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Abstract

Let G be a connected graph and X C V(). By definition, two vertices u and v are
X-visible in G if there exists a shortest u, v-path with all internal vertices being outside of
the set X'. The largest size of X such that any two vertices of G (resp. any two vertices from
X) are X-visible is the total mutual-visibility number (resp. the mutual-visibility number)
of G.

In this paper, we determine the total mutual-visibility number of Kneser graphs, bi-
partite Kneser graphs, and Johnson graphs. The formulas proved for Kneser, and bipartite
Kneser graphs are related to the size of transversal-critical uniform hypergraphs, while the
total mutual-visibility number of Johnson graphs is equal to a hypergraph Turdn number.
Exact values or estimations for the mutual-visibility number over these graph classes are
also established.
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1 Introduction

Several studies have been conducted to address network visibility problems, both from
theoretical and practical points of view. From the practical perspective, many papers focus

on robot navigation problems (see, e.g., [1, 5, 12, 24]). From the theoretical perspective, the
mutual-visibility notion in graphs was proposed by Di Stefano [13] and then investigated
in several graph classes [2, 6, 7, 9, 10, 19]. As a natural extension, Cicerone et al. [5]

proposed the notion of total mutual-visibility to provide a “visibility” property to all the
network nodes instead of only the nodes where robots are located. Total mutual-visibility
sets have been investigated recently in product graphs [20, 26] and Hamming graphs [4]. It
is also shown that both the mutual-visibility number and the total mutual-visibility number
are NP-complete to compute in general [8, 13]. Very recently, some new variants of the
mutual-visibility notion were defined and discussed for different graph classes [3, 8, 11].

For a connected graph G with vertex set V(G) and edge set E(G), let X be a subset
of V(G). Two vertices u and v from V' (G) are X-visible if there exists a shortest u, v-path
such that no internal vertex belongs to X'. That is, u and v are X-visible if there exists a
shortest u, v-path P in G such that V(P) N X C {u,v}. If any two vertices from X are
X-visible then the set X is a mutual-visibility set, while if any two vertices from V(G) are
X-visible, then the set X is a total mutual-visibility set in G. The cardinality of a largest
mutual-visibility (resp. total mutual-visibility) set in G is defined to be the mutual-visibility
number (resp. total mutual-visibility number), 11(G) (resp. pt(G)), of G. By definition,
1(G) > ut(G) holds for every (connected) graph G.

It has been proved that the mutual-visibility problems are connected to several classical
combinatorial problems which are extremely difficult to solve. To determine the mutual-
visibility numbers for Cartesian products of two complete graphs is equivalent to the fa-
mous problem of Zarankievicz [9]. The total mutual-visibility number of Hamming graphs
and line graphs of complete graphs can be expressed as Turdn numbers for graphs or hy-
pergraphs [4, 11].

In this manuscript, we prove exact formulas for the total mutual-visibility numbers of
Kneser graphs, bipartite Kneser graphs, and Johnson graphs. For Kneser and bipartite
Kneser graphs, these formulas show a direct connection to the minimum size of covering
designs. For Johnson graphs, we prove that p(G) equals a hypergraph Turdn number.
Along the way, we also obtain exact values or estimations for the mutual-visibility number
over these graph classes.

1.1 Terminology

This paper considers only simple undirected graphs that are connected. The distance be-
tween two vertices u,v € V(G), denoted by dist(u, v), is the length of a shortest path
between u and v. The maximum distance between any two vertices in G is the diameter of
G and is denoted by diam(G). Throughout the paper, [n] stands for the set {1,...,n} for
every positive integer n. For graph theory concepts not defined here, we refer the reader to
the book [29].

A hypergraph H is a set system over the underlying vertex set V(#H). We assume, as
usual, that the edge set £(#) does not contain the empty set that is £(#) C 2% \ {§}.
A hypergraph is k-uniform, if every (hyper)edge e € E(#H) consists of exactly k vertices.
Then 2-uniform hypergraphs correspond to graphs without loops. A k-uniform hypergraph
is often called a k-graph, while an edge e € E(H) is a k-edge if |e| = k. The degree of
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a vertex v € V(H) is the number of edges incident to v, and v is called an isolated vertex
(isolate) if its degree is 0. For a set Y C V(H), the induced subhypergraph contains those
edges of H that are fully contained in Y.

AsetT C V(H) is a transversal in H if e N T # () for every edge e € E(H). The
minimum cardinality of a transversal is the transversal number () of the hypergraph.!

Let n and k be integers such that n > k > 1. The Kneser graph KG(n, k) is the graph
with vertices representing the k-subsets of the ground set [n], and where two vertices A
and B are adjacent if and only if A N B = () holds for the corresponding sets. Formally,
the vertex setis V(K G(n, k)) = (7)) and the edge set is

E(KG(n,k)) ={{A,B}: A,B € V(KG(n,k)) and AN B = (}.

