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Fading ergodicity provides a theoretical framework for understanding deviations from the eigenstate thermal-
ization hypothesis (ETH) near ergodicity-breaking transitions. In this work we demonstrate that the position
of the ergodicity-breaking critical point in the quantum sun model coincides with the peak of the maximally
divergent fidelity susceptibility. We further extend our analysis to the energy-resolved ergodicity-breaking
transition associated with the many-body mobility edge. Specifically, we show that fidelity susceptibilities at
energies away from the middle of the spectrum exhibit a divergent peak near the mobility edge. We argue that
fading ergodicity provides a simple and accurate description of the ETH breakdown in the quantum sun model,
which is accompanied with the emergence of a peak in fidelity susceptibility and the onset of maximal chaos at
the ergodicity-breaking critical point.
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I. INTRODUCTION

Quantum thermalization in isolated many-body systems,
along with its potential breakdowns, constitutes a rich area of
research that bridges statistical mechanics, condensed matter
physics, and quantum information science, raising numerous
unresolved questions [1–3]. The emergence of quantum ther-
malization is, among others, characterized by the agreement
of Hamiltonian spectral properties with predictions of random
matrix theory [4–12], and by the validity of the eigenstate
thermalization hypothesis (ETH) [13–16]. The latter is ex-
pressed as the ansatz for the matrix elements of observable
V̂ in eigenstates |m〉 of Hamiltonian Ĥ , with Ĥ |m〉 = Em|m〉,

〈n|V̂ |m〉 = V (Ē )δnm + ρ(Ē )−1/2 fV (Ē , ω)Rnm. (1)

We refer to Eq. (1) as the conventional ETH. In the latter,
ρ(Ē ) is the density of states at energy Ē = (En + Em)/2 that
scales as ρ ∝ 2L in the middle of the spectrum of a system of
L qubits, V and fV are smooth functions of their arguments,
ω = En − Em, and Rnm is a random number with zero mean
and unit variance. It is understood that the ETH from Eq. (1)
represents a sufficient condition for the emergence of quantum
thermalization [1].

Another key focus of the current research is the charac-
terization of quantum phase transitions in ground states of
Hamiltonian systems [17]. A possible way to understand them
is to consider the wave function fidelity, defined as F (λ) =
〈ψ0(λ)|ψ0(λ + δλ)〉 [18], where |ψ0(λ)〉 is the ground state
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of Hamiltonian Ĥ (λ) = Ĥ0 + λV̂ with energy Eψ0 (λ). We
refer to λV̂ as a perturbation with strength λ. In the limit of
an infinitesimally small change of perturbation, δλ → 0, the
variation of F (λ) is characterized by the fidelity susceptibility
of ground state [19–21],

χ0 =
∑

m �=ψ0

|〈ψ0|V̂ |m〉|2
(Em − Eψ0 )2

. (2)

Consequently, it is determined by the interplay between the
properties of off-diagonal matrix elements 〈ψ0|V̂ |m〉 and level
spacings Em − Eψ0 . In Eq. (2) we have made the dependence
on λ implicit. Many studies reported evidence that the peak of
χ0 versus λ is a signature of a quantum phase transition; see,
e.g., Refs. [19–33].

A novel perspective on the breakdown of quantum ther-
malization, which also offers connections to quantum phase
transitions in ground states, was recently provided through
the framework of adiabatic gauge potential (AGP) [34–37]. In
particular, the Hilbert-Schmidt norm of AGP was interpreted
as a measure of sensitivity of all Hamiltonian eigenstates
to perturbations, and hence a possible measure of chaotic
behavior [38]. It is equivalent to the average fidelity suscepti-
bility obtained by replacing |ψ0〉 in Eq. (2) with an arbitrary
eigenstate |n〉 and averaging over all such states. A quan-
tum system deep in the ergodic regime is chaotic and thus
highly sensitive to perturbations. However, as it approaches
the ergodicity-breaking transition, the sensitivity increases
even further. Therefore, the peak of the AGP norm, or the
fidelity susceptibility of excited eigenstates [39–44], can be
interpreted as the onset of maximally chaotic behavior [45]
and may serve as a hallmark of ergodicity-breaking transitions
in finite systems [39].
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This discussion raises several intriguing questions. Is
the peak in the fidelity susceptibility of excited eigenstates
(or fidelity susceptibility for short) precisely pinned to the
ergodicity-breaking critical point? Is the position of this peak
correlated with the onset of ETH breakdown? Is there a com-
mon theoretical framework that simultaneously explains the
suppression of the conventional ETH and the enhancement
of the fidelity susceptibility? Finally, are the answers to these
questions the same if ergodicity is broken at low energies, far
away from the middle of the spectrum?

Here we provide answers to these questions. Most impor-
tantly, we argue that the concept of fading ergodicity [46]
naturally links the breakdown of the conventional ETH from
Eq. (1) to the emergence of a peak in the fidelity susceptibility
at the ergodicity-breaking critical point.

Our main results are twofold. We first consider the
interaction-driven ergodicity-breaking transition in the mid-
dle of the spectrum, described by the quantum sun model
[47–50], and we show that the peak of the fidelity suscepti-
bility agrees, to a high numerical precision, with the position
of the ergodicity-breaking critical point in the thermodynamic
limit. We then extend the study of the quantum sun model
to the energy-resolved ergodicity-breaking transition, which
emerges due to the existence of a many-body mobility edge
[51]. We show that the fidelity susceptibility exhibits a peak
that to a high precision coincides with the position of the
mobility edge. The existence of mobility edges, both of single-
particle [52–62] and of many-body origin [44,51,63–71], have
been extensively studied in the past, and the results of our
work introduce a measure for detecting their structure in an in-
teracting system. We demonstrate that the emergence of peaks
at ergodicity-breaking transitions can be explained through
the phenomenon of fading ergodicity, and we introduce a
closed-form expression that describes both the suppression of
conventional ETH and the enhancement of fidelity suscepti-
bility.

The paper is organized as follows. In Sec. II A we introduce
the fading ergodicity scenario and the underlying quantum sun
model, while in Sec. II B we introduce the fidelity suscepti-
bilities and formulate analytic predictions for their behavior
in the fading ergodicity regime. We then numerically test
these predictions in Sec. III, focusing in Sec. III A on the
interaction-driven ergodicity-breaking transition in the middle
of the spectrum, and in Sec. III B on the energy-resolved
ergodicity-breaking transition. We conclude in Sec. IV.

