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Abstract

A bicirculant is a regular, d-valent graph that admits a semiregular automorphism of
order m having two vertex-orbits of size m. The vertices of each orbit induce a circulant
graph of order m and the remaining edges span a regular bipartite graph of valence, say
s, 1 <s < d, connecting the two vertex-orbits. Generalized Petersen graphs constitute
a prominent family of bicirculants, with d = 3 and s = 1. In 1983, Brian Alspach
proved that all generalized Petersen graphs are hamiltonian, except for the family
G(m,?2) withm =5 (mod 6). In this paper we conjecture that among all connected
bicirculants of valence at least 2, there are no other exceptions. It follows from various
sources that the conjecture is true for all cubic bicirculants. In this paper we prove
the conjecture for quartic bicirulants with s = 2, also known as the generalized rose
window graphs.
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1 Introduction

Motivated by the inspiring seminal work of Brian Alspach on generalized Petersen
graphs [1] and the subsequent papers on the hamiltonian properties of certain families
of cubic graphs [3, 4], we address the problem of existence of a Hamilton cycle in a
larger class of bicirculant graphs.

A bicirculant is a regular, d-valent graph that admits a semiregular automorphism
of order m having two vertex-orbits of size m. The vertices of each orbit induce a
circulant graph and the remaining edges span a regular bipartite graph of valence, say
s, 1 <s < d, connecting the two orbits. Formal definitions are given in Section 2.

In general, a regular graph that admits a semiregular automorphism with k£ > 1
vertex-orbits is called a polycirculant or sometimes a multicirculant [6, 16]. Polycir-
culants with & = 1 vertex-orbits are the circulants. Bicirculants therefore constitute
the next case where & = 2. While it is relatively easy to show that all circulants are
hamiltonian, see [24], the problem which bicirculants are hamiltonian is still widely
open. In particular, it is not even known whether all Cayley graphs on dihedral groups
are hamiltonian [2]. Note that all Cayley graphs on dihedral groups are bicirculants.

The generalized Petersen graphs are clearly bicirculants. The rims determine the
orbits and the spokes constitute a matching between them. In [1] Brian Alspach classi-
fied the hamiltonian generalized Petersen graphs: he proved that among the generalized
Petersen graphs only the graphs G (m, 2) with m = 5 (mod 6) are not hamiltonian.
In this paper we pose the following conjecture:

Conjecture 1.1 Every connected bicirculant, except for the K, and the generalized
Petersen graphs G (m, 2) withm =5 (mod 6), is hamiltonian.

As bicirculants, generalized Petersen graphs have parameters d = 3 and s = 1.
However, the whole class of bicirculants with parameters d = 3, s = 1 consists of
[ -graphs, first introduced in the Foster Census [10]. The classification of hamiltonian
generalized Petersen graphs from [1] was extended to /-graphs in 2017 [8]. It has
been proven that all proper I-graphs are hamiltonian. The conjecture therefore holds
for all bicirculants with parameters d = 3, s = 1. Cubic bicirculants fall into three
classes, depending on s, with s = 1, 2, 3 [25]. Alspach and Zhang [4] dealt with the
case d = s = 3. Note that bicirculants with d = s are known as cyclic Haar graphs;
they are a special class of Cayley graphs on dihedral groups [17]. This essentially
covered all connected cubic bicirculants.

In this paper, we take the next step in attacking the case d = 4 by resolving
the subcase s = 2. The bicirculants with parameters d = 4 and s = 2 are called
generalized rose window graphs [11]. The following is our main result.

Theorem 1.2 Every connected generalized rose window graph is hamiltonian.

The rose window graphs, which were introduced by Steve Wilson in 2008 [26], are
contained in the family of generalized rose window graphs. Informally, a rose window
graph is obtained from a generalized Petersen graph by adding an additional set of
spokes to its edge set that preserves the semiregular symmetry. Rose window graphs
turned out to be a very interesting family of graphs. As they belong to the class of
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bicirculant graphs, they have many symmetries. Some are vertex-transitive [13] and
some are even edge-transitive [20] or Cayley [12]. In addition, several of their other
properties were studied: isomorphsms [14], domination [19], relation to maps [18,
21], etc.

The relationship between generalized rose window graphs and rose window graphs
is analogous to the relationship between /-graphs and generalized Petersen graphs.
While generalized Petersen graphs and rose window graphs are necessarily connected,
the 7-graphs and generalized rose window graphs need not be connected. Moreover,
the removal of a matching consisting of spokes from a connected generalized rose
window graph results in a disconnected graph whose connected components are -
graphs, unless certain arithmetic conditions that will be specified in the next section
are satisfied. Because of this, the existence of a Hamilton cycle in a generalized rose
window graph cannot easily follow from the existence of a Hamilton cycle in /-graphs.
To prove that all generalized rose window graphs are hamiltonian we had to develop
several completely novel tools, which are potentially useful for constructing Hamilton
cycles in larger families of bicirculants.

From the point of symmetry, the analogy is more intricate. Although some proper
I-graphs may possess symetries not present in any generalized Petersen graph, none
of them is vertex-transitive [7]. However, there exist generalized rose window graphs
that are Cayley graphs and others that are vertex-transitive and non-Cayley [11].

Therefore, the results presented in this paper are also important in the context of the
Lovasz conjecture, a variant of which can be stated as: Every finite connected vertex-
transitive graph, except for the five known exceptions, is hamiltonian [24]. By Theorem
1.2 we confirm this conjecture within the class of vertex-transitive generalized rose
window graphs.

The paper is organized as follows. In Section 2 we give a formal definition of bicir-
culants and review the basic properties of bicirculants, and in particular generalized
rose window graphs. We recall the notions of generalized Petersen graphs and /-graphs
[7, 10], as these graphs appear as subgraphs, actually as spanning sub-bicirculants, of
the generalized rose window graphs. In Section 3 we also review some known results
on hamiltonicity of these graphs. We classify Hamilton cycles in I-graphs into three
types. Each of the three types is then used in a different construction in Section 4, where
we prove our main result that all generalized rose window graphs are hamiltonian.

The proof can be briefly described as follows. By removing a suitable matching
from a generalized rose window graph G we obtain an /-graph H, which can be
connected or disconnected. As shown in Section 3, every connected component of
this /-graph H contains a Hamilton cycle or path of a special type. These structures
provide subpaths that can be combined into a Hamilton cycle of the entire graph G by
using some of the removed edges.

In the last section we then discuss the hamiltonian problem for more general bicir-
culant graphs. As a consequence of Theorem 1.2, combined with the results from [4],
we obtain that every connected bicirculant withd > 5 and s = d — 2 is hamiltonian if
m is a product of at most three prime powers. In particular, this is true for the Tabac¢jn
graphs [5, 23], pentavalent bicirculants with s = 3.

@ Springer



27  Page4of 20 Graphs and Combinatorics (2026) 42:27

2 Bicirculants and their properties

In this section we give a formal definition of bicirculants, generalized rose window
graphs and 7-graphs, and recall some of their properties.