This family of graphs was introduced in 1955 by M. Kneser. If n < 2k, then KG(n, k)
consists of (2) isolated vertices, and if n = 2k, then K G(n, k) is the union of disjoint
copies of K. Moreover, KG(n, 1) is the complete graph on n vertices. In this paper, we
consider only connected Kneser graphs. Thus, to avoid some trivial cases, we assume that
n > 2k + 1 and k > 2 for a Kneser graph KG(n, k).

The vertex set of a bipartite Kneser graph H (n, k) consists of vertices representing the
k-element and (n — k)-element subsets of the ground set [n]. Two vertices w and v are
adjacent if one of the represented sets is a subset of the other. By definition, H(n, k) is
bipartite for every n > 2k > 2. The partite classes correspond to (") and ( }), respec-
tively. As H(n,k) = H(n,n — k) and H(2k, k) consists of k copies of K>-components,
we will assume n > 2k + 1 > 5 while studying mutual-visibility problems in bipartite
Kneser graphs.

The Johnson graph J(n, k) is the graph with vertex set consisting of all the k-subsets
of the ground set [n] and the edge set is

E(J(n,k)) ={{A,B}: A, Be V(J(n,k))and |ANB| =k — 1}.

Observe that, by definition, J(n, 2) corresponds to the line graph of the complete graph K,,.
It is well-known that J(n, k) is isomorphic to J(n, n — k) and that .J(n, 1) is isomorphic to
the complete graph on n vertices. To avoid these cases, in this paper, we deal with Johnson
graphs J(n, k) where n > k + 2 > 4.

When we consider a graph G that is a Kneser, bipartite Kneser, or a Johnson graph,
the vertices will be denoted by italic capital letters, and the same notation will be used for
a vertex of G and the represented subset of [n]. For a subset S C V(G), we define the
underlying hypergraph F(S) on the ground set [n] that contains edges corresponding to
the sets represented by the vertices in S. That is, if G and S C V(QG) are given,

E(F(S)={SCn]:SeS).

If G is a Kneser graph KG(n, k) or a Johnson graph J(n, k), then F(S) is a k-graph
for every nonempty vertex set S.

Turdn-type problems form a central area in extremal graph and hypergraph theory. Typ-
ically, in a hypergraph Turdn problem two integers n, k and a k-graph F are given. We
want to determine the maximum number of edges in a k-graph H on an n-element vertex

ITransversals are often called vertex covers, especially in the context of graphs. However, in this paper, we
use the term “cover” in a different sense (as a subset relation between sets) and keep the term “transversal” as
defined here.
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(@) (b)

Figure 1: Figure (a) shows the subgraph of K(7,3) induced by S = {A, B,C, D} where
vertices A, B, C, D represent the sets {1,2,3},{1,2,4},{4,5,6},{5,6, 7}, respectively.
In figure (b) the underlying hypergraph F(S) is depicted where E(F(S)) = {A, B,C, D}.

set such that H contains no subhypergraph isomorphic to /. This maximum number is
denoted by exy(n, F). If k = 2 and F is a graph, we omit the index 2 and write simply
ex(n, F). Most of the hypergraph Turédn problems seem extremely difficult. Even the tight
asymptotics for exy(n, F) as n — oo might be hard to identify. For more results on the
subject, we refer the reader to [18] and [14, Chapter 5].

For three positive integers with n > k > t, an (n, k,t) covering design is a pair
(X, B), where X is a set of n elements and B is a collection of k-element subsets of X
(blocks) such that every ¢-element subset of X is a subset of at least one block from B. The
minimum number of blocks that may occur in an (n, k, t) covering design is the covering
number C(n, k,t). By double-countation, we obtain that (¥)C/(n,k,t) > () is always
true. Further, this inequality holds with equality if and only if a Steiner system S(¢, &k, n)
exists (see [16]). This fact shows that determining the values C(n, k,t) is a challenging
problem in general. If (X, B) is an (n, k, t) covering design and H = (X, B°) is the (n—k)-
uniform hypergraph containing the complements of the blocks B € B, then no t-element
subset of X intersects every edge of H. Then, we have 7(H) > t. As this implication also
holds in the other direction, we may conclude that C'(n,n — k, t) is the minimum number
of edges in a k-uniform hypergraph with n vertices and transversal number ¢ + 1. This
correlation was first remarked by D.B. West (see Chapter 7.1 in [17]).

1.2 Results and structure of the paper

We start our study in Section 2 by proving a lemma on the values of the covering number
C(n, k, t) under specific conditions.

In Section 3, the total mutual-visibility numbers of Kneser graphs K G(n, k) are deter-
mined. While we prove explicit formulas in terms of n and k for the cases whenn < 3k—1
or 2k? < n, the formula for the middle range contains the constant C'(n,n — k, 2k — 1).

In Section 4, we determine the mutual-visibility number of KG(n, k) forn > 7k — 5
and estimate the value for the remaining cases.
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In Section 5, the total mutual-visibility numbers of bipartite Kneser graphs H (n, k) are
determined. We also provide a lower bound for the mutual-visibility number p(H (n, k)).

