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The spectral form factor (SFF) is a powerful diagnostic of random matrix behavior in quantum many-body
systems. We introduce a family of random circuit ensembles whose SFFs can be computed exactly. These
ensembles describe the evolution of noninteracting fermions in the presence of correlated on-site potentials
drawn from the eigenvalue distribution of a circular ensemble. For disorder parameters drawn from the circular
unitary ensemble (CUE), we derive an exact closed form for the SFF, valid for any choice of system size L
and integer time . When the disorder is drawn from the circular orthogonal or symplectic ensembles (COE and
CSE, respectively), we carry out the disorder averages analytically and reduce the computation of the SFF at
integer times to a combinatorial problem amenable to transfer matrix methods. In each of these cases, the SFF
grows exponentially in time, which we argue is a signature of random matrix universality at the single-particle
level. Finally, we develop matchgate circuit representations of our circuit ensembles, enabling their experimental

realization in quantum simulators.
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I. INTRODUCTION

In the era of precision microscopic experiments, physi-
cists have been forced to contend with foundational questions
in statistical mechanics and many-body dynamics [1-5]. On
the experimental side, quantum simulators [6,7] and ultra-
cold atomic experiments [8§—12] have offered unprecedented
insight into the processes which leads to thermalization. In
parallel, theorists have developed a framework for studying
the dynamical properties of quantum systems, including the
eigenstate thermalization hypothesis (ETH), and put forward
practical diagnostics of chaos [13-18].

An important theoretical tool for analyzing quantum dy-
namics is the spectral form factor (SFF), introduced in
pioneering work by Berry [19] and defined as follows. Given
an ensemble & of time-evolution operators, the SFF is defined
by

Ke(t) = (|ITre(UHP)e, (1

where U € £, ()¢ denotes ensemble averaging and ¢ pa-
rameterizes the continuous (discrete) time for Hamiltonian
(Floquet) evolution. The SFF encodes fine-grained dynamical
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properties of the ensemble, which makes it a useful tool to dis-
tinguish integrable and chaotic systems in accordance with the
Berry-Tabor [20] and Bohigas-Giannoni-Schmidt [21] conjec-
tures.

The SFF is qualitatively well understood in a number of
important cases, including time-evolution operators drawn
from a circular ensemble or generated by a Hamiltonian
drawn from a Gaussian ensemble. These models effectively
describe a large class of interacting quantum systems, where
the symmetries of the system determine the relevant ensem-
ble. In these cases, the SFF tends to exhibit the so-called
“dip-ramp-plateau” structure, and it is widely accepted that a
linear ramp in the SFF, K¢ (¢) ~ ¢, serves as a signature of ran-
dom matrix universality [22—43]. Other dynamical regimes,
such as hydrodynamics, have also been identified through the
SFF [38].

In contrast, a number of random matrix ensembles have
recently been identified whose form factors do not exhibit a
linear ramp. Examples include ensembles of Clifford circuits
[44] and systems of noninteracting fermions with single-
particle states that exhibit random matrix statistics [45,46]. In
these cases, the SFF grows rapidly; indeed, numerical calcula-
tions are more consistent with an exponential ramp rather than
a linear one. Unfortunately, carrying out a rigorous analysis
of the SFF is difficult in general. Numerically, the SFF is
not self-averaging and convergence of the disorder average in
Eq. (1) requires a tremendous number of samples [47]. Ana-
lytical treatments of the SFF also tend to rely on simplifying
properties of large-N limits and may employ poorly controlled
approximations. Given the prominence of the SFF as a probe
of quantum dynamics, identifying models which qualitatively
deviate from the linear ramp and can be rigorously analyzed
is an important challenge in current research.

In this work, we investigate the dynamics of noninteracting
fermions in the presence of spatially correlated potentials.
We will show that when these potentials are drawn from the
eigenvalue distribution of a circular ensemble, the resulting
many-body SFF can be computed exactly. More precisely, let
Upg denote a random Lg x Lg unitary drawn from the circular
ensemble with Dyson index 8, where 8 = 1, 2, 4 denote the
circular orthogonal, unitary, and symplectic ensembles (COE,
CUE, and CSE, respectively), and

Ly = {QL (6=12), @)

B=4).
The eigenvalues of Ug can be written as €%, where 0; €
[—m, ) are the quasienergies (for a discussion of gauge
fixing, see Sec. II B). By construction, the quasienergies ex-
hibit random matrix statistics which define the single-particle
sector of our model. In particular, the quasienergies define a
many-body unitary Uy for an Lg-site fermion system

Lp
Up = exp —iZ@jnj , 3
=1

where n; are fermion number operators and U/ has dimension
Dy = 2%, We will focus on the many-body SFFs of these
ensembles

o0 = ([T ). @

where the ensemble average is implicitly understood to be
over the appropriate distribution of quasienergies. We refer to
the ensembles of unitaries defined by Eq. (3) as the single-
particle circular ensembles, in contrast to the conventional
circular ensembles defined on the Dg-dimensional Hilbert
space.

As announced in the companion paper [48], we derived
methods to compute the spectral form factors of the single-
particle circular ensembles exactly. For the single-particle
CUE, we derived an exact analytical result for C;(¢) which
holds for arbitrary choices of L and integer ¢. For the single-
particle COE and CSE, we performed the ensemble averages
analytically and reduced the computation of the SFFs to com-
binatorial problems that can be solved exactly by transfer
matrix methods when ¢ is an integer. Related methods can
be used to extract the SFFs for arbitrary values of ¢ but
are not amenable to closed-form expressions in general. In
each case, the SFF exhibits exponential growth in time. The
exponential growth occurs naturally in noninteracting sys-
tems, which nonetheless exhibit level repulsion due to the
choice of disorder. This article contains full derivations of
these previously announced results in addition to developing
circuit realizations of the single-particle circular ensembles
with matchgates. Our findings complement the existing un-
derstanding of spectral statistics in interacting systems [23,25]
and demonstrates that exponential growth of the form factor is
a signature of random matrix universality at the single-particle
level [45,46].

The remainder of the paper is organized as follows. In
Sec. 1II, we review well-known results for the circular en-
sembles and introduce the moment expansion as a method
of computing the many-body SFF (4). The formalism of this
section applies equally to each of the single-particle circular
ensembles; ensemble-specific considerations are relegated to
later sections. In Sec. III, we study K,(L,t) and map its
computation onto a combinatorial problem, which we solve
to obtain the exact SFF for any L and integer ¢. In addition,
we present methods to compute C(¢) for arbitrary real 1 and
derive simple closed-forms that describe the short and long
time limits. In Sec. IV, we analyze the moment expansions of
the COE and CSE and develop transfer matrix methods that
compute their form factors exactly. In Sec. V, we introduce
ensembles of matchgate unitaries, which reproduce the form
factors of Secs. III and IV, providing a path for implementing
such ensembles in quantum simulators. Finally, we conclude
and discuss future directions in Sec. VI.

II. OVERVIEW OF SINGLE-PARTICLE
CIRCULAR ENSEMBLES

In this section, we review the important features of the cir-
cular ensembles and establish a general formalism to compute
the spectral form factors of the single-particle circular en-
sembles. Subsequent ensemble-specific sections will establish
additional formalism as needed.

A. Review of the circular ensembles

For our purposes, the most important random matrix en-
sembles are the circular ensembles introduced by Dyson.
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FIG. 1. Normalized SFFs (1) of Dyson’s circular ensembles. The
emergence of a late-time ramp is often taken as a defining feature of
random matrix universality in quantum systems.