A bicirculant can be described as follows. Given an integer m > 1 and sets
R,S, T C Z, suchthat R = —R, T = —T,0 ¢ RUT and 0 € S, the
graph B(m; R, S, T) has vertex set V = Vi U V,, where V| = {ug, ..., u,—1} and
Vo = {vo, ..., vm—1}, and edge set

E={ujuiyj|li € Zm,j € RYU{vjviyjli € L, j€TYU{ujviyjli € Zp, j €S}

Obviously, the mapping o : V — V, defined by o (u;) = ujt1, ®(v;) = vj41 is an
automorphism of B(m; R, S, T), having two vertex-orbits of the same size.

The circulant graph induced on the set V| is called the outer rim and the circulant
graph induced on the set V3 is called the inner rim. We call the vertices from V;
the outer vertices and the vertices from V, the inner vertices. There are three types
of edges: the edges adjacent to two outer vertices are called outer edges, the edges
adjacent to two inner vertices are called inner edges, and edges connecting an outer
vertex to an inner vertex are called spokes. Specifically, the edges u;u;4q, 1 € Zy,,
a € R, are called outer edges of type a, the edges v;vi4yp, i € Zy,, b € T, are called
inner edges of type b and the edges u;vj4¢, 1 € Zp, c € S, are called spokes of type
c. We will also say that a path is outer ( inner) if all of its vertices are outer (inner)
vertices.

In accordance with our previous discussion, we have s = |S|. The order of a graph
B(m; R, S, T) is n = 2m, the valence is d and |R| = |T| = d — s. In the study of
bicirculants, other authors use similar notation, see for instance [22].

We have already mentioned that generalized rose window graphs are bicirculants.
For their description, we need four parameters. Let m > 3 be a positive integer and
a,b,c € Zy \ {0} with a,b # m/2. If we take R = {a, —a}, S = {0, c} and
T = {b, —b}, the graph B(m; R, S, T) is a generalized rose window graph, which we
will denote by R(m; a, b, ¢). If a = 1, an ordinary rose window graph is obtained.

Figure 1 shows two generalized rose window graphs. The generalized rose win-
dow graph R(12; 3,4, 2) that is presented on the right hand side of the figure is not
isomorphic to any rose window graph.

An [-graph I(m; a, b) is a bicirculant B(m; R, S, T) withm > 3, R = {a, —a},
T = {b,—b}and S = {0}, where a, b € Z,, \ {0, m/2}. Generalized Petersen graphs
are a subfamily of /-graphs; an /-graph is isomorphic to a generalized Petersen graph
if and only if gecd(m, a) = 1 or ged(m, b) = 1. We denote the generalized Petersen
graph I (m; 1, k) by G(m, k).

As we can see, we keep in the description of a specific family of bicirculants for
each pair of parameters x, —x only one parameter. Also, we leave out parameters
having constant values, such as 0 or 1.

Some properties of bicirculant graphs can be deduced from the general theory of
covering graphs [15]. We will use the following notation. Let A = {ay, az, ..., a¢} be
aset and let i be an integer. We define A —i ={a —i|a € A}and A/i ={a/i |a €
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I

WV

Fig. 1 The generalized rose window graphs R(9; 1, 3, 2) and R(12; 3, 4, 2)

A}. Moreover, the notation gcd(A) should be understood as ged(ay, az, ..., a¢) and
gcd(i, A) as ged(i, ged(A)).

Proposition2.1 A bicirculant B(m; R, S,T) is connected if and only if
ged(m, R, S, T) = 1. In particular, the generalized rose window graph R(m; a, b, c)
is connected if and only if gcd(m, a, b, c) = 1.

In the case where a bicirculant graph is disconnected, it is composed of isomorphic
connected components.

Proposition2.2 Let G = B(m; R, S, T). Suppose 6 = ged(m, R, S, T) > 1. Then
G is a disjoint union of & isomorphic graphs Gy, ...Gs—1 such that u; € G,
i =0,...,8 — 1. Moreover, each G; is connected and isomorphic to the graph
B(m/§; R/S,S/8,T/9).

In many cases there exist isomorphic bicirculants with different parametric descrip-
tions. Two special cases are presented below.

Proposition 2.3 Graph B(m; R, S, T) is isomorphic to the graph B(m; R, S — ¢, T)
foreveryc € S.

Proposition2.4 Let G = B(m; R, S, T), let r € Z,, be such that gcd(m,r) = 1 and
let G' = B(m;rR,rS,rT). Then the graph G’ is isomorphic to the graph G.

For example, this property of bicirculants was applied to 7-graphs in the proof
that all generalized Petersen graphs are unit-distance graphs [27]. This property also
implies that a generalized rose window graph R(m; a, b, ¢) is isomorphic to a rose
window graph if gecd(m, a) = 1 or ged(m, b) = 1.

3 Hamilton cycles in I-graphs
In this section, we consider Hamilton cycles in /-graphs as they will play an essential
role in the construction of Hamilton cycles in rose window graphs. Recall that by

removing a set of spokes of the same type from a rose window graph, we obtain an
I-graph. We classify Hamilton cycles of 7-graphs into three types. For each of these
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types we define a different construction in Section 4, which shows how to combine
Hamilton cycles in connected components of a rose window graph to a Hamilton cycle
in the whole graph.

Hamilton cycles and paths in 7-graphs are guaranteed by the following results. In
[1] Brian Alspach showed that every generalized Petersen graph is hamiltonian, except
for the family G (m, 2) withm =5 (mod 6). However, Alspach and Liu showed that
all these exceptional graphs have very many Hamilton paths [3, Theorem 4.2].

Theorem 3.1 ([/3]) Every pair of non-adjacent vertices in G(m,2) with m = 5
(mod 6) is connected by a Hamilton path.

Later, it was shown by Bonvicini and Pisanski [8] that the non-hamiltonian general-
ized Petersen graphs are the only non-hamiltonian connected /-graphs. Consequently,
we have the following theorem.

Theorem 3.2 ([8]) Every connected I-graph, except for the generalized Petersen
graphs G(m, 2) withm =5 (mod 6), is hamiltonian.

Clearly, a Hamilton cycle in an /-graph I (m; a, b) alternates between paths in the
outer rim and paths in the inner rim, which are connected by the spokes. The paths in
each rim cover all the vertices of the rim and there are no paths of length zero. This
follows from the fact that every vertex of an /-graph is adjacent to exactly one spoke. If
all the rim paths of a Hamilton cycle C have length one, then C contains all the spokes
of the /-graph and the spokes alternate with the inner/outer edges; in this case we say
that the Hamilton cycle C is alternating. Otherwise, it is called non-alternating.

Non-alternating Hamilton cycles are further divided into two types, the 4-hooked
and the 2-hooked Hamilton cycles. See Section 4 for an explanation of these terms. If
there exists a labeling of the vertices of the graph I (m; a, b) such that a non-alternating
Hamilton cycle C contains the edges ug ug, up tgtp, Vo Up, Vg Vatb, then C is called
4-hooked. If there exists a labeling of the vertices of the graph I (m; a, b) such that a
non-alternating Hamilton cycle C provides a Hamilton path connecting the vertices
vo and v,, or a Hamilton path connecting the vertices uy and uj, then C is called
2-hooked. By saying that the Hamilton cycle provides a certain Hamilton path, we
mean that starting from the cycle, one can produce the path by replacing one or more
of its edges with edges not in that cycle.