Section 6 is devoted to the study of Johnson graphs. The main theorem establishes
equality between p (J(n, k)) and a hypergraph Turdn number for all nontrivial cases. The
exact mutual-visibility number is proved for J(n,2), and it is shown that u(J(n,k)) is
sandwiched between two Turdn numbers in general.

In the last section, we answer a question from the recent manuscript [ 1 1] by determining
the exact values for the mutual-visibility numbers of Kneser graphs K G(n, 2). Further, we
give some remarks and formulate open problems related to the topic of this paper.

2 A lemma on the covering number

As a preparation for the proofs in Sections 3 and 4, here we mainly study the covering
number. First, we prove a short technical lemma.

Lemma 2.1. If n and k are two positive integers and k < n < 2k, then

(1) =2 ("")

Proof. The condition 2k > n implies "+ > 2 and hence,

ny n n—1 > 9 n—1
k)] n—k k k
holds. O

Now, we concentrate on the covering numbers given in the form C(n,n — k, 2k — 1).
To avoid trivial or non-defined cases, we will assume that n > 3k and & > 2. Under these
conditions, to simplify our notation, we set

C*(n, k) =C(n,n—k,2k — 1)

that is the minimum number of edges in a k-uniform hypergraph of order n with transversal
number 2k. Recall that 7(7{) denotes the transversal number of hypergraph .

Lemma 2.2. Let n and k be integers.
() Ifk > 2andn > 2k?, then C*(n, k) = 2k.
(ii) Ifk > 3 andn > Tk — 5, then C*(n, k) < 2 (**.°%) + 6.
(i) Ifk > 2 andn > 2k* + k, then C(n,n — k,2k) = 2k + 1.

Proof. To prove (i), we note that having 7 = 2k needs at least 2k edges. Thus, C*(n, k) >
2k. Moreover, the condition n > 2k? allows us to construct a k-uniform hypergraph on n
vertices with 2k pairwise disjoint edges. As its transversal number equals 2k, the minimum
number of edges in such a hypergraph is at most 2k. Therefore, C*(n, k) = 2k.

To prove (ii) we consider a hypergraph H,, ;, built from the following types of compo-
nents.
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* A k-uniform generalized triangle "Hgk) has ngk) =k+ fg] vertices partitioned into
three sets V7, Vo, V3 such that [Vi| = [£] and [Va| = V3] = [£]. If k is even, we
simply put

EHM) = (Vi UVa, Vi UVs, Va U W3},

If k is odd, we specify a vertex 3 € V3 and replace the edge V5 U V3 with the k-edge
Vo U (V5 \ {x3}) in the definition of E(’Hgk)). Then, ”Hgk) has mgk) = 3 edges and
r(?—tﬁ’“)) = 2forall k > 2.

e A complete k£ uniform hypergraph ICg;)_S is defined on 2k — 3 vertices such that all

k-element subsets of the vertex set are hyperedges in ICS,ZS. Then, the size of this

hypergraph is mék) = (%k._ 3) and

K ) =@k—3)—(k—1)=k—2.

Now, to define the hypergraph H,, i, take two disjoint copies of ’Hgk) and two disjoint
copies of ICSZ)%. They together cover

2<k:+ B-D—&-Q(2k—3)§7k—5

vertices. The remaining vertices (if any) remain isolates. The transversal number of H,, j,
is
T(Hnk) =2-24+2(k—2) =2k

By definition of the covering number, we may conclude that

2k -3
C*(n, k) < |[E(Hni)| =2 ( I ) + 6.

The proof for part (iii) is similar to that for (i). Since C'(n,n — k, 2k) is the minimum
number of edges in a k-uniform hypergraph on n vertices having transversal number at
least 2k + 1, at least 2k + 1 edges are needed. On the other hand, n > 2k? + k vertices are
enough to take 2k + 1 pairwise vertex-disjoint k-edges and achieve 7 > 2k + 1. O

3 Total mutual-visibility in Kneser graphs

The main result of this section is Theorem 3.2 that determines the total mutual-visibility
number of Kneser graphs for all nontrivial cases. In its proof, we will use the following
lemma.

Lemma 3.1. Let X be a set of vertices of the Kneser graph KG(n,k) and X =
V(KG(n,k)) \ X. For every n > 3k — 1, the set X is a total mutual-visibility set in

KG(n, k) ifand only if T(F(X)) > 2k.

Proof. Ifn > 3k —1, then diam(K G (n, k)) = 2 (see [28]). Suppose first that 7(F (X)) >
2k and consider two arbitrary vertices A, B from the Kneser graph G = KG(n, k). If A
and B are adjacent, they are X'-visible. Otherwise dist(A, B) = 2, and the k-sets A and B

are intersecting. Thus |[AU B| < 2k — 1 < 7(F(X)), and the set A U B cannot intersect
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all edges of F(X). Let us choose such an edge Y with Y N (AU B) = () from F(X). The
corresponding vertex Y belongs to X in G. As we have Y N A =Y N B = (), the vertex
Y is a common neighbor of A and B. We conclude that A and B are X-visible, and hence,
X is a total mutual-visibility set in G.

