Discrete Applied Mathematics 383 (2026) 203-226

Contents lists available at ScienceDirect

Discrete Applied Mathematics

journal homepage: www.elsevier.com/locate/dam

Nut digraphs )

Nino Basi¢ & Patrick W. Fowler ¢, Maxine M. McCarthy %¢, PrimoZ Potocnik "¢ " #="

2 FAMNIT, University of Primorska, Glagoljaska ulica 8, 6000 Koper, Slovenia

b JAM, University of Primorska, Koper, Slovenia

¢ Chemistry, School of Mathematical and Physical Sciences, University of Sheffield, Sheffield S3 7HF, UK

d Physics and Astronomy, School of Mathematical and Physical Sciences, University of Sheffield, Sheffield S3 7RH, UK
€ Max Planck Institute for the Science of Light, Staudtstrafse 2, 91058 Erlangen, Germany

f Faculty of Mathematics and Physics, University of Ljubljana, Slovenia

& Institute of Mathematics, Physics and Mechanics, Ljubljana, Slovenia

ARTICLE INFO ABSTRACT

Article history: A nut graph is a simple graph whose kernel is spanned by a single full vector (i.e., the
Received 13 March 2025 adjacency matrix has a single zero eigenvalue and all non-zero kernel eigenvectors have
Received in revised form 9 December 2025 no zero entry). We classify generalisations of nut graphs to nut digraphs: a digraph

Accepted 13 December 2025

wh kernel (resp. co-kernel) i nn full v ri TO- resp. laevo- ;
Available online 22 December 2025 ose kernel (resp. co-kernel) is spanned by a full vector is dextro-nut (resp. laevo-nut)

a bi-nut digraph is both laevo- and dextro-nut; an ambi-nut digraph is a bi-nut digraph

Keywords: where kernel and co-kernel are spanned by the same vector; a digraph is inter-nut if the
Nut graph intersection of the kernel and co-kernel is spanned by a full vector. It is known that a nut
Core graph graph is connected, leafless and non-bipartite. It is shown here that an ambi-nut digraph
N}l“ity is strongly connected, non-bipartite (i.e., has a non-bipartite underlying graph) and has
ggfzti‘;‘rjagpﬁph minimum in-degree and minimum out-degree of at least 2. Refined notions of core and

core-forbidden vertices apply to singular digraphs. Infinite families of nut digraphs and

Dextro-nut . heh . .

Laevo-nut systematic coalescence, crossover and multiplier constructions are introduced. Relevance
Bi-nut of nut digraphs to topological physics is discussed.

Ambi-nut © 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the CC
Inter-nut BY license (http://creativecommons.org/licenses/by/4.0/).

Dextro-core vertex
Laevo-core vertex
Graph spectra

1. Introduction

Nut graphs [52] are the graphs that have a one-dimensional nullspace where the non-trivial kernel eigenvector
X = [x1...x,]7 € kerA(G) is full (i.e., it has no zero entries). This class of graphs is the subject of an extensive
mathematical literature [2-4,6,8,15-21,23,27,28,32,44-48,52,53]. Nut graphs also feature in mathematical chemistry in
applications of graph theory to models of electron distribution, radical reactivity and ballistic conduction in molecular 7
systems [24,26,49-51]. The definition has been extended from graphs to signed graphs [7].

Recently, after a talk on nut graphs given by one of us, a member of the audience raised the question of whether
analogues could be found amongst the directed graphs. In other words, the questioner wanted to know whether nut
digraphs exist. This proved to be a fruitful line of enquiry. The (undirected) nut graphs are connected, leafless (have no
vertices of degree 1), non-bipartite, not edge-transitive, and non-trivial examples exist for all orders n > 7 [6,32]. A natural
follow-up question would be on how these properties transfer to non-trivial nut digraphs. The present note reports our
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work to provide a full answer to both questions, which has entailed consideration of alternative definitions of nut digraphs,
cataloguing small examples and devising systematic constructions for large nut digraphs.

2. Definitions

Nut graphs sit within the larger class of core graphs. A core graph is a singular graph for which every vertex has a non-
zero entry in some non-trivial kernel eigenvector. It is traditional to exclude K; from both nut and core graph classes,
discounting it as a trivial case [52]. Nut graphs are then precisely the core graphs of nullity 1.

A digraph is a pair (V, —), where V is a finite non-empty set of vertices and — is an arbitrary binary relation on V.
The set of vertices of a digraph G is denoted by V(G) and the corresponding relation — is denoted by —¢. If u —¢ v
for some u, v € V(G), then we say that u is an in-neighbour of v, that v is an out-neighbour of u and that (u, v) is an arc
(also called a directed edge) of G. The set of all arcs of G will sometimes be denoted by E(G). For a vertex u € V(G), let
G*(u) denote the set of all out-neighbours and G~(u) the set of all in-neighbours of u. The digraph Gf whose vertex set
is V(G) and where u — & v if and only if v —¢ u is called the reverse digraph (sometimes known as the opposite digraph
or converse digraph) of G. We denote the in- and out-degrees of a vertex u € V(G) by d~(u) and d*(u), respectively. A
vertex u is called a source if d~(u) = 0 and d*(u) > 0. Similarly, a vertex u is called a sink if d*(u) = 0 and d—(u) > 0. We
use d(u) to denote d~(u) + d*(u). The minimal in- and out-degrees of a digraph G will be denoted by §~(G) and §(G),
respectively. The minimal degree of an (undirected) graph I" will be denoted §(I").

If the relation —¢ is irreflexive (in the sense that no v € V(G) satisfies v —¢ v) and symmetric (in the sense that
for all u,v € V(G), u —¢ v implies v —¢ u), then we call G a (simple) graph and the relation —; becomes the usual
adjacency relation. Similarly, if — is asymmetric (in the sense that for no pair of possibly equal vertices u and v of G do
both u —¢ v and v —¢ u hold), then G is said to be an oriented (simple) graph, as it can be obtained by orienting each
edge of a simple graph. The underlying graph of a digraph G is defined as the digraph with the same vertex-set as G and
with the adjacency relation being the symmetric closure of the adjacency relation of G. Note that the underlying graph is
always a simple graph.

Our definition of bipartite digraphs is the same as the one used by Brualdi [11]. We will call a digraph G bipartite if its
vertex-set V(G) can be partitioned into subsets V; and V5, such that for every arc (u, v) € E(G), either u € V; and v € V, or
v eVyand u € V,. Let U and W be two non-empty disjoint sets of vertices of a digraph G. Then G[U] is the digraph with
vertex-set U with u; — ¢y u if and only if u; —¢ uy, i.e., the digraph induced on U. Similarly, G[U, W] is the digraph
with vertex-set UU W and with vy — ¢y wy v2 if and only if [{vy, v2} NU| = [{v1, v2} " W| =1 and vy —¢ v,. Note that
the digraph G[U, W] is bipartite.

A digraph G can be viewed as a linear operator on the |V(G)|-dimensional vector space R" of all functions x: V(G) — R,
where the action of G is given by

G:X+> (U Z x(v)). (1)

veGt(u)

An element of RV is full if X(v) # O for every v € V. For simplicity, we write X, instead of x(v), and when the
vertices of G are in some order, say vg, v, ..., Ur_1, then we identify a function x € R" with the column vector
[X, Xu; ... Xy, ,]7. Furthermore, for v; € V, let x; € RY denote the characteristic function of v;, and observe that
{xi 11 € Z,} is a basis for RV. The matrix that corresponds to G in this basis is then precisely the adjacency matrix A(G) of
G, for which A(G); = 1 if and only if v; —¢ vj (and is O otherwise). Note that

A(GR) = AG)T. (2)
The kernel ker G of the digraph G, viewed as an operator on R, consists of all the elements x € R satisfying
> x(u)=0 forall v € V(G). (3)
ueGt(v)

Similarly, the co-kernel coker G of the digraph G, defined as the kernel of the operator G?, consists of all the elements
x € RY such that

D~ X(u)=0 forall v € V(G). (4)
ueG=(v)

If x € RY is identified with the corresponding vector in R, then ker G = {x € R" : A(G)x = 0} and coker G = ker Gk =
{x € R" : A(G)'’x = 0} = {x € R" : XTA(G) = 07}. In other words, the kernel and the co-kernel of a digraph are then
precisely the kernel and the co-kernel of the adjacency matrix of G. The nullity of a digraph G, denoted 7n(G), is defined
as n(G) = dimker G. Note that n(G) = dimker G = dimcoker G. A digraph G is called singular if n(G) > 0 and non-
singular otherwise. In other words, G is non-singular if it is invertible as an operator in the sense of (1). Recall that for an
undirected graph, its adjacency matrix is symmetric, and the algebraic multiplicity of an eigenvalue matches its geometric
multiplicity. In particular, the nullity of an undirected graph equals the algebraic multiplicity of the 0 eigenvalue. In the
directed case, this is no longer true. With the definition adopted in this paper, the nullity of a digraph is the geometric

multiplicity of the 0 eigenvalue, but not necessarily its algebraic multiplicity.
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Fig. 1. Local conditions in nut digraphs. Entries on G*(v) of X € kerG are labelled ay, ..., a; and entries on G~(v) of y € cokerG are labelled
by, ..., b. For a dextro-nut digraph, the local condition is a; +---+a, = 0 and for a laevo-nut by +---+ b, = 0. For the underlying graph the local

condition would simply be the sum of the two: ay +---+ay+ by +---+ by, =0.

Fig. 2. Venn diagram of relationships amongst notions of nut digraphs. Symbols D, £, B, A and Z denote dextro-, laevo-, bi-, ambi- and inter-nut
digraphs, respectively. Note that the usual nut graphs occupy the small red oval inside the ambi-nut region, and that the hatched regions are empty.

We are now in a position to discuss plausible generalisations of the notion of a nut graph to digraphs. Each of the
generalisations that we propose below will have the property that when applied to a digraph which is a graph (that is,
the adjacency relation of which is symmetric) it will coincide with the standard definition of a nut graph.

Definition 1. A digraph is called a dextro-nut provided it has a one-dimensional kernel spanned by a full vector. Similarly,
a digraph is a laevo-nut if its co-kernel is one-dimensional and spanned by a full vector.

Observe that G is a laevo-nut digraph if and only if its reverse GF is a dextro-nut digraph. Note that the conditions (3)
and (4) are refinements of the usual local condition for kernel eigenvectors in the setting of undirected graphs; see Fig. 1.

Definition 2. A digraph which is both a dextro-nut and a laevo-nut is a bi-nut digraph.

Definition 3. A bi-nut digraph whose kernel and the co-kernel are spanned by the same vector is an ambi-nut digraph.

Both kernel and co-kernel of a dextro-nut digraph are one-dimensional. Hence, if a dextro-nut digraph is not a bi-nut
digraph, the vector that spans its co-kernel must contain some zero entries. Likewise, mutatis mutandis, for laevo-nut
digraphs.

Finally, one might consider digraphs for which the intersection of the kernel and the co-kernel is one-dimensional and
is spanned by a full vector. Such an object could be called an inter-nut digraph.

Definition 4. A digraph G is an inter-nut digraph if ker G N coker G is one-dimensional and spanned by a full vector.

Note that a digraph is an ambi-nut if and only it is both a bi-nut and an inter-nut. Moreover, an inter-nut that is a
dextro-nut is automatically also a laevo-nut and therefore an ambi-nut. Fig. 2 gives an overview of the relations between
these nut digraph classes.

In this paper, we will be concerned mainly with the strongest of these generalisations of nut graphs, namely with the
ambi-nut digraphs. However, we will prove results in as general a form as possible, thus providing results for the weaker
forms of nut digraph en passant.

