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CONCENTRATING SOLUTIONS OF THE FRACTIONAL
(p,q)-CHOQUARD EQUATION WITH EXPONENTIAL GROWTH

YUEQIANG SONG!, XUEQI SUN!, DUSAN D. REPOVS?:34

ABSTRACT. This article deals with the following fractional (p,¢)-Choquard equation with ex-
ponential growth of the form:
(= A)pu+ e (=A)qu+ Z(@)([ul”u+ ul*u) = eV [jz| T« F(w)]f(u) in RY,

where s € (0,1), ¢ > 0 is a parameter, 2 < p = % < ¢, and 0 < pu < N. The nonlinear

function f has an exponential growth at infinity and the continuous potential function Z satisfies
suitable natural conditions. With the help of the Ljusternik-Schnirelmann category theory and
variational methods, the multiplicity and concentration of positive solutions are obtained for
€ > 0 small enough. In a certain sense, we generalize some previously known results.

1. INTRODUCTION

In this paper, we consider the multiplicity and concentration of solutions for the following
fractional (p, ¢)-Choquard problem in RY:

(= A)pu+e®(=A)su+ Z(@) (Jul 2w+ [ul %) = N T« F(u)]f(u),  (Q)

where ¢ is small positive parameter, 0 < p < N, 0 < s <1, 2<p = % < ¢, the continuous
potential Z is bounded from below by Zy > 0, the nonlinearity f has an exponential critical
growth at infinity, and (=A)?, (o € {p, q}) is the fractional p-Laplace operator defined by

, [u(@) — u(@)[""*(u(@) — u(y)) N
—-A)? =21 dy f R
( )pu(ﬂf) TE&RN\B/( | z — y|NFos Yy for every r € )

up to a normalization constant in the integral, where u € C$°(RY) and B, (z) denotes the ball
with center z of radius r > 0.

Many scholars have studied fractional and nonlocal operators because of their applications in
various contexts, for example, in optimization, finance, crystal dislocations, phase transitions,
etc. For more on these topics, we refer to Ambrosio [4] and di Nezza et al. [21].

We shall assume that the potential function Z and the nonlinearity f satisfy the following
conditions:

(Z1) There exists Zy > 0 such that Z(z) > Zo, for every x € RY;
(Z5) There exists an open bounded set 2 C RY such that

Zy = ;IE%Z(&C) < ;relgng(:r)
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(f1) f is a continuous function such that f(¢) = 0 and for every ¢ < 0 and every ¢, g2, such

that

N
q = q, g > —,

s
there exist real numbers a; > 0, ag > 0, and Sy, with 0 < 5y < aw(s, N), such that
F(t) < art|"72 + aaHy s (Bolt| N =))[t]272 for every t >0,

where (see Parini and Ruf [32] and Zhang [40])

2
A .
Hovs(t) =€ = 30 1y = minfj € N3 > p), and
=0
ANwN) T+ 1) S (N+k—1t 1 |7
O = ax(s, N) = N N D (N + 2k)P ’
‘ k=0 ‘ (1.1)
/2

T T+ N2)

(f2) lim £9 =o.

t—0+ =2
(f3) There exists 6 > ¢ such that f(¢)t > 0F(t) > 0, for every t > 0, where F(t) = fg f(r)dr.
1) There exists 41 > 0 large enough such that F(t) > v [t|?, for every ¢t > 0, where 6 is as
(f1) gl g g Tt y ;
given in (f3).
(f5) The function ¢ — f(¢)t!79 is strictly increasing on RT = (0, +00).
Once s = 1, problem (Q) reduces to a typical (p, ¢)-elliptic equation:

—Ayu — Agu+ Z(ex) (JufP~2u + [u|T2u) = H(u) in RV, (1.2)

where H is nonlinear reaction, Ayu = div(|Vu|*"2Vu), and p € {p,q}. It has been widely
studied in physics, biophysics, plasma physics, chemical reaction design and elsewhere. For
more physical examples, we refer to Antontsev and Shmarev [8], Benci et al. [9], and Cherfil
and I'yasov [16], and the references therein. The multiple phases equation was proposed in the
study of the Born-Infeld equation (see Bonheure et al. [10], Born and Infeld [11], and Brézis and
Lieb [12]), which models electromagnetic fields, electrostatics and electrodynamics, and was a
model based on the Maxwell-Lagrangian density

. Vu . N
—div <(1 — 2|Vu2)1/2> = h(u) in R™.

When p = ¢, problem (Q) becomes the fractional p-Laplace Choquard equation of the form:
P (—A)su+ Z(x)|uf 2= et N [m—ﬂ * F(u)] Flu(z)) in RV, (1.3)

where € > 0 is a sufficiently small parameter, typically the Planck constant and F'(t) = fg f(r)dr.
We say that a solution of problem (1.3) is semi-classical if ¢ — 0. From the physics point of
view, the semi-classical solution is also a solutions of problem (1.3), when € — 0%. Floer and
Weinstein [22] established the existence of semi-classical solutions of problem (1.3). A special
form of problem (1.3) is

—2Au+ Z(x)u = e N[|z|* « F(u)]f(u) inRY for every 0 < pu < N, (1.4)
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where f is a nonlinear reaction. It is worth noting that problem (1.4) was introduced in the
theory of the Bose-Einstein condensation and used to describe the finite-range many body inter-
actions between particles. There are already many works on this topic. By variational methods,
Alves et al. [1] considered the concentration solutions of problem (1.4) in R?, where f has expo-
nential critical growth and Z satisfies some appropriate conditions. Once F'(u) = |u|P in problem
(1.4), one obtains the following Choquard equation

—Au+ Z(x)u = (In * |uP)|[ufP%u in RY, (1.5)
where [, is the Riesz potential, I is the Gamma function, and Z is a potential function.

When p = a =2, N =3, and Z(z) = v, problem (1.5) reduces to the Choquard-Pekar type
equation

—Au +vu = (I xu?)u, for every z € R3, (1.6)

which was proposed in 1976 by Lieb [26], in order to describe an electron trapped in its own hole.
Problem (1.6) is called the Schrédinger-Newton equation. Inspired by the work of Lieb [26] and
Lions [28], many researchers have studied the Choquard equation by variational methods.

Recently, these methods have become more useful for establishing the existence of weak
solutions of the Choquard equations. For example, Chen and Yang [15] studied the following
Choquard equation with upper critical exponent on a bounded domain

—Au = puf ()|l ?u + g(2) (L (glul*)|uf***u for every z €

where p > 0 is a parameter, N > 4, 0 < a < N, [, is the Riesz potential, % <p <2
) is a bounded domain with smooth boundary, and f and g are continuous functions. For pu
small enough, with the help of variational methods, they established the relationship between
the number of solutions and the profile of potential g.

Yang and Zhao [38] studied the singularly perturbed fractional Choquard equation

2s( S 2u = e -3 ’U(y)‘QZS +F(u(y))
€(A) +V() =gt </R3 ’x_yw

L ) inRY, (1.7)

dy (|u]22’5_2u+ »
2/”/75

where 27 o = % is the critical exponent in the sense of the Hardy-Littlewood-Sobolev in-
equality and the continuous function f satisfies subcritical growth conditions. By variational
methods, penalization techniques and the Lyusternik-Schnirelmann theory, the authors estab-
lished the multiplicity and concentration behaviour of solutions for problem (1.7).

We need to point out some recent results: Zuo et al. [44] developed a variational approach,
based on the scaling function method to solve optimization problems. Here, the authors dealt
with the mass subcritical case, and referred to the fractional framework setting. Zhang et al.
[41] considered a class of fractional parabolic equation with general nonlinearities. The authors
established monotone increasing property of the positive solutions in one direction. Based on
this, nonexistence of the solutions was demonstrated, via a contradiction argument. For more
information, we refer to Chen et al. [13, 14], Cingolani and Tanaka [17], Clemente et al. [18],
and Boer and Miyagaki [19], and the references therein.

For fractional (p, q)-Laplace problems, some interesting existence and multiplicity results have
emerged in recent years. Zhang et al. [42] studied multiplicity and concentration solution for the
double phase equation in RV, especially, they assumed the nonlinearity of f € C*(RY) and that
the continuous potential function satisfies the global condition. Later, using the penalization
method, the Ljusternik-Schnirelmann theory, and variational methods, Ambrosio [5] first studied
existence of multiple solutions and concentration of the (p, ¢)-fractional Choquard equation

(=A)pu+ (=A)qu + Z(ex)(JulP2u + |u|9%u) = (Jz| ™"« F(u))f(u) in RY, (1.8)
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where p € [0,ps), 0 < s < 1,1 <p<gq< %, f has subcritical growth and the potential
function Z satisfies the local conditions. Molica Bisci et al. [29] extended the results of Zhang et
al. [42] to the fractional Choquard problem (1.8), where the potential function Z(z) satisfies the
global condition. With the help of the Ljusternik-Schnirelmann category theory and variational
methods, Liang et al. [24] explored the multiplicity and concentration behaviors of solutions for
the (p, q) fractional Choquard equation with exponential growth.

