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Abstract
Given a graph G and a family of graphs F , an F-isolating set, as introduced by Caro
and Hansberg, is any set S ⊂ V (G) such that G − N [S] contains no member of F
as a subgraph. In this paper, we introduce a game in which two players with opposite
goals are together building an F-isolating set in G. Following the domination games,
Dominator (Staller) wants that the resulting F-isolating set obtained at the end of the
game, is as small (as big) as possible, which leads to the graph invariant called the
gameF-isolation number, denoted ιg(G,F).We prove that the Continuation Principle
holds in the F-isolation game, and that the difference between the game F-isolation
numbers when either Dominator or Staller starts the game is at most 1. Considering
two arbitrary families of graphs F and F ′, we find relations between them that ensure
ιg(G,F ′) ≤ ιg(G,F) for any graph G. A special focus is given on the isolation game,
which takes place when F = {K2}. We prove that ιg(G, {K2}) ≤ |V (G)|/2 for any
graphG, and conjecture that �3|V (G)|/7� is the actual (sharp) upper bound.We prove
that the isolation game on a forest whenDominator has the firstmove never lasts longer
than the one in which Staller starts the game. Finally, we prove good lower and upper
bounds on the game isolation numbers of paths Pn , which lead to the exact values
ιg(Pn, {K2}) = ⌊ 2n+2

5

⌋
when n ≡ i (mod 5) and i ∈ {1, 2, 3}.
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1 Introduction

Let G = (V , E) be a graph and F a family of graphs. A graph H is F-forbidden if
no member of F is a subgraph of H . For a vertex x ∈ V , the closed neighborhood
of x is defined by NG [x] = {v ∈ V : xv ∈ E} ∪ {x}, and if S ⊂ V , the closed
neighborhood of S is NG[S] = ∪v∈SN [v]. A set S of vertices is F-isolating if the
subgraph G − NG[S] is F-forbidden. The minimum cardinality of an F-isolating set
in a graph G is the F-isolation number of G and is denoted by ι(G,F). The concept
was introduced in 2017 by Caro and Hansberg [10], and has gained the attention of
many researchers. The F-isolation number was studied for several families F and
from different perspectives; see [1, 2, 4, 15, 17] for a short selection of such studies.

In this paper, we introduce a game counterpart of the isolation number. The idea
for the game was inspired by the domination game, introduced in 2010 by Brešar,
Klavžar and Rall [6] as a game counterpart of the domination number. Numerous
papers were devoted to the study of domination games, and several innovative proof
methods were introduced. In particular, the Imagination Strategy and the Continuation
Principle are two such important tools; see [5] and the references therein. In addition,
a special discharging method due to Bujtás [7] was developed while investigating the
domination game, and was later applied for obtaining best upper bounds for graphs
with specified minimum degree on the domination number itself [8]. Many other
variations of the domination game were introduced, each presenting a game version
of a graph invariant that may be recognized by its name: total domination game [13],
fractional domination game [9], connected domination game [3], two variants of the
paired-domination game [11, 12], and competition-independence game [16]. More
examples of such variations can be found in the book [5] surveying the domination
game and related concepts.

TheF-isolation game is played on a graphG by two players, Dominator and Staller,
who take turns choosing (playing) a vertex fromG while obeying the following rule. If
S is the set of already played vertices, then vertex x can be chosen only if it dominates
a vertex y that belongs to a component of the graph G−N [S] that is notF-forbidden.
(Recall that a vertex x dominates itself and all its neighbors.) Such a vertex x is
called playable, and a move selecting x is legal. The game ends when no playable
vertex exists. Note that when the game has ended, the set of selected vertices is an
F-isolating set. The players have opposite goals. Dominator wishes to finish the game
as fast as possible, and Staller wishes to delay the process as much as possible. The
gameF-isolation number, denoted by ιg(G,F), is the number of vertices chosenwhen
Dominator starts the game (theDominator-start game) provided that both players play
optimally. Similarly, the Staller-start game F-isolation number, written as ι′g(G,F),
is the number of vertices chosen in the game when Staller starts the game (the Staller-
start game). The Dominator-start game and the Staller-start gamewill be briefly called
the D-game and the S-game, respectively, when the family F is clear from context.