3. Examples and enumeration

In this section, we give small examples for the five distinct notions of nut digraphs introduced above. To begin, we
also enumerate nut digraphs of small orders.
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Table 1
Enumeration of nut digraphs among oriented graphs on n < 8 vertices.
n [t [Onl [ Dl [Bal [ Anl
3 2 5 0 0 0
4 6 34 1 0 0
5 21 535 4 0 0
6 112 20848 153 2 2
7 853 2120098 17170 21 1
8 11117 572849763 5579793 9592 104
1 1
—1
1 1 —1
-1 -1 -1 —1 —1
1 1 1 1
—1 1 1 —1 —1 —1
(a) (b)
-1 -1
1 -2
1 1

() (f)

Fig. 3. Examples of nut digraphs among oriented graphs: (a) the smallest dextro-nut digraph, (b) a dextro-nut digraph with a leaf, (c¢) & (d) the
two smallest ambi-nut digraphs (labelled M;(6) and M,(6)), (e) the unique ambi-nut digraph on 7 vertices, (f) one of the 20 bi-nut digraphs on 7
vertices that are not ambi-nuts. In all panels, vertex labels show the kernel vector. In case (f), the vectors from the kernel and co-kernel differ in
just one entry (labelled 1, with —1 corresponding to the kernel vector).

Let n be the number of vertices of the digraphs under consideration. Then let ¢4, be the class of undirected graphs, O,
the class of oriented graphs, and Dy, B, and A, be the classes of dextro-nut, bi-nut and ambi-nut digraphs, respectively,
all on n vertices.

Throughout this paper, a digraph will be called regular (resp. k-regular) if its underlying graph is regular (resp. k-
regular). We will use Oﬁ to denote the class of d-regular digraphs of order n. Moreover, let O(I") denote the class of
oriented graphs whose underlying (undirected) graph is I". We use a similar notation for the classes of nut digraphs,
e.g., B(I") is the class of bi-nut digraphs for which the underlying graph is I".

Table 1 lists counts of dextro-, bi- and ambi-nut digraphs among oriented graphs on up to 8 vertices. These numbers
were obtained naively, i.e., by generating all oriented graphs on n vertices and filtering out nut digraphs. The counts of
laevo-nut digraphs are of course equal to those of the dextro-nut digraphs, order by order. Fig. 3 shows small examples
of nut digraphs from Table 1.

Table 2 lists counts of dextro-, bi- and ambi-nut digraphs among 4-regular oriented graphs on up to 11 vertices. Some
of these digraphs are shown in Fig. 4. Note that the graphs (e) to (g) in Fig. 4 all have the circulant Circ(8, {1, 2}) as their
underlying graph. By Circ(n, S), where S C {1, 2,...,n — 1}, we denote the graph on vertex set Z,, such that (i, j) is an
edge if and only if |i — j| € S, where addition is performed modulo n. (For further information on circulants see, e.g. [21].)
Circulant underlying graphs are also encountered in Fig. 3. This suggests definition of the following families.

Definition 5. For k € {1, 2, 3} and n even, let My(n) be a digraph with the vertex set {0, 1,...,n — 1} and the arc set
EMi(n)) ={(i,i+1)]0<i<njU{(i,i+2)|0=<i<n}
206
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Table 2
Enumeration of nut digraphs among 4-regular oriented graphs on n < 11 vertices.
n 4] loql ;| 1551 lAl
5 1 12 0 0 0
6 1 112 4 2 2
7 2 1602 9 0 0
8 6 32263 202 27 5
9 16 748576 2255 0 0
10 59 19349594 33034 2072 32
11 265 548123668 436947 0 0

E(My(n)) ={(i,i+ 1) |0 <i<n}U{(i,i+2):0<i<n, ievenjU{(i+2,i)|0 <i<n, iodd},
E(Ms(n) = {(i,i+1) [0 <i<njU{(i+2,i)|0<i<n}

where addition is done modulo n. (See Figs. 3 and 4 for examples.)

Note that all three digraphs M;(n), My(n) and M5(n) have the circulant Circ(n, {1, 2}), the skeleton of the %—antiprism,
as their underlying graph. Note that the skeleton of a k-antiprism is a 4-regular graph on 2k vertices (for details, see [43,
Chapter 6]).

Proposition 6. The digraphs M(n) and M,(n) are ambi-nut digraphs for every even n > 6. The graph Ms(n) is an ambi-nut
digraph for every even n > 6 that satisfies n % 0 (mod 6).

Proof. This is a straightforward consequence of local conditions (3) and (4). A vector that spans the (co-)kernel in all
three cases is X(i) = (—1)". It is easy to verify that dim ker M3(n) = 3 if n = 0 (mod 6) and dim ker M3(n) = 1 otherwise,
whereas dim ker M{(n) = dim ker M(n) = 1 for all even n. O

Note that Circ(n, {1, 2}) is itself a nut graph for every even n > 6 that satisfies n # 0 (mod 6). The graph M;(8) is an
ambi-nut digraph and in fact its underlying graph is a nut graph.

The following definition introduces three families that can be considered as directed analogues of Rose Window
graphs [59].

Definition 7. For k € {1, 2, 3} and n > 5, let D(n) be a digraph with the vertex set {vo, v1, ..., vp_1}U{Ug, Uy, ..., Up_1}
and the arc set

E(D1(n)) = {(vi, vig1), (Wi, tig2), (vi, uy), (U, vig1) | 0 <1 < nj,

E(Dy(n)) = {(vi, vig1), (Wi, tig2), (Ui, v3), (Vigq, i) | 0 < i < n},

E(D3(n)) = {(vi, vig1), (Wiy2, W), (i, wi), (U5, viq1) | 0 < i < n}.

where addition is done modulo n. See Fig. 5 for examples.

Proposition 8. The digraphs D{(n), D,(n) and Ds(n) are ambi-nut digraphs for every odd n > 5.

Proof. The proof is similar to that of Proposition 6, i.e., local conditions (3) and (4) can be applied. A vector that spans
the (co-)kernel in all three cases is x(v;) = 1 and x(u;) = —1 for 0 < i < n. It is easy to verify that dimkerD;(n) =
dim ker D,(n) = dim ker D3(n) = 1 if n is odd. Moreover, dim ker D;(n) = dim ker D3(n) = 2 if n is even. In the case of D,
and even n we have that dim ker D,(n) = 4 if n = 0 (mod 4) and dim ker D,(n) =2 if n % 0 (mod 4). O

Note that Dq(n), Do(n) and D3(n) share the same underlying graph, the Rose Window graph R,(1, 2) [59]. In [6] it was
proved that R,(1, 2), n > 5, is a nut graph if and only if n # 0 (mod 3).

Ambi-nut digraphs can also be obtained as cartesian products of certain digraphs which themselves are not ambi-nut
digraphs. Let C, denote the directed cycle on n vertices. Then we have:

Proposition 9. Let m,n > 3 and let G = Enljﬁm. The following statements are equivalent:

(i) G is a dextro-nut digraph;
(ii) G is a laevo-nut digraph;
(iii) G is an ambi-nut digraph;
(iv) mn =0 (mod 2) and gcd(m, n) = 1.

Proof. Recall that V(G) = Z, x Z, with arcs of the form (i, j) — (i+ 1,j) and (i, j) — (i, j+ 1) where addition in the first
coordinate is done modulo n and in the second modulo m.
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—2 3
1 -1 1 1
1 1 2 1
1 ~1
(a) (b)
-1 1 1 -1
~1 1 -1 1
1 -1 1 -1
-1 1 -1 1
(c) (d)
1 -1 1 -1 1 -1
~1 1 -1 1 -1 1
1 -1 1 -1 1 ~1
-1 1 -1 1 -1 1
(e) Mi(8) (f) M(8) (8) M5(8)

Fig. 4. Small 4-regular nut digraphs. Panels (a) & (b) show the two 4-regular dextro-nut digraphs on 6 vertices that are not bi-nut digraphs. Both
have the same underlying graph as M;(6), and since each of them contains a sink, they are not isomorphic to M;(6) or M,(6). Panels (c) to (g) show
the full set of five 4-regular ambi-nut digraphs on 8 vertices.

(a) D1(5)

Fig. 5. Small 4-regular ambi-nut digraphs with a Rose Window graph as underlying graph.
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Table 3
Enumeration of nut digraphs among tournaments on n < 11 vertices.
n [O(Kn)l |D(Kn)I [B(Kn)! [A(K)I
4 4 1 0 0
5 12 0 0 0
6 56 3 0 0
7 456 9 0 0
8 6880 119 0 0
9 191536 2373 10 0
10 9733056 90782 567 0
11 903753.48 5918592 26629 0

Since G = GR, statements (i) and (ii) are equivalent. Moreover, (iii) implies (i) and (ii). Hence, it suffices to show that
(i) implies (iv) and that (iv) implies (iii).
Let x € ker G. From the local condition (3) we get that

x(i,j)=—x(i+1,j—1). (5)

Let C be the subgroup of Z, x Z, generated by (1, —1) and let D be the subgroup generated by (2, —2). Let a = x(0, 0).
From (5) it follows that x(v) = a for v € D and x(v) = —a for v € C \ D.

Suppose now that (i) holds. If D = C then a = 0, which implies that G is not a dextro-nut digraph, a contradiction.
Hence, D is a subgroup of C of index 2. Let y: V(G) — R such that y(v) = 1 forv € D, y(v) = —1 for v € C \ D and
y(v) =0 for v € V(G)\ C. Then y € kerG. Since G is a dextro-nut digraph it follows that V(G) = C. In particular, Z, x Zp,
is a cyclic group generated by the element (1, —1). But then gcd(m, n) = 1, and since V(G) contains a subgroup of index
2, mn is even. This proves that (i) implies (iv).

Suppose that (iv) holds. Then C = V(G) and D is a subgroup of V(G) of index 2 and thus y, as defined above, is a full
vector such that y € ker G and y € coker G. Since (1, —1) generates the whole V(G), (5) implies y is a unique vector from
ker G up to scalar multiplication. Since n(G) = 1, G is an ambi-nut digraph, as required. O

We have found several families of ambi-nut digraphs whose underlying graphs are nut graphs. However, we have also
encountered ambi-nut digraphs, whose underlying graphs are not nut graphs. As the next proposition will show, in this
case the underlying graphs are necessarily core graphs. In fact, this holds more generally, for the inter-nut digraphs.

Proposition 10. If G is an inter-nut digraph then its underlying graph I is a core graph.

Proof. Let G be an inter-nut digraph. Then there exists a full vector x € ker GNcoker G. Then (3) and (4) hold. These imply
that Zue(ﬁ@) x(u) + Zuec,(v) x(u) = 0. The latter is precisely the local condition for the underlying graph I". Therefore
x € ker I, which implies that I" is a core graph. O

In this survey of computational results, we also enumerated nut tournaments, i.e., nut digraphs whose underlying graph
is Ky; see Table 3. As one can see, there are no ambi-nut tournaments listed in the table. This is a direct consequence of
Proposition 10, as K, is not a core graph, and therefore A(K,) = ¢ for all n.

Proposition 10 also suggests an improved strategy of enumerating ambi-nut digraphs. For a given order n, we first find
all core graphs on order n. Each core graph I' gives rise to a collection of oriented graphs (for which I" is the underlying
graph). We can further restrict consideration to digraphs G with §7(G) > 2 and §*(G) > 2 (see Lemma 24 in Section 4).
Consequently, it is enough to generate core graphs I" with §(I") > 4. Tables 4 and 5 show the results of such a search
for ambi-nut digraphs based on general oriented cores and 4-regular oriented cores, respectively. The search on 4-regular
cores of odd order was performed only to illustrate the fact that 4-regular cores of odd order may exist, even though
ambi-nut digraphs of odd order do not.

Note that many core graphs do not produce ambi-nut digraphs. See, for example, the graph I'f in Fig. 6. As I'T is a
nut graph, the null space eigenvector is uniquely determined (up to scalar multiplication). The orientation of edges in any
ambi-nut digraph that has I"T as underlying graph must be consistent with this null space eigenvector. This observation
could be used to filter core graphs, and also to carry out substantial pruning of branches in the process of generation of
digraphs.

Furthermore, the notion of a core graph extends naturally to digraphs as follows. A digraph G is dextro-core (resp.
laevo-core) if ker G (resp. coker G) contains a full vector. A digraph G is bi-core if it is both dextro-core and laevo-core.
A digraph G is ambi-core if ker G = coker G and ker G contains a full vector. A digraph G is inter-core if ker G N coker G
contains a full vector. In Fig. 7 we show some small examples of ambi-core digraphs with nullity greater than 1.

