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ARTICLE INFO ABSTRACT
2020 MSC: Concordance measures are used to express the degree of association between random variables.
62H05

Practitioners may use several distinct concordance measures to narrow down the space of possible

Ziggg dependence structures. Consequently, the relations between different (weak) concordance mea-

sures have been extensively studied in recent years. The goal of this paper is to study the relation
Keywords: between Kendall’s tau, Gini’s gamma and Spearman’s footrule. In particular, we describe the ex-
Copula act region determined by these three measures, using shuffles of M and ordinal sums of copulas.
Dependence concepts We also provide the formulas for five main (weak) concordance measures and Chatterjee’s xi of
Concordance measure ordinal sums of copulas.
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1. Introduction

Various concordance measures can be used to describe the association between random variables. Given two random variables
X and Y, the concordance measure between them depends only on the copula associated with their joint distribution. Traditionally,
Spearman’s rho and Kendall’s tau are the most commonly used in practice and there is an abundance of literature discussing their
properties. Later, several other (weak) concordance measures were introduced, such as Gini’s gamma, Blomqvist’s beta and Spearman’s
footrule. The central interest of this paper is the relation between Kendall’s tau, Gini’s gamma and Spearman’s footrule, therefore, we
provide some references for these three. Kendall’s tau was investigated in [1-4], Gini’s gamma in [5-7], and Spearman’s footrule in
[6,8-10].

Each concordance measure captures a specific aspect of association, so practitioners tend to use several of them to narrow the space
of possible dependence structures. Hence, the relations between different (weak) concordance measures of copulas are of interest and
have been extensively studied.
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\begin {align*}\gamma (B) &= \tfrac 23 \phi (B) - \tfrac 23 \phi (B^{\sigma _2}) \\ &= \tfrac 23 - \tfrac 23\sum _{k=1}^n (b_k-a_k)^2(1-\phi (B_k)) - 4a_j^2 + 4a_j - \tfrac 23+4(b_j-a_j)^2\max \{0,c\}^2 + 4(b_j-a_j)^2\int _{\max \{0,c\}}^{1+\min \{0,c\}} B_j\big (t,1+c-t\big ) \, dt \\ &= 4(b_j-a_j)^2\max \{0,c\}^2 + 4a_j - 4a_j^2 - \tfrac 23\sum _{k=1}^n (b_k-a_k)^2(1-\phi (B_k)) + 4(b_j-a_j)^2\int _{\max \{0,c\}}^{1+\min \{0,c\}} B_j\big (t,1+c-t\big ) \, dt.\end {align*}


$a_j+b_j=1$


\begin {equation*}\gamma (B) = 4a_j - 4a_j^2 - \tfrac 23\sum _{k=1}^n (b_k-a_k)^2(1-\phi (B_k)) + 4(b_j-a_j)^2\int _0^1 B_j(t, 1-t) \, dt.\end {equation*}


\begin {align*}\int _0^1 B_j(t, 1-t) \, dt &= \int _0^1 \omega _{B_j}(t) \, dt = \int _0^1 (t-\delta _{B_j^{\sigma _2}}(t)) \, dt = \tfrac 12-\int _0^1 \delta _{B_j^{\sigma _2}}(t) \, dt \\ &= \tfrac 12-\tfrac 16(\phi (B_j^{\sigma _2})+2) = \tfrac 16(1-\phi (B_j^{\sigma _2})),\end {align*}


\begin {align*}\gamma (B) &= 4a_j - 4a_j^2 - \tfrac 23\sum _{k=1}^n (b_k-a_k)^2(1-\phi (B_k)) + \tfrac 23(b_j-a_j)^2(1-\phi (B_j^{\sigma _2})) \\ &= 4a_j - 4a_j^2 + \tfrac 23(b_j-a_j)^2(\phi (B_j)-\phi (B_j^{\sigma _2})) - \tfrac 23\sum _{\substack {k=1 \\ k\ne j}}^n (b_k-a_k)^2(1-\phi (B_k))\\ &= 4a_j - 4a_j^2 + (b_j-a_j)^2\gamma (B_j) - \tfrac 23\sum _{\substack {k=1 \\ k\ne j}}^n (b_k-a_k)^2(1-\phi (B_k))\\ &= 1 - (b_j-a_j)^2(1-\gamma (B_j)) - \tfrac 23\sum _{\substack {k=1 \\ k\ne j}}^n (b_k-a_k)^2(1-\phi (B_k)),\end {align*}


$B$


$\tfrac 12$


$(a_k, b_k)$


$\beta (B) = 1$


$\tfrac 12 \in (a_j, b_j)$


$j \in \{1, 2, \ldots , n\}$


\begin {equation*}\beta (B) = 4a_j + 4(b_j-a_j)\delta _{B_j}\big (\tfrac {\frac 12-a_j}{b_j-a_j}\big ) -1.\end {equation*}


$a_j + b_j = 1$


$j \in \{1, 2, \ldots , n\}$


$\tfrac 12$


$(a_j, b_j)$


\begin {equation*}\beta (B) = 1 - (b_j-a_j)(1-\beta (B_j)).\end {equation*}


$B$


\begin {equation}\label {eq:ordinal-xi} \xi (B) = 1 - \sum _{k=1}^n (b_k-a_k)^2(1-\xi (B_k)).\end {equation}


$(u,v) \in \II ^2$


$\partial _1B$


$B$


\begin {align*}\partial _1B(u,v) &= \begin {cases} \partial _1B_k(\frac {u-a_k}{b_k-a_k},\frac {v-a_k}{b_k-a_k}); & (u,v) \in (a_k, b_k)^2, k=1, 2, \dots , n,\\ 1; & v > u, (u,v) \notin \cup _{k=1}^n[a_k, b_k]^2, \\ 0; & v<u, (u,v) \notin \cup _{k=1}^n[a_k, b_k]^2, \end {cases}\end {align*}


\begin {align*}\int _{\II ^2} (\partial _1B(u,v))^2 \, du\, dv &= \sum _{k=1}^n \int _{[a_k, b_k]^2} (\partial _1B_k(\tfrac {u-a_k}{b_k-a_k},\tfrac {v-a_k}{b_k-a_k}))^2 \, du\, dv + \int _{\{(u,v) \in \II ^2 \mid v \ge u\} \setminus \cup _{k=1}^n[a_k, b_k]^2} du\, dv \\ &= \sum _{k=1}^n \int _{[a_k, b_k]^2} (\partial _1B_k(\tfrac {u-a_k}{b_k-a_k},\tfrac {v-a_k}{b_k-a_k}))^2 \, du\, dv + \tfrac 12 - \sum _{k=1}^n \tfrac 12(b_k - a_k)^2 .\end {align*}


\begin {align*}\int _{[a_k, b_k]^2} (\partial _1B_k(\tfrac {u-a_k}{b_k-a_k},\tfrac {v-a_k}{b_k-a_k}))^2 \, du\, dv &= (b_k - a_k)^2 \int _{\II ^2} (\partial _1B_k(s,t))^2 \, ds\, dt = (b_k - a_k)^2 \cdot \frac {\xi (B_k)+2}{6},\end {align*}


\begin {align*}\xi (B) &= 6\int _{\II ^2} (\partial _1B(u,v))^2 \, du\, dv -2 \\ &= \sum _{k=1}^n (b_k - a_k)^2(\xi (B_k)+2) + 3 - \sum _{k=1}^n 3(b_k - a_k)^2 - 2 \\ &= 1 - \sum _{k=1}^n (b_k-a_k)^2(1-\xi (B_k)),\end {align*}


$a \in [0,\tfrac 12]$


$C\in \CC $


$B_{a,C}$


$\{C\}$


$\{(a, 1-a)\}$


\begin {align*}\rho (B_{a,C}) &= (1-2a)^3\rho (C) + 8a^3 - 12a^2 + 6a, \\ \tau (B_{a,C}) &= (1-2a)^2\tau (C) + 4a - 4a^2, \\ \phi (B_{a,C}) &= (1-2a)^2\phi (C) + 4a - 4a^2, \\ \gamma (B_{a,C}) &= (1-2a)^2\gamma (C) + 4a - 4a^2, \\ \beta (B_{a,C}) &= (1-2a)\beta (C) + 2a, \qquad \text { and} \\ \xi (B_{a,C}) &= (1-2a)^2\xi (C) + 4a - 4a^2.\end {align*}


$a=\tfrac 12$


$B_{a,C}=M$


$a<\tfrac 12$


\begin {align*}\rho (B_{a,C}) &= 1-(1-2a)^3(1-\rho (C)) = (1-2a)^3\rho (C) + 8a^3 - 12a^2 + 6a, \\ \tau (B_{a,C}) &= 1-(1-2a)^2(1-\tau (C)) = (1-2a)^2\tau (C) + 4a - 4a^2, \\ \phi (B_{a,C}) &= 1-(1-2a)^2(1-\phi (C)) = (1-2a)^2\phi (C) + 4a - 4a^2, \\ \gamma (B_{a,C}) &= 1-(1-2a)^2(1-\gamma (C)) = (1-2a)^2\gamma (C) + 4a - 4a^2, \\ \beta (B_{a,C}) &= 1-(1-2a)(1-\beta (C)) = (1-2a)\beta (C) + 2a, \qquad \text {and} \\ \xi (B_{a,C}) &= 1-(1-2a)^2(1-\xi (C)) = (1-2a)^2\xi (C) + 4a - 4a^2,\end {align*}


\begin {equation*}\Omega _{\phi , \gamma , \tau } = \big \{( \phi (C), \gamma (C), \tau (C)) \in [-\tfrac 12, 1] \times [-1, 1] \times [-1, 1] \mid C \in \CC \big \}.\end {equation*}


$C\in \CC $


\begin {equation*}\max \big \{\tfrac 43\phi (C)-\tfrac 13,\ -\tfrac 23\phi (C)+\gamma (C)-\tfrac 13 \big \} \le \tau (C) \le \min \big \{\tfrac 23\phi (C)+\tfrac 13,\ -\tfrac 43\phi (C)+2\gamma (C)+\tfrac 13 \big \}.\end {equation*}


\begin {equation*}-\tfrac 23\phi (C)+\gamma (C)-\tfrac 13 \le \tau (C) \le -\tfrac 43\phi (C)+2\gamma (C)+\tfrac 13.\end {equation*}


$C\in \CC $


\begin {equation}\phi (C^{\sigma _2}) = \phi (C) - \tfrac 32 \gamma (C). \label {Xeqn17-20}\end {equation}


\begin {equation*}\tau (C) = - \tau (C^{\sigma _2}) \le -(\tfrac 43\phi (C^{\sigma _2})-\tfrac 13) = -\tfrac 43(\phi (C) - \tfrac 32 \gamma (C)) + \tfrac 13 = -\tfrac 43\phi (C)+2\gamma (C)+\tfrac 13,\end {equation*}


\begin {equation*}\tau (C) = - \tau (C^{\sigma _2}) \ge -(\tfrac 23\phi (C^{\sigma _2})+\tfrac 13) = -\tfrac 23(\phi (C) - \tfrac 32 \gamma (C)) - \tfrac 13 = -\tfrac 23\phi (C)+\gamma (C)-\tfrac 13,\end {equation*}


