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Abstract
Objective: There is a growing synergy between the lines of research on cycles 
in epilepsy and seizure forecasting. It has been conjectured, for instance, that 
incorporating information about significant seizure cycles into forecasting 
algorithms can lead to a better-than-chance forecasting performance. However, 
significance and better-than-chance are each typically evaluated against only 
a single null hypothesis, for example, that forecasts are generated by a Poisson 
process. We here argue that this should be considered only a first step. Our 
objective is to demonstrate the importance of testing complementary null 
hypotheses that represent alternative chance models.
Methods: To ensure controlled conditions, we use synthetic data generated 
from simple mathematical models. Samples drawn from gamma distributions 
are used to generate sequences of random seizure times and random forecasts. 
We then determine the strength of cycles as a function of the cycle duration and 
calculate the sensitivity and fraction of time under alarm obtained for the random 
forecasting algorithm. In both analyses, we apply numerical, surrogate-based 
null-hypothesis testing methods. In the latter case, this includes a straightforward 
approach to correcting for multiple testing on nonindependent data.
Results: Counterintuitively, the random seizure-time sequences contain 
multiple prominent cycles, which are judged highly significant by the Rayleigh 
test. Moreover, randomly forecasting random seizure times results in a sensitivity 
of 79% at a fraction of time under alarm of only 42%, clearly outperforming a 
Poisson-like predictor. In both cases, however, the flexibility and versatility of 
surrogate-based null-hypothesis tests allow us to successfully reveal that all 
results can be explained by chance models.
Significance: Before reaching conclusions on real cycles in epilepsy, the 
forecastability of seizures, and genuine capacity of forecasting algorithms, 
it is essential to test and reject several complementary null hypotheses. Many 
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1   |   INTRODUCTION

The pursuit of reliable epileptic seizure forecasting 
methods has often been compared to a journey on a long 
and winding road.1–3 Over the past decade and a half, 
this endeavor has gained new momentum.3–7 Progress 
has been fueled by advances in technology enabling 
electroencephalographic (EEG) recordings in patients 
with epilepsy on ultralong time scales,8–24 increasing 
accessibility of electronic seizure diaries,13–16,25–27 as 
well as by general developments in wearable devices 
measuring a broad spectrum of biosignals.22,24,27–30 In 
parallel, key advances in computing hardware have 
substantially enhanced the capacity of signal analy-
sis8–14,18,22,23,27,31–35 and machine learning algorit
hms.8,11,13,14,19–21,24,26,28–31,34,36–38 Further impetus was 
generated by approaches based on complex networks33,39 
and dynamical systems theory.18,35 Importantly, these 
developments also revealed further evidence for cyclical 
variation in the occurrence rates of seizures and inter-
ictal epileptiform activity across daily, multidien, and 
yearly rhythms.3,5,9–19,22,23,25,27,32 Rather than being a 
byproduct, these cycles are of central importance: their 
phases, and relationships between them, can help to 
forecast seizure risk.3,5,9–11,13,14,18,19,23,25,27,32

Studies on seizure cycles and seizure forecasting rou-
tinely use tailored statistical tests to compare their results 
against what can be expected under certain null hypoth-
eses.8–45 In particular for forecasting, rather than aiming 
at a binary decision on whether to reject the null hy-
pothesis, these statistical tests are often used to estimate 
a performance baseline. If this baseline is surpassed, it 
is commonly concluded that the forecast is better-than-
chance. Here, we challenge this conclusion by showing 
that random forecasters can perform better-than-chance, 
which may seem contradictory or paradoxical, but is not. 
The point is that better-than-chance is underspecified. It 
is commonly acknowledged that rejecting a null hypothe-
sis does not prove the alternative hypothesis, let alone any 
specific hypothesis included in that alternative. However, 
it is equally important to recognize that rejecting a specific 
null hypothesis provides evidence against just one partic-
ular chance model. In no way does this imply that other 
null hypotheses, representing alternative chance models, 
would be rejected as well. It is therefore important—after 

rejecting some null hypothesis—to define and test further 
null hypotheses.

The aim of this paper is therefore to advance research 
on cycles in epilepsy and seizure forecasting by further 
developing rigorous statistical tests for both of these re-
search areas. We first illustrate that rejecting single null 
hypotheses is insufficient to establish the existence of real 
cycles, forecastability of seizures, or genuine forecasting 
capacity. We argue that it is thus essential to always test 
several complementary null hypotheses about different 
sources of cycle strength and forecasting performance. 
We show that this aim can readily be achieved using nu-
merical, surrogate-based null-hypothesis tests that offer 
the necessary flexibility and versatility for such rigorous 
statistical testing.

2   |   MATERIALS AND METHODS

2.1  |  Study design

Our study has two parts, one on seizure forecasting and 
one on seizure cycles. In both parts, we use synthetic ran-
dom data generated by gamma distributions with different 
parameters. Under such controlled conditions the ground 

conclusions might not withstand such rigorous tests, allowing the community to 
focus on those that do.

K E Y W O R D S

null-hypothesis testing, seizure cycles, seizure forecasting, surrogates

Key points

•	 Forecasting random seizure-time sequences by 
means of random predictions can yield areas 
under the receiver operating curve of up to .76.