II. BREAKDOWN OF ERGODICITY

A. Fading ergodicity and quantum sun model

Fading ergodicity is a scenario for the breakdown of the
conventional ETH from Eq. (1). In particular, it establishes a
link between the conventional ETH and the complete break-
down of ETH via the gradual softening of fluctuations of
diagonal and low-ω off-diagonal matrix elements [46]. Since
the latter are the focus of this work, we express the scaling
of the average matrix element Vnm ≡ 〈n|V̂ |m〉 at Ē = (En +
Em)/2 and ω = En − Em ≈ ωH as

|V (Ē , ωH )|2 = Avg[|Vnm|2]Ē ,ωH
∝ ρ(Ē )−2/η, (3)

where ωH (setting h̄ ≡ 1) is the Heisenberg energy that corre-
sponds to the mean level spacing. The key quantity in Eq. (3)
is the fluctuation exponent η, which is a smooth function that
interpolates between η = 2 in the conventional ETH regime
and η → ∞ at the ergodicity-breaking critical point. Hence,
η = ∞ at the critical point signals the complete breakdown of
the ETH, i.e., the absence of exponential suppression of |Vnm|2
with L.

In passing, we note that while Eq. (3) describes deviations
from the conventional ETH at any η > 2, the behavior of the
observable matrix elements at η < ∞ is still consistent with
thermalization, and the short-range spectral statistics complies
with predictions of random matrix theory ensembles [46]. In
this respect, the fading ergodicity regime is fundamentally
different from nonergodic regimes that exhibit different ver-
sions of weak ETH, such as quadratic fermionic models [72]
or integrable interacting models [73–77].

The quantum sun model describes a system of spin-1/2
particles, with N particles inside a thermal quantum dot cou-
pled to L particles outside the dot. Its Hamiltonian can be
written as [50]

Ĥ = R̂ + g0

L∑
	=1

αu	 Ŝx
n(	)Ŝ

x
	 +

L∑
	=1

h	Ŝz
	, (4)

where R̂ describes the thermal quantum dot, i.e., it can be
written as a 2N × 2N random matrix drawn from the Gaussian
orthogonal ensemble (GOE) in the computational basis so
that it includes all-to-all interactions within the dot (we set
N = 3). The particles outside the dot are subject to a random
transverse field with h	 being an independent and identi-
cally distributed (i.i.d.) random number in the interval h	 ∈
[0.5, 1.5]. The second term on the r.h.s. of Eq. (4) describes
interactions between a particle outside the dot, with index 	,
and a randomly selected particle within the dot, with index
n(	). We set g0 = 1. The interactions decay exponentially
with distance u	, where u	 is an i.i.d. random number in the
interval u	 ∈ [(	 − 1) − 0.2, (	 − 1) + 0.2], except for 	 = 1
when u1 = 0. The model is expected to exhibit the ergodicity-
breaking phase transition in the thermodynamic limit at α̃c =
1/

√
2 [78,79]. At α � α̃c, the system is nonergodic and it

exhibits Fock-space localization, while at α � α̃c it exhibits
ergodic behavior [50]. Throughout the work, we consider
systems up to Ltot = L + N = 16 spin-1/2 particles, which
corresponds to the Hilbert-space dimension D = 2L+N = 216.

Exact numerical studies in finite systems [46,50,80] sug-
gest the transition point, αc, to occur at a slightly larger value
than predicted theoretically, α̃c = 1/

√
2 [78]. In this paper,

we take the numerically extracted critical point, αc = 0.734,
which was obtained by performing a data collapse of the
eigenstate entanglement entropy of a single site [80]. That
said, we have no particular arguments to expect αc to differ
from α̃c in the thermodynamic limit, and the characterization
of their differences is beyond the scope of this work. Here our
focus is to compare the positions of the peak of fidelity suscep-
tibility to αc, and to show consistency of different indicators
to detect the critical point in finite systems.

A paradigmatic example of the observable that exhibits the
scaling of matrix elements fluctuations according to Eq. (3)
is the operator Ŝz

	=L of the most distant particle from the dot.
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FIG. 1. Matrix elements in the quantum sun model at α = 0.74,
i.e., in the vicinity of the critical point (αc = 0.734). Main panel:
Coarse-grained off-diagonal matrix elements |V (E0, ω)|2 of the op-
erator V̂ = Ŝz

L vs ω, at different system sizes L; see Eq. (C1) in
Appendix C for the precise definition of coarse graining. We consider
off-diagonal matrix elements with mean energies in the middle of
the spectrum at energy E0 = Tr{Ĥ}/D, and 100–2000 realizations
of the model; see Appendix A for details. The dashed line indicates
a Lorentzian decay, ∝ ω−2, of the spectral function. Inset: Scaling
of the eigenstate-to-eigenstate fluctuations of 500 diagonal matrix
elements in the middle of the spectrum vs L. The average value, zav, is
marked with red squares, while the maximal outlier, zmax, is marked
with blue triangles.

While Ref. [46] systematically studied the matrix elements
fluctuations in the fading ergodicity regime (i.e., at α > αc),
in the main panel of Fig. 1 we show the behavior of off-
diagonal matrix elements |(Sz

L )nm|2 versus ω in the immediate
vicinity of the critical point, at α = 0.74. At ω ≈ ωH , the
coarse-grained off-diagonal matrix elements exhibit a plateau,
while at ω � ωH they exhibit the same polynomial decay as a
Lorentzian function. This decay in the frequency domain can
be associated with an exponential decay of the corresponding
autocorrelation function in the time domain [46]. The height
of the plateau at ω ≈ ωH is independent of system size, which
corresponds to the complete ETH breakdown and η → ∞
in Eq. (3). Another perspective of the ETH breakdown is
shown in the inset of Fig. 1, in which we show the average
and maximal eigenstate-to-eigenstate fluctuations of diago-
nal matrix elements [81]. We define zn = 〈n + 1|Ŝz

L|n + 1〉 −
〈n|Ŝz

L|n〉 to calculate zav = 〈zn〉n,Ĥ and zmax = 〈max(zn)n〉Ĥ ,
where 〈· · · 〉n,Ĥ refers to the averaging over a set of en-
ergy eigenstates and distinct Hamiltonian realizations, while
〈max(· · · )n〉Ĥ refers to selecting a maximal outlier over a set
of energy eigenstates and then averaging over Hamiltonian
realizations. Results in the inset of Fig. 1 show that neither
zmax nor zav vanishes in the thermodynamic limit L → ∞.