Observe that by symmetry, by adding the same number to the subscripts of the
vertices of any given Hamilton cycle, we again obtain a (usually different) Hamilton
cycle. This fact will play a key role in Section 4.

Lemma 3.4 gives the classification of Hamilton cycles in an /-graph I (m; a, b)
when a # +b. We deal with the case when a = b or a = —b separately.

Lemma3.3 Let G = I(m; a, b) be a connected I-graph, witha = b ora = —b. Then
G contains a 2-hooked Hamilton cycle.

Proof Observe that gcd(m, a) = ged(m, b) = 1 since G is connected. Therefore,
the sequence vo, ug, Ua, U2a, - - -, Un—D)a> Vin—1)as - - - » V2a, Va, Vo defines a non-
alternating Hamilton cycle, say C. By removing the edge vov, from C, we obtain
a Hamilton path from vy to v,. That means that the graph G contains a 2-hooked
Hamilton cycle. O
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Lemma3.4 Let G = I(m; a, b) be a connected I-graph, with a # +b. Then every
Hamilton cycle of G is alternating or 4-hooked or 2-hooked.

Proof Let C be a Hamilton cycle in the graph G. Then it is either alternating or non-
alternating. We assume that the cycle C is non-alternating and we will show that it is
either 4-hooked or 2-hooked.

To this end, we define a special type of non-alternating Hamilton cycles, that we
call almost alternating, and then we treat separately the cases in which the Hamilton
cycle C is almost alternating, and when it is not. The Hamilton cycle C is said to
be almost alternating, if all of the outer and inner subpaths of the Hamilton cycle C
consist of at most two edges and there exists at least one outer or inner subpath with
exactly two edges (so the cycle is not alternating).

Case 1: the Hamilton cycle C is almost alternating. Assume that the Hamilton cycle
C is almost alternating. Then there exists at least one outer subpath consisting of two
edges. We can label the three vertices of the subpath with («_,, ug, u,) and find the
subpath (v—p, vg, vp) in C accordingly. We thus have the edges in ug ug, vo vp in C. If
the edges up ug1p, V4 Va+p are alsoin C, then the cycle C is 4-hooked and the assertion
follows. Otherwise we consider two cases: (a) none of the edges up uy1p, Vg Vatp 18
in C and (b) exactly one of the edges up ug4p, Vg Vg4p isin C.

Case (a) Assume that none of the edges up ug4p, Vg Vg+p 1S in C. Then C has
the edges up up—, and v, v,—p that, combined with the fact that the inner and outer
subpaths of C consist of at most three vertices, imply the existence of the subpaths
(Up—q, Up, Vp, Vo, V—p) and (Vg—_p, Vg, Ug, UQ, U—_gq, V_g) in C.

If v_, vp—4 1s an edge of C, then by adding @ modulo m to the subscripts of the
vertices of G we see that the cycle C is 4-hooked, since the edges vo vp, up Up—q,
UpU_q, V—q Vp—q are turned into the edges v, Vg+p, Up Ug+b, U0 Ug, VO Vp.

Iftheedge v_, vp—, isnotin C, then we find the subpaths (vy—g, Up—q, Up, Vb, Vo, V—p)
and (vg—p, Vg, Ug, U0, U—g, V—g, V—q—p) in C. Two cases can occur: the edge
U_pU_p_g isin C or not.

Ifu_pu_p_,isin C, then by adding (a + b) modulo m to the subscripts of the
vertices of G we see that the cycle C is 4-hooked, since the edges u_p u_p_4, Vo V—_p,
uoU_g, V—gq V_q—p are turned into the edges ug ug, Vg Vg+p, Up Ugtb, VO Up-

If the edge u_p u_p_, is not in C, then the edge u_p u,—p is in C and by adding
b modulo m to the subscripts of the vertices of G, the edges u_p ug—p, Vo V—p, Ug Ug,
Vg Vg—p are turned into the edges uq uq, Vo Vp, Up Ug+b, Vg Va+b, therefore C is again
a 4-hooked Hamilton cycle.

Case (b) Now assume that exactly one of the edges up, u4+p, V4 V44 isin C. For the
case where up, ug4p is in C but v, v,4p is not in C, we can repeat the same arguments
as above when the edge u_p u,—p is in C, and also when both edges u_p u_,_p,
V_q V_q—p are in C. In the missing case, that is, when u_p u_,_p and v_, vp_, are
edges of C, we can find a Hamilton path from u¢ to uj, or from vg to v, in G, so the
cycle C is 2-hooked. More specifically, we consider the vertices in clockwise order,
and we can always assume that vj, vg occur in that order. The vertices occur in C in
one of the following orders: vg+p, Ug+b, Ubs Vb, VO, Va—bs Vg, Ugs UQ, U—g, OF Vgip,
Ug+bs Up, Vb, VO, Ub—qs Vp—a, V—a, U—g, U0, Ug. In the first case we remove the edges
Ug Vg, Uagtb Va+b, add the chord v, v44p, and find a Hamilton path from u, to ug4p
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Up—aq
V_p Ub—a
Vo V_q
Up U_qg
Up )
Ua+b Ua
Va+b Va

Fig. 2 The almost alternating Hamilton cycle C described in Lemma 3.4 when the edge uy, u44p, is in C,
but the edge v, v,4p is not. The bold lines define a Hamilton path from u, to u,4p in the cycle on the
left-hand side of the figure and a Hamilton path from vy, to vj,_ in the cycle on the right-hand side

that yields a Hamilton path from uq to uj if we add (—a) modulo m to the subscripts
of the vertices of G; see the graph on the left-hand side of Figure 2. In the second case
we remove the edges up vp, Up—q Vp—q, add the chord up up—4, and find a Hamilton
path from vp_, to v that yields a Hamilton path from vy to v, if we add (a — b)
modulo m to the subscripts of the vertices of G; see the graph on the right-hand side
of Figure 2.

For the case where v, v,4p 1s in C but up 1,45 is not in C we can repeat the same
arguments as for the case where uj, 1,4 is in C but v, v,44p is not in C by symmetry.
The validity of the lemma is thus proved for the almost alternating cycles of an /-graph.

Case 2: the Hamilton cycle C is not almost alternating. Assume now that the
Hamilton cycle C is not almost alternating. Then we find at least one outer or inner
subpath in C consisting of at least three edges; by symmetry we may assume that
such a path is an outer subpath and we can label the four vertices of the subpath
with (u_g, ug, ug, uz,). We find the inner subpaths (v_p, vo, Vp), (Va—p, Vg, Vg+p) in
C accordingly. We therefore find the edges v vp, ug Uy, V4 Va+p in C. If the edge
up ug+p 1s also in C, then the cycle C is 4-hooked and the assertion follows.