IfF = {K1}, then theF-isolation game coincides with the well-known domination
game. Thus ιg(G, {K1}) = γg(G) and ι′g(G, {K1}) = γ ′

g(G). If F = {K2}, then the
vertices not dominated by theF-isolating set form an independent set. In this case the
F-isolation number is denoted by ι(G), and we will use the notation ιg(G) instead of
ιg(G,F) and ι′g(G) instead of ι′g(G,F).
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In the next section, we consider the F-isolation game from a general perspective,
providing results in which the familyF is arbitrary. By using the Imagination Strategy
we prove that the Continuation Principle holds for allF-isolation games regardless of
the choice of F . Using this tool, we then show that |ιg(G,F)− ι′g(G,F)| ≤ 1, where
G is an arbitrary graph and F an arbitrary family of graphs. Then, we prove a simple
lower and an upper bound on the game F-isolation number of a graph G in terms
of the F-isolation number of G, and provide a certain “hereditary” condition for two
families F and F ′, which ensures that ιg(G,F ′) ≤ ιg(G,F). In Section 3, we focus
on the isolation game (that is, whenF = {K2}), and prove that ιg(G) is bounded from
above by half the order of the graph G. We conjecture that the bound can be improved
to ιg(G) ≤ � 3n(G)

7 �, where n(G) is the order of G, and present an infinite family of
graphs that attain this bound. Section 4 is devoted to the isolation game on forests. We
prove that the D-game in a forest never lasts longer than the S-game (if both players
play optimally). We also provide a lower and an upper bound on the game isolation
number of a path, where the bounds are at most 1 apart. When n ≡ i (mod 5), where
i ∈ {1, 2, 3}, we get the exact values: ιg(Pn) = ι′g(Pn) = ⌊ 2n+2

5

⌋
.

2 F -Isolation Game

In this section, we collect a number of preliminary results, most of which can be con-
sidered as extensions from the domination game to the isolation game. The proofs of
several of these results follow similar lines of reasoning as the proofs of corresponding
results for the domination game. For the sake of completeness wewill provide all these
proofs.

During the course of the game, when S is the set of selected vertices, a vertex v

is considered marked if v ∈ N [S] or v is contained in an F-forbidden component
of G − N [S]. In particular, before the game begins every vertex in an F-forbidden
component, if such a component exists, is marked. Note that a marked vertex may or
may not be playable. It is easy to see the following observation about playable vertices
during the course of the game.

Observation 2.1 When the F-isolating game is played on a graph, a vertex is not
playable if and only if its entire closed neighborhood is marked.

A partially marked graph G|A consists of a graph G with a subset A ⊆ V (G) such
that G− A does not contain anF-forbidden component. We will consider the vertices
in A as already marked. Suppose we are playing the game on a partially marked graph
G|A. During the course of the game, after each move we will update the set of marked
vertices M where initially M = A. Suppose x is a playable vertex in G|M . Let

U = {t : t is a vertex in an F-forbidden component of G − (M ∪ N [x])},

and let M ′ = M ∪U ∪ N [x]. If a player selects the vertex x when the game is played
onG|M , thenG|M ′ is the updated partially marked graph. The game ends when every
vertex in G is marked.
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One of the main tools in analyzing the domination game is the Continuation Prin-
ciple [14]. In the next result we show that this principle extends to the F-isolation
game.

Lemma 2.2 (Continuation Principle) If G is a graph and A, B ⊆ V (G) with B ⊆
A, then ιg(G|A,F) ≤ ιg(G|B,F) and ι′g(G|A,F) ≤ ι′g(G|B,F), where F is an
arbitrary family of graphs.

Proof Two games will be played in parallel, Game A on the partially marked graph
G|A and Game B on the partially marked graph G|B. The first of these will be the real
game, while Game B will be imagined by Dominator. In Game A, Staller will play
optimally while in Game B, Dominator will play optimally.