$\Omega $


$\RR ^3$


\begin {align}\Omega = \{(\phi , \gamma , \tau ) \in \RR ^3 \mid -2\phi &\le 1, \nonumber \\ - 8\phi + 6\gamma &\leq 1, \nonumber \\ - 2\phi + 3\gamma &\leq 1, \nonumber \\ 4\phi -3\tau &\le 1, \label {eq:Omega}\\ - 2\phi + 3\tau &\le 1, \nonumber \\ -2\phi +3\gamma -3\tau &\le 1, \nonumber \\ 4\phi -6\gamma + 3\tau &\le 1\}.\nonumber \end {align}


$\phi (C) \ge -\tfrac 12$


$C \in \CC $


$(\phi (C), \gamma (C), \tau (C))$


$\Omega $


$\Omega $


\begin {equation*}P_1(-\tfrac 12,-1,-1),\ P_2(-\tfrac 12,-\tfrac 12,-\tfrac 12),\ P_3(-\tfrac 12,-\tfrac 12,0),\ P_4(1,1,1),\ P_5(\tfrac 14,\tfrac 12,0),\ P_6(\tfrac 14,\tfrac 12,\tfrac 12),\end {equation*}


\begin {align*}F_1 &:= P_1 P_2 P_3 = \{ (\phi ,\gamma , \tau ) \in \Omega \mid -2\phi = 1 \}, \\ F_2 &:= P_1 P_2 P_5 = \{ (\phi ,\gamma , \tau ) \in \Omega \mid -2\phi +3\gamma -3\tau = 1 \}, \\ F_3 &:= P_1 P_3 P_4 = \{ (\phi ,\gamma , \tau ) \in \Omega \mid 4\phi -6\gamma + 3\tau = 1 \}, \\ F_4 &:= P_1 P_4 P_5 = \{ (\phi ,\gamma , \tau ) \in \Omega \mid 4\phi -3\tau = 1 \}, \\ F_5 &:= P_2 P_3 P_5 P_6 = \{ (\phi ,\gamma , \tau ) \in \Omega \mid - 8\phi + 6\gamma = 1 \}, \\ F_6 &:= P_3 P_4 P_6 = \{ (\phi ,\gamma , \tau ) \in \Omega \mid - 2\phi + 3\tau = 1 \}, \\ F_7 &:= P_4 P_5 P_6 = \{ (\phi ,\gamma , \tau ) \in \Omega \mid - 2\phi + 3\gamma = 1 \},\end {align*}


\begin {align*}P_1 P_2 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid -2\phi =1,\ -2\phi +3\gamma -3\tau = 1 \}, \\ P_1 P_3 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid -2\phi = 1, \ 4\phi -6\gamma + 3\tau =1 \}, \\ P_1 P_4 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid 4\phi -3\tau = 1, \ 4\phi -6\gamma + 3\tau =1 \}, \\ P_1 P_5 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid 4\phi -3\tau = 1, \ -2\phi +3\gamma -3\tau = 1 \}, \\ P_2 P_3 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid \phi = -\tfrac 12, \ \gamma = -\tfrac 12 \}, \\ P_2 P_5 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid -8\phi + 6\gamma = 1, \ -2\phi +3\gamma -3\tau = 1 \}, \\ P_3 P_4 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid - 2\phi + 3\tau = 1, \ 4\phi -6\gamma + 3\tau = 1 \}, \\ P_3 P_6 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid - 8\phi + 6\gamma = 1, \ - 2\phi + 3\tau = 1 \}, \\ P_4 P_5 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid - 2\phi + 3\gamma = 1, \ 4\phi -3\tau = 1 \}, \\ P_4 P_6 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid - 2\phi + 3\gamma = 1, \ - 2\phi + 3\tau = 1 \}, \\ P_5 P_6 &= \{ (\phi ,\gamma , \tau ) \in \Omega \mid \phi =\tfrac 14, \ \gamma =\tfrac 12 \}.\end {align*}


$\Omega $


$\Omega $


$\phi $


$\gamma $


$\tau $


$\Omega $


$\Omega $


$\phi \gamma $


$P'_1(-\tfrac 12,-1)P'_4(1,1)P'_5(\tfrac 14,\tfrac 12)P'_2(-\tfrac 12,-\tfrac 12)$


$\Omega $


$\phi \tau $


$P''_1(-\tfrac 12,-1)P''_4(1,1)P''_3(-\tfrac 12,0)$


$\Omega $


$\gamma \tau $


$P'''_1(-1,-1)P'''_3(-\tfrac 12,0)P'''_4(1,1)P'''_5(\tfrac 12,0)$


$\gamma $


$\tau $


\begin {equation*}\gamma (C^{\sigma _2})=-\gamma (C) \qquad \text {and} \qquad \tau (C^{\sigma _2})=-\tau (C).\end {equation*}


$\phi (C^{\sigma _2})=\phi (C)-\tfrac 32 \gamma (C)$


$C \mapsto C^{\sigma _2}$


\begin {equation*}\mathcal {A}\colon (\phi , \gamma , \tau ) \mapsto (\phi - \tfrac 32 \gamma , -\gamma , -\tau ).\end {equation*}


$C\in \CC $


\begin {equation}\label {eq:mappingA} \mathcal {A}(\phi (C), \gamma (C), \tau (C)) = (\phi (C^{\sigma _2}), \gamma (C^{\sigma _2}), \tau (C^{\sigma _2})).\end {equation}


$\mathcal {A}$


\begin {align*}\mathcal {A}(P_1)=P_4, \phantom {xxxxx} & \mathcal {A}(F_1)=F_7,\\ \mathcal {A}(P_2)=P_6, \phantom {xxxxx} & \mathcal {A}(F_2)=F_6,\\ \mathcal {A}(P_3)=P_5, \phantom {xxxxx} & \mathcal {A}(F_3)=F_4,\\ \mathcal {A}(P_4)=P_1, \phantom {xxxxx} & \mathcal {A}(F_4)=F_3,\\ \mathcal {A}(P_5)=P_3, \phantom {xxxxx} & \mathcal {A}(F_5)=F_5,\\ \mathcal {A}(P_6)=P_2, \phantom {xxxxx} & \mathcal {A}(F_6)=F_2, \\ & \mathcal {A}(F_7)=F_1.\end {align*}


$\Omega $


$\mathcal {A}$


$F_2$


$F_3$


$F_4$


$F_6$


$T$


$F_6$


$\Omega $


\begin {equation*}F_6 = P_3P_4P_6 = \big \{(\phi , \gamma , \tau ) \in \RR ^3 \mid -\tfrac 12 \le \phi \le 1,\ \phi \le \gamma \le \min \{\tfrac 43 \phi +\tfrac 16, \tfrac 23 \phi +\tfrac 13\},\ \tau = \tfrac 23\phi +\tfrac 13\big \}\end {equation*}


$C\in \CC $


$(\phi (C), \gamma (C), \tau (C)) = T$


$b \in [0, \tfrac 14]$


$C_b$


$M$


\begin {equation*}C_b = M\big (6, (b, \tfrac 12 - b, \tfrac 12, \tfrac 12 + b, 1-b), (3,5,1,6,2,4), (1, 1, 1, 1, 1, 1)\big ).\end {equation*}


$C_b$


\begin {equation*}h_{C_b}(u) = \begin {cases} u + \tfrac 12 - b; & 0 \le u \le b, \\ u + \tfrac 12; & b < u \le \tfrac 12 - b, \\ u - \tfrac 12 + b; & \tfrac 12 - b < u \le \tfrac 12, \\ u + \tfrac 12 - b; & \tfrac 12 < u \le \tfrac 12 + b, \\ u - \tfrac 12; & \tfrac 12 + b < u \le 1-b, \\ u - \tfrac 12 + b; & 1-b < u \le 1. \end {cases}\end {equation*}


\begin {equation*}C_b(u,h_{C_b}(u)) = \begin {cases} u; & 0 \le u \le \tfrac 12 - b, \\ h_{C_b}(u); & \tfrac 12 - b < u \le \tfrac 12, \\ u; & \tfrac 12 < u \le \tfrac 12 + b, \\ h_{C_b}(u); & \tfrac 12 + b < u \le 1. \end {cases}\end {equation*}


\begin {equation*}\tau (C_b) = 8b^2.\end {equation*}


\begin {equation*}\delta _{C_b}(u) = \begin {cases} 0; & 0 \le u \le \tfrac 12-b, \\ 2u - 1 + 2b; & \tfrac 12-b < u \le \tfrac 12, \\ 2b; & \tfrac 12 < u \le \tfrac 12+b, \\ 2u-1; & \tfrac 12+b < u \le 1, \end {cases}\end {equation*}


\begin {equation*}\omega _{C_b}(u) = \begin {cases} u; & 0 \le u \le \tfrac 14, \\ \tfrac 12 - u; & \tfrac 14 < u \le \tfrac 12 - b, \\ u + 2b - \tfrac 12; & \tfrac 12-b < u \le \tfrac 12, \\ 2b + \tfrac 12 - u; & \tfrac 12 < u \le \tfrac 12 + b, \\ u - \tfrac 12; & \tfrac 12 + b < u \le \tfrac 34, \\ 1-u; & \tfrac 34 < u \le 1, \end {cases}\end {equation*}


\begin {equation*}\phi (C_b) = 12b^2-\tfrac 12, \quad \text {and} \quad \gamma (C_b) = 16b^2-\tfrac 12.\end {equation*}


$C_b$


$\delta _{C_b}$


$\omega _{C_b}$


$C_b$


$\delta _{C_b}$


$\omega _{C_b}$


$A_{a,b} = B_{a,C_b}$


$\{C_b\}$


$\{(a, 1-a)\}$


\begin {align*}\tau (A_{a,b}) &= 8(1-2a)^2b^2-4a^2+4a, \\ \phi (A_{a,b}) &= 12(1-2a)^2b^2-6a^2+6a-\tfrac 12, \text { and} \\ \gamma (A_{a,b}) &= 16(1-2a)^2b^2-6a^2+6a-\tfrac 12.\end {align*}


\begin {align*}\tfrac 23\phi (A_{a,b})+\tfrac 13 &= \tfrac 23\big (12(1-2a)^2b^2-6a^2+6a-\tfrac 12\big )+\tfrac 13 = 8(1-2a)^2b^2-4a^2+4a = \tau (A_{a,b}).\end {align*}


$(\phi (A_{a,b}), \gamma (A_{a,b}), \tau (A_{a,b}))$


$\Omega $


$F_6$


$a\in [0, \tfrac 12]$


$b\in [0, \tfrac 14]$


$A_{\frac 12,b} = M$


$(\phi (A_{\frac 12,b}), \gamma (A_{\frac 12,b}), \tau (A_{\frac 12,b}))$


$P_4$


$\Omega $


$b\in [0, \tfrac 14]$


\begin {equation*}\tfrac 43\phi (A_{0,b}) + \tfrac 16 = \tfrac 43\phi (C_b) + \tfrac 16 = \tfrac 43(12b^2-\tfrac 12) + \tfrac 16 = 16b^2-\tfrac 12 = \gamma (C_b) = \gamma (A_{0,b}),\end {equation*}