We now assume that the edge up uy4p is not in C. Then the Hamilton cycle C
is 2-hooked — and hence the assertion follows — if the vertices occur in C in some
prescribed orders. More specifically, in the following we consider the vertices of C in
clockwise order; we can always assume that the vertices u,, ug occur in that order;
we also set {vy, vy} = {Vatp, Va—b}, {vy, vy} = {vp, v_p}.

If the vertices occur in order ug, ug, Vx, Va, Uy, Vy, Vo, Uy, we can find a Hamilton
path from vy to v, in G. In fact, at least one of the equalities x —y =aorx —y =a
holds. If x — y = a (respectively, x — y’ = a), then we remove the edges ug g, v vy,
v vy (respectively, ug g, Vg Vx, Vo vy) in C, add the chords ug vy, ug v4, and find a
Hamilton path from v, to vy (respectively, from vy to vy/) that yields a Hamilton path
from vy to v,, since x — y = a (respectively, x — y' = a); see the first two graphs
of Figure 3. We can find a Hamilton path from vg to v, even in the case where the
vertices occur in the order ug, ug, vy, Vo, vy, Vx, Va, Uy, With x’" — y = a. Infact, in
this case we remove the edges ug g, v4 vy, Vo vy in C, add the chords ug vo, u, v,
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U_q Vg U_q

Uug Vg g
Ugq Uq
U2a U2a

Uy

Fig.3 The Hamilton cycle C described in Lemma 3.4: the cycle is not almost alternating and the vertices
occur in the order uq, ug, vy, va, vy, vy, Vo, vy with {vy, v/} = {vaqp, Va—p}s {vy, Uy’} = {vp, v_p}in
the first two cycles and in the order uq, ug, vy, vo, Vyr, Uy, Vs Uy with x’ — y = a in the third cycle. The
bold lines in the first two cycles define a Hamilton path from vy to vy, and a Hamilton path from vy to vy
The bold lines in the third cycle define a Hamilton path from vy to v,/

Up—a
up
Vp V_p
U_gqg Vo U_gqg Vo
Uup V—p up Vp
Ug Ug Up
U U
2a Ugip 2a
Va+b Va—b
Vq Vaq
Va—b Va+b
Uag+b

Fig. 4 The Hamilton cycle C described in Lemma 3.4 when the cycle is not almost alternating, does not
contain the edge u, 1,1, and the vertices occur in the order uq, u(, Vy, V0, Vy/s Uxs Vs Uy with x/ — y #a.
Furthermore, vy = vj, and v,y = v,_, in the cycle on the left-hand side and vy = v_j and v,y = v, in
the cycle on the right-hand side. The bold lines define a Hamilton path from vj, to v,

and find a Hamilton path from vy to v,/ that yields a Hamilton path from vg to vg,
since x’ — y = a; see the third graph of Figure 3.

It remains to consider the case in which the edge up u,4p is not in C, and the
vertices occur in the order ug, ug, vy, vo, Uy, Ux, Vg, Uy, With X' —y # a,
ie., (vy,vy) = (Vp, Vg—p) OF (Vy,Vx) = (V_p, Va4p). The nonexistence of the
edge up up4+, in C implies the existence of the subpaths (up—g, Up, vp, vo, v—p) and
(Ub+as Vb+a» Vg, Va—p) in C. In this setting, we remove the edges up vp, Ug+b Va+b
from C, and add the edge uj u,+p; we find a Hamilton path from v to v,y that
provides a Hamilton path from vg to v, if we add —b modulo m to the subscripts of
the vertices of G; see Figure 4. Therefore, the cycle C is 2-hooked and the assertion
follows. O

When constructing a Hamilton cycle in a rose window graph using a 4-hooked
Hamilton cycle in its subgraph that is an /-graph, certain orderings of vertices are
difficult to deal with. A 4-hooked Hamilton cycle C is called elusive (of type 1 or
of type 2), if the vertices ug, uq, Up, Ug+b, V0, Vb, Va, Va+p appear on C in one of the
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orders (1) or (2), starting with vertices uq, u,:

UQ, Ug, Ub, Ug+bs Vatb, Va, Vb, V0, (D

Uup, Ug, Vg, Va+b, V0, Vb, Up, Ugtp- (2)

Otherwise, a 4-hooked Hamilton cycle is called standard. Both types of elusive Hamil-
ton cycles are equivalent in a certain way.

Remark 3.5 Let C be an elusive Hamilton cycle of type 2 in an I-graph I(m; a, b).
We relabel the vertices by adding —a modulo m to their indices. Then the
sequence of vertices ug, Uy, Vg, Va+b, V0, Up, Up, Ug+p 1S mapped to the sequence
U_g, U, V0, Vb, V—g, V—g+bs U—q+b, Up. By reversing the cycle C we see that it con-
tains the sequence uq, U—_q, Up, U—g+b, V—a+bs V—a, Up, V0, SO C is an elusive Hamilton
cycle of type 1 for the graph I (m; —a, b), which is the same graph as I (m; a, b).

Remark 3.6 One can observe that an elusive Hamilton cycle C that may appear in the
proof of Lemma 3.4 is either of type 1 with vertices ug, vo not adjacent in C or it is
of type 2 with the property that it contains the subpaths (vy+p, Vg, Uy, U0, U—g, V—g)
and (ug+p, Up, Vp, Vo, V—p, U_p) occurring in this order in C; see the first part of
the proof regarding the almost alternating Hamilton cycles. By Remark 3.5 we may
thus assume that such a cycle is also of type 1 and that it contains the subpaths
(vp, Vo, UQ, Uqg, Ua, V24) and (Up, Ug+b, Vatbs Va, Va—b, Ug—p) OCcUrring in this order
in C.

The next lemma shows that it is almost always possible to replace elusive Hamilton
cycles of type 1 in 7-graphs with standard Hamilton cycles or certain Hamilton paths.

Lemma3.7 Let a # =£b and let an I-graph G = I(m; a, b) contain an elusive
Hamilton cycle C of type 1. Then

— the graph G contains a standard 4-hooked Hamilton cycle or a 2-hooked Hamilton
cycle or

— b= —2a (mod m) ora = —2b (mod m) and the cycle C contains the subpaths
(vp, Vo, U0, Ug) and (Up, Uatb, Vatbs Vas Va—bs Ua—b)
occurring in this order in C.

The proof of Lemma 3.7 requires consideration of different orderings of selected
vertices on the Hamilton cycle C to find either a standard 4-hooked cycle or a
desired Hamilton path. By Remark 3.6, it is enough to consider three cases: 1. the
path (uy, ug, u—,) is contained in C and u_, is not adjacent to v_, in C, II. the
path (ug, uo, u—_q4, v—,) is contained in C, III. the cycle C contains the subpaths
(Vp, VO, UQ, Ug, U2g, V24) a0d (Up, Ugtp, Vatb, Va, Va—b, Ug—p) OCcUrring in this order
in C.