The searches carried out to produce Tables 1-5 were deliberately limited to oriented graphs. If this restriction is lifted,
ambi-nut digraphs that contain pairs of oppositely oriented arcs appear from small order. See Fig. 8 for examples. On 4
vertices, there exists one ambi-nut digraph that is not an oriented graph. On 6 vertices, there are 14 ambi-nut digraphs
that are not oriented graphs. Three of them are shown in the figure. Of course, every (undirected) graph is in fact a digraph
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Fig. 6. A ‘Bad’ core graph, i.e., a nut graph I'T that is not the underlying graph of any ambi-nut digraph. The vertices labelled u and v carry respective
entries 4 and 3 in the kernel eigenvector, while the rest carry entry —1. In a putative ambi-nut digraph obtained by orienting edges of I'f, vertex
u has d=(u) = d*(u) = 2. From the entries of the kernel eigenvector, it is clear that this condition cannot be satisfied.

C

(a) M;(6) (b) (c)
Fig. 7. Small examples of ambi-core digraphs with nullity strictly greater than 1. Letters a, b, c, ... are used to indicate a choice of independent
parameters spanning the nullspace of each digraph. The digraph M3(6) has nullity 3 and is the unique such digraph on 6 vertices. There are four

such digraphs on 7 vertices. They all have the same underlying graph. One (b) has nullity 4, and the three others, one of which is shown in (c),
have nullity 2. Note that the ambi-nut digraph in Fig. 3(d) has the same underlying graph.

-1

1
_ -1
1 1
1
(a)
1 -1
-1 ZE ;1 § 1 -1 1< -2

(d) ()

Fig. 8. Small ambi-nut digraphs with pairs of oppositely oriented arcs. Panel (a) shows the Sciriha graph S; as we view it in the theory of digraphs.
Panel (b) shows the unique example on 4 vertices, while (c)-(e) show three out of 14 examples on 6 vertices.
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Table 4

Enumeration of ambi-nut digraphs on n < 10 vertices by the method based on Proposition 10. The column labelled
‘Core’ gives the number of core graphs I with §(I") > 4. The ‘Oriented’ column gives the number of oriented graphs
G that were obtained from the subset satisfying the condition §~(G) > 2 and §(G) > 2. The column ‘Good’ counts the
graphs from the ‘Core’ set that produce at least one ambi-nut digraph of the set A,.

n Core Oriented [ Anl Good

6 1 4 2 1

7 1 26 1 1

8 13 20958 104 10

9 117 16677 343 3371 68

10 5299 657 400.1126 1404682 2544
Table 5

Enumeration of 4-regular ambi-nut digraphs on n < 15 vertices by the method based on Proposition 10. The column
‘Core’ gives the number of 4-regular core graphs. The column ‘Oriented’ gives the number of oriented graphs G that
were obtained from the subset that satisfy §7(G) = 2 and §7(G) = 2. The column ‘Good’ counts the graphs from ‘Core’
that produce at least one ambi-nut digraph of the set A,.

n Core Oriented | Anl Good
5 0 0 0 0
6 1 4 2 1
7 0 0 0 0
8 5 47 5 3
9 0 0 0 0
10 21 1645 32 16
11 0 0 0 0
12 446 146371 860 225
13 0 0 0 0
14 20794 24196518 35219 6263
15 4 4945 0 0

where each edge is now viewed as a pair of oppositely oriented arcs. Thus, every (undirected) nut graph is an ambi-nut
digraph whose arcs all appear in pairs.

Finally, in this survey of examples, we consider inter-nut digraphs G that are not ambi-nut digraphs, i.e., dim ker(G) > 1.
There are 2 such inter-nut digraphs on 6 vertices, and 27 on 7 vertices. These 27 inter-nut digraphs can all be obtained
from just 6 different underlying graphs by choosing a suitable orientation. It happens that those 6 underlying graphs
include the three nut graphs on 7 vertices, i.e., the three Sciriha graphs [6].

4. Basic properties of nut digraphs

In the undirected universe, nut graphs are connected, non-bipartite and leafless. All these properties have their
counterparts in the directed universe. We establish some useful machinery which will be used in the present section
and also invoked for some constructions in Section 5. For a digraph G, a function x: V(G) — R and a vertex v of G, let

Sfw)= Y xw) and S ()= Y xu) (6)

ueGt(v) ueG=(v)

and recall from (3) and (4) that x € ker G provided S; (v) = 0 for every v € V(G) and that x € coker G provided S, (v) = 0
for every v € V(G).

In the undirected universe, vertices of singular graphs may be partitioned into core and core-forbidden vertices. Namely,
a vertex v of a singular graph G is a core vertex if there exists some x € ker G such that x(v) # 0, otherwise v is a core-
forbidden vertex (see [53, Definition 1]). In a further refinement, core-forbidden vertices are partitioned into middle and
upper, accordingly as n(G — v) = n(G) or n(G — v) = n(G) + 1. As ker G and coker G are not necessarily the same in the
digraph universe, we have to take this fact into consideration in framing corresponding definitions for digraphs.

Definition 11. Let G be a singular digraph. A vertex u € V(G) is a dextro-core vertex if there exists some x € ker G such
that x(u) # 0, otherwise v is a dextro-core-forbidden vertex. A vertex u € V(G) is a laevo-core vertex if there exists some
y € coker G such that y(u) # 0, otherwise v is a laevo-core-forbidden vertex.

The following lemma shows that if G is a laevo-nut digraph, then a function y happens to be an element of ker G under
slightly weaker assumptions.

Lemma 12. Let G be a digraph and let w € V(G). If a function 'y € R satisfies the condition S;(u) =0foralue V(G)\ {w}
and if w is a laevo-core vertex then S;,r(w) = 0, and thus y € kerG. Similarly, if a function y € RY satisfies the condition

S;(u) =0 for all u € V(G) \ {w} and w is a dextro-core vertex then S;(w) =0, and thus y € cokerG.
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1
1
1 -1
1 -1
-1 -1
(a) dimker =3 (b) dimker = 2
1 -1
-1 . -1 1 .
-1
1
(c) dimker =4 ) dim ker = 4 (e) dimker =4

Fig. 9. Examples of inter-nut digraphs that are not ambi-nut digraphs. Panels (a) and (b) show both such inter-nut digraphs on 6 vertices. Panels (c)
to (e) show three of 27 such inter-nut digraphs on 7 vertices. Note that their underlying graphs are the Sciriha graphs Sy, S, and Ss, respectively [6].

Proof. For two functions w, z € R, let

w.z)= Y w(v)zu). (7)

u,veV(G)
v—u

As w is a laevo-core vertex, there exists some X € coker G such that x(w) # 0. Observe that

Xy =Y Y xwyw= )Y yus (u)=0. 8)

ueV(G) veG—(u) ueV(G)

On the other hand,
=Y > x = Y X(@)S5(v)+X(w) S (w) = X(w)S; (w). (9)
veV(G) ueGt(v) veV(G)\{w}

Therefore, x(w)S;(w) = 0, and since x(w) # 0, we see that S;(w) = 0, as claimed. The second claim of the lemma can
be proved by applying the first claim to the reverse digraph GX. O

4.1. Connectedness and vertex deletion
A digraph G is said to be connected if its underlying graph is connected.
Lemma 13. Every dextro-nut digraph, every laevo-nut digraph and every inter-nut digraph is connected.

Proof. If G is a dextro-nut digraph then there exists a full vector x € ker G. Let V(G) = V; U V,, Vi # @ and V, # @, such
that G[V4] is a connected component. (Then G[V,] is a disjoint union of one or more connected components.) Let us define
a function y: V(G) — R by y(u) = x(u) for u € V; and y(u) = 0 for u € V5. As (3) holds for y, we have that y € ker G. This
contradicts the antecedent that G is a dextro-nut digraph. An analogous argument applies to laevo-nut digraphs.

For inter-nut digraphs, the above arguments also apply with minor adjustments. Namely, one has to take x €
ker G N coker G and observe that then the function y € ker G N coker G as it satisfies both (3) and (4). O

All examples of ambi-nut digraphs which we have encountered happen to be strongly connected (i.e., there exists a
directed path between every pair of vertices). We introduce notions needed to prove that this is a general property of
ambi-nut digraphs. First, we prove an elementary fact from linear algebra [55].
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Lemma 14. Let A € C™™ (ie., A is an n x m matrix over the field C). Let B be a submatrix obtained from A by deleting any
row and any column. Then

n(A)—1=n(B) <n(A)+1 and n(A")—1=<n(B") < n(A")+ 1. (10)

Proof. Without loss of generality, assume that we delete the first row and the first column. We can write

VA cT
A:[d B], (11)

where z € C and ¢, d € C"~Dx1 Jet D := [‘BT ] When ¢T is added to the row-space of B, the rank is either unchanged or
increases by 1, i.e., rank(B) < rank(D) < rank(B) + 1. When the vector [ﬁ] is added to the column-space of D, again, the
rank is either unchanged or increases by 1. Therefore,

rank(B) < rank(A) < rank(B) + 2. (12)

Recall that rank(A) + n(A) = m and rank(A7) + (A7) = n. Similarly, rank(B) + n(B) = m — 1 and rank(B") 4+ n(B") = n — 1.
Moreover, rank(A) = rank(A)™ and rank(B) = rank(B)'. From (12) we obtain n(A) — 1 < n(B) < n(A) + 1 and, similarly,
nAT) —1=<nB") <nA")+1. O

Lemma 14 has an immediate consequence.

Corollary 15. Let G be a digraph of order n > 2 and v € V(G) an arbitrary vertex. Then
n(G)—1=nG—v) <n(G)+1. (13)

It is known that the above corollary holds for undirected graphs (see, e.g., [1, Theorem 1.2]), where the usual proof
relies on the Cauchy Interlacing Theorem for symmetric matrices, which is not applicable in the directed universe.

In the undirected universe, if a core-vertex v is deleted from a graph G, then n(G—v) = n(G)—1 (see, e.g., [47, Corollary
13]), whereas if a core-forbidden vertex v is deleted, then n(G — v) = n(G) or n(G — v) = n(G) + 1 (see, e.g., [25]). We
will now generalise these notions to digraphs.

Lemma 16. Let G be a singular digraph with at least 2 vertices and let v € V(G) be any vertex. If v is laevo-core then
n(G — v) < n(G). If, in addition, v is dextro-core then n(G — v) = n(G) — 1.

Proof. Let n = n(G) and n’ = n(G— v). Let {X4, Xa, ..., Xy} be a basis for ker(G — v), and let X;: V(G) > R, 1 <i < 7/, be
defined by X;(u) = x;(u) for u # v and X;(v) = 0. It is easy to see that X, X,, ..., X,y are linearly independent and each of
them satisfies the assumptions of Lemma 12. Since v is a laevo-core vertex there exists ¥ € coker G such that §(v) # 0.
This allows us to use Lemma 12 to conclude that (Xi,...,X,) € kerG and hence n’ < .

If v is also dextro-core, then there exists X, € ker G such that X,(v) # 0. Then Xo ¢ (X1, ..., X,r), implying that n’ < 7.
From Corollary 15 it follows that n(G — v) = n(G) — 1, as claimed. O

Lemma 17. Let G be a singular digraph with at least 2 vertices and let v € V(G) be any vertex. If v is laevo-core-forbidden
or dextro-core-forbidden then n(G — v) € {n(G), n(G) + 1}.

Proof. Let n = n(G). Suppose first that v is dextro-core-forbidden. Let Z;,%,...,Z, be a basis of kerG and let
z:V(G—v) - R, 1 < i < p, be defined by z(u) = Z(u) for u € V(G — v). Since v is dextro-core-forbidden,
Z1(v) = --- = Z,(v) = 0, implying that zy, ..., z, are linearly independent and (zi, ...,z,) € ker(G — v). Therefore,

n(G — v) > n. By Corollary 15 it follows that n(G—v)=nor n(G—v)=n+ 1.
If v is laevo-core-forbidden, then v is dextro-core-forbidden in the reverse digraph GX. Since n(G) = n(GR), the results
follows by the previous paragraph. O

Theorem 18. Let G be a singular digraph of order n > 2 and let v € V(G) be any vertex.