To the best of our knowledge, there are no known results concerning problem (Q), when the
continuous function f has the exponential growth behavior at infinity in the sense of Trudinger-
Moser. Inspired by the results of Liang et al. [24], we show in this paper the existence and
concentration behavior of solutions of problem (Q) involving exponential growth. In comparison
to Liang et al. [24], we assume the nonlinearity and function f is supposed to be only continuous,
which makes the corresponding Nehari manifold possibly nondifferentiable. Therefore, we cannot
directly use the differentiability of the Nehari manifold. Furthermore, it is not possible to apply
the Ljusternik-Schnirelmann category theory on the Nehari manifold in order to obtain the
multiplicity of solutions for problem (Q). Whereas Liang et al. [24] have f € C'(R), we need to
apply some other techniques to overcome this difficulty.

In addition, this is the first time that problem (Q) with the Trudinger-Moser nonlinearities
has been studied in both cases: s € (0,1) and s — 1. Comparing with Ambrosio [5], he
studied the subcritical growth p < % and the local case. We obtain the Sobolev embedding
from W*P(RV) into L*(RY), for every t € [p,p%]. However, in this paper we consider the case
N = ps, so the embedding W*P(RY) < L>*(R") may not exist. To overcome this obstacle, it
is essential to apply the fractional Trudinger-Moser inequality, which is the main difference with
Ambrosio [5], Molica Bisci et al. [29], and Zhang et al. [42]. The other major challege which
we encountered, is the loss of compactness of the Palais-Smale sequences associated with the
underlying functionals, corresponding to problems (Q) and (Q.), so we use certain analytical
techniques to overcome this obstacle.

Definition 1.1. We denote the category of a set A with respect to a set B by catg(A) as the least
integer k such that A C Ay U---U A, where each A;, i =1,--- |k, is a closed and contractible
subset of B. We set catp() = 0 and catg(A) = oo if there is no integer with the above property.

Let
M ={xeRN : Z(z) = Zy} (1.9)
and for every § > 0 define
My = {x e RN : dist(x,.#) < 5}.
We are now ready to state the main results of this paper.

Theorem 1.1. Suppose that conditions (Z1), (22), and (f1) — (f5) are satisfied. Then for every
d > 0, there exists €5 > 0 such that problem (Q) has at least cat 4, (') positive (weak) solutions
for every e > 0 satisfying € < es5. Furthermore, let w. be a solution of problem (Q) and (. its
global maximum. Then, up to a subsequence, ( —y € A and lirg[)1+ Z(() = Zy.

E—

Theorem 1.2. Suppose that conditions (Z1), (Z2), and (f1) — (f5) are satisfied. Let w. be a
solution of problem (Q), which exists by Theorem 1.1, and let (. be its global mazimum. Then
ue () = we(ex + ) converges strongly in WP(RN)NW*4(RN) to a ground state solution u of
the following problem

(=A)yu+ (=A)gu+ Zo(|u]p72u + ]u\qﬁu) = [|z|™* * F(u)]f(u) in RY.



Remark 1.1. As s — 17!, condition (f) reduces to the following condition

(f1)" Continuous function f(t) vanishes for every t € (—00,0) and for every qi, g2, with
@n=>q,  q2>N,
there exist constants a; > 0, as > 0 and ag, with 0 < 8y < as, such that
F() < ar|t|"Y + agHn (Bolt) NN D) [t|271 for every t € RY,

where
Nf

Hy(t) = et — Z - 0 < ax <ax(l,N)= lim a.(s,N)

! s—1—

[\
‘
<

<

J:
and (s, N) is given in (1.1).

Invoking Theorem 1.1 and Theorem 1.2 for the case when s — 17!, we get the following
results for problem (Q), respectively.

Corollary 1.3. Suppose that conditions (21),(22), (f1)’, and (f2) — (f5) hold. Then for every
d > 0, there exists e5 > 0 such that problem (Q) has at least cat 4, () positive (weak) solutions
for every e € (0,e5). Furthermore, let we be a solution of problem (Q) and (. its global maximum.
Then, up to a subsequence, (; — y € A and lim._,g+ Z((.) = Zp.

Corollary 1.4. Suppose that conditions (21),(22), (f1), and (f2) — (f5) hold. If we is a
solution of problem (Q), which exists by Corollary 1.3, and (. is its global mazimum, then
ue () = we(ex +¢.) converges strongly in WHN RN)NWL4(RN) to a ground state solution u of

—Anu — Agu+ Zo(JulN 2w+ [ulf ) = 2]« F(u)]f(u) in RN
and there exist ¢ > 0,C > 0 such that |w.(z)| < Ced*=l/e for every x € RV,

The organization of this paper is as follows. In Section 2, we introduce some notations and
recall certain technical results which will be needed in the paper. In Section 3, we study the
autonomous problem (Qy) associated to problem (Q). In Section 4, we deal with the auxiliary
problem (Q.). In addition, we also verify that the Palais-Smale condition holds for its energy
functional and apply some new tools to obtain a multiplicity result. In Section 5, we establish
the multiplicity of solutions for the modified problem and complete the proof of the main results.

2. PRELIMINARIES

In this section, we state some results and notions which will be used later. For all other
background material we refer to the comprehensive monograph by Papageorgiou et al. [31].

Let us recall that p = % in problem (Q). For 1 < p < oo, we define the fractional Sobolev
space W*P(RY) as

WWRﬁz{uemmM:mwz([@Nwﬁjﬁﬁwmwf”<m}

and we endow it with the norm

1/p
lullwes gy = (Il gy + [12,)

By Pucci et al. [33, Lemma 10], the fractional Sobolev space W*P(RY) is a uniformly convex
Banach space.



Now, fix ¥ > 0 and endow W*P(RY) with the norm

1/p
el wes ey = (Pl gny + [l ,)

Obviously, the norm || - [[yys»gyy is equivalent to || - [|y ys.p @y on WeP(RY),
Let conditions (Z;) and (Z5) be satisfied. We denote by W,?(R”) the completion of C§°(RY),
with norm

1/p
gy = ([0, + ) sl 5. = / Z(ex)|u(a)Pde for every & > 0.
RN

Pucci et al. [33, Lemma 10] showed that W;:’;(RN ) is also a uniformly convex Banach space for
1 < p < co. Moreover, W;’E’ (RV) is a reflexive Banach space. Invoking conditions (Z;) — (22),
and Di Nezza et al. [21, Theorem 6.9], we obtain the continuous embedding W72 (RY) — L¥(R")
for arbitrary v € [N/s, 00).

Let s € (0,1) and p,q € (1,00). The natural solution space of problem (Q) is defined as

We = WPRY) n WI(RY)
and is equipped with the norm
[ullw. = HUHWE’E(RN) + HUHWQ‘;(RN)-

With the aid of above definitions, assumptions (Z;) — Z2), and the fact that p = g, it is easy
to get the continuous embeddings

We — W;:};(RN) — WP(RN) — L¥(RY) for every v € [N/s, o).

Therefore, there exist the best constants

Sye = inf . for every v € [N/s,0).

“5%6 llull v my

By a change of variable x +— ex, problem (Q) becomes equivalent to the following equation
(=A)iyst + (—A)3u + Z(ex) (jul = ~2u + [ul72u) = [Ja[ 7« F(u)] f (u) in RY (Qe)
which is variational and the (weak) solutions of problem (Q.) satisfy the following definition.

Definition 2.1. Let u € W.. If for every ¢ € W., we have

S [ )~ 0) ) o)~ 60 g,

e€{p,a}pai o=yl
F
+ [ 2t i 2wpds = [ [ TEO fueptontsdy
RN RN RN

then u is called a weak solution of problem (Q.).



3. THE AUTONOMOUS PROBLEM (Qy)

Fix ¢ > 0. In this section, we shall consider the autonomous problem (Qy), associated with
problem (Q), that is

(=) 35t + (=A)qu+ 9 (ul > 2 + [u]*%u) = [|o[# + F(w)]f(u) in RN, (Qv)

We consider the Euler-Lagrange functional & : W*N/s(RN) n W*¢(RY) — R corresponding to
problem (Qy) as follows

1 1
E9(u) = 0l spqamy + o Il ey / L) F(ul) da, (3.1)

where

|z — yl~

Here, W = W*N/$(RN) n W9(RY) is the Banach space, with the norm

[ull = Nlullwsr@yy + lullwso@wy)-

We also endow W with the equivalent norm

Thus, W is a uniformly convex Banach space and so W is also a reflexive Banach space. By Di
Nezza et al. [21, Theorem 6.9 |, we obtain the continuous embeddings

W Ws,N/S(RN) SN L”(]RN) for every v € [N/s,00).

= |[ully,wsr@ny + ullywea@yy-

Hence, there exists the best constant A, , > 0 given by

A,y = inf ellow for every v € [N/s,00).
UGW ||uHLU RN)

Lemma 3.1. (see Zhang [40, Theorem 1.1]) Let s € (0,1) and N = sp. Then for every o, with
0<a<a, <a(s,N),

sup /’HNS (o] N=dg < o0,

vEWSP(RN)
Wﬂwsmww<1R
=2
where Hys(t) = e — Z ik Jp=min{j € N : j > p}.
i=0 7'

Moreover, for a > au(s,N),

veWsP(RN)
|wmwpmwynR

sup /HNS (ao| NN dz = oo
N

where

(]

ANwn) Tp+ ) Z (N +k—1 1\ s
) = N(’YS,N) .
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Remark 3.1. In Lemma 3.1, if we take the norm ||. ||y ysr@~y) in WN/s(RY), then

(max{1, 0})"7|[vlly @y < lollwe@yy < (min{1,93) 7V o]y wes@n), v € WHNHRY).

