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Given positive integers k and n, we present methods to construct 
all groups of order at most n that contain a Cayley set of size k, 
and to enumerate the Cayley sets of order k in a given group, up 
to the action of the automorphism group. We use these methods to 
generate complete lists of pairwise nonisomorphic 3-valent Cayley 
graphs with at most 5,000 vertices and 4-valent Cayley graphs with 
at most 1,025 vertices.
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1. Introduction

In this article we derive exhaustive generation methods used for the enumeration of Cayley graphs 
of small order and valency. Moreover, this article serves to describe and document recently obtained 
datasets of all 3-valent Cayley graphs of order up to 5,000 and of all 4-valent Cayley graphs of order 
up to 1,025.

Compiling datasets (or ‘censuses’ as they are often called) of symmetric graphs (as well other 
mathematical objects) has a long history, going back at least to 1930’s when Foster (1932) started 
collecting examples of highly symmetrical 3-regular graphs (or ‘geometric circuits of electrical net
works’, as he called them). His work evolved over the years and culminated in a book, published 
in 1988, entitled The Foster Census (Bouwer et al., 1988), which contained all but a few (connected, 
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simple) 3-valent graphs of order up to 512 whose automorphism groups act transitively on the corre
sponding sets of arcs (that is, ordered pairs of adjacent vertices). This work was superseded in 2002 
by Conder and Dobcsányi (2002), who used results of Tutte’s seminal paper (Tutte, 1947) and their 
newly developed algorithm for finding smooth small quotients of finitely generated groups to produce 
a first complete computer generated list of all 3-valent arc-transitive graphs of order up to 768. This 
list was later extended several times and now goes up to order 10,000 (Conder and Potočnik, 2025).

At the same time as Foster worked on compiling his census of cubic arc-transitive graphs, Cox
eter et al. (1981) considered the class of 3-valent graphs whose automorphism groups act regularly 
(transitively and with trivial stabiliser) on the corresponding vertex-sets. In modern language, they 
were considering 3-valent graphical regular representations, a subclass of 3-valent Cayley graphs. In the 
1980’s and 1990’s, different datasets of small Cayley graphs of small valency (most notably valency 3) 
were compiled by Royle and McKay, using a mixture of theoretical analysis and exhaustive computer 
enumeration. Most of these datasets, which were published online on Royle’s university webpage, 
seem to be unavailable due to the change of the university policy (G. Royle, personal communication, 
2025). This is on one hand very unfortunate (though mainly for historical reasons, as most of these 
datasets are now included in more comprehensive censuses) and on the other hand emphasises the 
need for a more systematic publication and custodianship of mathematical data. By documenting our 
work in a form of an article, together with archiving the raw data on trusted repositories (European 
Organization For Nuclear Research, 2013), we tried to make a step in this direction.

This paper is organised as follows. In Section 2 we present preliminary results and new definitions. 
In particular, we define an (a,b)-valent Cayley set of a group G as an inverse-closed generating set S
of G that does not contain the identity, and such that S contains a involutions and b noninvolutions. 
This is followed by an outline of our enumerative approaches in Subsection 2.1, where we describe 
how to use the generation of (a,b)-valent Cayley sets for a finite set of pairs (a,b) to enumerate 
the k-valent Cayley graphs of small order. In Section 3 we present methods for the generation of all 
groups up to a given order which have (a,b)-valent Cayley sets. In Section 4 we give methods for the 
generation of all (a,b)-valent Cayley sets of a given group G , up to the action of Aut(G). In Section 5
we describe the final step of the enumeration of small k-valent Cayley graphs, where we construct 
the Cayley graph defined by each Cayley set we have generated from the methods of Section 4 and 
reduce the resulting list up to graph isomorphism.

In Section 6, we present numerical data found in our enumerations of 3-valent and 4-valent Cay
ley graphs. Observing the trends in our data, we give several interesting open problems related to 
the automorphism group (Subsection 6.1), girth (Subsection 6.2) and bipartiteness (Subsection 6.3) of 
Cayley graphs of a given fixed valency.

2. Preliminaries

In this paper, all graphs will be simple (i.e., undirected with no loops or multiple edges). The 
automorphism group of a graph Γ is denoted by Aut(Γ). Similarly, the automorphism group of a 
group G is denoted by Aut(G).

Let G be a group. A set S ⊆ G such that 1 / ∈ S is a Cayley set of G if S is inverse-closed and 
generates G . Given a Cayley set S of G , the Cayley graph Cay(G, S) is the graph with vertex-set G , 
such that distinct vertices x, y are adjacent if and only if xy−1 ∈ S . In this case, S is also called 
the Cayley set of Cay(G, S). It is important to be aware that in our definition, all Cayley graphs are 
connected. For our purposes, we introduce new notation relating Cayley graphs with their defining 
groups and Cayley sets.

For pairs of non-negative integers (a,b), (a′,b′), we say that (a′,b′) ≼ (a,b) if and only if b′ ⩽ b
and a′ ⩽ a + (b − b′)/2. This gives a partial order on the set of pairs of non-negative integers. We will 
be interested in the induced ordering of ≼ on the set of Cayley sets of a group, where a Cayley set S
is associated to the pair (a,b) where S contains a involutions and b noninvolutions.

