automorphism. Then for each T ∈ A0 the ideal IA is invariant
under �(T ) and we have

�(T )|IA = PDT D−1P−1|IA .

Furthermore, for each positive T ∈ A we have

�(T )|IA = sup{PDSD−1P−1|IA : S ∈ [0, T ] ∩ A0}.

Proof Since the set {a ⊗ ϕb : a, b ∈ A} spans A0, by linearity of � it suffices to
prove �(a ⊗ ϕb)|IA = PD(a ⊗ ϕb)D−1P−1|IA . Pick any c ∈ A. Then

PD(a ⊗ ϕb)D
−1P−1c = PD(a ⊗ ϕb)D

−1π−1(c) = 1

δπ−1(c)
PD(a ⊗ ϕb)π

−1(c)

= ϕb(π
−1(c))

δπ−1(c)
PDa = ϕb(π

−1(c))

δπ−1(c)
δa π(a).

If c = π(b), then PD(a ⊗ ϕb)D−1P−1c = δa
δb

π(a). Otherwise, we have PD(a ⊗
ϕb)D−1P−1c = 0 proving �(T )|IA = PDT D−1P−1|IA .

To prove the second formula, choose a positive operator T ∈ A . By Lemma 4.3
we have that T = supF∈F TF is the supremum of the increasing net (TF )F∈F where
F runs over the family F of all finite subsets of A ordered by set inclusion. Clearly,
we have TF ∈ [0, T ] ∩ A0, and for each S ∈ [0, T ] ∩ A0 we can find F ∈ F
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such that S ≤ TF . By Lemma 5.7 we have �(TF )x ↗ �(T )x for each positive
vector x ∈ X . In particular, this holds for every positive vector x ∈ IA which yields
�(TF )|IA ↗ �(T )|IA . To finish the proof note that we have

�(T )|IA = sup
F∈F

�(TF )|IA = sup{�(S)|IA : S ∈ [0, T ] ∩ A0}

= sup{PDSD−1P−1|IA : S ∈ [0, T ] ∩ A0}.


�
For the converse, assume � : A → A is a linear operator such that there exist

a positive invertible diagonal operator D and a permutation operator P such that for
each T ∈ A0 the ideal IA is invariant under �(T ) and we have

�(T )|IA = PDT D−1P−1|IA .

Then for T , S ∈ A we have

�(T S)
∣∣
IA = PDT SD−1P−1

∣∣
IA = PDT D−1P−1PDSD−1P−1

∣∣
IA

= PDT D−1P−1
∣∣
IA PDSD−1P−1

∣∣
IA

= �(T )
∣∣
IA�(S)

∣∣
IA

Since operators in A are order continuous and IA is order dense in X , we have
�(T S) = �(T )�(S) for all T , S ∈ A .

6 Algebras of operators on c00(3)

Let X be an atomic Archimedean vector lattice. If we fix any maximal set A of pair-
wise disjoint atoms in X , then the ideal IA generated by atoms in A equals the linear
span of A. Hence, IA can be realized as the vector lattice c00(A) of all finitely sup-
ported functions defined on A. In order to better understand the structure of positive
automorphisms from Theorem 5.8 we restrict ourselves to the special case where the
underlying vector lattice X is the vector lattice c00(�) equipped with the supremum
norm. By eλ we denote the characteristic function of the set {λ}. When � = N, we
rather write c00 instead of c00(N). Since it is standard to interpret elements of c00
as eventually null sequences, we can also treat elements of c00(�) as finitely sup-
ported “sequences" indexed by the index set �. As special cases of Corollary 6.3 and
Corollary 6.6, we deduce that every positive algebra automorphism ofL (c00(�)) and
B(c00(�)) is inner. Since Theorem 5.8 is applicable only to subalgebras contained in
the algebra of order continuous operators, it is important to find all order continuous
operators in B(c00(�)). In Theorem 6.1 we provide an operator theoretical charac-
terization of vector lattices that are lattice isomorphic to a vector lattice of the form
c00. In particular, it follows that every linear operator on c00(�) is order continuous,
in particular, also order bounded by [2, Theorem 2.1].
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Theorem 6.1 For an Archimedean vector lattice X the following statements are equiv-
alent.