To prove the other direction, we suppose that 7(F (X)) < 2k — 1. Let us choose 2k — 1
elements, say a1, ..., ax—1,b1,...,bg_1, c, from the ground set [n] such that they together
intersect all edges of F(X'). Consider the two nonadjacent vertices of GG corresponding to
the sets A = {ay,...,ax_1,c} and B = {by,...,bx_1,c}. Since A U B intersects every
k-edge from F(X), the vertices A and B in G have no common neighbor from X. As
dist(A, B) = 2 in G, we may conclude that A and B are not X-visible and, therefore X is
not a total mutual-visibility set. O

Theorem 3.2. If n and k are integers such thatn > 2k + 1 and k > 2, then

0 if2k+1<n<3k—1,
e (KG(n, k) =< (3) — C*(n,k) if 3k <n < 2k? —1,
(}) — 2k if 2k2 < n.

Proof. First, suppose that 2k +1 < n < 3k — 1 and a total mutual-visibility set X in
G = KG(n,k) contains at least one vertex A. Let A denote the (n — k)-element set
[n]\ A. As k+1 < |A| < 2k — 1, we can always find two k-element subsets B and C such
that BNC # () and BUC = A. The corresponding vertices B and C' are nonadjacent in G,
and only vertex A is adjacent to both. Consequently, BAC' is the unique shortest B, C-path
in G. Since A € X, the vertices B and C are not X-visible, and X is not a total mutual
visibility set in G. This contradiction proves i (G) = 0 for the range 2k+1 < n < 3k—1.

Now, suppose that n > 3k. By Lemma 3.1, 7(F(X)) > 2k is exactly the property
expected from the k-graph F(X) to ensure that X is a total mutual-visibility set. Thus
C*(n, k) is the minimum number of k-edges in F(X) that is the minimum number of
vertices in X when X is a total mutual-visibility set in G. Therefore 114(G) = (}) —
C*(n, k), if n > 3k.

As 2k* > 3k, the formula ¢ (G) = () — C*(n, k) remains valid under the condition
n > 2k?. Moreover, in this case we have C*(n, k) = 2k according to Lemma 2.2(i). This
finishes the proof of the theorem. O

4 Mutual-visibility number of Kneser graphs

Here we study the mutual-visibility number of Kneser graphs. Theorem 4.1 shows that
w(KG(n,k)) equals put(KG(n,k)) if n > 7k — 5, while Proposition 4.2 states a lower
bound for the range 2.5k < n < 7k — 4.

Theorem 4.1. If n and k are two integers such that n > 7k — 5 and k > 2, then

n

(6. 0) = () = (o)
In particular, if n > 2k? and k > 2, then

W(KG(n,k)) = (Z) — 2k,
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Proof. Since u(KG(n,k)) > p(KG(n,k)) holds by definition, Theorem 3.2 directly
implies ;«(KG(n,k)) > (}) — C*(n, k) whenn > Tk — 5 > 3k. Therefore, it is enough
to prove that u(KG(n,k)) < (3) — C*(n, k) when n > 7k — 5.

Let k and n be integers so that n > 7k — 5 and denote the graph K G(n, k) by G.
Recall that diam(G) = 2 under the given conditions. Suppose for a contradiction that X’ is
a mutual-visibility set in G and [X| < C*(n, k) — 1. It follows that 7(F (X)) < 2k —1. By
Lemma 2.2(ii), if £ > 3, the number of k-edges in F (?) that is denoted by m and equals

|X|, satisfies
2k —
m <2 ( 1 3) + 5.

Our aim is to find two k-element subsets A and B of [n] such that
(x) A,B ¢ E(F(X)), A intersects B, and A U B is a transversal in F(X).

Then, in the graph G, the vertices A and B belong to X and have no common neighbor in
X. As A and B are nonadjacent and diam(G) = 2, there is no shortest A, B-path to ensure
the mutual-visibility. This will give the contradiction and proves that | X| > C*(n, k) when
X is a mutual-visibility set in G. We consider three cases in the continuation.

Casel. k>3and7(F(X))=2k—1.