Definition 2.1 (for Cayley sets). Let G be a group with Cayley set S , and a,b,k be nonnegative integers. 
Then;
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(i) S is sub-k-valent if |S|⩽ k. S is k-valent (or has valency k) if |S| = k.
(ii) S is sub-(a,b)-valent if it consists of a′ involutions and b′ noninvolutions, such that (a′,b′) ≼

(a,b). S is (a,b)-valent (or has valency (a,b)) if it consists of a involutions and b noninvolutions.

Note that the graph Cay(G, S) is regular with valency k if and only if S is a k-valent Cayley set. 
Furthermore, if S is an (a,b)-valent Cayley set, then b is even and S is (a+b)-valent. If S is sub-(a,b)
valent, it must be (a′,b′)-valent for some a′,b′ such that a′ + b′ ⩽ a + b, so S is sub-(a + b)-valent. 
We will denote the set of pairs (a,b) such that a,b are nonnegative integers, b is even and a + b = k
as Σk .

Definition 2.2 (for groups). A group G is sub-k-valent if there exists a k-valent Cayley set of G . We 
define k-valent, (a,b)-valent and sub-(a,b)-valent groups analogously to the definitions for Cayley 
sets.

Therefore, there is a (connected) k-valent Cayley graph defined on G if and only if G is k-valent. 
Throughout the remainder of the paper, we will often replace ‘3-valent’ and ‘4-valent’ with ‘cubic’ and 
‘quartic’, respectively. For example, the terms sub-3-valent and subcubic will be synonymous.

It is important to note that the class of sub-(a,b)-valent groups is closed under taking quotients. 
This property was the motivation behind the definitions of ≼ and sub-(a,b)-valent Cayley sets.

Lemma 2.3. Let G be a group and N ⊴ G. If S is a sub-(a,b)-valent Cayley set of G, then S also defines a 
sub-(a,b)-valent Cayley set of G/N.

Proof. Let ρ : G → G/N be the natural homomorphism and Sa, Sb be the set of involutions and 
noninvolutions in S , respectively. First note that ρ(S) generates G/N as S generates G , and ρ(S) is 
inverse-closed.

For all s ∈ S , the order of ρ(s) divides the order of s. Therefore, Ta := ρ(Sa) \ 1 is a set of in
volutions. Let Ra, Rb be the set of involutions and noninvolutions of ρ(Sb) \ 1, respectively. For any 
element s ∈ Sb such that ρ(s) ∈ Ra , ρ(s−1) = ρ(s) and s−1 ∈ S \ {s}. Therefore, b = |Sb| ⩾ 2|Ra| + |Rb|.

Let a′ := |Ta ∪ Ra| and b′ := |Rb|. It follows that ρ(S) \ 1 is the disjoint union of the set of invo
lutions Ta ∪ Ra and set of noninvolutions Rb , and defines an (a′,b′)-valent Cayley set of G/N . By the 
above inequality and |Ta| ⩽ |ρ(Sa)| ⩽ |Sa| = a, we see that

a′ = |Ta ∪ Ra|⩽ |Ta| + |Ra|⩽ a + (b − b′)/2.

Therefore, (a′,b′) ≼ (a,b). □
Lemma 2.3 also proves that sub-k-valent groups are closed under taking quotients. One computa

tionally difficult subclass is the sub-(k,0)-valent groups. On the other hand, the subclass of groups of 
odd order is not (a,b)-valent for any nonzero value of a, resulting in faster computations relative to 
their order.

The methods found in Section 3 take advantage of the quotient-closed property, and can often be 
applied to quotient-closed subclasses of sub-k-valent groups. When a subclass is known to pose a par
ticular problem (e.g., 2-groups), we use additional theoretical results to improve the implementation 
of our methods (Subsections 3.1 and 3.3).

The right regular action of G induces a regular group of automorphisms of Cay(G, S), so Cay(G, S)

is a vertex-transitive graph. Conversely, by a theorem attributed to Sabidussi, any graph with a regular 
group of automorphisms is a Cayley graph of some group and Cayley set. The action of Aut(G) on the 
elements of G induces an action on the Cayley sets of G , which can be further restricted to the Cayley 
sets of a given valency k or (a,b). Given an automorphism ϕ ∈ Aut(G), ϕ naturally induces a graph 
isomorphism from Cay(G, S) to Cay(G, ϕ(S)). Therefore, each orbit of the action of Aut(G) on the 
Cayley sets of G defines a set of pairwise isomorphic graphs. Moreover, if ϕ ∈ Aut(G) fixes a Cayley 
set S setwise, then ϕ is an automorphism of the Cayley graph Cay(G, S). We define Aut(G, S) as the 
set of all such ϕ, and note that Aut(G, S) = Aut(Cay(G, S)) ∩ Aut(G).
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2.1. Outline of the computational approach

Let k,n be integers such that k < n, and (a,b) ∈ Σk . We present a series of methods used to attain 
all sub-(a,b)-valent groups of order at most n, together with (a,b)-valent Cayley sets. The relaxation 
to sub-(a,b)-valent groups is necessary when enumerating the (a,b)-valent groups of order n, as our 
methods require the class of groups to be closed under taking quotients.