(i) X is lattice isomorphic to c00(�) for some non-empty index set �.
(ii) L (X ,Y ) = Ln(X ,Y ) for every Archimedean vector lattice Y .
(iii) L (X ,Y ) = Lb(X ,Y ) for every Archimedean vector lattice Y .
(iv) X∼ = X ′.

Proof (i) ⇒ (ii) Assume first that X is lattice isomorphic to c00(�) for some non-
empty set �. Since the inclusion Ln(X ,Y ) ⊆ L (X ,Y ) always holds, it suffices to
prove L (X ,Y ) ⊆ Ln(X ,Y ).

Pick any lattice isomorphism T : c00(�) → X . If S0 ∈ L (X ,Y ), then S0T ∈
L (c00(�),Y ). We claim that S := S0T ∈ Ln(c00(�),Y ). To this end, pick any net
(xα)α in c00(�) that converges in order to 0. By passing to a tail, if necessary, we
may assume that the net (xα)α is order bounded. Hence, there exists x ≥ 0 in c00(�)

such that 0 ≤ |xα| ≤ x for every α. There exists a finite subset �0 ⊆ � such that
x = ∑

λ∈�0
x (λ)eλ. Since xα → 0 in order, it follows that for every λ ∈ �0 we have

x (λ)
α → 0 in R. Pick any ε > 0. Since �0 is finite, there exists an index αε such that
for all α ≥ αε and each λ ∈ �0 we have 0 ≤ |x (λ)

α | < ε. Let us denote by f the vector∑
λ∈�0

|Seλ|. Then for every α ≥ αε we have

0 ≤ |Sxα| =
∣∣∣∣∣∣

∑

λ∈�0

x (λ)
α Seλ

∣∣∣∣∣∣
≤ ε f .

Since Y is Archimedean, we have ε f ↘ 0 as ε ↘ 0, so that Sxα → 0 in order
which proves order continuity of S. Since T is a lattice isomorphism, it follows that
S0 = ST−1 is order continuous.

(ii) ⇒ (iii) Since every order continuous operator is order bounded by [2, Theorem
2.1], we have

L (X ,Y ) = Ln(X ,Y ) ⊆ Lb(X ,Y ) ⊆ L (X ,Y ).

(iii) ⇒ (iv) We take Y = R.
(iv) ⇒ (i) Pick any positive vector x ∈ X and consider the principal ideal Ix

equipped with the norm ‖ · ‖x . We claim that Ix is finite-dimensional. If this were not
the case, then by [6, Theorem 26.10] Ix would contain an infinite sequence (en)n∈N of
pairwise disjoint positive vectors. By scaling, if necessary, assume that 0 ≤ en ≤ x . If
we define the vector yn := ∑n

k=1 ek , disjointness and positivity of vectors e1, . . . , en
yields

0 ≤ yn =
n∑

k=1

ek =
n∨

k=1

ek ≤ x .

Since disjoint vectors are always linearly independent, the set {en : n ∈ N} can
be extended to a basis of X . Pick any linear functional ϕ with ϕ(en) = 1 for each
n ∈ N. Since, by assumption, ϕ is order bounded, by the Riesz-Kantorovich theorem
[1, Theorem 1.18] there exists |ϕ| : X → R. As |ϕ(z)| ≤ |ϕ|(|z|) for every vector z,
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for each n ∈ N we get
|ϕ|(x) ≥ |ϕ|(yn) ≥ ϕ(yn) = n

which is clearly impossible. This contradiction shows that Ix is finite-dimensional. By
[6, Theorem 61.4] it follows that X is lattice isomorphic to c00(�) for some nonempty
set �. 
�
Corollary 6.2 For a nonempty set � and for every Archimedean vector lattice Y we
have

L (c00(�),Y ) = Lb(c00(�),Y ) = Ln(c00(�),Y ).

In particular c00(�)′ = c00(�)∼ = c00(�)∼n .

The following corollary implies that every positive algebra automorphism of
L (c00(�)) is inner.