Moreover,

sup /HNys(a\v]N/(Ns))dx < oo for every a,0 < a < ax < a,(s, N).
vEWSP(RN)

o1l gy vy < (min{1,0})/N BY

Lemma 3.2 (The Hardy-Littlewood-Sobolev inequality, see Lieb [26, 27]). Let r, t > 1, and

0 < p < N such that
1 w1
-+ =+-=2
T‘+N+t

Then there exists a sharp constant C(r, N, u,t) > 0 such that

U T
/ wd dy < C(r, N, p, t)||ull pr @y [v]| ey for every u € L (RM),v € LY(RM).
RN RN
Since r = t, we can use Lemma 3.2 and the following equality
2

o
2.2 _9
+N )

that is, when ¢t = , then the integral

/Hx|“ « F(u)|F(u)dx for every F(u) = |ul?
RN
is well-defined on L{(RY), with ¢t = 2N/(2N — p), along every u € W/$(RY), provided that
qt > %, due to the continuous embedding W*N/$(RN) «— L¥(RN), for every v € [N/s,0).
Hence,
SN _2N—p
st 2s
Consequently, Lemma 3.1, assumption (f1) and the fact that C§°(RY) is dense in W*P(RY),
imply that &£ is well-defined on W and of class C*(W). Furthermore, for every u € W,

= 3 [ 1) = w0 ) ~ ) ele) — ) g,

— | N+ps
pe{p.atpen v =yl
+19/ |u| 2+ u|T?u)pdr — // |x— |u)) (x)dzndy for every ¢ € W.
RN RN Y

Here (-,-) is the dual pairing between W and its dual space W. Consequently, the (weak)
solutions of problem (3.1) are also the critical points of Jy in W.

Lemma 3.3. Suppose that conditions (Z1)—(22), (f1), and (f5) hold. Then there exist constants
to, po > 0 such that Ey(u) > po, for every uw € W, with |lullyw = to.

Proof. By condition (f), with

IN — p N

>
2s q_s

N
Q>q>—>
s
there exist a1 > 0,a2 > 0 such that
F1t) < arlt]™ % + aoHw s (Bolt|N N =) [t|2272 for every t € R,



This implies that
F(t) < ax 1" + axM o (Bolt /=)t for every ¢ € R.
Therefore, we get
|F(t)] < ar]t|™ + aolt|2H o (Bot]/ N =2)) for every t € R. (3.2)
By Lemma 3.2, we obtain that

| F'(u(y)) F(u(z))] 2
/ / P dxdy < C(r, N, u)HF(u)HLQJ%JXM(RN) for every u € W. (3.3)
RN RN
Moreover, (3.2) yields that
q q N/(N—s)
I, 3, ) S @l g anllal® Mo Golu YN oy (3

Applying the Holder inequality with x > 1 and £’ > 1 close to 1, 1/k + 1/k’ = 1, and using the
arguments from the proof of Li and Yang [23, Lemma 2.3 |, we can show that for every

(> 2N«
2N —pu’
there exists a constant C'(I) > 0 such that
2Nk
(HN,S(50|t|N/(N_S))> < O HN s (1Bt N79)) for every t € R. (3.5)
Hence, (3.5) implies that for every u € W,
2N—p
2N
2N
|||U|q2HN,s(50|U!N/(N_S))H%(Rw) = /(!UlquN,s(ﬁf)lMN/(N_s)))2”‘“d~’6
N
2N—p
2N
<l | [ OOz ) (36)
L2N—j
N
We apply Lemma 3.1, taking ||u||y,y small enough, and get
Bollully pymiany < Bollullyia ™ < a, (3.7)
hence
NN | N/(N—s)
HN,s (1Bou| N N =) dz = /HNS Bollwlly s —_— dx < oo.
/ s p(RN HuHﬁ,WSaP(RN) )
(3.8)

Together with (3.3)-(3.8), assuming ||u|9)y to be small enough, we conclude that there exist
appropriate constants h; > 0 and ha > 0 such that

F(u
// ‘I_ (‘M( Wy <, IIUHQqéqu + b |ul* By, - (3.9)

N—pu (]RN) L2N—u

RN RN

Thus, by (3.1) and the continuity of the embeddings W « WN/$(RV) — LYRN), for every
t > N/s, we obtain that
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s N, -2 2 -2 2
0(1) 2 o)+ Iy = ARG Il — 02453, 35,
2N —p?
214 q —2q1 2q1 —2q2 2q2
L LTV I A e O U (3.10)
2N—pn IN—
for ||ul|y, v small enough. Let
21-4 ) _N —2 _N
Cg(t) - q — o4 21\’({111 19752!11 s hQAquniz §t2q2 s, t>0.
2N—p? 2N—p
We claim that there exists ty > 0 so small that
21-a
C (to) > = %o.

2q
Clearly, € is continuous in Ry and lilfn+ € (t) = 2%, so there exists ty such that €(t) > %y, for
t—0

every t € [0,%9]. We take ¢y even smaller, if necessary, so that ||u||y = to satisfies (3.7). This
proves the claim. Hence Ey(u) > 6otl = po, for every u € W, with ||ullg, = to. This completes
the proof of Lemma 3.3. O

In the sequel, &7, : W — R will denote the functional

1
= 2/Lu(u)(m)F(u(x))dx, (3.11)
RN

where £, is given in (3.1).

Lemma 3.4. Suppose that conditions (21),(22), and (f4) hold. Then there exists a nonnegative
function v € CO(RYN), with ||v]|gw > to, such that E9(v) < 0, where to > 0 is the number given
by Lemma 3.3.

Proof. Fix ug € C§°(RY) \ {0}, with ug > 0 in RY. Set
Hu(t) = A (tuo/||uollv,w) for every ¢ >0,

where .¢7, is defined in (3.11). Condition (f4) gives
M, (8) = M, (tuo/ [[ullow)

Uup

[[uolls.w
= [ it Pt luolloon) | ¢ o> TH,0).

RN

)

_ Yo
l|uollo,w

)

Integrating the above inequality on [1,t||ugl[gw], with ¢ > 1/||ugls v, we get

Hyu( ) = Hyu(1)( )’

which implies that
0
A1) 2 (ol wi’

luolls

Therefore, we have

stV/s Ny t4
Eoltuo) = — HUOHﬁéVs,p(RN)+EHUOHZ,WS,q(RN)— /ﬁu(tUO)(@‘)F(tUO)dw

RN
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StN/ N/s

Uuo
7 o l5 8 e vy + Huomgw$%RN)—-ﬁu(

6,0
ug t
Hu0||79,W>H ”19

for every t > 1/||ug||l9,v, choosing v = tuy and ¢ large enough. This completes the proof of
Lemma 3.4. 0

Lemmas 3.3 and 3.4 show that &y satisfies the geometric conditions of the Mountain Pass
Theorem, therefore there exists a Palais-Smale sequence {u,}, C W for & at level ¢y, briefly
(PS)e,, that is,

Eo(up) — cy and  Ej(up) — 0in W', as n — oo,

cy = mf £ max Ex(C(1)), (3.12)

where IT = {¢ € C([0,1], W) : ¢(0) =0, Ey(¢(1)) < 0}. We denote Nehari manifold .#y related
to &y by

My = {u e W\ {0} : (& u) =0} .
Let us define
Tsr == {ueW: |supp(u’)| > 0} (3.13)

and SJZFO =Sz, N 7I9+, where Sy is the unit sphere in W. We know that 7;; is an open subset of

Invoking the fact above and the definition of ST, we obtain that S:,r is an incomplete C'H1-
manifold of codimension 1 modelled on VW and contained in 7;9+. Therefore, W = T, uSJZFO @ Ru
for every u € SJZFO, where

u(z) —u(y)|* 2 (u(z) — u T) —
Tsi=few: 3 Ju(z) —u(y)|* ‘EC(_;/NW(?))(@O( ) =W 4ay
pE{P.atpaN
+ / I(JulP~?u + |u|?2u)pdr = 0}.
RN

Since f is only continuous, the following result plays an important role in overcoming the non-
differentiability of .#y and the incompleteness of Sy.

Lemma 3.5. Suppose that conditions (21) — (22) and (f1) — (f5) hold. Then

(i) For everyu € Ty and By : [0,00) = R, defined as By (t) := Ey(tu), there exists a unique
tu > 0 such that B}, (t) > 0 in (0,t,) and B}, (t) <0 on (ty,+o0).

(i) My is bounded away from 0 and My is closed in W. There exists T > 0 independent
on u, such that t, > 7, for every u € Sy. Moreover, for each compact set IC C Sy, there
exists Cx such that t, < Cx, for every u € K.