•	 Seizure cycles extracted from random seizure-
time sequences can appear highly significant 
when evaluated with the Rayleigh test.

•	 It is essential to test several complementary null 
hypotheses about cycle strength and seizure 
forecasting performance.

•	 Numerical, surrogate-based null-hypothesis 
tests offer the necessary flexibility and versatility 
for this purpose.

•	 Rigorous null-hypothesis testing can improve 
the characterization of cycles in epilepsy and 
support advances in seizure forecasting.
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truth is known, that is, we can be certain whether a given 
null hypothesis is true or false. In the first part, we gener-
ate sequences of random seizure times and apply a simple 
random forecasting procedure to them. The forecasting 
procedure is defined ad hoc to be applicable prospectively 
in real time and to yield the standard performance met-
rics: sensitivity and fraction of time under alarm. In the 
second part, we quantify the cycle strength in random 
seizure times as a function of the cycle duration. For this 
purpose, we use the mean resultant length, also known as 
phase-locking value or synchronization index, and assess 
its significance using the Rayleigh test. At the core of our 
methodology in both parts are numerical, surrogate-based 
null hypothesis tests. These allow us to estimate the val-
ues of the sensitivity, fraction of time under alarm, and 
cycle strength expected under the chance model of the re-
spective null hypothesis. These surrogate-based tests can 
also account for multiple testing on nonindependent data, 
which arises when assessing cycle strength across differ-
ent durations. To contextualize and motivate this numeri-
cal approach, we briefly discuss analytical approaches 
based on the chance models of sensorless forecasting pro-
cedures and the Poisson process.

2.2  |  Gamma distributions

Our synthetic data consist of random seizure times and 
random forecasts. We generate both using random sam-
ples from gamma distributions,46 a two-parameter fam-
ily of continuous probability distributions commonly 
used to model waiting times until an event occurs. By 

adjusting the shape parameter k and rate parameter � of 
a gamma distribution within this family, one can gener-
ate data with different characteristics (Figure 1). Fixing 
k = 1 leads to the one-parameter subfamily of exponen-
tial distributions underlying the Poisson process with 
rate �. Thus, the choice of gamma distributions combines 
parsimony and flexibility. The shape parameter k is di-
mensionless, and because we use gamma distributions 
to generate random time intervals, the rate parameter � 
here has units of inverse time. For a given distribution, the  
mean and SD are � =

k

�
 and � =

√
k

�
, respectively, and have 

units of time. Time t  is continuous and measured in 
days, denoted by d. For conciseness, “N  random values” 
refers to an independent and identically distributed sam-
ple of size N  .

2.3  |  Generating random seizure times

To generate one realization of a random seizure-time 
sequence, we draw random intervals Ij, for j = 1, … N 
from a gamma distribution with parameters ksz and �sz.  
Here “sz” stands for “seizures.” We define the time of 
the zeroth seizure as C0 = 0 d and determine the remain-
ing times by Cn = C0 +

n∑
j=1

Ij for n = 1, … ,N . We use two 

parameter settings. A: ksz = 6, �sz = 6 d−1,N = 365 and 

B: ksz =
7

10
, �sz =

7

10
d−1,N = 365 (Figure  1). Thereby, 

in both settings the mean of the gamma distribution is 
�sz =

ksz
�sz

= 1 d, and the expected time span between the 
zeroth and N-th seizure is N ⋅ �sz = 365 d; in other words, 
the sequences have an expected duration of 1 year and 

F I G U R E  1   Gamma distributions: 
simple and flexible. Probability density 
functions of gamma distributions for 
different values of the shape parameter 
k and rate parameter � are shown. The 
particular combinations of k and � shown 
here are those used in our simulations. 
This includes an exponential distribution 
obtained for k = 1.
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a mean rate of one seizure per day. However, the SD of 
the intervals between seizures is �sz =

√
ksz
�sz

≈ . 41 d in 

setting A, versus �sz ≈ 1.20 d in setting B. Moreover, the 
shape of the gamma distribution obtained for the param-
eters in B leads to a mixture of frequent short intervals 
and occasional long intervals. In contrast, for setting A 
typically neither very short nor very long intervals occur 
(Figures 1 and 2). These different degrees of dispersion 
in the random seizure-time sequences allow us to illus-
trate different effects with regard to seizure forecasting 
(setting A in Section 3.1) and seizure cycles (Setting B in 
Section 3.2).