$(\phi (A_{0,b}), \gamma (A_{0,b}), \tau (A_{0,b}))$


$P_3P_6$


$\Omega $


$b\in [0, \tfrac 14]$


\begin {equation*}\phi (A_{a,0}) = -6a^2+6a-\tfrac 12 = \gamma (A_{a,0}),\end {equation*}


$(\phi (A_{a,0}), \gamma (A_{a,0}), \tau (A_{a,0}))$


$P_3P_4$


$\Omega $


$a\in [0, \tfrac 12]$


\begin {equation*}\tfrac 23\phi (A_{a,\frac 14})+\tfrac 13 = \tfrac 23(-3a^2+3a+\tfrac 14) + \tfrac 13 = -2a^2+2a+\tfrac 12 = \gamma (A_{a,\frac 14}),\end {equation*}


$(\phi (A_{a,\frac 14}), \gamma (A_{a,\frac 14}), \tau (A_{a,\frac 14}))$


$P_4P_6$


$\Omega $


$a\in [0, \tfrac 12]$


$a\in [0, \tfrac 12]$


\begin {equation*}\big \{(\phi (A_{a,b}), \gamma (A_{a,b}), \tau (A_{a,b})) \mid b\in [0, \tfrac 14]\big \}\end {equation*}


$F_6$


$P_3P_4$


$P_4P_6$


$a=0$


$P_3P_6$


$a=\frac 12$


$P_4$


$P_3P_4$


$P_4P_6$


$T$


$F_6$


$a\in [0, \tfrac 12]$


$b\in [0, \tfrac 14]$


$(\phi (A_{a,b}), \gamma (A_{a,b}), \tau (A_{a,b})) = T$


$T_0 \in F_6$


$G \colon (a,b) \mapsto (\phi (A_{a,b}), \gamma (A_{a,b}), \tau (A_{a,b}))$


$T_0$


$F_6$


$\phi (A_{a,b}), \gamma (A_{a,b}), \tau (A_{a,b})$


$a,b$


$G$


$f,g \colon [0,1] \to F_6\setminus \{T_0\}$


$f(t)=P_4$


$t \in [0,1]$


$g$


$F_6$


$g(0)=g(1)=P_4$


$F_6\setminus \{T_0\}$


$T$


$F_2$


$\Omega $


\begin {equation*}F_2 = P_1P_2P_5 = \big \{(\phi , \gamma , \tau ) \in \RR ^3 \mid -\tfrac 12 \le \phi \le \tfrac 14,\ 2\phi \le \gamma \le \tfrac 43 \phi +\tfrac 16,\ \tau = -\tfrac 23\phi +\gamma -\tfrac 13\big \}\end {equation*}


$C\in \CC $


$(\phi (C), \gamma (C), \tau (C)) = T$


$T(\phi , \gamma , \tau )$


$F_2$


$T'(\phi -\tfrac 32 \gamma , -\gamma , -\tau ) = \mathcal {A}(T)$


$F_6$


$T'$


$C\in \CC $


$(\phi (C), \gamma (C), \tau (C)) = T'$


$T=(\phi (C^{\sigma _2}), \gamma (C^{\sigma _2}), \tau (C^{\sigma _2}))$


$T$


$F_4$


$\Omega $


\begin {equation*}F_4 = P_1P_4P_5 = \big \{(\phi , \gamma , \tau ) \in \RR ^3 \mid -\tfrac 12 \le \phi \le 1,\ \tfrac 43 \phi - \tfrac 13 \le \gamma \le \min \{2\phi , \tfrac 23 \phi +\tfrac 13\},\ \tau = \tfrac 43 \phi -\tfrac 13\big \}\end {equation*}


$C\in \CC $


$(\phi (C), \gamma (C), \tau (C)) = T$


$b \in [0, \tfrac 12]$


$D_b$


$M$


\begin {equation*}D_b = M\big (3, (b, 1-b), (1, 2, 3), (-1, 1, -1)\big ).\end {equation*}


$D_b$


\begin {equation*}h_{D_b}(u) = \begin {cases} b - u; & 0 \le u \le b, \\ u; & b < u \le 1-b, \\ 2 - b - u; & 1-b < u \le 1. \end {cases}\end {equation*}


\begin {equation*}D_b(u,h_{D_b}(u)) = \begin {cases} 0; & 0 \le u \le b, \\ u; & b < u \le 1-b, \\ 1-b; & 1 - b < u \le 1. \end {cases}\end {equation*}


\begin {equation*}\tau (D_b) = 1-4b^2.\end {equation*}


\begin {equation*}\delta _{D_b}(u) = \begin {cases} 0; & 0 \le u \le \tfrac {b}{2}, \\ 2u - b; & \tfrac {b}{2} < u \le b, \\ u; & b < u \le 1-b, \\ 1-b; & 1-b < u \le 1-\tfrac {b}{2}, \\ 2u-1; & 1-\tfrac {b}{2} < u \le 1, \end {cases}\end {equation*}


\begin {equation*}\omega _{D_b}(u) = \begin {cases} u; & 0 \le u \le \tfrac 12, \\ 1-u; & \tfrac 12 < u \le 1, \end {cases}\end {equation*}


\begin {equation*}\phi (D_b) = 1-3b^2, \quad \text {and} \quad \gamma (D_b) = 1- 2b^2.\end {equation*}


$D_b$


$\delta _{D_b}$


$\omega _{D_b}$


$D_b$


$\delta _{D_b}$


$\omega _{D_b}$


$E_{a,b} = B_{a,D_b^{\sigma _2}}$


$\{D_b^{\sigma _2}\}$


$\{(a, 1-a)\}$


$F_{a,b} = E_{a,b}^{\sigma _2}$


\begin {align*}\tau (F_{a,b}) &= (1-2a)^2\tau (D_b) + 4(a^2 - a) = -4(1-2a)^2b^2 + 8a^2 - 8a + 1, \\ \phi (F_{a,b}) &= (1-2a)^2\phi (D_b) + 2(a^2 - a) = -3(1-2a)^2b^2 + 6a^2 - 6a + 1, \text { and} \\ \gamma (F_{a,b}) &= (1-2a)^2\gamma (D_b) + 4(a^2 - a) = -2(1-2a)^2b^2 + 8a^2 - 8a + 1.\end {align*}


\begin {align*}\tfrac 43\phi (F_{a,b})-\tfrac 13 &= \tfrac 43(-3(1-2a)^2b^2 + 6a^2 - 6a + 1)-\tfrac 13 = -4(1-2a)^2b^2 + 8a^2 - 8a + 1 = \tau (F_{a,b}).\end {align*}
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$\Omega $


$F_4$
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$F_{\frac 12,b} = W$
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$\Omega $


$b\in [0, \tfrac 12]$


\begin {equation*}\tfrac 23\phi (F_{0,b}) + \tfrac 13 = \tfrac 23\phi (D_b) + \tfrac 13 = \tfrac 23(1-3b^2) + \tfrac 13 = 1-2b^2 = \gamma (D_b) = \gamma (F_{0,b}),\end {equation*}
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$P_4P_5$


$\Omega $


$b\in [0, \tfrac 12]$


\begin {equation*}\tfrac 43\phi (F_{a,0}) - \tfrac 13 = \tfrac 43(6a^2 - 6a + 1) - \tfrac 13 = 8a^2 - 8a + 1 = \gamma (F_{a,0}),\end {equation*}
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$P_1P_4$


$\Omega $


$a\in [0, \tfrac 12]$


\begin {equation*}2\phi (F_{a,\frac 12})= 6a^2 - 6a + \tfrac 12 = \gamma (F_{a,\frac 12}),\end {equation*}


$(\phi (F_{a,\frac 12}), \gamma (F_{a,\frac 12}), \tau (F_{a,\frac 12}))$
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$\Omega $


$a\in [0, \tfrac 12]$
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\begin {equation*}\big \{(\phi (F_{a,b}), \gamma (F_{a,b}), \tau (F_{a,b})) \mid b\in [0, \tfrac 12]\big \}\end {equation*}
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$P_4P_5$
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$P_1$


$P_1P_4$


$P_1P_5$
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$F_4$


$a,b\in [0, \tfrac 12]$


$(\phi (F_{a,b}), \gamma (F_{a,b}), \tau (F_{a,b})) = T$


$T$


$F_3$


$\Omega $


\begin {equation*}F_3 = P_1P_3P_4 = \big \{(\phi , \gamma , \tau ) \in \RR ^3 \mid -\tfrac 12 \le \phi \le 1,\ \tfrac 43 \phi - \tfrac 13 \le \gamma \le \phi ,\ \tau = -\tfrac 43 \phi + 2\gamma +\tfrac 13\big \}\end {equation*}


$C\in \CC $


$(\phi (C), \gamma (C), \tau (C)) = T$


$\mathcal {A}$


$F_3$


$F_4$


$T(\phi , \gamma , \tau )$


$F_3$


$T'(\phi -\tfrac 32 \gamma , -\gamma , -\tau ) = \mathcal {A}(T)$


$F_4$
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$(\phi (C), \gamma (C), \tau (C)) = T'$


$(\phi (C^{\sigma _2}), \gamma (C^{\sigma _2}), \tau (C^{\sigma _2})) = T$


\begin {equation*}\Omega _{\phi , \gamma , \tau } = \big \{( \phi (C), \gamma (C), \tau (C)) \in [-\tfrac 12, 1] \times [-1, 1] \times [-1, 1] \mid C \in \CC \big \}\end {equation*}


$\Omega $


$\Omega _{\phi , \gamma , \tau } \subseteq \Omega $
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$C\in \CC $


$(\phi (C), \gamma (C), \tau (C)) = T$


$T(a,b,c) \in \Omega $
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$\{(a,b, \tau ) \mid \tau \in \RR \}$
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$F_2$


$F_4$


$B(a,b, \tau _1)$


$F_3$


$F_6$


$C_0$


$C_1$


$(\phi (C_0), \gamma (C_0), \tau (C_0)) = A(a,b, \tau _0)$
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$\tau (C_0) = \tau _0 \le c \le \tau _1 = \tau (C_1)$


$\tau (C_t)$
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$G_b$
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\begin {equation*}G_b = M\big (6, (b, \tfrac 12 - b, \tfrac 12, \tfrac 12 + b, 1-b), (3, 2, 1, 6, 5, 4), (1, -1, 1, 1, -1, 1)\big ).\end {equation*}
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\begin {equation*}G_b(u,h_{G_b}(u)) = \begin {cases} u; & 0 \le u \le b, \\ 0; & b < u \le \tfrac 12 - b, \\ h_{G_b}(u); & \tfrac 12 - b < u \le \tfrac 12, \\ u; & \tfrac 12 < u \le \tfrac 12 + b, \\ \tfrac 12; & \tfrac 12 + b < u \le 1 - b, \\ h_{G_b}(u); & 1 - b < u \le 1. \end {cases}\end {equation*}