The spectral form factors of these ensembles are analyti-
cally tractable and we briefly review some of their essential
properties here; more complete reviews can be found in
Refs. [49,50].

Let Ug be a random unitary as defined in Sec. I with
quasienergies 6;. The 6; are governed by the joint probability
distributions [49]

Py(0y, ..., 600) = —]"[|e'9 P, (5)
j<k
_ . T(BL/2+ 1)
= R D ©

The attentive reader will notice that for the CSE (8 = 4),
the random unitary Us has dimension L, = 2L while only L
quasienergies are defined in Eq. (5). This is accounted for
by noting that the CSE quasienergy spectrum is two-fold
degenerate for each disorder realization.

Using these distributions, many properties of the circular
ensembles can be computed analytically. In particular, the
SFFs of the circular ensembles (1) are known [51]:

2t—t10g(1+2'), 0 <t <L),
Ki(t) = 7
0=1as —tlog (347%), (=1L, @
eo={, 035" ®)
Ki(t) = {4L tlog|1 —t/L|, E?:QL).ZL) ©)

Normalized plots of the SFF are shown in Fig. 1. A partic-
ularly important feature is the approximate z-linear behavior
for B = 1, 2, which is often referred to as the linear ramp.
In Hamiltonian systems, convergence of the SFF to one of
the Dyson results is usually taken as a clear signature of
random matrix universality and the symmetries of the system
determine the appropriate circular ensemble.

To close this section, we note that the form factors of
Eqgs. (7) to (9) hold for circular ensembles of dimension Dg
via the replacement Lg — Dg. In particular, this implies that
the timescale at which the SFF saturate

Heisenberg time—scales with the Hilbert space dimension
H ™ D.

B. SFF of the single-particle circular ensembles

The many-body unitaries (3) introduced in Sec. I are nat-
urally understood in terms of noninteracting fermions. In
particular, the eigenvalues of /g can be written in the form

i® where the many-body quasienergies ® are specified by
the fermion occupation numbers

Ly
> om. (10)
i=1

Here we introduce a convention that bold text denotes a vector.
When the dimension of a vector is unclear, we specify it with
an explicit subscript, e.g., p, = (p1, .-, Pu)-

The many-body SFFs of the single-particle circular ensem-
bles are given by

On) =

Kp@) = {|Tr @4;)[) an
Ly | 2
:< l—[ Ze—iejnjt > (12)
Jj=1n;=0
L
— ol fdepﬂw)]_[[l + Cp(16))), (13)
=1
where
_ [cos(x), B=12),
Cp(x) = {ZCos(x) +cos?(x), (B=4). 1

We remind the reader that the quasisenergy distribution of the
CSE (B8 = 4) is two-fold degenerate, which is essential to the
derivation of Cy(x).

The SFFs ’Cﬁ (t) depend, in general, on the range in which
the quasienergies 6; are defined. Due to the obvious similar-
ities with other gauge structures, we refer to transformations
whichmap  — 0 + 2mm, m; € Z, as gauge transformations.
In this language, Kg(¢) is gauge invariant if and only if ¢
is an integer and the choice 6; € [—m, ) is an example of
gauge fixing. Despite our use of this terminology, the reader
should keep in mind that the “gauge choice” carries physical
meaning: for example, shifting 6; in the free fermion evolution
operator (3) amounts to shifting a chemical potential, which
has physical consequences.

As a final comment, we note that the joint distribution
function Pg(@) contains all correlations among the quasiener-
gies, such as level repulsion. At the single-particle level, these
correlations encode the spectral form factors of Egs. (7) to
(9); in the many-body context, they describe the exponential
growth of the functions KCg(t).

C. Moment expansion of the SFF

In this section, we relate the many-body SFFs Kg(t) to
n-point functions of the circular ensembles. The n-point func-
tions are well known in the random matrix theory literature
[49] and we will not review them in detail here.

Using the fact that Pg(@) is invariant under permutations
of the {6,}, the SFF (13) can be organized by the number of
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variables with a nontrivial integrand

L L n
Kp(t) =25 / doPs(6) ) (n) [Tcswon
n=0 j=1
B
=2Lﬁ[ +Z/<ncﬁ(t9)d9)w:|,

n=1
(15)

where R? is the n-point single-particle correlation function
with Dyson index f, defined as

R(L,6,) = 7 Lt )'/dGnH -doy, Ps(0). (16)

The SFF is then reduced to the sum

L B
/C,f,(t)zzLﬂ[lJrZr"(nL,’t)], (17)

n=1

(L) = /don RZ(8,) ]_[cﬂ(re,-). (18)
i=1

We refer to Eq. (17) as a moment expansion and to rf (L,t)as
the nth moment. The moment expansion is named in analogy
with the cumulant expansion of Ref. [46], which develops a
similar picture to our own for the Gaussian unitary ensemble
(GUE). An important technical distinction between the circu-
lar and Gaussian ensembles is encoded in their eigenvalues:
while the quasienergies 6; lie in a finite range, the eigenvalues
of GUE matrices are unbounded on the real line. This dis-
tinction allows us to avoid introducing approximations when
evaluating disorder averages for the circular ensembles, such
as the box approximation for Gaussian ensembles [26,46,52].

II1. SINGLE-PARTICLE CUE (8 = 2)

In this section, we present an exact calculation for the SFF
of the single-particle circular unitary ensemble, IC,(¢). As this
is the only ensemble considered in this section, we leave out
explicit ensemble labels; for example, we will drop the Dyson
index on the many-body SFF and write KC(¢). When ¢ is an
integer, our approach yields a simple closed form for the SFF
in any choice of system size; for arbitrary real 7, our methods
are still exact but cannot be evaluated in closed form.

Our strategy for evaluating the SFF is as follows. First, we
consider the case where 7 is an integer and show in Sec. IIT A
that the computation of the moments can be mapped onto a
combinatorial problem. Using this representation, in Sec. III B
we derive a factorization identity for the SFF which allows us
to compute the SFF for any system size L and integer time ?.
We then present our final result for integer ¢ in Sec. III C and
discuss the generalization to arbitrary ¢ in Sec. III D.

A. Computing moments with dimer embeddings

To proceed with the moment expansion from Eq. (17), we
will derive an explicit form for the moments r, (L, t) when ¢
is an integer, which we assume throughout this section. First,
expand C(t6;) = cos(t6;) in exponentials so that Eq. (18) be-

comes
_1 it
nn =5 Y [ m@) a5 a9)
g,
where &, = (&, ...,&,) with § = £1. To further simplify

the moments, it is convenient to replace the single-particle
correlation functions with the CUE kernel, K, defined as [49]

Ri(6) = 5, (=),

in 5 (0,—0; 20
KO — 0;) = = L(,0)) (20)

K6, 6;) = L
e laey U7 J)-

In terms of the CUE kernel, the single-particle correlation
functions are given by the determinant of the kernel matrix

R, (0) = det[K(0; — 6)]jk=1,...n

=> sgn(a)]_[K(e

o€S,

05()), (21)

where S, is the symmetric group of order n and sgn(o) is
given by 1 (—1) if o is an even (odd) permutation. The kernel
function (20) admits a convenient Fourier series representa-
tion
K@) =
@) 5

1 L—1
—ne—l%" Z e (22)
p=0

Plugging Egs. (21) and (22) into Eq. (18), we find

r(L0) = o LS sen(o) Z Z/@n)n

o€S, Pl pn=0 &,

X exp

iy (pj = Poiy +16))0; (23)

J=1

:—ngn(o) Z ZHS(P/ Po())

oeS, Prospn=0 §, j=1
+t&)), 24
where we use continuum notation for the Kronecker delta, i.e.,

8(m) = 6n0-

We note that r,,(L, ¢t > 0) vanishes whenever n is odd due
to the following argument. The terms which contribute to r,
necessarily satisfy p; — po(jy +t§; =O0forall j € {1, ..., n},
which implies that# ) ;&; = 0.Foranyr # 0, we then require
that ), &; = 0, which cannot be the case when 7 is odd. Go-
ing forward, we will work exclusively with the even moments
Ty, and assume ¢ > 0.