2.4  |  Random seizure forecasting 
procedure

In this section, we introduce a simple model of a seizure 
forecasting procedure that, due to its random nature, can-
not be expected to yield any trustworthy forecast. First of 
all, the procedure has no access to any signals from the 
patient, such as EEG recordings or biosignals captured by 
wearables. The only input it receives is the seizure times 
C0, … ,CN at the moments of their occurrences. Thereby, 
the procedure is prospective and could be used in real-
time applications. The observation interval is bounded 

F I G U R E  2   Example seizure-time sequences and illustration of random seizure forecasting procedure. (A) Seizure times generated 
with parameters of setting A. Times of individual seizures are indicated by blue tick marks. Subsequent intervals of 24 h are wrapped into 
different rows for a compact representation. For an intuitive reading of this plot, we here assume that the time of the zeroth seizure C0 is at 
midnight. In consequence, each row corresponds to a calender day, and the abscissa shows time of day. In real life, C0 could be at any time 
of day. Note that this figure contains only those of the 365 seizures that occur during the interval of 30 days displayed here. (B) Same as 
panel A, but for seizure times generated with parameters of setting B. (C) Illustration of the random seizure forecasting procedure using the 
zeroth to 10th seizure of panel A as an example. Blue tick marks indicate seizure times C0,C1, … ,C10. Green and red periods indicate safe 
and alarm periods, respectively. In this example, the second and third seizures fall into the safe period (false negative forecasts). All other 
seizures fall into alarm periods (true positive forecasts).
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      |  5ANDRZEJAK et al.

by the times of the zeroth and last seizure, thus having 
a duration of T = CN − C0. Upon the occurrence of a sei-
zure, the duration of the subsequent seizure-free interval 
is forecasted by drawing a random value from a gamma 
distribution with shape parameter kfc and rate parameter 
�fc (Figure 2C). Here “fc” stands for “forecast.” Recall that 
gamma distributions form a family of distributions, which 
vary substantially with their parameters. Therefore, as 
long as kfc ≠ ksz and/or �fc ≠ �sz, different distributions are 
used to generate seizure times and forecasts.

To emphasize the prospective nature of the forecast-
ing procedure, we describe the timing of each step and in-
dicate which are triggered by seizure events in real time. 
Because the observation starts at time C0, the zeroth sei-
zure cannot be forecasted. Instead, at C0 the count of true 
positive predictions s and the total time under alarm a are 
initialized to zero. The duration of the first seizure-free 
interval, denoted by Q1, is then forecasted. This duration 
is used to define the first safe period, covering the inter-
val 

(
C0,Q1

]
. At this point, the forecasting procedure is in 

a state where two outcomes are possible, and it waits to 
observe which occurs. The first outcome is a false nega-
tive prediction, occurring if the first seizure falls within 
the first safe period, that is, C1 ≤ Q1. In this case, the safe 
period is aborted at t = C1. The second outcome is that the 
safe period is not interrupted by a seizure. In this case, 
the first alarm period is initiated immediately after the 
first safe period at time t = Q1. The alarm is kept active 
until the first seizure occurs at C1 > Q1, no matter how 
long that takes. Therefore, false positive predictions are 
not possible, and the second outcome always results in 
a true positive prediction, incrementing the correspond-
ing count s. Now that a seizure has occurred at time C1,  
the first alarm period is terminated and the total time 
under alarm a is incremented by the first alarm's dura-
tion a = a +

(
C1 −Q1

)
 . Thus, the seizure either aborts the 

safe period or terminates the alarm period, whichever is 
active. After resetting the procedure at the time of the 
first seizure, the duration of the second seizure-free in-
terval is forecasted. This is done by again drawing a ran-
dom value Q2 from the gamma distribution with fixed kfc 
and �fc. Accordingly, the interval 

(
C1,C1 +Q2

]
 defines the 

second safe period, evaluated as before. The procedure is 
iterated until the last seizure at time CN. We should note 
that, for simplicity, we neglect the duration of the sei-
zures. It could be incorporated by starting the next safe 
period not at C1 but only after a short time span model-
ing the seizure's duration. Similarly, unlike in previous 
studies,8,25,31,37,38,40–42 we do not require a minimal time 
between the onset of the alarm period and the seizure 
occurrence time for true positive predictions. This could 
be done by extending the end of each safe period by that 
minimal time.

Performance metrics are defined as follows. The count 
of true positive predictions is divided by the total number 
of seizures to quantify sensitivity: S =

s

N
. One could define 

specificity via true and false negative predictions given 
by the number of safe periods that are not aborted and 
that are aborted by a seizure, respectively. This is problem-
atic, however, because the safe periods vary in length. We 
therefore assess specificity by the fraction of time under 
alarm,8,10,14,19–25,27–30,42 defined by the total time under 
alarm divided by the duration of the observation inter-
val: A =

a

T
. Both S and A are dimensionless and bounded 

within [0, 1]. A single measure of performance is defined 
by F = S − A and is bounded between ( − 1, 1]. F = − 1 is 
impossible, because A = 1 implies S = 1.

2.5  |  Sensorless seizure forecasting 
procedures

Naïve predictors, such as moving average-based schemes,26 
provide an important performance benchmark. Sensorless 
forecasters42 take this idea further; they have no access 
to any signals from the patient and are, moreover, 
uninformed about seizure times in the past or present. 
These forecasters might use some assumption about 
the distribution of interseizure intervals to constrain 
the distribution of intervals between alarms. However, 
they cannot link the timing of alarms to the most recent 
seizure, nor can they reset their state when a seizure 
occurs, as that information is unavailable. Therefore, 
even if the forecaster precisely knew the true distribution 
of interseizure intervals, it could only draw random 
values from this distribution and raise alarms at random 
times. Each alarm activates an alarm period that is later 
terminated according to predefined rules. Suppose that, in 
consequence, a fraction of 0 ≤ A ≤ 1 of the time is covered 
by alarm periods. Averaged across independent runs of 
the procedure applied to a fixed sequence of seizure times, 
the fraction of seizures expected to occur during an active 
alarm is given by A. Therefore, the sensitivity has the 
same expected value as the fraction of time under alarm: 
⟨S⟩ = ⟨A⟩.42

