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We consider systems of fermions evolved by noninteracting unitary circuits with correlated on-site
potentials. When these potentials are drawn from the eigenvalue distribution of a circular random matrix
ensemble, the single-particle sector exhibits chaotic dynamics. The corresponding many-body spectral
form factors (SFFs) can be computed exactly, revealing signatures of single-particle chaos in the many-
body spectral statistics. Due to the absence of interactions the SFF grows exponentially in time, a result
which we demonstrate through simple arguments, scaling collapses, and closed-form evaluation of the SFF.
Upon introducing interactions, the SFF crosses over to a linear growth regime consistent with many-body
random matrix universality. Our exact results for the SFF provide a baseline for future studies of the
crossover between single-particle and many-body random matrix behavior.
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Recent advances in experimental physics have ushered in
an era of unprecedented control over isolated quantum
mechanical systems [1-4]. These developments have com-
plemented and renewed theoretical interest in fundamental
dynamical concepts such as chaos and ergodicity [5—14].
Famously, it is difficult to even rigorously define these
terms and researchers often understand them through the
lens of random matrix theory (RMT) and spectral statistics
[15-20]. This perspective on many-body dynamics has
proven extremely fruitful, generating active research in
high-energy physics, quantum information theory, and
condensed matter theory [21-23].

Historically, the insights derived from RMT have proven
particularly successful in analyzing several classes of
dynamical systems, including integrable models, chaotic
single-particle systems (such as billiards), and the late time
dynamics of chaotic many-body systems [24-27]. More
recently, new regimes such as systems governed by hydro-
dynamics have been studied from the perspective of
spectral statistics, particularly as they are encoded in the
spectral form factor (SFF) [28—48]. It remains an important
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problem in many-body dynamics to search for models
which are amenable to exact solutions while exhibiting
universal dynamical properties.

In this Letter, we consider models of noninteracting
fermions and argue that their many-body statistics can be
studied exactly. The exactness of our results makes these
models strong candidates to analyze the onset of many-
body random matrix universality in the presence of
interactions; rigorously analyzing the noninteracting
regime is an essential first step in this direction. To that
end, we compute the SFFs of our fermion models using
exact numerical and analytical approaches. For circuit
parameters drawn from the circular unitary ensemble
(CUE), we report a simple analytic form for the SFF at
integer times which consists of a sequence of exponential
ramps. After discussing this result and its consequences, we
conjecture and numerically verify scaling ansatz for the
circular orthogonal and symplectic ensembles (COE and
CSE, respectively). Finally, we argue that our results can be
applied to interacting Hamiltonian and Floquet systems,
including a kicked Ising model which we analyze numeri-
cally. Our results hence open new possibilities for detecting
single-particle chaos in many-body spectra and dynamics.

Model—Our model draws inspiration from Refs. [49,50],
which studied the many-body spectral statistics of chaotic
single-particle Hamiltonians. Instead, we consider unitary
circuits with parameters taken from a circular ensemble; for
concreteness, we focus here on the CUE. A member of the
circuit ensemble is constructed by first drawing an L x L
unitary, U, from the CUE and obtaining its eigenvalues,
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written as 4; = € (j =1,2,...,L), where 0, € [-x,x).
To define a corresponding many-body unitary, we intro-
duce a set of L fermions and interpret the single-particle
quasienergies, #;, as potentials for the fermions. More
precisely, we define

U = exp (—ille:Q,-n,»), (1)

where n; is a fermion number operator. Note that while U
has dimension L, the many-body unitary I/ acts on the 2%-
dimensional fermion Hilbert space. In other words, we use
the eigenvalues of U to construct the single-particle sector
of U. The many-body level statistics of the latter thereby
encode the dynamics of noninteracting fermions which
exhibit single-particle random matrix statistics. See
Ref. [51] for local-gate constructions of U.

The many-body quasienergies of {/ are determined by
the fermion occupations, ®(r) = n - §. We are interested in
the spectral statistics of this random matrix ensemble,
particularly as they are encoded in the SFF [52]

Ky (L. 1) = ([ Te(U") )y (2)

where the trace is taken over the many-body Hilbert space
and (-);, denotes averaging over U, that is, over 6.
In a minor abuse of notation, we have referred to the
ensemble as well as a representative member of the
ensemble with the same symbol, /. Throughout this
Letter we assume that r € Z, which guarantees that the
SFF is invariant wunder “gauge transformations”
0; = 0; +2xm;, m; € Z. However, our methods for com-
puting the SFF can be extended to arbitrary real times as
discussed in Ref. [51].