To evaluate the even moments, we note that the sums which
contribute to ry, are invariant under permutations of the {p;}.
Furthermore, terms with p; = p; for some i and j vanish
by symmetry. We are, therefore, free to order the {p;} as an
increasing sequence

2n)!
T )

O'GSZM

2n
S ST T80 = pociy +16)- 25

P1<-<pwm &, j=1

rZH(Lv t) =

144312-4
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The 6 functions require that p; — ps(;y = %t, which strongly
constrains the permutation o. In fact, o is given by a product
of two cycles, which we prove here. First, suppose that o
contains a fixed point, o(j) = j. Then Eq. (25) contains a
8 function of the form §(¢£;), which cannot be satisfied for
t # 0, hence o cannot contain a fixed point. Next, suppose
that o contains a cycle t of length m > 1. Denote the subset
of {p;} on which t acts by g < gq; < --- < qy—;1. If 0 con-
tributes to ry,, then the é functions require that each ¢, can
be parameterized as g, = qo + nt. Then t is constrained to
implement

qi, (I’l - 0)’
Grmy = { gnz1, (0 <n < m), (26)
Qm—l» (n = m)

However, the § functions in Eq. (25) require that g,y = @u+1
for all n. This constraint is incompatible with Eq. (26) unless
m = 2, which implies that o is a product of two cycles and
we write o € S$". For permutations of this form, sgn(o) =
(—1)" and Eq. (25) can be written as

(2n)!

ra(Lo ) = (=1 5= 0u(L. 1),

2n
OuL,y= Y DY []8wi—poy +1£)). 27

P1<-<pmoeS$" &, Jj=I

The combinatorial factor Q, (L, t) then completely determines
the SFF

L2)
KL.ty=2"%" (T) 0u(L, 1), (28)

n=0

where |- ]| denotes the floor function and Qy(L, t) = 1.

The computation of Q,(L, ¢) can be interpreted as an em-
bedding problem for dimers. To illustrate this construction, let
us begin with the case ¢t = 1 and consider a one-dimensional
chain with L sites labeled 0, 1, ..., L — 1. Given a fixed set
{pi}, we say that site j is occupied by a hardcore particle if
Jj € {p:}. The § functions of Eq. (27) enforce the constraint
DPj = Po(jy £ 1 forall j, that is, each occupied site has at least
one occupied neighbor. When this constraint is satisfied, there
is a unique choice of o and &,, which contribute to O, and we
say the particles on sites j and o (j) form a dimer (see Fig. 2
for a diagrammatic representation of contributions to Q). It
follows that Q,(L,t = 1) is given by the number of ways
to embed 2n identical, hardcore particles into L sites such
that each particle has at least one neighbor, which is easily

counted
L—n
Ou(L,t=1)= .
n

Substituting this into Eq. (28), we obtain the SFF atr = 1,

L2 Nt /L —
IC(L,I):ZLZ(T>< . )=L+1. (30)

n=0

(29)

This method of determining Q,(L,t) can be extended to
larger values of ¢ in a straightforward manner. The constraints
of Eq. (27) are satisfiable in general when p; = p,(;) £1.

(@) t=
P O @ @ O O
X B2-3+£)63-2+8)
op) O € ® O O
3 2
(b)yt=2
o] 3 4 6
P € O @ e_O _e
// X 8(1 =3 +2&)5(3 — 1+ 2&))
o(p) @70 0 @7 0 ‘e |x5@4-6+2£)86-4+25)
3 1 6 4

FIG. 2. Pictorial representation of terms which contribute to
0, (L, t). Solid (empty) circles indicate occupied (unoccupied) sites.
(a) A contribution to Q;(L = 5,¢ = 1). Note that there is a unique
choice of o and &, which contributes to Q;(5, 1). We say that the
particles on sites 2 and 3 form a dimer. (b) A contribution to Q,(L =
6,¢t = 2). Again, o and §, are uniquely specified by {p;} and in this
case the particles on sites (1,3) and (4,6) form range-2 dimers.

Again interpreting the {p;} as a list of occupied sites, Q, (L, t)
counts the number of ways to occupy L sites with 2n identical
hardcore particles such that each particle has at least one
neighbor at distance . We refer to a pair of particles at sites
j and o(j)=j £t in this setting as a range-t dimer, see
Fig. 2(b).

To illustrate the utility of this interpretation, let us con-
sider the case t = 2 and write L = 2N + r, where N and r
are the quotient and remainder of L with respect to ¢ (see
Fig. 3). In this case, the even and odd sites are decoupled
for the purposes of our counting since range-2 dimers are
confined to either even or odd sites. By considering them
independently, the embedding problem is reduced to a cor-
related pair of r = 1 embedding problems. More precisely,
we need to sum over all possible ways of embedding m
dimers into the even sites and n — m dimers into the odd

(@r=1

' X X X X X BEIUEAE

(b)yt=2
XXX
caeawse O55

0L=T71t=2)= Z 0, L=4,1t=1)0,_,(L=3,t=1)

FIG. 3. Pictorial representation of dimer embeddings. (a) Att =
1, all sites are in the same equivalence class and the dimers are
built of neighboring particles with counting (29). (b) For t = 2, odd
and even sites (black and white circles) are decoupled for the dimer
problem and the associated counting problem reduces to a correlated
pair of = 1 problems.
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sites

On(2N +1,2) = ZQm(N +rDOpmN, ). (3D

m=0

This information, together with Eq. (29), is sufficient to
compute [C(L, t = 2), although doing so at this stage is un-
necessary for our purposes.

The generalization of this argument to arbitrary ¢ is
straightforward. First, we decompose L into its quotient
and remainder with respect to ¢ by writing L = Nt +r.
That is,

L
NEL;J, r=L— Nt, (32)

for given L and ¢. Since the sites in different congruence
classes modulo ¢ are independent of the dimer problem, this
is equivalent to an effective = 1 problem with r subsystems
of N + 1 sites and ¢t — r subsystems of N sites. In total, we
obtain

O,(L=Nt+rt)

LN+1)/2] N/2] r
-y Y Moy
np, =0 nppy,ee,n=0 | j=1

< | [T @nv. 1) 8<n—2n1>, (33)

k=r+1 =1

where np, ..., n, represent the number of dimers assigned
to each of the (N + 1)-site subsystems and n,y, ..., n to
those of the N-site subsystems. The § function fixes the total
number of dimers to equal n. In other words, the computa-
tion of Q,(L, t) can always be reduced to a correlated set of
t = 1 embedding problems whose exact solution is a simple
modification of Eq. (29).

At this point, the SFF can be determined by taking the
dimer counting Eq. (33), plugging it into Eq. (27), and com-
puting the SFF via the moment expansion (17). Rather than
carry out these sums explicitly, we will instead use the mo-
ment expansion to prove that the SFF satisfies a factorization
identity which immediately allows us to compute (L, ?) in a
closed form.