For brevity, we will omit the detailed discussion of the three subcases, which is
rather long, and similar methods are used as in the proof of Lemma 3.4. Sometimes
we need to introduce new vertices on the cycle. In particular, vertices ug and w2445
need to be distinct in case III, and therefore we consider the situation b = —2a
(mod m) or a = —2b (mod m) separately in case III. The full proof of Lemma 3.7
is given in the preprint [9].
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4 Hamilton cycles in generalized rose window graphs

In this section, we show how to construct a Hamilton cycle in any given generalized
rose window graph. We will use the following notation: G = R(m; a, b, c¢) will denote
a connected generalized rose window graph, so ged(m, a, b, ¢) = 1. By H we denote
the graph obtained from G by removing the spokes of type c. Note that the graph H
is an /-graph. It consists of gcd(m, a, b) isomorphic connected components, each of
which is an 7-graph. This follows readily from Proposition 2.2 applied to 7-graphs,
or more directly from Proposition 1 of [7]. If the graph H is connected, then Theorem
3.2 implies G is hamiltonian in case it is not isomorphic to a generalized Petersen
graph G(n,2),n =5 (mod 6); this case has to be considered separately.

We now consider the case where H is not connected. Set . = ged(m, a, b) — 1 and
denote by H;, 0 <i < A, the connected components of H; Hy will be the component
containing the vertex uy.

The connected component H; with i > 0 can be described as the i-th isomorphic
copy of Hy, that is, we leave invariant the adjacencies in Hy and label the vertices of
H; by adding i ¢ modulo m to the subscripts of the vertices in Hy. We will use the
notation u}, v, to denote the outer and inner vertices of H; corresponding to the outer
and inner vertlces ux, vy, respectively, in Ho.That is, u}, = uyi; and v} = vyyic.
The outer vertices u'. in H; are adjacent to the inner vertlces v +1in H;, 1, since G is
connected and H is obtalned from G by removing the spokes of type c. Sometimes,
for our convenience, we will also use the notation u 0 for the vertices in Hy.

Given a generalized rose window graph G whose subgraph H has at least two con-
nected components, we will construct a Hamilton cycle in G by appropriately joining
the Hamilton cycles, or paths, in the components H;. The construction depends on the
classification defined in Lemma 3.4. More specifically, for an alternating Hamilton
cycle we will define the alternating construction (see Proposition 4.1); we will define
the 4- and the 2-hooked construction for the 4- and the 2-hooked Hamilton cycles,
respectively. The terminology follows from the fact that, in the assembly of the cycles
in the components of H, the cycle corresponding to C in H; with0 <i < A — 1, will
be connected to the cycle corresponding to C in H;1 by 4 or 2 spokes, respectively.

The alternating and the hooked constructions can be applied when Hy is not iso-
morphic to the generalized Petersen graph G (n, 2) withn =5 (mod 6). In the latter
case, the graph does not have a Hamilton cycle and we will apply the construction
described in the proof of Theorem 1.2, and summarized in Figure 8, which could be
called the 1-hooked construction in analogy to the previous ones.

We now give the alternating and the hooked constructions; the 2-hooked construc-
tion will be also used in Proposition 4.5, which defines the 4-hooked construction. In
what follows, we will use the notation x P y to denote a path P from the vertex x to
the vertex y.

Proposition 4.1 The alternating construction. Let G = R(m; a, b, ¢) be a connected
generalized rose window graph. Let H be the graph obtained from G by removing the
spokes of type ¢, and let Hy be the connected component of H containing the vertex
ug. Assume ) = gcd(m, a,b) — 1 > 0. If the graph Hy has an alternating Hamilton
cycle, then the graph G is hamiltonian.
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Proof Letmy = m/ gcd(m, a, b). Assume that the graph Hy has an alternating Hamil-
ton cycle; denote it by C. Note that the existence of an alternating Hamilton cycle in
Hy implies that m( is even. We denote the outer and inner vertices of Hy with uy,
Uy, respectively, for 0 < j < mg — 1, so that the vertices u xj» Uy, are consecutive in
C, as well as Uxjs Uxj and Ux; 15 Ux;s with 1 < j <mg — 1, j odd. The indices x;
are integers modulo m. In H; with i > 0, the vertices corresponding to Uy, Vx; of Hy

will be denoted with u " i _; the vertices in Hy will be also denoted with uO voj.

To construct a Harnllton cycle in the graph G, we keep just the spokes vhoul
(spokes of type 0) in each of the graphs H; for1 <i < A—1.Forevery0 < j < mo—l
we connect the edge v’ u 1n H; to the edge v’+1 ’“ in H;11 by adding the spoke
jc“ of type c, for 1 < i <A—2.For everyO < ] < mo — 1, we get a path from
to uk ! to which we add the edges u? , and u* )‘

ujcj

v} _ in order to obtain a path
J

0 from the vertex u % in Hy to the Vertex v in H;L The union of the paths
0 P v _is a disconnected graph that covers all the Vertlces in G, with the exception

for the i 1nner Vertlces in Hy and the outer vertlces in H,. Slnce my is even, we can join

the paths u by addlng the paths (u R 0 YforO < j <mp—1,

Xj+17 X j+1

J even, and the paths (v u* ) for 0<j<my—1,jodd. We thus

xj Xj+12 xj+1
obtain a Hamilton cycle in G We summarize the construction with the diagram in

Figure 5. O

X ’

Proposition 4.2 The 2-hooked construction. Let G = R(m; a, b, ¢) be a connected
generalized rose window graph. Let H be the graph obtained from G by removing the
spokes of type c, and let Hy be the connected component of H containing the vertex
ug. Assume A = ged(m,a,b) — 1 > 0. If the graph Hy has a 2-hooked Hamilton
cycle, then the graph G is hamiltonian.

Proof Assume that the graph Hy has a 2-hooked Hamilton cycle; denote it by C.
We first assume that the 2-hooked cycle C provides a Hamilton path connecting the
vertices vg and v, in Hy, say vg P v,. Such a path necessarily contains an outer edge,
say Uy Ux4q, SiNce it contains the same number of outer and inner vertices. Without
loss of generality, we can assume that u, precedes u 4, in vy P v, so that the removal
of the edge uy uy4, yields the two subpaths vy P u, and v, P ux44. We can also find
a Hamilton path ug P u, from ug to u, in Hy, since the graph Hy is hamiltonian and
every Hamilton cycle in Hy has at least one outer edge.

If )\, =1, so the graph H has two components, we connect the two Hamilton paths
”0 P u in Hy and Uo P v in H; by adding the spokes ”0 ”0 and u v in order to
obtain a Hamilton cycle in G.

Now we assume that A > 1. In H;, with 1 < i < XA — 1, we consider the sub-
paths vé P ui and vi P u; +a Corresponding to the subpaths vy P u, and Vg Puyyq of
Ho We turn the subpaths v, P u’, and vl P ux+a into the subpaths v i P uﬁx and

vy +(i—l) P ul utiy Dy adding (i — 1)x modulo m to the subscripts of the vertices in
H;. Notice that by adding (i — 1)x modulo m to the subscripts of the vertices in H;,
we still get vertices of H;.
We now construct a Hamilton cycle in G by connecting the above paths as follows.
For 1 <i < A — 2, we join the path véi_l)x Pu! _in Hj to the path v’+1 P ul(1++11)x in
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0 > ® ¢ € ® >
uz.i
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Uy, Vg, Uy, Vg, Uy, Vg (AR VAR V% g,

Fig. 5 The alternating construction for the generalized rose window graphs described in Proposition 4.1.