As previously noted, all Cayley graphs of valency at most k can be constructed from a sub-(a,b)
valent Cayley set S of a sub-(a,b)-valent group G , where (a,b) ∈ Σk . Furthermore, any two repre
sentatives of an Aut(G)-orbit of Cayley sets of G define isomorphic Cayley graphs. Therefore, the 
enumeration of Cayley graphs of valency at most k and order at most n (up to graph isomorphism) is 
divided into the steps (I), (II) and (III). In steps (I) and (II) we allow for the generation of groups that 
are not sub-(a,b)-valent or multiple representatives of the same equivalence class, which we clarify 
below.

(I) For each (a,b) ∈ Σk , construct a list 𝒢(n,a,b) of pairwise nonisomorphic groups which con
tains all sub-(a,b)-valent groups of order at most n, but possibly also some groups that are not 
sub-(a,b)-valent (Section 3).

(II) For each (a,b) ∈ Σk and group G ∈ 𝒢(n,a,b), construct a list 𝒮(G,a,b) of (a,b)-valent Cayley 
sets of G that contains at least one representative of each Aut(G)-orbit (Section 4).

(III) For each (a,b) ∈ Σk , G ∈ 𝒢(n,a,b) and S ∈ 𝒮(G,a,b), construct Cay(G, S) and reduce the result
ing list of graphs up to isomorphism (Section 5).

Note that we allow 𝒢(n,a,b) to contain groups that are not k-valent. This is because our meth
ods initially construct a list of extensions of sub-(a,b)-valent group, which may not be (a,b)
valent. At this point, the most efficient method we are aware of for recognising when a group G
is not (a,b)-valent is those applied in step (II). The algorithms will be applicable to each group 
G ∈ 𝒢(n,a,b), and return nothing if and only if G is not (a,b)-valent (i.e., 𝒮(G,a,b) = ∅). There
fore, applying step (II) to each group in 𝒢(n,a,b) will result in the identification of the (a,b)-valent 
groups of order at most n.

Moreover, while we reduce the groups modulo isomorphism within each (a,b)-valent subclass for 
(a,b) ∈ Σk , we do not reduce them between different (a,b)-valent subclasses at this point. This is 
because for certain orders, such reductions are computationally difficult. However, we are guaranteed 
to construct at least one representative for every isomorphism class of sub-k-valent groups of order 
at most n.

Similarly, we only require that 𝒮(G,a,b) contains at least one representative of each Aut(G)-orbit 
on (a,b)-valent Cayley sets of G . By the above discussion, the set of Cayley graphs defined by mem
bers of 𝒮(G,k) will cover all possible isomorphism classes of Cayley graphs of valency (a,b) on G . 
Allowing multiple orbit representatives in 𝒮(G,a,b) will only introduce isomorphic copies of a Cayley 
graph defined by Cayley sets in the same Aut(G)-orbit. Therefore, we can construct all Cayley graphs 
of valency at most k and order at most n from the lists 𝒢(n,a,b) and the lists 𝒮(G,a,b), for each 
(a,b) ∈ Σk and G ∈ 𝒢(n,a,b).

Finally, step (III) will take care of all redundancies in the resulting set of k-valent Cayley graphs 
{Cay(G, S) : (a,b) ∈ Σk, G ∈ 𝒢(n,a,b), S ∈ 𝒮(G,a,b)}. Such redundancies are caused by at least one 
of the following: having two representatives of the same Aut(G)-orbit on 𝒮(G,a,b), or having Cay
ley sets of two non-isomorphic groups or non-equivalent Cayley sets of the same group that yield 
isomorphic Cayley graphs.

3. Constructing a list of sub-(a, b)-valent groups

Let k be a positve integer and (a,b) ∈ Σk througout this section. The methods we use to enumerate 
sub-(a,b)-valent groups in this paper are largely the same as those presented in Potočnik et al. (2013, 
2016), differing only in their application and the inclusion of some basic theoretical observations.

We will introduce two methods of constructing a list 𝒢(n,a,b) containing the sub-(a,b)-valent 
groups of order at most n: filtering through known libraries of groups (Subsection 3.2) and group 
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extensions (Subsection 3.3). For several values of (a,b) and n we have used both of these methods, 
and find that both result in the same sub-(a,b)-valent groups (up to isomorphism). This gives empir
ical evidence of the correctness of the computations. It is also possible to combine both methods to 
capitalise on their respective advantages at different stages of the computation.

Reducing the size of 𝒢(n,a,b) will also reduce the number of computations carried out in steps 
(II) and (III). This can result in an increase in efficiency and allow for computations with larger values 
of k and n. However, reducing 𝒢(n,a,b) can also be computationally difficult. Subsection 3.1 gives a 
simple reduction method based on taking quotients.

