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ABSTRACT

Distribution of relaxation times is a widely used method for the deconvolution of electrochemical impedance
spectroscopy data. While proving to be a remarkable lens through which characterisation can be done, it is
in practice somewhat impaired by seemingly arbitrary choice for removing ill-posedness of the method. This,
together with the rising use of distribution of relaxation times in condition monitoring raises the question of
how to fairly compare the distributions. We introduce two complementary methods for comparing distributions
of relaxation times: qualitatively via the cumulative distribution of relaxation times and quantitatively using
the concept of unbalanced optimal transport. Both approaches relax the importance of regularisation, since they
help to discern whether a perceived difference is significant or not. Additionally, the quantitative comparison
offers information on the nature of the differences. Specifically, it can distinguish whether the difference can be
attributed to a shift in distribution’s mass or not. The methodology is applied to experimental electrochemical
impedance spectroscopy data from a solid-oxide fuel cell stack.

1. Introduction

Distribution of relaxation times (DRT) together with electrochemi-
cal impedance spectroscopy (EIS) is one of most commonly used tools
in the analysis of electrochemical systems. DRT uncovers dominant
time constants governing the system [1]. The transformation between
impedance Z(jw) and its corresponding DRT is given by [2]
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where R, denotes the high-frequency cut-off resistance and L the
inductance. y(r) and g(logz) both represent DRT, albeit through dif-
ferent dummy variables — relaxation time and log relaxation time,
respectively. Their relation is given by ry(z) = g(logz). In this work
we shall stick with g(log 7), since the probed frequencies w span several
orders of magnitude, so log r automatically scales better.

Finding g(log ) defined via the Fredholm integral equation (1) and
having only access to noisy measurements of Z(jw) is an ill-posed
inverse problem [3].

One can always find a larger number of candidates for g(log 7) that
satisfy (1) than the number of data points.

This is alleviated by imposing constraints like requiring g(log ) to
be non-negative and smooth, which is usually done using some form of

regularisation like Tikhonov, which can yield adequate approximations
of ground truth DRTs [4,5].

Consequently, the results of the analysis can become highly sensitive
to the choice of regularisation. This is why a lot of work has gone
into methods that help select the appropriate regularisation. It can be
chosen using preservation of self-consistency [6], cross-validation [7]
or Bayesian approach can be taken [8]. In [9] they used frequency
band selection to improve the resolution of regularisation hyperparam-
eter selection. In [10] they modified known regularisation methods
for consecutive DRT measurements, while in [11] advanced entropy-
based regularisation is applied to obtain a more globally consistent
smoothing. There is also a surge in using machine-learning in obtaining
DRTs [12,13].

In this paper we tackle the problem how to properly compare
DRTs. We introduce a toolkit that helps choosing between different
regularisations by indicating if variations in DRT impact impedance
deconvolution significantly or not. Within this toolkit condition mon-
itoring is also possible and we show that the importance of precise
choice of regularisation subsides in such a context.

Our contribution is two-fold. First, we introduce the qualitative
(visual) comparison with cumulative distribution of relaxation times
(CDRT). We show that simple transformation makes the visual compar-
ison more proper, since it discards fast variations in the distributions.
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This offers noticeable relaxation in precision needed for choosing an
adequate regularisation.

Second, we introduce the quantitative DRTs comparison with unbal-
anced optimal transport (UOT). This advances the rationale of CDRT,
as it provides a user with a scalar, which represents significance of
the difference. We also argue that this framework, when carefully
constructed, can indicate whether a difference in DRT could be de-
scribed by processes changing timescale or that new processes have
emerged/old processes have died out.

To obtain DRT (jointly with R, and L) from noisy EIS measure-
ments we use physics informed autoencoder [14] with implicit regu-
larisation provided by the neural network itself (see [13] for a similar
idea) and also with explicit regularisation in form of a customisable
degree of smoothness.