2.6  |  The null hypothesis of a Poisson 
process

A prominent null hypothesis about seizure forecasting 
procedures is that alarms are raised by a Poisson process 
with a constant rate �.10,21,24,31,36,38,40–42 This is a plau-
sible null hypothesis and should be considered first. 
Loosely speaking, under this null hypothesis, denoted 
by fc

����(�)
 , the momentary probability of an alarm is 
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always the same. In more precise terms, for a Poisson 
process with rate � , the number of alarms in any time 
interval of length y follows a Poisson distribution with 
the mean given by the product �y.46 Furthermore, the 
Poisson process has no memory. Having observed what-
ever number of alarms in the past, one always expects 
a mean number of �y alarms in any future interval of 
length y. Finally, the two following statements are equiv-
alent. Alarms are raised by a Poisson process with rate 
�. Intervals between alarms are random values drawn 
from an exponential distribution with its rate parameter 
� equal to the rate of the Poisson process.

Accordingly, under fc
����(�)

 any input—such as signals 
from the patient—is irrelevant, as it would be ignored by 
the Poisson process. If, furthermore, seizures are not used 
to deactivate alarm periods, this results in a specific case of 
a sensorless algorithm. In this case, analytical approaches 
allow deriving equations for the expected values of the 
performance metrics.40–42 For example, the expected sen-
sitivity can be expressed as a function of the alarm rate 
� and fixed durations of alarm periods, prediction hori-
zons,40,41 or detection intervals.42 However, these analyti-
cal approaches cannot be applied to evaluate our random 
forecasting procedure. First, it is not sensorless. It disrupts 
the safe or alarm periods upon the occurrence of a seizure. 
Second, it has memory. After a transition from a safe pe-
riod to an alarm period, it must wait for a seizure to return 
to the safe period. Only then does the next transition to 
an alarm period become possible. Thus, by construction 
of our forecasting procedure, the null hypothesis fc

����(�)
 

is false (see also Ozcan and Erturk,31 Wang et al.,36 Gao 
et  al.,38 Winterhalder et  al.41). We therefore need other 
null hypotheses and ways to test them.

2.7  |  Surrogate-based null 
hypotheses tests

The framework of surrogates offers a flexible way to 
test null hypotheses numerically47–49 and can readily be 
applied to evaluate seizure forecasting procedures or cycles 
in epilepsy.12,43–45 In general, a surrogate is constructed by 
randomizing some original data, either by shuffling the 
original values or by replacing them with random ones. 
The randomization is constrained so that the surrogate 
preserves those, and only those, properties of the original 
data that are consistent with their null hypothesis.

Consider a forecasting procedure for which you ana-
lyze a continuous data stream consisting of EEG record-
ings and biosignals measured from the patient. You use a 
method you believe is effective, although you cannot be 
certain. The seizure times are known so that the methods 

of Section 2.4 can be applied to determine safe and alarm 
periods. As results, you obtain the sensitivity Sori, the 
fraction of time under alarm Aori, and the corresponding 
performance value Fori = Sori − Aori, where the subscripts 
stand for “original.” As stated above, the null hypothesis 
fc

����(�)
 is, by construction, false for our random forecast-

ing procedure. However, we can test the closely related 
null hypothesis fc

����(�)
 that the forecasted durations of 

the safe periods are random values from an exponential 
distribution with rate parameter �. To run this test, we re-
place the safe periods forecasted by the original procedure 
with surrogate safe periods whose durations are deter-
mined by random values from an exponential distribution 
with rate parameter �sur. Here “sur” stands for “surrogate.” 
The resulting performance metrics are denoted by Ssur,w, 
Asur,w, and Fsur,w. The index w indicates that the process 
is repeated w = 1, … ,W  times. For every w, we use new 
random safe periods, that is, an independent surrogate 
realization. If fc

����(�)
 is false, Fori is expected to be sig-

nificantly higher than the Fsur,w values. For a significance 
level of �fc

����(�)
, one has to use at least W = 1∕�fc

����(�)
− 1 

surrogates. Using more surrogates increases the resolution 
of the pfc

����(�)
-value estimate. If for V  of the W  surrogates 

one finds Fori > Fsur,w, then pfc
����(�)

=
W −V +1

W +1
.

2.8  |  Quantifying the strength of 
seizure cycles

We follow a common approach11–19,22,25,27,32 and quantify 
the strength of cycles in seizure-time sequences by the 
mean resultant length, a measure known under alternative 
names, such as phase-locking value and synchronization 
index, among others (see Mardia and Jupp,50 Andrzejak 
et al.,51 and references therein). Given one realization of a 
sequence and cycle duration m to test for, we take the sei-
zure times Cn=1,…,N modulo m and transfer them to circu-
lar data in the range [0, 2�) using �n(m) =

(
Cn modm

)
⋅

2�

m
.  