Let T be a minimum transversal in F(X’) and denote by 7 the subhypergraph induced by
T in F(X) . Then |T| = 2k — 1. By the minimality of 7, the set T\ {u} cannot be a
transversal if w € T. Equivalently, every vertex v € T is incident to a ‘private’ edge e,
from F(X) such that the intersection e,, N T contains only the vertex u. For the number of
hyperedges in 7, which is denoted by m, we therefore have

2k —3
m7—<m—(2k—1)<m—5<2< i )

To estimate the average vertex degree dr in the induced subhypergraph 7, we apply
Lemma 2.1:
- kmy 2k —3 k
dr = <2 —_—
TT -1 ( k >2k1
- 1 /2k—-1 k
2 k 2k —1
1 /2k—2
=- . 4.1
(-7 @
The upper bound implies that there exists a vertex z € T being incident to less than
L (Qkk:lz) hyperedges in 7. Consider now the pairs {A’, B’} where A’ and B’ are disjoint
(k—1)-element subsets of T\ {z}. Every (k—1)-element subset appears in exactly one such
pair and there are 1 (°*"?) pairs. By the pigeonhole principle, there exists a pair {A’, B'}
such that neither A = A’U{z} nor B = B’U{z} is an edge in T. Consequently, the k-sets
A and B are not edges in F (X)), they intersect in z, and the union ' = AUB is a transversal

in F(X). We may infer that A and B satisfy (x) and the corresponding vertices A, B € X
are not X-visible in G. This contradiction proves u(KG(n, k)) < () — C*(n, k).
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Case2. k> 3and7(F(X)) <2k—2.

First, suppose that there is an isolated vertex z in F(X). Then there exists a (not necessarily
minimum) transversal 7" in F (X)) such that |T'| = 2k — 2 and z ¢ T. For an arbitrary
(k—1)-element subset A" of T" and for the complement B’ = T'\ A’, the sets A = A'U{z}
and B = B’ U {z} satisfy the three properties in (x) and give the required contradiction.
In the other case, there is no isolated vertex in F(X). Let T be an arbitrary (2k — 1)-
element transversal of this hypergraph and denote by m the number of hyperedges in the
subhypergraph 7 induced by 7. For the

n—|T| > (Tk —5) — (2k — 1) = 5k — 4 > 5(k — 1)

non-isolated vertices outside 7', we need at least 6 hyperedges to cover them all in F(X).
It implies m7 < m — 6 < 2(2’“]; 3). In the continuation, we can proceed as in Case 1;
that is, we estimate the average degree in 7 according to (4.1) and choose a vertex z € T'
of minimum degree. Considering the pairs of disjoint (k — 1)-element subsets of T'\ {z},
we may conclude that there exist k-sets A and B satisfying (x). The contradiction proves

Case3. k=2.

If £k = 2, the condition n > 7k — 5 gives n > 9 and implies n > 2k% = 8. Hence, by
Lemma 2.2(i), C*(n,2) = 4 also holds. By our supposition, X is a mutual visibility set
in G and F(X) contains m < C*(n,2) — 1 = 3 edges. Asn > 9, there exist isolated
vertices. If 7(F(X)) = 3, then we have three vertex-disjoint hyperedges in F(X) and,
for a minimum transversal 7', it is easy to choose two 2-element sets A C T'and B C T
satisfying (). If 7(F(X)) < 2, we take a 2-element transversal {a, b} and a third vertex
c that is isolated in F(X). The sets A = {a,c}, B = {b,c} satisfy (x). This gives the
desired contradiction and proves the formula for k£ = 2.

Concerning the second part of the statement, if £ > 3 and n > 2k2 thenn > 7k —5
also holds. Thus the formula u(KG(n, k) = (}) — C*(n, k) and Lemma 2.2(i) directly
imply (K G(n, k)) = (}) — 2k. The same is true if k = 2 and n > 9. The only remaining
case is the graph K'(G(8, 2). Here, a mutual-visibility set X’ with more than (g) — 4 vertices
defines the 2-uniform underlying hypergraph F(X') with n = 8 vertices and at most three
edges. As in Case 3 of the proof, it is easy to exhibit two non-edges in F(X) that satisfy
(%) and prove that X is not a mutual visibility set in K G(8, 2). O

The mutual-visibility notion is related to the general position problem in graphs. A
subset S of vertices in a connected graph G is a general position set if no triple of vertices
from S lie on a common shortest path in G. Equivalently, for every three different vertices
u,v,z € S, the strict inequality dist(u,v) + dist(v,z) > dist(u, z) holds. The general
position problem [15, 21] is to find a largest general position set of GG and the order of such
a set is the general position number gp(G). By definition, every general position set is a
mutual visibility set and therefore, 1(G) > gp(G) holds for every connected graph G.

Proposition 4.2. If n and k are integers satisfying 2.5k — 0.5 < n < Tk —5and k > 2,
then

a6 = (1 1):
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Proof. The results from [15] and [23] yield that gp(KG(n,k)) = (z:}) holds when
n > 2.5k — 0.5. Then, the relation u(KG(n,k)) > gp(KG(n,k)) directly implies the
statement. O

5 Bipartite Kneser graphs

In this section we study the total mutual-visibility number and mutual-visibility number
of bipartite Kneser graphs. Since a k-element subset S; C [n] is a subset of an (n — k)-
element subset S C [n] if and only if [n] \ Sz C [n] \ Si, bipartite Kneser graphs satisfy
the following property:

Observation 5.1. Let G be the bipartite Kneser graph H (n, k) such that the vertices in
the partite classes P; and P, represent the k-element and (n — k)-element subsets of [n],
respectively. Let ¢ be the function that assigns to each vertex S € V(H (n, k)) the vertex
S¢ which represents the complement set S¢ = [n] \ S. Then, ¢ is an automorhism of
H(n, k) that maps P; into Ps.