\begin {equation*}\tau (G_b) = 8b^2.\end {equation*}
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\begin {equation*}\tfrac 23\phi (H_{a,\frac 14})+\tfrac 13 = \tfrac 23(-3a^2+3a+\tfrac 14) + \tfrac 13 = -2a^2+2a+\tfrac 12 = \tfrac 12(1-2a)^2-4a^2+4a= \tau (H_{a,\frac 14}),\end {equation*}


$(\phi (H_{a,\frac 14}), \gamma (H_{a,\frac 14}), \tau (H_{a,\frac 14}))$


$P_4P_6$


$\Omega $


$a\in [0, \tfrac 12]$


$T$


$F_7$


$a\in [0, \tfrac 12]$


$b\in [0, \tfrac 14]$


$(\phi (H_{a,b}), \gamma (H_{a,b}), \tau (H_{a,b})) = T$


$K_{a,b} = H_{a,b}^{\sigma _2}$


$H_{a,b}$


\begin {equation*}\big \{(\phi (K_{a,b}), \gamma (K_{a,b}), \tau (K_{a,b})) \mid (a,b) \in [0, \tfrac 12]\times [0, \tfrac 14]\big \}\end {equation*}


$F_1 = P_1 P_2 P_3$


$\Omega $


$a, b \in [0, \tfrac 14]$


$a \le b$


$L_{a,b}$


$M$


\begin {align*}L_{a,b} = M\big (&10, (a, b, \tfrac 12 - b, \tfrac 12 - b + a, \tfrac 12, \tfrac 12 + b - a, \tfrac 12 + b, 1-b, 1-a), (7,5,8,10,2,9,1,3,6,4), (-1, 1, 1, -1, 1, 1, -1, 1, 1, -1)\big ).\end {align*}


$L_{a,b}$


\begin {equation*}h_{L_{a,b}}(u) = \begin {cases} \tfrac 12 + b - u; & 0 \le u \le a, \\ u + \tfrac 12 - b; & a < u \le b, \\ u + \tfrac 12; & b < u \le \tfrac 12 - b, \\ \tfrac 32 - b - u; & \tfrac 12 - b < u \le \tfrac 12 - b + a, \\ u - \tfrac 12 + b; & \tfrac 12 - b + a < u \le \tfrac 12, \\ u + \tfrac 12 - b; & \tfrac 12 < u \le \tfrac 12 + b - a, \\ \tfrac 12 + b - u; & \tfrac 12 + b - a < u \le \tfrac 12 + b, \\ u - \tfrac 12; & \tfrac 12 + b < u \le 1-b, \\ u - \tfrac 12 + b; & 1-b < u \le 1-a, \\ \tfrac 32 - b - u; & 1-a < u \le 1. \end {cases}\end {equation*}


\begin {equation*}L_{a,b}(u,h_{L_{a,b}}(u)) = \begin {cases} 0; & 0 \le u \le a, \\ u - a; & a < u \le b, \\ u; & b < u \le \tfrac 12 - b, \\ \tfrac 12 - b; & \tfrac 12 - b < u \le \tfrac 12 - b + a, \\ u - \tfrac 12 + b - a; & \tfrac 12 - b + a < u \le \tfrac 12, \\ u - a; & \tfrac 12 < u \le \tfrac 12 + b - a, \\ 0; & \tfrac 12 + b - a < u \le \tfrac 12 + b, \\ u - \tfrac 12; & \tfrac 12 + b < u \le 1-b, \\ u - \tfrac 12 + b - a; & 1-b < u \le 1-a, \\ \tfrac 12 - b; & 1-a < u \le 1. \end {cases}\end {equation*}
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\begin {equation*}\delta _{L_{a,b}}(u) = \begin {cases} 0; & 0 \le u \le \tfrac 12-b+a, \\ 2u - 1 + 2b - 2a; & \tfrac 12-b+a < u \le \tfrac 12, \\ 2b - 2a; & \tfrac 12 < u \le \tfrac 12+b-a, \\ 2u-1; & \tfrac 12+b-a < u \le 1, \end {cases}\end {equation*}
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The problem of the exact region determined by Spearman’s rho and Kendall’s tau was open since1960/s and was solved in [11].
The relation between Blomqvist’s beta and other (weak) concordance measures is relatively easy to describe (see [12]), while relations
between others are more challenging. The region determined by Gini’s gamma and Spearman’s footrule is characterized in [13]. The
problem of the region determined by Spearman’s rho and Spearman’s footrule is partially solved in [14], see also [15]. The lower
bound for this region is determined exactly, while for the upper bound only a good approximation is known. The relations between
Kendall’s tau and other (weak) concordance measures are considered in [16]. The region determined by Spearman’s rho and Gini’s
gamma is still open.

In 2021, Chatterjee’s coefficient of rank correlation (Chatterjee’s xi) was introduced in [17] and became extremely popular. It
quantifies the strength of functional dependence between random variables X and Y. Even though this is not a concordance measure,
it has still been compared to common measures of concordance, see [18-20].

The paper [19] emphasizes the importance of studying higher-dimensional versions of the problem, namely, capturing the con-
nections between more than two concordance measures simultaneously. The first treatment of a triplet of concordance measures,
Blomgqvist’s beta, Spearman’s footrule and Gini’s gamma, was presented in [21]. The goal of the present paper is to study the relation
between Kendall’s tau (denoted by 7), Spearman’s footrule (denoted by ¢) and Gini’s gamma (denoted by y). We first prove the lower
and upper bound for Kendall’s tau of a copula if its Spearman’s footrule and Gini’s gamma are given. Then we give several examples
to demonstrate that these bounds are attained by shuffles of M. It turns out that the set of all triplets (¢(C), y(C), 7(C)) for all copulas
C is a polyhedron.

To prove our results, we use ordinal sums of copulas, hence, we need the formulas expressing concordance measures of an
ordinal sum of copulas in terms of concordance measures of its summands. We derive these formulas for all five most common (weak)
concordance measures and Chatterjee’s xi. These results may be of independent interest to the reader. Some of them already appeared
in the literature without proofs.

The paper is structured as follows. In Section 2 we introduce the notation, give the basic definitions and recall some results that we
need later. In Section 3 we prove the formulas for concordance measures and Chatterjee’s xi of an ordinal sum of copulas. In Section 4
we present our main result, i.e., we describe the exact region determined by Spearman’s footrule, Gini’s gamma and Kendall’s tau.
Moreover, we provide examples of copulas attaining the boundary of the obtained region. We end the paper with some concluding
remarks, including a discussion on the possible range of Kendall’s tau when Spearman’s footrule and Gini’s gamma of a copula are
given.

2. Preliminaries

Let [ be the unit interval [0, 1] € R and u;,u,,v;,v, € | be such that u; <u, and v; < v,. The Cartesian product of intervals R =
[u1,uy] X [V}, v,] is called a rectangle in 2. Let H : 1> — R be a real function. We define the H-volume of R as V(R) = H(uy,v,) —
H(uy,vy) — H(uy,v,) + H(uy, v1). A bivariate copula is a function C : 12 — [ with the following properties:

e C(0,v) = C(u,0) =0 for all u,v € 1 (C is grounded),
e C(u,1)=uand C(1,v) = v for all u,v € [ (C has uniform marginals), and
¢ V<(R) > 0 for every rectangle R C 12 (C is 2—increasing).

Bivariate copulas are functions of two variables which couple bivariate distribution functions with their one-dimensional marginal
distribution functions, a famous theorem by Sklar [22]. The set of all bivariate copulas will be denoted by C. It is well known that this
set is compact in the sup norm. For any copula C its diagonal will be denoted by 6. and its opposite diagonal by w, i.e., -(u) = C(u,u)
and wg(u) = C(u,1 —u) forall u € 1.

Given two copulas C and D, we denote C < D if C(u, v) < D(u, v) for all (u, v) € I°. This is the so-called pointwise order of copulas.
For any copula C we have W < C < M, where W (u,v) = max{0,u+ v — 1} and M (u,v) = min{u, v} are the lower and upper Fréchet-
Hoeffding bounds for the set of all copulas. With II(x, v) = uv we denote the independence copula. Furthermore, any copula C induces
reflected copulas C°! and C2 defined by C! (u,v) = v — C(1 — u, v) and C° (u, v) = u — C(u, 1 — v) for all (u, v) € 2. Note that §¢, (1) =
u—wc(u).

Let 4: | — [ be a measure preserving bijection, where [ is equipped with the Lebesgue measure 1. Then the function defined by

Clu,v)=A({t €]t <u, h(t) < v}) (@)
is a copula whose mass is concentrated on the graph of 4, i.e., uc({(z, h@) |t e [I}) = 1. Particular examples of such copulas are the
so-called shuffles of M. A shuffle of M

C=M(n,J,r,o)
is determined by a positive integer n, a partition J = {J,, J,, ..., J,,} of the interval [ into n pieces, where J; = [u;_;,u;]and 0 = uy < u; <
u, < ... <u,_; <u, =1, shortly written as (n — 1)-tuple of splitting points J = (u;,u,, ...,u,_,), a permutation = € S,, written as n-tuple
of images = = (n(1), #(2), ..., x(n)), and a mapping w : {1,2,...,n} - {—1, 1}, written as n-tuple of images w = (w(1), ®(2), ..., w(n)). The
mass of C is concentrated on the main diagonals of the squares [u;_y,u;]1 X [V ;)1 X U;;] where 0 =vy <v; <0, < ... <y, <p, =L
Hence, C is defined by the measure preserving bijection A, : | — [, given by

U+ U1 —Ui—1s U E W, uy), o) =1,
he(u) = Ugy H Uiy — U u € (u;_y,u;), wi)=-1,

v;; u=u;.
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Furthermore, C is the copula of random variables U and Ao (U), which are uniformly distributed on . For more details see [23,
§3.2.3].

In [24] Scarsini introduced formal axioms for concordance measures. These are mappings that assign to each copula a real number in
[-1,1] and are meant to measure the degree of concordance/discordance between the components of random vectors. Recall that two
observations (x, y) and (x’, ") from a random vector (X,Y) are concordant if (x — x")(y — y’) > 0 and discordant if (x — x")(y — ') < 0.
For the formal definition of concordance measures and further details we refer the reader to [25] and [23]. Here we give the properties
of concordance measures, which we will need in the sequel: if « is a concordance measure, then k(M) = 1, k(C°1) = k(C2) = —k(C)
for any copula C € C, « is continuous with respect to the pointwise convergence, and « is monotone increasing with respect to the
pointwise order.

Many of the most important bivariate concordance measures, including Kendall’s tau and Gini’s gamma, can be expressed with
the so-called concordance function Q, introduced by Kruskal [26]. If (X;,Y;) and (X,,Y,) are pairs of continuous random variables,
then the concordance function of random vectors (X,Y;) and (X,, Y,) depends only on the corresponding copulas C; and C, and is
given by (see [23, Theorem 5.1.1])

Q0=0(C,Cy) = 4L Cy(u,v)dCy(u,v) — 1. )
i

It turns out that the concordance function is symmetric in its arguments, i.e., O(C;,C,) = Q(C,,C)), and has several other useful
properties, see [23, Corollary 5.1.2] and [27, §3].