We exclude C0, because the zeroth seizure is also excluded 
from the forecast. We then quantify the cycle strength by 

the mean resultant length RN (m) =
1

N

�����

n=N∑
n=1

ei�n(m)
�����
. Here 

∣ ⋅ ∣ denotes the absolute value, and i is the imaginary unit. 
The upper limit RN (m) = 1 is reached if all �n(m) are iden-
tical. We assess the significance of RN (m) by the Rayleigh 
test,12,15–17,22,25 whose null hypothesis ����(N) is that the 
data underlying the mean resultant length are N random 
values from a uniform distribution on the circle.50 Under 
this ����(N), the expected value of the mean resultant 
length approaches its lower bound of zero as N tends to 
infinity (see also Andrzejak et al.51).
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3   |   RESULTS

3.1  |  Application and evaluation of 
random seizure forecasting procedure

In this section, we apply the random seizure forecasting 
procedure to seizure-time sequences generated using 
parameter setting A. The parameters of the forecasting 
procedure are set to kfc = 9 and �fc = 14 d−1, resulting 
in safe periods with mean duration �fc ≈ . 64 d and SD 
�fc ≈ . 21 d. Accordingly, kfc ≠ ksz; �fc ≠ �sz; �fc ≠ �sz; 
�fc ≠ �sz, that is, we use different gamma distributions to 
generate seizure times and to forecast them (Figure 1). The 
values of kfc and �fc are chosen ad hoc and not fine-tuned 
to produce the following results. To mimic real-world 
conditions, we show results for one fixed realization of the 
random seizure-time sequence and one fixed realization 
of the random seizure forecasting procedure. We find a 
sensitivity of Sori = .79 and a fraction of time under alarm 
of Aori = .42, and thereby Fori = .37 (Figure  3). Recall 
that for a sensorless forecasting procedure, Sori and Aori 
have the same expected value (Section 2.5). However, our 
random forecasting procedure is not sensorless, because 
we use the seizure times to reset it. Our example shows 
that in this case, Sori > Aori can be obtained.

To test whether the results for Sori,Aori, and Fori are 
consistent with the null hypothesis fc

����(�)
, that is, the du-

rations of the safe periods are random values from an ex-
ponential distribution, we use the surrogate-based method 
of Section 2.7. To this end, we first have to set the rate pa-
rameter of the exponential distribution. One could argue 

for using �sur =
14

9
d−1 so that the mean of the distribution 

�sur =
1

�sur
 coincides with that of the original forecasting 

procedure �fc =
kfc
�fc

=
9

14
d. However, in real-world appli-

cations, the latter is not known. Estimating it by observing 
the durations of the original safe periods is not straight-
forward, because part of them is interrupted by seizures. 
Simulating real-world conditions, we therefore start with a 
first ad hoc guess of �sur =

3

4
d−1. We run W = 999 realiza-

tions of the surrogate forecasting procedure, which is more 
than sufficient for a significance level of �fc

����(�)
= .05. We 

find that Fori is higher than all Fsur,w=1,…,W  (Figure 3C). In 
consequence, for � = �sur =

3

4
d−1, we reject fc

����(�)
 with 

pfc
����(�)

= .001. However, the surrogates have not only 
lower sensitivity (Ssur,w < Sori; Figure 3A), but also a lower 
fraction of time under alarm (Asur,w < Aori; Figure  3B). 
Therefore, the significant difference between the surro-
gate and original performance may be caused by using too 
low a value of �sur. To address this concern, we run the 
analysis for a range of �sur values. As the test is performed 
for a single surrogate at each �sur rather than for W  reali-
zations, we suppress the index w. Comparing the resulting 
point set Ssur

(
�sur

)
 versus Asur

(
�sur

)
 with the point of Sori 

versus Aori in Figure  4A provides final compelling evi-
dence against fc

����(�)
.

Rather than immediately concluding that the fore-
cast procedure performs better-than-chance, one should 
take advantage of the flexibility of the surrogate-based 
null-hypothesis test. We therefore repeat the analysis 
underlying Figure  4A using gamma distributions with 
a variety of shape parameters ksur, resulting in point 

F I G U R E  3   One random predictor outperforms another one. Results are shown for seizure times generated with the parameters of 
setting A. (A) Black vertical line with star marks the value obtained for the original seizure forecasting procedure Sori using kfc = 9 and 
�fc = 14 d−1. Blue: Histogram of Ssur,w=1,…,W values obtained for W = 999 surrogates testing the null hypothesis fc

����(�)
 at � = �sur = .75. We 

use a bin size of 1
N

 to account for the discrete nature of the sensitivity values. (B) Same as panel A, but here for Asur,w, and Aori. The bin size is 
adapted such that highest counts are comparable to those in panel A. (C) Same as panel B, but here for Fsur,w and Fori.
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8  |      ANDRZEJAK et al.