It follows from the observation that any property proved for P; holds for P, and vice
versa. Remark that bipartite Kneser graphs satisfy the much stronger property of symmetry
i.e., they are vertex- and edge-transitive graphs [25].

In the main result of this section, we will use again the constant C'(n, k,t) that is the
minimum size of a covering design with the given parameters.

Theorem 5.2. Ifn and k are integers such that n > 2k + 1, then

0 if2k +1<n <3k,
pe(H(n, k) = <2(7) —2C(n,n—k,2k) if3k+1<n<2k*+k,
2(3) —4k—2 if 2k% + k < n.

Proof. Consider a bipartite Kneser graph H (n, k) with parameters satisfying n > 2k + 1,
and let P; and P, denote the two partite classes of H(n, k) such that P; consists of the
vertices representing the k-element subsets of [n]. Let X be a total mutual visibility set in
H(n,k).

We first assume that n < 3k and show that X N P; = X NPy = (. Note that
n < 3k implies k + 2(n — 2k) < n and then, for every vertex A € Py, we can choose
two (n — k)-element sets By and By such that By N By = A. Vertex A is clearly the
only common neighbor of By and Bs in H(n, k). The X-visibility of B; and Bs therefore
implies A ¢ X. By Observation 5.1, we infer that the same is true for the vertices in Ps
and therefore, X' = (. It proves u,(H (n, k)) = 0 for the case n < 3k.

Assume now that n > 3k + 1 and show that the family P, N X of (n — k)-element
sets covers all (2k)-element subsets of [n]. Suppose to the contrary thatno B € Po N X
covers the (2k)-element set S C [n]. Split S into two disjoint k-sets A; and As. Since
n—k > 2k, there exist (n — k)-element subsets of [n] that cover both A; and A,. However,
by our supposition, none of the vertices corresponding to these covering sets belong to
Py N X. Equivalently, in H(n, k), dist(A;, A2) = 2 but none of the common neighbors
belong to X. This contradicts the X-visibility of A; and Ay. We infer that the (n — k)-sets
in P, N X cover all (2k)-subsets of [n] and therefore, |P2 N X| > C(n,n — k,2k). By
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Observation 5.1, [Py N X| > C(n,n — k, 2k) follows and we may conclude
pe(H(n, k) <2 (Z) —2C(n,n —k,2k).

To prove the other direction, let B be a family of (n — k)-element subsets of [n] that
cover all (2k)-element subsets. We also suppose that B is minimum that is, |B| = C(n,n—
k,2k) and use the same notation B for the set of corresponding vertices in Py. Moreover,
let

A={ACn]:[n]\ AeB}=¢(B),

where ¢ is the automorphism from Observation 5.1. We are going to prove that the vertex
set ¥ = AU B forms a total mutual-visibility set in H (n, k).

Take two vertices A; and Ao from the partite class P; of H(n.k). Since |A1UA,| < 2k,
the union is covered by an (n — k)-element set B € B. The corresponding vertex B € X'
is a common neighbor of A; and A and consequently A; and A, are X-visible. By
Observation 5.1 and by the symmetry of our definitions for .4 and B, the same is true for
any two vertices By, Bo € Ps.

The last case to check is when A € P; and B € P,. If they are adjacent, the X-
visibility follows. If they are nonadjacent vertices, the distance is at least 3 (in fact, it is
exactly 3). We may choose an arbitrary vertex Y from P; that is different from A. As we
have already seen, there exists a vertex B; € P, N X which is a common neighbor of A
and Y. Similarly, there is a vertex A; in 7, N X’ which is a common neighbor of B and
B;. We may infer that AB; A; B is a shortest A, B-path and both internal vertices belong
to X. Therefore, A and B are X-visible. It finishes the proof for X = .4 U BB being a total
mutual-visibility set in H (n, k). We may conclude that

n

p(H(n k) > | X =2 (Z) —JAUB| =2 (k> —2C(n,n — k, 2k).

This proves the desired formula for n > 3k + 1.

If n > 2k% + k, the equality py(H(n,k)) = 2(}) — 2C(n,n — k,2k) still remains
valid, and together with Lemma 2.2(iii) they yield the formula stated for the last case. [J

Concerning the mutual-visibility number of bipartite Kneser graphs, we propose two
simple lower bounds.

Proposition 5.3. Ifn and k are integers such that n > 3k + 1, then

(H(n, k)) > max { (Z) 2 (Z) —2C(n,n — k, Qk)} .