2. Visually comparing DRTs: a case for CDRT

Despite being non-negative and a distribution DRT does not in gen-
eral represent a probability density function (PDF). However, correct
normalisation can be achieved trivially by taking the overall polarisa-
tion as the normalising constant. In this section we assume that DRT
has been normalised accordingly (as done in [2]), so it can be analysed
in a probabilistic sense.

With that in mind, we define CDRT, denoted by G(logz), in the
same sense as cumulative distribution function (CDF) is defined, i.e., by
integrating DRT

logz
G(logt) = / g(logt)dlog?1. 2

0

We argue that visual comparison of CDRTs is in a sense more fair then
visually comparing DRTs. The logic behind is two-fold:

» DRT is already defined via an integral, see (1). Integration inher-
ently smooths out any fast variations. This stems from the fact
if y0) = [’ x(r)dr then FTyl@) = T for & # 0, where
FT denotes Fourier transform. Consequerjltly, any fast variations
will have diminishing presence when put through integration. In
other words, visually comparing CDRTSs can be seen as more fair
than comparing DRTs, since fast variations present can present a
striking visual difference, while being of little actual importance.
Another argument comes from probability. There is a concept
known as convergence of random variables: if a sequence of ran-
dom variables X, X,,... with CDFs F|, F,,... converges weakly
to X with CDF F, that means that lim,_, , F,(x) = F(x) [15]. We
argue that when comparing DRTs, we must at least assume that
two equivalent DRTs converge weakly. Hence it is natural that
we visually compare their CDFs.! In a way, that is also what the
famous Kolmogorov-Smirnoff test of equivalence of distributions
does — it evaluates the biggest discrepancy between empirical
CDFs [16].

The concept of CDRT is showcased in Fig. 1. The top figure shows
DRTs obtained from the same EIS data, which was obtained from [17]
(for data description see 5.3). One DRT (blue) is estimated with reg-
ularisation that penalises fast oscillations, thus resulting in a smooth
curve. The other curve (orange) is estimated without such a constraint.
Consequently, this results in a curve where multiple sharp spikes are
clustered around smooth blue peaks. Bottom plot in Fig. 1 shows
the corresponding CDRT curves. Here the visual difference between
the blue and orange curves is visually less severe, which we deem
beneficial, since they represent the same impedance data. Thus, any
large deviations in CDRTs should be taken into account when choosing
between solutions, while large deviations in DRTs can mislead with

1 We could compare their PDFs as well, but that would in general require
stronger assumptions.
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their importance. This is exactly the case in Fig. 1 where orange DRT
is hard to visually compare to the blue one, since it has so many peaks.
On the other hand, comparing the orange CDRT to the blue one is much
easier: they mostly differ around 2 Hz, where the orange DRT identifies
local relaxation processes as a bit lower in frequency than the blue
CDRT.

As for characterisation of DRTs on their own, it can also be done
within this framework, but is comes with caveats. For instance,
analysing peaks of DRT changes to analysing steps in CDRT. Specifi-
cally, peaks now correspond to the steepest part of the middle of the
steps. Consequently, the integrated nature of CDRT slightly changes the
resolution of positions of the peaks.

Still, CDRT provides only qualitative assessment of differences in
relaxation times, while also being well-defined only when compared
DRTs are normalised. Such normalisation makes the whole process in-
sensitive to linear scaling as shown in Fig. 2. Both of those limitations,
qualitative assessment only and the need for normalisation, can be
surpassed using the framework of unbalanced optimal transport.

3. Optimal transport

Before utilising UOT, optimal transport (OT) must be properly intro-
duced. It represents a robust mathematical framework for comparing
distributions [18]. The main idea is to define a distance® between dis-
tributions by how costly is it to transform one distribution to another.
Specifically, the distance is defined by how costly is it to transport
the probability mass of one distribution to match the other, where
transporting costs are defined a priori and the solution is optimal.