(7i1) The map my : ’7:; — My, given by my(u) = tyu, is continuous and my := ﬁm|§$ s a

homeomorphism between S:g and My, and m;l(u) =

lullo,w -

Proof. For every u € T," and t > 0,

tP t4 F(tu(z
Bult) = Ea(t) = [l ey + ol ey //‘ WD gy

!w —y[n
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By (3.9), (3.10) and the continuity of the embeddings W — W*N/$(RN) < LYHRN) for every
€ [, +00), we get

B,(t) = Eg(tu) > —|u? + —||ul|? — ay||ul|“% — D|lu||“%
(0= Ea(t0) 2 T iy + Iy — = DIl
9 2 ) 2
> Dl gy + Sl gy — 0 AT 38— DAL, [l
2N —p’ 2N —p >

@1@

which yields By (t) — 0%, as t — 0%. Moreover, we obtain that B,(t) — —oo, as t — oo.
Therefore, there exists t, € (0,00) such that B, (t,) = max;>o B, (t). Furthermore, B, (t,) = 0.
Now we shall verify that ¢, is a unique critical point of B,, in (0, 00). Arguing by contradiction,
suppose that there exist 0 < ¢; < t2 < oo such that B, (t1) = B, (tg) = 0. Consequently, we have

F(tiu(y)) f(tru(z))tiu(z
I sy 40 gy = [ U

W—yw
RN RN
and
|F(tou(y)) f(tou(zx))tou(z)]
tg”uugws,p(]gzv +tq||u”19 JWsa(RN) = / / ‘:E—y‘“ dxdy
RN RN

By two equalities above and (f4), we obtain

1 1
_ p
0 < (tq—p tq—p)HuHﬂJ/VS,P(]RN)

(hu(w) fE)
//]m—yyu (tru(y ))g (tru(z ))% ( (¥))2 (u(z))

//|$_y|u (tau(y )q) f(tau(x g))l(u(y))g<u(x))g

(t2u(y)? (t2u(0))

<0

which is impossible. Therefore, we have completed the proof of (7).
(7i) Let u € .Ay. We shall prove that the first part of conclusion is true in the following two
cases.

N/(N _
Case 1. HunHﬂévgp&iN) > %—Bos/w s),
In this case we are done.

N/(N
Case 2. Hun||19</VSpé£N) < Iﬂ « 5/(N=s)

Applying the Trudinger-Moser inequality, we obtain

sup / Dy o (aplulN NN dr < 400 for every 0 < a < . (3.15)
ueWS»P(RN)RN

Using the Hardy-Littlewood-Sobolev inequality again and (f3), it follows that

[ [ 4 < ) g Il g, < ClEGIE
[z —yl# e

RN RN
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By (f1) and (f2), for every e, > 0 and ¢; > ¢ > g S 2N
such that

£ and ¢ > %, there exists Cg., > 0

Ifull an < edllful™]] jav + Cye. u|H (ot NN T)

(3.16)

for every ¢t > 0. Using 1nequahty (3.16) and the definition of A, y, there exists a constant C(e,)
such that

_ N
Hf(u)uHi% < g A 2]2\,‘{111 HuHQ(h + C(q, &)HuH for some ¢1 > q,q2 > et (3.17)

2N,u,

In view of (£f(u),u) =0, we get

| F'(u(y)) f (u(z))u(z)]
|’u‘|§’stP(RN) + ||u||1q9’Ws,q(RN) = / / |:L, _ y|u dydl’

RN RN
< 6*A212qull lull3y + C (g &) lull5%,-
2N7u’
Therefore
|ullgw > o for every u € y. (3.18)

For any sequence {u,}, C .#y, such that u, — u in W, we have to prove that u € .#jy.
Indeed, by the fact that u, — w in W, we obtain |lu, — ul[yw — 0, as n — oo. Using the
discussion as in Willem [37, Lemma A.1], there exists a subsequence {u,}, of {uy}, satisfying
uir1 — willgw < 277 for every @ > 1. We denote U(z) := |ui(z)| + Doio; [uiv1(z) — wi(x)].
Together with the fact that u, — w in W, we obtain |u,(x)| < U(x) for every x € RY and
lu(x)| <U(x) in RN, Clearly, [U]|low < |Jutlloy + D ioq 27 < +00, hence U € W.

Since {u,}, is a subsequence of {uy,},, we have

[ (a (4)) 0 (2) ()
Il gy Dl ey = i [ IO gy g0 10
RN RN

We shall now prove

: | (1 () f (s () Jutn () _ |F(u(y)) f (u(z))u(z)|
lim // !m—y!“ dydx—// dydzx. (3.20)

n—09 |z — y[#

RN RN RN RN
We have

‘lF(un(y))f(un(@)un(fE)l B |F(u(y))f(u($))u(fﬂ)|‘ < Q[ FUy) fU(z))u(z)|

|z — yl |z =yl - |z — yl ‘
Now we shall show that
|z =yl ' '
By Zhang et al. [39, Lemma 2.4], we have
/”HNS aolt|N N =N de < +o0. (3.22)

Together with (3.16)-(3.17), we deduce (3.21). Therefore,
[ [ eI, [ [ DI, ¢ i,

w — qylm
RN RN | RN RN vl
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Furthermore,
| (un (9)) f (un () Jun (2)| |F(u(y)) f (u(z))u(z)|
/ / ]a: oyl dydx — / / =y dydxr — 0,
RN RN RN RN

pointwisely on RY outside a set of measure zero. By the Dominated Convergence Theorem, we
obtain that (3.20) is true. By u, — u in W(RY), we have

| (u (z))u(z)]
HUHP 9, Wsp(RN) + Hqu 9,Wea(RN) = / / ’l‘ — y[“ dydx
RN RN

which yields u € ..

In the sequel, we shall verify that the second part of the conclusion is also true.

Applying (i), there exists t,, > 0 such that t,u € .#y for every u € Sy. Therefore, it follows
from (3.18) that ¢, > a. We shall argue by contradiction that w, € K satisfies t,, := t,, — oc.
Due to the compactness of K, we may suppose that u,, — u in W. Then v € K C Sy. By (f1),
we obtain

1 1 F(tnun(y))
Eg(tnttn) = Btﬁ ||unH§7WS,p(RN) + 5752 Hunnszs,p(RN) /]RN . WF(tnun(m))dxdy

1 1 0
2 St g ey + ot unll gy ) =t | I e Gy

due to 8 > q. However, since t,u,, € Ay, we have
1 (u un(z))
p p _ n
Eol.ay (tnun) = t ||unH19 Wsp(RN) + t Huan Ws.a(RN) /RN /RN |$ — y|u dydx

/ / Eltutaly [lf(tnun(x))tnun( ) — *F(tnun( ))}dydx >0
RN JRN

eyl Lp 2

which is impossible.
(i7i) By (i) — (i7) and the arguments from the proof of Szulkin and Weth [34, Proposition 3.1],
we obtain (7i7). This completes the proof of Lemma 3.5. O

Remark 3.2. By Lemma 3.5, the least energy cz, satisfies the following equality:

= inf & f Ey(tu) = inf Ey(t 3.23
A R & . (3:29)

Considering the functional ®y : Sy — R given by

Dy(w) := Ey(my(w)) (3.24)
similarly to Szulkin and Weth [34, Corollary 3.3], we have:

Lemma 3.6. Suppose that conditions (21) — (Z2) and (f1) — (f5) hold. Then the following
statements are true:

(1) If {up}n is a (PS)e, sequence for @y, then {my(un)} is a (PS)., sequence for Ey. If
{un}n C My is a bounded (PS)., sequence for Ey, then {my" (uy)}n is a (PS)., sequence
for ®g.

(i) uw is a critical point of ®y if and only if my(u) is a nontrivial critical point of Ey.
Moreover, inf 4, £y = infs, ®y.

Cy
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Lemma 3.7. (see Liang et al. [25, Lemma 5]) Let (f1) be satisfied. We suppose that {up}y, is
a sequence in WP(RN) such that

lim sup HunHﬂWSpiiN < [— s/IIN=9)" for some [ > 1,
n—o0 Bo

where o = min{1,9}. Then there exists Cy > 0 such that

|z| 7« F(uy)| < Co for every n.

Lemma 3.8. (see Molica Bisci et al. [30, Lemma 4]) Let ¢ € [N/s,00). If {up}, is a bounded
sequence in W3P(RY) and

lim sup / [, (x)|*dx =0
HHOOyGRN
Br(y)

for some R > 0, then w,, — 0 in L*(RY), for every v € (g, 00).
As in the proof of Molica Bisci et al. [30, Theorem 7], we get
Lemma 3.9. Suppose that conditions (Z1) — (22) and (f1) hold. Then
limsup f(£)t' = =0

t—0t

for some ¢ > N/s. Let {un}, CW be weakly convergent to 0 and such that

hmsupHunHﬁW]:]p(ﬂiN < & 5s/(N=s)

o By ’

where By, o are given in (f1) and (1.1), 0 = min{1,9}, and [ > 1 is a suitable constant. If
there exists R > 0 such that
lim inf sup / [u,|*dz =0,

n—oo yERN
Br(y)

then
/Hm|_“ * F(up)] f(up)u, = 0 and /[|x_“ x F(up)]F(u,) -0 asn — oc.
RN RN

Lemma 3.10. (see Liang et al. [24, Lemma 2.6]) Suppose that conditions (f3) and (f1) hold.
Then there exists a constant C., such that pg < ¢y < C,,, where pg is the number determined
by Lemma 3.3, v1 is the constant given in (f4),

N/(205—N)
., - 1 ﬂ alN 7
20s 20sb

a =

and
S y 1 q
Nnu”ngs,p(RN) + g”u”g,waq(RN)'

Proposition 3.1. Suppose that conditions (21) — (22) and (f1) — (f5) hold. Then problem (Qy)
has a nontrivial nonnegative (weak) solution.

Proof. By Lemmas 3.3 and 3.4, there exists a (PS)., sequence {u,}, C W, satisfying (3.12).
We shall divide the proof into two steps.