We claim that in each stage of the games, the set of vertices that are marked in
Game B is a subset of the set of vertices that are marked in Game A. Since B ⊆ A,
this is true at the start of the games. Suppose now that Staller has (optimally) selected
a vertex u in Game A. Then by the induction assumption, the vertex u is playable
in Game B because a new vertex v that was dominated by u in Game A, is not yet
marked in Game B as well. Then Dominator copies the move of Staller by playing the
vertex u in Game B. Dominator then replies with an optimal move selecting vertex x
in Game B. (In particular, if the D-game is being played and this is the first move in
the game, then Dominator will choose an optimal move in Game B.) If x is playable
in Game A, Dominator plays x in Game A as well. Otherwise, if the game is not yet
over, Dominator selects any other playable vertex in Game A. In either case the set of
marked vertices in Game B is a subset of the set of marked vertices in Game A which
by induction also proves the claim.

We have thus proved that Game A finishes no later than Game B. Suppose that
Game B lasted r moves. Because Dominator was playing optimally in Game B, it
follows that r ≤ ιg(G|B,F). On the other hand, because Staller was playing optimally
in Game A and Dominator has a strategy to finish the game in r moves, we infer that
ιg(G|A,F) ≤ r . Therefore, ιg(G|A,F) ≤ r ≤ ιg(G|B,F) and we are done if
Dominator is the first to play. Note that in the above argument we did not assume who
starts first, hence in both cases Game A will finish no later than Game B. Hence the
conclusion holds for ι′g as well; that is, ι′g(G|A,F) ≤ ι′g(G|B,F). ��

As a consequence of the Continuation Principle, whenever x and y are playable
vertices for Dominator in the F-isolation game and N [x] ⊆ N [y], we may assume
that Dominator will play y instead of x , since any newly marked vertex as a result of
playing x will also be marked as a result of playing y. For a similar reason, if it was
Staller’s turn, we may assume that Staller will play x instead of y.

Theorem 2.3 Foranarbitrary graphG andanarbitrary familyF , wehave |ιg(G,F)−
ι′g(G,F)| ≤ 1.

Proof Consider the D-game on G and let v be the first move of Dominator. Let A
be the set of marked vertices of G after v is played, and let B = ∅. Consider the
partially marked graph G|A, and note that G|B = G. Since v is an optimal first move
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of Dominator, we note further that ιg(G,F) = 1 + ι′g(G|A,F). By the Continuation
Principle, ι′g(G|A,F) ≤ ι′g(G|B,F) = ι′g(G,F). Therefore,

ιg(G,F) = ι′g(G|A,F) + 1 ≤ ι′g(G,F) + 1 .

By a parallel argument, consider the S-game and let v be the first move of Staller. As
before, let A be the set of marked vertices of G after v is played by Staller and B = ∅.
Since v is an optimal first move of Staller, we note that ι′g(G,F) = 1 + ιg(G|A,F).
By the Continuation Principle, ιg(G|A,F) ≤ ιg(G|B,F) = ιg(G,F), implying that

ι′g(G,F) = ιg(G|A,F) + 1 ≤ ιg(G,F) + 1 .
. ��

Theorem 2.4 For an arbitrary graph G and an arbitrary family F , we have

ι(G,F) ≤ ιg(G,F) ≤ 2ι(G,F) − 1, and ι(G,F) ≤ ι′g(G,F) ≤ 2ι(G,F).

Proof Since for any graph G and any family F the set of selected vertices in the F-
isolation game played on G is an F-isolating set, we get ι(G,F) ≤ ιg(G,F). Let
I be an F-isolating set of G, where ι(G,F) = |I |. Dominator’s strategy when the
D-game is played on G is to select the vertices from I one at a time as long as any of
these vertices is playable. When no additional vertex from I is playable, we infer by
Observation 2.1 that every vertex in N [I ] is marked, which by the choice of I means
that all vertices of G are marked. Thus, altogether at most 2|I | − 1 moves have been
played in the game, yielding ιg(G,F) ≤ 2ι(G,F) − 1.

The inequalities for ι′g(G,F) can be proved by using similar reasoning. ��

The next result relates isolating games on the same graph G considering two dif-
ferent families F and F ′, where F and F ′ are related in a specific way.