F I G U R E  4   Our random predictor outperforms some—but not all—other random predictors. Results are shown for seizure times 
generated with the parameters of setting A. (A) Red cross: Sensitivity Sori versus fraction of time under alarm Aori obtained for the original 
seizure forecasting procedure using kfc = 9 and �fc = 14 d−1. Blue dots: Ssur

(
�sur

)
 versus Asur

(
�sur

)
, testing the null hypothesis fc

����(�)
. The 

rate parameter �sur is varied in small steps so that both the sensitivity and fraction of time under alarm span their full range of [0, 1]. Recall 
that the gamma distribution with k = 1 is the exponential distribution. In this case, fc

gam(k,�)
 and fc

����(�)
 coincide, and the blue dots in 

panel A corresponds to Ssur
(
�sur| ksur = 1

)
 versus Asur

(
�sur| ksur = 1

)
. (B) Same as panel A, but black dots show Ssur

(
�sur| ksur = 2

)
 versus 

Asur

(
�sur| ksur = 2

)
, testing the null hypothesis fc

gam(k,�)
 using shape parameter ksur = 2. (C, D) Same as panel B but for ksur = 9 and ksur = 32,  

respectively. In panels A and B, the original result (red cross) is outside of the point set of the surrogates. In particular, it is closer to the 
upper left corner of perfect performance (S = 1 and A = 0). Taken together, this provides compelling evidence against the respective null 
hypothesis. In panel C, the original result is inside the point set of the surrogates. In panel D, it is again outside, but is it now closer to the 
lower right corner of worst performance (S = 0 and A = 1). In both cases, the corresponding null hypothesis is thus not rejected. The areas 
under the curves fitted to the sets Ssur

(
�sur| ksur

)
 versus Asur

(
�sur| ksur

)
 are .65, .69, .74, .76 for panels A, B, C, and D, respectively.
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      |  9ANDRZEJAK et al.

sets Ssur
(
�sur| ksur

)
 versus Asur

(
�sur| ksur

)
 (Figure 4B–D).  

In this way, we test the family of null hypotheses 
fc
gam(k,�)

 that the durations of the safe periods are ran-
dom values from a gamma distribution with parame-
ters k and � . For ksur = 2, the set Ssur

(
�sur| ksur

)
 versus 

Asur
(
�sur| ksur

)
 comes closer to the point Sori versus Aori,  

without reaching it yet (Figure  4B). For ksur = kfc = 9, 
the point Sori versus Aori is inside the set Ssur

(
�sur| ksur

)
 

versus Asur
(
�sur| ksur

)
 (Figure  4C). At ksur = 32, the set 

Ssur
(
�sur| ksur

)
 versus Asur

(
�sur| ksur

)
 has surpassed the 

point Sori versus Aori (Figure 4D). Thus, for ksur ≥ kori = 9,  
the null hypothesis fc

gam(k,�)
 that the duration of the safe 

periods are random values from a gamma distribution 
with parameters k and � is not rejected, correctly reveal-
ing that a chance model can reach—or even surpass—the 
performance of the original random seizure forecasting 
procedure. Of note, the areas under the curves fitted to 
the Ssur

(
�sur| ksur

)
 versus Asur,w

(
�sur| ksur

)
 sets are always 

higher than .5, the value commonly regarded as the 
chance level (Figure 4). Thus, although all curves reflect 

the performance metrics of random predictors, they sur-
pass this threshold.

3.2  |  Prominent cycles in random 
seizure-time sequences

In this section, we use setting B to generate seizure-
time sequences and quantify the strength of cycles in 
dependence on the cycle duration m.9,12,13,15,17,25 For 
the example sequence in Figure  2B, the seizures do not 
seem to be concentrated at any time of day. Across the 
entire sequence and using a cycle duration of 1 day, we 
get RN (m = 1 d) = .031, resulting in a nonsignificant 
p����(N) = .71 for the Rayleigh test. Although the mean rate 
is one seizure per day, this is to be expected due to the high 
variance of intervals between seizures.

Calculating RN (m) for a range of m, however, we do 
find prominent peaks, many of which are significant 
when assessed by the Rayleigh test (Figure 5A). Can we 

F I G U R E  5   Are prominent seizure cycles in random seizure-time sequences significant? (A) Mean resultant length RN (m) in 
dependence on the cycle duration m for an example realization of random seizure times generated using the parameters of setting B. The 
horizontal line shows the critical value of the Rayleigh test at a significance level of ����� (N) = .01. (B) f

(
RN (m)

)
 for the m values indicated 

in the legend, along with f
(
RN (unif)

)
. Recall that the latter represents the null distribution of the Rayleigh test. Note that we plot the 

probability density functions on the abscissa and the variables on the ordinate. To numerically estimate f
(
RN (m = 1 d)

)
, we generate 

108 realizations of random seizure-time sequences. For each realization, the �n(m = 1 d) are extracted for n = 1, … N, and the resulting 
RN (m = 1 d) value is determined. The probability density function curve is a fine frequency polygon obtained from the 108 independent 
values of RN (m = 1 d). The same procedure is used for f

(
RN (m = 7 d)

)
 and f

(
RN (m = 28 d)

)
 , using the respective values of m. The same 

procedure is also used for f
(
RN (unif)

)
. However, here the �n are not extracted from seizure times, but instead we use 108 realizations of 

N = 365 random values from the uniform distribution on the circle. Accordingly, in this case, there is no cycle duration variable m. The 
horizontal lines show the 99th percentile for each distribution. In each case, this corresponds to the critical value at a significance level of 
�sz
gam(k,�),N ,m