B. Fidelity susceptibilities

We now turn our attention to small perturbations of
the Hamiltonian, Ĥ (λ + δλ) = Ĥ (λ) + δλV̂ , as discussed
in the context of Eq. (2). The sensitivity of an arbitrary

Hamiltonian eigenstate |n(λ)〉, with Ĥ (λ) |n(λ)〉 =
En(λ) |n(λ)〉, to an infinitesimally small change of λ can
be quantified by the fidelity susceptibility [20],

χn =
∑
m �=n

|Vnm|2
(Em − En)2

, (5)

which can be seen as a generalization of Eq. (2) to excited
states. From now on, we omit λ in the notation of eigenstates
and their eigenvalues. In practice, since for some eigenstates
|n〉 the nearest level spacings can be very small and may give
rise to very large values of χn, one usually calculates the
typical fidelity susceptibility over Hamiltonian eigenstates,

χ typ = e〈ln χn〉n = e(1/D)
∑D

n=1 ln χn . (6)

Another perspective is to interpret χn from Eq. (5) as
χn = ∑

m �=n |〈n|Â|m〉|2, where Â stands for the AGP and is

defined as Â|n〉 = i∂λ|n〉 [37]. In particular, we consider its
regularized version [38],

χ r
n =

∑
m �=n

ω2
nm|Vnm|2

(ω2
nm + μ2)2

=
∑
m �=n

∣∣〈n|Âr |m〉∣∣2
, (7)

where ωnm = Em − En. We emphasize that the AGP at μ �= 0
can be expressed as

Âr = −1

2

∫ ∞

−∞
dt sgn(t )e−μ|t |V̂ (t ), (8)

where V̂ (t ) is written in the Heisenberg picture, while μ is a
characteristic energy scale and its inverse plays the role of a
cutoff time. The choice of μ in numerical calculations will
be discussed below. It is, however, worth emphasizing that
selecting μ �= 0 eliminates the issue of divergence in Eq. (7)
as ωnm → 0. The average of χ r

n over Hamiltonian eigenstates
corresponds to the Hilbert-Schmidt norm of the AGP,

χ av = 〈
χ r

n

〉
n = 1

D

D∑
n=1

χ r
n = ||Âr ||2. (9)

We note that whenever we refer to χ av, we have in mind its
regularized version from Eq. (9). In all numerical calculations
carried out in Sec. III, we study χ typ and χ av as functions of
the interaction α in the quantum sun model; see Eq. (4).

To discuss the expected scaling in the fading ergodicity
regime, we focus on χ av from Eq. (9). First, we convert
sums in Eqs. (7) and (9) into integrals and perform a variable
substitution,

χ av = 1

D

∫
dEρ(E )

∫
dωρ(E + ω)

× π

2μ
δ(ω − μ)|V (E + ω/2, ω)|2, (10)

where we expressed the matrix element |Vnm|2 by its coarse-
grained value |V (Ē , ω)|2, with Ē = E + ω/2, and we defined
the delta function as δ(ω − μ) = (2/π )μω2/(ω2 + μ2)2. Ad-
ditionally, ρ(E ) ∝ D corresponds to the density of states at
energy E . Integration over δ(ω − μ) for μ 
 1 simplifies
Eq. (10) to

χ av ≈ π

2μD

∫
dEρ(E )ρ(E + μ)|V (E + μ/2, μ)|2. (11)
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The latter expression is governed by the values at the peak
of the density of states in the middle of the spectrum, at E =
E0 = Tr{Ĥ}/D. Moreover, since we expect μ to be very small,
we approximate ρ(E ) ≈ ρ(E + μ). Then

χ av(E0) ∝ 1

μD
ρ(E0)2|V (E0 + μ/2, μ)|2

≈ ρ(E0)

μ
|V (E0 + μ/2, μ)|2, (12)

where we assumed ρ(E0)/D ≈ 1, up to polynomial correc-
tions in L.

At this point, one should apply the fading ergodicity ansatz
for the fluctuations of the matrix elements from Eq. (3), in
which En = E0 and Em = E0 + μ. This step, however, also
requires certain insight about the optimal value of μ. Deep in
the ergodic regime, the value of μ is usually set such that it lies
within the low-ω plateau of the coarse-grained off-diagonal
matrix elements [38]. In the fading ergodicity regime, the
width of the low-ω plateau is roughly given by the Thouless
energy 
 [46], and hence μ may in principle take any value in
the interval ωH � μ 
 
. Nevertheless, in the vicinity of the
critical point, the Thouless energy shrinks to the Heisenberg
energy, 
 → ωH [47], which manifests itself as the low-ω
plateau region being very narrow; see the main panel of Fig. 1.
This narrows the choice of μ to the vicinity of ωH , up to
polynomial corrections in L. Therefore, we set μ ∝ ωH in
Sec. III, while we also test possible polynomial corrections
to this scaling in Appendix A.

Applying the fading ergodicity ansatz from Eq. (3) and
setting μ = ωH , we can convert Eq. (12) to a prediction for
the scaling of the AGP norm in the fading ergodicity regime,
χ av → χfading, with

χfading(E0) ∝ ρ(E0)1−2/η

μ
= χETH ρ(E0)1−2/η, (13)

where we defined χETH = 1/μ. Furthermore, since μ = ωH ∝
ρ(E0)−1, we arrive at

χfading(E0) ∝ ρ(E0)2−2/η, (14)

which is the main result of this section and will be tested
numerically in Sec. III A. It formulates the closed-from ex-
pression for χ av in the entire fading ergodicity regime, i.e.,
from the conventional ETH limit at α = 1 when η = 2 and
χfading(E0) → ρ(E0) ∝ D, to the ergodicity-breaking critical
point at α = αc when η → ∞, and hence χfading(E0) →
ρ(E0)2 ∝ D2 saturates the upper bound. We refer to the
ergodicity-breaking critical point at which χfading is maximal
as the point of maximal quantum chaos.

While the above arguments have been built on properties
of the average, χ av, we expect similar scaling of both χ av and
χ typ in the fading ergodicity regime. Hence, we express the
expected scaling of the typical fidelity susceptibility as

χ typ ∝ ω
−2+2/η
H ∝ χfading(E0), (15)

which can also be understood as the value governed by the
states separated by the nearest level spacing ωH in Eq. (5).

We emphasize that even if fading ergodicity is observed
for a given observable in a particular system, it is not im-
mediately obvious that the fidelity susceptibilities exhibit the

scaling described by Eq. (14). This is because the fidelity sus-
ceptibilities are generally influenced by off-diagonal matrix
elements and spectral statistics, both of which may evolve
nontrivially when approaching the ergodicity-breaking tran-
sition. Agreement with the proposed scaling implies that the
behavior of the off-diagonal matrix elements alone accounts
for the emergence of the peak.

So far, we have considered the averages over all eigen-
states, which effectively probe the properties of eigenstates in
the middle of the spectrum where the density of states is max-
imal. We then extend our analysis to microcanonical windows
centered at energy E away from the middle of the spectrum.
To this end, we generalize the typical fidelity susceptibility to

χ typ(E ) = exp

⎛
⎝ 1

NE ,�ε

∑
|En−E |<�ε

ln χn

⎞
⎠, (16)

where the average is performed within the microcanonical
window at the target energy E of width 2�ε and cardinality
NE ,�ε . In the numerical calculations, we introduce the scaled
energy density for a given Hamiltonian realization,

ε = (E − Emin)/(Emax − Emin), (17)

where Emin and Emax are the lowest and highest eigenenergies
of the Hamiltonian, respectively. Consequently, χ typ(E ) →
χ typ(ε) in Eq. (16), and we then further average χ typ(ε) over
Hamiltonian realizations. However, to predict the scaling of
χ typ(ε) with system size L and interaction α, one needs to
understand the dependence of the fluctuation exponent η on
ε. This behavior has not yet been studied to the best of our
knowledge, and we focus on this question in Sec. III B.