3.1. Quotients by minimal normal subgroups

We will often construct a list of potential sub-(a,b)-valent groups of order n, and would like to 
recognise that a group in the list is not sub-(a,b)-valent as efficiently as possible. A useful method to 
do so comes from considering normal quotients.

Suppose we are building a list 𝒢(n,a,b) containing all sub-(a,b)-valent groups of orders at most n, 
and we have already constructed a partial sublist 𝒢′ containing all sub-(a,b)-valent groups of orders 
dividing n nontrivially. If a group G of order n is sub-(a,b)-valent, then each quotient of G by a 
nontrivial normal subgroup is isomorphic to a sub-(a,b)-valent group in 𝒢′ . It follows that if G is a 
group with a quotient that is not sub-(a,b)-valent, it does not need to be added to our partial sublist 
of sub-(a,b)-valent groups.

This process can be used to filter out large numbers of groups that are not sub-(a,b)-valent, leav
ing us with the groups for which every quotient by a nontrivial normal subgroup is sub-(a,b)-valent. 
The work of Dalla Volta and Lucchini (1998, Theorem 1.4) suggests that the groups which are not 
sub-k-valent but have only sub-k-valent quotients are somewhat special.

Although isomorphism calculations are computationally costly in general, we use precomputed iso
morphism invariants to improve efficiency. Such functionality and further improvements are already 
implemented in GAP and Magma, with substantial optimisation available for the groups of order at 
most 2,000. One can also use standard presentations for the class of p-groups (Besche et al., 2002; 
Gamble et al., 2023) to avoid pairwise isomorphism calculations, although we have not found this 
necessary for our calculations so far.

To keep the number of isomorphism calculations as low as possible, we would like to reduce the 
number of quotients we need to consider. By Lemma 3.1, we only need to check quotients by minimal 
normal subgroups to check the condition for all nontrivial quotients. Considering only minimal normal 
subgroups has the added benefits of reduced computational time and memory usage.

Lemma 3.1. Let G be a group. If every quotient of G by a minimal normal subgroup of G is sub-(a,b)-valent, 
then every quotient of G by a nontrivial normal subgroup is sub-(a,b)-valent.

Proof. Let S be a sub-(a,b)-valent Cayley set of G and N ⊴ G be nontrivial. Then there exists a mini
mal normal subgroup M ⊴ G such that M ⩽ N . As G/M is sub-(a,b)-valent and G/N ∼ = (G/M)/(N/M)

by the isomorphism theorems, it follows from Lemma 2.3 that G/N is a sub-(a,b)-valent group. □
Similarly to Lemma 2.3, we note that Lemma 3.1 and all arguments in this subsection can be 

applied to the quotient-closed class of sub-k-valent groups.

3.2. Using libraries of small groups

The most accessible method of constructing the list 𝒢(n,a,b) is to filter through a library of all 
groups of order at most n. In particular, we use the complete lists of groups of order at most 2,000, 
except for order 1,024, that are available in the GAP (Besche et al., 2024b; The GAP Group, 2024) and 
Magma (Bosma et al., 1997) computational algebra systems. These systems give easy access to every 
group of such orders, along with several precomputed attributes for each group. In fact, all groups 
of order 1,024 that have rank at most 4 are also available through the GRPS1024 package for GAP 
(Burrell, 2022).
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In this method, we iterate through the possible orders of a sub-(a,b)-valent group in increasing 
order. Suppose we are now considering the groups of order n. First, we filter out any group of rank 
greater than k. This is often very cost efficient, as rank is precomputed for most of the groups in the 
libraries. Then we check the quotients of each group as described in Subsection 3.1. After applying 
this to all possible orders, the remaining groups are added to the list 𝒢(n,a,b).

This approach does not involve complex group construction methods. The precomputed attributes 
and carefully chosen presentations of each group in the library allow for immediate access to opti
mised isomorphism and normal subgroup functionalities. However, filtering the groups which are not 
sub-(a,b)-valent can still take a significant amount of computational time, as the proportion of groups 
of order n that are sub-(a,b)-valent is very small. Therefore, this method is found to be impractical 
for orders with a large number of groups (e.g., orders 1,024 and 1,536). This method is also limited 
by the range of orders of groups available in the libraries of groups. To extend our enumerations to 
the groups of several problematic orders and beyond order 2,000, we need a method to construct 
sub-(a,b)-valent groups efficiently.

3.3. Group extensions

There are several known methods for enumerating finite groups of a given order (Besche et al., 
2002; Eick et al., 2017). The efficiency of each method is affected by the properties of the groups one 
is enumerating.

Most of these methods involve one of two possible approaches:

• Computing finite quotients of an infinite finitely presented group distinguished by a universality 
property for the class of groups that are being enumerated.

• Extending groups from a complete list of possible quotients, assuming some specific structure of 
the assumed normal subgroup.

