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Abstract
Let 𝐴 and 𝐵 be associative algebras over a field 𝐹 with
char(𝐹) ≠ 2. Our first main result states that if 𝐴 is uni-
tal and equal to its commutator ideal, then every Jordan
epimorphism𝜑 ∶ 𝐴 → 𝐵 is the sumof a homomorphism
and an antihomomorphism. Our second main result
concerns (not necessarily surjective) Jordan homomor-
phisms from 𝐻(𝐴, ∗) to 𝐵, where ∗ is an involution on
𝐴 and 𝐻(𝐴, ∗) = {𝑎 ∈ 𝐴 |𝑎∗ = 𝑎}. We show that there
exists a T-ideal 𝐺 having the following two properties:
(1) the Jordan homomorphism 𝜑 ∶ 𝐻(𝐺(𝐴), ∗) → 𝐵 can
be extended to an (associative) homomorphism, sub-
ject to the condition that the subalgebra generated by
𝜑(𝐻(𝐴, ∗)) has trivial annihilator, and (2) every element
of theT-ideal of identities of the algebra of 2 × 2matrices
is nilpotentmodulo𝐺. A similar statement is true for Jor-
dan homomorphisms from 𝐴 to 𝐵. A counter-example
shows that the assumption on trivial annihilator cannot
be removed.

MSC 2020
16W10, 17C50 (primary), 16W20, 16R10, 16R60, 17C05 (secondary)

1 INTRODUCTION

Let 𝐴 and 𝐵 be associative algebras over a field 𝐹 with char(𝐹) ≠ 2. Recall that a linear subspace
𝐽 of𝐴 that is closed under the Jordan product 𝑥◦𝑦 = 𝑥𝑦 + 𝑦𝑥 is called a special Jordan algebra. A
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linear mapping 𝜑 ∶ 𝐽 → 𝐵 is called a Jordan homomorphism if

𝜑(𝑥◦𝑦) = 𝜑(𝑥)◦𝜑(𝑦) (1.1)

for all 𝑥, 𝑦 ∈ 𝐽. We remark that while 𝐽 can be any special Jordan algebra in this definition, the
most studied and arguablymost important cases are when 𝐽 = 𝐴 and 𝐽 = 𝐻(𝐴, ∗), the latter being
the set of symmetric elements in the algebra𝐴with an involution ∗∶ 𝐴 → 𝐴. We will also confine
ourselves to these two cases.
The restrictions of (associative) homomorphisms and antihomomorphisms 𝐴 → 𝐵 to 𝐽 are

obviously Jordan homomorphisms. Finding conditions under which a Jordan homomorphism
𝐽 → 𝐵 arises from homomorphisms and antihomomorphisms is a classical problem that origi-
nated in the 1940–1950s in the works of Ancochea [2, 3], Kaplansky [15], Hua [9], Jacobson and
Rickart [12, 13], Kadison [14], and Herstein [8]. This problem is natural from the point of view of
the Jordan theory, and is independently important since Jordanhomomorphismsnaturally appear
in a variety of mathematical topics.
For more information about the history and background of the study of Jordan homomor-

phisms we refer the reader to [4, 5, 16, 18]. In the next few lines, we will briefly describe the results
from two papers [4, 16] that are relevant for our work.
In [21], the second author constructed the so-called “tetrad-eating” T-ideal 𝑇 of the free Jordan

algebra. In [16], McCrimmon showed that if 𝐽 is a unital special Jordan algebra such that 𝐽 = 𝑇(𝐽),
then all Jordan homomorphisms 𝐽 → 𝐵 are of the usual form.
In [4], the first author proved that if a Jordan homomorphism 𝜑 ∶ 𝐴 → 𝐵 has the property

that the ideal generated by all 𝜑(𝑥𝑦) − 𝜑(𝑥)𝜑(𝑦), 𝑥, 𝑦 ∈ 𝐴, has trivial intersection with the ideal
generated by all 𝜑(𝑥𝑦) − 𝜑(𝑦)𝜑(𝑥), 𝑥, 𝑦 ∈ 𝐴 (such a Jordan homomorphism is called splittable),
then the restriction of𝜑 to the commutator ideal𝐾(𝐴) (= the ideal generated by all commutators
[𝑥, 𝑦] = 𝑥𝑦 − 𝑦𝑥, 𝑥, 𝑦 ∈ 𝐴) has the usual form. The restriction to 𝐾(𝐴) is justified by examples.
We will extend the results from [4, 16] in two directions. To describe our results, we first

introduce some terminology.
We will refer to Jordan homomorphisms having the usual form as “standard”. To define this

precisely, we separate the case where 𝐽 = 𝐴 and the case where 𝐽 = 𝐻(𝐴, ∗).

(a) A Jordan homomorphism𝜑 ∶ 𝐴 → 𝐵 is standard if there exist a homomorphism𝜑1 ∶ 𝐴 → 𝐵

and an antihomomorphism 𝜑2 ∶ 𝐴 → 𝐵 such that

𝜑 = 𝜑1 + 𝜑2 and 𝜑1(𝐴)𝜑2(𝐴) = 𝜑2(𝐴)𝜑1(𝐴) = (0).

(b) A Jordan homomorphism 𝜑 ∶ 𝐻(𝐴, ∗) → 𝐵 is standard if it can be extended to a homomor-
phism from 𝐴 to 𝐵.

(Note that if Φ ∶ 𝐴 → 𝐵 is an antihomomorphism, then 𝑥 ↦ Φ(𝑥∗) is a homomorphism that
coincides with Φ on 𝐻(𝐴, ∗). That is why there are no antihomomorphisms in (b).)
In Section 2, we show that if 𝐴 is any unital algebra such that 𝐴 = 𝐾(𝐴), then every Jordan

homomorphism from 𝐴 onto an arbitrary algebra 𝐵 is standard (Theorem 2.10). Thus, unlike in
[4], no condition on𝜑 is required.Also, condition𝐴 = 𝑇(𝐴) from [16] obviously implies𝐴 = 𝐾(𝐴),
but not vice versa. Moreover, the final result of Section 2 (Corollary 2.14) gives some evidence that
condition 𝐴 = 𝐾(𝐴) is natural and in some sense optimal. We also mention that our method of
proof in Section 2 is different from those in [4, 16].
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For a subset 𝑆 of 𝐴, we write ⟨𝑆⟩ for the (associative) subalgebra of 𝐴 generated by 𝑆. In Sec-
tion 3, we prove the existence of a T-ideal 𝐺 such that every element of the T-ideal of identities
of the algebra of 2 × 2 matrices is nilpotent modulo 𝐺, and every Jordan homomorphism 𝐴 → 𝐵

(resp. 𝐻(𝐴, ∗) → 𝐵) is standard on 𝐺(𝐴) (resp. 𝐻(𝐺(𝐴), ∗)), provided that the subalgebra ⟨𝜑(𝐴)⟩
(resp. ⟨𝜑(𝐻(𝐴, ∗))⟩) has trivial annihilator (Theorem 3.1). The latter restriction on 𝜑 is very mild
and easy to handle compared to the restriction from [4] that 𝜑 is splittable, and, moreover, we
show that it is necessary (Proposition 3.12). Of course, the main difference and advantage when
compared with the result from [16] is that 𝐺(𝐴) (resp. 𝐻(𝐺(𝐴), ∗)) is not assumed to be equal to
𝐴 (resp.𝐻(𝐴, ∗)). As in [16], the main idea of the proof is to use the result from [21]. However, the
realization of this idea is somewhat different.

2 JORDANHOMOMORPHISMS ON ALGEBRAS EQUAL TO THEIR
COMMUTATOR IDEALS

In this section, we consider a Jordan homomorphism 𝜑 ∶ 𝐴 → 𝐵 where 𝐴 and 𝐵 are associative
algebras over a field 𝐹.
Recall our convention that char(𝐹) ≠ 2.We assume thiswithout furthermention. In someof the

results—specifically, in Lemmas 2.1, 2.3, 2.4, 2.6, and 2.7—this assumption actually is not needed.
Here, it should be mentioned that a Jordan homomorphism between algebras over a field with
characteristic 2 is defined as a linear map 𝜑 satisfying two conditions,

𝜑(𝑥2) = 𝜑(𝑥)2 and 𝜑(𝑥𝑦𝑥) = 𝜑(𝑥)𝜑(𝑦)𝜑(𝑥). (2.1)

In our setting where char(𝐹) ≠ 2 the first condition is readily equivalent to (1.1) and implies the
second condition since 𝑥𝑦𝑥 = 1

2
(𝑥◦(𝑦◦𝑥) − 𝑥2◦𝑦).

We will now record a few elementary observations regarding any Jordan homomorphism 𝜑 ∶

𝐴 → 𝐵. First, from (2.1) we infer that

𝜑(𝑥𝑦𝑧 + 𝑧𝑦𝑥) = 𝜑(𝑥)𝜑(𝑦)𝜑(𝑧) + 𝜑(𝑧)𝜑(𝑦)𝜑(𝑥) and 𝜑(𝑦𝑖) = 𝜑(𝑦)𝑖

for all 𝑖 ⩾ 1. Hence,

𝜑
(
𝑦𝑖𝑤𝑦𝑗 + 𝑦𝑗𝑤𝑦𝑖

)
= 𝜑(𝑦)𝑖𝜑(𝑤)𝜑(𝑦)𝑗 + 𝜑(𝑦)𝑗𝜑(𝑤)𝜑(𝑦)𝑖

and therefore

𝜑

(
𝑚∑

𝑖=0

𝑦𝑖𝑤𝑦𝑚−𝑖

)
=

𝑚∑
𝑖=0

𝜑(𝑦)𝑖𝜑(𝑤)𝜑(𝑦)𝑚−𝑖 (2.2)

for every 𝑚 ∈ ℕ.
Another standard equation,

𝜑([𝑥, [𝑢, 𝑣]]) = [𝜑(𝑥), [𝜑(𝑢), 𝜑(𝑣)]], (2.3)

is an immediate consequence of
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4 of 24 BREŠAR and ZELMANOV

[𝑥, [𝑢, 𝑣]] = (𝑥◦𝑢)◦𝑣 − (𝑥◦𝑣)◦𝑢. (2.4)

Take 𝑢, 𝑣 ∈ 𝐴 and write

𝑎 = 𝜑(𝑢𝑣) − 𝜑(𝑢)𝜑(𝑣) and 𝑏 = 𝜑(𝑢𝑣) − 𝜑(𝑣)𝜑(𝑢). (2.5)

The following two equations are less obvious but also well known:

𝑎𝑏 = 𝑏𝑎 = 0 (2.6)

and

𝑎𝜑(𝑥)𝑏 + 𝑏𝜑(𝑥)𝑎 = 0 (2.7)

for every 𝑥 ∈ 𝐴. The first one was discovered in [12] and the second one in [20].

Lemma 2.1. Let 𝜑 ∶ 𝐴 → 𝐵 be a Jordan homomorphism. Let 𝑢, 𝑣 ∈ 𝐴 and write 𝑦 = [𝑢, 𝑣], 𝑦̃ =

[𝜑(𝑢), 𝜑(𝑣)]. Then

𝜑([𝑥, 𝑦𝑛]) = [𝜑(𝑥), 𝜑(𝑦)𝑛−1𝑦̃]

for all 𝑥 ∈ 𝐴 and all 𝑛 ∈ ℕ ⧵ {2}.