The most important concordance measures include Spearman’s rho, Kendall’s tau, Gini’s gamma and Blomqvist’s beta. With the
concordance function at hand, Spearman’s rho can be defined by

p(C) =39(C,II) = 12/C(u,v)dudv—3, 3)
12
Kendall’s tau by
T(C):Q(C,C)=4/ C(u,v)dC(u,v) -1, “4)
12

and Gini’s gamma by

1 1
7(C)=9(C, M)+ Q(C, W):4/ §C(u)du+4/ ocu)du—2. (5)
0 0

Blomgqvist’s beta is defined as
AC)=4C(5,3) - 1. 6)

If ho: 1> 1is a measure preserving bijection and C a copula whose mass is concentrated on the graph of A, then z(C) can be
expressed as

1
“(C)=4 / Clu, ho@) du—1. -
0

In [28] Liebscher considered weak concordance measures, which are slightly more general mappings than concordance measures
(the formal definition can be found in Liebscher’s paper). The most important example of a weak concordance measure is Spearman’s
footrule defined by

1
$(C) = 130(C, M) - l)=6/ Se(u) du — 2. ®©
0

Spearman’s footrule is not a true concordance measure since its range is [—%, 11.

Finally, we recall the definition of Chatterjee’s xi, which is not a concordance measure, but rather a nonsymmetric coefficient
of correlation. Every copula C € C is increasing in each variable, hence partially differentiable almost everywhere. We denote by
0,C(u, v) the partial derivative of C with respect to the first variable. One of the equivalent definitions of Chatterjee’s coefficient of
rank correlation is the following (see [20,29])

EC)=6 /2 (0,C(u, v))? dudv —2. ©
]

Since 9, C(u, v) exist almost everywhere, the above integral is well defined in the Lebesgue sense.
In the next proposition we recall the relations between Kendall’s tau, Gini’s gamma and Spearman’s footrule, which will be needed
in the sequel.

Proposition 1 ([13,16]). For any copula C € C we have

1$(C) — 1 <y(©) <min {2¢(C) + . 24(C) + 1 1. 10)
19O - 1 <10 < 2p(C) + 1, an
max {37(C) = $,27(C) = 1} < 7(C) < min {3¢(C) + §,27(C) + 1} 12)

The bounds are attained by shuffles of M.
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3. Concordance measures of an ordinal sum

In this section we give the formulas for five (weak) concordance measures (Spearman’s rho, Kendall’s tau, Spearman’s footrule,
Gini’s gamma, and Blomgvist’s beta), and Chatterjee’s xi of an ordinal sum of copulas.

Let {(ay.by) | k =1,2,...,n} be a finite family of disjoint open subintervals of | and { B, | k = 1,2, ...,n} a family of copulas. Then
the ordinal sum (sometimes also called M-ordinal sum) B of {B, | k = 1,2,...,n} with respect to {(a;,b;) | k =1,2,...,n} is a copula
defined by

ag + (b — ) By (=, =2 )s (u,v) € [ag, b2 k= 1,2,...,n,
Bu,v)=4 " e =) k("k""k ”k_"") () € Lo bl (13)
min{u, v}; otherwise,
(see [30], compare also [23, §3.2.2]).
We start with the formula for Spearman’s rho. It already appeared in [14], but without a proof, so we give the proof here.
Proposition 2. Spearman’s rho of an ordinal sum B, given in (13), is
n
p(B)=1- Z(bk — )’ (1 = p(By)). 14

k=1

Proof. Since B(u, v) = M(u, v) outside the union of squares [a,, b;]?, we have

/B(u,v)dudv:/M(u,v)dudv+/(B(u,v)—M(u,v))dudv
12 12 12

=1+ 2/ ((B(w.v) = M(u, v)) dudv
k=1 lag.bil

n

n
_1 _
_§+2/[a bJZB(u,v)dudv 2/ M, v)dudv
kobi k=1 lag.bk]

k=1
n

n
1 2 1
=14 2/ B,v)dudv~ X (b = a)*Gay + 1by).
k=1 lag-bi 12 k=1

Applying the change of variables u = (b, — a,)t + a, and v = (b, — a;)s + a, with the Jacobian determinant (b, — a,)?, we calculate

/ | B vydudv = / (ag + (b — @) B (=%, 2= )) dudv
[ag.bi]

s
lag.by 2 b—ay’ bi—ai

= a,(by — a)* + (b — ;) / B, (1,s)dtds
[|2

p(By) +3
= ay (b, — a)* + (b — ) - llc—z
Hence, we obtain
p(B) = 12/ B(u,v)dudv -3
12
n n
=1+122/ B(u,u)dudu—122(bk—ak)2(%ak+%bk)
k=1 lag.by =1 h

=1+ z (12a5(b, — ap)* — (by — a)*(8ay, + 4by) + (b, — a,)* (p(By) +3))
k=1

=1+ Y (—4(b —a) + (b — a)* (p(By) +3))
k=1
=1- Y (b —a)*(1 = p(By)).

k=1
which finishes the proof. O

We continue with the formula for Kendall’s tau of an ordinal sum.
Proposition 3. Kendall’s tau of an ordinal sum B, given in (13), is
2(B) =1 - Y (b — ap)*(1 - 7(By)). (15)
k=1

Proof. Since B(u,v) = M(u, v) outside the union of squares [a,, b;]?, we calculate

7(B) = -1 +4/ B(u, v)dB(u, v)
12
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n

—1+4Z/ B(u,v)dB(u,U)+4/ udu
=1 7 [ag.b 2 NV, _, (ag.by)

n 1 n

by
_1+4Z/ B(u,v)dB(u,U)+4/ “d“_42/ udu
k=1 lagby 2 0 =17k

n

n
1+4) / B(u,v)dB(u,v) =2 Y (b — a}).
=1/ la.be 1 k=1

u—ay  U—ay

Note that for (u, v) € [ay, b;]* we have d B(u,v) = (b, — a;) d By(
in the proof of Proposition 2, we calculate

= _ Uz L-ag
/[ak,buz B(u,v)dB(u,U)—/ (ay + (b ak)Bk(brak, kiak))dB(u,v)

r— ). Using this and applying the same change of variables as
k—ak br=ai

[ak,bk]z
= a, dB(u,v) + (b — ay) By (=2, Z0) 4 B(u, v)
—/[ak,bklz [ag.be)? (bk_”k bk_ak)

ak(bk _ ak)dBk( u—ay . v—ay, )+ (bk _ ak)2 Bk( u—a,  v—ay )dBk( u—a,  v—ay )
[ag.be)? bmai” b [ag by 1?

—ag bx—ay’ be—ay bi—ay’ by—ay

ak(bk—ak)/udek(t,s)+(bk—ak)z/usz(t,s)dBk(t,s)

T(By) +1
7] .

ay(by — ap) + (b, — a;)* -

Hence, we obtain

w(B)=1+4) ay(by—a) +4 Y (b — )’ - —T(B": L) PCETA)
k=1 k=1 k=1
=1-2 Y (b - a)* + Y (b — a)*(x(B) + 1)
k=1 k=1

= 1- Y\ (b — @)’ (1 = 7(By),

k=1
which finishes the proof. O

A version of the formula for Spearman’s footrule of an ordinal sum appeared already in [15], under the assumption that the union
of the family of closed subintervals {[a,,b,] | k = 1,2,...,n} equals the whole interval I. Here we prove it for the general case.

Proposition 4. Spearman’s footrule of an ordinal sum B, given in (13), is

G(B) =1 - (b — )’ (1 = $(By)). 16)

k=1
Proof. Note that the diagonal section 5 of copula B is equal to

a + (b — @35, =5 ); u€lag, bl k=1,2,...,n,
op(u) =

be—ay
u; otherwise

e u+ (b — ak)(sBk(b‘;":k ), u€lagbl.k=12,..,n,

=Uu
0; otherwise,

so that, using the change of variable,

1 1 no by
/ 5B(u)du=/ udu+2/ (ak—u+(bk—ak)53k(% ) du
0 0 k=1

ak

- 1
=3* Z (_%(bk - ak)2 + (b, — ak)z/o g, (1) dt)
k=1

c B +2
“ 4+ T (b ar e o-a B2
k=1

$(B) -1

= b, —a,)?- ,
+ ) (by—ay) 3

D=

k=1
which implies

n

$(B) =3+ Y (b — a’ (BB — 1) =2=1- Y (b — a)*(1 - $(By))

k=1 k=1
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and finishes the proof. O

Note that in the formulas for Spearman’s rho, Kendall’s tau, and Spearman’s footrule of an ordinal sum the position of the subin-
tervals (a, by) is not important, only their size b, — a;, matters. For Gini’s gamma this is no longer true. In order to give the result for
Gini’s gamma, we first prove a simple lemma.

Lemma 1. For any copula C € C we have

r(C) = §(¢(C) = $(C?)).

Proof. For any copula C we have

1 1 1 1
/ 6cor (u) du = / C°2(u,u)du = l —/ Cu,1 —u)du= l —/ wc(u)du,
0 0 2 0 2 0
1 1 1
y(C) = 4/ 5C(u)du+4<- —/ Scer (1) du) -2
0 2 Jo

KO H2 C)+2
6 6

= 2($(O) - $(C™)),
which finishes the proof. [

hence

=4

Proposition 5. Let B be an ordinal sum given in (13). If % does not belong to any of the subintervals (a;, b;), then

7(B)=1-3 Y (b —a)*(1 = 4(BY). a7
k=1
1 .
Ifz € (a;,b;) for some j € {1,2,...,n} then
n 1+min{0,c}
y(B) = 4(b; — aj)2 max{0, c}? +4a; —4012. - % Z(bk - a)*(1 — ¢(By) +4(b; - aj)z / Bj(t.1+c—1)dt,
k=1 max{0,c}
where ¢ = l_f)i_b/ € (-1, 1). In particular, if a; + b; = 1 for some j € {1,2,...,n} (ie., % lies at the middle of the subinterval (a;, b;)), then
j~4j
y(B)=1=(b; —a)*(1 = y(B)) = 3 Y (b — (1 — p(By)). (18)
k=1

kit
Proof. If % & UZ:I(ak,bk) then B(%, %) = % and wp = w),. (Note that this also covers the case when a; = % orb; = % for some j.) It
follows that 6zo, = 6pp00 = 6y, and Pp(B°2) = p(W) = —%. By Lemma 1 and Proposition 4 we have

n

7(B) = 2(B) - 3¢(B™) = 2 = 2 3'(b, —a))*(1 - p(BY) + 3
k=1

=1-2 3ty — a1 - G(By).
k=1

1 . .
Suppose now that 3 €(a;.by). We consider two cases. Suppose first that a; > 1 — b;. Then

u; 0<uc<a,
_ _ u—a; l—u—aj . _
wp(u) =qa; +(b; aj)Bj(_b/—a/’ ey ), aj<u<l-ay,

1—u; l—aj<u§1,
and thus

0; 0O<u<a,
—a; 1-u—
5oy (u) = u—aj—(bj—aj)Bj(u - a’); a;<us<l-a,

>
bj—a;’ bj—a;

2u-—1; l—a/-<u§l.