The first approach was successfully used, for example, in the enumeration of all (automorphism 
groups of) cubic arc-transitive graphs (Conder and Potočnik, 2025) of order at most 10,000, or in 
the enumeration of group actions on compact Riemann surfaces of bounded genus (Conder, 2025). 
This approach relies heavily on an algorithm of Holt and Firth (2005), which computes all normal 
subgroups of a finitely presented group up to a given index. Efficiency of the current implementation 
in Magma (which has an in-built limit of 500,000 on the index of a normal subgroup) depends both 
on the number of the generators of the infinite group as well as on the complexity of the presenta
tion, and is often hard to predict in advance. In the case of sub-(a,b)-valent groups, one could use 
this approach on the universal group ⟨x1, . . . , xa, y1, . . . , yb | x2

1 = . . . = x2
a = 1⟩. However, it turns out 

that this approach is inferior to the one presented below, even in the case when a + b = 3.
The second approach builds the groups from below, starting with an appropriate set of basic 

groups (see Lemma 3.2) and then extending these recursively by elementary-abelian groups. Several 
algorithms to enumerate extensions of specified structure are implemented in GAP (Gamble et al., 
2023; Besche et al., 2024a). However, in the case of low rank groups we find in significantly more ef
ficient to use bespoke implementations in Magma that follow the approaches in Potočnik et al. (2013, 
2016). Let us explain this in more detail.

Let G be a group, N ⊴ G and Q ∼ = G/N . Then G is an extension of Q by N . Furthermore, the 
extension is direct if N is a minimal normal subgroup of G , and elementary abelian if N is an elemen
tary abelian group. Generating extensions of a given group is often computationally difficult, but the 
process can be made easier if we restrict our search space to direct elementary abelian extensions.

Moreover, since we are only interested in the extensions of orders that do not exceed some pre
scribed bound, say M , we only need to consider extensions by elementary abelian groups Zd

p such 
that d ≤ logp(M/n), where n is the order of the group that is being extended. In practice, the vast 
majority of extensions we need to perform are by cyclic groups Zp and rank-2 groups Z2

p .
In the following we repeat arguments found in Potočnik et al. (2016), but in the application to 

(a,b)-valent groups. We remind the reader that the soluble radical of a group G is the largest soluble 
normal subgroup of G .

6 
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Lemma 3.2. Let G be an (a,b)-valent group. Then G has trivial soluble radical, or is a direct elementary abelian 
extension of a sub-(a,b)-valent group.

Proof. Suppose G has non-trivial soluble radical S , and let N ⊴ G be a minimal normal subgroup of 
G contained in S . Then N is a minimal normal subgroup in S , and hence must be elementary abelian. 
The result follows from Lemma 2.3. □
The inductive step Lemma 3.2 allows one to inductively construct (a,b)-valent groups. For this, we 
use the (a,b)-valent groups of order at most n with trivial soluble radical as the base case. For each 
group G with trivial soluble radical, soc(G) is isomorphic to a direct product of non-abelian simple 
groups. Moreover, G acts faithfully on soc(G) by conjugation and thus G embeds into Aut(soc(G)). 
Such groups are sparse amongst the groups up to a given order. Therefore, the database of small 
simple groups in Magma can be used to construct all groups of order at most n with trivial soluble 
radical, for small n. In particular, one finds there are 23 groups with trivial soluble radical of order at 
most 6,000.

In the inductive step, we compute direct elementary abelian extensions of a given group. Let Q
be a group and N be an elementary abelian p-group for prime p. To compute all direct elementary 
abelian extensions of Q by N , it is enough to compute all irreducible Zp Q -module structures M of 
N , and then compute the cohomology group H2(Q , M) for each M . It is known that each element 
of H2(Q , M) then gives rise to a direct extension of Q by N . Furthermore, each direct elementary 
abelian extension of Q by N can be obtained in this manner.

Computing cohomology groups Algorithms for the computation of all irreducible modules and coho
mology groups are implemented in Magma, alongside functions for the direct computation of certain 
classes of group extensions. However, the implementations of the algorithms for computing irre
ducible Zp G-modules available in Magma were not sufficiently efficient for our purposes. This is 
mainly due to the fact that the Magma implementations always attempt to compute all irreducible 
Zp G-modules, with no optimisation when asking for only modules up to a given Zp -dimension. 
However, as we already mentioned in the discussion preceding Lemma 3.2, in the majority of cases 
we only need to compute extensions by elementary abelian groups of bounded (typically very small) 
rank. This allowed us to devise and implement an alternative approach, where we first precompute all 
irreducible subgroups of relevant general linear groups GLd(Zp) (for d bounded), and then for each 
group G that needs to be extended, find all epimorphisms from G to the precomputed irreducible 
subgroups of GLd(Zp), for all primes p and positive integers d such that the order pd|G| of the ex
tended group does not exceed the limit on the order of groups we want to find (say, 5,000 in the 
case of 3-valent groups). When d is small, this simple shortcut significantly speeds up the process of 
finding all irreducible d-dimensional Zp G-modules.

Further optimisations During the process of generating a list of groups as group extensions, we oc
casionally use careful ordering considerations to optimise computations. Suppose we are generating 
a list 𝒢 of sub-(a,b)-valent groups of order n by computing the direct extensions of a complete list 
of possible quotients 𝒬 by a set of minimal normal subgroups 𝒩 . Some groups will be the result of 
many nonequivalent extensions, so they will be generated several times. To filter out copies coming 
from different groups in 𝒬, one can use an approach similar to Subsection 3.1.