(i) If v is dextro-core and laevo-core then n(G — v) = n(G) — 1.
(ii) If v is dextro-core-forbidden and laevo-core then n(G — v) = n(G).
(iii) If v is dextro-core and laevo-core-forbidden then n(G — v) = n(G).
(iv) If v is dextro-core-forbidden and laevo-core-forbidden then n(G — v) € {n(G), n(G) + 1}. Moreover, if G is bipartite then
n(G—v)=n(G)+ 1.

Proof. Statement (i) follows directly from Lemma 16 and the first part of statement (iv) follows directly from Lemma
17. Statement (ii) is obtained by combining Lemmas 16 and 17. Finally, statement (iii) follows by application of (ii) to the
reverse digraph G
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1 1

3 5 3 5
4 6 4
(a) G1 (b) Go

Fig. 10. Examples of digraphs covering all scenarios in Theorem 18.

Now we prove the second part of statement (iv). Without loss of generality, for G bipartite the adjacency matrices of
G and G — v can be written as

0 o7 u’ 0 B
AG)=|0 0,1 B|, A(G—v):[ Pc-l o ] (14)
w C O d

where O; denotes the all-zero t x t matrix. If there exists a column vector a such that w = Ca, then [ -1a0]" € ker A(G),
contradicting the assumption that v is a dextro-core-forbidden vertex. Therefore, w ¢ im C. Recall that im C denotes the
image of C, i.e,, imC = {Cx | x € RP~!}. Similarly, since v is also laevo-core-forbidden, it is dextro-core-forbidden in G,
implying that u ¢ im B". In particular, this implies that w is not in the column-space of C and u" is not in the row-space
of B. But then rank A(G) = rankA(G — v) + 2. As in the proof of Lemma 14, by the Rank-Nullity Theorem it then follows
that n(G—v)=n(G)+ 1. O

Theorem 18 gives us a way of retrieving the middle/upper stratification of core-forbidden vertices.

Definition 19. Let G be a singular digraph. A vertex v € V(G) that is both dextro-core-forbidden and laevo-core-forbidden
is called upper if n(G — v) = n(G) + 1, and middle if n(G — v) = n(G).

For a bipartite (undirected) graph G the parity of 1(G) is the same as the parity of |V(G)| by the Pairing Theorem, and
hence middle vertices are absent. However, for bipartite digraphs, as Theorem 18 shows, it is also possible that deletion
of a vertex leaves the nullity unchanged.

Example 20. The digraphs in Fig. 10 show that all scenarios in Theorem 18 may occur.

Consider the digraph G; in Fig. 10(a) with n(G;) = 2. Vertices 1 and 2 belong to case (i), i.e., they are dextro-core
and laevo-core, and thus n(G; — 1) = n(G; — 2) = 1. Vertices 3 and 4 belong to cases (ii) and (iii), respectively, and
thus n(Gy — 3) = n(Gy — 4) = 2. Vertices 5 and 6 belong to case (iv), where vertex 5 is upper and vertex 6 is middle,
i.e.,, n(G; —5) = 3 and n(G; — 6) = 2. These nullities are easily verified by direct calculation of the kernel and co-kernel
of G; and its vertex-deleted subgraphs.

The digraph G, in Fig. 10(b) is bipartite with 5n(G,) = 2. Vertices 1 and 2 belong to case (i) and thus n(G, — 1) =
n(G, —2) = 1. Vertices 3 and 4 belong to cases (ii) and (iii), respectively, and thus n(G, — 3) = (G, — 4) = 2. The vertex
5 belongs to case (iv), but since G, is bipartite, it can only be upper, with n(G, —5) = 3.

Since every vertex of a bi-nut digraph is dextro-core and laevo-core, Theorem 18 implies the following corollary, which
generalises [47, Corollary 15] from nut graphs to bi-nut digraphs.
Corollary 21. Let G be a bi-nut digraph and let w € V(G) be an arbitrary vertex. Then G — w is a non-singular digraph.

We will now make use of another concept from linear algebra. An n x n matrix A is reducible (in the sense of [35,
Definition 6.2.21]) if it is permutation-equivalent to a matrix

B C
[O D:| ’ (15)
where neither B nor D is an empty matrix (i.e., a matrix with no rows or no columns). A matrix that is not reducible is
called irreducible. A digraph G is strongly connected if and only if A(G) is irreducible (see, e.g., [35, Theorem 6.2.24] or [13,
Theorem 3.2.1]). Now, we have all the tools required to prove the next theorem.

Theorem 22. Every bi-nut digraph is strongly connected.

Proof. For contradiction, suppose that a bi-nut digraph G is not strongly connected. Then its adjacency matrix is reducible
and can be written, without loss of generality, as

AG) = [g ,S] , (16)

214



N. Basic, P.W. Fowler, M.M. McCarthy et al. Discrete Applied Mathematics 383 (2026) 203-226

where O is an all-zero matrix and B and D are both square matrices. Since G is a bi-nut digraph, it is singular and thus
det A(G) = (det B)(detD) = 0. (17)

Now, let G’ be obtained from G by deleting the first vertex, i.e., the vertex that corresponds to the first row and first
column in A(G). The adjacency matrix of G’ is of the form

AG) = [g f)] , (18)

where O’ is an all-zero matrix. By Corollary 21, G’ is a non-singular digraph, and thus det A(G') = (detB’)(detD) # 0. In
particular, detD # 0. Let G” be obtained from G by deleting the last vertex. By similar reasoning we get that detB # 0.
But this contradicts (17). O

Note that every ambi-nut digraph is a bi-nut digraph, and hence ambi-nut digraphs are strongly connected.
4.2, Bipartiteness

Nut graphs are non-bipartite. The same is true in the universe of digraphs, as we now show. Note that a digraph G is
bipartite if and only if its underlying graph is bipartite.

Lemma 23. Every dextro-nut digraph, every laevo-nut digraph and every inter-nut digraph is non-bipartite.

Proof. Suppose that G is a bipartite digraph and U and W are the parts of the bipartition of its underlying graph. If
X € kerG, then the function X': V(G) — R coinciding with x on U and mapping each vertex of W to 0 is also in kerG,
implying that G is not a dextro-nut digraph. Since the reverse digraph of a bipartite digraph is also bipartite, the same
argument applied to the reverse digraph GR shows that it is not a dextro-nut digraph, and thus G is not a laevo-digraph
nut.

For inter-nut digraphs, the above arguments also apply with minor adjustments. Namely, one has to take x €
ker G N coker G and observe that then the function X' € ker G N coker G, implying that G is not an inter-nut digraph. 0O

Clearly, the above lemma applies to ambi-nut digraphs and bi-nut digraphs, as they are dextro-nut digraphs.
4.3. Vertex degrees and leaflessness

Nut graphs have no vertices of degree 1. In the universe of digraphs, the situation is more complicated. Leaflessness
generalises as follows.

Lemma 24. If G is a dextro-nut digraph, then §=(G) > 1 and §7(G) # 1. Similarly, if G is a laevo-nut digraph, then §7(G) > 1
and 87 (G) # 1. Consequently, if G is a bi-nut digraph, then §~(G) > 2 and §*(G) > 2.

Proof. Let G be a dextro-nut digraph with its kernel spanned by x. If there exists a vertex v € V(G) with no in-neighbours,
then a function X': V(G) — R coinciding with x in each vertex except in v while mapping v to 0 is also in kerG,
contradicting the fact that ker G is one-dimensional. Hence, §7(G) > 1. Furthermore, if there is vertex v € V(G) with
exactly one out-neighbour, say w, then ZueGJ,(v) x(u) = x(w) # 0, contradicting the assumption that x € ker G. The claim
about laevo-nut digraphs follows, by applying the preceding reasoning to the reverse digraph GF. O

In other words, Lemma 24 says that dextro-nut digraphs may not possess sources. However, dextro-nut digraphs can
have sinks; see Fig. 3(a). Similarly, by Lemma 24, laevo-nut digraphs may not possess sinks, but can have sources. Note
that the underlying graph of a dextro- or laevo-nut digraph may have leaves; see, e.g., Fig. 3(b). Also note that a given
inter-nut digraph G may have both sinks and sources, as seen from examples in Fig. 9.

Lemma 24 implies that if G is a bi-nut digraph then the minimum degree of its underlying graph is at least 4. Table 2
gives us some information about the simplest case, where the underlying graph is quartic. From Table 2 it appears that
bi-nut digraphs (and therefore ambi-nut digraphs) do not exist if the underlying graph is quartic and of odd order. The
next proposition generalises this observation.

Proposition 25. Let G be a bi-nut digraph, such that its underlying graph is 4-regular. Then G is of even order 2n. Moreover,
ker G is spanned by a vector X that consists of entries from {+1, —1}, n of which are +1, and coker G is spanned by a vector
y that consists of entries from {+1, —1}, n of which are +1.

Proof. By Lemma 24, d*(v) = d~(v) = 2 for every v € V(G). Let £:V(G) — {+a, —a, *} denote a mapping that assigns
to each v vertex of G value +a or value —a or leaves £(v) undefined, which is indicated by the » symbol. We describe an
algorithm which finds a non-trivial vector from ker G.
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u ,U// ul ,U/ U// v

U R v
(a) G

(b) G

Fig. 11. A possible subdivision construction for digraphs.

Initially, set £(u) = x for every u € V(G). Choose an arbitrary vertex vy € V(G) and set ¢(vg) = +a. While there
still exists a vertex v € V(G) with out-neighbours v’ and v”, such that £(v') # % and ¢(v”) = =, update £(v”) by
setting £(v”) = —£(v’). When this algorithm stops, for each vertex v € V(G) with out-neighbours v’ and v” either (i)
£(v') = £(v") = or (ii) £(v") # » and £(v") # % holds.

If there exists a vertex v € V(G) with out-neighbours v’ and v” such that £(v’) = £(v") = +a or £(v') = £(v") = —aq,
then it follows that a = 0 and thus ker G is trivial or contains a non-full vector. This contradicts the assumption that G is
a bi-nut digraph. Therefore, if (ii) holds it must be that £(v") # £(v").

Let us now define the vector x: V(G) — R by

0 ifl(v) ==,
x(v) = {+1 ifev)=+a, (19)
—1 if fv) = —a.

The vector X satisfies (3), so X € kerG. The existence of a vertex v € V(G) such that x(v) = 0 would contradict the
assumption that G is a bi-nut digraph. It follows that x(v) € {41, —1} for every v € V(G) and vector x spans ker G. The
fact that half of the vertices carry entry +1 and the other half —1 is straightforward to prove by standard combinatorial
‘double counting’.

The same approach is used to prove the existence of the vector y from the proposition. The only difference is that we
need to consider in-neighbours instead of out-neighbours. O

Note that the algorithm in the above proof emulates the standard pencil-and-paper approach [39,62] to determining
the null space of a chemical graph.

5. Constructions

In the realm of undirected graphs, several constructions have been described for producing larger nut graphs from
smaller. Examples include the bridge construction (insertion of two vertices on a bridge) [52], the subdivision construction
(insertion of four vertices on an edge) [52], and the coalescence construction (identification of a vertex in one nut graph
with a vertex of another) [47]. Multiplier constructions, so called because they produce a nut graph from a (2t)-regular
parent graph, in which the order of the new graph is a fixed multiple of the order of the parent, were also introduced
previously [6]. Analogues can be defined for nut digraphs.

5.1. Subdivision construction

One possible construction that in some sense mimics subdivision is illustrated in Fig. 11.

Theorem 26. Let G be a digraph and let u — v be an arc in G. Let G be the digraph obtained from G by removing the arc
u — v, and adding four new vertices u’, u”, v', v" and five new arcs u — v, u' - v, U’ - v, u" - v, u" - v. IfGisan
inter-nut digraph, then G is an inter-nut digraph that is not an ambi-nut digraph.

Proof. If G is an inter-nut digraph, then there exists a full vector x € ker G N coker G. The vector x can be extended to
X € RV(© by defining X(w) = x(w) for w € V(G) and X(v") = —X(v') = X(v) and X(u") = —X(u) = X(u). Clearly, X is full
and X € ker G N coker G. This implies that G is an inter-core digraph.