Before moving to the next section, we emphasize that one
could generalize χ av to χ av(E ) as well. Nevertheless, it is then
nontrivial whether the energy cutoff, μ, should also depend on
the energy, E , since the energy level spacing, ωH , clearly does.
To avoid this complication, we focus on the typical fidelity
susceptibility when studying energies away from the middle
of the spectrum.

III. NUMERICAL RESULTS

A. Interaction-driven ergodicity breaking

We first study the ergodicity-breaking transition in the
middle of the spectrum, at E = E0. We focus on the perturba-
tion V̂ = Ŝz

L, i.e., on the z projection of the spin that resides
at the largest distance from the quantum dot; cf. 	 = L in
Eq. (4). We will later complement our results by studying
other perturbations. We set the cutoff energy μ = √

Ltot/D,
where Ltot = L + N , such that it is proportional to the mean
level spacing and the inverse density of states in the middle
of the spectrum, μ ∝ ωH ∝ ρ(E0)−1; see also Appendix A. In
contrast to Eqs. (6) and (9) where the averages of χ typ and χ av

are taken over all Hamiltonian eigenstates, we here minimize
finite-size effects by only averaging over 50% of eigenstates
in the middle of the spectrum (we refer to χ typ and χ av as
the typical and average fidelity susceptibility, respectively).
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FIG. 2. (a) Fidelity susceptibilities χ typ/χETH and χ av/χETH as
functions of the interaction strength α. Black triangles mark the
positions of the peak, αtyp

c and αav
c , established from the fifth-order

polynomial fits to numerical results, and the vertical solid line is
in both panels located at α = αc = 0.734 [80]. The inset shows
the scaling of αtyp

c − αc and αav
c − αc vs 1/L, and dashed lines are

linear extrapolations from L � 9. (b) Scaled fidelity susceptibilities
χ typ/χfading and χ av/χfading as functions of the interaction strength α,
where χfading is given by Eq. (14) upon replacing the proportionality
with equality, and η is given by Eq. (18) on the ergodic side, while
on the nonergodic side we take η → −η.

We then further average the results over 102–104 Hamiltonian
realizations; see Appendix A for further details.

Figure 2(a) shows numerical results for the scaled fidelity
susceptibilities χ typ/χETH and χ av/χETH, for the operator Ŝz

L,
versus the interaction strength α. Remarkably, both quanti-
ties exhibit peaks very close to the critical value αc = 0.734,
which is shown as a vertical solid line. For a given system
size L, we determine the positions of peaks of χ typ/χETH and
χ av/χETH, denoted as α

typ
c and αav

c , respectively, from the fifth-
order polynomial fits to numerical results. The corresponding
values of χ typ/χETH and χ av/χETH at the peak are marked
by black triangles in Fig. 2(a). The finite-size scalings of the
differences α

typ
c − αc and αav

c − αc are shown in the inset of
Fig. 2(a). The linear extrapolation to the thermodynamic limit,
1/L → 0, suggests that the differences completely vanish or
become vanishingly small. This result represents evidence
that the position of the peak of fidelity susceptibilities likely
coincides with the ergodicity-breaking critical point in the
thermodynamic limit.

To test the scaling of fidelity susceptibilities in the fad-
ing ergodicity regime, predicted by Eqs. (13) and (15),
one needs to know the function η(α) from Eq. (3). The
prediction for η(α) was already formulated in Ref. [46].
It builds on the surmise for the scaling of the low-
ω off-diagonal matrix elements, |V (E0, ω 
 
)|2 ∝ ωH/
,
where 
 is the Thouless energy [46]. Then, express-
ing ωH ∝ 2−L = exp[−L ln(1/α̃2

c )], where α̃c = 1/
√

2, and

 ∝ exp[−L ln(1/α2)] [47], one obtains |V (E0, ω 
 
)|2 ∝
exp[−L ln(α2/α̃2

c )]. Inserting the latter into the fading ergod-
icity ansatz from Eq. (3), one obtains

η(α) = 2

(
1 − ln α

ln αc

)−1

, (18)

in which we have replaced the analytically predicted value for
the critical point, α̃c, with the numerical obtained value, αc.

In Fig. 2(b) we plot χ typ/χfading and χ av/χfading versus α,
where χfading was introduced in Eq. (14) and η(α) is given by
Eq. (18). We find a reasonably good data collapse for different
system sizes L in the entire fading ergodicity regime, α > αc,
confirming that indeed the prediction for χfading in Eq. (14),
despite being rather simple, describes the numerical results
with high accuracy.

Extending our analysis to the nonergodic side, we observe
that χ av/χfading still exhibits a good data collapse for different
L in a rather broad regime of α < αc. This scale-invariant
behavior of χ av/χfading may appear surprising provided that
no theoretical framework to describe the fluctuations of matrix
elements on the nonergodic side has so far been established.
Associating η with the correlation/localization length ξ , this
suggest, as already observed in [47,80], that the divergence of
ξ is identical on both sides of the transition. However, for the
typical fidelity susceptibility, χ typ/χfading does not exhibit any
scale-invariant behavior at α < αc in Fig. 2(b). The different
behavior between χ av and χ typ on the nonergodic side is
intriguing and deserves more attention in future work.

So far we have considered the system’s response to the
perturbation described by Ŝz

L. The motivation for choosing
the latter operator is its strong sensitivity to the ergodicity-
breaking transition [50]. Therefore, the behavior of the
corresponding fidelity susceptibilities on the nonergodic
side is similar (but it is not equal) to those studied in
integrable systems, in particular, to those that are character-
ized as integrability-preserving [38] and, eventually, weak
integrability-breaking perturbations [82–87]. Here we com-
plement our study by considering two other perturbations,
described by Ŝz

L−1Ŝz
L and Ŝx

dotŜ
x
L. The study of the matrix

elements of these observables [46] showed that the former
exhibits a scaling similar to the one of Ŝz

L, i.e., it exhibits
features of fading ergodicity, while the latter does not. In
particular, the matrix element fluctuations of Ŝx

dotŜ
x
L are con-

sistent with the conventional ETH in the entire ergodic phase
as well as on the nonergodic side [46]. Hence, this observable
is insensitive to the ergodicity-breaking transition, and we
expect the corresponding fidelity susceptibilities to satisfy the
scaling predicted by χETH for a broad range of α. One may
also say that Ŝx

dotŜ
x
L shares similarities with the behavior of

strong integrability-breaking perturbations.
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FIG. 3. Exponents (a) ζav and (b) ζtyp [see Eq. (19)] vs the inter-
action strength α, for three different observables. The dashed-dotted
horizontal line marks the ETH prediction, ζav/typ = 1, while the
solid horizontal line marks the expectation for the maximal chaos,
ζav/typ = 2. The dashed lines indicate the exponent established from
fading ergodicity, ζfading = 2 − 2/η = 1 + ln α/ ln αc for α > αc and
ζfading = 3 − ln α/ ln αc for α < αc; see Eq. (18). The solid vertical
line indicates the critical point αc = 0.734 [80].