Several remarks concerning this model are in order. One
might guess that the ensemble-averaged properties of U/ are
consistent with integrability since the circuits are non-
interacting; however, this is incorrect. To see this, note that
the single-fermion sector is characterized by the random
matrix statistics of the CUE. In particular, the single-
particle quasienergies have the joint distribution [53,54]

P(0;.....0,) « [ Jle® — 2. (3)

Jj<k

The single-particle analog of the SFF in Eq. (2), K (L, 1),
is also well-known [55]:

L?5(t) +1, t<L

Ky(L,t) = (|Te(U")? :{

(L) = (T UOP)y = o
Both the quasienergy distribution (3) and single-particle
SFF (4) are inconsistent with Poisson statistics. While
neither of these results speak directly to the many-body
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FIG. 1. Rescaled SFF of the CUE model vs. ¢/L. The finite size

data is obtained by averaging Eq. (2) over 10® samples. The solid
blue curve shows our exact result for the SFF (5) and exhibits
perfect scaling collapse. The orange dashed line shows the
smoothened approximation to the exact SFF (7), which is exact
when L/t is an integer.

spectral statistics of I/, we will show that the SFF K;,(L, 1)
is also inconsistent with integrability. Moreover, it is known
[54] that the Gaussian unitary ensemble (GUE) and CUE
have the same asymptotic level spacing distributions in the
large L limit; hence, while the GUE is often used to model
Hamiltonian chaos, one could choose to study the CUE in
its place while maintaining many features of the GUE (see
Fig. 3 and surrounding discussion).

Exact spectral form factor—We have evaluated the
many-body SFF (2) in closed form for parameters drawn
from the CUE. At ¢t = 0, the SFF is given by 4, while for
any integer ¢ > 0, we set N = |L/t| and find

N+1 )

Ky(L,t>0) = (N + 1)I(N + 2) o

This result is exact and requires no approximations.
Comparisons of (5) with numerical sampling at fixed L
are presented in Fig. 1. Later in this Letter, we will outline
some of the key steps leading to (5) and present full details
in a separate publication [51]. Here, we analyze the
consequences of this result.

Before reaching the plateau Ky (L,t> L) =2F, the
SFF (5) consists of a sequence of exponential ramps with
growth rates that depend on L/t. To see this, fix L and
make a list of its divisors: 1 =1 <t, <--- <ty = L.
Next fix 0 < ¢ < L and find the divisors of L which satisfy
tj <t<tj. Defining N; = L/t; €Z, Eq. (5) yields

Ky(L, 1) = Ky(L, 1;) exp [2;(1 = 1;)], (6)

where 1;=(N;+1)In(N; +1)—=N;In(N; +2) is the
growth rate for € [t;,¢;,,). In particular, the growth rate
jumps when ¢ divides L. At late times,/L ~ O(1), most
values of ¢ do not divide L and the SFF is simply described
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by piecewise exponential functions. When ¢/L < 1, the
density of divisors of L is large and it is convenient to find
an alternative representation for the SFF. When L/re Z,

Ky(L.t) = (§+ 1)’

By interpolating this result for times between divisors of L,
this form qualitatively approximates the SFF even at late
times (see Fig. 1).

The exponential growth of the SFF (5) should be
contrasted with standard RMT predictions, namely the
linear ramp of Eq. (4). The enhancement of the SFF in our
model can be understood as a consequence of the relation
between single-particle and many-body quasienergies,
©(n) = n - 0. This relation, which is absent for interacting
systems, implies that dephasing of the 6; is sufficient to
destroy all many-body correlations. These correlations are
encoded in the quasienergy distribution (3) and yield an
effective (single-particle) Heisenberg time tg) =L.