Assume we construct a group G ∈ 𝒢 as a direct extension of a group Q ∈ 𝒬 by a minimal normal 
subgroup N ∈ 𝒩 . Then we compute all minimal normal subgroups of G , and check that all cor
responding quotients are sub-(a,b)-valent (Subsection 3.1). When doing so, we can also check if a 
minimal normal subgroup N ′ ⩽ G is such that N ′ is isomorphic to an element of 𝒩 and Q ′ = G/N ′ is 
isomorphic to an element of 𝒬. If so, and all extensions of Q ′ by N ′ have already been computed, we 
can discard G . In this way each G is constructed only as the extension of the first pair (Q , N) ∈𝒬×𝒩
we consider such that G/N ∼ = Q and N ⊴ G is a minimal normal subgroup.

One bottleneck in this computation is when testing for isomorphisms of the minimal normal sub
groups and the quotients with elements of 𝒩 and 𝒬, respectively. However, we can often argue 
theoretically to find a set 𝒩 consisting of a small number of groups. For example, 𝒩 = {Zp} suffices 
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for any p-group as all minimal normal subgroups of a p-group are isomorphic to Zp . This charac
terisation also allows one to omit all isomorphism tests between minimal normal subgroups and Zp . 
The implementation of isomorphism tests for quotients by minimal normal subgroups is handled in 
the same way as described in Subsection 3.1.

We have used such modifications in the enumeration of sub-(3,0)-valent groups of orders 2,048 
and 4,096, and sub-(4,0)-valent groups of orders 1,024 and 1,536. In each of these cases, our generic 
approach was found unsuitable due to the required computational time and memory limitations.

Extension methods afford the opportunity to generate all sub-(a,b)-valent groups of large orders. 
The proportion of groups of order n that are sub-(a,b)-valent is small for large n. As sub-(a,b)
valent groups are closed under taking quotients, we only need to apply extension methods to a small 
proportion of groups in our computations. This is particularly useful when considering groups of order 
a large power of 2, as such groups account for the overwhelming majority of groups of relatively small 
order.

4. Constructing a list of (a, b)-valent Cayley sets

Let k be a positve integer and (a,b) ∈ Σk througout this section. Given a group G , we introduce 
two methods to construct a list 𝒮(G,a,b) of (a,b)-valent Cayley sets of G having at least one repre
sentative of each Aut(G)-orbit.

Let G± = {{x, x−1} : x ∈ G \ 1}. Note that this is a partition of G \ 1 into sets of size 1 or 2, and 
Aut(G) acts on G± naturally. Furthermore, given a Cayley set S of G , we can identify S with a unique 
subset of G± . For the remainder of this section, we will use G± as the base set for constructing Cayley 
sets of G .

4.1. Orderly generation

One method to construct the list 𝒮(G,a,b) is to use a simple orderly generation algorithm (Read, 
1978; Faradžev, 1978), which has been used in many similar applications (e.g., Holt and Royle, 2020; 
Holt et al., 2022). The implementation of this method relies on the ability to compute the smallest 
lexicgraphic image of a set under the action of a permutation group. In GAP, the Grape package 
(Soicher, 2022) function SmallestImageSet and the images package (Jefferson et al., 2024) provide 
such functionality. 

Algorithm 4.1 Orderly generation of (a,b)-valent Cayley sets of the group G .
G± ← {{x, x−1} : x ∈ G \ 1}
I ← {y ∈ G± : |y| = 1}, N ← G± \ I
≪← strict total ordering of G± such that ∀y ∈ I,∀x ∈ N, y ≪ x
function OrderlyGenerate(T) //  define the recursive function

if |⋃︁ T | = k then //  where ⋃︁ T := ⋃︁
x∈T x

if ⟨⋃︁ T ⟩ = G then
record T //  or add to 𝒮(G,a,b)

return
t ← |⋃︁ T |
/* We extend T in an ‘orderly’ manner, so we can filter out subsets that cannot be contained in an orderly-generated (a,b)-valent 

Cayley set. */ 
if t < a then //  We add involutions first

E ← {y ∈ I : max≪(T ) ≪ y, |{x ∈ I : y ≪ x}| ⩾ a − t − 1}
else

E ← {y ∈ N : max≪(T ) ≪ y, |{x ∈ N : y ≪ x}| ⩾ (k − t − 2)/2}
for y ∈ E do

if IsSmallestImage(Aut(G), T ∪ {y}) then //  lex≪ ordering
OrderlyGenerate(T ∪ {y})

OrderlyGenerate(∅) // start the full recursive process

Pseudocode for this method is presented in Algorithm 4.1. This method can also be adapted to 
generate Cayley sets with valencies in any subset of Σk . Furthermore, the generation of (k,0)-valent 
Cayley sets can be done by restricting the base set G± to involutions in G .
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This method records exactly one (a,b)-valent Cayley set from each Aut(G)-orbit, constructing a list 
𝒮(G,a,b) of minimum possible size. The algorithm traverses a search tree in a depthfirst manner, 
resulting in reduced memory requirements and easy parallelisation. However, computing the smallest 
image of a subset under the action of a permutation group is computationally hard, and many such 
computations may be needed to traverse the full search tree.