Step 1. {u,}, is a bounded sequence in W.
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Up to a subsequence, we may suppose that {u,}, is strongly convergent in W. From (3.12),

we have

1
gﬂ(un) - 5

where 6 is given in (f3). Moreover,

1 s 1 N/s 1 1
Enlutn) = 5(E () wn) =( 5 = 5) uunuﬂ/ws,p(w) (= ) ol g

/ / 7 — y,u )ity — %F(unﬂdmy.

RN RN

(Ey(un), up) = ¢y + 0p(1) + 0p (1) |luplloy as n — oo, (3.25)

Condition (f2) implies that

1 N/s 11
(1) = (Ep(u)ota) 2 (= 5) Il sy + (5 = 5) ol oy (320
Combining (3.25) and (3.26), we get as n — oo,

S 1 N/s 1 1
<N - 5) ”unHﬁ’{/VS,p(RN) + (g - 5) Hun||%7ws,p(RN) S 619 + On(l) + On(1)||unH19,W- (327)

. . N/s q
Observing that  lim &7
z—00, y—oo  TTY

is a bounded sequence in W. Since Ey(uy,) — 5(E)(un), un) — ¢y as n — oo, it follows that

= 00, for fixed numbers ¢ > 0, £ > 0, we conclude that {u,},

. cy C
lim sup HunHﬁng(RN) << < (3.28)
and
. Cy C
lim sup ||un”1q9’WS#I(RN) < T T < 17711 (3.29)
From (3.28), we have
Oy _
lim sup Hun\\gévjjp(‘ii]v) < [708/(N s) (3.30)
n—00 /BO
for some [ > 0 and ~; large enough such that
IC',Y11 - (ﬁ)(N*S)/NU
p 0 [50
when 1 > v, where
2a(N — p)
. 3.31
7 |NB1 y\/ BN, N —pu+1) (3:31)
and B = fl t*=1(1 —t)¥~'dt,x > 0,y > 0 is Beta function. This implies that
N 20s—N
2N

aN (N — p)
m2 |NB1 W\ 0aB(N, N — i+ 1)
Hence, (3.30) holds for every v; > max{ s, Vs }-
Step 2. We shall show that there exist R > 0,0 > 0 and a sequence {yn}, C RN such that

lim inf / [up(2)|¥de > 6 >0, e {p,q}. (3.32)

n—00
Br(yn)

G — Doleg) I
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Arguing by contradiction, we assume that for some R > 0, we have

lim sup / lup (2)[%dz = 0, o € {p, q}. (3.33)

n—0o0 yERN
Br(y)

Then Lemma 3.8 yields that u, — 0 in L*(RY), for every v > p. Condition (3.33), Lemma 3.9
and the Trudinger-Moser inequality imply that

/ [|w[‘“ * F(un)]f(un)undx — 0 asn — oo.
RN
Therefore,
on(1) = (E)(un), up) = ||unH§7Ws,p(RN) + Huan,Ws,q(RN) - / [\l‘r“ * F(up) | f(un)undz

RN
= [l ey + 10115 gy +0n(1) a5 7= 00!

So u, — 0 in WN/5(RN) N W=4(RN). Passing to the limit as n — oo, we have

\Iunllf; WP (RN) HunH%Ws,q(RN) _
Eo(uy) = ’p + 7q — / [\x| s F(uy) | F(u,)dz — 0

RN

which contradicts with the fact that Ey(u,) — ¢y > 0, as n — oco. Thus (3.32) holds.
Put v,, = u,(- + yn), then from (3.32) we have

/ |0,|°dz > 06/2 >0, @€ {p,q} for some > 0. (3.34)

Br(0)
Because &y and &) are invariant under translation, we have
Eo(vp) = cy and Ey(v,) =0 in W,
Since |[oy,|l9 v = |[un 9w for every n, then {v,}, is also bounded in W and

N/(N-s)

N/(N—s) Qs s/(N—s
ﬁ,WSvP(RN) / ) (335)

= lim sup ||u, || < —0
n—o0

lim sup ||Un|| ﬁ,WS,P(RN) [/30

n—oo
Hence, choosing a subsequence if necessary, we may assume that there exists v € W such that
v, — v in W, v,, — v in L?(Br(0)), for every ¥ € [N/s,00) and R > 0, and v,, — v a.e. in RV,
Clearly, (3.34) implies that

/ lo[¥dz >6/2>0, pe{paq},
Br(0)

hence, v # 0.
Arguing similarly to the proof of Thin et al. [36, Lemma 13|, we get that £j(v) = 0 and

v is indeed a ground state solution of problem (Qy). This completes the proof of Proposition
3.1. O
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4. THE AUXILIARY PROBLEM (Q;)
Using the transformation = — ez, problem (Q) can be rewritten as follows
(=A)pu+ (=A)gu + Z(ex)(Jul"u + |ul"?u) = [Jz| ™+ F(u)] f (u). (Qe)

Inspired by the work of del Pino and Felmer [20], we introduce a penalized function which
will play an essential role to obtain our main results. In general, we assume that 0 € Q and
Z(0) = Zy. Fix hy > 0. We define

o f(t) ift <a,
' Zoq=1 ift > q,
0

and

G(t) = { g9(x,t) = xa(@)f(t) + (1 — xa(2))f(t) ift>0,
0 it <0.

To study problem (Q.), we introduce the Euler—Lagrange functional Z. : W. — R by

L= ¥ lullen -y [ [ S by

(&S {p7Q} RN RN

By conditions (Z1), (Z2) and (f1), the functional Z. is well defined on W. and of class C?(W.).
Moreover, the critical points of Z. are exactly the (weak) solutions of problem (Q.). Associated
to the energy functional Z., we denote the Nehari manifold .4, by

Ao ={v € W\ {0} : (Zl(v),v) = 0},

where
v(x) —v “2(v(z) —v r) —
o= 3 [ MO _Nee) =
pe{p,alpan
/ Z(ex)([v]P~%v + |v|72v)pdz — // ’x_y’#)w(x)dydx
RN RN

for every v, p € We.

Lemma 4.1. Suppose that conditions (f1) — (f5) hold. The the following statements hold:

(g1) lim+ ‘i(qx ? = 0 wuniformly with respect to x € RV ;
t—0

(92) (i) 0 < g(x,t) < f(t) for every t > 0, for every x € RY;
(ii) g(z,t) =0 for every t <0, for every x € RY;
(g3) (i) 0 < 0G(z,t) < g(z,t)t, for every x € Q and t > 0;
(i) 0 < qG(x,t) < gz, t)t < Zo(tp+tq) for every x GRN\Q andt > 0;

(g4) for every x € Q, the function t — g(wfl) is strictly increasing on (0, 400);

(g5) for every x € RN\ Q, function t i(%m_l) is strictly increasing on (0,a).

Proof. We shall only give the proof of (g3) — (i7). The rest of the properties can be verified by
the definition of g. Using (f5), we obtain that
f(t) < (a)  Zo

= — for every t €]0,al.
t7 — a4 ho Ve [ ]
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Consequently,

Z Z

gz, t)t = f(t)t < h—otq < h—o(ﬂ’ +t9) for every t € [0, al.
0 0

If t € (a,+00), we have

Zo Zo
t) = 2949 < 20 4 49),
From (f2) and (g2), we obtain that
glx, )t = f(t)t > OF(t) > qF(t) > qG(x,t) > 0 for every ¢ € [0, a].

In addition, if t € (a,+00), we have

o Z
gla,t) = f(t) = o
ho
Hence P
G(z,t) = 2244
(1) qho
and P
g(z, t)t = 04 qG(x,t).
ho
This completes the proof of Lemma 4.1. O

Lemma 4.2. (see [24, Proposition 3.1]) Suppose that conditions (Z1) — 22 and (f1) — (f3) hold.
Then there is a real number vy > 0 such that

llullw. >t >0 for every u € .
Lemma 4.3. Suppose that conditions (Z1) — (22) and (f1) — (fs) hold. Then Z. satisfies the

following the geometric conditions:

(1) There exist real numbers a, > 0, ps > 0 such that for every u € Ws : ||ullw. = px, we
have Z.(u) > a, > 0;
(13) There exists u € We such that ||ullyw. > p« and Zo(u) < 0.

Proof. One can apply a similar discussion as in Lemmas 3.3 and 3.4, combined with the Trudinger-
Moser inequality, so we shall omit the details here. O

By virtue of Lemma 4.2 and the Mountain Pass Theorem, there exists a (PS),
{up}n C W, that is,

sequence

S

Z-(up) = c. and Z.(u,) — 0,
where

;= inf 7
¢ i= Inf max =(v(1))

and T' = {y € (C°[0,1], W-(R™)) : 4(0) = 0, Z-(v(1))} < 0.
We give the definition of 7. as follows:
T o= {u e W.RY) : [supp(u™) N Q.| > 0} € W.(RY),

Q. = {x € RN : ex € Q}. Let S. be a the unit sphere in W.(R") and denote by ST =
S: N TZF. Note that S} is an incomplete C*!-manifold of codimension 1, modelled on W, (R™)
and contained in the open 7_". Thus, W. = T,,ST @ Ru, for every u € ST, where

nst—foews 3 [ 10 o) Cuote) = el

pe{p.atpav
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* / Z(ex)([ulP~2u + [u]*~2u)pdz = 0}.
RN
As in Lemmas 3.5 and 3.6, the following results can be obtained.