Theorem 2.5 Let F and F ′ be two families of graphs. If for each F ∈ F there exists
F ′ ∈ F ′ such that F is a subgraph of F ′, then ιg(G,F ′) ≤ ιg(G,F), where G is an
arbitrary graph.

Proof To prove ιg(G,F ′) ≤ ιg(G,F), we will consider the F ′-isolation D-game
played on G, while Dominator will imagine that an F-isolation D-game is played in
parallel on G. We call these games theF ′-game and theF-game, respectively. Let A′,
respectively A, be the set ofmarked vertices updated after everymove of the players, in
theF ′-game, respectivelyF-game on G. Note that, by the assumption on the families
F and F ′, initially A ⊆ A′. By the Dominator’s strategy that we will present next, the
relationship between A and A′ will be maintained after each move.

When Dominator selects v in the F-game, then he plays v also in the F ′-game if v

is playable there. Otherwise, he chooses any playable vertex in the F ′-game. Clearly,
in either case, after his move the relation A ⊆ A′ still holds. Staller is following
her optimal strategy in the F ′-game. Each of her moves in this game is copied by
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Dominator to the F-game, and since A ⊆ A′, this move is also legal in the F-game.
Because of the assumed relationship between the familiesF andF ′, the updated set of
marked vertices in theF-game is a subset of the updated vertices in theF ′-game. Let s
and s′ be the total numbers of moves in theF-game and theF ′-game, respectively. By
the relationship between the marked vertices in the two games, we infer s′ ≤ s. Since
Staller played optimally in the F ′-game, it follows that ιg(G,F ′) ≤ s′. Similarly,
since Dominator followed his optimal strategy in theF-game, we infer s ≤ ιg(G,F).

��

Since ιg(G) = ιg(G, {K2}) and γg(G) = ιg(G, {K1}) Theorem 2.5 implies the
following.

Corollary 2.6 For any graph G we have ιg(G) ≤ γg(G).

Note that the difference γg(G)−ιg(G) can be arbitrarily large. Let n be any positive
integer and let T1, . . . , Tn be n vertex disjoint triangles, where V (Ti ) = {vi , xi , yi } for
each i ∈ [n]. Let Gn be the graph constructed from the union of this set of triangles
by letting {v1, . . . , vn} induce a complete subgraph. In addition, for each k ∈ [n] let
Fk be the spanning subgraph of Gn defined by Fk = Gn − {x1y1, . . . , xk yk}. Now,
letting n be odd, it is easy to show that ιg(Fn) = 1 and γg(Fn) = 1 + 3(n − 1)/2.

3 Isolation Game

In the rest of the paperF = {K2}, that is, we consider the isolation game.Asmentioned
earlier, the game {K2}-isolation invariants are denoted by ιg and ι′g.

In the next example, we show that the game isolation number for a spanning sub-
graph H ofG can be smaller than ιg(G). LetGn and its spanning subgraphs Fk , k ≤ n,
be the graphs as defined in the previous section. Then ιg(Gn) = n and ιg(Fk) = n−k,
for each k ∈ [n − 1] and ιg(Fn) = 1. This example shows that not only can the game
isolation number of a spanning subgraph be arbitrarily smaller than the game isolation
number of the original graph, but it also shows that the game isolation number can
“interpolate” between the smallest and largest values. To see that ιg(H) can also be
arbitrarily larger than ιg(G), let G = Kn . We summarize this discussion as follows.

Observation 3.1 For an arbitrary k ∈ Z, there exists a graph G with a spanning
subgraph H such that ιg(G) − ιg(H) = k.

In the next result, we provide a general upper bound on the game isolation number
of a graph in terms of a fraction of its order.

Theorem 3.2 For any graph G, ιg(G) ≤ 1
2n(G).