4.2. Ordered generation

We also use method to construct the list 𝒮(G,a,b) that avoids the use of a smallest image func
tion. In this method we construct an ordered list L recursively, and reduce the possible extensions of 
L by using equivalence under the (pointwise) stabiliser of L in Aut(G).

Algorithm 4.2 Ordered generation of (a,b)-valent Cayley sets of the group G .
G± ← {{x, x−1} : x ∈ G \ 1}
I ← {y ∈ G± : |y| = 1}, N ← G± \ I
≪← strict total ordering of G±
function OrderedGenerate(L) //  define the recursive function

if |⋃︁ L| = k then //  where ⋃︁ L := ⋃︁
x∈L x

if ⟨⋃︁ L⟩ = G then
record L //  or add to 𝒮(G,a,b)

return
if |⋃︁ L| < a then //  add a involutions first

E ← I \ L
else

E ← N \ L
A ← Aut(G)(L)

R ←SmallestRepresentative(OrbitsA(E))
for y ∈ R do

OrderedGenerate(L + [y]) //  ‘+’ here means concatenation
OrderedGenerate([ ]) // Start the full recursive process

Pseudocode for this method is presented in Algorithm 4.2. In particular, the resulting set 𝒮(G,a,b)

will not necessarily be reduced up to the action of Aut(G) on Cayley sets. However, 𝒮(G,a,b) will 
contain at least one representative for each Aut(G)-orbit of Cayley sets. For some orders n for which 
the number of groups of order n is large, this method has been used in preference to orderly gen
eration, due to the observed computational times. For example, the (4,0)-valent Cayley sets of the 
groups of orders 1,024 and 1,536 were generated using Algorithm 4.2.

Only a few simple modifications to Algorithm 4.2 are needed to implement a canonical aug
mentation method (McKay, 1998). Such an algorithm may combine the benefits of reduced use of 
canonicalisation functions and the complete reduction of the resulting set 𝒮(G,a,b) up to the action 
of Aut(G). We have not yet implemented such an algorithm, but we plan to test and analyse this 
method in the future.

5. Constructing the Cayley graphs

Suppose we have computed lists 𝒢(n,a,b) and 𝒮(G,a,b) for each (a,b) ∈ Σk and G ∈ 𝒢(n,a,b) as 
in steps (I) and (II). We then compute the Cayley graphs Cay(G, S) for each (a,b) ∈ Σk , G ∈ 𝒢(n,a,b)

and S ∈ 𝒮(G,a,b), and reduce the resulting list of graphs by isomorphism. This reduction can be 
done using nauty (McKay and Piperno, 2014). In particular, we use the sparse internal representation 
option of the shortg utility to optimise calculations for Cayley graphs of low valency. We store the 
resulting graphs in sparse6 format (McKay and Piperno, 2014).

6. Statistical observations

The methods presented in Sections 3, 4 and 5 have been applied to the generation of complete 
irredundant lists of cubic Cayley graphs of order at most 5,000 (Potočnik, 2025), and quartic Cay
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Fig. 1. Cumulative number of cubic (L) and quartic (R) Cayley graphs of each order. 

Fig. 2. Cumulative proportion of cubic (L) and quartic (R) Cayley graphs that are GRRs. 

ley graphs of order at most 1,025 (Evans and Potočnik, 2025). In total we find 1,939,864 cubic and 
11,361,600 quartic Cayley graphs, the distribution of which is illustrated in Fig. 1.

In this section we analyse these collections of graphs, and propose further investigations into the 
theory behind some observable patterns. For each figure caption, left and right scatter plots are re
ferred to by (L) and (R), respectively.

6.1. GRRs, arc-transitivity and vertex stabilisers

A Cayley graph Γ of a group G is said to be a graphical regular representation (GRR) if Aut(Γ) ∼ = G . 
This is equivalent to the condition that the stabiliser of a vertex in Aut(Γ) is trivial.

The class of GRRs have seen much attention since their conception. The problem of determining 
the groups that admit a GRR was studied in many papers (e.g., Chao, 1964; Nowitz, 1968; Sabidussi, 
1964; Watkins, 1971, until Godsil (1981) gave a complete characterisation. Babai, Godsil, Imrich and 
Lovász conjectured that almost all Cayley graphs are GRRs. A similar conjecture for digraphical regular 
representations was confirmed by Morris and Smolčić (2021). It was Xia and Zheng (2023) who finally 
proved that the proportion of Cayley graphs with at most n vertices that are GRRs tends to 1 as 
n → ∞ (note that they do not assume that Cayley graphs are connected).

Fig. 2 suggests this is also true if we restrict to cubic or quartic Cayley graphs. In general, we can 
ask if this is true for k-valent Cayley graphs of any fixed valence k.

Problem 1. Let k ⩾ 3 be an integer. Does the proportion of k-valent Cayley graphs with at most n
vertices that are GRRs tend to 1 as n → ∞?