B. Factorization identity for the SFF

In the previous section, we reduced the combinatorial
problem of computing Q, (L, t) to a correlated set of exactly
solvable combinatorial problems. In this section, we use that
result to derive a related factorization identity for the SFF.
More precisely, given a system size L and an integer time
0 <t < L, decompose L into its quotient and remainder with
respect to ¢, L = Nt + r. Then the SFF satisfies the factoriza-
tion identity

K(L,t) = KN+ 1, 1) K(N, 1) . (34)

Beginning from the right-hand side, Eqs. (28) and (33)
yield

KN + 1, 1Y KN, 1)~

<[Ten&+1,0 [T v, D). 39

j=1 k=r+1

Now we rearrange the sums into terms with a fixed number of
dimers n = 22:1 ne. To do so, multiply the summand by the
constraint §(n — le=1 ng) and sum over all possible values of
n. Using Eq. (33), we obtain

KN 41, 1) KC(N, 1) " = 2F Z <_Tl> O,(Nt +r,1)

= IC(Nt +r,1), (36)

where we use Eq. (28) in the second equality. This completes
the proof of the factorization identity (34).

C. Closed-form SFF (integer ¢)

Combined with Eq. (30), the factorization identity (34)
readily gives an exact closed form for the SFF for any ¢ € Z,

N + 2)LN[

N+l 37

K(L,t >0)= (N+1)’(
where N is defined in Eq. (32). We emphasize that this result
is obtained without any approximations and is exact for any L
and ¢. To the authors’ knowledge, this is the first exact solution
for an SFF which exhibits exponential growth [45,46]. With
the remainder of this section, we investigate properties of the
SFF and connect its exponential growth to random matrix
universality in the single-particle sector.

The SFF in Eq. (37) grows through a sequence of exponen-
tial ramps with a growth rate that depends on L/z. To see this,
fix L and make a list of the divisors of L in ascending order:
l=ti <thp <--- <ty =L. Now choose a time 0 <t < L
and find the divisors of L which satisfy #; < t < #;41. Defining
N; =L/t; € Z, Eq. (37) yields

K(L, 1) = K(L, t;) explA;(t —1;)], (38)

where A; = (N; + 1) In(N; + 1) — N; In(N; + 2)is a constant
fort € [t;,tj11). In particular, the growth rate A ; jumps when
|L/t] changes. At late times, meaning L/t ~ O(1), most val-
ues of ¢ do not divide L and the SFF is simply described
in terms of piecewise exponential functions. At early times
t/L <« 1, the density of divisors of L is large and it is conve-
nient to find an alternative representation for the SFF. When ¢
divides Land N =L/t € Z,

KL, t)= (% + 1) ., (L/teZ). (39)

Clearly, the SFF of the single-particle CUE grows exponen-
tially in time, in contrast with the standard CUE (8), which
grows linearly in time.
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FIG. 4. Left: The exact SFF, KC(L,t) in Eq. (37) for the CUE
(solid lines). The dashed line shows the approximate form of the
SFF from Eq. (39). Right: The instantaneous growth rate of the
SFF, ¢ 4 log, K(L, t), obtained from Eq. (41). The jumps correspond
to the boundaries between exponential ramps, which occur when ¢
divides L.

The exact SFF (37) can be reorganized to exhibit a scaling
collapse. One can easily show that Eq. (37) can be rewritten
as

log, K
L

t Nt N+2
= —1 N +1 1—— )1 .
I 0g,(N + )+< ) 0g, <N+1>

(40)

Here, the right-hand side (RHS) of Eq. (40) depends only
on the ratio /L. As we will see in Sec. IV, similar scaling
collapses hold for other circular ensembles and serve as an
indicator of random matrix statistics at the single-particle level
in a many-body system. Moreover, differentiating Eq. (40)

when ¢ /L ¢ Z yields
N+2
+ . 4D
N+1

The RHS is piecewise constant and highlights the stepwise
exponential growth of the SFF, as illustrated in Fig. 4.

The exponential growth of the many-body SFF can be
understood as a consequence of the linear relation between
many-body and single-particle quasienergies ®(n) =n - 6,
which is absent in interacting systems. This relation implies
that dephasing of the single-particle quasienergies is sufficient
to destroy all many-body correlations. Given that the average
spacing of single-particle quasienergies is given by 27 /L,
we expect the SFF (8) to saturate at the single-particle
Heisenberg time t,, () — L. Nonetheless, the total Hilbert space
is still exponentlally large in L, which implies the exponential
growth in Eq. (38).

d
o log, K(L,t) =log,(N + 1) — N log, (

D. Exact SFF (noninteger #)

When ¢ is an arbitrary real number (i.e., not an integer), our
evaluation of the moments in Sec. III A breaks down and the
combinatorial interpretation of the moments is lost. Neverthe-
less, the moment expansion is still analytically exact, although
it is gauge-dependent. Throughout this section, we fix the

gauge 0; € [—m, ), for which the moments (23) are given by

L-1

Z sgn(o) Z

o€S, P1sesPn=0

Z l—[ sin[m (pj Po(j) +15))] (42)
—Po(j) + té}

&, Jj=1

(L, 1) =

(2 )n

t sin(mt) i
:( ) ngn(cr) Z

o€S, Plseess Pn=0
n
1

P [t — (pj — o)t + (pj —

x .
Po(i)]

(43)

In the last equality, we perform the sum over each §; = £1.

Evaluating the moments appears to be nontrivial, but the
problem can be simplified by applying symmetries. In partic-
ular, the {p;} sums of Eq. (43) do not depend on the details of a
particular permutation o ; rather, they are determined entirely
by the conjugacy class (or cycle decomposition) of ¢. Each
conjugacy class of S, can contain many permutations, so it
is much more efficient to work with the conjugacy classes
themselves.

To parametrize the conjugacy classes of S,, we note that
there is a one-to-one correspondence between the conjugacy
classes and integer partitions of n. An integer partition of 7 is
a decomposition of n into a sum of positive integers A; each
with multiplicity m;: n = Y_;_, m;A;. We indicate that a tuple
forms a partition of n by writing (A, m) - n. To make use
of this correspondence, we also need the dimension of each
conjugacy class d(A, m), which is well known:

n!
[T, [m;!27]
Using the conjugacy class decomposition, the moments are
given by

rn<L,r)=<M) Y senlm)ldm) ][4},

dA,m) = (44)

T

(A,m)n j=1
(45)
where
1
L - ’
L1 = Z_Oﬂ [t —(pj —pj+DIt +(pj — Pj+1)]
(46)

and periodic boundary conditions are assumed: p; 4+ = p;.

The functions ¢, (L, t) can be evaluated efficiently using
matrix multiplication. For a fixed choice of L, let 7' (¢) be an
L x L matrix with elements

1
[T = —— — (]
T =G =Rl + (= k)]
then g, (L, t) = Tr[T (¢)"], which is much faster to evaluate
than the sums in Eq. (46).
Using this matrix representation, we evaluate the SFF ex-
actly for a range of system sizes (see Fig. 5). The behavior of
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FIG. 5. Exact SFF for a range of system sizes and continuous
time. We scale the axes such that the SFF exhibits a scaling collapse
whenever ¢ is an integer, where it is given by Eq. (40) (dashed black
line). Between the integers, the SFF oscillates and does not have a
scaling collapse in general.

the SFF is rich, including an exponential ramp for integer ¢
[see Eq. (37)] and associated scaling collapse (40). Between
integer arguments, the SFF oscillates and does not exhibit
a scaling collapse. Nevertheless, the oscillations are highly
constrained since Eq. (43) implies that the moments can be
written as r,(L,t) = f,(L, t)sin(xwt)"/g,(L,t), where f,, g,
are polynomials in 7.