Lemma 4.4. Suppose that conditions (Z1) — (Z2) and (f1) — (f5) hold. Then the following
statements are true:
(i) There exists a unique tyu € Az and I.(t,u) = maxy~gZ-(tu) for every u € T.*. More-
over, we have cc > ( > 0 and
= inf Z.(u) = inf T (tu) = inf T (tu).
= 2 T = Lo et = I e ()
(i) Az is bounded away from 0, and there exists o > 0 such that t,, > «, for every u € S,.
Moreover, for every compact subset K C ST, there exists Cic > 0 such that t,, < Cx, for
every u € K.
(7i1) The continuous map me : We — Az is given by me(u) = tyu and m, = mglgj s a

homeomorphism between ST and Az, and mZ*(u) = W

Exploring the functional O (u) := Z.(m.(u)), together with argument similar to the proof of
Szulkin and Weth [34, Corollary 3.3], we obtain the following results.

Lemma 4.5. Suppose that conditions (Z1) — (Z2) and (f1) — (f5) hold. Then the following
statements are true:
(2) If {up}tn is a (PS).. sequence for O, then {me(u,)}n is a (PS).. sequence for I..
Moreover, if {u,}n C A is a bounded (PS).. sequence for I., then {mZ'(u,)}, is a
(PS).. sequence for ©;.
(i) w is a critical point of ©. if and only if ms(u) is a nontrivial critical point of Z.. Fur-
thermore, inf 4, 7. = inngL O..

Lemma 4.6. c. and cy satisfy the following inequalities

limsupec. < ¢y < C,. (4.1)
e—0t
Proof. Let ¢ € C$°(RY) such that ¢ = 1 on By /2(0), supp(p) C Bs(0) C Q for some § > 0 and
¢ =0 on Bs(0)¢. We define

us(z) := plex)u(zx) for every e >0,

where u is the ground state solution of problem (Qy) obtained in Proposition 3.1. We know
that supp(us) C ¢ and u. — w in W (see Ambrosio and Isernia [6, Lemma 2.4]). If we assume
that t; > 0 with t.u. € AZ, then

te (teu (teu
ce < Te(teve) = ||un||Wsp(RN) ||un||qu ®RN) ~ // = €|x— |€ (z ))d dz
RN RN
_k ue(y)) F (teue(2))
p q . 5 8 €
5 unlBy )+ ol // i e

Since t.u. C A%, we have

F(tsus(y))f(tsus(x))tsus(‘r)

RN RN
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Moreover, it follows from (f3) that

2 1 (teu (teue(x
te0) = Sl oy + oy — 5 [ [ FUE D) gy g
RN RN
(teus(y 1 1
/R i /R e T W e teueds — iF(taug)}daz > 0. (4.3)

This fact implies that {t.} is bounded, as € — 0. Indeed, suppose to the contrary, that {t.} is
unbounded when & — 0. Consequently, together with (f4), we would have
p tq

Ie(teus) > £|‘u€|’§’W§‘Jg(RN) HUsHWs Q(RN)

0 0
— vt2% ||| Hi% — —00

which is a contradiction with (4.3). Thus, we may suppose that t. — tg, as ¢ — 0". Using the
Vitali’s Theorem, we obtain

tP td t u t ulx
timsup e < ulfy s, + Lullygar, — 5 [ [ T M by — gt

e—0t |$ - y|,u

RN RN
We shall now verify that tg = 1. For every € > 0, there exists t. > 0 such that
T (teue) = rlrslzachE(tuE).

Therefore, (Z.(t-ue),ue) = 0 and we have

F(teue(y)f (teue(2)) e (1)
2l gy + 0y = [ [ SR gy g

D |z —yl
which means that
(teu f(teue(z))ues(z)
HUEHWSP RN) tq pH’LLEHqu (RN) / / = stp 1‘ 5_6‘“ d dyda: (4.4)
RN RN vy

Passing to the limit as e — 0 in (4.4) and using the fact that u. — u in W' (RM) (see Ambrosio
and Isernia [6, Lemma 2.4]), we obtain

(t0u(0)f (g (2)u(z)
el + 6 g, = [ [0 Ay

|z — y|~

RN RN
Together with this fact, u € .#y and (f5), we deduce that tg = 1. Therefore,

limsup c. < Ey(v) = ¢y.
e—0t

Combining with Lemma 3.10, we can obtain that the last inequality hold in (4.1). This completes
the proof of Lemma 4.6. O

Lemma 4.7. The functional Z. satisfies the Palais-Smale condition at level c., for every ¢ €
(0750)'

Proof. Let {u,}n C W-(RY) be a (PS),

Z-(u,) = ce and Zl(u,) =0 as n — oo.

sequence for 7., i.e.,

€

We shall complete the proof of this lemma by the following two claims.
Claim 1. {u,}, is bounded in W.(RY).



22

Indeed, by (f3), we have
1

Ce + On(l) =1 (un) - 2

<Il(un) un> = ( )l an SP(RN) ||unHW5q(RN)

1.1
P 2q
/RN /JRN Iw— I“ qf(u”(x))u”(x) — F(u(2))]dydz

2 2 (HunHWSP(]RN + ||un||qu(RN)) = ?q”un”We

which implies that {u,}, is bounded in W.(R). Moreover, we obtain

lim_}sup [un [}y, < 2qc.. (4.5)
n—oo
Together with this fact and Lemma 3.10, we obtain that

_ N o\ V/(205—N)

i sup [y, < 20¢ < 200, = 24 <1 - 29> (M) -G (46

for 71 > max{~*, a}, where v*,a are given in (3.31) and Lemma 3.10, respectively. Therefore,
going to a subsequence if necessary, we may assume that u,, — v in W, u,, — u in L?O C(RN ) for
every q € [%, +00) and u,, — u a.e. in RV,

Claim 2. (PS),. condition holds in Wi;.

We shall divide the proof into three steps. We first verify that u is a critical point of Z.. For
every ¢ € C° (RY), we have

S [ )~ 0) ) 0) = 20D

—_ | N+gps
pE{P.a} g2 o =yt
- p—2 — —
Ly [ )= sl ) — u))ple) = ),
o€{p,a} g2 ==yl

and
/ Z(ex)|un |2 uppda —>/ Z(ex)|u|®2updz for every o € {p,q}.
RN RN

Step 1. We prove that

o Jo SR s [ SR s

Since the boundedness of {G(ex,u,)}, in Lo (RY), up, > wae inRY, and t = G (-,t) is
continuous, hence

G (ex,u,) — G (ex,u) in L (RY).

From Lemma 3.2, we obtain the linear bounded operator

|:cl\“ x F € L% (]RN) for every F' € L% (RN),

£ 52N N 2NN 1 1 O Ny @
rom LZ¥-r (RY) to L'» (RY) . Therefore, W*G(ay,un) — G (ey,u)in L'» (RY). Since
g (up) = g (u) in Ly, (RY), for every v € [p,+00), we deduce that (4.7) is true. Consequently,
in view of (Z.(u,),¢) = 0,(1), for every ¢ € C*(RY), we obtain (Z.(u),#) = 0, for every
¢ € C(RY). Since C°(RY) is dense in W., we obtain that u is a critical point of Z..
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Step 2. We shall prove that for every &, there exists R = R(§) > 0 such that

limsup/c ( 3 [u@) = wW)® L 2 en) unl? + Z(e) un] )dx <& (48)

xr — y|N+tes
nee pe{p.atpn | vl

For every R > 0, let ¢p € C° (RN) such that 0 < ¢r < 1,¢g = 0 in Bgr(0),¢p = 1 in
BSR(0), and [Vor| < C for some constant C' > 0 independent of R. Since {¢ruy,}y is bounded
in W.(RY), it follows that <I’ (up), PRU,) = 0 (1),

|un )yp / / ’un _un y)‘q
z)dyd dyd
/RN /RN y|N+sp y T + . |l‘ — y|N+sq qu(x) ydx

+ / Z(e) un (2)|Pdz + /R () un (@)

- (40 ()9 in () |
= onl /RN /RN |$*y|u e
s (un(@) —n (W) (PR(@) = ORO), 10,
R2N

|z — y|N+op

-] () — ()10 ) — () Orx) — b)) 0
RQN

|z — y| Vs

By Lemma 3.7, then there exists kg > 0 such that

SUPy,, ews» (RN) ‘|m|_ﬂ * G(up)

1
5" 4.10
ho <3 (4.10)
Let R > 0 be such that Q. C Bg. By the definition of ¢g, (g3) — (zz) and (4.10), we get
|un(2) — up y)| / / [, (z) — up(y)|?
x)dyd dud
/IRN /RN |33‘ - |N+sp yaz + RN JRN |:(} — |N+5f1 ¢R(x) yax

+ 2/ Z(ex)(Jun ()P + |up (2)|7) dae
_ // [4n(2) = n ()P (n(2) — Un W) (@R() = ORWD) 7,
RQN

|z — y|N+sp

‘/ / (%) = un @)I* (0 (2) — @) (SR () = SR\ gy (1)
R2N

|z — y| Vs

For p € {p, q}, by virtue of the Holder inequality and the boundedness of {u}, in W, we have

// [n(2) = n ()72 (0n () — n (W) (OR () = SRWD) (314
RQN

|z — y[NFes

b . .
<C //RzN‘ R‘,x_ ‘N-i—és)’ ’un(y)’pdy> : (4.12)

Next, by the definition of ¢, polar coordinates and the boundedness of {u,}, in W, we obtain

//R2N |¢Rx_ N+@(8)| |w ()" dady

\¢>R bl R (@) = Sr @I,
/]RN /y >R y’N+ps |y (2)|Pdzdy +/]RN /y en o g [uy, (2)|¥dzdy
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dy C dy

<C unxp/ der/ unxp/ — | dx

IR{N| (@] ( ly—z|>R !l’—leWS) R RN’ ) y—a<R |z — y[NTEF

dz C dz

SC/ u, (z)|¥ / —— | dz + — u, (z)|¥ / —— | dx

RN' (@) ( l2|>R IZ\N“"S) R RN‘ @)l ( 2l<R |2V TOITE

< dp C B dp
o L o
: C/]RN o ()t (/R ps@“) TR /RN o () </0 ps@p“)
C

C C
2 = Rpsete 2 2

< g | @l e+ o R [ @) < 25 [ @)
C

<
< fp
Gathering (4.11)-(4.13), we infer that (4.8) is satisfied.