Proof. By (2.2), we have

𝜑([𝑥, 𝑦𝑛]) = 𝜑

(
𝑛−1∑
𝑖=0

𝑦𝑖[𝑥, 𝑦]𝑦𝑛−𝑖−1

)
=

𝑛−1∑
𝑖=0

𝜑(𝑦)𝑖𝜑([𝑥, 𝑦])𝜑(𝑦)𝑛−𝑖−1. (2.8)

From (2.3) we see that 𝜑([𝑥, 𝑦]) = [𝜑(𝑥), 𝑦̃], that is, the assertion of the lemma is true for 𝑛 = 1.
Hence, (2.8) becomes

𝜑([𝑥, 𝑦𝑛]) =

𝑛−1∑
𝑖=0

𝜑(𝑦)𝑖[𝜑(𝑥), 𝑦̃]𝜑(𝑦)𝑛−𝑖−1. (2.9)

Using the notation introduced in (2.5), we have

𝑏 − 𝑎 = [𝜑(𝑢), 𝜑(𝑣)] = 𝑦̃,

𝑏 + 𝑎 = 2𝜑(𝑢𝑣) − 𝜑(𝑢◦𝑣) = 𝜑(𝑦).

In light of (2.6), we see that

𝜑(𝑦)𝑘 = (𝑏 + 𝑎)𝑘 = 𝑏𝑘 + 𝑎𝑘,

𝜑(𝑦)𝑘𝑦̃ = 𝑦̃𝜑(𝑦)𝑘 = (𝑏𝑘 + 𝑎𝑘)(𝑏 − 𝑎) = (𝑏 − 𝑎)(𝑏𝑘 + 𝑎𝑘) = 𝑏𝑘+1 − 𝑎𝑘+1

for every 𝑘 ⩾ 1.
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JORDAN HOMOMORPHISMS AND T-IDEALS 5 of 24

Assume now that 𝑛 ⩾ 3. We can rewrite (2.9) as

𝜑([𝑥, 𝑦𝑛]) =[𝜑(𝑥), (𝑏 − 𝑎)](𝑏𝑛−1 + 𝑎𝑛−1)

+

𝑛−2∑
𝑖=1

(𝑏𝑖 + 𝑎𝑖)[𝜑(𝑥), (𝑏 − 𝑎)]
(
𝑏𝑛−𝑖−1 + 𝑎𝑛−𝑖−1

)
+ (𝑏𝑛−1 + 𝑎𝑛−1)[𝜑(𝑥), (𝑏 − 𝑎)]

=𝜑(𝑥)(𝑏𝑛 − 𝑎𝑛) − (𝑏 − 𝑎)𝜑(𝑥)
(
𝑏𝑛−1 + 𝑎𝑛−1

)
+

𝑛−2∑
𝑖=1

(𝑏𝑖 + 𝑎𝑖)𝜑(𝑥)
(
𝑏𝑛−𝑖 − 𝑎𝑛−𝑖

)
−

𝑛−2∑
𝑖=1

(𝑏𝑖+1 − 𝑎𝑖+1)𝜑(𝑥)
(
𝑏𝑛−𝑖−1 + 𝑎𝑛−𝑖−1

)
+
(
𝑏𝑛−1 + 𝑎𝑛−1

)
𝜑(𝑥)(𝑏 − 𝑎) − (𝑏𝑛 − 𝑎𝑛)𝜑(𝑥).

Observe that (2.6) and (2.7) imply

𝑏𝑗𝜑(𝑥)𝑎𝑛−𝑗 = 𝑎𝑗𝜑(𝑥)𝑏𝑛−𝑗 = 0, 1 ⩽ 𝑗 ⩽ 𝑛 − 1.

Using this together with 𝑏𝑛 − 𝑎𝑛 = 𝜑(𝑦)𝑛−1𝑦̃, it follows that

𝜑([𝑥, 𝑦𝑛]) −
[
𝜑(𝑥), 𝜑(𝑦)𝑛−1𝑦̃

]
=𝑎𝜑(𝑥)𝑎𝑛−1 −

𝑛−2∑
𝑖=1

𝑎𝑖𝜑(𝑥)𝑎𝑛−𝑖 +

𝑛−2∑
𝑖=1

𝑎𝑖+1𝜑(𝑥)𝑎𝑛−𝑖−1 − 𝑎𝑛−1𝜑(𝑥)𝑎

− 𝑏𝜑(𝑥)𝑏𝑛−1 +

𝑛−2∑
𝑖=1

𝑏𝑖𝜑(𝑥)𝑏𝑛−𝑖 −

𝑛−2∑
𝑖=1

𝑏𝑖+1𝜑(𝑥)𝑏𝑛−𝑖−1 + 𝑏𝑛−1𝜑(𝑥)𝑏

=0,

as desired. □

We continue by introducing an auxiliary notion that will naturally appear in what follows. We
will say that a Jordan homomorphism 𝜑 ∶ 𝐴 → 𝐵 is nearly-standard if there exists mappings
𝜑1, 𝜑2 ∶ 𝐴 → 𝐵 such that

𝜑 = 𝜑1 + 𝜑2 and 𝜑(𝑥𝑦) = 𝜑(𝑥)𝜑1(𝑦) + 𝜑2(𝑦)𝜑(𝑥) (2.10)

for all 𝑥, 𝑦 ∈ 𝐴 (we are not assuming that 𝜑1 is a homomorphism and 𝜑2 an antihomomorphism).
Observe that a standard Jordan homomorphism is nearly-standard. If 𝐴 is commutative, then

every Jordan homomorphism on 𝐴 is automatically nearly-standard (with 𝜑1 = 𝜑2 =
𝜑

2
), but

not always standard, as we will see in Example 2.12. An example of a noncommutative algebra
𝐴 and a non-standard but nearly-standard Jordan homomorphism 𝜑 ∶ 𝐴 → 𝐵 will be given in
Example 2.13.
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6 of 24 BREŠAR and ZELMANOV

Lemma 2.2. If an algebra𝐴 is equal to the linear span of its commutators and their 𝑛th powers for
𝑛 ⩾ 3, then every Jordan homomorphism 𝜑 ∶ 𝐴 → 𝐵, where 𝐵 is any 𝐹-algebra, is nearly-standard.

Proof. FromLemma 2.1, we see that our assumption on𝐴 implies that there is a function𝜓 ∶ 𝐴 →

𝐵 such that

𝜑([𝑥, 𝑦]) = [𝜑(𝑥), 𝜓(𝑦)]

for all 𝑥, 𝑦 ∈ 𝐴. Since 𝑥𝑦 = 1

2
𝑥◦𝑦 + 1

2
[𝑥, 𝑦],

𝜑1 =
1

2
(𝜑 + 𝜓) and 𝜑2 =

1

2
(𝜑 − 𝜓)

satisfy (2.10). □

Our next goal is to replace the assumption on𝐴 in Lemma 2.2 by amore transparent assumption
that𝐴 is unital and equal to its commutator ideal𝐾(𝐴) (Proposition 2.5). To this end, we need two
lemmas.

Lemma 2.3. Let 𝑛 ∈ ℕ be such that char(𝐹) does not divide 𝑛. If a linear subspace𝑉 of an algebra𝐴

contains all commutators and their𝑛th powers, then𝑉 contains the ideal of𝐴 generated by elements[
𝑢,

∑
𝜎∈𝑆𝑛−1

[𝑢, 𝑣𝜎(1)]⋯ [𝑢, 𝑣𝜎(𝑛−1)]

]
,

𝑢, 𝑣1, … , 𝑣𝑛−1 ∈ 𝐴.

Proof. By assumption, [𝑢, 𝑣]𝑛 ∈ 𝑉 for all 𝑢, 𝑣 ∈ 𝐴. Linearizing in 𝑣, we obtain∑
𝜎∈𝑆𝑛

[𝑢, 𝑣𝜎(1)]⋯ [𝑢, 𝑣𝜎(𝑛)] ∈ 𝑉 (2.11)

for all 𝑢, 𝑣1, … , 𝑣𝑛 ∈ 𝐴. Write 𝑤 = 𝑣𝑛 and

𝑣𝑛−1 =
∑

𝜎∈𝑆𝑛−1

[𝑢, 𝑣𝜎(1)]⋯ [𝑢, 𝑣𝜎(𝑛−1)].

Since 𝑉 contains the commutators, (2.11) implies 𝑛[𝑢, 𝑤]𝑣𝑛−1 ∈ 𝑉, and therefore

[𝑢, 𝑤]𝑣𝑛−1 ∈ 𝑉

by the characteristic assumption. Consequently, for any 𝑢, 𝑤, 𝑣𝑖 ∈ 𝐴,

𝑤[𝑢, 𝑣𝑛−1] = [𝑢, 𝑤𝑣𝑛−1] − [𝑢, 𝑤]𝑣𝑛−1 ∈ 𝑉,

and hence also

𝑤[𝑢, 𝑣𝑛−1]𝑧 = [𝑤[𝑢, 𝑣𝑛−1], 𝑧] + (𝑧𝑤)[𝑢, 𝑣𝑛−1] ∈ 𝑉
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JORDAN HOMOMORPHISMS AND T-IDEALS 7 of 24

for all 𝑢, 𝑤, 𝑧, 𝑣𝑖 ∈ 𝐴. This proves the lemma. □

Let 𝑋 = {𝑥1, 𝑥2, … } and let 𝐹⟨𝑋⟩ be the free algebra on the set 𝑋. For an element 𝑓 ∈ 𝐹⟨𝑋⟩, let
(𝑓)T denote the T-ideal generated by 𝑓, that is, (𝑓)T = 𝐹⟨𝑋⟩𝑓(𝐹⟨𝑋⟩)𝐹⟨𝑋⟩.
We call a T-ideal 𝑇 of 𝐹⟨𝑋⟩ a nonmatrix commutator T-ideal if 𝑇 ⊆ ([𝑥1, 𝑥2])

T and
𝑇(𝑀2(𝐹)) ≠ (0). We also assume that for any of its elements, 𝑇 also contains all its partial
linearizations. This automatically holds if the field 𝐹 is infinite.

Lemma 2.4. Let 𝑇1, 𝑇2 be two nonmatrix commutator T-ideals. If 𝐴 is any unital algebra, then
𝐴 = 𝑇1(𝐴) if and only if 𝐴 = 𝑇2(𝐴).

Proof. Without loss of generality, we may assume that the field 𝐹 is algebraically closed and
card(𝐹) > dim𝐹(𝐴).
Let𝐴 = 𝑇1(𝐴). Consider the factor algebra𝐴 = 𝐴∕𝑇2(𝐴). Our goal is to show that𝐴 = (0). We

remark that 𝐴 = 𝑇1(𝐴).
Let𝐴

′
be a primitive homomorphic image of𝐴. ByKaplansky’s theorem (see, e.g., [19, Corollary

23.31]), 𝐴
′
≅ 𝑀𝑘(𝐷) where 𝐷 is a finite-dimensional division algebra over 𝑍(𝐷). Since card(𝐹) >

dim𝐹(𝐷) and the field 𝐹 is algebraically closed, 𝐷 = 𝐹 by the result by Amitsur (see, e.g., [19,
Corollary 15A.8]). The algebra 𝑀𝑘(𝐹) satisfies all identities from 𝑇2. Hence, 𝑘 = 1 and 𝐴

′
≅ 𝐹.

Let 𝐽(𝐴) be the Jacobson radical of the algebra 𝐴. We showed that the factor algebra 𝐴∕𝐽(𝐴)

is commutative. Now, 𝐴 = 𝑇1(𝐴) and 𝑇1 ⊆ ([𝑥1, 𝑥2])
T imply 𝐴 = 𝐽(𝐴). Since 1 ∈ 𝐴 we conclude

that 𝐴 = (0), as desired. □

Proposition 2.5. If 𝐴 is a unital algebra such that 𝐴 = 𝐾(𝐴), then every Jordan homomorphism
𝜑 ∶ 𝐴 → 𝐵, where 𝐵 is any 𝐹-algebra, is nearly-standard.