In the numerical calculations, we pursue the following
approach. At a given interaction α, we vary the system size
L and determine the exponent ζ from the ansatz

χ av/typ(E0) ∝ ρ(E0)ζav/typ . (19)

If the fading ergodicity prediction applies [cf. Eq. (14)],
then ζ = 2 − 2/η. Hence, ζ = 1 marks the conventional ETH
and ζ = 2 indicates the emergence of maximal chaos at the
ergodicity-breaking critical point.

We show ζav and ζtyp as functions of α in Figs. 3(a) and
3(b), respectively. As expected from the discussion above,
for the observables Ŝz

L and Ŝz
L−1Ŝz

L they smoothly transition
from ζav/typ ≈ 1 deep in the ergodic phase [88] to ζav/typ = 2
at the ergodicity-breaking critical point. The dashed lines in
Fig. 3 denote the fading ergodicity prediction ζav/typ = 2 −
2/η, which provides an accurate description of the numer-
ical results for Ŝz

L and Ŝz
L−1Ŝz

L in the entire ergodic phase,
and for ζav even on the nonergodic side. On the other hand,
ζav ≈ ζtyp ≈ 1 across the entire ergodic phase for Ŝx

dotŜ
x
L, and

ζav ≈ 1 also on the nonergodic side. This confirms the expec-
tations that the latter operator is not a good indicator of the
ergodicity-breaking transition.

FIG. 4. Main panel: Typical fidelity susceptibility χ typ(ε) at en-
ergy density ε vs interaction α, at system size L = 13. Brighter
colors correspond to larger ε. Inset: Positions αmax of peaks of
χ typ(ε) extracted from the fifth-order polynomial fits to numerical
results from the main panel. The dashed line marks the analytical
prediction for the many-body mobility edge in the thermodynamic
limit; see Eq. (B1) in Appendix B and Ref. [51]. The vertical solid
line in the main panel and the horizontal solid line in the inset mark
the numerical prediction of the critical point in the middle of the
spectrum, αc = 0.734 [80].

B. Energy-resolved ergodicity breaking

We now generalize our study to energies away from the
middle of the spectrum. Specifically, we consider the typi-
cal fidelity susceptibilities χ typ at energy E , for which the
corresponding energy density ε [see Eq. (17)] is below (or
above) ε = 0.5. We calculate χ typ(ε) in a microcanonical
energy window as defined in Eq. (16). We also generalize the
calculation of the level spacing to the corresponding energy
density, ωH → ωH (ε), and similarly for the density of states,
ρ → ρ(ε) = 1/ωH (ε); see also Appendix A for details.

The main question that we address is whether the position
of the peak of χ typ(ε) shifts as a function of energy. Re-
cently, the shape of the many-body mobility edge has been
established in the quantum sun model [51]. It is then natural
to ask whether the peak of χ typ(ε) follows the shape of the
many-body mobility edge. Moreover, we also study how the
value of the peak of χ typ(ε) scales with the system size, and
to what extent one may define the notion of maximal chaos
away from the middle of the spectrum.

The main panel of Fig. 4 shows χ typ(ε) versus α, for
various ε � 0.5 and a fixed system size L = 13. We observe
the drift of the peak of χ typ(ε), which emerges at α ≈ αc for
ε = 0.5, as discussed in Fig. 2, to larger values of α with
decreasing ε. We determine the peak position, αmax(ε), and
the value of χ typ(ε) at the peak, χ

typ
max(ε), using a fifth-order

polynomial fit to numerical data. The values of χ
typ
max(ε) are

marked with red squares in the main panel of Fig. 4.
Symbols in the inset of Fig. 4 show αmax versus ε at

L = 13. Results are compared to the shape of the many-
body mobility edge αc(ε) introduced in Ref. [51]; see also
Eq. (B1) in Appendix B. Both αmax(ε) and αc(ε) exhibit a very
similar functional dependence on ε. However, while αc(ε)
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FIG. 5. The difference αmax(ε) − αc(ε) between the peak po-
sition of fidelity susceptibility, αmax(ε), and the position of the
mobility edge, αc(ε) from Eq. (B1), plotted against 1/L at different
energy densities ε. Dashed lines correspond to least-squares fits of
c1 + c2/L, where c1 and c2 are independent fitting parameters, to the
numerical results with L � 9.

corresponds to the extrapolated result in the thermodynamic
limit, αmax(ε) is a result for a finite system with L = 13. We
therefore carry out the finite-size analysis of the difference
αmax(ε) − αc(ε), which is shown in Fig. 5. We fit the results
using a linear function in 1/L and show a convincing evidence
that αmax(ε) ≈ αc(ε) in the thermodynamic limit, with similar
accuracy as for the results in the middle of the spectrum
shown in the inset of Fig. 2(a). Small differences can be
observed only at the lowest ε studied, ε = 0.20, which we
expect are finite-size effects due to a small number of available
states in the corresponding microcanonical window. These
results suggest that, indeed, the peak of the fidelity suscepti-
bility, χ typ(ε), likely emerges at the many-body mobility edge
throughout the spectrum.

Next we study how the peak height χ
typ
max(ε) scales with

system size L at different energy densities ε. The results
presented in the main panel of Fig. 4 indicate that χ

typ
max(ε), at

a fixed L = 13, decreases when ε departs from the middle of
the spectrum. This suggests that χ

typ
max(ε) may scale differently

with L at different ε.
In Fig. 6 we show results for χ

typ
max(ε) at different system

sizes L and energy densities ε. We observe a remarkably
good scaling collapse when χ

typ
max(ε) is plotted as a function

of ρ(ε)2, where ρ(ε) corresponds to the density of states at
a given ε. In fact, χ

typ
max(ε) increases linearly with ρ(ε)2 for

all values of ε under consideration. Remarkably, the results in
Fig. 6 suggest a generalization of Eq. (19) to energies away
from the middle of the spectrum,

χ typ
max(ε) ∝ ρ(ε)ζ

typ
max , ζ typ

max = 2. (20)

Equation (20) can be interpreted as the notion of “maximal”
chaos within an energy window away from the middle of the
spectrum.