The SFF (5) exhibits scaling in units of the single-
particle Heisenberg time. Indeed, the preceding argument
suggests that log K;,(L,t) = Lf(¢/L) for an undetermined
function f. This is consistent with the exact CUE result (5),

log, K Ni N+2
ngL U _ 1og2(N+1) (1——> log2< + > (8)

(L/teZ). (7)

N+1

This obviously leads to a scaling collapse since our results
are exact (see Fig. 1); we will see nontrivial scaling
collapses later (see Figs. 2 and 4).

Calculation overview—Here we provide a sketch of the
calculations which lead to (5). A full presentation of this
and related results will be published separately [51]. The
SFF (2) can be written as

05 "W
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t/L

FIG. 2. The SFF for circuits with parameters drawn from the
COE (circles) and CSE (diamonds) over a range of L values. In
each case, we have computed the SFF with numerically exact
transfer matrix methods which do not require sampling.

ﬁ 1 +cos(16;)]. (9)

J=1

KM(L, t) = 2L / dgl . d@L

where P(@) is defined in (3). Using well-known properties
of the CUE [54], the SFF admits what we call a moment
expansion,

-

n

L
L.t
KU<L,t>EzL[1+Zr”(' i
n=1 .

r,l(L,t)—/ﬁ[cos(t9j)d9j]Rn(¢91,...,9,1), (11)

where R,, is the n-point single-particle correlation function
of the CUE and r,(L,t) is the nth moment.

Thus far, this procedure can be applied with simple
modifications to any random matrix ensemble; for example,
Ref. [50] implemented a similar analysis for the GUE.
However, the CUE has special properties which allow for
an exact derivation of (5) for any choice of L. In particular,
the computation of the moments can be mapped onto a
combinatorial problem of hardcore particles in a one-
dimensional system. Using this representation, we have
shown that the SFF satisfies the following factorization
identity. Given a system size L and a time ¢, write L =
Nt + r for some integers N and r €0, ¢ — 1]. Then

Ky(L,t) = Ky(N+1,1)" x Ky (N, 1), (12)
Combined with a proof that K;,(L, 1)
the claimed result (5).

Other circular ensembles—The procedure for generating
random unitaries for the COE and CSE closely parallels the
structure we employed for the CUE. One simply draws a
unitary from the appropriate circular ensemble, computes
its eigenvalues, and uses them to define U/ in Eq. (1). These
ensembles exhibit correlated single-particle quasienergies
that are linearly related to the many-body quasienergies, so
our scaling arguments apply and we expect that

= L + 1, this implies

log Ky(L, 1)

WD yun) (13)

for an undetermined function f which depends on the
random matrix ensemble. To study this, we have developed
transfer matrix methods which compute the SFF exactly.
These methods are derived in detail in Ref. [51]; here we
present numerical results in Fig. 2. Our numerics indicate
that the ansatz (13) achieves a scaling collapse for both the
COE and CSE models. We leave it to future work to
identify the scaling functions.

Comparison with noninteracting GUE fermions—While
our main result (5) holds only for the CUE, it serves as a
useful baseline of comparison with other random matrix
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FIG. 3. Comparison of the many-body CUE and GUE SFFs.

The GUE data (solid curves) is averaged over 107 disorder
realizations and the CUE prediction is taken from (5). The time
axis is normalized by the single-particle Heisenberg scales,
t;,’(GUE) = (z/V2)L and t;}<CUE> = L. Inset: a magnified view
for t/tg) > 1/2 with linear scales.

ensembles, particularly the GUE. Here we will provide a
numerical comparison of their SFFs. To study the GUE, we
follow the recipe of Ref. [50]. First, draw an L x L
Hermitian matrix /4 from the GUE and define the many-
body fermion Hamiltonian

ij

The SFF is
Keug(L. 1) = (|Tre™?),,, (15)

where t € R and we have used notation analogous to our
treatment of the CUE in Eq. (2).

Figure 3 shows a comparison between Kqgyg and the
exact CUE result (5) for a range of system sizes. In both

cases we measure time in units of the relevant single-

particle Heisenberg time, where t#CUE) = L and t}é(GUE) _

(m//2)L [56]. At early times, the GUE results exhibit
oscillations which relax toward a ramp that is quantitatively
close to the exact CUE result (Fig. 3 inset). This behavior
persists up to times which are an O(1) fraction of the
single-particle Heisenberg time.