Step 3. We verify that u, — v in W, as n — oo.

In view of (4.8), we obtain u,, — w in L” (RY), for every v € [p, +00). Indeed, fixed £ > 0,
there exists R = R(§) > 0 such that (4.8) holds. Using the compactness embedding W, <<

— 0 as R — oo, where p € {p, ¢}. (4.13)

Ly (RYN) and (2;), we see
: p _ P P
1lrrln_>sol<1>p lu, — u|LP(RN) = llisgp [|un u|Lp(BR(O)) + |up u|Lp(B§(0))]
p—1 p
<2 llrrfiszp <|un| L7(B5,(0)) + U|LP(B1€2(0)))
|

2p71 mn - Yn P
< lim sup/ / [tn () uﬂ\gy) dy + Z (ex) [u, |’ | dx
ZO n—00 }c?l(()) RN \a: — y’

2p1/ / u(z) —u(y)’ 2
+ —L = dy + Z (ex) |ulf | dr < =—&.
Zo JB00) ( R o -y ot Zo

Due to the arbitrariness of £, u,, — u in LP(RY). By interpolation, u, — u in L” (RN ) for every
v € [p,+00), as desired. Arguing similarly as in the proof of [43, Lemma 22|, we can obtain that

/RN/RN u”|x_y|u ) dyde —>/RN/RN |$_y|u())dd (4.14)

Therefore, it follows from (Z.(uy,),u,) = 0,(1) and (Z.(u), u) = 0, (1) that

||un||€y§ig + HunH%V;’Z = ||U||€V§§ + ”UH%V;Z + on(1).
By the Brézis-Lieb lemma, we get that
[, — ullfy, = Hu””iﬁ/)v;f — Hu||$v§§ + o,(1) for every p € {p,q}.

Therefore
[[un, — UH%/;:;; + [lup — UHIq/V;:g = on(1).
Moreover, we obtain u, — u in W,.. This completes the proof of Lemma 4.7. U

Lemma 4.8. (see Ambrosio [5, Corollary 3.1]) The functional ®. satisfies the (PS).. condition
at level c., for every e € (0,g9) on Se.
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5. MULTIPLICITY AND CONCENTRATION OF POSITIVE SOLUTIONS OF PROBLEM (Q)

In this section, we shall prove the main results. To this end, we shall give some notations and
useful results which will be used later. Fix § > 0. Let to be a ground state solution of equation
(Qz,), so that Ez,(10) = cz, and £ () = 0. Let n be a smooth nonincreasing cut-off function
in Ry such that n(t) = 1if 0 <t <§/2 and n(t) =0if t > 4. For ¢ > 0 and any y € .#, we
define

er—y
besla) = e — sl (1), oY
and ®¢ : A — N is given by @c(y) = tz1)c y, when to > 0 satisfies

Z-(t =7.(t .
r%1>a§<: e( ¢€7y) e( €¢€7y)

We obtain that ®.(y) has compact support in RY for every y € ..
Lemma 5.1. (see Liang et al. [24, Lemma 5.1]) The function ®. has the following property
lim Z.(®.(y)) = cz,, wuniformly in y e 4.
e—0t
For any & > 0, let o = o(J) > 0 be such that .#s C B,(0). We define the function 2" : RN —
RN by
xz, if|z] < o,
2 (@) = %, if |z| > p.
x

In what follows, let the barycenter map f. : .4 — RY be defined by
J 2 (ex)(|u(@)P + Ju(z)|?)dz
RN

ﬂe(u) = u e M.

J (Julp + |ul)dz ’
RN

Arguing as in the similar discussion of [35, Lemma 14], we obtain the following result.
Lemma 5.2. The map 5. o . satisfies the following limit

lim B.(®:(y)) =y, uniformly iny € A . (5.1)
e—0t+

Lemma 5.3. Let ¢, — 07 and {u,}, C A%, satisfy Z., (u,) — cv,, as n — oo. Then there
exists a sequence {Gn}n C RN such that the sequence v,, = Up (- + Un) has a subsequence which
strongly converges in W. Furthermore, up to a subsequence, y, = €jp, — y € M .

Proof. Since (Z! (un),up) = 0 and Z.,, (u,) — cz,, we can see that {u,}, is a bounded sequence
in W. Indeed, by (g3) — (i1), we have

1, 11 , 1,
Ié-?n (un) = Isn (un) - ?q(zen (un)’un> = (1; - ?q)”unuzwssm(RN) + 27q||un||Z7WS’q(RN)
1 1 1 1
+3 [ [ Glen )] (Zoter. mn()a(a) = Glerwa(w) o = 5,
RN
Therefore
lim sup [|up[fw. < 2qcz,. (5.2)
n—oo

By conditions (Z1) and (Z2), we obtain that

1
[ullwsp @y < min{l, Vo}7[lullw. . (5.3)
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Together with the continuous embedding W., — W*P(RY), we get that {u,}, is bounded in
W.
Next, we claim that there exist a sequence {f,}, C RY and constants R,§ > 0 such that

lim inf/ |up|tdx > § > 0. (5.4)
Br(in)

n—-+o0o

Suppose to the contrary, that for every R > 0, we deduce that

lim sup / |u,|%dx = 0.
N0 yerN JBr(y)

Together with Lemma 3.8, we obtain that u, — 0 in L*(R"), for every v € (p,+o0). Using
Lemma 3.1 and (5.2), we get

lim [L * G(sy,un(y))} G(ex,up(x))dx = 0.

n—00 || #
RN
Together with u,, € A7 , we have u,, — 0 in W.. Hence Z.(u,) — 0, which is impossible due to
cz, > 0. We now suppose vy, () = U, ( + Un), s0 {vn},, is bounded in W.. Therefore, we may
assume that v, = v in W, as n — oo. It follows from (5.4) that v # 0.

Let t, > 0 be such that v, := t, v, € Az, and y,, := €,Y,. Applying Lemma 4.4, for every n
there exists a unique t,, > 0 such that Z. (ty,u,) = sup;>¢Ze, (tuy,). Then ¢, u, € AZ , which
yields t,, = 1, due to u,, € A%, . Therefore, sup;qZ., (tu,) = I, (u,). By the change of variable
z = & + Yn, we deduce that -

- 1 1 . 1 - -
czy < Ez,(Uy) = ZZHU”HZmWS*”(RN) + 6”””‘|%07Ws,q(RN) - /]RN [W * F(0n(y)) | F(On(z))dx
1 1

< ];|’1~)n‘|go7ws,p(RN) + g”ﬁn||%07ws,q(RN)
1 -
- / [— * G(eny + Yn, vn(y))} G(enx + Yn, vp(z))dx
RN L|z|#

= Ien (tnun) < Isn (un) < CZ, + On(l)
which yields £z,(v,) — cz,, as n — +00. By the fact that {0}, C A%, and (f3), we can pick
Cy > 0 such that ||t 4, < C1, for every n € N. In addition, since v,, /> 0 in W, there exists
C; > 0 such that an||Z0 >y > 0, for every n € N. Therefore,

éltn < ”tnUnHZO,W = ||77n||ZO,W <G

which yields ¢, < %, for every n € N. Consequently, going to a subsequence if necessary, we
1

suppose that t, — to > 0 and 0, — ¥ := tpv Z 0 in W and 0, — 0 a.e. in RN, If tg = 0, then
Op, — 0 in W. Therefore £z,(0) — 0, which is impossible since cz, > 0, so we get that to > 0.
Arguing as Proposition 3.1, we obtain £ (7) = 0.

In the sequel, we shall prove that

i il = 152030 (5.5)

Invoking the Fatou lemma, we can deduce

H{)HZO,W < hﬁgg}f ”f}nHZO,W‘ (5.6)
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Assume to the contrary, that
191 2 < limsup [|9n | 2, 1 -
n—oo

In such a case we would get

- 1 .
czo + 0n(1) = Ez,(0n) — ?q<g/ZO (Un), On)

R N 1

= (= g 1z ey + 5 1901, ey

w5 [ [ )] (5760, - P ) da

and, by (f3) and the Fatou lemma, we would have
1

1
¢z0 2 Timsup [(— = ) [0l woaeny + 5o 17015, oo |
n——+00 P 2(] 0, 4 (RY) 2q 0,W54(RN)

+ L lim inf /RN [i * F(vn(y))} (;f(ﬁn)ﬁn - F(f)n)> dz

n—-+oo ‘gj|
1 1.
> (5 = o 100G, ) + 5 1912, ey
1 1 - | RN -
w5 [ L Fow)] (@0~ F@) ) aa

— () - 21(16’20 (3)(3) = E2,(7) > ¢z,

which is a contradiction. Therefore, w, — w in W and (5.5) implies 9,, — ¥ in W. Moreover,
v, — v in W, as n — 4o0.