= .01. By construction, the blue lines in panels A and B are at the same height.
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10  |      ANDRZEJAK et al.

conclude that these peaks reflect true cycles in the seizure 
times? No. First, calculating RN (m) across a range of m is 
multiple testing. It is well known that if a null-hypothesis 
test is conducted multiple times using samples for which 
the null hypothesis is true and that are independent across 
tests, one expects to reject a proportion of tests given by 
the significance level �. One might consider adjusting the 
significance level using standard multiple-testing correc-
tions. However, this is complicated in that the RN (m) are 
not independent. They are all based on the same seizure-
time sequence, and only the cycle duration m is varied. 
More importantly, as the following analysis shows, the 
null hypothesis of the Rayleigh test ����(N) is false.

To show this, we have to first determine the likelihood 
of different RN (m) values when calculated for �n(m) ob-
tained from random seizure times Cn. For this purpose, 
we numerically estimate the probability density func-
tion f

(
RN (m)

)
 (Figure  5B). Here, not only m, but also 

ksz, �sz,N  play the role of parameters that jointly deter-
mine the shape of f

(
RN (m)

)
. We furthermore determine 

the distribution f
(
RN (unif)

)
 expected under the null 

hypothesis ����(N) of the Rayleigh test. Figure 5B shows 
marked differences between f

(
RN (m)

)
 and f

(
RN (unif)

)
 

for various example cycle durations m. Hence, for our 
data ����(N) is false. In particular, with increasing cycle 
duration m, the right tails of the f

(
RN (m)

)
 get heavier. 

Accordingly, for the parameters of setting B and using 
the Rayleigh test, the likelihood to detect significant cy-
cles in fully random seizure-time sequences increases 
with cycle duration.

Consider the null hypothesis sz
gam(k,�),N ,m

 that the 
RN (m) values are determined from N  seizure times Cn 
where the intervals between them are random values 
from a gamma distribution with parameters k and �, and 
the times are taken modulo m. In this case, the null dis-
tribution is given by the previously introduced f

(
RN (m)

)
 . 

One can thus use f
(
RN (m)

)
 to estimate the probabil-

ity that a random sample from it has a value equal to or 
greater than a certain RN (m).

12,16 This probability is the 
psz
gam(k,�),N ,m

 value of the result RN (m) under the null 
hypothesis sz

gam(k,�),N ,m
. The highest peak of the RN (m) 

curve shown in Figure 5A is RN (m = 10. 8 d) = .160 , re-
sulting in psz

gam(k,�),N ,m
= .0013. As a side note, because the 

f
(
RN (m)

)
 depend on m, the highest peak in the RN (m) 

curve is not necessarily the one leading to the lowest 
psz
gam(k,�),N ,m

 value. For the example shown in Figure 5A, 
that happens to be the case. However, in general, the 
psz
gam(k,�),N ,m

 should be evaluated across all m to find the 
minimum. Evidently, this minimum arises from depen-
dent tests across multiple values of m, and the following 
question arises. Under the null hypothesis sz

gam(k,�),N ,m
,  

what is the probability that the minimal psz
gam(k,�),N ,m

 

value across the RN (m) curve is as low as or lower than 
the one observed? This probability directly represents the 
psz,���������
gam(k,�),N ,m

 value corrected for multiple testing. It can be 
determined numerically by generating multiple realiza-
tions of seizure-time sequences, computing the resulting 
RN (m) curves, and extracting the minimum psz

gam(k,�),N ,m
 

values. For the example in Figure 5A, we use 10 000 real-
izations to estimate psz,���������

gam(k,�),N ,m
= .217 , correctly reveal-

ing that the RN (m) curve and its most prominent peak at 
10.8 d are consistent with the null hypothesis sz

gam(k,�),N ,m
.  

We note that changing ksz, �sz, or N  can readily produce 
higher overall RN (m) values than those in Figure  5A. 
However, psz,���������

gam(k,�),N ,m
 still reveals these values to be 

insignificant.

4   |   DISCUSSION

In Section  3.1, we use a random procedure to forecast 
sequences of random seizure times. Nonetheless, the 
resulting area under the curve spanned by the sensitiv-
ity versus the fraction of time under alarm is clearly 
above  .5, the value generally considered as the chance 
level. Under our controlled conditions, the cause of this 
deviation is straightforward to identify. The forecasting 
procedure is not sensorless; each seizure either aborts 
the safe period or terminates the alarm period, whichever 
is active. Consequently, by construction of our forecast-
ing procedure, the sensitivity and the fraction of time 
under alarm have different expected values, such that the 
area under their curve exceeds .5. In real-world condi-
tions, other properties of the forecasting procedure may 
lead to analogous deviations from the chance level, the 
causes of which, however, can be difficult to identify. 
This problem is not specific to the sensitivity, the frac-
tion of time under alarm, and the area under their curve. 
Any discriminative performance metrics should detect 
these deviations. A good and common practice to ad-
dress this problem is to use surrogate-based approaches 
to estimate baselines for seizure forecasting performance 
metrics.8,10,13,14,18,20–25,27,28,30,33,35,37 Nevertheless, the full 
potential of these approaches, which derives from their 
flexibility and versatility, is often not fully exploited. In 
our example of Section 3.1, flexibility arises because the 
two-parameter family of gamma distributions allows 
us to define and test a family of null hypotheses. Using 
this flexibility by testing hypotheses for different combi-
nations of the two parameters was key to revealing the 
random nature of our forecasting procedure. If gamma 
distributions had not been suitable, one could have relied 
on the surrogate-based approach's versatility; any non-
negative distribution—each representing a different null 
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      |  11ANDRZEJAK et al.

hypothesis—could have been tested instead of gamma 
distributions.