Kantorovich’s OT distance on a compact metric space X between
positive measures a, § € M*(X) is given by [19]

OT(a, p) := i
@B = en

/ C(x,y)dx(x, ), 3
X2

where 7 is the transport plan, constrained to the set of plans

V(a,p) 1= {r € MY (X x X), (px)ym = a, (py)yz = p} . Q)

Plans must be such that no transported measure is lost or created anew.
In other words, using projections py and p, we must recover marginal
measures (a, ff)

(px)nﬂ=06—>/ f(X)dﬂ(x,Y)=/f(X)da(X), )
be X
(Py)ufr=ﬂ—>/ f(y)dfr(x,y)=/ S dBy),

be X

for any f sufficiently nice. In fact, this ensures [y, dz(x,y) = [, dp(x) =
f v da(x). C(x, ) is the cost of transportation, usually defined as

Clx,y) :=d(x,p)!, p>1, (6)

where d(x,y) is a distance, meaning d(x,y) > 0, d(x,x) = 0. OT!/? is
called the p-Wasserstein distance (WD). If sequence of measures «, is
converging to a, then WD(q,,,a) goes to zero. This means that p-WD
metrizes (when the space is compact) the weak convergence [19] —
it represents the natural notion of distance in probability space, where
probabilities that we consider equivalent converge weakly. This further
extends and quantifies our idea of visually comparing DRTs via CDRTs
instead (see Section 2), since that idea also leans on the concept of weak
convergence.

2 By “distance” we mean a non-negative scalar of how dissimilar
distributions are.
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Fig. 1. Estimated DRTs (top) and CDRTs (bottom) with different regularisation settings. We see that assessing significance of differences is easier with CDRT.
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Fig. 2. Comparing DRT and its linearly scaled version (top) is moot if they are normalised like with CDRT (bottom). This showcases an important limitation of

CDRT — insensitivity to scaling.

4. Quantitative comparison of DRTs: Unbalanced optimal trans-
port

Here we extend the notion of comparing distributions to comparing
positive measures of possibly unequal sizes. UOT between measures
a, f € M*(X) is given by [19]

UOT(a,f) := inf
rTeEM*T(X2)

+ Dy ((py)y71) + €KL (zla ® §). )

/ | Cx.y)da(x, ) + p,Dy ((px)pla)
X

« is no longer constrained to U'(a, #). Instead, discrepancies between
a,f and the marginals (py)y7,(py);z are allowed but punished via
penalty terms p,D, ((px)4|a) and p;Dy ((py)y7|f), where D denotes di-
vergence, a notion of difference between measures. p,, p; are constants
that allow for balancing of the penalties. Additionally, entropic regu-
larisation term e KL(x|a ® ) is introduced, where KL is the Kullback—
Leibler divergence, given by?

d
KL(In) = / 1og<d_¢<x)> o + / dy / dc. ®
X n X X

Note that if a is supported in region where g is not, this divergence
grows to KL(a|f) = +oo. Such a regularisation makes the problem
strictly convex, making it simpler to solve [19]. Constant e should in
general be as small as possible, while permitting calculable and stable
solutions.

3 d(a ® A)(x,y) = da(x)dB().

4.1. Discrete UOT

If measures permit description as

m

ax)= Y aqd(x—x), PO =Y B8 =), ©)
i=1

i=1

as for example empirical measures do, we can restate (7) in a discrete
setting

UOT(a, f) := Hgiglm(c, IT) + pKL(n,|a) + pyKL(z 4| B) + e KLU |apT),
+

(10a)

T, =11, =mg:= nmi, 1,:=[11,...,1]",1, eR", (10b)

a = [al’a2""’an]T’ ﬁ = [ﬂlvﬁ2""sﬁm]Ts (10C)

Cli,j1 == C(x;, ), C € RY™, (10d)

(c.my:= Y Cli,jl ], (10e)
i=1,j=1

KL(¢In) = Y log (%) i1+l 1 = €10, 1, (10n)

ij
where instead of general divergences D we have chosen them to be
(discrete) Kullback-Leibler, denoted as KL. Solving (10a) yields the
optimal transport plan II, as well as the resulting transported measures
from a to fi: ms; and vice versa from f to a: «,.
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4.2. Solving discrete UOT

We shall be solving (10a) via the Python package [20], which uses
the Sinkhorn algorithm as defined in [21], where it was modified to
handle UOT problems. Here we mention again that ¢ > 0, otherwise
the Sinkhorn algorithm is not expected to converge.