Proof Wewill weight the graph in the following way. At the beginning all vertices are
unmarked and each vertex has weight 1. During the game, when a vertex is marked its
weight drops to 0. The weight of G, w(G), is the sum of weights of all vertices of G.
Thus at the beginning of the game w(G) = n(G) and when the game ends the weight
is zero. Let M be the set of marked vertices in some stage of the game. Dominator’s
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strategy is that he does not play a vertex in any K2 component of G − M , unless he
has no other option. Moreover, if there exists a component C of G − M of order at
least 3, then he plays a vertex of degree at least 2 in C . With this strategy, each of
his moves will decrease the weight of G by at least 3. Since Staller will decrease the
weight of G by at least 1 after each of her moves, each move will on average decrease
the weight by at least 2 until just K2 components are left in G − M . In this final stage
of the game, if any K2 components are left in G − M , each player will in every move
decrease the weight by exactly 2. Hence the game finishes after at most n(G)

2 moves.
��

The bound from Theorem 3.2 is sharp since ιg(C6) = 3. However, we think that the
bound can be improved to ιg(G) ≤ ⌈ 3

7n(G)
⌉
. We could not find an example where

this bound is exceeded, and we pose the following conjecture.

Conjecture 3.3 For any graph G with no K2-components,

ιg(G) ≤
⌈
3

7
n(G)

⌉
and ι′g(G) ≤

⌈
3

7
n(G)

⌉
.

The ceiling in the expression 3n(G)/7 is needed, since ιg(C6) = 3 and ι′g(P4) = 2.
Next, we present an infinite family of graphs showing that the conjectured bound

can be attained. Let G be an arbitrary graph. For each vertex v ∈ V (G) identify v

with the center vertex of a path of order 7 and denote the resulting graph by G∗.

Proposition 3.4 If G is an arbitrary graph, then ιg(G∗) = ι′g(G∗) = 3
7n(G∗).

Proof Let us call the paths of order 7 that are in G∗ but not in G “added paths.” Let
the D-game be played on G. A strategy of Dominator that ensures that no more than
three vertices are played on any of the added paths is as follows. If he is the first player
to select a vertex on an added path, then he achieves this by choosing the center of the
path. (Indeed, after his move in the added path in which he played, two K2 components
of unmarked vertices remain, and there are exactly two moves left in this added path.)
Now suppose that Staller is the first player to select a vertex from an added path. If
she does not choose the center vertex of that path, then Dominator can prevent four
played vertices from that path by choosing a vertex that is at distance 4 from her move.
On the other hand, Staller has a strategy to force three moves on each added path. If
she has the first move on some added path, then she chooses the center; otherwise she
responds to Dominator’s first move on this path by choosing its neighbor.

Following the same strategies also in the S-game, one can easily derive ι′g(G∗) =
3
7n(G∗). ��

Therefore, if Conjecture 3.3 holds, then it is sharp for an infinite class of graphs.
Besides the family of graphs G∗ that appear in Proposition 3.4 and graphs similar
to graphs G∗ (say, obtained from G∗ by removing a pendant vertex), we could not
find any other infinite family of graphs whose game isolation number is close to
3n/7. For instance, for paths Pn (see Section 4 for details) we prove that the game
isolation number is roughly 2n/5. After searching for graphs having game isolation
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Fig. 1 Graph H with
ιg(H) = 5 = ι′g(H)

number as large as possible, we eventually found an infinite family G of graphs with
2n(G)

5 < ιg(G) = 5n(G)
12 <

3n(G)
7 for all G ∈ G, which we present next.

For a positive integer n let G be an arbitrary graph of order n with V (G) =
{w1, . . . , wn} along with n vertex disjoint copies, say H1, . . . , Hn , of the graph H
depicted in Figure 1. For each i ∈ [n], identify the vertex wi in G with the vertex v4
in Hi , and call the resulting graph GH .

One can check that for the graph H in Figure 1 it holds ιg(H |{v4}) = 5 =
ι′g(H |{v4}) and ιg(H) = 5 = ι′g(H). Furthermore, it is not hard to verify that skipping
a move when playing on H does not help either of the players. Using these facts, one
can then find strategies for both players in the D-game and in the S-game on GH that
lead to exactly five moves being played on each Hi . Thus, for every positive integer n,
we have ιg(GH ) = ι′g(GH ) = 5n = 5|V (GH )|

12 , where G is an arbitrary graph of order
n.