Take any non-trivial vector q € ker GNcoker G. Egs. (3) and (4) imply that q(v) = —q(v’) = q(v”) and q(u) = —q(u’) =
q(u”). Let q be the restriction of q to G. More precisely, q(w) = q(w) for w € V(G). It is easy to see that q € ker GNcokerG.
As G is an inter-nut digraph, q = Ax for some A # 0. But then q = AX. This means that X spans ker G N coker G and G is
thus an inter-nut digraph.
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Moreover, lety, zZ € RY(© be vectors defined as

1 w=vorw=1v",

20
0 otherwise. (20)

_ 1 w=uvorw=u",
y(w) =

= d z —
0 otherwise; and  z(w) {

It is clear thaty € ker G and y¢ coker G, while Z € coker G and Z ¢ ker G. Hence, G is not an ambi-nut digraph. O

Note that even if G in Theorem 26 is an ambi-nut digraph, G is not an ambi-nut digraph. The described construction
can only be used to produce larger inter-nut digraphs from existing inter-nut digraphs.
As we prove next, inter-nut and bi-nut digraphs have no cut-arcs (i.e., analogues of bridges).

Proposition 27. No inter-nut digraph contains a cut-arc.

Proof. Suppose that there exists an inter-nut digraph G with a cut-arc u — w. When the cut-arc is removed, we obtain
two connected components, Gy and G, such that u € V(Gy) and w € V(G). Since G is an inter-nut digraph, there exists a
full vector X € ker GN coker G. Let x denote the restriction of X to G, i.e., X(v) = X(v) for all v € V(G,). Observe that G, is
a dextro-nut digraph and that x is full and x € ker G,. Further observe that S, (v) = 0 for all v € V(G;) \ {w}. By Lemma
12, S, (w) = 0 and x € coker G,. Observe that G~ (w) = G, (w) U {u}. It follows that X(u) = 0. But this contradicts the fact
that X is full. Therefore G cannot be an inter-nut digraph. O

The following is a direct consequence of Theorem 22.

Corollary 28. No bi-nut digraph contains a cut-arc.

Note that every ambi-nut digraph is a bi-nut digraph, and hence ambi-nut digraphs do not contain cut-arcs. Dextro-nut
digraphs and thus laevo-nut digraphs may, however, possess cut-arcs; see Fig. 12(a).

5.2. Coalescence construction

Let G and H be two digraphs and v a vertex of G and u a vertex of H. The coalescence (G, v) ® (H, u) is defined as
the digraph obtained from the disjoint union of G and H by identifying the vertices v and u, where the ‘merged’ vertex
retains all the out-neighbours and all the in-neighbours of both v and u. Note that when the adjacency relations of G and
H are both symmetric and irreflexive (i.e.,, when G and H are simple, undirected graphs), the coalescence as defined here
coincides with the coalescence of graphs defined in [47].

Theorem 29. Let G and H be bi-nut digraphs, where v* € V(G) and u* € V(H). Then (G, v*) ® (H, u*) is a bi-nut digraph.
Moreover, if both G and H are ambi-nut digraphs, then so is (G, v*) © (H, u*).

Proof. Let X, y, X, and y be such that ker G = (x), coker G = (X), ker H = (y), and coker H = (y). Without loss of generality
we may assume that x(v*) = X(v*) = y(u*) = y(u*). Further, let V denote the vertex-set of C := (G, v*)® (H, u*). We will
abuse the notation slightly and denote the vertex of C obtained by identifying u* and v* by u* or v*, or, when we want
to avoid ambiguity, by uv, whichever is most convenient.

Define the functions z,Z € RY by letting them coincide with the functions x and X on V(G) \ {v*} and with y and
y on V(H) \ {u*}, respectively. Further, let z(uv) = x(v*) = y(u*) and z(uv) = X(v*) = y(u*). Observe that z € kerC
and z € coker C, showing that both ker C and coker C contain a full vector. We now need to show that they are both
one-dimensional.

Suppose that w € kerC. Since the out-neighbourhood in C of each vertex in V(G) \ {v*} coincides with its
out-neighbourhood in G, it follows that

Z w(u) = Z w(u) = 0 forall veV(G)\ {v*}.

ueCt(v) ueGt(v)

Now, since y € coker G and y(v*) # 0, Lemma 12 implies that the restriction wg of w to V(G) lies in ker G. Since G is a
dextro-nut digraph, it follows that w; = Ax for some A € R, A # 0. By an analogous argument, one can show that the
restriction wy of w to V(H) satisfies wy = py. Since x(v*) = y(u*) = w(uv), it follows that A = u and thus w = Az
This shows that ker C is indeed one-dimensional and spanned by z. The proof that coker C is also one-dimensional can
be obtained by applying the above to the reverse digraphs GF and HR. This shows that C is indeed a bi-nut digraph, the
co-kernel of which is spanned by the function z: V — R, coinciding with X on V(G) and with y on V(H).

If G and H are both ambi-nut digraphs, then X = x and y = y, and thus z = z, showing that C is an ambi-nut
digraph. O

Note that the coalescence of two dextro-nut digraphs is not necessarily a dextro-nut digraph. Fig. 12(a) shows an
example where coalescence of dextro-nut digraphs from Figs. 3(a) and 3(b) produces a dextro-nut digraph (which contains
a cut-arc but no leaves). On the other hand, Fig. 12(b) shows an example where a coalescence of two copies of the dextro-
nut digraph from Fig. 3(a) is not a dextro-nut digraph, as confirmed by the existence of a non-full kernel eigenvector of
the resulting digraph.
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-1 -1

(a)

Fig. 12. Coalescence of two dextro-nut digraphs may or may not result in a dextro-nut digraph. (a) Dextro-nut digraphs from Figs 3(a) and 3(b)
yield a dextro-nut digraph; but (b) two copies of the dextro-nut digraph from Fig. 3(a) (at one of the vertices bearing 1 in the displayed kernel
eigenvector) do not.

v t
Uu S
(a)

Fig. 13. Schematic of the crossover construction. Panel (a) shows the disjoint union of digraph G and H that contain arcs u — v and s — t,
respectively. Panel (b) shows the digraph (G, u, v) > (H, s, t).

5.3. Crossover construction

Let u — v be an arc of a digraph G and let s — t be an arc of a digraph H. The crossover of G and H with respect to
u — v and s — t, denoted by (G, u, v) < (H, s, t), is defined as the digraph obtained from the disjoint union of G and H
by deleting the arcs u — v and s — t and adding the arcs u — t and s — v; see Fig. 13.

Theorem 30. Let G and H be two ambi-nut digraphs with ker G = (X) = coker G and ker H = (y) = coker H. If u* — v* is
an arc of G and s* — t* an arc of H such that

X(u*) =y(s*),  x(v*) = y(t"), (21)
then the digraph (G, u*, v*) >< (H, s*, t*) is an ambi-nut digraph.

Proof. Let C := (G, u*, v*) > (H, s*, t*). Without loss of generality, we shall assume that V(G) and V(H) are disjoint, so
that V(C) is simply the union of V(G) and V(H). Further, let z: V(C) — R be defined by letting z(u) to be equal to x(u) for
all u € V(G) and equal to y(u) for all u € V(H). By the definition of the crossover and by the assumption (21), it follows
that z is a full vector contained both in ker C and in coker C. What remains to show is that ker C and coker C are both
1-dimensional.

Let w: V(C) — R be an element of ker C such that w(u*) = x(u*) and let wg be its restriction to V(G). Since the
out-neighbourhood C*(v) is contained in V(G) for every v € V(G) \ {u*} (and is in fact equal to G™(v), we see that wg
satisfies the local condition S:;G(v) = 0 for all v € V(G) except possibly for v = u*. However, the existence of a full vector
in coker G, together with Lemma 12, implies that this condition is satisfied also for v = u*, and thus that w¢ € ker G. Since
ker G is a one-dimensional space spanned by x and since wg coincides with x in one vertex, we see that wg = X. Using
an analogous argument, one can also show that the restriction of w to V(H) equals y, implying that w = z, as required.

Moreover, applying the above to the reverse digraphs Gf and H¥, one can show that coker C is one-dimensional (and
thus spanned by z), proving that C is an ambi-nut. O

Note that a minor refinement of the above proof (by separately investigating the kernel and co-kernel) yields the
slightly stronger claim that the crossover of two bi-nut digraphs G and H with their kernel and co-kernel vectors being
compatible on the arcs u* — v* and s* — t* is also a bi-nut. However, as the example in Fig. 14 shows, the crossover of
dextro-nut digraphs is not necessarily a dextro-nut digraph.
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1 1 1 1 0 0
—1 1 -1 0 1 0
(a) (b)n=2

Fig. 14. Crossover of two copies of the dextro-nut digraph in (a) results in the digraph in (b), which is not a dextro-nut as witnessed by the presence
of zero entries in the displayed non-full kernel vector.

5.4. Multiplier constructions

In [6, Section 4.2] triangle- and pentagon-multiplier constructions for nut graphs were studied. These constructions
proved useful for obtaining nut graphs from any regular graph of even degree, and were crucial for proving that any finite
group can be realised by a nut graph [4]. Here, we generalise this theory to ambi-nut digraphs.

We begin by defining the notion of a gadget. Let M(;) denote the matrix obtained from M by deleting the ith row. For
the present purpose, then:

Definition 31. A gadget is a pair (G, r), where G is a digraph and r € V(G), with the property that there exists a full
vector x that spans the respective (1-dimensional) kernels of both A(G);y and A(GR). The vertex r will be called the root
of the gadget.

Note that the vector X in the above definition satisfies S, (v) = Sy (v) = 0 for all v € V(G) \ {r}. Recall that S} (v) and
S, (v) are defined in (6).
Proposition 32. Let (G, r) be a gadget. Then S,f (r) =S¢ (r), where X is the full vector from Definition 31.

Proof. We shall use a double-counting approach, as in the proof of Lemma 12. Let

M= Z x(v)X(u). (22)

u,veV(G)
v—=>u

On one hand, we see that

M= " > xxu) = Y xw)S,(u)=x(r)S;(r). (23)
ueV(G) veG—(u) ueV(G)
On the other hand
M= > Y xwx)= Y x(v)S5(v)=xr)S5(r) (24)
veV(G) ueGt(v) veV(G)

Since, by assumption, x is a full vector, it follows that S, (r) = S} (r), as claimed. O

Definition 33. The demand of a gadget (G, r), denoted dem(G, ), is the value — S;{(r)/x(r), where X is the full vector from
Definition 31.

The demand is well defined, since x(r) # 0 and X is unique up to scalar multiplication. By Proposition 32, dem(G, r) =

— S (r)/x(r).

Proposition 34. Let (G, r) be a gadget where r is an arbitrary vertex of G. Then G is an ambi-nut digraph if and only if
dem(G, r) = 0.

Proof. If G is an ambi-nut digraph then (3) and (4) immediately imply that dem(G, r) = 0. Conversely, suppose that
dem(G, r) = 0. Let x be the full vector from Definition 31. We already noted that S;{(v) =S, (v)=0forallv e V(G)\ {r}.
From the definition of demand and Proposition 32 it follows that S} (r) = S, (r) = 0. Hence, (3) and (4) hold, so x € ker G
and x € coker G. Suppose that n(G) > 1. Then there exists y € ker G which is linearly independent from x. But then
y is also in the kernel of A(G)), contradicting the requirement of Definition 31 that ker A(G). is 1-dimensional. Thus,
n(G) = 1 and G is therefore an ambi-nut digraph. O
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1
(d) dem = —1/3 (e) dem = —1 (f) dem =2/3

Fig. 15. Examples of gadgets with various demands. The root vertex is coloured red. Labels show the vector x from Definition 31. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 15 shows examples of gadgets with demands from the set {1, —1/2, —1/3, —1, 2/3}. Note that the demand of a
gadget is always a rational number.

Lemma 35 ([42, Lemma 1.2]). Let G be a digraph. If A is a rational eigenvalue of G then A is an integer.

Proof. The characteristic polynomial ¢ of a digraph is a monic polynomial with integer coefficients. By the Rational Root
Theorem, the rational roots of ¢ are integers. 0O

Lemma 35 will be significant for the formulation of the main theorem of the present section (Theorem 38), for which
we will require gadgets that have integer demand. The next theorem shows that ambi-nut digraphs provide a ready source
of gadgets with demand —1.