Proof. Note that

𝑇1 =

([
𝑥4,

∑
𝜎∈𝑆3

[𝑥4, 𝑥𝜎(1)]⋯ [𝑥4, 𝑥𝜎(3)]

])T

is a nonmatrix commutator T-ideal. Obviously, so is 𝑇2 = ([𝑥1, 𝑥2])
T. Lemma 2.4 thus shows

that 𝐴 = 𝐾(𝐴) = 𝑇2(𝐴) implies 𝐴 = 𝑇1(𝐴). The 𝑛 = 4 case of Lemma 2.3 further shows that in
this case 𝐴 is equal to the linear span of commutators and their 4th powers. We can now apply
Lemma 2.2. □

Our next goal is to provide conditions under which nearly-standard Jordan homomorphisms
are standard. We need the following definition.
Let 𝐵 be an algebra. A mapping Δ ∶ 𝐵 × 𝐵 → 𝐵 is called a biderivation if it is a derivation in

each argument. A biderivation Δ is said to be inner if there exists an element 𝜆 ∈ 𝑍(𝐵) such that

Δ(𝑟, 𝑠) = 𝜆[𝑟, 𝑠]

for all 𝑟, 𝑠 ∈ 𝐵.
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8 of 24 BREŠAR and ZELMANOV

Lemma 2.6. Let 𝐵 be a unital algebra such that every biderivation of 𝐵 is inner and for every 𝛼 ∈

𝑍(𝐵), 𝛼[[𝐵, 𝐵], 𝐵] = (0) implies 𝛼 = 0. Then, every nearly-standard Jordan isomorphism 𝜑 ∶ 𝐴 →

𝐵, where𝐴 is any algebra, is standard. Moreover, there exists an idempotent 𝜀 ∈ 𝑍(𝐵) such that 𝑥 ↦

𝜀𝜑(𝑥) is a homomorphism and 𝑥 ↦ (1 − 𝜀)𝜑(𝑥) is an antihomomorphism.

Proof. Let 𝜑1 and 𝜑2 be mappings satisfying

𝜑 = 𝜑1 + 𝜑2 and 𝜑(𝑥𝑦) = 𝜑(𝑥)𝜑1(𝑦) + 𝜑2(𝑦)𝜑(𝑥).

These equations imply

𝜑(𝑥𝑦) − 𝜑(𝑥)𝜑(𝑦) = [𝜑2(𝑦), 𝜑(𝑥)].

Replacing the roles of 𝑥 and 𝑦, we obtain

𝜑(𝑦𝑥) − 𝜑(𝑦)𝜑(𝑥) = [𝜑2(𝑥), 𝜑(𝑦)].

The sum of the left-hand sides is 0 since 𝜑 is a Jordan homomorphism. Therefore,

[𝜑(𝑥), 𝜑2(𝑦)] = [𝜑2(𝑥), 𝜑(𝑦)].

Here, 𝑥 and 𝑦 are arbitrary elements in 𝐴. Writing 𝑟 = 𝜑(𝑥) and 𝑠 = 𝜑(𝑦), we obtain

[𝑟, 𝜑2(𝜑
−1(𝑠))] = [𝜑2(𝜑

−1(𝑟)), 𝑠]

for all 𝑟, 𝑠 ∈ 𝐵. The mapping (𝑟, 𝑠) ↦ [𝑟, 𝜑2(𝜑
−1(𝑠))] is therefore a biderivation of 𝐵. By

assumption, there exists a 𝜆 ∈ 𝑍(𝐵) such that

[𝑟, 𝜑2(𝜑
−1(𝑠))] = 𝜆[𝑟, 𝑠]

for all 𝑟, 𝑠 ∈ 𝐵. Hence,

𝜑2(𝜑
−1(𝑠)) − 𝜆𝑠 ∈ 𝑍(𝐵)

for every 𝑠 ∈ 𝐵. Writing 𝑠 = 𝜑(𝑦) and

𝜇(𝑦) = 𝜑2(𝑦) − 𝜆𝜑(𝑦),

we see that 𝜇(𝑦) ∈ 𝑍(𝐵) for every 𝑦 ∈ 𝐴. Since 𝜑 = 𝜑1 + 𝜑2, we have

𝜑1(𝑦) = (1 − 𝜆)𝜑(𝑦) − 𝜇(𝑦).

Set 𝜀 = 1 − 𝜆 and note that 𝜑(𝑥𝑦) = 𝜑(𝑥)𝜑1(𝑦) + 𝜑2(𝑦)𝜑(𝑥) can now be written as

𝜑(𝑥𝑦) = 𝜀𝜑(𝑥)𝜑(𝑦) + (1 − 𝜀)𝜑(𝑦)𝜑(𝑥) (2.12)
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JORDAN HOMOMORPHISMS AND T-IDEALS 9 of 24

for all 𝑥, 𝑦 ∈ 𝐴. Consequently,

𝜑(𝑥𝑦𝑧) =𝜑(𝑥(𝑦𝑧))

=𝜀𝜑(𝑥)𝜑(𝑦𝑧) + (1 − 𝜀)𝜑(𝑦𝑧)𝜑(𝑥)

=𝜀2𝜑(𝑥)𝜑(𝑦)𝜑(𝑧) + 𝜀(1 − 𝜀)𝜑(𝑥)𝜑(𝑧)𝜑(𝑦)

+ 𝜀(1 − 𝜀)𝜑(𝑦)𝜑(𝑧)𝜑(𝑥) + (1 − 𝜀)2𝜑(𝑧)𝜑(𝑦)𝜑(𝑥).

On the other hand,

𝜑(𝑥𝑦𝑧) =𝜑((𝑥𝑦)𝑧)

=𝜀𝜑(𝑥𝑦)𝜑(𝑧) + (1 − 𝜀)𝜑(𝑧)𝜑(𝑥𝑦)

=𝜀2𝜑(𝑥)𝜑(𝑦)𝜑(𝑧) + 𝜀(1 − 𝜀)𝜑(𝑦)𝜑(𝑥)𝜑(𝑧)

+ 𝜀(1 − 𝜀)𝜑(𝑧)𝜑(𝑥)𝜑(𝑦) + (1 − 𝜀)2𝜑(𝑧)𝜑(𝑦)𝜑(𝑥).

Comparing both expressions, we obtain

𝜀(1 − 𝜀)[[𝜑(𝑥), 𝜑(𝑧)], 𝜑(𝑦)] = 0

for all 𝑥, 𝑦, 𝑧 ∈ 𝐴. By our assumption, this implies 𝜀(1 − 𝜀) = 0. Thus, 𝜀 is a central idempotent.
Now, multiplying (2.12) by 𝜀 we see that 𝑥 ↦ 𝜀𝜑(𝑥) is a homomorphism, andmultiplying (2.12) by
1 − 𝜀 we see that 𝑥 ↦ (1 − 𝜀)𝜑(𝑥) is an antihomomorphism. □

We need three more lemmas to obtain the main result of this section. The first one is known
from the theory of functional identities, see [5, Example 1.5].

Lemma 2.7. If 𝐵 is a unital algebra such that 𝐵 = 𝐾(𝐵), then every biderivation of 𝐵 is inner.

The second lemma is a byproduct of Lemma 2.4.

Lemma 2.8. If 𝐴 is a unital algebra such that 𝐴 = 𝐾(𝐴), then 𝐴 = [[𝐴, 𝐴], 𝐴]◦𝐴.

Proof. Let 𝑇1 = ([[𝑥1, 𝑥2], 𝑥3])
T. Clearly, 𝑇1 is a nonmatrix commutator T-ideal. Hence by

Lemma 2.4, 𝑇1(𝐴) = 𝐴, that is, 𝐴[[𝐴, 𝐴], 𝐴]𝐴 = 𝐴. Since [[𝐴, 𝐴], 𝐴] is a Lie ideal (i.e.,
[[[𝐴, 𝐴], 𝐴], 𝐴] ⊆ [[𝐴, 𝐴], 𝐴]), we canwrite this as𝐴 = [[𝐴, 𝐴], 𝐴]𝐴. Using char(𝐹) ≠ 2, it follows
that

𝐴 = [[[𝐴, 𝐴], 𝐴], 𝐴] + [[𝐴, 𝐴], 𝐴]◦𝐴.

The first term lies in [[𝐴, 𝐴], 𝐴], and hence 𝐴 = [[𝐴, 𝐴], 𝐴]◦𝐴. □

The third lemma is about Jordan ideals of associative algebras; recall that these are linear
subspaces 𝐽 of 𝐴 satisfying 𝐽◦𝐴 ⊆ 𝐽.
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10 of 24 BREŠAR and ZELMANOV

Lemma 2.9. If 𝐴 is a unital algebra such that 𝐴 = 𝐾(𝐴), then every Jordan ideal of 𝐴 is an ideal.

Proof. By [6, Corollary 2.2], it is enough to show that 𝐴 coincides with the subalgebra ⟨[𝐴, 𝐴]⟩
generated by [𝐴, 𝐴]. As noticed in the proof of the preceding lemma, to this end it suffices to
show that ⟨[𝐴, 𝐴]⟩ contains the ideal 𝐴[[𝐴, 𝐴], 𝐴]𝐴 = [[𝐴, 𝐴], 𝐴]𝐴—and this is true as we see
from [[𝑥, 𝑦], 𝑧]𝑤 = [[𝑥, 𝑦]𝑤, 𝑧] − [𝑥, 𝑦][𝑤, 𝑧]. □

Theorem 2.10. If 𝐴 is a unital algebra such that 𝐴 = 𝐾(𝐴), then every Jordan epimorphism 𝜑 ∶

𝐴 → 𝐵, where 𝐵 is any 𝐹-algebra, is standard. Moreover, there exists an idempotent 𝜀 ∈ 𝑍(𝐵) such
that 𝑥 ↦ 𝜀𝜑(𝑥) is a homomorphism and 𝑥 ↦ (1 − 𝜀)𝜑(𝑥) is an antihomomorphism.

Proof. Lemma 2.9 implies that ker 𝜑 is an ideal of 𝐴. Therefore, 𝜑 induces a Jordan isomorphism
from the algebra 𝐴∕ ker 𝜑 onto the algebra 𝐵. Since 𝐴∕ ker 𝜑 is also unital and coincides with its
commutator ideal, wemay assumewithout loss of generality that𝜑 itself is a Jordan isomorphism.
Proposition 2.5 tells us that 𝜑 is nearly-standard. It is therefore enough to show that 𝐵 satisfies

the assumptions of Lemma 2.6.
First, note that 𝐵 is also unital [12, Corollary 3]. Since 𝐴 = [[𝐴, 𝐴], 𝐴]◦𝐴 by Lemma 2.8 and

since (2.4) shows that 𝜑 satisfies

𝜑([[𝑎1, 𝑎2], 𝑎3]◦𝑎4) = [[[𝜑(𝑎1), 𝜑(𝑎2)], 𝜑(𝑎3)]◦𝜑(𝑎4),

wehave𝐵 = [[𝐵, 𝐵], 𝐵]◦𝐵. In particular,𝐵 = 𝐾(𝐵), so Lemma 2.7 tells us that every biderivation of
𝐵 is inner. Finally, 𝐵 = [[𝐵, 𝐵], 𝐵]◦𝐵 also shows that the second assumption of Lemma 2.6 holds.
This completes the proof of the theorem. □

We leave as an open question whether the assumption that 𝜑 is surjective is necessary.
As the algebra 𝐵 is arbitrary, we can rephrase this assumption as that the image of 𝜑 is an
associative algebra.
Our aim in the rest of the section is to show that the basic assumption of Proposition 2.5 and

Theorem 2.10 that 𝐴 = 𝐾(𝐴) is, from a certain viewpoint, close to necessary. We start with a
proposition providing conditions for the existence of non-standard Jordan homomorphisms. It
was inspired by [12, Example 1].