While the full SFF is difficult to write down in closed
form, there are two limits where we can capture its qualitative
behavior, namely, the limits of short and long times. First, we
consider the short time limit # < 1. In this case, the moments
of Eq. (43) are dominated by terms where p; = p,(;) for all
Jj. The counting of such contributions is straightforward since,
via Eq. (18),

L!
it =0 = [dBR0) = T )
By counting powers of ¢, we then find

L! (sin(m)

r,(L,t —> 0)= L=l pu

) +O@H). (49)

The SFF is then well approximated at short times by

L . n
i -5 ()(22)

n=0
. L
_ ZL[I n Sm::t)} . (50)

At late times ¢ = L, we can approximate the SFF by using
the intuition that the {#;} has dephased. We, therefore, expect
that the correlations within the joint probability distribution
P(0) can be neglected and the SFF simplifies

IC(L,tZL)%ZL/

o
) ]1:[1[1 + cos(t6;)]

. L
_ 2L[1 + Sm(m)} . (51)
Tt

Intriguingly, both the short-time and long-time behavior are
well approximated by the same scaling function, as shown in
Fig. 6.

Logy[K(H)I/L
2.0

— L.=2
— L=4
— L=6
— L=8

Sin(rt) |

————— 21+

FIG. 6. Exact SFF for a range of system sizes and continuous
time. We scaled the axes such that the SFF exhibits scaling collapses
at early (f < 1) and late (+ 2 L) times. In addition both limits are
well approximated by 251 + sin(rt)/mt]E.

IV. SINGLE-PARTICLE COE AND CSE

In this section, we analyze the SFF of the single-particle
circular symplectic (8 = 4) and orthogonal (8 = 1) ensem-
bles for integer times. In these cases, we are unable to obtain
simple closed-form results for the SFF; however, we will
derive moment expansions for the form factors which can
be evaluated exactly. These approaches do not require any
form of sampling and are therefore significantly more efficient
than numerical methods based on exact diagonalization and
sampling.

A. Circular symplectic ensemble (§ = 4)
1. Moments and the kernel

First, we discuss the circular symplectic ensemble (CSE)
and omit the Dyson index § = 4 throughout this subsection
for brevity. The moments (18) are defined in terms of the
function C, in Eq. (14). Expanding in exponentials, Cy4 is given
by

2cos(t;) + cos(t;)*
=" e 4 12+ M ). (52)

Mirroring our notation for the CUE, we introduce &; =
0, £1, £2. Then the CSE moments are given by

ro= [0, RO Y g (5
EV’

where c¢(§,) accounts for the amplitudes associated with each
choice of &; in Eq. (52), i.e.,

; 12, (£=0),
c&)=]]eE) c®=11  E=%1, (54
j=1 1/4, (¢ =42).

To evaluate Eq. (53), we invoke known results relating
the n-point function R, (6,) to the CSE kernel [49]. The CSE
kernel is given by

1 <SzL(9) (55)

Da.(6)
Kuas® =3 1.0 >

S2.(6)
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where the kernel entries are functions defined as

s 1 sin(LO) 56
2 (0) = EW (56)
d
Dy (0) = %SZL(Q)’ (57)
0
bLr(0) E/o do S (¢). (58)

We note that Sy (0) is itself the CUE kernel (20) and is an even
function, while D; () and I (0) are odd. Similar to the CUE
case, it is convenient to represent each element of the kernel
as a Fourier series

1 )
Sa(0) = - ", (59)
p
i ;
Da0)= -3 pe”, (60)
P
1 ein
hi(@)=>—3 —. (61)
s P

Here and throughout this subsection, the sums over p are taken
over the half-integers,
2L —1 2L—1+1 2L —1
> 2 ey .
Each of the kernel Fourier series are conveniently represented
in the compact notation,

p=- (62)

:B—a

o l —a i

K ©) == p' e, (63)
p

where «, B = 0, 1 specify the matrix elements of the kernel.
With the kernel so defined, the n-point function R,(6,) is
given by

Rn(on) = Qdet[KL4(6 0; )], j=1 (64)

where Qdet denotes the so-called quaternionic determinant
introduced by Dyson [50] and is defined as follows. Let
o € S, be a permutation of n elements and assume that o
is a composition of n.(o) (disjoint) cycles o = o103 - - - 0y,
Each cycle o; acts on a set of A7 elements, which we la-
bel as 01,02, ...,6; 2 We assume that these elements are
ordered with respect to o, meaning that o; enacts the map
0j1—> 60— - — 9.]-,;\7 — 0j,1. With these conventions,
the quaternionic determinant is given by

Ri(0,) = ) (=1)""
o€eS,

ne(o)

X l_[ —TI‘ HKL4(0]k

where periodic boundary conditions 6;, SRS 0;1 are as-
sumed. Using Eq. (53), the moments are given by

Oik+1) | ¢ (65)

= > (=1 "”(G)HQA"(L 0, (66)

o€S,

where

1
QL) =3 ) cl)

&

A
x f a0, 8 TR 0 — 61r). (67)

k=1

where periodic boundary conditions are assumed, o;1] = o,
0,41 = 61, and each oy is summed from O to 1. The quantity
Q,(L,t) is determined entirely by the cycle size A and we
refer to 2, as the cycle contribution.

The sum over permutations in Eq. (66) can be simpli-
fied significantly by utilizing symmetries. The summand of
Eq. (66) depends only on the cycle structure of ¢; as discussed
in Sec. IIID, it is much more efficient to carry out sums of
this type by summing over the conjugacy classes of S, rather
than the permutations themselves. Using the conjugacy class
decomposition, the moments Eq. (66) can be written as

> (—1)"—mefd<x,m>]_[[szk,.<L,r)’"f]

(A,m)n
szA FL t)) } )

s 2 T

A,m)n j j

Similarly, the SFF is given by

K(L, t)_22LZ( 1) Z H[ (M> }
Am)n Aj
(69)

In practice, evaluating Eq. (69) is significantly simpler than
summing over all permutations. The number of integer parti-
tions grows asymptotically as W™ whereas the number of
permutations scales as n! ~ n".

2. Transfer matrix method for computing R, (L, t)

The problem of computing the SFF is now reduced to
calculating the cycle contributions (67). Direct analytic calcu-
lations of the cycle contributions seem to be nontrivial; here,
we take a different tactic and evaluate the cycle contributions
with transfer matrix methods. This approach gives a reason-
ably efficient method for computing the SFF exactly, although
it does not provide a closed-form solution for arbitrary L.

To put the cycle contributions in a form amenable to trans-
fer matrices, we use the kernel function representation of
Eq. (63) and carry out the 6 integrals, yielding

Q)L(L t e Z)
B O o
{0i=0,1} p1,os
X HB(pj—qu-i-tSj), (70)

J=1

where periodic boundary conditions are assumed throughout
and we use the fact thatt € Z.

The representation of the cycle contribution in Eq. (70)
can be thought of as a sum of weighted one-dimensional
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walks consisting of A steps. In this interpretation, we regard
the index p, as the coordinate of a walker after n — 1 steps.
The § functions enforce the constraint that the walker takes
steps of size t&;, where each choice of |§;| comes with a
weight encoded by the function c¢(&;). The § functions also
enforce the constraint tZi & = 0, meaning that each walk
terminates on the site where it began. The cycle contribution
is then given by a sum of weights encoded by the steps &; and
coordinates p,,.