: i . -~ 0 .0 .0
The bold lines represent the edges Uy Uy, n H;,1 <i <X —1, the paths (ux/. V) Ux s uxj+1) for
0 < j <mg — 1, j even, and the paths (v;‘f, u));j,uifiﬁ R v))C‘HI)forO <j<mg—1,jodd

i+1
ix >

and also join the path v;Hl.f])x P ufl+ix in H; to the path

i i+1

H; 41 by the spoke ufx v

i+1 i+1 I . L
Uotiy Pty i1y, 10 Hiy1 by the spoke u, ;v\, . We obtain two vertex-disjoint
A—1

paths — the former from v} to u’(\)jl)x and the latter from v} to Uyt (—1)x — Whose union
covers all the vertices in G — (Hyp U H,). We connect the two paths to the Hamilton
paths ug P ug in Hy and v%)\_l)x P v2+(x—1)x in H, by adding the spokes u8 vé, ug v;
and u’(\k_jl)x vf‘)ﬁl)x, ”iléx—l)x Uﬁ+(x—1)x' We thus obtain a Hamilton cycle in G. We
summarize the construction with the diagram in Figure 6.

For the case where the 2-hooked cycle in Hy provides a Hamilton path connecting u
and u, we can repeat the same argument as above (it suffices to replace the parameter
a with the parameter ). The assertion follows. O

Remark 4.3 We can apply the 2-hooked construction described in Proposition 4.2 even
when we have a Hamilton path from u( to u, in H (denoted by uo P up), where u,
is an arbitrary vertex of H, a Hamilton path from vg to v, (denoted by vy P v}), and
two paths whose union partitions the vertices of H, namely the paths ug P v, and
up P g from ug to v, and from u, to vg, or the paths ug P vp and u, P v), from ug to
vo and from u, to v, respectively. In fact, in the construction described in the proof
of Proposition 4.2, we can replace the subpaths v P uy and v, P uy4+4 in Hy with the
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1 i i il i A1 A1
Yy Uy v(i*l)m Uiy Vig M(H»l)w U(/\*Q).’L‘ 1!()\71)1,

L) A
Ug Via-1)z
0 A
.71,0 ] Vat(A—D)z
1 1 i i 141 i+1 A— A1
U Utz va+(i71)17 Ugtiz Vatiz ua+(i+1)m Yy (A=2)z ua+()\71)m

Fig. 6 The 2-hooked construction for the generalized rose window graphs described in Proposition 4.2.

The bold lines represent the paths véi—])x Puj ., v(’l+(i71)x Puj ; in H; with1 <i <2 —1, and the

Hamilton paths u8 P ug in Hy, Ugh)\—l)x P v2+(x_1)x in H,. The paths are joined by spokes u::x vf}rl,
i i+1 .
ua+l.xva+ixf0r0§z <i-—-1

subpaths ug P v, and u), P vo, orug P vo and u, P v,; consequently, in each H;, with
1 <i <A — 1, we will consider the corresponding copies; we will take the Hamilton
path from ug to u, in Hy, and the copy of the Hamilton path from v to v, in Hj.
Roughly speaking, in order to obtain a Hamilton cycle in G, we will join the outer
vertices of H; to the inner vertices of H;; having the same subscripts. For instance,
if we have the paths ug P v, and u,, P vg partitioning the vertices in Hy, then in H;,
with 1 <i < A — 1, we can consider the corresponding copies uf) P vi, and u’p P vf)
- we recall that uf) = Ujc, ufp = Uptic and vé = Vi¢, vfp
cycle in G by connecting the vertices ul and uf), with 1 <i < A — 2, to the vertices

P
i+1 i+1 ; . 0,1 0.1 A=1_ % o A—1,A
vy, and v," ', respectively; we also add the edges uovo,upvp,and Uy Vg, Uy U

= Vpyic; we find a Hamilton

In Example 4.4, we show how to use the 2-hooked construction, described in
Remark 4.3. We will need this example in the proof of Proposition 4.5.

Example 4.4 Let b = —2a (mod m), and assume that a Hamilton cycle C of an [-
graph H = [(m;a, b) contains the subpaths (vp, vo, 1o, ug) = (v_24, Vo, U0, Ug)
and (up, Ug1ps Vatbs Va, Va—b, Ua—b) = U_2q, U_q, V_g, Vg, V3q, U3g) OCCUITING In
this order in C. Then we find a Hamilton path from u to u3,, a Hamilton path from
vp t0 v34, and the paths from ug to v3, and from u3, to vo, whose union partitions the
vertices of H. In detail, the existence of the two paths from uq to v3, and from u3, to
vg is straightforward (remove the edges ugvg and u3,v3,); the Hamilton path from vg
to v3, can be obtained as follows: remove the edges vov_jq, UoUg, U—qU—24, VgV3q
from C, and add the edges uou_,, ,v,, U_24v_2,. For the Hamilton path from u
to usz,, we first note that C also contains the subpath (u,, 42,4, V24, v4,) and the edge
u3qU4,. Then we remove the edges ugvg, v24V4aq, U3aU4aq, and add the edges vovo,,
U4qV4q.

Let a = —2b (mod m) and again assume that a Hamilton cycle C of an I-
graph H = I(m;a, b) contains the subpaths(vy, vo, 1o, ug) and (Up, Ug+b, Va+b,
Vg, Va—b, Ug—p) Occuring in this order in C. Notice that in this case the cycle C also con-
tains the subpaths (u,, ug, vo, Vp, Vap, Up, Uap) and (Ug—p, Va—p, Va,s Vatbs Ua+b, Ub,
u3p, V3p, V4p) in this order and we can repeat arguments similar to the previous ones
due to the symmetry between the parameters a and b and find a Hamilton path from
uo to u3p, a Hamilton path from vg to v3p, and the paths from u( to v3p and from uszp
to vg, whose union partitions the vertices of H.

@ Springer



Graphs and Combinatorics (2026) 42:27 Page150f20 27

Proposition 4.5 The 4-hooked construction. Let G = R(m; a, b, ¢) be a connected
generalized rose window graph with a # +£b. Let H be the graph obtained from G by
removing the spokes of type c, and let Hy be the connected component of H containing
the vertex uo. Assume » = ged(m,a,b) — 1 > 0. If Hy has a 4-hooked Hamilton
cycle, then G is hamiltonian.

Proof Assume that the graph Hy has a 4-hooked Hamilton cycle; denote it by C. Since
C is a 4-hooked cycle, it contains the edges uq uq, Up Ug+p, Vo Up, Vg Vg+b. The outer
vertices ug, Uy, Up, Ug+p appear in C in the sequence ug, Ug, Ug+tp, Up, OT UQ, Ug, Up,
uq+p. The edge vg vy, is placed in one of the subpaths of C we obtain by removing
the edges ug ugy, up uq+p; the same holds for the edge v, v,+p, and it may or may not
belong to the same subpath as v vp. Together there are, up to symmetry, 48 different
orderings of the vertices ug, ug, Up, Ua+b, V0, Vb, Vg, Vg4+pb ON C.