Proof. By definition, 11(G) > put(G) holds for every graph G. Theorem 5.2 then implies
w(H(n, k) > 2(3) —2C(n,n — k,2k). The inequality pu(H (n, k)) > (}) follows from
the fact that X = P; is a mutual-visibility set if n > 3k + 1. Indeed, as dist(A;, Ag) =
2 holds for every two vertices A1, As from P; = X, each shortest path between them

contains only one internal vertex, and this vertex is from Py, = X. O
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6 Johnson graphs

In this section, we determine the total mutual-visibility number and estimate the mutual
visibility number of Johnson graphs in terms of graph and hypergraph Turdn numbers.
Before stating the main results, we define the notion of k-uniform suspension. For a graph
G and an integer k > 2, the k-uniform suspension of GG, denoted by G**, is obtained from
G by taking k& — 2 new vertices and adding them to every edge of the graph. Formally, the
vertex set is V(GFT) = V(G) UY, where Y is a set of vertices with |Y| = k — 2 and
V(G)NY = . The edge set is

E(G") ={Y Ue:ec E(G)}.

In our results, we will refer to the hypergraphs Cff+ and ICZ+ which are the k-uniform
suspensions of Cy and K, respectively.> The (k + 2)-element vertex set for both of them
is given as Y U {z1, 29, 23, 24}, and the two edge sets are specified as

ECy) ={Y U {zi,zi1}} i € B} U{Y U{z,21}}, 6.1)
E(KE) ={Y U{zi,z2}} 5,5 € 4], i<j} (6.2)

The following tight asymptotic result was proved by Mubayi:
Theorem 6.1 ([22]). For every k > 2,

exp(n, ChF) = (1 + 0(1))% nh=05,

The main theorem of this section establishes a direct connection between total mutual-
visibility numbers of Johnson graphs and hypergraph Turdn numbers exy(n, Cff+). For
k = 2, the Johnson graph J(n,2) is the line graph of the complete graph K,,. Therefore,
Theorem 3.7 in [1 1] has already established the equality p(J(n,2)) = ex(n,Cy). Here
we use a different method to approach the general problem.

Theorem 6.2. It holds for every two integers n and k satisfying n > k + 2 and k > 2 that
Mt(J(nv k)) = eXk(n> CAILCJF)

Proof. Assume that X is a total mutual visibility set of maximum cardinality in J(n, k).
We first prove that the k-uniform underlying hypergraph F(X) is Cf*-free. Suppose to the
contrary that C¥* is a subhypergraph in F(X'). Naming the vertices in this subhypergraph
as in (6.1), let us consider the k-element sets A; = YU{z1, 23} and A2 = YU{z22, 24}. The
corresponding vertices A; and A, are at distance k — |Y| = 2 in J(n, k). Further, A; and
As have exactly four common neighbors in J(n, k) and these neighbors correspond to the
four edges in the subhypergraph C ff *. By the supposition, the corresponding four vertices
all belong to X" and therefore, A; and A, are not X-visible. This contradiction proves that
F(X) is C¥T-free and, since the size of X’ equals the number of edges in F(X'), we have

(0, k) = 1] < exi(n,CEF).

To prove the other direction, we suppose that F (X)) is Cfer-free and prove that every
two vertices A and B are X-visible in J(n, k). We proceed by induction on the distance of

Note that Cf+ corresponds to the complete k-partite k-graph ICYC_)” 1.9.9-
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A and B. If dist(A4, B) = 1, then the statement clearly holds. Suppose that AN B = D
holds for the corresponding k-sets and then dist(A, B) = k — | D| > 2. Let us choose four
different vertices 2,20 € A\ D and wy,ws € B\ D. Since F(X) is Ch"-free, there are
two indices ¢ and j such that A’ = A\ {z;} U {w;} is not an edge in F(X'). Then, for the
corresponding vertex, A’ ¢ X. As dist(A’, B) = dist(A, B) — 1, we can now apply the
hypothesis for A’ and B. As there is a shortest path between A’ and B such that all internal
vertices belong to X’ and A’ itself is from X', we can construct a shortest path between A
and B that contains no internal vertex from X. This proves that A and B are X'-visible and
we can conclude that X is a total mutual-visibility set if F(X) is Cff+—free.

By choosing a k-uniform Cff"'-free hypergraph with maximum number of edges, the
corresponding vertex set X’ will be a total mutual-visibility set in J(n, k). This proves
pe(J(n, k) > exp(n, C¥) and finishes the proof of the theorem. O

By Theorems 6.1 and 6.2, we may conclude the following asymptotically tight result:

Corollary 6.3. For every fixed k > 2,
1
(I (1, k) = (1+ (1)) 1 0%,

Finally, we turn to the problem of mutual-visibility in Johnson graphs. Here, we can
give an exact formula for £ = 2 and £k = n — 2 (that was proved in [1 1] with a different
approach), while establishing lower and upper bounds for the remaining cases.

Theorem 6.4. Let n and k be integers.