Finally, we comment on the consequences of Eq. (20) for
the properties of matrix elements of observables away from

FIG. 6. The scaling of the maximal values of fidelity susceptibil-
ities, χ typ

max(ε), with the square of density of states, ρ(ε)2, at different
energy densities ε. The scaling of χ typ

max(E0), calculated in the middle
of the spectrum and presented in Fig. 2, is included for comparison.
The solid line represents a linear function, 0.05ρ(ε)2, and serves as
a guide for the eye.

the middle of the spectrum. It suggests a complete breakdown
of the ETH at the many-body mobility edge. In the middle of
the spectrum (at ε = 0.5), this corresponds to η(α → αc) →
∞; see Eq. (18). Therefore, we generalize the function η

to energy densities ε �= 0.5, η(α) → η(α, ε), as well as the
ansatz for the scaling of coarse-grained off-diagonal matrix
elements from Eq. (3),

|V (Ē , ωH )|2 ∝ ωH (ε)


(ε)
∝ ρ(ε)−2/η(α,ε); (21)

see Eq. (C1) in Appendix C for the precise definition of
|V (Ē , ωH )|2. In Eq. (21) ε is the energy density from Eq. (17)
corresponding to the mean energy Ē , while ωH (ε) and 
(ε)
correspond to the Heisenberg and Thouless energy, respec-
tively, at energy density ε. Hereafter we will consider the
energy density ε as opposed to the mean energy Ē .

We first extract η(α, ε) numerically via Eq. (21), as dis-
cussed in Appendix C. Results are shown as a density plot in
Fig. 7(a). Remarkably, the region in which η diverges [see the
dark blue region in Fig. 7(a)] very accurately agrees with the
position of the many-body mobility edge from Eq. (B1); see
the solid red line in Fig. 7(a).

The analytical calculation of η(α, ε) requires knowledge
of both ωH (ε) and 
(ε). Here we follow the approxi-
mation in which the energy dependence is introduced via
the energy-dependent critical point αc(ε) from Eq. (B1).
Specifically, since ωH (ε) ∝ ρ(ε)−1, we follow the hybridiza-
tion condition in Ref. [51], which in leading order in 1/L
yields ρ(ε)−1 ∝ αc(ε)2L ∝ exp 2L ln αc(ε). We then rewrite
the Thouless energy, introduced in the context of Eq. (18), as

 ∝ exp 2L ln(α) ∝ ρ(ε)− ln α/ ln αc (ε), and we obtain

η∗(α, ε) = 2

(
1 − ln α

ln αc(ε)

)−1

. (22)

This expression, while being rather simple, still contains the
divergence of η at the mobility edge at any finite energy
density. To describe the actual numerical results, however, we
find in Fig. 7(b) that a heuristic ansatz η(α, ε) ∝ η∗(α, ε)ν

provides a more accurate description.
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FIG. 7. (a) Fluctuation exponent η vs the interaction strength α

and energy density ε. The ETH limit corresponds to η = 2, fading
ergodicity corresponds to 2 < η < ∞, while η → ∞ denotes the
ergodicity-breaking critical point. Solid red line is the analytical
prediction for the many-body mobility edge; see Eq. (B1) in Ap-
pendix B. (b) Fluctuation exponent η at fixed values of energy density
ε as a function of interaction α. The solid lines represent fits of
A[η∗(α, ε)]ν to the results at η � 25, with η∗(α, ε) given by Eq. (22).
We find A ∈ (0.95, 1.25) and ν ≈ 1.3. The vertical dotted lines show
the prediction of Eq. (B1).

The observations from Fig. 7 contain some important infor-
mation. They establish the notion of fading ergodicity away
from the middle of the spectrum, and hence generalize the
results from Ref. [46]. Moreover, they show that the peak of
the fidelity susceptibility, and hence the ergodicity-breaking
critical point, can be associated with the complete breakdown
of ETH at arbitrary nonzero energy density. This suggests
a common theoretical framework for describing ergodicity-
breaking transitions in the middle of the spectrum and in the
low-energy part of the spectrum, and it calls for establishing a
firmer connection between the ergodicity-breaking transitions
at nonzero energy densities and quantum phase transitions in
ground states.

IV. CONCLUSIONS

This work provides answers to the questions posed in the
introduction. We showed that the peak in the fidelity suscep-
tibilities of eigenstates far above the ground state coincides
with the position of the ergodicity-breaking critical point in

the quantum sun model. While this result is not unexpected, it
represents to our knowledge its first high-precision numerical
demonstration. The latter can be achieved due to a precise
knowledge about the location of the ergodicity-breaking crit-
ical point in the quantum sun model. Another convenient
property of the latter model is that the energy dependence of
the critical point, i.e., the many-body mobility edge, can also
be determined very accurately for almost arbitrary nonzero
energy density [51]. Hence, while it is understood that the
peak of the fidelity susceptibility calculated for the ground
state signals the quantum critical point [19–21], we here
showed that at finite energy densities this peak signals the
ergodicity-breaking critical point.

We also argued that fading ergodicity, when applicable,
provides a unifying framework for describing the breakdown
of the ETH at the critical point of ergodicity-breaking tran-
sitions, as well as the emergence of the peak in fidelity
susceptibilities. In the fading ergodicity regime, we intro-
duced and numerically tested a closed-form expression for
the fidelity susceptibilities. At the critical point, we demon-
strated that the maxima of fidelity susceptibilities scale as the
square of the density of states at the corresponding energy.
This scaling is a hallmark of maximal quantum chaos and is
argued to stem from the maximal sensitivity of eigenstates to
perturbations [38,45].

As a side result, we introduced a new insight into the
energy resolution of the fading ergodicity regime. While pre-
vious work established fading ergodicity as a precursor regime
when approaching the ergodicity-breaking critical point by
varying the interaction at fixed energy density [46], we here
reveal a similar behavior when lowering the energy at fixed
interaction strength; see the results in Fig. 7. In the future,
this perspective may be useful for establishing a quantitative
framework for the ETH breakdown when approaching the
ground state. Currently, it is a common belief that the ETH is
valid in quantum-chaotic models at any nonzero energy den-
sity above the ground state [1]. Nevertheless, the quantitative
description of the crossover towards the ground state is still
far from understood.
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FIG. 8. Main panel: Finite-size scaling of the scaled typical level
spacing, Dω

typ
H , for 50% of eigenstates in the middle of the spec-

trum. Dashed lines are the least-squares fits of c
√

Ltot at the critical
point (lower dashed line) and close to the ETH limit (upper dashed
line). Inset: A similar plot for the scaled mean level spacing, DωH ,
calculated from 50% of eigenstates (see filled circles) and from all
eigenstates (see empty squares). Dashed line indicates the scaling
∝ √

Ltot , and dotted line indicates the scaling ∝ Ltot .

technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms of
this research project. The data are available from the authors
upon reasonable request.