Before solving (10a), one must provide three different parameters:
Pas pp @nd €. As mentioned, e is just a parameter that ensures conver-
gence of the optimisation routine. From another view, the greater it is,
the smoother the provided solution IT [22, page 18]. We recommend
a value that keeps the optimisation stable and yielding results in an
acceptable time, and not much greater than that.

The selection of p, to p, is subtle. There are five combinations that
can to be considered:

« Pa>Pp > 00,

.« PasPp = 0,

< Pa > Pps

. Py < pp, and
Pa R Pp-

gA W N R

1. Limit p,,p; — oo. For extremely large values of p, and p; UOT
reverts back to a balanced case (4) [21], since penalties for a mismatch
ofa,pand z,. x 5> respectively, are too severe to be endured. This forces
the transportation plan to preserve all the possible measure, making
up/destroying only when absolutely necessary. Such a transport plan
is likely to break up peaks of the transported distribution instead of
just performing peak matching with the goal distribution.

2. Limit p,,, pp = 0. If p,. pp 80 to zero, we can rewrite (10a) to

0

UOT(a, B) := "renﬂé&m(c, ) + p KL(x 7,KL(n|p) + e KL |afT).

1D

Closed form solution for this less restricted problem is given by [22,
page 20]
Clil

i, jl1 = alil pljle < . (12)

Let us assume Zj Blj]1 = 1. Then
mlil= Y M, j1 > m,[i] < alil - Y m,[i] < Y alil. 13)
J i i

It is apparent that we are losing measure in IT and exponentially fast
for that matter.

Another consequence can be seen if we assume that ¢ is quite small,
which means

o =1 =), a4
~ 0, else.
We also assume that a and g have peaks at zero and one, respectively
alil o™, pljl ™17, as)
Marginals of IT are given by
. JE ] A
mlil= Y alil pljle” < ~ alilplil, (16)
J
. N, L1 -
mlil= Y alil pljle” < ~ alj1BLjl. a7

J

But both z, and z; have now peaks around 1/2,* meaning a bias has
creeped into assessment of IT.

For both those reasons (transportation losing its job and a bias in
the transportation plan) p,, g should not be too close to zero.

4 argmax e e~ = 172,
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3. Case p, > pg. Since II represents transportation plan from a to
B and vice versa, one can view the discrepancy between a and =,
as “work” (local destruction/creation) done on a before sending it
to B. Similarly, one can view difference of f to =, as “work” being
done on m; to match B. If p, is greater than p; then majority of
destruction/creation will take place on f side, so from =, to f. This
means that creation of new mass is localised (it is created where new
processes are suppose to appear in fB), whereas mass that will be
destroyed (so old processes that are no more) will be transported before
destruction. This makes interpretation of destruction more ambiguous.

4. Case p, < py. 1f p, is lower than p, then majority of destruction/cre-
ation will take place on « side, so from a to r,. This makes destruction
of mass localised (old process that have died out are destroyed on the
spot), but mass that was created is too be transported (i.e., processes
that are new undergo displacement). This makes interpretation of
creation more ambiguous.

5. Case p, ~ pg. This is a mix of the two previous cases. Destruction on
«a side can be trusted to its location, but it does not show the full picture,
since some of the mass that will be destroyed will be transported
beforehand. Destruction on g side is all the mass that was cheaper to
transport to more favourable positions and then destroyed, so it is not
to be trusted when it comes to the location.

Symmetrically, creation on g side can be trusted to its position, but
again it does not show the whole picture. Some mass that accounts for
new processes can be created on « side and then transported to the
correct location.

Assessing absolute values for p,,p;. For simplicity, let us imagine a
trivial scenario: we want to optimally transport « to § where both
measures are Dirac distributions with «'1, = g'1,, = M. In such a
scenario one could expect either the transport to happen in its entirety
(no mass creation/destruction) if the measures are close enough, or no
transport at all if the measures are far away.