Theorem 36. Let H be an ambi-nut digraph and let X € ker H be a non-trivial vector. Let (uq, u;) € E(H) such that X(u;) =
X(uy). Let G be a digraph with the vertex set V(G) = V(H)U {ug} and the arc-set E(G) = E(H)\ {(u1, uz)} U {(u1, ug), (o, u)}.
Then (G, ug) is a gadget with dem(G, up) = —1.

Proof. Let us define x: V(G) — R by x(v) = X(v) for v € V(H) and x(uo) = X(u1). It is clear that x is full, X € ker A(G),)
and x € kerA(GR)(uO). Suppose that y € ker A(G),). Let us define y:V(H) = R by ¥(v) = y(v) for v € V(H). By Lemma
12, ¥(v) € ker H. But H is an ambi-nut digraph, so ¥ = uX for some p € R. Now, uX satisfies the out-local condition at
vertex u; in the graph H, i.e.,

Shum)= > pXw)= > uX)+ pXup) =0. (25)
veHt(uq) veH ™ (up)\{uz}
Similarly, y satisfies the out-local condition at vertex u; in the graph G, i.e.,
Ssw)= Y yw)= Y y©)+yu)=0. (26)
veGt(uy) veGT(ug)\{up)

From (25) and (26) we obtain y(ug) = uX(uy). This implies that y = ux and thus ker A(G)y) is 1-dimensional. By analogy
we can show that ker A(GR),) is also 1-dimensional, so x satisfies the requirements of Definition 31, and thus (G, u) is
a gadget. As ug has out-degree one, connecting only to uj, it is straightforward to see that dem(G, up) = —1. O

Note that the condition in Theorem 36, namely the existence of an arc (uq, uy) € E(H) such that X(u;) = X(uy), is
not obeyed by all ambi-nut digraphs. The smallest examples among oriented graphs that are unsuitable for the theorem
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(a) (b)

Fig. 16. (a): A composite gadget of demand —1 obtained from two non-isomorphic gadgets with demands —1/2. (b): A composite gadget of demand
0, which is an ambi-nut digraph, obtained from two non-isomorphic gadgets with respective demands 1/2 and —1/2.

have 10 vertices. There are exactly 6 such ambi-nut digraphs among the oriented graphs on 10 vertices [5]. All ambi-nut
digraphs among oriented graphs up to order 9 contain at least one ‘suitable’ arc.
In light of the following lemma, gadgets with fractional demand can also be useful.

Lemma 37. Let (Gq, rq) and (G,, 12) be gadgets. Then the digraph (Gy, r1) ® (Ga, 2) with the root being the merged vertex is
a gadget with demand dem(G1, r1) + dem(G,, 7).

Proof. Let H := (G1,11) © (Gy, 12). Let X'V € ker A(Gy )s,) N ker A(GR);,y and X € ker A(G, ), N ker A(G)r,), which exist
by Definition 31. We can assume that x("(r;) = x®)(r,) # 0. Define y: V(H) — R by y(u) = xD(u) if u € V(G;) and
y(u) = xP(u) if u € V(G,). Vector y is full and y € ker A(H);,) N ker A(HR),).

Let z € ker A(H)(;,). The restriction of z to G; (resp. G,) is in ker A(Gy ),y (resp. ker A(G, ),)), which is 1-dimensional
by Definition 31, hence the restriction of z to G; (resp. G,) is a multiple of x(") (resp. x®)). This implies that z is a multiple
of y and hence, ker A(H),) is 1-dimensional. By similar reasoning, we can show that kerA(HR)(rl) is also 1-dimensional.

Moreover,

dem(H, ry) = _W
1
ZHEGWH) y() ZueG*(rz) y(u) . (27)
= ] - ; = dem(Gy, 1) + dem(G,, 17).
y(r1) y(r2)

A gadget that can be obtained by (possibly repeated) use of Lemma 37 will be called a composite gadget. Note that this
allows gadgets with integer demand to be obtained by coalescing gadgets of fractional demand; the gadget in Fig. 16(a)
is an example. Note that if we combine Lemma 37 with Proposition 34, we have yet another avenue for obtaining large
ambi-nut digraphs. If we coalesce, at their common root, a set of gadgets for which the demands add to 0, the result is
an ambi-nut digraph; the ambi-nut digraph in Fig. 16(b) is an example.

We now give a theorem that can be used to produce ambi-nut digraphs by attaching gadgets to a base digraph.

Theorem 38. Let G be the base digraph, i.e., a digraph of order n with V(G) = {v1, v, ..., vy} and an integer eigen-
value A such that the A-eigenspaces of G and GF are both 1-dimensional and spanned by the same full vector X. Let
(I'n,r), (I3, 12), ..., (I}, ) be gadgets, such that dem([I;,1;) = A foralli = 1, ..., n. Then the digraph M obtained from
the disjoint union G U I'1 U I, U - - - U I, by identifying v; with r; foralli= 1, ..., n is ambi-nut.

Proof. For each i, let x be the vector that spans the kernel of A(I7)r). We can assume that xO(r)) = x(v;). Let
y: V(M) — R, such that for each i and for each v € V(I}), y(v) = x)(v). From Definition 31 it follows that every vertex
v € V(M) \ V(G) satisfies S;"(v) = S, (v) = 0. Moreover, Sy (v;) = D uemt ) YU) = D e Y(U) + Zuel"iJr(v,')y(u) =
AX(v;) — dem([I3, r;)X(v;) = 0. Similarly, S;(vi) = 0. It follows that y € ker M and y € coker M. Since x and all x¥ are full,
y is also full. .

Let z € ker M. The vector z restricted to I; is in ker A(13),) and therefore it is a multiple of x. The local condition at
vertex r; is

Yoozuw= ) zw+ Y zu)=0. (28)

ueM+(r;) ueGt(ry) uelyt(ry)
Recall that Zuer_+(ri)z(u) = —z(r;)dem(TI}, r;). Eq. (28) yields
Z z(u) — z(r;)dem(I3, r;) = 0. (29)

ueGt(r;)

221



N. Basic, P.W. Fowler, M.M. McCarthy et al. Discrete Applied Mathematics 383 (2026) 203-226

Since dem(I3, r;) = A, we further obtain

> z(u) = xn). (30)
ueGt(r;)
This implies that z restricted to G is an eigenvector for A, so it is a multiple of X. In summary, z is a multiple of y. We
conclude that ker M is 1-dimensional. By similar reasoning, we can see that coker M is also 1-dimensional. O

Using Theorem 36, Lemma 37 and the examples in Fig. 15, it is easy to produce an abundance of gadgets with integer
demands. Following the definition used in [56], a digraph G is diregular of degree k (or k-diregular) if d*(v) = d=(v) = k
for v € V(G). (Some authors, e.g. [11], use the term k-regular digraph to mean what we are calling a k-diregular digraph.
However, in the present paper, we have already used k-regular digraph to denote a digraph whose underlying graph is
k-regular.) Further examples of gadgets can be found in [5]. For the base digraph G in Theorem 38, there exist whole
classes of examples:

(i) Every connected k-diregular digraph is a base digraph for A = k.
(ii) Every connected bipartite k-diregular digraph is a base digraph for A = —k (in addition to A = k).
(iii) Fig. 17 shows examples of base digraphs for A € {—1, 1, 2} that are not diregular. More can be found in [5].

It is not difficult to see the following.
Proposition 39. Every connected k-diregular digraph (k > 0) is strongly connected.

Proof. Let G be a connected k-diregular digraph and let G be the condensation of G. Recall that the vertices of G are
the strongly connected components S; of G with (S;,S;) € E(G) if there exist vertices u € S; and v € §j such that
(u, v) € E(G) [29]. If G contains exactly one vertex, there is nothing to prove, as the whole graph G is a strongly connected
component. Suppose that G contains at least two vertices. As G is a DAG (directed acyclic graph), there exists a vertex
S§* € V(G) with d=(S§*) = 0, which implies

> 1=0

v—>u
ues* vgs*

Since G is connected, d*(S*) > 0, which implies

Z 1>0.

ueSu;)vl;ZS*
For U C V(G), let us define
AU) =) diw) =Y d(u). (31)
uelU uelU

Since G is diregular, we obtain A(S*) = 0. On the other hand, we can write

AU=)1 = >1=Y1+ >1-Y1- 1= Y1- Y1 (32)

u—v v—u u—v u—v vu ) v
uelU uel u,vel uel,v¢U u,vel uel,vgU uel,vgU uel,vgU

Choosing U = S$* in (32) gives that A(S*) > 0, a contradiction. Therefore, G cannot have two or more vertices. [

By Proposition 39, digraphs from (i) and (ii) above are strongly connected, i.e., have irreducible adjacency matrices, and
the Perron-Frobenius theory for non-symmetric matrices applies. If G is a k-diregular digraph, then the spectral radius
p(A(G)) = k by [12, Theorem 8.3.6]. Moreover, by [12, Theorem 8.3.4], G has the Perron eigenvalue k with (algebraic
and geometric) multiplicity 1. The corresponding eigenspace is, in fact, spanned by the all-ones vector. Finally, by [11,
Theorem 3.1], the spectrum of a bipartite digraph is invariant under multiplication by —1.

Theorem 38 also applies to undirected graphs (viewed as digraphs where for every arc the opposite arc is also present)
and hence generalises Propositions 17-19 from [6]. For convenience, we give the undirected versions of Definition 31 and
Theorem 38:

Definition 40. An undirected gadget is a pair (G, r), where G is a graph and r € V(G), with the property that there exists
a full vector x that spans the (1-dimensional) kernel of A(G).). The vertex r will be called the root.

Note that the triangle and pentagon graphs used in Section 4.2 of [6] are, in fact, undirected gadgets with respective
demands 2 and —2. The various bouquets used in that section correspond to composite undirected gadgets.

Theorem 41. Let G be the base graph, ie., a graph of order n with V(G) = {v1, v, ..., vy} and an integer eigenvalue X
such that the (1-dimensional) A-eigenspace of G is spanned by a full vector X. Let (I'y, 1), (I, 12), ..., (Iq, ) be undirected
gadgets, such that dem(I3, r;) = A foralli =1, ..., n. Then the graph M obtained from the disjoint union GU Iy UL U---U T
by identifying v; with r; foralli =1, ..., n is a nut graph.
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2

(1) A=2 (m) A =2

Fig. 17. Non-diregular base digraphs for Theorem 38 with A € {—1, 1,2}. The labels show entries of the unique (up to scalar multiplication)
eigenvector for the chosen eigenvalue A.

223



N. Basic, P.W. Fowler, M.M. McCarthy et al. Discrete Applied Mathematics 383 (2026) 203-226
6. Perspective

To give an indication of how digraphs and hence nut digraphs may have applications to physics and chemistry, we first
note some applications of graphs. Adjacency matrices have many applications to physics and chemistry, where it is often
appropriate to use a system of linear equations. For example, in the Hiickel (tight-binding) model of 7 systems, linear
combinations of basis functions on atomic sites (vertices of the molecular graph) are used to form molecular orbitals,
which are then used to construct a many-electron wavefunction for the physical state of the system. Interactions are
limited to adjacent sites, and in the simplest cases the one-electron Hamiltonian determining the molecular orbitals
reduces to a scaled and shifted adjacency matrix of the molecular graph, and 7 electron distribution and = energy follow
from the eigenvectors and eigenvalues of this matrix.

Adjacency matrices also arise in approximate descriptions of photonic, optomechanical, or phononic devices. In these
systems a set of oscillatory modes (for example, a photon at resonant frequency in a cavity) defines a basis. Modes may be
coupled to one another (for instance, due to the spatial proximity of cavities) with couplings defining edges. Eigenvalues
then correspond to the resonant frequencies of the entire coupled system, and eigenvectors to the spatial profile of the
many-mode wavefunctions at that frequency.

Typically H for an isolated system is Hermitian to ensure real energy eigenvalues (a requirement of the postulates of
quantum mechanics), but connecting the system to a larger environment in a controlled non-conservative way allows an
effective non-Hermitian matrix (including directional arc weights [9,41]) to model the system [33,34,38,40] and is readily
realisable experimentally [22,37,54,57,60]. This generalisation implies that many chemical and physical applications may
be usefully formulated in terms of digraphs.