In order to complete the proof of this lemma, we explore y, = &,y,. We claim that {y,}n
allows a subsequence, still denoted the same, such that y,, — yg, for some yg € .# . In the sequel,
we have to verify that the following two claims hold.

Claim 1. {y,}, is bounded.

We shall argue by contradiction. Assume that, up to a subsequence, |y,| — oo, as n — oo.
Since <I’ (un),up) = 0 and Z, (u,) — cy,, by Lemma 3.7, we can infer that there exists

Co € (0, ) such that

z |u * G (ey,up)| < Co.
Fixed R > 0 such that A C Br (0), and assume that |y,| > 2R. Therefore,
len® + yn| > |yn| — lenz| > R for every x € Bz (0). (5.7)

Note that u,, € 4, , so we have

1
[l ey + Il sy < Il + i lGyns = / [W*G(sy,un)}g@n:c,un)undx.
RN

Using the change of variables z — x + ¢, and y — y + g, we get

HUHHZmWS,p(RN) + an||%07W5,q(RN) = ||un”€[/;:z;n (RN) + ||un”(‘1;[/;gn (RN)

g/[l*G(ey,un)}g(anagun)undx

|[#
RN
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1
- / [W * G(Ey + Yn, Un):|g(5n$ + Yn, U”)U”dx'

By (5.7), the definition of g, f(t) < %)tp_l, Cy € (O,%O) ,Un — v in W., the Dominated
Convergence Theorem, we have that

HUNHZO,W&P(RN) + ”vn”qZO,Ws,q(RN) < O/R 9 (EnT + Yn, vn)Updax

< AO/ f(vn)vndl' + OO/ f (Un) vpdT
B R (0)

B (0)

1
<1 / Zo([vnl? + [oal?)dz + 0, (1)
2 B r (0)

which gives
||Un||207ws,p(RN) + ||vn||%0,ws,q(RN) =0, (1).
Therefore, we have that {y,}, is bounded in RV,

Claim 2. yg € 4.

By Claim 1, up to a subsequence, we can suppose that 1, — yo. Once yo ¢ 2, which implies
the closure of €2, we can argue as above to get v, — 0 in W, which is impossible. Therefore,
we obtain yo € Q. Now, suppose by contradiction that Z (yo) > Zg, then by using @, — v in W
and the Fatou lemma, we can deduce that

I L -
Cz, = 5Z0 (1}) < lim inf [];HUn”go,WS'p(RN) + QH’UTLH(IZO’VVS,Q(RN)

- ;/RN <|;‘M " F(f)@)F(ﬁn)dx}

<liminfZ,, (tyu,) < liminfZ., (u,) = ¢z,
n—o00 n—00

which is impossible. Therefore, Z (yo) = Zy and yo € Q. Thanks to (Z3), yo ¢ 0, and thus
Yo € A . This completes the proof of Lemma 5.3. O

Let h(e) be any positive function satisfying h(e) — 0, as € — 0. Define
N ={u e N :T.(u) < czgy+ h(e)}.

For any y € .#, we deduce from Lemma 5.1 that h (¢) = |Z. (®- (y)) — cz,| — 0, as € — 0. Thus,
O, (y) € Az and A # ¢ for every € > 0.

Lemma 5.4. (see Thin [35, Lemma 16]) For every ¢ > 0,
lim sup dist(8:(u),.#5) = 0.

T
e—0 weN,

Lemma 5.5. Suppose that conditions (Z1) — (22) and (f1) — (f5) hold and denote by v, a
nontrivial nonnegative solution in RN of

(_A)i\//snn + (=A)50n + Zn(@(’“ﬂgi%n + |Un‘q72nn) = [|2| ™"« F(on)]g(enz + ndn, 0n),
(5.8)
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where Zy(x) = Z(enx + enn) and enfn, — y € A . Then, if (v,)y, is a bounded sequence in W
satisfying
N/(N-s) ﬂ*DS/ (V=)

ﬁWSP(RN) T, with 0 < B* < Ok

tnsup | |

for a suitable constant ¢ > 1 and if v, — v in W, then each v, € L¥(RYN) and there evists
C > 0 such that ||oy || oo wny < C for every n. Moreover,
lim v,(x) =0, wuniformly inn.
|z|—o00
Proof. In view of Z,, (u,) < ¢z, + h(e), with h(e) — 0, as n — co. We argue as in the proof of
Lemma 5.4 to show that Z(e,)(u,) — cz,. Then by Lemma 5.3, there exists {7,} € RY such
that v, = uy, (- +9y) strongly converges in W and &,9,, — yo € 4. By the boundedness of {v, },
in W, we can proceed as in the proof of Lemma 3.7 to obtain that there exists Cy > 0 such that
1
W * G(Enx + Eny, Un) < C()
x
Repeating the same Moser iteration argument developed in the proof of Liang et al. [24, Lemma
5.5], we have that [|v,||fec@y) < C for every n € N. Now, we note that v, satisfies problem
(5.8).
Using Ambrosio and Radulescu [7, Corollary 2.1 | and the fact that v,, is uniformly bounded
in L>®(RY)NW, we can conclude that v, (z) — 0 as |#| — oo uniformly in n € N. This completes
the proof of Lemma 5.5. O

Proof of Theorem 1.1. Using the similar arguments to the proof of Ambrosio [3, Theorem 5.2]
and [2, Theorem 1.1]. We define a. : .# — S, by setting a. (y) = m- ! (® (y)) for every £ > 0.
Applying Lemma 5.1 and the definition of ®., we obtain that

lim 9. (e (v)) = im Z; (P, (y)) = cz,, uniformly in y € Z.
e—0 e—0

Therefore, there exists & > 0 such that S; := {w € S. : Y. (w) < cz, + h(e)} # ¢, for every

€ (0,€). With the aid of Lemma 4.4-(i4i), Lemma 5.1 and Lemma 5.4, for every § > 0, there
exists € = €5 > 0 such that the diagram of continuous mappings

~ -1 ~
MY NS SN My =250

is well-defined, for every ¢ € (0,£). Invoke Lemma 5.2 and take a function w (e,y) with
| (e,y)| < g uniformly in y € #, for every € € (0,€) such that 5. (P (y)) = y + w (e,v),
for every y € .. Therefore, we obtain that F (t,y) = y+ (1 — t) w (¢, y) with (¢,y) € [0,1] x A
is a homotopy between . o . = (5. o m.) o a. and the inclusion map id:.# — .#s. Together
with [4, Lemma 6.3.21], we obtain that

cats_ (SNE) > cat gy, (M) . (5.9)

In what follows, we choose a function h (¢) > 0 such that i (¢) — 0, as ¢ — 0 and such that
¢z, + h (€) is not a critical level for Z.. From Lemma 4.8, we see that Z. satisfies the Palais-Smale
condition in S, as ¢ > 0. Invoking Ambrosio [4, Theorem 6.3.20], we get that 1. has at least
cats_ (S.) critical points on S.. Consequently, by Lemma 4.5 and (5.9), we deduce that Z, has at
least cat 4, (.#) critical points.

Let u., be a solution of problem (Q., ), then v, (z) = u., (r+3y) is also a solution of problem
(5.8). Moreover, there exists v € W, such that, up to a subsequence, v, — v in W and
Yn = EnUn — Y € A by Lemma 5.3.



30

We claim that there exists § > 0 such that ||v, || ®RN) = §, for every n large enough. In fact,
(5.4) in the proof of Lemma 5.3 implies

™

s N/s
0<5 < [ loulde < 1B, O)oal L) (5.10)

B)(0)

_ s/N
for every n large enough. Therefore, we choose § = (%) . Applying the fact that v, — v

in W, we have | l|im v, (2) = 0, uniformly in n by Lemma 5.5.
T|—0o0

Let g, be a global maximum point of v,. Invoking Lemma 5.5, we see that there exists R > (
such that |q,| < R, for every n. Consequently, the maximum point of u., is denoted by 3., =
n + Un. Furthermore, problem (Q) possesses a nontrivial nonnegative solution w.(z) = u.(x/¢c).
Therefore, the maximum points (. of w. and 3. of u. satisfy (. = €3.. We see that

lim Z(¢.) = lim Z(enje,) = Zo.
n—oo

e—0t

This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. We know that w.(z) = u-(z/e) is a nontrivial nonnegative solution of
problem (Q). Set

Oc, = We, (En - +Ne,) = Ue, (- + 3e,,)-
Therefore, Lemma 5.3 yields that (v., ), — b in W and v is a ground state solution of the
following equation

(—A)pu+ (~A); + Zo([uf" 20+ [uft%u) = [|o| ™ + F(u(y))| f(u) in RY.
This completes the proof of Theorem 1.2. O
Proofs of Corollaries 1.8 and 1.4. Apply a similar discussion as in Liang et al. [24]. O
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