As an alternative to using parametric distributions, sur-
rogates can be generated by resampling the original data. 
In either case, it is essential to be aware of all implicit as-
sumptions of the null hypothesis. For example, randomly 
shuffling the intervals between seizures without any con-
straints assumes stationarity and statistical independence 
between successive interval lengths. Consider for instance 
a year-long sequence of interseizure intervals. Suppose 
that short and long intervals are statistically more likely 
followed by short and long intervals, respectively. Further 
suppose that during the first 6 months the overall mean of 
the intervals is shorter than during the second 6 months. 
Finally, suppose that, except for this temporal correlation 
and nonstationarity, the sequence of intervals is random. 
Because unconstrained random shuffling destroys such 
temporal correlation and nonstationarity, the surrogate 
null hypothesis is false. Of note, one of these properties 
would be sufficient to render it false. Consequently, the 
surrogate performance metrics cannot be expected to 
match the original ones. Again, the versatility of surro-
gates comes into play. For instance, by constraining the 
shuffling to preserve the temporal correlations in the in-
terval sequence, the assumption of statistical indepen-
dence between successive intervals can be dropped.

In Section 3.2, we use the mean resultant length to 
estimate the strength of cycles for random seizure times 
taken modulo the cycle duration. We demonstrate that 
the Rayleigh test null hypothesis is generally invalid in 
this case, highlighting the need for caution when taking 
plausible null hypotheses for granted. Taking random 
seizure times modulo the cycle duration certainly leads 
to random circular data. However, random circular data 
of sample size N  can be inconsistent with a random 
sample of size N  from a uniform distribution on the 
circle, that is, the null hypothesis of the Rayleigh test. 
One might argue that the null distributions in Figure 5B 
are overall not very different from each other. However, 
their tails are markedly different. This is critical in the 
context of hypothesis testing. In simplified terms, a p
-value tells you how far you reach into the tail of your 
null distribution. Given a certain result, it can be highly 
significant with regard to one null distribution and 
nonsignificant with regard to another. In other words, 
the same result can lead to a true positive rejection of 
one null hypothesis and a true negative rejection of an-
other null hypothesis. For our data, the null hypothe-
sis of the Rayleigh test is false and should be rejected. 
The same holds true for the omnibus Hodges–Ajne test 
or other tests that have the null hypothesis in common 

with the Rayleigh test but use other statistics to test it. 
The flexibility of surrogate-based approaches is again 
key not only for testing other null hypotheses but also 
for correcting for multiple nonindependent tests across 
different cycle lengths. Given the growing evidence for 
coexisting cycles at various time scales,3,5,9–19,22,23,25,27,32 
surrogate-based approaches can thus be crucial for dis-
criminating real cycles from spurious ones. A comple-
mentary approach to ours is taken by Leguia et  al.12 
Whereas our study uses controlled conditions to gener-
ate random seizure-time sequences that are stationary 
and lack true cycles, Leguia et al. consider synthetic ran-
dom data constructed to be nonstationary and to contain 
multidien cycles. It is shown that surrogates are also es-
sential for detecting both the presence and the correct 
duration of cycles.

An intriguing direction for future work is to develop 
surrogates to represent not only clinical but also sub-
clinical seizures, with regard to both forecasting and 
cycle strength. For our synthetic data, all seizures are 
treated as equivalent events. However, it is straightfor-
ward to generalize our approach to marked point pro-
cesses. Each seizure event would have not only a time 
stamp but also a mark. The mark could be categorical, 
encoding whether a seizure is clinical or subclinical, or 
it could be continuous-valued, encoding the magnitude 
of the seizure. Different stochastic processes could be 
used to generate the time stamps and marks of the sei-
zure surrogates.

5   |   CONCLUSIONS

When assessing the results of studies on cycles in epi-
lepsy and seizure forecasting, it is essential to test sev-
eral complementary null hypotheses about these results. 
Numerical, surrogate-based null-hypothesis tests offer the 
necessary flexibility and versatility for this purpose. A po-
tential concern is that it may always be possible to find 
some null hypothesis that can explain a given observed 
result, potentially making this approach overly conserva-
tive. However, if real cycles in epilepsy exist, seizures are 
forecastable, and algorithms possess genuine forecasting 
capacity, any reasonable combination of null hypotheses 
can be expected to be rejected. If, because of limitations in 
data quantity or quality, one fails to reject null hypotheses 
that are actually false, these tests can nonetheless provide 
useful information. In addition to benchmarks derived 
from naïve predictors,26 null-hypothesis tests can yield 
performance baselines, allowing discrimination between 
promising and less promising approaches.
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