We show how the 4-hooked construction works in the hypothesis that the vertices
up, Ug, Up, Ug+p are ordered in C in the sequence ug, Uy, Ug+b, Up, and that vo vp
belongs to the subpath ug P uj, whereas v, vg4p 1S in ug4p P uy (ug P up, ugtp Pug
are the subpaths of C we obtain by removing the edges uguy, up ug+4p). We also
assume that vy precedes v, in the path ug P up, and v,4p precedes v, in the path
Ug+p P ug. Then, by removing the edges vo vp, Vg Vgtp in C — {ug ug, Up tgip}, We
obtain the following four subpaths: vg P ug, vy P up, Vayp P tig4+p, Vg P ug. We will
also consider the subpaths vg P v, vp P v4+p We obtain from C by removing the edges
V0 Vp, Va Va+b-

In H;, with 1 <i < A — 1, we consider the subpaths vl Pu ,j€1{0,b,a,a+ Db},
Wthh correspond to the above four subpaths of C. In H,, we con51der the subpaths
v0 P v vb P va+b, which corresponds to the subpaths vy P vy, vp P v,y of C.

Forl <i <i—2andj € {0,b,a,a+ b}, we join the path v, P u’; in H; to the

l

path vj.H P ui in H;41 by the edge u H , and get a path vjl. P ujffl from v}. in Hi

to ujffl in H,_1. The union of the four paths is a disconnected graph covering all the
vertices of G, with the exception for the vertices in Hy U Hy. We connect the four paths
vjl. P ujf_l, j €1{0, b, a,a+ b} to the paths ug P ug, Ugip P u in Hp and to the paths

v Pk, vl Pk b1nHkbyaddmgthespokesu/v/ u’} L% j €{0,b,a,a+ b}

We thus obtain a Hamilton cycle in G, and the assertion follows We summarize the
construction in the diagram in Figure 7.

We can repeat the same construction even if the four edges ug uq, Up Ug+p, Vo Vp,
Va Va+p are arranged on C in a different way from that considered above when the
outer and inner edges among these edges alternate on C, with the exceptions of the fol-
lowing four orderings: ug, Uy, Vo, Vb, Up, Ug+b, Vg, Va+b and U, Uy, Vp, Vo, Up, Ug+b,
Vath, Va and ug, Ua, Vatb, Va, Ups Uatb, Vb, Vo AN UQ, Ug, Va, Vatbs Ub, Uatbs VO, Vb.
In such exceptions we find either a Hamilton path vg P v, or a Hamilton path ug P uy
in Hy. For instance, in the case of the sequence uq, 14, Vo, Vp, Up, Ugtb, Vas Vatb, WE
find a Hamilton path from u¢ to u;, by removing the edges ug ug, up ytp, Vg Vg+p and
adding the edges u, vy, tg+p Va+p. The assertion then follows from Proposition 4.2.

When the outer and the inner edges from {ug ug, up g+p, Vo Vp, Vg Vg+p} do not
alternate on C, we can almost always find either a Hamilton path vy P v, or a Hamilton
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Fig. 7 The 4-hooked construction for the generalized rose window graphs described in Proposition 4.5.
The bold lines represent the paths u8 P ug, ”2+b P ug in Hy, v())‘ P vf;, vl); P v2‘+b in H,, and the paths
i+1

uii P v; in H;, with j € {0, b,a,a + b} for 1 <i < A — 1; the paths are connected by the spokes uii vt

for0<i<xr-—1

path ug P up in Hy (sometimes by relabeling the vertices appropriately) and then use
Proposition 4.2 to find a Hamilton cycle in the graph G.

We cannot find such paths directly only if the cycle C is elusive. By Remark 3.5
we may assume that the cycle C is elusive of type 1. Then by Lemma 3.7 we can
use the 2-hooked construction or the 4-hooked construction described above to obtain
a Hamilton cycle in the graph G. In the special case where b = —2a (mod m) or

= —2b (mod m), and the Hamilton cycle C contains the subpaths (v, vo, ug, 1y)
and (up, Ug+b, Vatb, Va, Va—b, Ug—p) Occurring in this order in C, we may use the
2-hooked construction as described in Remark 4.3 and Example 4.4. O

By combining Lemmas 3.3, 3.4 and Propositions 4.1, 4.2, 4.5, we can prove our
main result that every connected generalized rose window graph is hamiltonian.

Proof of Theorem 1.2 Let G = R(m; a, b, c) be a connected generalized rose window
graph and let H be the graph obtained from G by removing the spokes of type c. Let
A =gced(m,a,b) — 1.

First, we consider the case where A = 0, thatis, H is a connected spanning subgraph
of G. By Theorem 3.2, we know that a connected /-graph is hamiltonian, with the
exception of the generalized Petersen graphs G (n, 2), withn = 5 (mod 6). Therefore,
if H isnotisomorphic to a graph G (n, 2), then a Hamilton cycle of H is also a Hamilton
cycle of G. We find a Hamilton cycle in G even if H is a generalized Petersen graph
G (n, 2): Theorem 3.1 assures the existence of a Hamilton path in H connecting the
vertices ug and v., which are adjacent in G but not in H, since H contains no spokes
of type c; adding the spoke ugv. yields a Hamilton cycle in G. Thus, the assertion
follows if A = 0. In the rest of the proof we consider A > 0.

Let Hy be the connected component of H containing the vertex ug. If Hyp is not
isomorphic to a generalized Petersen graph G(n,2), with n = 5 (mod 6), then the
assertion follows from Lemmas 3.3, 3.4 and Propositions 4.1, 4.2, 4.5.

Let us now consider the case where H is the generalized Petersen graph G (n, 2),
with n = 5 (mod 6). Notice that n = m/ gcd(m, a, b) and that the indices of the
vertices of Hy are all multiples of ged(m, a, b) = X + 1. By Theorem 3.1, we can
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Fig. 8 The construction of a Hamilton cycle in a generalized rose window graph G when the connected
components of A are isomorphic to a generalized Petersen graph G(n,2),n =5 (mod 6); see the proof of
Theorem 1.2. We apply case (a) for odd values of A = gcd(m, a, b) — 1, and case (b) for even value% of A.
The bold lines represent the paths v0 Pu', v} P ”0 with 1 <i < A—1, the Hamilton paths ”0 P vaAH)C

and vo P u in case (a) and the Hamilton paths ”0 PO and v} v P uh ¥ in case (b)

V+O+1)e

find a Hamilton path vg P u, in Hp connecting vg to uy, and also a Hamilton path
vy P up, for every integer x € (A + 1)Z,,,, x # 0 (mod m). For odd values of A, we
select x € (A + 1)Z,, such that x + (A + 1)c # 0 (mod m). For even values of A, we
do not add additional conditions on x, but we select another integer y € (A + 1)Z,,
such that x # y (mod m), y + (A + 1)c # 0 (mod m), and consider the vertices
u§ = Uyyrc € Hj, vy14+1)c € Hp. Notice that the choice of x and y is always
possible, since n > 5.