4 Isolation Game on Forests

The proofs of the next lemma and theorem closely follow arguments of Kinnersley,
West, and Zamani [14] for the domination game. They are included for completeness.
We write G + H to denote the disjoint union of graphs G and H . If G is a partially
marked graph and v ∈ V (G), then Gv denotes the partially marked graph obtained
from G by marking all vertices corresponding to a play of v.

Lemma 4.1 Given λ ≥ 2, assume ιg(F) ≤ ι′g(F) for all partially marked forests F
such that ιg(F) ≤ λ. If G is such a forest and r is any non-negative integer, then
ιg(G + K1,r ) > ιg(G) and ι′g(G + K1,r ) > ι′g(G).

Proof Fixing λ, we use induction on the number of unmarked vertices ofG. The claim
is true if G has no unmarked vertices since an additional play will be needed to mark
the vertices of K1,r .

To prove ιg(G + K1,r ) > ιg(G), let v be an optimal first move in the D-game on
G+K1,r . Ifv is a vertex of K1,r , then ιg(G+K1,r ) = 1+ι′g(G) ≥ 1+ιg(G).Otherwise,
v belongs to G. By the optimality of v we have ιg(G + K1,r ) = 1 + ι′g(Gv + K1,r ),
and by the Continuation Principle, ιg(Gv) ≤ ιg(G) ≤ λ. These observations and the
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induction hypothesis yield ιg(G + K1,r ) = 1+ ι′g(Gv + K1,r ) > 1+ ι′g(Gv). Since v

is not necessarily an optimal first move for Dominator in the D-game on G, we have
1 + ι′g(Gv) ≥ ιg(G) and hence ιg(G + K1,r ) > ιg(G).

To prove ι′g(G + K1,r ) > ι′g(G), let v be an optimal first move in the S-game on
G. Now ι′g(G + K1,r ) ≥ 1 + ιg(Gv + K1,r ) > 1 + ιg(Gv) = ι′g(G) with the strict
inequality following from the induction hypothesis and the equality following from
the optimality of v. ��

As for the game domination number, there exist graphs G where ιg(G) < ι′g(G),
graphs G with ιg(G) = ι′g(G) (one such example is P3) and graphs G with ιg(G) >

ι′g(G) (one such example is C6, for which ιg(C6) = 3 and ι′g(C6) = 2). In the next
theorem we will prove that only two of these three relationships are possible when G
is a forest.

Theorem 4.2 If F is a partially marked forest, then ιg(F) ≤ ι′g(F).

Proof The proof goes by induction on ιg(F) = k. If k ≤ 2, the result trivially follows.
Indeed, if ιg(F) = 2, then it is not possible that ι′g(F) ≤ 1. Thus let k ≥ 3 and assume
that there exists a partially marked forest F with ιg(F) = k and ι′g(F) ≤ k − 1. By
Theorem 2.3, ι′g(F) = k − 1. Therefore, Dominator can ensure that after any first
move of Staller in the S-game on F , the game ends within at most k − 2 additional
moves. That is, ιg(Fv) ≤ k − 2 for any v ∈ V (F). Similarly, since ιg(F) = k, we get
ι′g(Fv) ≥ k−1 for any v ∈ V (F). By Theorem 2.3, ιg(Fv) = k−2 and ι′g(Fv) = k−1
hold for any v ∈ V (F).

Denote by M the set of vertices of F that are marked before the game starts. Note
that by definition each vertex that is not marked has at least one unmarked neighbor.
Let C be a component of F having an unmarked vertex. We root C in an arbitrary
vertex r and let x be an unmarked vertex in C that is at the largest distance from r .
Since x /∈ M and all descendants of x are in M , the only possible unmarked neighbor
of x is its parent x ′. If r �= x ′, let y be the parent of x ′, otherwise let y = x ′. Let u
be an optimal first move of Staller in the S-game played on Fy . By the choice of x
and by the definition of Fy , it follows that u /∈ N [{x, x ′}]. Since u is an optimal first
move of Staller in the S-game on Fy , ι′g(Fy) = k − 1 implies that ιg((Fy)u) = k − 2.
Moreover, we already know that ιg(Fu) = k − 2.