Proposition 2.11. Let 𝐴 be a unital algebra, let 𝑑 and g be derivations of 𝐴, let 𝐽 be an ideal of
𝐴 and 𝜋 ∶ 𝐴 → 𝐴∕𝐽 be the natural projection. Then, 𝐵 = 𝐴 × 𝐴∕𝐽 becomes an associative algebra
under componentwise linear structure and multiplication given by

(𝑥, 𝑢) ⋆ (𝑦, 𝑣) = (𝑥𝑦, 𝜋(𝑑(𝑥)g(𝑦)) + 𝜋(𝑥)𝑣 + 𝑢𝜋(𝑦)).

If

[g(𝑥), 𝑑(𝑥)] ∈ 𝐽 for all 𝑥 ∈ 𝐴,

then 𝜑 ∶ 𝐴 → 𝐵,

𝜑(𝑥) =
(
𝑥,

1

2
𝜋((𝑑g)(𝑥))

)
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JORDAN HOMOMORPHISMS AND T-IDEALS 11 of 24

is a Jordan homomorphism. Moreover, if there exist 𝑠, 𝑡 ∈ 𝐴 such that

g(𝑠)𝑑(𝑡) − 𝑑(𝑠)g(𝑡) ∉ 𝐽,

then 𝜑 is not standard.

Proof. Note first that ⋆ is an associative operation, so 𝐵 is indeed an algebra. It is straightforward
to check that 𝜑 is a Jordan homomorphism if [g(𝑥), 𝑑(𝑥)] ∈ 𝐽 for every 𝑥 ∈ 𝐴.
Assume that 𝜑 is standard, that is, 𝜑 = 𝜑1 + 𝜑2 where 𝜑1 ∶ 𝐴 → 𝐵 is a homomorphism, 𝜑2 ∶

𝐴 → 𝐵 is an antihomomorphism, and 𝜑1(𝐴) ⋆ 𝜑2(𝐴) = 𝜑2(𝐴) ⋆ 𝜑1(𝐴) = (0). Write

𝜑1(𝑥) = (𝜓1(𝑥), 𝜃1(𝑥)) and 𝜑2(𝑥) = (𝜓2(𝑥), 𝜃2(𝑥)),

where 𝜓𝑖 ∶ 𝐴 → 𝐴, 𝜃𝑖 ∶ 𝐴 → 𝐴∕𝐽, 𝑖 = 1, 2. It is immediate that 𝜓1 is a homomorphism of𝐴, 𝜓2 is
an antihomomorphism of 𝐴, 𝜓1(𝐴)𝜓2(𝐴) = 𝜓2(𝐴)𝜓1(𝐴) = (0), and

𝑥 = 𝜓1(𝑥) + 𝜓2(𝑥),
1

2
𝜋((𝑑g)(𝑥)) = 𝜃1(𝑥) + 𝜃2(𝑥)

for every 𝑥 ∈ 𝐴. In particular, 1 = 𝑒 + 𝑓 where 𝑒 = 𝜓1(1) and 𝑓 = 𝜓2(1). Obviously, 𝑒 and 𝑓 are
orthogonal idempotents and

𝜓1(𝑥) = 𝜓1(𝑥)𝑒 = 𝑒𝜓1(𝑥), 𝜓2(𝑥) = 𝜓2(𝑥)𝑓 = 𝑓𝜓2(𝑥).

From (𝑥 − 𝜓1(𝑥))𝑒 = 𝜓2(𝑥)𝜓1(1) = 0, we see that 𝜓1(𝑥) = 𝑥𝑒. Similarly, 𝜓1(𝑥) = 𝑒𝑥, so 𝑒 is a
central idempotent. Accordingly, 𝜓2(𝑥) = 𝑓𝑥 and, since 𝜓2 is an antihomomorphism, 𝑓𝐴 is a
commutative ideal of 𝐴.
As derivations send central idempotents to 0, it follows from 𝜑1(1) ⋆ 𝜑2(𝑥) = 0 that

𝜋(𝑒)𝜃2(𝑥) + 𝜃1(1)𝜋(𝑓)𝜋(𝑥) = 0.

Multiplying by 𝜋(𝑒) we obtain 𝜋(𝑒)𝜃2(𝑥) = 0. Therefore, 𝜃2(𝑥) = 𝜋(𝑓)𝜃2(𝑥). Similarly, 𝜃1(𝑥) =

𝜋(𝑒)𝜃1(𝑥). Consequently,

𝜋(𝑒)𝜃1(𝑥) + 𝜋(𝑓)𝜃2(𝑥) =
1

2
𝜋((𝑑g)(𝑥)). (2.13)

Now take any 𝑠, 𝑡 ∈ 𝐴. Our goal is to show that g(𝑠)𝑑(𝑡) − 𝑑(𝑠)g(𝑡) ∈ 𝐽. To this end, consider
𝜑(𝑠𝑡). On one hand,

𝜑(𝑠𝑡) =
(
𝑠𝑡,

1

2
𝜋((𝑑g)(𝑠𝑡))

)
=
(
𝑠𝑡,

1

2
𝜋((𝑑g)(𝑠))𝜋(𝑡) +

1

2
𝜋(𝑑(𝑠)g(𝑡)) +

1

2
𝜋(g(𝑠)𝑑(𝑡)) +

1

2
𝜋(𝑠)𝜋((𝑑g)(𝑡))

)
.

On the other hand,

𝜑(𝑠𝑡) =𝜑1(𝑠𝑡) + 𝜑2(𝑠𝑡) = 𝜑1(𝑠) ⋆ 𝜑1(𝑡) + 𝜑2(𝑡) ⋆ 𝜑2(𝑠)
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12 of 24 BREŠAR and ZELMANOV

=
(
𝑒𝑠, 𝜃1(𝑠)) ⋆ (𝑒𝑡, 𝜃1(𝑡)) + (𝑓𝑡, 𝜃2(𝑡)) ⋆ (𝑓𝑠, 𝜃2(𝑠)

)
.

Using the commutativity of 𝜋(𝑓)𝐴∕𝐽 and the fact that 𝑑 and g vanish on central idempotents 𝑒

and 𝑓, it follows that

𝜑(𝑠𝑡) =
(
𝑒𝑠𝑡, 𝜋(𝑒𝑑(𝑠)g(𝑡)) + 𝜋(𝑒)𝜋(𝑠)𝜃1(𝑡) + 𝜋(𝑒)𝜃1(𝑠)𝜋(𝑡)

)
+
(
𝑓𝑠𝑡, 𝜋(𝑓g(𝑠)𝑑(𝑡)) + 𝜋(𝑓)𝜃2(𝑠)𝜋(𝑡) + 𝜋(𝑓)𝜋(𝑠)𝜃2(𝑡)

)
=
(
𝑠𝑡, 𝜋(𝑒𝑑(𝑠)g(𝑡)) + 𝜋(𝑓g(𝑠)𝑑(𝑡))

+ 𝜋(𝑠)(𝜋(𝑒)𝜃1(𝑡) + 𝜋(𝑓)𝜃2(𝑡)) + (𝜋(𝑒)𝜃1(𝑠) + 𝜋(𝑓)𝜃2(𝑠))𝜋(𝑡)
)
.

Comparing both expressions and using (2.13), we obtain

1

2
𝑑(𝑠)g(𝑡) +

1

2
g(𝑠)𝑑(𝑡) − 𝑒𝑑(𝑠)g(𝑡) − 𝑓g(𝑠)𝑑(𝑡) ∈ 𝐽.

Multiplying by 𝑒, it follows that

𝑒(g(𝑠)𝑑(𝑡) − 𝑑(𝑠)g(𝑡)) ∈ 𝐽,

and multiplying by 𝑓, it follows that

𝑓(g(𝑠)𝑑(𝑡) − 𝑑(𝑠)g(𝑡)) ∈ 𝐽.

As 𝑒 + 𝑓 = 1, the desired conclusion follows. □

Example 2.12. Proposition 2.11 shows that all we need for the existence of a non-standard Jordan
homomorphism from a commutative algebra 𝐴 to some algebra 𝐵 is a pair of derivations 𝑑, g of
𝐴 that satisfy g(𝑠)𝑑(𝑡) ≠ 𝑑(𝑠)g(𝑡) for some 𝑠, 𝑡 ∈ 𝐴. Concrete examples can be easily found. As
already mentioned above, such Jordan homomorphisms are automatically nearly-standard.

Let us also give an example of a non-standard but nearly-standard Jordan homomorphism on
a noncommutative algebra.

Example 2.13. Let 𝐴 be the Grassmann algebra on 𝑛 generators 𝑒1, … , 𝑒𝑛, where 𝑛 ⩾ 4. For any
𝑎, 𝑏, 𝑥 ∈ 𝐴, we have

[𝑎, 𝑥][𝑏, 𝑥] = [𝑏, [𝑎𝑥, 𝑥]] − [𝑏, [𝑎, 𝑥]]𝑥.

Since [[𝐴, 𝐴], 𝐴] = (0), this gives [𝑎, 𝑥][𝑏, 𝑥] = 0. Thus, every pair of inner derivations 𝑑 and g

satisfies

𝑑(𝑥)g(𝑥) = 0 = g(𝑥)𝑑(𝑥)

for every 𝑥 ∈ 𝐴. Taking 𝑑(𝑥) = [𝑒1, 𝑥] and g(𝑥) = [𝑒2, 𝑥], we have

g(𝑒3)𝑑(𝑒4) − 𝑑(𝑒3)g(𝑒4) = 8𝑒1𝑒2𝑒3𝑒4 ≠ 0.
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JORDAN HOMOMORPHISMS AND T-IDEALS 13 of 24

Therefore, 𝑑 and g satisfy conditions of Proposition 2.11 (for 𝐽 = (0)). Since 𝑑g = 0,𝜑(𝑥) = (𝑥, 0) is
a Jordan homomorphism that is not standard. However, 𝜑 is nearly-standard. Indeed, the maps

𝜑1(𝑥) = (𝑥, 𝑒1[𝑒2, 𝑥]) and 𝜑2(𝑥) = (0, −𝑒1[𝑒2, 𝑥])

satisfy 𝜑 = 𝜑1 + 𝜑2 and 𝜑(𝑥𝑦) = 𝜑(𝑥) ⋆ 𝜑1(𝑦) + 𝜑2(𝑦) ⋆ 𝜑(𝑥) for all 𝑥, 𝑦 ∈ 𝐴.

Corollary 2.14. Let 𝐴 be a unital algebra.

(a) If 𝐴 = 𝐾(𝐴), then, for any commutative unital 𝐹-algebra 𝐶 and any 𝐹-algebra 𝐵, every Jordan
epimorphism 𝜑 ∶ 𝐴 ⊗ 𝐶 → 𝐵 is standard.

(b) If 𝐴 = 𝐾(𝐴), then, for any commutative unital 𝐹-algebra 𝐶 and any 𝐹-algebra 𝐵, every Jordan
homomorphism 𝜑 ∶ 𝐴 ⊗ 𝐶 → 𝐵 is nearly-standard.