It follows that
1
$(B) = 6 / o0 () it — 2
0

1-g; u—a; l-u—a 1
=—2+6/av (u—aj—(bj—a,)Bj(bJT;j, bj_aj’))du+6/1 Qu—1)du

j —4j

6
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= 64> —6a, +1-6(b T g (L
=6a; —6a; +1-6(b; —a;) j(,,j_ajs,,j_aj) u
4aj

1-2a;

= 6a> — 6a; + 1 - 6(b; —a,)Z/b””’ B, (1, 7L — 1) dt.
0

,
I bj—a;

Suppose now that a; < 1 - b;. In this case

0; OSMSI—bj,

s
bj—a;’ by-a;

u—a; l-u-a
Spor () =u—a; —(b; —a;)B;(+—2 L)

; 1—=b ) <u <b s
2u-—1; b j <u< 1,
and a similar calculation as above gives

1

- 2 2 1-2q;
$(B*?) = 12b; — 6b; — 12a;b; + 6a; —5 - 6(b; — a;) i B, (1. ﬁ —t)dt
bj—a;
1
2 2 2 1-2a;
=6a; — 6a; + 1= 6(1 —a; —b;)* — 6(b; - a;) /]_aj_b/ B;(t, e " 1) dt.
bj—a;
Putting both cases together we obtain
. 1-2a
o 2 2 ) M {l’bf‘“j'} 1-24
$(B7) = 6a; — 6a; + 1 —6max{0,1 —a; = b;}* = 6(b; — a)) fo.2e Bj(t, ;=L —1)dt
max { 0, ——= )

bj—aj
) ) ) ) 14min{0,c}
=6a’ —6a; + 1 —6(b; — a;)* max{0,c}* = 6(b; — a;) /

1-a;
where ¢ = > .

B;(t,14c—1)dr,
»_aé’ € (=1, 1). By Lemma 1 and Proposition 4 we have
J J

max{0,c}

7(B) = 2(B) - 2¢(B™)

n
P
k=1

Wi

1+min{0,c}
—a)*(1 — $(By)) — 4af +4a; - § +4(b; — a;)* max{0,c}? +4(b; — a;)? / Bi(t.1+c—1t)dt
max{0,c}

R n 14+min{0,c}
= 4(b; — a;)* max{0,c}? + 4q, —4a12. -3 Z(bk —a)* (1 = p(B)) +4(b; — a;)? /
k=1 m;

Bj(t.1+c—1)dr
ax{0,c}
In particular, if a; + b; = 1 this simplifies into

n 1
v(B) =4a; —4a’ = 2 Y (b = ap)*(1 = p(By)) + 4(b; — a,)? / Bj(t.1 - 1)dt.
k=1 0

Since

1 1 1 1
/ B;(1,1 —t)dt:/ wp (t)a't=/ (t=8pn (1) dt = % —/ G0 (1) dt
0 0 ’ 0 i 0 J

1 1 0 1 o
=5;- g(¢(Bj2)+2) == ¢(Bj2)),
we obtain

7(B) = 4a; — 4> — 3 3" (b — > (1 = p(BY) + 3 (b; — a))*(1 - $(B}*)
k=1

= 4a; —4a; + 3(b; — a)X($(B)) — H(BT)) = 3 Y (b — a)*(1 — $(BY)
k=1

ktj
=4da; —4ad + (b, —a)y(B) = 3 Y (b — ap)*(1 — $(By)
)
=1-(b;—a)*(1 = 7(B)) - 3 Y (b — ,)*(1 = $(By)),
k=1
k#j

which finishes the proof. [

Next, we consider Blomqvist’s beta of an ordinal sum. The proof is straightforward, so we omit it.

7
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Proposition 6. Let B be an ordinal sum given in (13). If does not belong to any of the subintervals (ay, b;), then f(B) = 1. If € (a;
for some j € {1,2,...,n} then

72 b7)
L,
B(B) =4a; +4(b; — aj)éBj(ﬁ) - L
In particular, ifa- +b; = 1 for some j € {1,2,...,n} (ie., = lles in the middle of the subinterval (a;
B(B)=1—(b; —a;)1 - B(B))).

Finally, we con51der Chatterjee’s xi of an ordinal sum of copulas.

b,)), then

7

Proposition 7. Chatterjee’s xi of an ordinal sum B, given in (13), is

n

E(B) = 1= Db — a)*(1 - E(B)). 19)

k=1
Proof. Note that for almost all (4, v) € I the partial derivative 9, B of copula B with respect to the first variable is equal to

0 By (= Ty, (y,0) € (a5, b )% k=1,2,...,n,

by—ay’ by—ay
0 Bu,v) =4 1; v>u,(u,0) € UL_ [ag, b T,
0; v <u,(u,0) & Up_ lag, bl
so that
/(a B(u,v))’ dudv = Z/ 0y Bi (=5, /S ))zdudv+/ dudv
lag.bi 2 kT (o) loza)\U!_| [ay. b2

=Z/ (0) By (=, = ))Zdudv+——2%(bk—ak)2.
k=1 lag b2 Kk =1

Since

o B2

/ OB, 5=k N dudv = (b — a;) /(a By (s, dsdt = (b — .
lag.be]? 6

we obtain

&(B) = 6/(013(14, o) dudv -2
|]2

= Db — a)PEBY +2)+3— Y 3 — ap)? —2

k=1 k=1

= 1= Y (b — )’ (1 — &(ByY)),

k=1
which finishes the proof. [

We finish this section by looking at a special simple ordinal sum, containing just one copula in the middle of the unit square,
which will be needed later.

Lemma 2. For any a € [0, %] and copula C € C let B, ¢ be an ordinal sum of {C} with respect to the interval {(a,1 — a)}. Then
p(B, o) = (1= 2a)*p(C) + 8a® — 124° + 6a,
(B, ) = (1 —2a*7(C) + 4a — 4d°,
B(B,c) = (1 —2a)*¢(C) + 4a — 4a°,
Y(Buc) = (1 = 2a)*y(C) + 4a — 4%,
B(B,c) =1 =2a)f(C) + 2a, and
E(B, o) = (1 — 2a)%E(C) + 4a — 4d”.

Proof. If a = % then B, - = M and the formulas hold. So, we may assume without loss of generality that a < % By Propositions 2-7,
respectively, we have

p(Boc)=1-(1=2a)(1 — p(C)) = (1 —2a)’p(C) + 8a* — 12a* + 6a,

(B, ) =1~-(1=2a)*(1 — 7(C)) = (1 - 2a)*7(C) + 4a — 4a°,

$(B,c) =1— (1 -2a)*(1 - $(C)) = (1 — 2a)*$(C) + 4a — 4d’,

7(Byc) = 1= (1=2a)°(1 = y(C) = (1 - 2a)°y(C) + 4a — 4a’,

B(B,c) =1-(1-2a)1 - B(C) = -2a)p(C) + 2a, and

EB, ) =1-(1-2a(1 - &(C)) = (1 - 2a)*4(C) + 4a — 4a’,
respectively, which finishes the proof. O
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4. Exact region phi-gamma-tau

In this section we find the exact region determined by Spearman’s footrule, Gini’s gamma and Kendall’s tau
Q. = {($(0),7(C),z(C)) € [—%, x[-L1]1x[-1,1]|C eC}.
The first lemma gives the bounds for Kendall’s tau of a copula, if its Spearman’s footrule and Gini’s gamma are known.
Lemma 3. For any copula C € C we have
max {$6(C) - 3, =2¢(C) +7(C) = 1} < 7(C) <min {2¢(C) + 3, =31h(C) + 27(O) + 1 }.
Proof. By (11) we need to prove only
—2(O) +7(0) = 3 S 7(C) £ =3H(C) + 27(C) + 5.
For any copula C € C it follows from Lemma 1 that
$(C?2) = $(C) = 37(C). (20)
Using (11) again, we infer
7(C) = =7(C%) < ~(3H(C™) = 3) = =5(H(O) = 37O + 5 = =3H(O) +27(O) + 3,
and
() = =7(C) 2 =3H(C™) + ) = =3(H(C) = 37(C) = 3 = =3H(O) +7(O) - 3.
which finishes the proof. [
We define a polyhedron Q in R? by
Q={@}r.DeR | -20<1,
—8p+6y <1,
—2¢+3y <1,
4¢-3r<1, (21)
—2¢+3r<1,
—2¢+3y-37<1,
4¢p—6y +37 < 1}.

It follows from the fact that ¢(C) > —%, Eq. (10) and Lemma 3 that for any copula C € C the point (¢(C), y(C),z(C)) lies in the
polyhedron Q. Note that the polyhedron Q has 6 vertices

Pzl =D, P33 =3 P3m3.00 B LD B 3.0 BeC )
7 faces
Fy =P PPy ={(¢.7,7) €Q|-2¢ =1},
F, i= PP,Ps = (($,7,7) €Q| —2¢ +3y — 37 = 1},
Fy := P PyP, = {($,7,7) €Q |4 — 6y + 37 =1},
Fy :=P P Ps={(¢.7.7) €Q|4p -3t =1},
Fs i= P,PyPsPg = {(¢,7,7) € Q| -8+ 6y =1},
Fg := PyPy Py ={($,7,7) €Q| 2¢+3r =1},
F; = PyPsPy={($,7,7) €Q| 2¢+3y =1},
and 11 edges
PP={($,7.0)€Q| 2¢=1, 2¢+3y —3r =1},
PPy={(¢.7,7) EQ| 2¢=1, 4p -6y +37 =1},
PPy ={(¢.7,7)EQ|4p-3r=1, 4¢p—6y +3r =1},
PPs={(¢y,1)€EQ|4p-3r=1, —2¢+3y —3r =1},
PPy ={(¢1. 1) EQp=—3, y=-1],
P, Ps = {(¢,7,7) €Q| -8¢p+6y =1, —2¢+3y — 37 =1},
PiP = {(¢7.7) EQ| 2¢p+3r =1, 4 — 6y + 37 =1},
PPy = {($,y,7) €Q| —8p+6y =1, —2¢ + 37 =1},
PP ={($y,7) €Q| 2043y =1, 49 -3t =1},



D. Kokol Bukovsek et al. Journal of Computational and Applied Mathematics 486 (2026) 117639

Fig. 1. The polyhedron Q defined in (21). Theorem 1 shows that Q is precisely the region determined by ¢, y and 7.

PP ={(¢7,7) €EQ| 2043y =1, 2 +3c =1},
PPy ={(¢r.0)€Q =1 r=13)

The polyhedron Q is depicted in Fig. 1 from two distinct points of view.