This is not exactly the case when using Kullback-Leibler divergence
for penalties for the mismatch of marginals and for the regularisation.
To see this, let us solve this scenario on paper. The transport plan IT is
only going to live on the joint support of a and . Since both are Dirac
measures II is actually a scalar, denoted now by 7. In that context, let
us solve (10a)

UOT(a. f) = mincz + (o, + ) (log(%)ﬁ:+M—fr>
+e<10g(%)ﬁ+M2—A). 18)

Since the problem is by definition strictly convex and # is scalar, we
can obtain minimum by deriving the upper equation with respect to #

0=c+(p, +py)(log# —log M) + ¢ (log # — log M?) . 19)
Rearranging the upper term we get
pa+pﬁ+2¢
£ =M "5t exp <——C ) . (20)
Py tpgte

We see that in order to transport a considerable amount of mass, this
must hold

c<pgtpste. 21)

Since ¢ = d(a, f)?, where d(a, #) denotes the distance between measures,
we can write

d(@.p) < (pg+py+e)'". (22)

Now we have a sense of scale for p, and p,. If we want to block
significant transportation between two point-distributions above cutoff
distance d(a, ), we assess p, and g from (22).

It must also be said that if ¢ > 0 mass is being lost immediately, so
unless ¢ < p, + pj + ¢ one should not expect for the mass to conserve,
even if such a solution is seemingly valid.
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UOT(a, @) = min (C,IT)+ p,KL
I'Ie]Rfj_X'”

i

+ pyKL(zgla) + e KL(T |aaT) = (23)

= <Zlog <a[?][3[,~] > ali] + alilali] —a[i]) —e (2 —alillog (ali]) + M* M) 20

Box I.

Which relation between p, and p, to choose. With the sum p, + p;
constraining the transportation plan, we still need to choose a relation
between p, and p;. As explained, any choice can be legitimate, but
perhaps the best choice is the one that can be most easily interpreted
by the user.

Regularisation bias. As a side effect to introducing regularisation to
UOT, the cost of the transport is no longer a distance. Namely,
UOT(a, @) should be equal to zero, but for ¢ # 0 it is not. In case
of small ¢, the optimal transport plan moves nothing, meaning IT =
Diag(a,, ay, ..., @,). Putting this into (10a) gives us the assessment of
bias (see Eq. (23) given in Box I), where Y ; a[i] = M. There are ways
to redefine UOT to overcome this issue (see [23]), but they are beyond
the scope of this paper.

4.3. Simulation

To build intuition we shall be conducting a short study on artificial
data, generated by an equivalent circuit model (ECM) of choice. ECM
can not only provide familiar looking EIS data, there exists a closed-
form transformation from ECM’s impedance to DRT. Following Fuoss
and Kirkwood [1] we first introduce a change of variable from jw to
logz, i.e. Z(log7) = Z(jw). The transformation from impedance to DRT
is then given by

ﬂg(logr)zH(logf—j%)+H(logT+j%), 24)

where we have decomposed Z(log 7) into its real and imaginary part,
i.e. Z(logz) = J(logt) — jH(log 7).

4.3.1. ECM of choice: RQ element
RQ element, also known as Cole-Cole or ZARC, is used to model
batteries [24], fuel cells [25] etc. It represents a parallel circuit of a
constant phase element and a resistor. In Fuoss-Kirkwood’s notation
its impedance is given by
R,
Jo1 exp [al(log 7, —log r)] +1

Z,(logt) := (25)
where R, is resistance, a; represents deviation from ideal RC circuit
and 1/7, is the resonance (peak) frequency.

A simple way to naively simulate evolution of DRTs is to translate
them. RQ can be translated in location by moving the peak 7, — 7,+4r,.
Such a translated impedance is given by

R
Jj% exp [al(log(rl + Ary) — log T)] +1
R

= (26)
Jjoexp [0‘1 (log7; — (log 7 — log a))] +1

Zf’(log T) =

= Z,(logz —loga), where 7, + Ar| = ar,.