Corollary 6.3 Let� be a nonempty set and letA be a subalgebra ofL (c00(�))which
contains A0. If � : A → A is a positive algebra automorphism, then

�(T ) = PDT D−1P−1

for some permutation operator P and some positive invertible diagonal operator D
on c00(�).

Proof Observe first that by Theorem 6.1 we have Ln(c00) = L (c00). Since IA =
c00(�), by Theorem 5.8 we have

�(T ) = sup{PDSD−1P−1 : S ∈ [0, T ] ∩ A0}

for eachpositive operator T on c00(�). To prove�(T ) = PDT D−1P−1 wewill apply
[1, Theorem1.19]. Note first, that the set [0, T ]∩A0 can be considered as an increasing
net (Tα)α with supremum T . Hence, for each positive vector x we have 0 ≤ Tαx ↗
T x . If we replace x with D−1P−1x , we obtain 0 ≤ TαD−1P−1x ↗ T D−1P−1x .
Order continuity of PD yields 0 ≤ PDTαD−1P−1x ↗ PDT D−1P−1x so that
�(T ) = PDT D−1P−1. 
�

In the following example, we present an algebra A ⊆ L (c00) containing A0 and
a positive automorphism � : A → A that is not inner.

Example 6.4 LetA be the algebra inL (c00) generated by the identity operator I and
the set {ei ⊗ ϕe j : i, j ∈ N}. Let P be the permutation operator induced by the
bijection π defined as π(2k − 1) = 2k and π(2k) = 2k − 1. Then it is easy to see that
� : T �→ PT P−1 is a positive spatial automorphism of A . We claim that � is not
inner. If � were inner, then there would exist an invertible operator S ∈ A such that
�(T ) = ST S−1 for all T ∈ A . This yields that S−1P belongs to the centralizer of
A . Since A0 is order dense in L (c00) = Ln(c00) and A0 ⊆ A , it follows from the
order continuity of S−1P that S−1P belongs to the center of L (c00). Consequently,
there exists a nonzero scalar λ such that S−1P = λI . It then follows that P ∈ A ,
which is not true.
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Corollary 6.3 is, in particular, applicable to subalgebrasA of bounded operators on
L (c00(�)). One could expect that P and D obtained by Corollary 6.3 are bounded.
A direct verification shows that P is indeed bounded, whereas to prove boundedness
of D we will need the following lemma which explicitly provides the operator norm
of a bounded operator on the normed space c00(�).

Lemma 6.5 A linear operator T : c00(�) → c00(�) is bounded if and only if

M := sup
λ∈�

∑

μ∈�

|ϕeλ(T eμ)| < ∞.

Moreover, if T is bounded then ‖T ‖ = M.

Proof Without loss of generality we may assume that T is nonzero. Assume first that
T is bounded and pick λ ∈ �. For a finite subset F ⊆ � we define

x =
∑

μ∈F
sgn(ϕeλ(T eμ))eμ ∈ c00(�)

and observe that ‖x‖ � 1. Since T x ∈ c00(�), for any finite subsetG ⊆ � containing
the support FT x of T x we have

T x =
∑

λ∈G

⎛

⎝
∑

μ∈F
sgn(ϕeλ(T eμ))ϕeλ(T eμ)

⎞

⎠ eλ.

Pick any λ0 ∈ � and define G := FT x ∪ {λ0}. As ‖x‖ � 1, we obtain

‖T ‖ ≥ ‖T x‖ = max
λ∈G

∣∣∣∣∣∣

∑

μ∈F
sgn(ϕeλ(T eμ))ϕeλ(T eμ)

∣∣∣∣∣∣
= max

λ∈G
∑

μ∈F
|ϕeλ(T eμ)|

≥
∑

μ∈F
|ϕeλ0

(T eμ)|.

By definition of convergence we get ‖T ‖ �
∑

μ∈� |ϕeλ0
(T eμ)|. Since λ0 ∈ � was

arbitrary, we conclude ‖T ‖ ≥ M .
To prove the converse statement, assume that M < ∞ and pick any unit vector

x = ∑
μ∈Fx xμeμ ∈ c00(�)where xμ = ϕeμ(x). Then |xμ| ≤ 1 for everyμ ∈ �. Pick

any λ ∈ �. Then the λ-th component of T x equals ϕeλ(T x) = ∑
μ∈Fx ϕeλ(T eμ)xμ

and so
|ϕeλ(T x)| ≤

∑

μ∈Fx
|ϕeλ(T eμ)||xμ| ≤

∑

μ∈Fx
|ϕeλ(T eμ)| ≤ M .