Note also that the projection of the polyhedron Q to the ¢y-plane is the quadrilateral P/ (—%, -DP;(1,DHP; (3—‘, %)PZ’(—%, —%), the
exact region determined by Spearman’s footrule and Gini’s gamma (see [13]), the projection of the polyhedron Q to the ¢z-plane is
the triangle Pl” (—%, —l)P;’ (1, 1)P3” (—%,0), the exact region determined by Spearman’s footrule and Kendall’s tau (see [16]), and the

projection of the polyhedron Q to the yz-plane is the quadrilateral Pl/ (-1, —1)P3” ’ (—%, 0)P4” 'a, I)PS” "(1,0), the exact region determined
by Gini’s gamma and Kendall’s tau (see [16]).
Since y and 7 are concordance measures, we have

r(€C??) ==y (C) and 7(C?2) = —7(C).
Furthermore, Lemma 1 implies ¢(C°2) = ¢(C) — %y(C). Thus, the reflection mapping C — C°2 induces a linear involution
A (@.7,7) = ($= 2y, —r,—).
In particular, for any copula C € C we have
A(H(O), 7(C), 7(C)) = (¢(C72), y(C*?), T(C™)). (22)
The following lemma is easy to check.

Lemma 4. The linear mapping A has the following properties

A(P) = Fy, A(F)) = Fy,
A(Py) = Fg, A(F,) = Fg,
A(P;) = Ps, A(F;) = F,,
A(P) = P, A(F) = F;,
A(P5) = P;, A(F5) = Fs,
A(Pg) = P, A(F) = F,

A(F;) = F,.

Moreover, polyhedron Q is invariant under the mapping A.
In the following lemmas we show that points on the faces F,, F;, F,, and Fg are attained by some copulas.
Lemma 5. For any point T on the face Fy of the polyhedron Q
Fg=PPP={(¢r, ) ER} |- <$p<1, ¢<y<min{ip+: 3¢+3} r=3¢+1)
there exists a copula C € C such that (¢(C), y(C),t(C)) =T.

10
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Proof. Let b € [0, i] and let C, be a shuffle of M

Cyp=M(6,(b,3 = b, 3,5 +b1-5),3,51,6,24),(,1,1,1,1,1)).

The copula C, is defined by the measure preserving bijection

u+i—b 0<u<b,

1. 1_
u+?, l:<u§2 lz,
u—-+b, -—-b<u<-=,

hgw=q""3T 10T
M+?—, ?<u_§+,
u—i; §+b<u§1—b,
u-3+b 1-b<ux<l
We have
u; OSu_% b,
he (u); l—b<u§l,
S M BN
u; ?< 3 N
he,; +b<u<l
Using Eq. (7), we obtain
7(Cy) = 8b°.
Furthermore, we have
0; 0<u<i-b,
u—1+2b; Lop<u<i,
O¢, () = 2 =2
b . 1 1
2b; 2<u 3 b,
2u-—1; JHb<us<l,
and
. 1
L;, (ISMSZ‘I,
u+2b—=-; -—-b<u<s,
wcb(u)= 2p 4 ) 2‘ % <! 2
+l§—u, ?<u_§+3,
M—E; §+b<uSZ,
1—u; %<u51,

Using Egs. (5) and (8), we obtain
PH(Cy) = 12b% — % and y(C,) = 16b* — %

The mass distribution of copula C, and the graphs of functions 6., and wc, are shown in Fig. 2.
Now let 4, = B,c, be an ordinal sum of {C,} with respect to the interval {(a, 1 — a)}. By Lemma 2 we have

7(Agp) = 8(1 = 2a)*b? — 44 + 4a,

$(Aqp) = 12(1 = 206 — 6a” + 62— 3, and

Y(Aqp) = 16(1 = 2a)*b* — 6a* + 6a — %
Note that

2p(Agp) + 3 =3(1201 - 20)0* — 6> + 6a— 1) + 1 = 8(1 — 20)°0 — 4a® + 4a = 1(A,).

1
3
Since the point (¢(A, ), ¥(4,,), (A, ) lies in the polyhedron Q, this implies that it lies on the face Fg for any a € [0, %] and b €[0,1].
Furthermore, A, , =M, so0 that the point (¢(A 1 P V(AL ), T(AL L)) is the point P, of the polyhedron Q for any b € [0, }‘],

2’ 2”7 27 2”7

29(Agp) + ¢ = TB(Cy) + ¢ = 21207 = D)+ £ = 1667 — 1 = 7(Cy) = 1(Agp),
so that the point (¢(A ). ¥(Ag ). 7(A( ) lies on the edge P; Py of the polyhedron Q for any b € [0, l],
P(A0) = —6a% +6a— 3 = y(A,0),

11
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Fig. 2. The mass distribution of copula C, (left) and the graphs of functions §, and wc, (right) from the proof of Lemma 5.

so that the point (¢(A4, ). y(4,(). 7(A,)) lies on the edge P; P, of the polyhedron Q for any a € [0, %], and
2 1 _ 2/ 22 1 1__ 9,2 1 _
§¢(Aa%)+§—§( 3a +Sa+4)+3— 2a +2a+2—y(Aa’%),

so that the point (P4, 1), 7(A, 1), 7(A4, 1)) lies on the edge P, Ps of the polyhedron Q for any a € [0, %]. For any fixed a € [0, %] the
"3 " "

set of points

{( DA 7(Agp) (A, ) | E 0, 51}

is a curve lying on the face Fy and connecting a point on the edge P; P, and a point on the edge P, P;. By the above and by continuity,
when a = 0 the curve covers the edge P; P, and when a = % the curve degenerates into vertex P,. Furthermore, the set of the endpoints
of all the curves covers the edges P; P, and P, FP;.

We claim that for any point T on the face Fy there exist a € [0, %] and b € [0, i] such that (¢(A4,,), (A, ). 7(A, ) = T. Assume
this is not the case and take a point T, € F; which is not in the image of the mapping G : (a.b) = (¢(A, ;). 7(A,,).7(4, ). By the
above, T lies in the interior of Fg. Since ¢(4, ), 7(A,,), 7(4,,) are continuous as functions of a, b, the mapping G induces a homotopy
between the functions f,g: [0,1] - Fg \ {T}, where f (1) = P, for all t € [0, 1] and g is a parametrization of the boundary of Fg with
£(0) = g(1) = P,. This contradicts the fact that the fundamental group of the topological space Fy \ {T;} is nontrivial.

O

Lemma 6. For any point T on the face F, of the polyhedron Q
F=PPPs={¢rneR |-t <p<l 2p<y<ip+l r=-2¢p+y-1}
there exists a copula C € C such that (¢(C), y(C),t(C)) =T.

Proof. Let T(¢,7,7) be any point in F,. Then the point T'(¢ — %y,—y,—r) = A(T) lies on the face Fy, by Lemma 4. By applying
Lemma 5 to the point T’, we can find a copula C € C such that (¢(C), y(C), 7(C)) = T'. By Eq. (22) we get T = (¢(C2), y(C2), 7(C°2)),
which finishes the proof. [

Lemma 7. For any point T on the face F, of the polyhedron Q

Fy=PPPs={($r.0)€ER |- <hp<1, 3¢p—1<y<min(2¢,2¢+1}, =3¢ 1}
there exists a copula C € C such that (¢(C),y(C),z(C)) =T.
Proof. Let b € [0, %] and let D, be a shuffle of M

Dy =M(3,(b,1-b),(1,2,3),(-1,1,-1)).

The copula D, is defined by the measure preserving bijection

b—u; 0<u<b,
th(u)= u; b<u<l-b,
2—-b—-u; 1-b<u<x<l.

12
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We have

0; 0<u<b,
Dy hp, W) = 4 u; b<u<l-—b,
1-b, l-b<u<l.

Using Eq. (7), we obtain
7(Dy) = 1 — 4b%.

Furthermore, we have

0; 0<u<?
u—b; 2<usb,
op, W) =qu; b<u<l-b,

I—b 1-b<u<l-2%
u—1; 1—§<u51,

and

u; 0<u
wp, W) =

. 1
1—u; 2<u

_ =

IA A

Using Egs. (8) and (5), we obtain
$(Dy) =1-3b%, and y(Dy) =1-2b".

The mass distribution of copula D, and the graphs of functions 6, and wp, are shown in Fig. 3.
Now let E,, = B, o> be an ordinal sum of {DZZ} with respect to the interval {(a,1 - a)} and F,, = E;’Zb Using Lemmas 1 and 2
.D, :
we obtain

7(F,,) = (1 = 2a)*7(D,) + 4(a® — a) = —4(1 — 2a)*b* + 8a® — 8a + 1,
B(F, ;) = (1 = 2a)* (D) + 2(a* — a) = =3(1 — 2a)*b* + 6a® — 6a + 1, and
Y(F,p) = (1 =20y (Dy) + 4(a® — a) = =2(1 — 2a)°b? + 84> — 8a + 1.
Note that
20(Fp) — 3 = 2(=3(1 = 20)*h* + 627 = 6a+ 1) — 1 = —4(1 — 2a)°b* + 8> —8a+ 1 = 7(F ).
Since the point (¢(F, ;). y(F, ;). 7(F, ;)) lies in the polyhedron Q, this implies that it lies on the face F, for any a, b € [0, %]. Furthermore,
Fi,=W,so that the point (¢(F: WY (F1 ), T(F1 ) is the point P, of the polyhedron Q for any 5 € [0, l],
2 3 3 3
20(Fop) + 3 = 2¢(Dy) + 3 = 3(1 =367 + 1 = 1 =267 = y(Dy) = y(Fyy),
so that the point (¢(F ), y(Fy ), 7(Fp ) lies on the edge P, Ps of the polyhedron Q for any b € [0, %],
1p(F0)— 3 = 260> ~6a+ 1)~ 1 =8a> ~8a+1=y(F,g).
so that the point (¢(F, ). 7(F, ). 7(F,)) lies on the edge P, P, of the polyhedron Q for any a € [0, 1], and
— 62 1 _
20(F, 1) =6 = 6a+ 3 =y(F, 1),
so that the point (@, 1), y(F, 1), 7(F, 1)) lies on the edge P, Ps of the polyhedron Q for any « € [0, l]. For any fixed a € [0, l] the set
’2 ’2 ’2
of points
{(B(F,p). ¥(F,p). T(F, 1)) | b€ [0,31}

is a curve lying on the face F, and connecting a point on the edge P, P, and a point on the edge P, P;. By the above and by continuity,

when a = 0 the curve covers the edge P, Ps, and when a = % the curve degenerates into vertex P;. Furthermore, the set of the endpoints

of all the curves covers the edges P, P, and P, Ps. A similar argument as in the proof of Lemma 5, shows that for any point T on the
face F, there exist a,b € [0, lJ such that (¢(F, ), 7(F, ), t7(F,p) =T. O

Lemma 8. For any point T on the face F; of the polyhedron Q
F=PPP={¢r0eR |-1<¢p<1, 3¢p-1<y<d r=-1¢+2r+1}
there exists a copula C € C such that (¢(C), y(C),t(C)) =T.

13
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Fig. 3. The mass distribution of copula D, (left) and the graphs of functions §;, and w,, (right) from the proof of Lemma 7.

Proof. By Lemma 4, linear mapping .A maps F; to F,, so for any point T(¢, v, 7) in F; the point T'(¢ — %y, —y,—1) = A(T) lies on the
face F,. By Lemma 7, there exists a copula C € C such that (¢(C), y(C), 7(C)) = T'. Thus, by Eq. (22) we have (¢(C°2), y(C2), 7(C2)) =
T. O

We are now ready to prove our main theorem.