The random walk picture motivates us to define a 2L x 2L
transfer matrix T,

Ty =Y cE)(p—p +18), (71)
&

whose elements are 1/2 on the diagonal, 1 on diagonals ¢ and
—t, and 1/4 on diagonals 2¢ and —2¢. With this representation,
we have, for example,

D e€) Y 8(p1 — pa+1E)S(pr — p1 +18) = Tr(T?).
& P1,P2

(72)

In other words, the transfer matrix 7' evolves the walker from
one site to another, keeping track of the weight which comes
from the steps &;. Computing the trace of 7" then amounts to
summing those weights for all length-m random walks which
begin and end on the same site.

To incorporate the effect of the coordinates p, on the
weights, we regard the « indices as internal degrees of free-
dom of the walker. Then it is natural to define an enlarged
4L x 4L transfer matrix 7 with elements

Tapay = D" “Typ. (73)

In terms of T, the cycle contribution simplifies to

Q(L, 1) = #Tr(Tk). (74)
While the transfer matrix formalism might seem like a simple
rewriting of the cycle contribution, in practice, it is expo-
nentially faster to compute Eq. (74) rather than the sums
of Eq. (70). This is analogous to computational speedups
achieved with matrix product states more generally [53,54].
We conclude this section by estimating the resources nec-
essary to evaluate the full SFF. First, since KC(L, t > 2L) = 6F
(see Sec. IV A4), it is sufficient to compute KC(L, t) for t =
1,2,...,L — 1. Computing a cycle contribution 2; (L, t)
Tr(77) to the nth moment takes O(L*1) < O(L’n) operations.
To compute the nth moment, we need to sum over all O(eﬁ )
integer partitions of n, which have an average length that
scales as O(4/nlogn) [55]. The operations needed to compute
r, then scale as O(L2n’/2eV" log n). Computing the SFF for a
single value of ¢ then takes approximately

L
O(L2 / dx eViy3? logx) ~O0*Clogl)  (75)
0

operations. Computing the SFF for¢ = 1, 2, ..., L then gives
the overall scaling O(L3¢¥E log L).

1 oF : : : : : : —
1.0¢ 1

=

= 0.8} ]

S |

e 06' p ° L=8 7

I

8 0.4r . L=11 1
0.2 L=19 1
0.

0O 02 04 06 08 10 12 14
t/(2L)

FIG. 7. Exact SFF for the CSE calculated numerically with the
random walk picture.

3. Numerically exact SFF

In this section, we present numerically exact results for
the SFF of the single-particle CSE obtained using the trans-
fer matrix method developed in Sec. IV A 2. Figure 7 shows
the SFF, KC(L, t), for system sizes L = 8, 11, 19, plotted as a
function of the scaled time # /L. The SFF is normalized by a
factor of L and plotted on a logarithmic scale. Here we use
log, to emphasize the late-time behavior (L, t > 2L) = 6L,

Several key features of the SFF are apparent in Fig. 7.
First, for all system sizes, the SFF exhibits a clear exponential
ramp at early times t < L. This is consistent with the expo-
nential ramp found analytically for the CUE in Sec. III C and
highlights that the exponential growth of the SFF is a generic
feature of the single-particle circular ensembles. Second, the
SFF saturates to a plateau value of 1 at late times ¢ > L.
The plateau indicates that the CSE has the single-particle
Heisenberg time, t,;‘(CSE) = 2L, which we show analytically
in Sec. IV A 4.

Comparing the curves for different L, it is clear that they
exhibit a scaling collapse when plotted against the scaled time
t/L. This suggests that, for the system sizes accessible to our
transfer matrix method, the SFF of the CSE depends on L
and ¢ exclusively through their ratio. An analogous scaling
collapse was proven exactly for the single-particle CUE in
Sec. [T C.

The numerical results of Fig. 7 definitively establish that
the single-particle CSE exhibits an exponential ramp in the
SFF. Together with the exact CUE solution and analogous
COE numerics discussed below in Sec. IV B, our results sug-
gest that the exponential ramp is a universal feature of the
single-particle circular ensembles and is a signature of random
matrix statistics at the single-particle level.

4. Single-particle Heisenberg time

To illustrate our formalism in practice, we will now prove
that the SFF exhibits the late-time behavior (L, t > 2L) =
6L (assuming ¢ € Z). This result puts a lower bound on the
single-particle Heisenberg time t[;’(CSE) > 2L; in fact, numer-
ics show that this bound is an equality.

First, we note that the cycle contributions simplify at late

times. Beginning from Eq. (70), we find that 2, (L, > 2L) =
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L/2*. The SFF of Eq. (69) then becomes

K(L,t >2L)
L m;
bor(l) BRG] o
n=0 Am)=nj

This result seems complicated at first glance, but it can be
simplified using techniques employed to solve combinatorial
problems involving integer partitions. Inspired by these meth-
ods, we will now prove the following identity:

mj L
2 NG ]-or) o
Am)n j n
for all n.

Proof. We make use of the identity

!
()£ 5

I=1 ’ ky+---+kj=n

where each k; is a positive integer. The k; are not neces-
sarily distinct and is is convenient to organize them into
ordered pairs (A}, m;), where each A; is unique and m; is its
multiplicity. By definition, we have

1
" Xj: i kl...k[

which simplifies Eq. (77) to

LZ
(1)”<> Z(l) > Nm )H(A)m (80)

=1 ’ (A,m)Fn
(Z mj=l)

1
l_[j()‘j)m/ 5

(719)

Here we use the fact that

Yo=Y Nm, 1)

ky+-+kj=n (A,m)Fn
ymj=0)
where
Al
Nm) = =—— (82)
Hj mj:

accounts for the multiplicity of terms which appear in the
sums over each k;. Substituting Eq. (82) into Eq. (80) and
gathering the two sums, we have

()% T Al e

I=1 Am)}n |
(Z mj=l)

o ENC N

A,m)n

This completes the proof of Eq. (77).
Finally, combining Egs. (77) and (76) and using the bino-
mial theorem, we obtain

2L - 1 ! L L
K(L,t >2L)=2 Z(E) (n) =6 (85)
n=0

This result puts a lower bound on the single-particle Heisen-
berg time of 2L. Our numerical results indicate that this bound
is tight.

B. Circular orthogonal ensemble (§ = 1)
1. Moments and the kernel
Here, we discuss the circular orthogonal ensemble (COE)
and omit the Dyson index 8 = 1 throughout this subsection.

Using the C function in Eq. (14), the moments of Eq. (18) are
given by

1 )
nitn =53 [doRb et 56
&,

where & = +£1.

To evaluate the moments, we again invoke a kernel repre-
sentation for the n-point function R, (6,,). The COE kernel has
the matrix representation [49]

SL(©) DL(9)>
JL0)  S.©))

where S; and Dy, were defined in Egs. (59) and (60) and J is
given by

Kp1(0) = ( 87)

1 eiqé
Jp(0) = 3 7, (88)
q

where g = (L + 1)/2, =(L +3)/2, ..., runs over an infi-
nite range. Recall that the Fourier series of S;.(6) and Dy (6)
has a finite number of terms summed over the range p =
—LT’I, —inl, R LT’l To avoid writing out these ranges ex-
plicitly, it is convenient to develop a unified notation for the
kernel matrix elements

L—o

i
KiT(0) = ——

D nap(p)p’ e, (89)

peZ+1/2

where p is summed over the half-integers, «, 8 = 0, 1 index
matrix elements of the kernel and

O(pl-3), a=1, andp=0,
) _ . 90
Nap (D) {@(% —1pl), otherwise, o

where ®(x) is the Heaviside function.