APPENDIX A: DETAILS OF NUMERICAL
CALCULATIONS

The quantum sun model studied here contains several
sources of randomness, as described in the text below Eq. (4).

For example, the thermal quantum dot is modeled by a random
matrix, the interactions couple randomly selected spins inside
the dot with spins outside the dot, etc. Therefore, all fidelity
susceptibilities are averaged over a large number of Hamil-
tonian realizations, Nr . Specifically, Nr=10 000 for L � 9
and Nr � 6000, 3000, 1000, 700 for L = 10, 11, 12, 13, re-
spectively. The exception is the average fidelity susceptibility
at L = 13, where Nr = 200, unless stated otherwise.

Next, we compare the scaling of the mean and typical
level spacings in the middle of the spectrum. The mean level
spacing is defined as ωH = 〈δn〉n, with δn = En+1 − En, where
the average 〈· · · 〉n is taken either over 50% of the states
in the middle of the spectrum, or over the entire spectrum.
Simultaneously, the typical level spacing is defined as ω

typ
H =

exp 〈ln δn〉n, where the average 〈· · · 〉n is calculated over 50%
of the states in the middle of the spectrum. In the main panel
and in the inset of Fig. 8, we show the finite-size scaling of
the scaled level spacings Dω

typ
H and DωH , respectively. When

considering 50% of the states, we find a qualitatively similar
behavior of both Dω

typ
H and DωH , i.e., DωH ∝ √

Ltot with
Ltot = L + N , and the prefactor is determined by the coupling
α. Hence, in the main text (cf. Figs. 2 and 3, and the squares
in Fig. 6), we use the mean level spacing ωH , and the corre-
sponding density of states ρ = 1/ωH , obtained from 50% of
the states in the middle of the spectrum. We note, in contrast,
that the mean level spacing over the entire spectrum scales
differently, as ωH ∝ Ltot/D; see the upper part of the inset
of Fig. 8. This is expected given that the energy bandwidth,
i.e., the difference between the maximal and minimal energy,
scales linearly with the number of spins; see also Appendix B.

Having in mind the scaling of the mean level spacing, let
us now turn to the choice of regularization μ for the average
fidelity susceptibility [see Eq. (9)], which acts as a control
parameter to eliminate the effects of (approximate) degenera-
cies. That is, the regularization is introduced to remove large
susceptibilities at small ω, thus reducing finite-size effects.
However, the choice of this regularization is not unique. The
analysis in Ref. [43] proposes that, when the level spacing

FIG. 9. Scaled average fidelity susceptibilities χ av/χETH plotted against interaction, α. We consider Ŝz
L as a perturbation. Each panel

corresponds to a different value of μ: (a) μ = Ltot/D, (b) μ = √
Ltot/D, (c) μ = 1/D. Different colors represent results for different system

sizes L, and the vertical lines mark the critical point, αc = 0.734 [80]. Large black symbols, obtained from fifth-order polynomial fits to results,
mark the positions of the peaks of χ av/χETH. Results in panel (b) are identical to those in Fig. 2(a).
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FIG. 10. (a) Energy bandwidth �E vs Ltot , and (b) standard
deviation of the energy spectrum σE vs

√
Ltot , where Ltot = L + N ,

for different α in the ergodic phase. Dashed lines correspond to
least-squares fits of f1(x) = ax + c and f2(x) = b

√
x + d to �E and

σE , respectively. We find that a ∈ (0.99, 1.08) and b ∈ (0.4, 0.5).

scales as ωH ∝ √
Ltot/D, the optimal choice is μ ∝ Ltot/D. In

this section, we extend the analysis of Fig. 2(a) to different
values of μ, both for μ � ωH and μ < ωH , and plot the
corresponding χ av/χETH in Figs. 9(a)–9(c). All choices of reg-
ularization lead to the emergence of a peak in χ av/χETH. The
precise position of this peak, established from a fifth-order
polynomial fit, is sensitive to the value of μ. Specifically, it
approaches the critical point αc from the right when μ > ωH

and from the left when μ < ωH . On the other hand, when
μ ∝ ωH , the peak emerges close to αc and it exhibits the
weakest dependence on L, suggesting that this is the most
convenient choice. We hence used μ ∝ ωH in the calculations
of χ av in the main text.

When considering properties away from the middle of the
spectrum, we defined the microcanonical ensemble average
at a target energy E with a width �ε in Eq. (16). For all nu-
merical calculations, the width is fixed at �ε = 0.05, ensuring
that the number of states within the microcanonical window,
NĒ ,�ε , increases with the system size while remaining a van-
ishing fraction of the Hilbert space dimension. However, for
small system sizes or target energies near spectral edges, if
fewer than 10 states fall within the microcanonical window,
the width is adjusted to include exactly 10 states. We employ
the definition of the microcanonical ensemble to calculate the
density of states and the mean level spacing. Particularly, the
density of states at energy E (or the corresponding energy
density ε) is given as ρ(E ) = NE ,�ε/(2�ε ), and the mean
level spacing at energy E is ωH (E ) = 1/ρ(E ).

APPENDIX B: MANY-BODY MOBILITY EDGE

We now provide further details about the many-body mo-
bility edge of the quantum sun model. As demonstrated in
Ref. [51], the position of the mobility edge, αc(ε), can be

FIG. 11. Density plot: The mean gap ratio r̄ versus the inter-
action strength α and the energy density ε for the largest system
size L = 13. Solid line: The mobility edge prediction αc(ε) from
Eq. (B1). Blue triangles: The positions of the maxima, αmax, of the
typical fidelity susceptibility χ typ(ε) from Fig. 4, at L = 13.

approximated by the formula

αc(ε) = αc exp
a2(ε − 1/2)2

4b2
, (B1)

where αc on the r.h.s. of Eq. (B1) denotes the ergodicity-
breaking critical point in the middle of the spectrum.
Throughout the paper, we fix the critical interaction strength
to αc = 0.734 [80]. The constants a and b can be determined
from the scalings of the energy bandwidth �E = Emax − Emin

and the standard deviation σE of the energy spectrum, de-
scribed as �E = aLtot and σE = b

√
Ltot; see Figs. 10(a) and

10(b), respectively. We find that a ∈ (0.99, 1.08) and b ∈
(0.4, 0.5). Thus, we adopt the midpoints of the intervals as
their values, a = 1.05 and b = 0.45.

In Fig. 11 we compare αc(ε) from Eq. (B1) (see the
solid line) with the positions αmax of the maxima of typ-
ical fidelity susceptibilities χ typ(ε) (see the blue triangles).
These results are overlaid on a density plot with interac-
tion strength α and energy density ε on the axes, where
different colors represent different values of the mean gap
ratio, r̄. The latter is calculated via rn = max[δn, 1/δn] with
δn = En+1 − En, and the average is taken over eigenstates
within the same microcanonical window as used for calculat-
ing χ typ(ε). The curves αc(ε) and αmax(ε) closely follow the
isoline of r̄ marking its deviation from the GOE prediction
r = 0.5307 [92,93], therefore suggesting a similar form of the
mobility edge.