Theorem 1. The exact region determined by Spearman’s footrule, Gini’s gamma and Kendall’s tau
Qpye = {(¢(©).y(C),z(C)) [—%, Ix[-L1Ix[-1,1]|CecC}
is the polyhedron Q, defined in (21).

Proof. If follows from Eq. (10) and Lemma 3 that Q, , . C Q. We need to prove that for any point T € Q there exists a copula C € C
such that (¢(C), y(C),z(C)) =T. Let T'(a, b, c¢) € Q. By Lemma 3 and definition of Q, the vertical line {(a, b, 7) | r € R} intersects poly-
hedron Q in exactly one line segment AB with endpoints determined by inequalities from Lemma 3. Here, the point A(a, b, 7)) lies
in the union of faces F, and F,, and the point B(a, b, 71) lies in the union of faces F; and F¢. By Lemmas 5-8, there exist copulas
C, and C; such that (¢(Cy), y(Cy), 7(Cy)) = A(a, b, 7y) and (¢(C)),y(C}), 7(C})) = B(a, b, 7). Now for any ¢ € [ let C, be a convex combi-
nation of copulas C, and C}, i.e., C, = tC, + (1 — 1)C,. We have ¢(C,) = 1¢(C;) + (1 — )¢(Cy) = a and y(C,) = ty(C)) + (1 — 1)y (Cy) = b.
Furthermore, 7(C)) = 7y < ¢ < 7; = 7(C)) and 7(C,) is continuous as a function of ¢, so there exists r € | such that 7(C,) = ¢, hence
T = ($(C).7(C).7(C)). O

Lemmas 5-8 show that any point in the union of faces F,, F;, F,, and Fg can be attained by a shuffle of M. The following examples
demonstrate that also the points on the remaining faces F;, Fs, and F, are attained by shuffles of M.

Example 1. Let b € [0, %] and let G, be a shuffle of M
Gy=M(6,(b,3 = b4, 2 +5,1-6),(3,2,1,6,54),(1,-1,1,1,-1,1)).

The copula G, is defined by the measure preserving bijection

u+s—b 0<usb,
1 1
bon scusion
u—-+b, -—b<u<-,
he, W) = 2 2 2
u+-—-b, -<u<-=-+bh,
3 i ’
E—M; §+b<u§1—b,
u—%+b; 1-b<u<l.

14
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We have

u; 0<u<b,
0; b<u<i-—b,
hg, (u); l—b<u51,

Gylu,hg, ) =1 " 3 =2
u; 5<M§5+b,
1. 1
7 §+b<u§1—b,
hg,; 1-b<u<l

Using Eq. (7), we obtain
7(G,) = 8b°.

Furthermore, we have

0; 0<u<i,
1. 1 1
2u—=; - <u<-=,
8 (u) = 20 1 =2
Gy 1 1 3
= - <u<l=
2’ 2 =¥
2u-—1; Z<u§1,
and

@ u; OSuS%,

wg, () =
b 1—u; %<u51,

The mass distribution of copula G, and the graphs of functions 65, and wg, are shown in Fig. 4. Using Egs. (5) and (8), we obtain
$(Gy) =1, and y(Gy) = 3.
Now, for any a € [0, 1] let H,, = B,, be an ordinal sum of {G,} with respect to the interval {(a,1 — a)}. By Lemma 2 we have
7(H,,) = 8(1 — 2a)*b* — 4a” + 4a,
$(H, ) = —3a* +3a+ 1, and
Y(H,p) = =2a> +2a+ 3.
Note that
2O(H,p) + 3 = 3(=3a% +3a+ 1)+ 3 = —2a° + 2a+ 3 = y(H,,),
so the point (¢(H, ), 7(H,;), 7(H, ;)) lies on the face F; of the polyhedron Q for any «a € [0, l] and b € [0, JT]‘ Furthermore, H, y=M,
3
so that the point (¢(H | G Y(H 1), T(H ) is the point P, of the polyhedron Q for any b € [0, i],
27 27 27
@(Hy ) = d(Gy) = % and y(Hy,) =r(G,) = %
so that the point (¢(H ). y(Hy ). 7(H))) lies on the edge Ps P of the polyhedron Q for any b € [0, 1],
2P(H,0) = 3 = 2(=3a% +3a+ 1) — 3 = —4a” +4a = «(H ),
so that the point (¢(H,),y(H, ), 7(H,)) lies on the edge P, Ps of the polyhedron Q for any a € [0, l], and

2 1 _ 23,2 Nyl 92 1 _ 12202 - 442 =
§¢(Ha‘%)+§—3( 3a +3a+4)+3— 2a +2(1+2—2(1 2a)” —4a +4a—T(Ha’%),

so that the point (@(H, 1), y(H, 1), 7(H 1)) lies on the edge P, Py of the polyhedron Q for any a € [0, 1. Similarly as in the proof of
"7 i "7

Lemma 5 we show that for any point T on the face F; there exist a € [0, %] and b € [0, l] such that (¢(H, ;). 7(H, ). 7(H, ) =T.

Example 2. Consider the copula K, , = H:ZJ, where H,, is the copula from Example 1. Similarly as in the proof of Lemma 6, we can
prove that the set of points

{(@(K, ) (K1), (K p) | (a,b) € [0, 31X [0, 11}
is equal to the face F, = P, P, P; of polyhedron Q.

Example 3. Leta,b € [0, i] with a < b and let L, be a shuffle of M
Loy=M(10,(a,b, 3 —b,3 —b+a 3,3 +b—a 3 +b1-b1-0),(758,10209,1,3,64),(-1,1,1,=1,1,1,=1,1,1,-1)).
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Fig. 4. The mass distribution of copula G, (left) and the graphs of functions é;, and wg, (right) from Example 1.

The copula L, is defined by the measure preserving bijection

%+b—u; 0<uc<a,
u+%—b, a<u<lhb,
1. 1_
E—]b—u, ?—b<u§5—f7+a,
u—-+b, -—b+a<u<-,
hLa,b(u)= % b % <lip 2
L:+§— 5 ?<u_§+ —;1,
E+lb—u; ?+b—a<usi+b,
u=3; §+b<u§l—b,
u-3+b l-b<u<l-a,
%—b—u; l-a<u<l.
We have
0; 0<u<a,
u-—a, a<u<b,
u; b<u§%—b,
1 . 1_ 1_
E—lb, % b<u§2 f)+a,
u—-+b—-a, -—-b+a<u<-,
Lpuhyp w)=4q 2 ? 2
> ab . 1 1
u—a z<u<§+b—a,
0; SH+b—a<u<i+b,
L. 1 —
u—?, 2+b<u§1 b,
u—5+b—a; l-b<u<l-a,
%—b; l—a<u<l.
Using Eq. (7), we obtain
7(L,y,) = 16(b — a)? — 8b°.
Furthermore, we have
0; 0§u§%—b+a,
u—1+2b-2a; 3-b+a<u<j,
o, = i i
@ 2b - 2a; §<u§§+b—a,
2u—1; JH+b—a<u<l,
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Fig. 5. The mass distribution of copula L, (left) and the graphs of functions 6,  and w;  (right) from Example 3.
and
. 1
lj’ ?su < P
s Z<u§§—b+a,
u+2b—2a—1; l—b+a<u§l,
@r,, ) =1 L 2 1 2
ab 2b—2a+--u; -<u<-+b—a,
1 : i > 3
U= 5+b—a<usz,
1 —u % <u<gl,

Using Eq. (5) and (8), we obtain

$(L,p)=12(b—a)’ =1, and y(L,,) =16(b—a’ - 3.
The mass distribution of copula L, and the graphs of functions §; , and w; , are shown in Fig. 5.

Note that

2Ly + 1 =32(120-a - 1) + L =16(b—a)’ = 1 = y(L,,),

1
6
so the point (¢(L,;),7(L,p),7(L,,)) lies on the face Fs for any a,b € [0, l] with a < b. Furthermore, L,, = C, = A, so the
point (¢(Lgp),v(Lg ), 7(Lg,)) lies on the edge P3P of the polyhedron Q for any b € [0, %], D(Lyp) =y(Lyy) = -1

5> so the point
(@(Lyp). ¥(Lpp). 7(Ly ) lies on the edge P, P; of the polyhedron Q for any b € [0, 4—1‘], and

— 2 1 _
y(La )= 16a —8a+5 —r(La,%),

1
"%

so that the point (L, )) lies on the line segment P, P;. For any fixed b € [0, }‘] the set of points

gl ), }'(La,% ), T(La’%

{(@(Lap)7(Lap).7(Lyyp)) | a €10,0]}
is a curve lying on the face F5 and connecting a point on the edge P; P and a point on the edge P, P;. By the above and by continuity,
when b = 3—1 the curve covers the line segment P, P;. Furthermore, the set of the endpoints of all the curves covers the edges P, P; and

P; P. A similar argument as in the proof of Lemma 5, shows that for any point T on the triangle P, P; Py there exist a,b € [0, i] and
with a < b such that (¢(L, ), 7(L, ), 7(Lyp) =T.
Finally, let M, , = Lgfb. By Lemma 4 the linear mapping .4 maps triangle P, P; P; onto triangle P PsP,. Hence, by Eq. (22), for any

point T on the triangle P, P5 P there exist a, b € [0, }‘] with a < b such that (¢(M,,,),7(M, ), 7(M, ) = T.

5. Concluding remarks

In this paper, we described the exact region Q, , . determined by Spearman’s footrule, Gini’s gamma and Kendall’s tau. It is a
polyhedron Q depicted in Fig. 1, with 6 vertices, 11 edges and 7 faces. We proved that every point on the boundary of Q can be
realized using a shuffle of M.
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é =0.03125 of the volume of the (¢,y,r)-box
[—%, 11x [-1,1] x [-1,1]. In [21], the authors computed the volume of Qg 000 1€y vol(Qﬂyd,’y) = 1—(’; = 0.475, which represents % ~
0.07916 of the volume of the (8, ¢, y)-box [—1, 1] X [—%, 11x[-1,1].

Proposition 1 shows that for any copula C with given value ¢(C), the spread of z(C), i.e., the difference between the maximal
and the minimal possible value of z(C), is at most 1. On average, the spread of 7(C) given ¢(C) is

The polyhedron Q, . has volume vol(Q, ;) = 13—6 =0.1875, which represents

area(QdM) 1
length(-1.17) %’

since area(Q, ;) = %, see [16]. Similarly, given the value of y(C), the spread of z(C) is at most % On average, the spread of 7(C) given
y(C) is again

area(Q},,,)

length(-1,11) 2’

since area(Q, ;) = 1, see [16]. If both ¢(C) and y(C) are given, the maximal spread of 7(C) is still % Indeed, if ¢(C) = y(C) = 0, then
7(C) e [—%, %] by Lemma 3. The average spread of z(C) given ¢(C) and y(C) is

vol(Qd,’w)

-1
area(Qy,) 3’

since area(Qy,) = %, see [13]. Using results from [21], the average spread of #(C) given ¢(C) and y(C) is

M =33 408444
area(Qg,) % ’ ’

We conclude that the value of 7(C) is more closely related to the values of ¢(C) and y(C) than the value of A(C) is.
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