However, we observe that the rate at which the proportion of GRRs increases is significantly 
smaller for quartic Cayley graphs than for cubic Cayley graphs. This can be explained by the exis
tence of quartic Cayley graphs with an odd number of vertices, and the difference between the odd 
and even order cases (see Fig. 3).
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Fig. 3. Cumulative proportion of quartic Cayley graphs that are GRRs for odd and even orders. 

Fig. 4. Cumulative proportion of cubic (L) and quartic (R) Cayley graphs that are arc-transitive. 

A graph Γ is arc-transitive if Aut(Γ) acts transitively on the arcs of Γ. If Γ is an arc-transitive 
Cayley graph, then it cannot be a GRR. In some sense, being a GRR and being arc-transitive are 
antipodal properties in the class of Cayley graphs.

Fig. 4 illustrates the proportion of cubic and quartic Cayley graphs which are arc-transitive. As 
expected from the proportions of GRRs, the proportions of arc-transitive Cayley graphs tend to 0 as 
n → ∞. We may therefore ask a similar question as the above.

Problem 2. Let k ⩾ 3 be an integer. Does the proportion of k-valent Cayley graphs with at most n
vertices that are arc-transitive tend to 0 as n → ∞?

Now let us consider only the cubic Cayley graphs that are neither a GRR nor arc-transitive. Such a 
graph Γ with vertex v must be such that |Aut(Γ)v | = 2t for some t ⩾ 1. Let s ⩾ 1 be an integer and 
𝒜(n, s) be the set of cubic Cayley graphs with at most n vertices and vertex-stabiliser of order 2t , for 
any t ⩾ s. Further, let

a(n, s) := |{Γ ∈ 𝒜(n, s) : |Aut(Γ)v | = 2s}|
|𝒜(n, s)| .

One can think of a(n, s) as a measure of how often the stabiliser of graphs in 𝒜(n, s) is as small as 
possible. Fig. 5 suggests that a(n, s) grows steadily as n → ∞. This prompts the following question.
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Fig. 5. The proportion a(n, s) for s ∈ {1,2,3,4,5}. 

Table 1
Values of nc(3, g) and nc(4, g) for small g .

g 3 4 5 6 7 8 9 10 
nc(3, g) 4 6 50 14 30 42 60 96 

g 11 12 13 14 15 16 17 18 
nc(3, g) 192 162 272 406 864 1,008 3,024 2,640 

g 3 4 5 6 7 8 9 10 
nc(4, g) 5 8 24 26 72 96 320 410 

Problem 3. Let s ⩾ 1 be an integer. Does the proportion a(n, s) tend to 1 as n → ∞?

6.2. Girth

The girth of a graph Γ is the length of the shortest cycle in Γ. Given integers k ⩾ 2, g ⩾ 3, a 
(k, g)-cage is a k-regular graph with girth g having the smallest possible number of vertices.

The study of (k, g)-cages was first presented by Tutte (1947), and many variations of these graphs 
can be found in the literature (Exoo and Jajcay, 2011). In particular, we are interested in Cayley (k, g)
cages: the k-valent Cayley graphs with girth g having the smallest possible number of vertices. We 
denote the size of a Cayley (k, g)-cage by nc(k, g). Table 1 gives the values for nc(k, g) that can be 
extracted from our collections of cubic and quartic Cayley graphs.

Given integers k ⩾ 2, g ⩾ 3, let O (k, g) denote the possible orders of a k-valent Cayley graph with 
girth g . Note that nc(k, g) = min O (k, g). We can also look at the natural density of O (k, g), which is 
defined as

D(k, g) = lim 
n→∞

|O (k, g) ∩ {1, . . . ,n}|
n 

.

Fig. 6 illustrates the first values of the sequence within this limit, for k ∈ {3,4} and g ∈ {3, . . . ,10}.
For small values of g , D(3, g) has been determined. Specifically, D(3,4) = D(3,6) = 1/2, D(3,3) =

D(3,5) = 0 and D(3,7) = 1/12. Motivated by the patterns found in Fig. 6, we pose the following 
question.
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Fig. 6. Girth density of cubic (L) and quartic (R) Cayley graphs. 

Fig. 7. Cumulative proportion of (even order) cubic (L) and quartic (R) Cayley graphs that are bipartite. 

Problem 4. For each even positive integer g , is D(3, g) = 1/2?

6.3. Bipartiteness

A bipartite vertex-transitive graph necessarily has an even number of vertices. Taking this into 
account, Fig. 7 shows the proportion of bipartite cubic and quartic Cayley graphs with 2m ⩽ n vertices. 
Note that this proportion seems to tend to 1 as n → ∞. Using the collection of small vertex-transitive 
graphs (Holt and Royle, 2020; Holt et al., 2022), we also observe a trend of increasing proportions of 
bipartite graphs. We are prompted to ask the following.

Problem 5. Let k ⩾ 3 be an integer. Does the proportion of k-valent Cayley graphs (or more generally, 
vertex-transitive graphs) with at most n vertices that are bipartite tend to 1 as n → ∞?
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