In the thermodynamic limit L. — oo, the correlation and
cluster functions of the GUE and CUE are known to agree
asymptotically [54]. Combined with the numerical results
of Fig. 3, this motivates us to conjecture that the GUE form
factors follows our exact result for the CUE in the
thermodynamic limit up to an unknown O(1) fraction of
the many-body Heisenberg time. Provided that this con-
jecture holds, it significantly expands the utility of our
results for the CUE as a benchmark for other models, such
as chaotic many-body systems with weak interactions.

Crossover from one-body to many-body chaos—Away
from the exactly solvable point defined by (1), we expect
that the SFF grows linearly with time until reaching a
plateau for ¢t~ 1ty ~D. To probe the crossover from
exponential to linear growth of the SFF, we consider a
kicked Ising model (KIM) whose one-step evolution is
given by [29]

L

0; -
Uiy =exp [—iZ (Jz,-z,»H +5’Zi>} exp [—igzxi] :
i=1 i=1
(16)

where the 0; are quasienergies of a random L x L CUE
unitary, X; and Z; are Pauli matrices, and we have used
periodic boundary conditions [57]. We parametrize the
couplings as

J=g=-—1 (17)

At the noninteracting point 7 = 0, the KIM has the SFF (5)
and grows exponentially in time. For 7 = 1, Ref. [29] has
studied Uy without introducing correlations among the 6;
and argued that it is maximally chaotic. In the strongly
interacting regime, correlations among 6; are irrelevant and
we expect t-linear growth of the SFF. More precisely, the
SFF with 7 = 1 is described by the many-body COE, for
which the SFF is known,

2t—tlog(1+42¢t/ty) (t<ty)

Keor(L.1) {2tH—tlog[(2t+tH)/(2t—tH)] (t> ty).
In contrast to our result (5), this SFF grows linearly in ¢ and
a scaling collapse is obtained by rescaling t — t/ty
and K(L,t1) - K(L,1)/ty.

Figure 4 highlights the crossover from the one-body
CUE to the many-body COE as 7 increases from 0 to 1. For
small 7, the SFF closely tracks the exact solution (5),
suggesting that the one-body CUE behavior survives
against small perturbations. For larger interactions,
7 2 0.5, the SFF first grows exponentially over a narrow
time window before approaching and following the many-
body COE curve. For the maximally chaotic case 7 = 1, the
SFF closely follows the many-body COE following initial
transients, which is consistent with Ref. [29]. In the
intermediate regime 7 = 0.6, the SFF exhibits a short-time
peak at t~t2> = L, which could be interpreted as a
competition between the single-particle exponential ramp
and the approach to the many-body COE universality.
These results suggest that the exponential growth of the
SFF is robust to the introduction of interactions on
sufficiently short time scales and serves as a persistent
signal of single-particle chaos.
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FIG. 4. The SFF for the kicked Ising model with L = 12 and
various interaction strengths 7, averaged over 10* disorder
realizations. The dashed (dotted) curve shows the exact solution
for the one-body CUE (5) [the many-body COE (18)].

Discussion—In this Letter, we have constructed a set of
many-body systems which are noninteracting but nonethe-
less exhibit level repulsion through the statistics of single-
particle states. Crucially, the many-body SFF of these
models can be computed exactly for any system size,
offering insights into spectral statistics without using
simplifying approximations or limits. While in our models
the single-particle sector exhibits random matrix statistics
by construction, we expect our results to also be relevant for
chaotic non-interacting systems with short-range
Hamiltonians, such as Anderson models in the delocalized
regime. Moreover, we have also demonstrated that the
models under investigation provide a useful basis of
comparison with interacting Hamiltonian systems.
Interested readers are encouraged to consult our companion
paper for proofs of technical claims [51].

A particularly interesting direction for future work lies in
understanding the crossover between single-particle and
many-body chaos. We have initiated such a study in the
context of the kicked Ising model (16) and it would be
interesting to follow this up by searching for signatures of
ergodicity breaking [58].

As a final comment, we note that the introduction of weak
interactions in Fig. 4 produces interesting features such as
late-time oscillations. It is an interesting problem to under-
stand the physical meaning of these oscillations and to
potentially reinterpret existing data in the literature with this
question in mind [59]. While such signals could be interpreted
as sampling noise in other contexts, our exact calculations can
clearly differentiate between noise and real signal.
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