The arguments of Sec. IVA1 also apply to the COE,
yielding an identical result for the SFF in terms of the cycle
contributions

Q; (L

K(L, t)—ZLZ( oy ]‘[[m (M) ]
A,m)n j J

On

The difference between the COE and CSE appears in the cycle
contributions themselves

QL,1) = ZM > / db;e" EA]‘[K‘J‘“"”‘(ek Out1)-

&0

92)

Compared to the corresponding CSE expression (67), the
COE cycle contributions are simplified by the fact that
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the C function of Eq. (14) takes only one value, leading to
the prefactor 1/2**!. Nevertheless, the COE is more complex
due to the unbounded sums associated with J; (6).

2. Transfer matrix method for computing @, (L,t)

Here we compute the cycle contribution €2, (L, t) by using
transfer matrix methods. Following our approch for the CSE,
we plug the Fourier series representation of the kernel (89)
into the cycle contributions (92) of and perform the € integrals
(assuming ¢ € Z), obtaining

1
QL. 1) = WTr(T*), (93)

where the transfer matrix 7 has matrix elements

Tapary = (=D eq (p)p* ™ D~ 8(p = p +1).
£=x+1

(94)

Again, we interpret o as an internal degree of freedom of a
walker and p, p’ as the walker’s coordinates. Then the trans-
fer matrix evolves the walker through steps of size £¢ with
appropriate weights such that Eq. (93) holds.

Formally, 7 is infinite-dimensional due to the unbounded
sums associated with J; (0). However, we will show that the
cycle contribution can be computed exactly by truncating 7
such that

L—1

Ipl < —5 +1, (93)

which enables the use of standard methods for any finite L and
integer 7.

The truncation of 7 is justified by analyzing the set of ran-
dom walks which contribute to Eq. (93). First note (L, 1) =
0, so take A > 2. Then Eq. (93) can be written as

A
QA(L7 t) = # Z o Z n%k[’k,ﬂlkﬂpkﬂ ’ (96)

a1, p1 a;,pi k=1

where &y 1 = &1 and p; 41 = p;. The walks which contribute
to Eq. (96) begin and end on the same site. Now sup-
pose there is a p; such that |pi| = (L 4+ 1)/2. Then for the
walk to give a nonzero contribution, (o, ox+1) = (1,0) to
satisfy 1., (Pk) # 0. Further, since o4, = 0, we require
that |pry1| < (L — 1)/2. Since py1 = pir £ ¢, it follows that
Pkl < (L —1)/2+1.

In summary, the cycle contribution €2, (L,?) can be ob-
tained from Eq. (93) and truncating the transfer matrix with
the condition (95). This is the main result of this section, and
when combined with Eq. (91), allows us to obtain the exact
SFF numerically.

The computational cost of computing the SFF can be es-
timated by the same analysis that leads to Eq. (75), with the
modification that dim(7) = L + 2¢ is time dependent. This
effect is easily incorporated and we find that computing the
SFF at a single value of  takes time O[(L + 2¢ )2Lze‘/Z log L].
For times ¢ < L, the complexity is dominated by the number
of integer partitions of L. For ¢ > L the exact calculation
continues to become more difficult, but we will show how
to obtain late time asymptotic behavior which provides an
accurate approximation to the SFF in this case.

1.0 5 S—
1 0.8t 1
7 o6 ]
g o L=8
~ 047 1
(_‘3’ L=11

2

0 L=19

0.0 - : :

0.0 0.5 1.0 1.5 2.0
t/L
o L=8
10° x o x  L=11
O -
Z?‘le‘l i 0.03(t/L)2
I‘,‘ 1072
103
1071 100 10!
t/L

FIG. 8. (Top) Exact SFF for the COE calculated numerically
with the transfer matrix method. (Bottom) Deviation of the exact SFF
L log, K (L, t) from its asymptotic value 1 for L = 8 (circle) and
L = 11 (cross). The solid line shows a long-time fit 0.03 x (¢/L)™>2.

3. Numerically exact SFF

In this section, we present numerically exact results for the
SFF of the single-particle COE obtained using the transfer ma-
trix method developed in Sec. IV B 2. Figure 8 shows the SFF,
K(L, t), for system sizes L = 8, 11, 19, plotted as a function
of the scaled time # /L. The SFF is normalized by a factor of L
and plotted on a logarithmic scale.

The SFF of the COE exhibits several regimes. First, at
early times t < L, the SFF grows more quickly than the
exponential ramp found in the CUE. In fact, the growth rate
seems to diverge as t/L — 0, although our numerical results
do not allow for a definitive statement about the early-time
behavior. Second, at intermediate times ¢ ~ L, there is a clear
crossover to a slower growth rate. The SFF eventually relaxes
towards the plateau, although there is no sharp crossover to
this regime.

Similar to the CSE, the SFF curves for different system
sizes exhibit a clear scaling collapse when plotted against
the scaled time 7/L. This suggests that the SFF of the COE
depends on L and ¢ primarily through their ratio. Finding an
analytical form of the universal scaling collapse function in
the L — oo limit is an interesting direction for future work.

Finally, the long-time asymptotic behavior of the SFF is
qualitatively different from the CUE and CSE cases. In the
latter two cases, the SFF becomes constant for integer t > Lg.
In contrast, the SFF does not saturate for any finite ¢. Based on
numerics, we identify the long-time asymptotic behavior to be
1 — L7 'log, K ~ C(%)z, and the coefficient C is estimated as
C ~ 0.030 by fitting (see Fig. 8). This scaling is equivalent to
K(L, 1) ~ 2L1=C/L7],
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FIG. 9. (a) Uy consisting of nearest-neighbor matchgates. (b)-(d) Quantum circuit realizations of single-particle chaos corresponding to

the (b) CUE, (c¢) COE, and (d) CSE.

In summary, our numerically exact results establish that the
SFF of the single-particle COE exhibits a novel form of inter-
mediate spectral statistics. The SFF is consistent with random
matrix universality at the single-particle level, but shows a
nontrivial crossover behavior at early-to-intermediate times.
Our results demonstrate the rich variety of spectral statistics
possible in single-particle chaotic systems depending on their
symmetry structure.

V. QUANTUM CIRCUIT REALIZATIONS

In this section, we present ensembles of quantum circuits
whose form factors converge to those of the single-particle
circular ensembles. To simulate fermions in a quantum cir-
cuit, we employ nearest-neighbor matchgates, which can be
mapped onto noninteracting fermions through the Jordan-
Wigner transformation [56,57]. A two-qubit matchgate has
matrix representation

Ay 0 0 Ap
0 By Bz O

G(A,B) = 0 By Bn 0| o7
Ay O 0 Ap

and satisfies det A = det B. For simplicity, we consider U(1)-
conserving matchgates whose matrix representations are of
the form

e 0 0 0
10 wip uz O
Vi1 = 0 ug w22 O

0 0 0 e

= 98)
i i+1

with the constraint det(u) = ¢/®*%) Through the Jordan-
Wigner transformation, such a unitary operator is mapped to

_ S B N e

where c¢;, cf are spinless fermionic operators on site i and
h is a 2 x 2 Hermitian matrix uniquely determined (modulo
gauge transformations) by V; ;4 in Eq. (98) [57]. A circuit

99)

constructed out of matchgates acting on Lg qubits can be
written as

(100)

where & = (c1, ¢2, ..., ¢z,)" and H is an Lg x Lg Hermitian
matrix that we interpret as a Hamiltonian. In the eigenbasis of
H,HyY = ¢y (j=1,2,...,Lg) and Eq. (100) can be
written as

Lg
U=exp|—i) en;|. (101)
j=1

where n; = d}dj, and where d; = Zi":l(l///ﬁ”)*ck. The circuit
unitary (101) takes the same form as the many-body unitaries
of Eq. (3), although the ¢; are determined by the matchgate
parameters and circuit geometry.