Hence, ‖T x‖ ≤ M for every unit vector x ∈ c00(�) which finally gives ‖T ‖ ≤ M .
For the moreover statement, observe that a combination of the conclusions above

implies ‖T ‖ = M . 
�
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Corollary 6.6 Let � be a nonempty set. Then for every positive automorphism � of
B(c00(�)) there exist a permutation operator P and a bounded positive diagonal
operator D on c00(�) with bounded inverse such that

�(T ) = PDT D−1P−1

for each T ∈ B(c00(�)).

In particular, every positive automorphism � of B(c00(�)) is inner.

Proof By Corollary 6.3 there exist a permutation operator P and a positive diagonal
operator D such that �(T ) = PDT D−1P−1 for each T ∈ B(c00(�)). We need
to prove that D and D−1 are bounded. It suffices to see that the sets of diagonal
coefficients {dλ : λ ∈ �} and {d−1

λ : λ ∈ �} are bounded. To this end, we will apply
Lemma 6.5.

By assumption, for every T ∈ B(c00(�)) we know that �(T ) = PDT D−1P−1

belongs toB(c00(�)) yielding that DT D−1 is a bounded operator on c00(�). There-
fore, by Lemma 6.5 we have

‖DT D−1‖ = sup
λ∈�

∑

μ∈�

|ϕeλ(DT D−1eμ)|.

Let us fix α ∈ � and choose an absolutely convergent series
∑

μ∈� tμ. For eachμ ∈ �

we define T eμ = tμeα . By linearity, T can be uniquely extended to a linear operator
(again denoted by T ) on c00(�). Using Lemma 6.5 we see that T is bounded.

Since DT D−1 is bounded and DT D−1eμ = dαd−1
μ tμeα , by Lemma 6.5 we con-

clude
‖DT D−1‖ =

∑

μ∈�

|dαd
−1
μ tμ| = dα

∑

μ∈�

d−1
μ |tμ| < ∞.

Therefore, for every absolutely convergent series
∑

μ∈� tμ the series
∑

μ∈� d−1
μ |tμ|

also converges.
For a finite subset K ⊆ � we define a functional ϕK : �1(�) → R as

ϕK ((tμ)μ) =
∑

μ∈K
d−1
μ tμ.

Then ‖ϕK ‖ = maxμ∈K d−1
μ . For a fixed t = (tμ)μ, the set

{ϕK (t) : K ⊆ � finite}

is bounded since |ϕK (t)| �
∑

μ∈� d−1
μ |tμ|. The principle of uniform boundedness

implies that the norms {‖ϕK ‖ : K ⊆ � finite} are bounded yielding that (d−1
μ )μ∈�

is bounded. Therefore D−1 ∈ B(c00(�)).
Since, clearly the linear mapping � : T �→ P−1D−1T DP is the inverse of �, it

is a positive automorphism of B(c00(�)). By the proof above, D is bounded which
completes the proof. 
�
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7 Concluding remarks on order bounded functionals

By Theorem 6.1, an Archimedean vector lattice X admits a non-order bounded func-
tional if and only if X is not lattice isomorphic to a vector lattice of the form c00(�)

for some set �. In non-Archimedean vector lattices, constructing non-order bounded
functionals is simple, as the so-called infinitely small elements come to our help.
Recall that a positive vector x of a vector lattice X is infinitely small whenever there
exists a positive vector y such that for all n ∈ Nwe have 0 ≤ nx ≤ y. Clearly, a vector
lattice is not Archimedean if and only if it contains nonzero infinitely small positive
vectors.

Example 7.1 Let X be a non-Archimedean vector lattice. Then there exist positive
nonzero vectors x, y ∈ X such that for each n ∈ Nwe have 0 < nx ≤ y. Let ϕ be any
linear functional on X such that ϕ(x) = 1. Then for each α > 0 we have α = ϕ(αx).
Since 0 ≤ α ≤ n yields 0 ≤ αx ≤ nx ≤ y, we conclude [0,∞) ⊆ ϕ([0, y]), and so,
ϕ is not order bounded. In particular, every order bounded functional vanishes on the
set of infinitely small vectors.