Let F ′ be the partially marked forest obtained from F by marking X = N [u] ∪
(N [{y, x ′}] \ {x, x ′}) and all isolated vertices of the graph F − (M ∪ X). Note that the
only difference between F ′ and (Fy)u is that vertices x, x ′ are marked in (Fy)u but
x and x ′ are not marked in F ′. Since the move on F ′ that marks either x or x ′ marks
both x and x ′ but no other vertices of F ′, we get ιg(F ′) = ιg((Fy)u + K1,1), where
K1,1 corresponds to the star on vertices x ′ and x . Hence

k − 2 = ιg(Fu) ≥ ιg(F
′) = ιg((Fy)u + K1,1) > ιg((Fy)u) = k − 2,

which is a contradiction. Note that the first inequality follows from the Continuation
Principle and the last inequality follows from Lemma 4.1. ��
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By Theorem 4.2, we can obtain a good upper bound for the game isolation number
of paths.

Lemma 4.3 For any n ≥ 3, ιg(Pn) ≤ ι′g(Pn) ≤ ⌊ 2n+2
5

⌋

Proof The first inequality follows from Theorem 4.2. For the second inequality con-
sider the S-game played on Pn . Dominator can use the strategy following each of
Staller’s moves by selecting a vertex x that is at distance 4 from one of the already
played vertices, say y, provided there are no vertices lying between x and y that have
been played. In this way, if such a vertex x is played, Dominator’s move adds four
vertices to the set of unplayable vertices. Clearly, each move of Staller makes at least
one vertex unplayable. Suppose that Dominator can no longer select such a vertex as
described above. Then, note that there are exactly three options:

• the game is over (all vertices are unplayable), or
• there are exactly three playable vertices, which lie in one end of the path, or
• there are exactly six playable vertices, three at each end of the path.

Let ui be the number of vertices that became unplayable because of the i th move in
the game, and let p be the total number of moves made in the game. In the first case,
we get

n =
p∑

i=1

ui ≥
{
5 p
2 ; Dominator had the last move,

5 p−1
2 + 3; Staller had the last move,

both of which imply that p ≤ 2n
5 . Since p is an integer we get p ≤ � 2n

5 �. In the second
case, the last move, say w, that resulted in exactly three playable vertices was played
by Staller due to Dominator’s strategy. Indeed, note that we consider the step of the
game at which Dominator can no longer follow his strategy. If Dominator were to
select w (the vertex that results in exactly three playable vertices), then Staller would,
in her next move, finish the game, which leads us to the first case. Hence,w was played
by Staller, and in this case we obtain

n =
p∑

i=1

ui ≥ 5
p − 2

2
+ 1 + 3.

This gives p ≤ 2n+2
5 . Again, since p is an integer, it follows that p ≤ � 2n+2

5 �.
Finally, in the last case the last move, say w, that resulted in exactly six playable

vertices was again played by Staller for the same reason as in the previous case.
Therefore,

n =
p∑

i=1

ui ≥ 5
p − 3

2
+ 1 + 6

and we get p ≤ 2n+1
5 and so p ≤ � 2n+1

5 �.
We have shown that by following the strategy described above, Dominator can

ensure that p ≤ � 2n+2
5 �. Therefore, ι′g(Pn) ≤ p ≤ ⌊ 2n+2

5

⌋
. ��

We also get a good lower bound:
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Lemma 4.4 For any n ≥ 6, � 2n
5 � − 1 ≤ ιg(Pn) ≤ ι′g(Pn).

Proof We only need to prove � 2n
5 � − 1 ≤ ιg(Pn). Note that when the D-game played

on a path is over, the following sets A1, . . . , Ak+1, and B1, . . . , Bk are generated. If
v1 was selected during the game, then A1 = ∅, and B1 is a maximal string of vertices
that were selected during the game, starting with v1. Otherwise, A1 is a maximal string
of vertices that were not selected during the game including v1, which ends with, say
vk1 . In that case, B1 is a maximal string of vertices that were selected during the game,
starting with vk1+1. We continue in this way, where finally Ak+1 may or may not be
empty. Observe that |A1| ≤ 2, |Ak+1| ≤ 2, and |Ai | ≤ 3 for i ∈ {2, . . . , k} regardless
of how the game is played.