(c) If 𝐴 ≠ 𝐾(𝐴), then there exists a commutative unital algebra 𝐶, an 𝐹-algebra 𝐵, and a Jordan
homomorphism 𝜑 ∶ 𝐴 ⊗ 𝐶 → 𝐵 that is not standard.

(d) If 𝐴 ≠ 𝐾(𝐴) + 𝑍(𝐴), then there exists a commutative unital algebra 𝐶, an 𝐹-algebra 𝐵, and a
Jordan homomorphism 𝜑 ∶ 𝐴 ⊗ 𝐶 → 𝐵 that is not nearly-standard.

Proof. Observe that 𝐾(𝐴 ⊗ 𝐶) = 𝐾(𝐴) ⊗ 𝐶 for any commutative unital algebra 𝐶. Therefore,
𝐾(𝐴) = 𝐴 implies 𝐾(𝐴 ⊗ 𝐶) = 𝐴 ⊗ 𝐶. Thus, (a) follows from Theorem 2.10 and (b) follows from
Proposition 2.5.
To prove (c) and (d), take 𝐶 to be the polynomial algebra 𝐹[𝑥1, 𝑥2]. Note that 𝑑 = 1𝐴 ⊗ 𝜕

𝜕𝑥1

and g = 1𝐴 ⊗ 𝜕

𝜕𝑥2
are derivations of 𝐴 ⊗ 𝐶. Let 𝐽 = 𝐾(𝐴 ⊗ 𝐶), let 𝜋 ∶ 𝐴 ⊗ 𝐶 → (𝐴 ⊗ 𝐶)∕𝐽 be

the natural projection, and let

𝐵 = (𝐴 ⊗ 𝐶) × (𝐴 ⊗ 𝐶)∕𝐽

be the algebra from Proposition 2.11. The condition [𝑑(𝑥), g(𝑥)] ∈ 𝐽, 𝑥 ∈ 𝐴 ⊗ 𝐶, is fulfilled since
𝐽 is the commutator ideal. Therefore,

𝜑(𝑥) =
(
𝑥,

1

2
𝜋((𝑑g)(𝑥))

)
is a Jordan homomorphism from 𝐴 ⊗ 𝐶 to 𝐵.
Assume that𝐴 ≠ 𝐾(𝐴). Then, 𝐽 = 𝐾(𝐴) ⊗ 𝐶 ≠ 𝐴 ⊗ 𝐶. Write 𝑠 = 1 ⊗ 𝑥2 and 𝑡 = 1 ⊗ 𝑥1. Then,

g(𝑠) = 𝑑(𝑡) = 1 ⊗ 1 and 𝑑(𝑠) = g(𝑡) = 0. Accordingly, g(𝑠)𝑑(𝑡) − 𝑑(𝑠)g(𝑡) = 1 ⊗ 1 ∉ 𝐽 and hence
Proposition 2.11 tells us that 𝜑 is not standard. This proves (c).
Finally, assume that 𝐴 ≠ 𝐾(𝐴) + 𝑍(𝐴). Suppose that 𝜑 is nearly-standard. As noticed at the

beginning of the proof of Lemma 2.6, this implies that there exists a mapping 𝜑2 ∶ 𝐴 ⊗ 𝐶 → 𝐵

such that

𝜑(𝑥𝑦) − 𝜑(𝑥) ⋆ 𝜑(𝑦) = 𝜑2(𝑦) ⋆ 𝜑(𝑥) − 𝜑(𝑥) ⋆ 𝜑2(𝑦) (2.14)

for all 𝑥, 𝑦 ∈ 𝐴 ⊗ 𝐶. A short calculation shows that the left-hand side of (2.14) is equal to

1

2

(
0, 𝜋(g(𝑥)𝑑(𝑦) − 𝑑(𝑥)g(𝑦))

)
.
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14 of 24 BREŠAR and ZELMANOV

Write 𝜑2(𝑦) = (𝛼(𝑦), 𝛽(𝑦)), where 𝛼 ∶ 𝐴 ⊗ 𝐶 → 𝐴 ⊗ 𝐶 and 𝛽 ∶ 𝐴 ⊗ 𝐶 → (𝐴 ⊗ 𝐶)∕𝐽. Using the
commutativity of (𝐴 ⊗ 𝐶)∕𝐽, one directly computes that the right-hand side of (2.14) is equal to(

[𝛼(𝑦), 𝑥], 𝜋(g(𝑥)𝑑(𝛼(𝑦)) − 𝑑(𝑥)g(𝛼(𝑦)))
)
.

Comparing the above two expressions, we obtain

[𝛼(𝑥), 𝑦] = 0 and 𝜋
(
g(𝑥)𝑑(𝑦 − 2𝛼(𝑦)) − 𝑑(𝑥)g(𝑦 − 2𝛼(𝑦))

)
= 0

for all 𝑥, 𝑦 ∈ 𝐴 ⊗ 𝐶. The first equation shows that 𝛼(𝑥) ∈ 𝑍(𝐴 ⊗ 𝐶) for every 𝑥 ∈ 𝐴 ⊗ 𝐶. Write
1 ⊗ 𝑥2 for𝑥 in the second equation. Then, g(𝑥) = 1 ⊗ 1 and𝑑(𝑥) = 0, sowe obtain𝑑(𝑦 − 2𝛼(𝑦)) ∈

𝐽 for every 𝑦 ∈ 𝐴 ⊗ 𝐶. Since𝛼(𝑦) lies in𝑍(𝐴 ⊗ 𝐶), so does 𝑑(𝛼(𝑦)). Therefore, 𝑑(𝑦) ∈ 𝑍(𝐴 ⊗ 𝐶) +

𝐽. In particular,

𝑎 ⊗ 1 = 𝑑(𝑎 ⊗ 𝑥1) ∈ 𝑍(𝐴 ⊗ 𝐶) + 𝐽 = 𝑍(𝐴) ⊗ 𝐶 + 𝐾(𝐴) ⊗ 𝐶

for every𝑎 ∈ 𝐴. However, this cannot hold for𝑎 not lying in𝐾(𝐴) + 𝑍(𝐴).With this contradiction,
we have completed the proof of (d). □

Recall that every Jordan homomorphism on a commutative algebra is nearly-standard. The
assumption that 𝐴 ≠ 𝐾(𝐴) + 𝑍(𝐴) in (d) therefore cannot be replaced by 𝐴 ≠ 𝐾(𝐴).

3 JORDANHOMOMORPHISMS ON A CERTAIN T-IDEAL

As above, we assume throughout this section that 𝐴 and 𝐵 are associative 𝐹-algebras, where 𝐹 is
a field with char(𝐹) ≠ 2.
Let 𝐴op denote the opposite algebra of 𝐴. That is, 𝐴op has the same linear structure, but

𝑎op𝑏op = (𝑏𝑎)op for all 𝑎, 𝑏 ∈ 𝐴. Consider the natural Jordan homomorphism 𝑠 ∶ 𝐴 → 𝐴 ⊕ 𝐴op,
𝑠(𝑎) = 𝑎 + 𝑎op. The image of 𝑠 is the Jordan algebra of symmetric elements with respect to the
exchange involution ex ∶ 𝑎 + 𝑏op ↦ 𝑏 + 𝑎op.
It is easy to see that a Jordan homomorphism 𝜑 ∶ 𝐴 → 𝐵 is standard if there exists a

homomorphism 𝜒 ∶ 𝐴 ⊕ 𝐴op → 𝐵 such that the diagram

is commutative.
Let 𝐽 be either 𝐴 or 𝐻(𝐴, ∗) and 𝜑 ∶ 𝐽 → 𝐵 be a Jordan homomorphism. Write 𝐵′ for ⟨𝜑(𝐽)⟩,

that is, 𝐵′ is the subalgebra of 𝐵 generated by the image 𝜑(𝐽) in 𝐵. Let

Ann(𝐵′) = {𝑏 ∈ 𝐵′ | 𝑏𝐵′ = 𝐵′𝑏 = (0)}.
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JORDAN HOMOMORPHISMS AND T-IDEALS 15 of 24

Clearly, 𝜑 ∶ 𝐽 → 𝐵 gives rise to the Jordan homomorphism 𝜑 ∶ 𝐽 → 𝐵′∕Ann(𝐵′), the composi-
tion of 𝜑 and the natural projection 𝐵′ → 𝐵′∕Ann(𝐵′). We call 𝜑 annihilator-by-standard if 𝜑

is standard.
Every Jordan homomorphism 𝜑 ∶ 𝐴 → 𝐵 gives rise to the Jordan homomorphism 𝐻(𝐴 ⊕

𝐴op, ex) → 𝐵, 𝑎 + 𝑎op ↦ 𝜑(𝑎). The Jordan homomorphism 𝜑 is standard (resp. annihilator-
by-standard) if and only if the Jordan homomorphism 𝐻(𝐴 ⊕ 𝐴op, ex) → 𝐵 is standard (resp.
annihilator-by-standard).
Let 𝑋 = {𝑥1, 𝑥2, … }. Let 𝐹⟨𝑋⟩ be the free associative algebra on the set of generators 𝑋.

When considering T-ideals of 𝐹⟨𝑋⟩, we always assume that they are closed with respect to
partial linearizations.
Let 𝐺 ⊲ 𝐹⟨𝑋⟩ be a T-ideal. If 𝐽 = 𝐴 then 𝐽𝐺 = 𝐺(𝐴), and if 𝐽 = 𝐻(𝐴, ∗) then 𝐽𝐺 = 𝐻(𝐺(𝐴), ∗).

It is clear that the ideal 𝐺(𝐴) is invariant with respect to any involution.
The following is the main result of this section.

Theorem 3.1. There exists a T-ideal 𝐺 ⊲ 𝐹⟨𝑋⟩ with the following properties:
(1) If 𝐴, 𝐵 are associative algebras, 𝐽 = 𝐴 or 𝐽 = 𝐻(𝐴, ∗), and 𝜑 ∶ 𝐽 → 𝐵 is a Jordan homomor-

phism, then the restriction of 𝜑 to 𝐽𝐺 is annihilator-by-standard.
(2) Let 𝑇(𝑀2) be the T-ideal of identities of the algebra of 2 × 2 matrices. Then, every element of

𝑇(𝑀2) is nilpotent modulo the T-ideal 𝐺.

The proof will be given after a series of lemmas.
Wewill consider only the case 𝐽 = 𝐻(𝐴, ∗). The case 𝐽 = 𝐴 is easier and, besides,𝐴(+) ≅ 𝐻(𝐴 ⊕

𝐴op, ex) (as usual,𝐴(+) is the Jordan algebra which is equal to𝐴 as a linear space and is equipped
with the product 𝑥◦𝑦 = 𝑥𝑦 + 𝑦𝑥).
Without loss of generality we will assume that the field 𝐹 is algebraically closed. Indeed, let 𝐹

be the algebraic closure of𝐹. The involution ∗ extends to the𝐹-involution on𝐴 = 𝐴 ⊗𝐹 𝐹 and the
Jordan homomorphism 𝜑 extends to the Jordan homomorphism 𝜑 ∶ 𝐻(𝐴, ∗) → 𝐵 = 𝐵 ⊗𝐹 𝐹. We
have𝐺(𝐴) = 𝐺(𝐴) ⊗𝐹 𝐹 andAnn(𝐵) = Ann(𝐵) ⊗𝐹 𝐹. If the homomorphism 𝜑 is annihilator-by-
standard, then so is the homomorphism 𝜑.
In the Jordan algebra 𝐹⟨𝑋⟩(+), we consider the Jordan subalgebra 𝑆𝐽⟨𝑋⟩ generated by 𝑋. We

refer to elements from 𝑆𝐽⟨𝑋⟩ as Jordan polynomials.
Let 𝐽⟨𝑋⟩ be the free Jordan 𝐹-algebra on the set of free generators 𝑋.