In topological physics, non-Hermitian model Hamiltonians may undergo so-called topological phase transitions, where
Hamiltonians are split into distinct equivalence classes, and may be mapped from one class to another by some continuous
adjustment of system parameters (for example, altering arc weights of a digraph to change the parity of the number of
negative-eigenvalue states [61]). In some approaches to the classification of such phases, ambi- and bi- nut digraphs
may describe systems that have two distinct topological phases [30,36,61] and (with unit arc weights) may lie on a
topological phase boundary. This connection gives a strong hint that nut digraphs may also be applied to the classification
of topological phases.

Ambi- and bi-nut digraphs also have potential applications in chemical physics, for example in models of molecular
conduction. In the eponymous source-and-sink model, where a device in a circuit is modelled by connection of vertices
of the molecular graph to special source and sink vertices, graph nullity is a crucial factor. In particular, a molecular graph
can be a strong omni-conductor, such that connection to any vertex or pair of vertices leads to a prediction of transmission
at the Fermi level [25,31]. The nut graphs are exactly the strong omni-conductors of nullity 1, as the property depends on
the fact that all first minors of the adjacency matrix are non-zero, a requirement fulfilled by all ambi- and bi-nut digraphs.
(By Corollary 21, all principal minors are non-zero, but this result is easily extended to all first minors.)

Laevo- and dextro-nut digraphs could be useful in the description of novel physical phenomena. Left and right null-
vectors are not simultaneously full in such digraphs, and the Green’s function of the adjacency matrix [10,14] indicates
that the digraph will display (asymmetric) directional transport. Furthermore, such digraphs are prime candidates for
exhibiting a form of topological protection (which has been experimentally observed for undirected graphs in [58] and
will be subjected to further theoretical exploration).

Our discussion indicates that applications of laevo- and dextro-nut digraphs will be distinct from those of ambi- and
bi-nut digraphs, but we expect that the construction of larger digraphs using the various forms of nut digraphs as building
blocks will result in systems with novel physics.

We suspect that there are many more applications of nut digraphs, beyond the few outlined above.

Acknowledgements

We thank Dr James Tuite (The Open University) for asking a stimulating question at the IWONT2023 meeting held at
the International Centre for Mathematical Sciences, Edinburgh, July 2023. We thank the referees for careful reading of
the manuscript and insightful comments. Nino Basi¢ is supported in part by the Slovenian Research Agency (Research
Program P1-0294 and Research Project J5-4596) and in part by the Republic of Slovenia and the European Union —
NextGenerationEU as part of the Recovery and Resilience Plan: Development of basic computer science and information
technology content and skills in kindergartens and primary schools (B-RIN), NRP code: 3350-23-3505. The work of PrimoZ
Potocnik is supported in part by the Slovenian Research Agency (Research Program P1-0294). Maxine McCarthy thanks
the EPSRC for a Ph.D. studentship (Project Reference 2482664), and Dr Clara Wanjura (MPL) for useful discussions on non-
Hermitian physics. Patrick Fowler thanks the Leverhulme Trust for an Emeritus Fellowship on the theme of ‘Modelling
molecular currents, conduction and aromaticity’.

Data availability

The data are in a public GitHub repository and are referred to from within the paper.

224



N. Basic, P.W. Fowler, M.M. McCarthy et al. Discrete Applied Mathematics 383 (2026) 203-226

References

[1

(2]
(3]
(4]
[5]

(6]
(7]

8

[9

(10]

(11]
(12]

(13]
(14]
[15]
[16]
(17]
(18]
(19]
[20]
(21]
(22]
(23]
(24]
(25]
(26]
(27]
(28]
(29]
(30]
(31]

(32]
(33]

(34]

(35]
(36]

(371
(38]
(39]
[40]

(41]

D.A. Ali, J.B. Gauci, I. Sciriha, K.R. Sharaf, Nullity of a graph with a cut-edge, MATCH Commun. Math. Comput. Chem. 76 (3) (2016) 771-791,
https://match.pmf.kg.ac.rs/electronic_versions/Match76/n3/match76n3_771-791.pdf.

N. Basi¢, I. Damnjanovi¢, On cubic polycirculant nut graphs, 2024, arXiv:2411.16904 [math.CO].

N. Basi¢, 1. Damnjanovi¢, P.W. Fowler, On the degrees of regular nut graphs, 2024, arXiv:2410.14063 [math.CO].

N. Basi¢, P.W. Fowler, Nut graphs with a given automorphism group, ]J. Algebraic Combin. 61 (2025) http://dx.doi.org/10.1007/s10801-025-
01389-4, Art. No. 17.

N. Basi¢, P.W. Fowler, M.M. McCarthy, P. Poto¢nik, Nut digraphs: supplementary material (GitHub repository). https://github.com/nbasic/nut-
digraphs/.

N. Basi¢, P.W. Fowler, T. Pisanski, Vertex and edge orbits in nut graphs, Electron. J. Comb. 31 (2024) #P2.38, http://dx.doi.org/10.37236/12619.
N. Basi¢, P.W. Fowler, T. Pisanski, I. Sciriha, On singular signed graphs with nullspace spanned by a full vector: signed nut graphs, Discuss.
Math. Graph Theory 42 (2022) 1351-1382, http://dx.doi.org/10.7151/dmgt.2436.

N. Basi¢, M. Knor, R. Skrekovski, On 12-regular nut graphs, Art Discret. Appl. Math. 5 (2022) http://dx.doi.org/10.26493/2590-9770.1403.1b1,
#P2.01.

N.R. Bernier, L.D. Toth, A. Koottandavida, M.A. loannou, D. Malz, A. Nunnenkamp, A.K. Feofanov, TJ. Kippenberg, Nonreciprocal reconfigurable
microwave optomechanical circuit, Nat. Commun. 8 (1) (2017) 604, http://dx.doi.org/10.1038/s41467-017-00447-1.

D.S. Borgnia, AJ. Kruchkov, R.-]. Slager, Non-hermitian boundary modes and topology, Phys. Rev. Lett. 124 (5) (2020) 056802, http://dx.doi.org/
10.1103/physrevlett.124.056802.

R.A. Brualdi, Spectra of digraphs, Linear Algebra Appl. 432 (9) (2010) 2181-2213, http://dx.doi.org/10.1016/j.1aa.2009.02.033.

R.A. Brualdi, D. Cvetkovi¢, A combinatorial approach to matrix theory and its applications, in: Discrete Mathematics and Its Applications, CRC
Press, London, 2009, http://dx.doi.org/10.1201/9781420082241.

R.A. Brualdi, HJ. Ryser, Combinatorial matrix theory, in: Encyclopedia of Mathematics and Its Applications, vol. 39, Cambridge University Press,
Cambridge, 1991.

C. Chen, W. Guo, Formal green’s function theory in non-hermitian lattice systems, Phys. Rev. B 109 (20) (2024) 205407, http://dx.doi.org/10.
1103/physrevb.109.205407.

K. Coolsaet, P.W. Fowler, ]. Goedgebeur, Generation and properties of nut graphs, MATCH Commun. Math. Comput. Chem. 80 (2) (2018) 423-444,
http://match.pmf.kg.ac.rs/electronic_versions/Match80/n2/match80n2_423-444.pdf.

I. Damnjanovié, On the nullities of quartic circulant graphs and their extremal null spaces, 2022, arXiv:2212.12959 [math.CO].

I. Damnjanovié¢, Two families of circulant nut graphs, Filomat 37 (24) (2023) 8331-8360, http://dx.doi.org/10.2298/fil2324331d.

I. Damnjanovié¢, Complete resolution of the circulant nut graph order-degree existence problem, Ars Math. Contemp. 24 (4) (2024) #P4.03,
http://dx.doi.org/10.26493/1855-3974.3009.6df.

I. Damnjanovi¢, N. Basi¢, T. Pisanski, A. Zitnik, Classification of cubic tricirculant nut graphs, Electron. ]J. Comb. 31 (2024) #P2.31, http:
//dx.doi.org/10.37236/12668.

I. Damnjanovi¢, N. Basi¢, T. Pisanski, A. Zitnik, Classification of quartic bicirculant nut graphs, 2025, arXiv:2502.06353 [math.CO].

I. Damnjanovi¢, D. Stevanovié, On circulant nut graphs, Linear Algebra Appl. 633 (2022) 127-151, http://dx.doi.org/10.1016/j.1aa.2021.10.006.

J. Del Pino, JJ. Slim, E. Verhagen, Non-hermitian chiral phononics through optomechanically induced squeezing, Nature 606 (7912) (2022)
82-87, http://dx.doi.org/10.1038/s41586-022-04609-0.

P.W. Fowler, ].B. Gauci, J. Goedgebeur, T. Pisanski, I. Sciriha, Existence of regular nut graphs for degree at most 11, Discuss. Math. Graph Theory
40 (2) (2020) 533-557, http://dx.doi.org/10.7151/dmgt.2283.

P.W. Fowler, B.T. Pickup, T.Z. Todorova, M. Borg, I. Sciriha, Omni-conducting and omni-insulating molecules, ]J. Chem. Phys. 140 (5) (2014)
054115, http://dx.doi.org/10.1063/1.4863559.

P.W. Fowler, B.T. Pickup, T.Z. Todorova, M. Borg, I. Sciriha, Omni-conducting and omni-insulating molecules, J. Chem. Phys. 140 (5) (2014)
054115, http://dx.doi.org/10.1063/1.4863559.

P.W. Fowler, B.T. Pickup, T.Z. Todorova, R. De Los Reyes, I. Sciriha, Omni-conducting fullerenes, Chem. Phys. Lett. 568-569 (2013) 33-35,
http://dx.doi.org/10.1016/j.cplett.2013.03.022.

P.W. Fowler, T. Pisanski, N. Basi¢, Charting the space of chemical nut graphs, MATCH Commun. Math. Comput. Chem. 86 (3) (2021) 519-538,
https://match.pmf.kg.ac.rs/electronic_versions/Match86/n3/match86n3_519-538.pdf.

J.B. Gauci, T. Pisanski, I. Sciriha, Existence of regular nut graphs and the fowler construction, Appl. Anal. Discrete Math. 17 (2) (2023) 321-333,
http://dx.doi.org/10.2298/aadm190517028g.

D. Geller, F. Harary, Connectivity in digraphs, in: M. Capobianco, J.B. Frechen, M. Krolik (Eds.), Recent Trends in Graph Theory, Springer-Verlag,
New York, 1971, pp. 105-115, Proceedings of the First New York City Graph Theory Conference, June 11-13, 1970.

Z. Gong, Y. Ashida, K. Kawabata, K. Takasan, S. Higashikawa, M. Ueda, Topological phases of non-hermitian systems, Phys. Rev. X 8 (3) (2018)
031079, http://dx.doi.org/10.1103/physrevx.8.031079.

F. Goyer, M. Ernzerhof, M. Zhuang, Source and sink potentials for the description of open systems with a stationary current passing through,

J. Chem. Phys. 126 (14) (2007) 144104, http://dx.doi.org/10.1063/1.2715932.

I. Gutman, I. Sciriha, Graphs with maximum singularity, Graph Theory Notes N. Y. 30 (1996) 17-20.

N. Hatano, D.R. Nelson, Localization transitions in non-hermitian quantum mechanics, Phys. Rev. Lett. 77 (1996) 570-573, http://dx.doi.org/10.
1103/physrevlett.77.570.

N. Hatano, D.R. Nelson, Vortex pinning and non-hermitian quantum mechanics, Phys. Rev. B 56 (1997) 8651-8673, http://dx.doi.org/10.1103/
physrevb.56.8651.

R.A. Horn, C.R. Johnson, Matrix Analysis, second ed., Cambridge University Press, Cambridge, 2013.

K. Kawabata, K. Shiozaki, M. Ueda, M. Sato, Symmetry and topology in non-hermitian physics, Phys. Rev. X 9 (4) (2019) 041015, http:
//dx.doi.org/10.1103/physrevx.9.041015.

Z. Li, L-W. Wang, X. Wang, Z.-K. Lin, G. Ma, ].-H. Jiang, Observation of dynamic non-hermitian skin effects, Nat. Commun. 15 (1) (2024) 6544,
http://dx.doi.org/10.1038/s41467-024-50776-1.