That said, the values of αmax(ε) do not quantitatively match
with the values of αc(ε) predicted by Eq. (B1). However, we
note that αc(ε) is the result in the thermodynamic limit, while
αmax(ε) were established in a finite system at L = 13. The
position of the ergodicity-breaking critical point is expected
to exhibit subleading corrections that vanish in the thermo-
dynamic limit. We model the finite-size corrections following
the same approach as given in the inset of Fig. 2(a), and the

184203-10



FADING ERGODICITY MEETS MAXIMAL CHAOS PHYSICAL REVIEW B 111, 184203 (2025)

FIG. 12. (a)–(c) Scaled coarse-grained off-diagonal matrix elements, |Sz
L (Ē , ω)|2ρ(Ē ), and (d)–(f) integrated spectral functions, ISz

L
(Ē , ω),

for energy densities ε = 0.2, 0.35, 0.5 (corresponding to mean energy Ē ), respectively, at α = 0.95. Dashed lines in (a)–(c) correspond to
least-squares fits of a Lorentzian function from Eq. (C2) to the numerical results in the interval ω ∈ (ωH , 0.5). Dashed-dotted lines in (d)–(f)
mark 2/π arctan(ω/
2), with 
2 determined from a simple condition ISz

L
(Ē , 
2) = 1/2 from Eq. (C6). The insets of (d)–(f) represent the

scalings of 
1 (empty black squares) and 
2 (filled black circles) with the level spacing ωH .

results in Fig. 5 suggest that it is indeed reasonable to expect
αmax(ε) → αc(ε) in the thermodynamic limit.

APPENDIX C: FADING ERGODICITY AWAY
FROM THE MIDDLE OF THE SPECTRUM

Fading ergodicity is understood as the softening of fluctua-
tions of off-diagonal matrix elements in the low-ω regime and
the diagonal matrix elements, as the system approaches the
ergodicity-breaking transition. The dependence of the fluctu-
ation exponent η from Eq. (3) on the interaction strength α

for the quantum sun model in the middle of the spectrum is
given by Eq. (18). However, as the target energy is varied, the
fluctuation exponent η is expected to be also a function of the
energy density ε. In Fig. 7 we plot η versus α and ε in the
form of a density plot. In this section we provide a detailed
description of the numerical extraction of η using Eq. (21).

We consider the coarse-grained off-diagonal matrix el-
ements of the operator V̂ within the same microcanonical
windows as used for calculating the typical fidelity suscep-
tibility, χ typ(ε). Specifically, we examine

|V (Ē , ω)|2 = 1

M
∑
n �=m:

|(En+Em )/2−Ē|<�ε

||En−Em|−ω|<δω

|Vnm|2, (C1)

where M is the number of elements in the sum, Ē is
the target energy (also denoted by the corresponding en-
ergy density ε), while δω is spaced logarithmically in the
range [0.1/D,�E ]. All numerical results are averaged over
5000,5000,4000,3000,2500,1000, and 200 realizations of the
Hamiltonian for L = 7, 8, 9, 10, 11, 12, and 13, respectively.
In Figs. 12(a)–12(c) we plot the coarse-grained off-diagonal
matrix elements for V̂ = Ŝz

L at α = 0.95 as functions of energy
difference ω for the selected energy densities ε.

The main question when calculating η via Eq. (21) is at
which target energy ω one should study the fluctuations of
the off-diagonal matrix elements. Reference [46] considered
ω = √

ωH
, where 
 is the Thouless energy. Here we follow
this approach and outline our procedure for the numerical
calculation of 
 at different energy densities ε.

A possible way to extract the Thouless energy 
 is to fit
the coarse-grained off-diagonal matrix elements (shortly, the
spectral function) by a Lorentzian function,

L(ω) = A


1

1

1 + (ω/
1)2
, (C2)

where 
1 is then interpreted as the Thouless energy. We
perform least-squares fits of Eq. (C2) to the numerical re-
sults in the window ωH � ω � 0.5; see the dashed lines
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in Figs. 12(a)–12(c). At large energy densities, the fit ap-
pears reasonable, but significant deviations are observed for
ε 
 0.5. Nevertheless, the intermediate regime of ω closely
follows the polynomial decay of ω−2 for all ε. We plot the
extracted 
1 versus the level spacing ωH in the inset of
Figs. 12(d)–12(f) (see the empty black squares).

The observed deviations of the fits from the numerical
results also suggest that the values of 
1, at ε 
 0.5, strongly
depend on the choice of the fitting window. Due to these
ambiguities, we adopt a different method for extracting the
Thouless energy. Following Ref. [94], we consider the inte-
grated spectral function

ĨSz
L
(Ē , ω) =

∫ ω

0
dω

∣∣Sz
L(Ē , ω)

∣∣2
, (C3)

which, for the Lorentzian function, can be calculated analyti-
cally as

∫ ω

0
dωL(ω) = A arctan

ω


2
, (C4)

where 
2 now represents the estimate of the Thouless energy.
Normalizing the integrated spectral function to the interval

[0,1],

ISz (Ē , ω) = ĨSz
L
(Ē , ω) − min [ĨSz

L
(Ē , ω)]ω�0

max [ĨSz
L
(Ē , ω)]ω�0 − min [ĨSz

L
(Ē , ω)]ω�0

,

(C5)
we can extract 
2(ε) from a simple condition,

ISz
L
(
2(ε), ε) = 1

2
, (C6)

where we used that max [ĨSz
L
(Ē , ω)]

ω�0
= π/2 and

min [ĨSz
L
(Ē , ω)]

ω�0
= 0, while arctan (1) = π/4.

We calculate the integrated spectral function, ISz
L
(Ē , ω),

from the numerical results in Figs. 12(a)–12(c), and we find

2 using the condition from Eq. (C6). In Figs. 12(d)–12(f)
we plot ISz

L
(Ē , ω) as points and 2/π arctan(ω/
2) as dotted-

dashed curves. As expected, they are similar at large energy
densities, while differences are visible at ε 
 0.5. Neverthe-
less, 
2 is uniquely determined using this method, as it does
not rely on fitting, and hence we use 
2 in our criterion to set
the target ω at which the fluctuations of off-diagonal matrix
elements are studied. We show 
2 versus ωH in the insets of
Figs. 12(d)–12(f) with filled black circles. Interestingly, 
1 is
consistently smaller than 
2, at least for the studied system
sizes. Their scalings with the level spacing, ωH , are qualita-
tively similar at large but not at small energy densities ε.
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