We now construct a Hamilton cycle in G as follows. We take the path v6 P uﬁc in H;
withiodd, 1 <i < A-— l,andthepathvi Puf) ineach H; withieven,1 <i <X —1.
We join the paths by the spokes u/, ’+1 for 1 <i <A —2withi odd, and ”0 vt for

A—1

1 <i <A—2withi even For odd Values of A, we obtain a path ”0 P uj connecting

the vertices vO and ”0 ; for even values of A, we have a path vo p u ~! connecting
the vertices vé and uﬁ_l ; both paths vé P u(); and Uo P u I cover all the vertices in
— (Ho U H,).
For odd Values of A, we take the Hamilton path v0 P u in H,, and the Hamilton path

2 +otne P ”0 in Hy (whose existence follows from Theorem 3.1 by the assumptlons

on x). We join the paths Ux+()\+1)c
A—1 2

0 . .
ug vo, UX Vet Gt 1yes and obtain a Hamilton cycle in G.

P “0’ vo P “0 s v0 Pux by the spokes “0 vo,

For even values of 1, we take the Hamilton path v’ P u? in H, and the Hamilton path

P u8 in Hy (Whose existence follows from Theorem 3.1 by the assumptions

P u8, vé P uﬁ_l, v? P u; by the spokes u8 v(l),

0
y+()»+1)c
on y). We Jom the paths v°
A—1
u)C

y+(+1)e
vx, u vy Ot D)e and obtain a Hamilton cycle in G, which completes the proof.
We summarize the construction in the diagram in Figure 8. O
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5 Concluding remarks

Proving that all generalized rose window graphs are hamiltonian could be the first step
to proving Conjecture 1.1. The next step would be to consider the pentavalent gener-
alized Tabacjn graphs, which are obtained from the generalized rose window graphs
by adding an additional set of spokes, similarly as the generalized rose window graphs
are obtained from the /-graphs, see [5, 23]. Given m > 3 and a, b, c,d € Zy \ {0}
with a, b # m/2, the generalized Tabacjn graph T (m; a, b, c,d) is defined to be
the bicirculant graph B(m; {a, —a}, {0, ¢, d}, {b, —b}). Every connected generalized
Taba¢jn graph T (m;a, b, c,d) contains three generalized rose window graphs as
subgraphs, namely R(m; a,b,c), R(m;a,b,d) and B(m; R, S \ {0}, T), which is
isomorphic to R(m; a, b, d — c) by Proposition 2.3. It may happen that at least one
of these is connected. In this case, also the graph T (m; a, b, ¢, d) is hamiltonian by
Theorem 1.2. Moreover, the graph T (m; a, b, ¢, d) contains the cubic Haar graph
B(m; 9, {0, ¢, d}, ¥) as a subgraph. If that graph is connected, it is hamiltonian by [4,
Theorem 3.1]; this happens when ged(m, ¢, d) = 1.

We can apply the same reasoning to more general bicirculant graphs: if a bicirculant
contains a connected generalized rose window graph as a subgraph, then it is hamilto-
nian by Theorem 1.2; if it contains a connected cubic Haar graph as a subgraph, then
it is hamiltonian by [4, Theorem 3.1].

Proposition 5.1 Let G = H (m; S) be a connected cyclic Haar graph with |S| > 4. If
m is a product of at most three prime powers, then G is hamiltonian.

Proof LetS ={0,cy,...,cs—1}, where s = | S| > 4. Since the graph G is connected,
we have ged(m, §) = 1. If G contains a connected cubic Haar graph as a subgraph,
then it is hamiltonian. Therefore we assume that G does not contain a connected cubic
Haar graph as a subgraph and we will show that in this case m needs to be a product
of at least four prime powers.

Since gcd(m, c1, ¢3) > 1,itisdivisible by some prime, say p. Since gcd(m, S) = 1,
there exists an element of S, say c;, that is not divisible by p. Therefore there exists
another prime, say ¢, such that gcd(m, c1, ¢;) is divisible by g. Now there exists some
element of S that is not divisible by ¢, say c¢; (it may happen that ¢; = ¢2). Therefore
there exists another prime, say r, such that gcd(m, ¢;, c;) is divisible by 7. Thus m is
a product of at least three prime powers.

Suppose that m is a product of exactly three prime powers, namely, the powers of
p,q and r. Since ged(m, S) = 1, again there exists an element of S, say ¢, that is not
divisible by r (it may happen thatc¢; = cj orc; = ¢3). Now we have elements ¢;, ¢, ¢k
from § such that ¢; is not divisible by p, c; is not divisible by g and ¢ is not divisible
by 7. On the other hand all of ged(m, ¢;, cj), ged(m, ¢;, ck), ged(m, cj, ¢i) are greater
than one. That means that ¢;, ¢; are both divisible by r, ¢;, ¢, are both divisible by
q and c;, ci are both divisible by p. But then ¢; — ¢ is not divisible by any of p, r
and ¢; — ¢ is not divisible by g. It follows that ged(m, ¢; — cx, cj —¢;) =1 and G
contains a connected cubic Haar graph H (m; {0, ¢; — ¢k, ¢; — ck}) as a subgraph, a
contradiction. Therefore m is a product of at least four prime powers. O
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Proposition5.2 Let G = B(m;a, S, b) be a connected bicirculant with |S| > 3 and
a,b # m/2. If m is a product of at most three prime powers, then G is hamiltonian.

Proof Let S = {0, cy, ..., cs—1}, where s = | S| > 3. Since the graph G is connected,
we have gcd(m, a, S, b) = 1. If the graph G contains a connected generalized rose
window graph or a connected cubic Haar graph as a subgraph, then it is hamiltonian.
Therefore we assume that this is not the case and we will show that then m needs to
be a product of at least four prime powers.

We may assume that gcd(m, S) = d > 1, otherwise already B(m; @, S, ?) is
connected and the claim follows from Proposition 5.1. Therefore there exists a prime
r that divides d. Since the graph G is connected and it does not contain a connected
generalized rose window graph as a subgraph, at least one of a, b, say a, must be
coprime to r; therefore there exists a prime p that is coprime to d such that p is
coprime to r and p divides ged(m, a, b, c1). In particular p # r. Since p is coprime
to d, there exists ¢; € S\ {c1} that is not divisible by p. Therefore there exists a third
prime, say ¢, that divides ged(m, a, b, ¢;). Thus m is a product of at least three prime
powers.

Suppose that m is a product of exactly three prime powers, namely, the powers of p,
g and r. Since the graph G is connected, there exists ¢; € S\ {c;} that is not divisible
by ¢ (it may happen that ¢; = c). Since gcd(m; a, b, cj) > 1, it follows that ¢; must
be divisible by p. Now we have elements ¢;, ¢; from S such that ¢; is divisible by g and
is coprime to p, c; is divisible by p and is coprime to ¢. But then ¢; —c; is not divisible
by any of p, ¢ and a is not divisible by r. It follows that ged(m, a, ¢; — ¢, b) = 1 and
G contains a connected rose window graph S(m; a, {0, ¢; — ¢;}, b) as a subgraph, a
contradiction. Therefore m is a product of at least four prime powers. O
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