1) Ifk>2andn > k + 2, then

exp(n, CET) < p(J(n, k) < exp(n, KET). (6.3)
(ii) Ifn > 4, then ,
u(I0,2) = (T - 2) = || (6.4)

Proof. By definitions of the parameters, (G) > ut(G) holds for every graph G. Theo-
rem 6.2 then directly implies exy,(n, i) < u(J(n, k)).

To show the upper bound in (6.3), we prove that the k-uniform underlying hypergraph
F(X) is KT -free whenever X is a mutual visibility set in .J(n, k). Indeed, let us suppose
that F(X') contains a subhypergraph on the vertex set Y U {21, ..., 24} that is isomorphic
to ICffr. We name the vertices according to (6.2). Then, by the definition of underlying
hypergraph F(X), the vertices of J(n, k) that correspond to the k-sets Y U {z1, 22} and
Y U {z3, 24} belong to X. Their distance equals 2 and all the four common neighbors are
from X as well. Thus, the two vertices Y U {21, 22} and Y U {z3, 24} from X are not
AX-visible, and X" is not a mutual visibility set in J(n, k). We may conclude that F(X)
is Kk T -free for every mutual visibility set X’ of .J(n, k) and consequently, (J(n, k)) <
exy,(n, KEF) is valid.

To prove (6.4), we first recall the well-known facts that ex(n, K4) = |n?/3] [27] and
that J(n,2) = J(n,n — 2) holds for every n > 4. It is enough then to prove the equality
w(J(n,2)) = ex(n, Ky). As K31 is the graph Ky, part (i) provides the upper bound
w(J(n,2)) < ex(n, Ky).
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Consider a set X C V(J(n,2)) so that the 2-uniform underlying hypergraph F(X')
is Ky-free. For every two vertices A and B from X, they are either adjacent and X'-
visible or dist(A, B) = 2. In the latter case, the corresponding 2-element sets are disjoint,
say A = {a1,a2} and B = {b1,b}. Since F(X) is Ky-free, there is a 2-element set
{a;,b;} with i,j € [2] that is not an edge in F(X). Thus C = {a;,b;} is in X and
A, B are X-visible via the path ACB. Consequently, a mutual-visibility set X can be
chosen in J(n, 2) such that F(X) is an extremal K4-free graph having ex(n, K4) edges.
We conclude ex(n, Ky) < p(J(n,2)), which finishes the proof of (6.4). O

7 Conclusion

In this paper, we determined the total mutual-visibility numbers for all Kneser graphs,
bipartite Kneser graphs, and Johnson graphs. Our formulas gave easily computable values
for some ranges, but we had to include invariants from extremal combinatorics in other
cases. Computing these invariants (namely hypergraph Turdn numbers of suspensions and
covering numbers from design theory) is considered an extremely challenging problem.

We also studied the mutual-visibility numbers over these three graph classes and ob-
tained exact results for all Kneser graphs KG(n, k) withn > 7k — 5 and k > 2 (see The-
orem 4.1). For the remaining cases, we gave estimations (see Propositions 4.2, 5.3, and
Theorem 6.4), the exact determination is posed here as an open problem.

Problem 7.1. Determine the mutual visibility number of the Kneser graph KG(n, k) if
3<kand2k+1<n<T7k-—6.

Problem 7.2. Determine the mutual visibility number of the bipartite Kneser graph H (n, k)
if k>2andn > 2k + 1.

Problem 7.3. Determine the mutual visibility number of the Johnson graph H(n, k) if
k>3andn >k + 2.

For every graph G, the relation u(G) > p¢(G) holds by definition. If G satisfies
w(G) = ut(G), we call it a (u, it )-graph. Our Theorems 3.2 and 4.1 imply that all Kneser
graphs KG(n, k) with k > 2 and n > 7Tk — 5 are (u, pt)-graphs. Further, by the same
theorems, K (8, 2) is also a (u, 4 )-graph.

Cicerone et al. [8] introduced further parameters on mutual-visibility. Given a graph
G and a vertex set X', we say that X' is a dual mutual-visibility set, if every two vertices
from X and every two vertices from X are X'-visible. The maximum size of a dual mutual-
visibility set in G is the dual mutual-visibility number j14(G). Similarly, if X-visibility is
required for every two vertices u, v when at least one of them is from X, then X is an outer
mutual-visibility set and the maximum size of such a set is denoted by 1, (G). It holds by
definition that

pe(G) < pa(G) < (@) and (G < po(G) < p(G). (7.1)

It follows that the four parameters are equal for each (j, it )-graph.

As a consequence of (7.1), Theorems 3.2 and 4.1, it is easy to determine the four
mutual-visibility parameters for Kneser graphs K G(n,2) with n > 8. By doing so, we
answer a question of Cicerone ef al. posed in [ 1].

Proposition 7.4. It holds for every integer n with n > 8 that

H(KG(n,2)) = pa(KG(n,2)) = po(KG(n,2)) = ju(KG(n,2)) = (Z) -4
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