Staller’s strategy to achieve the desired bound is as follows. If Dominator selected
a vertex v in one of his moves, then Staller responds by selecting a neighbor of v if
possible. (This is clearly possible for her after the first move of Dominator.) If this
is not possible, then Staller selects any vertex that is a neighbor of a vertex selected
earlier. If there are no such vertices available, the game is already over. Note that after
each move of Dominator (with the only possible exception if Dominator played the
last move in the game), Staller’s strategy of selecting a vertex u next to another already
selected vertex v increases the size of the corresponding set B�, in which the vertex u
lies, by 1. In particular, if v was played in the preceding move by Dominator, then after
the move of Staller selecting u we have |B�| ≥ 2, while if v was played in an earlier
move, then Staller’s selection of u yields |B�| ≥ 3. Based on these facts, we have the
following correspondence at the end of the game: for every set Bi with |Bi | = 1 (with
only one possible exception when the vertex v of Bi was the last move in the game
played by Dominator), where v is the vertex of Bi necessarily played by Dominator,
there exists a set Bj with |Bj | ≥ 3 and a vertex u of Bj , which was played by Staller
as the response to Dominator’s selection of vertex v.

Let p be the number of moves played in the D-game when Staller employs the
above strategy. We infer p = ∑k

i=1 |Bi |, which is either 2k or 2k − 1 depending on
whether Dominator had the last move in the game and with this move selected a vertex
v, which belongs to Bi with |Bi | = 1. On the other hand,

k+1∑

i=1

|Ai | ≤ 2 + 2 + 3(k − 1) = 3k + 1.

First, if p = 2k, then n ≤ 5k + 1, which gives p ≥ 2n−2
5 . On the other hand, if

p = 2k − 1, then n ≤ 5k, which gives p ≥ 2n−5
5 . In either case, we get that the

number of moves is at least 2n
5 − 1, and since this is an integer, � 2n

5 � − 1 ≤ ιg(Pn), as
claimed. ��

Combining the upper bound fromLemma 4.3 and the lower bound fromLemma 4.4
we get the following.
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Corollary 4.5 If n ≥ 6, then

⌈
2n

5

⌉
− 1 ≤ ιg(Pn) ≤ ι′g(Pn) ≤

⌊
2n + 2

5

⌋
.

Using Corollary 4.5 and Lemma 4.4, we now give the exact value of the game
isolation number for certain paths.

Corollary 4.6 Let n ≥ 6. If n ≡ 1 (mod 5), n ≡ 2 (mod 5), or n ≡ 3 (mod 5), then

ιg(Pn) = ι′g(Pn) =
⌊
2n + 2

5

⌋
.

Proof When n ≡ 1 (mod 5) or n ≡ 3 (mod 5) the lower bound and the upper bound
in Corollary 4.5 agree. Therefore, we get ιg(Pn) = ι′g(Pn) = ⌊ 2n+2

5

⌋
.

Finally, let n ≡ 2 (mod 5), i.e. n = 5k + 2 for some k ∈ N. By Corollary 4.5, it
is enough to prove that ιg(Pn) ≥ ⌊ 2n+2

5

⌋
. For the purpose of contradiction assume

that ιg(Pn) ≤ ⌊ 2n+2
5

⌋ − 1 = 2k. By Lemma 4.4, we get ιg(Pn) = 2k. Now we use
exactly the same strategy of Staller and the same notation as in the proof of Lemma 4.4.
Recall that p is the number of moves played in the D-game when Staller employs the
above strategy and p = ∑k

i=1 |Bi |. Now, by our assumption p = ιg(Pn) = 2k. This
implies that the last move was done by Staller. Using notation from Lemma 4.4 we
get p = ∑k

i=1 |Bi | = 2k and
∑k+1

i=1 |Ai | ≤ 3k + 1. Thus n ≤ 5k + 1, which gives
2k = p ≥ 2n−2

5 = 2(5k+2)−2
5 = 2k + 2

5 , a contradiction. ��
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