Recall that the lexicographical product X ◦Y of vector lattices X and Y is the vector
space X×Y ∼= X⊕Y equipped with the lexicographical partial ordering≤Lex defined
as (x1, y1) ≤Lex (x2, y2) if x1 < x2 or x1 = x2 and y1 ≤ y2. It is a standard exercise to
prove that X ◦Y is a vector lattice. ByRn

Lex we denote the n-dimensional vector space
R
n of all n-tuples ordered lexicographically. Similarly, R∞

Lex denotes the space of all
real sequences ordered lexicographically. Therefore, R ◦ R is the lexicographically
ordered real plane R2

Lex, and R ◦ (R ◦R) = R ◦R2
Lex is the lexicographically ordered

real vector space R3. The positive cones of these examples fall into the scope of the
so-called “lexicographic cones" studied by Wortel in [9].

Since the lexicographically ordered real plane R
2
Lex is not Archimedean, R2

Lex
admits a non-order bounded linear functional. As 0 ≤ ne2 ≤ e1 for all n ∈ N,
every order bounded functional ϕ on R

2
Lex satisfies ϕ(e2) = 0. Hence, it seems that

the order dual of R2
Lex is isomorphic to the first copy of R in the lexicographical

product. The remaining part of the paper is devoted to determine order duals of the
following lexicographically ordered vector lattices Rn

Lex and R
∞
Lex. We start with a

more general result.

Theorem 7.2 For vector lattices X and Y the mapping � : (X ◦ Y )∼ → X∼ defined
as ϕ → ϕ|X is a lattice isomorphism.

In particular, if X∼ = {0}, then for every vector lattice Y we have (X ◦ Y )∼ = {0}.
Proof We claim that the mapping � : (X ◦ Y )∼ → X∼ defined as �(ϕ) = ϕ|X is a
lattice isomorphism. If ϕ is order bounded on X ◦ Y , then �(ϕ) is order bounded on
X since every interval [a, b]X in X is contained in the interval [a, b]X◦Y in X ◦ Y via
the natural identification of X and X × {0}. Clearly, � is a linear operator.

We claim that every order bounded functional ϕ ∈ (X ◦ Y )∼ is zero on Y . If this
were not the case, then there would exist 0 < y ∈ Y such that ϕ(y) �= 0. By replacing
ϕ with −ϕ, if necessary, we may suppose that ϕ(y) > 0. Pick any 0 ≤ x ∈ X . Then
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0 ≤ λy ≤ x + y for all λ ≥ 0 which yields that ϕ([0, x + y]) contains [0,∞). This
is in contradiction with order boundedness of ϕ.

If �(ϕ) = ϕ|X = 0 for some ϕ ∈ (X ◦ Y )∼, then ϕ = 0 as ϕ|Y = 0, which proves
injectivity of �. Since for every ϕ ∈ X∼ we have ϕ + 0 ∈ (X ◦ Y )∼ it follows that �
is surjective. To prove that � is a lattice isomorphism, observe that ϕ + 0 is positive
on X ◦ Y if and only if ϕ is positive on X . 
�
Corollary 7.3 For n,m ∈ N the order dual ofRn ◦Rm is lattice isomorphic toRn. The
lattice isomorphism � : (Rn ◦ R

m)∼ → R
n is given as

�(ϕ) = (ϕ(e1), . . . , ϕ(en)).

Corollary 7.4 For every n ∈ N ∪ {∞} the order dual of Rn
Lex is lattice isomorphic to

R. The lattice isomorphism � : (Rn
Lex)

∼ → R is given as �(ϕ) = ϕ(e1).

Proof Since for n ∈ N we have Rn
Lex

∼= R ◦ R
n−1
Lex and R

∞
Lex

∼= R ◦ R
∞
Lex, the order

dual of Rn
Lex is lattice isomorphic to the order dual of the first copy of R by Theorem

7.2. 
�
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