Lemma 3.2. For an arbitrary T-ideal 𝑃 of the free Jordan algebra 𝐽⟨𝑋⟩ such that 𝑃(𝑆𝐽⟨𝑋⟩) ≠ (0)

there exists a nonzero T-ideal 𝑃 of the free associative algebra𝐹⟨𝑋⟩ such that 𝑃(𝐴) ⊆ 𝐴𝑃(𝐻(𝐴, ∗))𝐴.

Proof. By the result of Amitsur [1], the factor algebra 𝐴∕𝐴𝑃(𝐻(𝐴, ∗))𝐴 satisfies a polynomial
identity that depends only on the T-ideal 𝑃. This implies the assertion of the lemma. □

In what follows 𝑃 denotes the largest T-ideal in 𝐹⟨𝑋⟩ satisfying the conclusion of Lemma 3.2.
It is well known that if 𝐼 is an ideal of a Jordan algebra 𝐽, then its cube 𝐼3 = (𝐼◦𝐼)◦𝐼 is also an

ideal of 𝐽 (see [10]).
Let 𝑃 ⊲ 𝐽⟨𝑋⟩ be a T-ideal. Denote by 𝑃′ the ideal of 𝐽⟨𝑋⟩ generated by all elements of the form

(𝑥◦𝑦)◦𝑧 − (𝑥◦𝑧)◦𝑦, where 𝑥 ∈ 𝑃3, 𝑦, 𝑧 ∈ 𝑃. Recall from (2.4) that if 𝑥, 𝑦, 𝑧 are elements of an asso-
ciative algebra 𝐴, then these elements can be written as [𝑥, [𝑦, 𝑧]]. Hence, for the Jordan algebra
𝐽 = 𝐻(𝐴, ∗) we have
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16 of 24 BREŠAR and ZELMANOV

𝑃′(𝐽) ⊆ 𝐴
[
𝑃(𝐽)3, [𝑃(𝐽), 𝑃(𝐽)]

]
𝐴.

The next lemma will be repeatedly used in the case where 𝐼 = 𝑃(𝐽), but we will also need it in
another situation.

Lemma 3.3. Let 𝐴 be an associative algebra (with multiplication denoted by juxtaposition). Let 𝐽

be an arbitrary subalgebra of the Jordan algebra 𝐴(+), let 𝐼 be an ideal of the Jordan algebra 𝐽, and
let 𝐼3 be the cube of the ideal 𝐼 in the Jordan algebra 𝐽. Then, 𝐽𝐼3 ⊆ 𝐼𝐼 and 𝐼3𝐽 ⊆ 𝐼𝐼.

Proof. The space 𝐼3 is spanned by elements 𝑢𝑣𝑢, 𝑢, 𝑣 ∈ 𝐼. For an arbitrary element 𝑎 ∈ 𝐽 we have

𝑎𝑢𝑣𝑢 = (𝑎𝑢𝑣 + 𝑣𝑢𝑎)𝑢 − 𝑣(𝑢𝑎𝑢) ∈ 𝐼𝐼.

This proves the first inclusion. The proof of the second inclusion is similar. □

Let

𝐴𝑃 = ⟨𝑃(𝐽)⟩,
that is, 𝐴𝑃 is the subalgebra of the associative algebra 𝐴 generated by 𝑃(𝐽).

Lemma 3.4. 𝐴𝑃′(𝐽)𝐴 ⊆ 𝐴𝑃.

Proof. Since 𝐴 is the direct sum of 𝐻(𝐴, ∗) and the space of skew-symmetric elements 𝐾(𝐴, ∗

) = {𝑎 ∈ 𝐴 |𝑎∗ = −𝑎}, it is enough to show that 𝑎𝑃′(𝐽)𝑏 ⊆ 𝐴𝑃 for any elements 𝑎, 𝑏 ∈ 𝐻(𝐴, ∗) ∪

𝐾(𝐴, ∗). Moreover, to this end it is enough to show that

𝑎[𝑃(𝐽)3, [𝑃(𝐽), 𝑃(𝐽)]]𝑏 ⊆ 𝐴𝑃

for any 𝑎, 𝑏 ∈ 𝐻(𝐴, ∗) ∪ 𝐾(𝐴, ∗).
Let us start by showing 𝑃′(𝐽)𝑏 ⊆ 𝐴𝑃 for an arbitrary element 𝑏 ∈ 𝐻(𝐴, ∗) ∪ 𝐾(𝐴, ∗). If 𝑏 ∈

𝐻(𝐴, ∗) then the assertion follows from Lemma 3.3. Let 𝑏 ∈ 𝐾(𝐴, ∗). Choose elements 𝑝 ∈ 𝑃(𝐽)3,
𝑝1, 𝑝2 ∈ 𝑃(𝐽). We have

[𝑝1, 𝑝2]𝑏 =
1

2
([𝑝1, 𝑝2]◦𝑏 + [[𝑝1, 𝑝2], 𝑏]) (3.1)

Themapping 𝐽 → 𝐽, 𝑥 ↦ [𝑥, 𝑏], is a derivation. Since 𝑃 is a T-ideal, it follows that [𝑃(𝐽), 𝑏] ⊆ 𝑃(𝐽).
Therefore, (3.1) implies that

[𝑝1, 𝑝2]𝑏 ∈ 𝐻(𝐴, ∗) + [𝑃(𝐽), 𝑃(𝐽)].

Similarly,

𝑏[𝑝1, 𝑝2] ∈ 𝐻(𝐴, ∗) + [𝑃(𝐽), 𝑃(𝐽)].

Hence,

𝑝[𝑝1, 𝑝2]𝑏 ∈ 𝑃(𝐽)3𝐻(𝐴, ∗) + 𝐴𝑃 = 𝐴𝑃
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JORDAN HOMOMORPHISMS AND T-IDEALS 17 of 24

by Lemma 3.3. Similarly, since [𝑝, 𝑏] ∈ 𝑃(𝐽) implies [𝑝1, 𝑝2][𝑝, 𝑏] ∈ 𝐴𝑃, it follows that

[𝑝1, 𝑝2]𝑝𝑏 = [𝑝1, 𝑝2][𝑝, 𝑏] + [𝑝1, 𝑝2]𝑏𝑝 ∈ 𝐴𝑃.

Now, choose arbitrary elements 𝑎, 𝑏 ∈ 𝐻(𝐴, ∗) ∪ 𝐾(𝐴, ∗). If 𝑎 ∈ 𝐻(𝐴, ∗) then

𝑎𝑃′(𝐽)𝑏 ⊆ (𝑎◦𝑃′(𝐽))𝑏 + 𝑃′(𝐽)𝑎𝑏 ⊆ 𝑃′(𝐽)𝑏 + 𝑃′(𝐽)𝑎𝑏 ⊆ 𝐴𝑃

by the above. Let 𝑎 ∈ 𝐾(𝐴, ∗). Then, the mapping 𝐽 → 𝐽, 𝑥 ↦ [𝑎, 𝑥] is a derivation of the Jordan
algebra 𝐽. Hence,

𝑎𝑃′(𝐽)𝑏 ⊆ [𝑎, 𝑃′(𝐽)]𝑏 + 𝑃′(𝐽)𝑎𝑏 ⊆ 𝑃′(𝐽)𝑏 + 𝑃′(𝐽)𝑎𝑏 ⊆ 𝐴𝑃.

This completes the proof of the lemma. □

Let 𝑈, 𝑢 ∶ 𝐽 → 𝑈, be the special enveloping algebra of the Jordan algebra 𝐽. This means that
there exists a Jordan homomorphism 𝑢 ∶ 𝐽 → 𝑈 such that the associative algebra 𝑈 is generated
by the image 𝑢(𝐽) and for any Jordan homomorphism 𝜑 ∶ 𝐽 → 𝐵 there exists a homomorphism
𝜒 ∶ 𝑈 → 𝐵 of associative algebras such that the diagram

is commutative. The algebra 𝑈 is equipped with an involution 𝜏 ∶ 𝑈 → 𝑈 leaving all elements
𝑢(𝑎), 𝑎 ∈ 𝐽, fixed. For more information about universal special algebras, see [11, 17, 22].
Applying the above definition to the Jordan embedding 𝐻(𝐴, ∗) → 𝐴, 𝑎 ↦ 𝑎, we obtain a

homomorphism 𝑡 ∶ 𝑈 → 𝐴, 𝑡(𝑢(𝑎)) = 𝑎,𝑎 ∈ 𝐻(𝐴, ∗). Consider the ideal 𝐼 = ker 𝑡. Clearly, 𝐼𝜏 = 𝐼.
Denote

𝐼𝑃 = 𝐼 ∩ 𝑈𝑃.

In [21], the second author constructed the T-ideal 𝑇 of the free Jordan algebra 𝐽⟨𝑋⟩ with the
following properties:

(1) If 𝑎1 ∈ 𝑇(𝑆𝐽⟨𝑋⟩) and 𝑎2, 𝑎3, 𝑎4 ∈ 𝑆𝐽⟨𝑋⟩, then
𝑎1𝑎2𝑎3𝑎4 + 𝑎4𝑎3𝑎2𝑎1 ∈ 𝑆𝐽⟨𝑋⟩

(we call this the tetrad-eating property of 𝑇).
(2) If 𝐽 is a finite-dimensional simple Jordan algebra that is not an algebra of a symmetric bilinear

form, then 𝑇(𝐽) = 𝐽.

From (1) and the result by Cohn [7] it follows that for arbitrary elements 𝑎1, … , 𝑎𝑛 ∈ 𝑇(𝑆𝐽⟨𝑋⟩),
𝑛 ⩾ 1, we have
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18 of 24 BREŠAR and ZELMANOV

𝑎1 ⋯𝑎𝑛 + 𝑎𝑛 ⋯𝑎1 ∈ 𝑇(𝑆𝐽⟨𝑋⟩).
This implies that

𝐻(𝑈𝑇, 𝜏) = 𝑢(𝑇(𝐽)).

Hence,

𝐼 ∩ 𝐻(𝑈𝑇, 𝜏) = (0).

Clearly, 𝐼𝜏
𝑇

= 𝐼𝜏 ∩ 𝑈𝜏
𝑇

= 𝐼𝑇 and therefore

𝐻(𝐼𝑇, 𝜏) = (0);

in other words, every element from 𝐼𝑇 is skew-symmetric with respect to 𝜏. By Lemma 3.3,
𝐽𝑇3(𝐽) ⊆ 𝑇(𝐽)𝑇(𝐽), hence 𝑢(𝐽)𝑈𝑇3 ⊆ 𝑈𝑇 , and therefore

𝑢(𝐽)𝐼𝑇3 ⊆ 𝐼𝑇. (3.2)

Lemma 3.5. 𝐼𝑇3 lies in the center of the algebra𝑈.

Proof. Choose elements 𝑥 ∈ 𝑢(𝐽), 𝑦 ∈ 𝐼𝑇3 . We have 𝑦𝜏 = −𝑦. By (3.2), we also have (𝑥𝑦)𝜏 = −𝑥𝑦.
Hence,

(𝑥𝑦)𝜏 = 𝑦𝜏𝑥𝜏 = −𝑦𝑥 = −𝑥𝑦,

which implies the assertion of the lemma. □

Recall that 𝑇′ is the Jordan T-ideal generated by (𝑥◦𝑦)◦𝑧 − (𝑥◦𝑧)◦𝑦, where 𝑥 ∈ 𝑇3, 𝑦, 𝑧 ∈ 𝑇.
Clearly, 𝑇′ ⊆ 𝑇3.