S. Lieu, Topological phases in the non-hermitian su-schrieffer-heeger model, Phys. Rev. B 97 (2018) 045106, http://dx.doi.org/10.1103/physrevb.
97.045106.

H.C. Longuet-Higgins, Some studies in molecular orbital theory I. Resonance structures and molecular orbitals in unsaturated hydrocarbons, ]J.
Chem. Phys. 18 (3) (1950) 265-274, http://dx.doi.org/10.1063/1.1747618.

A. McDonald, T. Pereg-Barnea, A.A. Clerk, Phase-dependent chiral transport and effective non-hermitian dynamics in a bosonic kitaev-majorana
chain, Phys. Rev. X 8 (2018) 041031, http://dx.doi.org/10.1103/physrevx.8.041031.

A. Metelmann, A.A. Clerk, Nonreciprocal photon transmission and amplification via reservoir engineering, Phys. Rev. X 5 (2015) 021025,
http://dx.doi.org/10.1103/physrevx.5.021025.

225


https://match.pmf.kg.ac.rs/electronic_versions/Match76/n3/match76n3_771-791.pdf
https://arxiv.org/abs/2411.16904
https://arxiv.org/abs/2410.14063
http://dx.doi.org/10.1007/s10801-025-01389-4
http://dx.doi.org/10.1007/s10801-025-01389-4
http://dx.doi.org/10.1007/s10801-025-01389-4
https://github.com/nbasic/nut-digraphs/
https://github.com/nbasic/nut-digraphs/
https://github.com/nbasic/nut-digraphs/
http://dx.doi.org/10.37236/12619
http://dx.doi.org/10.7151/dmgt.2436
http://dx.doi.org/10.26493/2590-9770.1403.1b1
http://dx.doi.org/10.1038/s41467-017-00447-1
http://dx.doi.org/10.1103/physrevlett.124.056802
http://dx.doi.org/10.1103/physrevlett.124.056802
http://dx.doi.org/10.1103/physrevlett.124.056802
http://dx.doi.org/10.1016/j.laa.2009.02.033
http://dx.doi.org/10.1201/9781420082241
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb13
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb13
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb13
http://dx.doi.org/10.1103/physrevb.109.205407
http://dx.doi.org/10.1103/physrevb.109.205407
http://dx.doi.org/10.1103/physrevb.109.205407
http://match.pmf.kg.ac.rs/electronic_versions/Match80/n2/match80n2_423-444.pdf
https://arxiv.org/abs/2212.12959
http://dx.doi.org/10.2298/fil2324331d
http://dx.doi.org/10.26493/1855-3974.3009.6df
http://dx.doi.org/10.37236/12668
http://dx.doi.org/10.37236/12668
http://dx.doi.org/10.37236/12668
https://arxiv.org/abs/2502.06353
http://dx.doi.org/10.1016/j.laa.2021.10.006
http://dx.doi.org/10.1038/s41586-022-04609-0
http://dx.doi.org/10.7151/dmgt.2283
http://dx.doi.org/10.1063/1.4863559
http://dx.doi.org/10.1063/1.4863559
http://dx.doi.org/10.1016/j.cplett.2013.03.022
https://match.pmf.kg.ac.rs/electronic_versions/Match86/n3/match86n3_519-538.pdf
http://dx.doi.org/10.2298/aadm190517028g
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb29
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb29
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb29
http://dx.doi.org/10.1103/physrevx.8.031079
http://dx.doi.org/10.1063/1.2715932
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb32
http://dx.doi.org/10.1103/physrevlett.77.570
http://dx.doi.org/10.1103/physrevlett.77.570
http://dx.doi.org/10.1103/physrevlett.77.570
http://dx.doi.org/10.1103/physrevb.56.8651
http://dx.doi.org/10.1103/physrevb.56.8651
http://dx.doi.org/10.1103/physrevb.56.8651
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb35
http://dx.doi.org/10.1103/physrevx.9.041015
http://dx.doi.org/10.1103/physrevx.9.041015
http://dx.doi.org/10.1103/physrevx.9.041015
http://dx.doi.org/10.1038/s41467-024-50776-1
http://dx.doi.org/10.1103/physrevb.97.045106
http://dx.doi.org/10.1103/physrevb.97.045106
http://dx.doi.org/10.1103/physrevb.97.045106
http://dx.doi.org/10.1063/1.1747618
http://dx.doi.org/10.1103/physrevx.8.041031
http://dx.doi.org/10.1103/physrevx.5.021025

N. Basic, P.W. Fowler, M.M. McCarthy et al. Discrete Applied Mathematics 383 (2026) 203-226

[42]
[43]

[44]
[45]

[46]
[47]

[48]
[49]

[50]
[51]
[52]
[53]
[54]

[55]
[56]

[57]
[58]

[59]
[60]

[61]

[62]

S. Pirzada, M.A. Bhat, I. Gutman, J. Rada, On the energy of digraphs, Bull. Int. Math. Virtual Inst. 3 (1) (2013) 69-76, http://www.imvibl.org/
buletin/bulletin_imvi_3_1_2013/bulletin_imvi_3_1_2013_69_76.pdf.

R.C. Read, RJ. Wilson, An Atlas of Graphs, Oxford University Press, 1998, http://dx.doi.org/10.1093/0s0/9780198532897.001.0001.

I. Sciriha, On the construction of graphs of nullity one, Discrete Math. 181 (1) (1998) 193-211, http://dx.doi.org/10.1016/s0012-365x(97)00036-8.
L. Sciriha, On the rank of graphs, in: Y. Alavi, D.R. Lick, A. Schwenk (Eds.), in: Combinatorics, Graph Theory, and Algorithms, vol.ll, New Issues
Press, Kalamazoo, Michigan, 1999, pp. 769-778, Proceedings of the 8th Quadrennial International Conference on Graph Theory, Combinatorics,
Algorithms, and Applications, held at Western Michigan University, Kalamazoo, Michigan, June 3-7, 1996.

I. Sciriha, A characterization of singular graphs, Electron. J. Linear Algebra 16 (2007) 451-462, http://dx.doi.org/10.13001/1081-3810.1215.

I. Sciriha, Coalesced and embedded nut graphs in singular graphs, Ars Math. Contemp. 1 (1) (2008) 20-31, http://dx.doi.org/10.26493/1855-
3974.20.7cc.

I. Sciriha, Maximal core size in singular graphs, Ars Math. Contemp. 2 (2) (2009) 217-229, http://dx.doi.org/10.26493/1855-3974.115.891.

I. Sciriha, A. Farrugia, From nut graphs to molecular structure and conductivity, in: Mathematical Chemistry Monographs, vol. 23, University
of Kragujevac and Faculty of Science Kragujevac, Kragujevac, 2021.

I. Sciriha, P.W. Fowler, Nonbonding orbitals in fullerenes: Nuts and cores in singular polyhedral graphs, J. Chem. Inf. Model. 47 (5) (2007)
1763-1775, http://dx.doi.org/10.1021/ci700097j.

L. Sciriha, P.W. Fowler, On nut and core singular fullerenes, Discrete Math. 308 (2-3) (2008) 267-276, http://dx.doi.org/10.1016/j.disc.2006.11.040.
I. Sciriha, I. Gutman, Nut graphs: Maximally extending cores, Util. Math. 54 (1998) 257-272.

L. Sciriha, X. Mifsud, J.L. Borg, Nullspace vertex partition in graphs, J. Comb. Optim. 42 (2) (2021) 310-326, http://dx.doi.org/10.1007/s10878-
020-00624-x.

JJ. Slim, C.C. Wanjura, M. Brunelli, ]. Del Pino, A. Nunnenkamp, E. Verhagen, Optomechanical realization of the bosonic kitaev chain, Nature
627 (8005) (2024) 767-771, http://dx.doi.org/10.1038/s41586-024-07174-w.

G. Strang, Introduction to linear algebra, Sixth ed., Wellesley-Cambridge Press, Wellesley, Massachusetts, 2023.

J. Tuite, Digraphs with degree two and excess two are diregular, Discrete Math. 342 (5) (2019) 1233-1244, http://dx.doi.org/10.1016/j.disc.
2019.01.010.

C.C. Wanjura, JJ. Slim, J. del Pino, M. Brunelli, E. Verhagen, A. Nunnenkamp, Quadrature nonreciprocity in bosonic networks without breaking
time-reversal symmetry, Nat. Phys. 19 (10) (2023) 1429-1436, http://dx.doi.org/10.1038/s41567-023-02128-x.

D.M. Whittaker, M.M. McCarthy, Q. Duan, Observation of a topological phase transition in random coaxial cable structures with chiral symmetry,
2023, arXiv:2311.11040 [cond-mat.dis-nn].

S. Wilson, Rose window graphs, Ars Math. Contemp. 1 (1) (2008) 7-19, http://dx.doi.org/10.26493/1855-3974.13.5bb.

W. Zhang, X. Ouyang, X. Huang, X. Wang, H. Zhang, Y. Yu, X. Chang, Y. Liu, D.-L. Deng, L.-M. Duan, Observation of non-hermitian topology
with nonunitary dynamics of solid-state spins, Phys. Rev. Lett. 127 (9) (2021) 090501, http://dx.doi.org/10.1103/physrevlett.127.090501.

H. Zhou, ].Y. Lee, Periodic table for topological bands with non-hermitian symmetries, Phys. Rev. B 99 (23) (2019) 235112, http://dx.doi.org/
10.1103/physrevb.99.235112.

T. Zivkovi¢, Calculation of the non-bonding molecular orbitals in the hiickel theory, Croat. Chem. Acta 44 (1972) 351-364, https://hrcak.srce.
hr/197210.

226


http://www.imvibl.org/buletin/bulletin_imvi_3_1_2013/bulletin_imvi_3_1_2013_69_76.pdf
http://www.imvibl.org/buletin/bulletin_imvi_3_1_2013/bulletin_imvi_3_1_2013_69_76.pdf
http://www.imvibl.org/buletin/bulletin_imvi_3_1_2013/bulletin_imvi_3_1_2013_69_76.pdf
http://dx.doi.org/10.1093/oso/9780198532897.001.0001
http://dx.doi.org/10.1016/s0012-365x(97)00036-8
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb45
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb45
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb45
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb45
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb45
http://dx.doi.org/10.13001/1081-3810.1215
http://dx.doi.org/10.26493/1855-3974.20.7cc
http://dx.doi.org/10.26493/1855-3974.20.7cc
http://dx.doi.org/10.26493/1855-3974.20.7cc
http://dx.doi.org/10.26493/1855-3974.115.891
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb49
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb49
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb49
http://dx.doi.org/10.1021/ci700097j
http://dx.doi.org/10.1016/j.disc.2006.11.040
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb52
http://dx.doi.org/10.1007/s10878-020-00624-x
http://dx.doi.org/10.1007/s10878-020-00624-x
http://dx.doi.org/10.1007/s10878-020-00624-x
http://dx.doi.org/10.1038/s41586-024-07174-w
http://refhub.elsevier.com/S0166-218X(25)00749-8/sb55
http://dx.doi.org/10.1016/j.disc.2019.01.010
http://dx.doi.org/10.1016/j.disc.2019.01.010
http://dx.doi.org/10.1016/j.disc.2019.01.010
http://dx.doi.org/10.1038/s41567-023-02128-x
https://arxiv.org/abs/2311.11040
http://dx.doi.org/10.26493/1855-3974.13.5bb
http://dx.doi.org/10.1103/physrevlett.127.090501
http://dx.doi.org/10.1103/physrevb.99.235112
http://dx.doi.org/10.1103/physrevb.99.235112
http://dx.doi.org/10.1103/physrevb.99.235112
https://hrcak.srce.hr/197210
https://hrcak.srce.hr/197210
https://hrcak.srce.hr/197210

	Nut digraphs
	Introduction
	Definitions
	Examples and enumeration
	Basic properties of nut digraphs
	Connectedness and vertex deletion
	Bipartiteness
	Vertex degrees and leaflessness

	Constructions
	Subdivision construction
	Coalescence construction
	Crossover construction
	Multiplier constructions

	Perspective
	Acknowledgements
	Data availability
	References