With these considerations, we conjecture that there exist
ensembles of matchgate circuits whose form factors are given
by those of the single-particle circular ensembles. Here, we
construct such ensembles by using random matchgates with
symmetry properties appropriate to each circular ensemble
and numerically demonstrate their agreement with the results
of Secs. Il and I'V.

To realize the CUE (8 = 1), we construct circuits out of
independent random realizations of the gate V;;1; (98). A
random realization is generated by drawing the phase ¢y from
a uniform distribution over the range [—, ) and the 2 x 2
matrix # from the Haar measure over the two-dimensional uni-
tary group U(2). The condition det A = det B then uniquely
determines the phase ¢3. For simplicity, we assume Lg is even;
then a layer of the circuit is given by the brick layer unitary
(see Fig. 9)

Ly/2 Ly/2
Uiyer = [ [ Vamamsr [ | Vamt1.2m, (102)
m=1 m=1

where periodic boundary conditions are assumed. The one-
cycle unitary is then formed by d independently random
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FIG. 10. SFF of the depth-d circuit with the nearest-neighbor
matchgates corresponding to (a) the CUE (8 = 1), (b) COE (8 = 2),
and (c) CSE (B8 = 4). The numbers of qubits are Lg = L = 10 in
(a) and (b) and Lg =2L =10 in (c), and each data set for d =
1,2,4, 8 is obtained by averaging over 10° samples. In each panel,
crosses show the exact solution of the SFF for the CUE, COE, and
CSE obtained in Secs. III and IV.

iterations of Ulyer,

d
Ucve = [ Uiger (103)
=1
Per the Solovay-Kitaev theorem and related results for unitary
designs, we conjecture that this matchgate ensemble con-
verges to the single-particle CUE in the limitd — oo [58-60].
Figure 10(a) shows the SFF numerically calculated by av-
eraging the SFF of L{é’QE over 103 samples. As d increases,
the SFF approaches the exact solution obtained for the CUE

model in Sec. III. In contrast to circuits constructed from
completely random two-qubit gates, our U(l)-conserving
matchgates have the special structure of Eq. (100) and the
underlying fermions are noninteracting. Thus, the d — oo
limit yields circuits which explore the space of noninteracting
fermion systems whose single-particle states are described by
CUE statistics.

Next, we consider the COE (8 = 2) whose elements are
symmetric unitaries of the form U7 U It is then natural to use
our matchgate representation of CUE unitaries to define the
COE circuit

ué%)E = (u((;llJ)E)TUgJ)E’ (104)
which is shown in Fig. 9(b). The arrows indicate the flow of
time, so that the upper block is the transpose of the lower
block. Figure 10(b) shows the SFF obtained by numerical
sampling of Ucor averaged over 10° samples. As expected,
it approaches the SFF for the COE as d increases.

Finally, we consider the CSE (8 = 4) using a similar strat-
egy. To conform to the notation in Sec. IV A, we consider
circuits with Ly = 2L qubits. The CSE is an ensemble of uni-
tary matrices which are self-dual quaternions. Such unitaries
can be written as ETUTEU, where U is a CUE unitary and
E = ®;:1 (—i0y)2m—1,2m» Where oy is a Pauli matrix [49]. We
therefore define the following ensemble of circuits:

Use = € (USe) €U, (105)
L
g = 1_[ W2m—l,2my (106)
m=1
where
1 0 00
00 10
Wi,i-i-l = 0 =100 = (107)
0 0 01

i i+1

is a nonrandom gate. Note that Ué‘gz is defined as an Ly =

2L-qubit circuit [see Fig. 9(c)]. Figure 10(c) shows the SFF
of this ensemble obtained by averaging over 103 samples.
Clearly, as we increase the depth d, the SFF approaches the
CSE result. Thus, we obtain circuit realizations of the SFF for
single-particle random matrix statistics corresponding to each
of the CUE, COE, and CSE.

Before closing this section, we remark that the SFF of
a quantum circuit ensemble can be measured using the
Hadamard test [61]. This technique utilizes one ancillary qubit
to control a matchgate and allows us to measure the real
and imaginary parts of Tr(U') for a given set of random
parameters and various ¢, yielding the SFF after averaging
over many samples. Also, the SFF can be estimated with
randomized measurements without ancillary qubits [37,62].
Matchgate ensembles could thereby serve as an experimental
realization of single-particle random matrix statistics in quan-
tum simulators.
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VI. DISCUSSION AND CONCLUSION

In this work, we introduced methods which enable the
exact computation of SFFs in a class of noninteracting models
with spatially correlated disorder. While these models appear
fine-tuned at first glance, they are, in fact, representatives of a
generic class of models: noninteracting fermion systems with
random Hamiltonian parameters. We explored this connection
numerically in Sec. V by sampling the SFFs of random free
Hamiltonians and expect that this point of view will yield
further insights in future work.

Our results provide a comprehensive understanding of the
spectral statistics in noninteracting many-body systems with
Dyson statistics. For the single-particle CUE, we obtained
an exact closed form for the SFF, valid for any system size
L and integer time ¢, without using approximations of any
kind. The SFF exhibited a universal scaling collapse and
consisted of a sequence of exponential ramps whose growth
rates depend on the ratio # /L. For the single-particle COE and
CSE, we developed numerically exact transfer matrix methods
to compute their form factors. These approaches relied on a
moment expansion, which expressed the SFF in terms of cycle
contributions that can be evaluated without sampling.

A key finding of our work is that the exponential growth of
the many-body SFFs can be understood as a consequence of
the underlying single-particle random matrix statistics. This
is in contrast to the linear ramp behavior typically associ-
ated with many-body quantum chaos, where random matrix
universality emerges due to interactions. Our results thus
highlight a novel mechanism for the onset of random matrix
behavior in many-body systems, distinct from the usual inter-
acting scenarios.

From a technical perspective, our work introduces sev-
eral new tools for studying spectral statistics in many-body
systems. The moment expansion and dimer embedding tech-
niques developed for the CUE may find applications in related
many-body problems, while the transfer matrix methods for
the COE and CSE offer a powerful approach for systems
where exact solutions are not available. Adapting these tech-
niques to more general settings is an exciting avenue for future
research.

To bridge the gap between our noninteracting models
and realistic chaotic many-body systems, we constructed

ensembles of matchgate quantum circuits that mimic the
single-particle circular ensembles. These provide a practical
platform for investigating the crossover from single-particle to
many-body random matrix statistics and open the door to ex-
perimental realizations in quantum simulators. An interesting
future direction is to study the emergence of the many-body
linear ramp by gradually introducing interactions into these
matchgate circuits.

Our results also provide a baseline to analyze the
emergence of many-body random matrix universality from
single-particle states which exhibit random matrix statistics
themselves. A number of well-known models can be used
to study this crossover, such as the kicked Ising model with
one-step evolution

L L
0;
UKIM = exp |:—l E (JZ,’Z,url + EZ,>:| exp |:—lg E X,:| s
i=1 i=1
(108)

where the 9; are CUE quasienergies and Z;, X; are Pauli matri-
ces. The authors initiated study of the single-particle/many-
body crossover in this model in a companion paper [48], but
this study is far from exhaustive. We anticipate that further
developments in this direction are a rich avenue for future
research.
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