Lemma 3.6. 𝐼𝑇′𝑈𝑇′ = 𝑈𝑇′𝐼𝑇′ = (0).

Proof. From Lemma 3.5, it follows that

𝐼𝑇3[𝑢(𝑇3(𝐼)), 𝑈] = (0).

In terms of the associative multiplication in the algebra 𝐹⟨𝑋⟩, (2.4) holds. Hence,
𝑇′(𝑆𝐽⟨𝑋⟩) ⊆ 𝐹⟨𝑋⟩[𝑇3(𝑆𝐽⟨𝑋⟩), 𝐹⟨𝑋⟩]𝐹⟨𝑋⟩.

This implies the assertion of the lemma. □

Now, we are ready to introduce the T-ideal 𝐺 and to prove the main theorem.
Let 𝑇′′ = (𝑇′)′ ⊲ 𝐽⟨𝑋⟩ and let

𝐺 = 𝑇′′
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JORDAN HOMOMORPHISMS AND T-IDEALS 19 of 24

be the T-ideal of 𝐹⟨𝑋⟩.
Proof of Theorem 3.1. Our goal is to show that the restriction of 𝜑 to 𝐻(𝐺(𝐴), ∗) is annihilator-
by-standard. Let 𝐵′ be the subalgebra of 𝐵 generated by 𝜑(𝐻(𝐺(𝐴), ∗)). We need to show that the
Jordan homomorphism

𝐻(𝐺(𝐴), ∗) → 𝐵′∕Ann(𝐵′)

is standard.
Let 𝐵′

𝑇
be the subalgebra of 𝐵 generated by 𝜑(𝑇′(𝐽)) or, equivalently, 𝐵𝑇′ = 𝜒(𝑈𝑇′). By

Lemma 3.6, 𝜒(𝐼𝑇′) ⊆ Ann(𝐵𝑇′).
As above, we denote the subalgebra of𝐴 generated by 𝑇′(𝐻(𝐴, ∗)) by𝐴𝑇′ . Let us show that the

mapping

𝑇′(𝐻(𝐴, ∗)) → 𝐵𝑇′∕Ann(𝐵𝑇′),

which is the composition of the mapping 𝑢 and 𝑈𝑇′ → 𝐵𝑇′∕Ann(𝐵𝑇′), extends to a homomor-
phism of associative algebras

𝜓 ∶ 𝐴𝑇′ → 𝐵𝑇′∕Ann(𝐵𝑇′).

By the universality of the mapping 𝑢 there is a homomorphism 𝜇1 ∶ 𝑈𝑇′ → 𝐵𝑇′ and there is the
mapping 𝜇2 ∶ 𝑈𝑇′ → 𝐴𝑇′ . The kernel ker 𝜇2 = 𝐼𝑇′ is mapped by 𝜇1 to the annihilator Ann(𝐵𝑇′).
Hence, there is a homomorphism 𝐴𝑇′ → 𝐵𝑇′∕Ann(𝐵𝑇′) that extends the Jordan homomorphism
𝑇′(𝐻(𝐴, ∗)) → 𝐵𝑇′∕Ann(𝐵𝑇′).
By Lemmas 3.2 and 3.4,

𝐺(𝐴) ⊆ 𝐴𝑇′′(𝐽)𝐴 ⊆ 𝐴𝑇′ .

By the tetrad-eating property of the ideal 𝑇,

𝐻(𝐺(𝐴), ∗) ⊆ 𝐻(𝐴𝑇′ , ∗) ⊆ 𝑇′(𝐻(𝐴, ∗)).

Let𝜓𝐺 be the restriction of the homomorphism𝜓 to𝐺(𝐴). Let𝐵𝐺 be the subalgebra of𝐵 generated
by the image of 𝐻(𝐺(𝐴), ∗). We have

𝐵𝐺 ∩ Ann(𝐵𝑇′) ⊆ Ann(𝐵𝐺),

𝜓𝐺 ∶ 𝐺(𝐴) → 𝐵𝐺∕𝐵𝐺 ∩ Ann(𝐵𝑇′).

The composition

𝐺(𝐴) → 𝐵𝐺∕𝐵𝐺 ∩ Ann(𝐵𝑇′) → 𝐵𝐺∕Ann(𝐵𝐺)

extends the Jordan homomorphism 𝐻(𝐺(𝐴), ∗) → 𝐵𝐺∕Ann(𝐵𝐺). We proved that the Jordan
homomorphism

𝜑 ∶ 𝐻(𝐺(𝐴), ∗) → 𝐵𝑇′∕Ann(𝐵𝑇′)
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20 of 24 BREŠAR and ZELMANOV

is standard. This completes the proof of the first part of the theorem.
Recall that the complexity of aT-ideal𝐺 ⊲ 𝐹⟨𝑋⟩ is amaximal 𝑛 ⩾ 1 such that thematrix algebra

𝑀𝑛(𝐹) satisfies all identities from 𝐺. Our aim is to prove that the complexity of the T-ideal 𝐺 is
equal to 2.
For that we need to recall Amitsur’s proof in [1]. Recall that the field 𝐹 is assumed to be

algebraically closed. Let 𝑃 be a Jordan T-ideal such that 𝑃(𝑆𝐽⟨𝑋⟩) ≠ (0).
Let (𝐴𝑖, ∗𝑖), 1 ⩽ 𝑖 ⩽ 𝑚, be the list of all finite-dimensional simple involutive associative algebras

such that 𝑃(𝐻(𝐴𝑖, ∗𝑖)) = (0), 1 ⩽ 𝑖 ⩽ 𝑚. If 𝑓 = 0 is an identity in all algebras 𝐴𝑖 , 1 ⩽ 𝑖 ⩽ 𝑚, then
some power 𝑓𝑘 lies in 𝑃.
If 𝑃 = 𝑇′′, then the list is short:𝐴1 = 𝐹,𝐴2 = 𝐹 ⊕ 𝐹 with the exchange involution,𝐴3 = 𝑀2(𝐹)

with the orthogonal or symplectic involution, 𝐴4 = 𝑀2(𝐹) ⊕ 𝑀2(𝐹)op with the exchange invo-
lution. Indeed, unless the Jordan algebra 𝐻(𝐴𝑖, ∗𝑖) is associative as in the cases of 𝐴1 and 𝐴2,
𝑇′′(𝐻(𝐴𝑖, ∗𝑖)) = (0) if and only if 𝑇(𝐻(𝐴𝑖, ∗𝑖)) = (0). In [21], it was shown that the latter equality
holds only in the cases 𝐴3 and 𝐴4.
If 𝑓 ∈ 𝑇(𝑀2) then some power 𝑓𝑘 lies in the T-ideal 𝐺. This completes the proof of the

theorem. □

We will now construct an example of an associative algebra 𝐴, an associative algebra 𝐵 with
an involution ∗∶ 𝐵 → 𝐵 and a Jordan isomorphism 𝜑 ∶ 𝐴 → 𝐻(𝐵, ∗) such that for an arbitrary
T-ideal T, the restriction of 𝜑 to 𝑇(𝐴) is not standard (Proposition 3.12).
We start with some well-known facts concerning presentations of semigroups by generators

and relations.
Let 𝑋 = {𝑥1, 𝑥2, … } be a finite alphabet. Let 𝑋∗ be the set of all nonempty words in 𝑋. The

semigroup 𝑋∗ is referred to as the free semigroup.
An equivalence relation∼ on𝑋∗ × 𝑋∗ is called a congruence if𝑢1 ∼ 𝑣1,𝑢2 ∼ 𝑣2 implies𝑢1𝑢2 ∼

𝑣1𝑣2. This makes the set of equivalence classes a semigroup 𝑋∗∕ ∼.
For a subset 𝜎 ⊂ 𝑋∗ × 𝑋∗, let ⟨𝜎⟩ be the minimal congruence containing 𝜎. Two words 𝑢, 𝑣 are

equivalent if there exists a sequence of words 𝑢 = 𝑢1, 𝑢2, … , 𝑢𝑛 = 𝑣 such that each pair 𝑢𝑖, 𝑢𝑖+1,
𝑖 = 1, … , 𝑛 − 1, is of the form 𝑢𝑖 = 𝑢′𝑢′

𝑖
𝑣′, 𝑢𝑖+1 = 𝑢′𝑢′

𝑖+1
𝑣′, 𝑢′

𝑖
× 𝑢′

𝑖+1
or 𝑢′

𝑖+1
× 𝑢′

𝑖
lies in 𝜎. In this

case, we say that 𝑢 = 𝑣 follows from 𝜎. The semigroup 𝑆 = 𝑋∗∕⟨𝜎⟩ is presented by the set of
generators 𝑋 and the set of relations 𝜎, 𝑆 = ⟨𝑋 |𝜎⟩.
The semigroup is called finitely presented if it has a presentation 𝑆 = ⟨𝑋 |𝜎⟩with both𝑋 and

𝜎 finite.
A semigroup 𝑆 is graded if no two words (in𝑋) of different lengths are equal. Similarly, we can

talk about graded congruences.
Given a graded congruence ∼ ⊂ 𝑋∗ × 𝑋∗, we will define a new graded congruence ∼in ⊂

𝑋∗ × 𝑋∗. Let 𝑢, 𝑣 ∈ 𝑋∗, length(𝑢) = length(𝑣) = 𝑛. We say that 𝑢 ∼in 𝑣 if 𝑢 = 𝑣 follows from
{𝑢′ × 𝑣′ | length(𝑢′) = length(𝑣′) < 𝑛, 𝑢′ ∼ 𝑣′}. Clearly,

∼in ⊂ ∼ .

Let 𝑆 be a semigroup. A mapping 𝑓 ∶ 𝑆 × 𝑆 → 𝐹 is called a 2-cocycle if 𝑓(𝑎𝑏, 𝑐) = 𝑓(𝑎, 𝑏𝑐) for
any elements 𝑎, 𝑏, 𝑐 ∈ 𝑆.
Let 𝑆 = 𝑋∗∕ ∼, where ∼ is a graded congruence. Let ℎ ∶ 𝑆 × 𝑆 → 𝐹 be a 2-cocycle. Let us lift ℎ

to ℎ̃ ∶ 𝑋∗ × 𝑋∗ → 𝐹.

Lemma 3.7. Let 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑋∗. If 𝑎𝑏 ∼𝑖𝑛 𝑐𝑑 then ℎ̃(𝑎, 𝑏) = ℎ̃(𝑐, 𝑑).
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JORDAN HOMOMORPHISMS AND T-IDEALS 21 of 24

Proof. We only need to consider the case where 𝑎𝑏 = 𝑤′𝑢𝑤′′, 𝑐𝑑 = 𝑤′𝑣𝑤′′, 𝑢 ∼ 𝑣, the words
𝑤′, 𝑤′′ are not simultaneously empty. Suppose that the word 𝑤′ is not empty, 𝑤′ = 𝑥𝑖1

𝑤′
𝑖
.

Then, the word 𝑎 starts with 𝑥𝑖1
, 𝑎 = 𝑥𝑖1

𝑎′. Hence, ℎ̃(𝑎, 𝑏) = ℎ̃(𝑥𝑖1
, 𝑎′𝑏), 𝑎′𝑏 = 𝑤′

1
𝑢𝑤′′. Simi-

larly, ℎ̃(𝑐, 𝑑) = ℎ̃(𝑥𝑖1
, 𝑤′

1
𝑣𝑤′′), the elements 𝑤′

1
𝑢𝑤′′ and 𝑤′

1
𝑣𝑤′′ are equal in 𝑆. This proves the

lemma. □

Lemma 3.8. Let 𝛼 ∶ 𝑋∗ → 𝐹 be a mapping such that 𝛼(𝑢) = 𝛼(𝑣) if 𝑢 ∼𝑖𝑛 𝑣. Define the 2-cocycle
ℎ ∶ (𝑋∗∕ ∼) × (𝑋∗∕ ∼) → 𝐹, ℎ(𝑢, 𝑣) = 𝛼(𝑢𝑣). The mapping ℎ is well defined.

Proof. Weneed to show that 𝑢 ∼ 𝑢1, 𝑣 ∼ 𝑣1 implies 𝛼(𝑢𝑣) = 𝛼(𝑢1𝑣1), but 𝑢𝑣 ∼in 𝑢1𝑣1. This proves
the lemma. □

Now, suppose that the field 𝐹 is infinite, the mapping 𝛼 ∶ 𝑋∗∕ ∼𝑖𝑛→ 𝐹 is injective. In other
words, given words 𝑢, 𝑣 ∈ 𝑋∗, we have 𝛼(𝑢) = 𝛼(𝑣) if and only if 𝑢 ∼𝑖𝑛 𝑣.
Suppose that the graded semigroup 𝑆 = 𝑋∗∕ ∼ is not finitely presented (there are many such

semigroups).

Lemma 3.9. For an arbitrary 𝑛 ⩾ 1 there exist words 𝑢, 𝑣 ∈ 𝑋∗ such that 𝑢 ∼ 𝑣, 𝑢 ≁𝑖𝑛 𝑣,
length(𝑢) = length(𝑣) ⩾ 𝑛.

Proof. It is sufficient to notice that since 𝑆 is not finitely presented there exist words 𝑢, 𝑣 such that
𝑢 = 𝑣 in 𝑆, length(𝑢) = length(𝑣) ⩾ 𝑛, and 𝑢 = 𝑣 does not follow from all equalities 𝑢′ = 𝑣′ in 𝑆,
length(𝑢′) = length(𝑣′) < 𝑛. This completes the proof of the lemma. □

Let 𝐴 be an associative algebra. Let 𝑓 ∶ 𝐴 × 𝐴 → 𝐹 be a bilinear form. Consider the algebra
𝐴̂ = 𝐴 ⊕ 𝐹𝑧 with multiplication 𝐴̂𝑧 = 𝑧𝐴̂ = (0),

𝑎 ⋅ 𝑏 = 𝑎𝑏 + 𝑓(𝑎, 𝑏)𝑧,

where 𝑎, 𝑏 ∈ 𝐴, 𝑎𝑏 is the product in the algebra 𝐴, and 𝑎 ⋅ 𝑏 is the product in the algebra 𝐴̂. The
algebra 𝐴̂ is associative if and only if 𝑓(𝑎𝑏, 𝑐) = 𝑓(𝑎, 𝑏𝑐) for arbitrary elements 𝑎, 𝑏, 𝑐 ∈ 𝐴, that is,
𝑓 is a (Hochschild) 2-cocycle. A 2-cocycle is called a coboundary if there exists a linear functional
𝜆 ∶ 𝐴 → 𝐹 such that 𝑓(𝑎, 𝑏) = 𝜆(𝑎𝑏).

Proposition 3.10. There exists an algebra 𝐴 and a 2-cocycle 𝑓 ∶ 𝐴 × 𝐴 → 𝐹 with the follow-
ing properties: for an arbitrary T-ideal 𝑃, the ideal 𝑃(𝐴) contains elements 𝑎1, 𝑎2, 𝑏1, 𝑏2 such that
𝑎1𝑏1 − 𝑎2𝑏2 = 𝑏1𝑎1 − 𝑏2𝑎2 = 0, 𝑓(𝑏1, 𝑎1) = 𝑓(𝑏2, 𝑎2) = 0, but 𝑓(𝑎1, 𝑏1) ≠ 𝑓(𝑎2, 𝑏2). In particular,
the restriction 𝑓 ∶ 𝑃(𝐴) × 𝑃(𝐴) → 𝐹 is not a coboundary.

Proof. Consider the semigroup algebra 𝐹𝑆 and the algebra 𝐴 of strictly upper triangular infinite
matrices over 𝐹𝑆,

𝐴 =
∑

1⩽𝑖<𝑗

𝑒𝑖𝑗(𝐹𝑆), 𝑒𝑖𝑗(𝑎)𝑒𝑝𝑞(𝑏) = 𝛿𝑗𝑝𝑒𝑖𝑞(𝑎𝑏).
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22 of 24 BREŠAR and ZELMANOV

We define a 2-cocycle

𝑓(𝑒𝑖𝑗(𝑢), 𝑒𝑝𝑞(𝑣)) =

{
ℎ(𝑢, 𝑣) if 𝑖 < 𝑗, 𝑝 < 𝑞, 𝑗 = 𝑝; 𝑢, 𝑣 ∈ 𝑆

0 otherwise

Let 𝑃 be a T-ideal. There exists a nonzero multilinear element

𝑥1 … 𝑥𝑚 +
∑

1≠𝜎∈𝑆𝑚

𝑘𝜎𝑥𝜎(1) … 𝑥𝜎(𝑚) ∈ 𝑃, 𝑘𝜎 ∈ 𝐹.

This implies that

𝑒𝑖𝑗(𝑆
𝑚) ⊆ 𝑃(𝐴)

as soon as 𝑗 − 𝑖 ⩾ 𝑚. Choose elements 𝑢, 𝑣 ∈ 𝑋∗, length(𝑢) = length(𝑣) ⩾ 2𝑚, 𝑢 ∼ 𝑣, but 𝑢 ≁in 𝑣.
Let 𝑢 = 𝑢′𝑢′′, length(𝑢), length(𝑢′′) ⩾ 𝑚, 𝑣 = 𝑣′𝑣′′, length(𝑣), length(𝑣′′) ⩾ 𝑚. The elements

𝑎1 = 𝑒1,1+𝑚(𝑢′), 𝑏1 = 𝑒1+𝑚,1+2𝑚(𝑢′′), 𝑎2 = 𝑒1,1+𝑚(𝑣′), 𝑏2 = 𝑒1+𝑚,1+2𝑚(𝑣′′),

lie in 𝑃(𝐴), 𝑎1𝑏1 − 𝑎2𝑏2 = 𝑏1𝑎1 − 𝑏2𝑎2 = 0 in 𝐴, 𝑓(𝑏1, 𝑎1) = 𝑓(𝑏2, 𝑎2) = 0, but

𝑓(𝑎1, 𝑏1) = ℎ(𝑢′, 𝑢′′) ≠ ℎ(𝑣′, 𝑣′′) = 𝑓(𝑎2, 𝑏2).

This completes the proof. □

Let 𝐴, 𝑓 ∶ 𝐴 × 𝐴 → 𝐹 be the algebra and the 2-cocycle of Proposition 3.10. Consider the direct
sum 𝐴̃ = 𝐴 ⊕ 𝐴op and extend the 2-cocycle on 𝐴̃ ∶

𝑓(𝐴, 𝐴op) = 𝑓(𝐴op, 𝐴) = (0), 𝑓(𝑥op, 𝑦op) = −𝑓(𝑦, 𝑥)

for arbitrary elements 𝑥, 𝑦 ∈ 𝐴. It is straightforward that this extension is a 2-cocycle on the
algebra 𝐴̃.
Consider the annihilator extension

𝐵 = 𝐴 ⊕ 𝐴op ⊕ 𝐹𝑧.

Lemma 3.11.

(1) The mapping ∗∶ 𝐵 → 𝐵, 𝑎 + 𝑏op + 𝑘𝑧 ↦ 𝑏 + 𝑎op − 𝑘𝑧, 𝑘 ∈ 𝐹, is an involution.
(2) The mapping 𝜑 ∶ 𝐴 → 𝐻(𝐵, ∗), 𝑎 ↦ 𝑎 + 𝑎op, is a Jordan isomorphism.

Proof. We need to check that(
(𝑎 + 𝑏op) ⋅ (𝑐 + 𝑑op)

)∗
= (𝑐 + 𝑑op)∗ ⋅ (𝑎 + 𝑏op)∗.

The left-hand side is(
𝑎𝑐 + (𝑑𝑏)op + (𝑓(𝑎, 𝑐) − 𝑓(𝑑, 𝑏))𝑧

)∗
= 𝑑𝑏 + (𝑎𝑐)op − (𝑓(𝑎, 𝑐) − 𝑓(𝑑, 𝑏))𝑧,

and the right-hand side is

(𝑑 + 𝑐op) ⋅ (𝑏 + 𝑎op) = 𝑑𝑏 + (𝑎𝑐)op + (𝑓(𝑑, 𝑏) − 𝑓(𝑎, 𝑐))𝑧.
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This completes the proof of (1). Let us prove (2). We have

(𝑎 + 𝑎op)2 = 𝑎2 + (𝑎2)op + (𝑓(𝑎, 𝑎) + 𝑓(𝑎op, 𝑎op))𝑧 = 𝑎2 + (𝑎2)op.

This completes the proof. □

Proposition 3.12. For an arbitrary T-ideal 𝑃, the restriction of 𝜑 to 𝑃(𝐴) is not standard.

Proof. By Proposition 3.10, 𝑃(𝐴) contains elements 𝑎1, 𝑏1, 𝑎2, 𝑏2 such that 𝑎1𝑏1 − 𝑎2𝑏2 = 𝑏1𝑎1 −

𝑏2𝑎2 = 0, but 𝑓(𝑎1, 𝑏1) − 𝑓(𝑎2, 𝑏2) ≠ 0.
Suppose that 𝜑 = 𝜑1 + 𝜑2, where 𝜑1 ∶ 𝑃(𝐴) → 𝐵 is a homomorphism, 𝜑2 ∶ 𝑃(𝐴) → 𝐵 is an

antihomomorphism, and

𝜑1(𝑃(𝐴))𝜑2(𝑃(𝐴)) = 𝜑2(𝑃(𝐴))𝜑1(𝑃(𝐴)) = (0).

Then,

𝜑1(𝑎1)𝜑1(𝑏1) − 𝜑1(𝑎2)𝜑1(𝑏2) = 𝜑1(𝑎1𝑏1 − 𝑎2𝑏2) = 0

and

𝜑2(𝑎1)𝜑2(𝑏1) − 𝜑2(𝑎2)𝜑2(𝑏2) = 𝜑2(𝑏1𝑎1 − 𝑏2𝑎2) = 0,

hence

𝜑(𝑎1)𝜑(𝑏1) − 𝜑(𝑎2)𝜑(𝑏2) = 0.

However,

𝜑(𝑎1)𝜑(𝑏1) − 𝜑(𝑎2)𝜑(𝑏2)

=(𝑎1 + 𝑎
op
1

) ⋅ (𝑏1 + 𝑏
op
1

) − (𝑎2 + 𝑎
op
2

) ⋅ (𝑏2 + 𝑏
op
2

)

=𝑎1𝑏1 + (𝑏1𝑎1)
op + (𝑓(𝑎1, 𝑏1) − 𝑓(𝑏1, 𝑎1))𝑧

− 𝑎2𝑏2 − (𝑏2𝑎2)
op − (𝑓(𝑎2, 𝑏2) − 𝑓(𝑏2, 𝑎2))𝑧

=(𝑓(𝑎1, 𝑏1) − 𝑓(𝑎2, 𝑏2))𝑧 ≠ 0.

This completes the proof. □
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