This means that change in peak location Az, induces Z to shift for
—log a. This in turn induces the same shift in DRT

ﬂgIAT(logr) =H, (logr—loga—j%) + H, (logr—loga+j%>

= ng;(log7 —loga). 27)

Another simple imitation of DRT evolution can be made by changing
R; — R| + AR, which gives us
R, + 4R,
J%1 exp [al(log 7, —log r)] +1
bR
= L (28)
Jjoexp [al(log 7| — log r)] +1

=bZ,(logr), where R+ AR = bR.

ZIAR(log T) =

This results in a rescaled DRT

g (log7) = bH, (logr - Jg) +bH, (log T4 %) = brg,(log7). (29)

4.3.2. Simulation: fixed parameters of UOT

If one chooses p,. py. p, then according to (22) the cutoff transport-
ing distance is (p, + py + €)'/, Shifting processes at 7 for Ar results
in DRTs translating for —log (a), where a = %‘”. Cutoff transporting
distance then gives us maximal |log(a)| for the transport to happen. In
electrochemistry using logarithm usually means measuring in decades
(so using log;(...)), but in equations so far we have been using natural
logarithm (so In(... )). With that in mind the cutoff transporting distance
is given by

llog(@| _ (Pa+ps+)'/"

dﬁm = |10g10(a)| = log(10) log(10) (30)
Choosing |log(a)| = log(exp[1])® we get

Patpgte=1 (3D
This in turn gives us

a0 5 L 043, (32)

cut 23

where log(10) ~ 2.3.
For our toy model we choose a device, represented as a sum of two
RQs

e first RQ: Ry =1, 7, =1, a; =09,
*»second RQ: R, =1, 7, =1, a, =09.

Specifically, we compare the DRTs before and after one of the RQ has
shift in peak location, i.e.

a =g (log7)+ g,(logr), P =g (log7)+ g,(log(r + 41)). (33)

There will be four different shifts, one below di‘:lgtm, one equal and two
above:

T+ At 1 log logjo 3 log log
togyg (ZEAT) = { Lscalin 1o 2oqltn andio ). @9y

The results are shown in Figs. 3 and 4, where we have taken that
Py = py- Looking at Fig. 3 it is clear that only after the translation
of DRT is at or beyond dl‘;gt”’ left peak of B is no longer filled up by
transportation (great mismatch to the left peak of x ). This means that
UOT'’s solution argues that a new processes must have been established

5 For convenience, since 177 = 1.
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Fig. 3. Solving four different scenarios (four translation cases: less than the transporting cutoff distance, on the cutoff, slightly beyond and far away) of UOT
with p, = py,e = 0.01, p = 2. Here we plot a, x,, B, m;,. We see that going from top to bottom 7z, and 7, start to lose resemblance to a and f, respectively. This

indicates that processes are quitting being transported.

here, while mismatch at right peak argues that old process have died
out at that location. This is in line with the mismatch of « and =,
which suggests the same.

We gain additional information by looking at Fig. 4, the trans-
portation plan IT. We see that it always tries to at least somewhat
compensate the shift, but the further away the shift, the less mass gets
moved (the off-diagonal part of the plan get visibly darker). We also
see that the plan stays within +d"%10 of the diagonal, confirming that

cut
such a simple benchmark is handy.

4.3.3. Simulation: gauging the parameters of UOT

As mentioned in (22) (p, + py + €)!/? represents a physically inter-
pretable quantity — cutoff distance for preservation of the relaxation
process. If a user is unsure of how to gauge its value, we suggest
the following heuristics : compare relaxation processes of the investi-
gated device at two sufficiently distinct set-points. An ideal scenario is
simulated in Fig. 5 (top), where two equal RQs translated by 4 are
compared. In bottom figure, UOT cost is shown for different (p, +p; +
€)!/P. The user must decide if

» the relaxation processes endure during the set-point change: green
area, where the cost saturates to its maximal value;

« the original relaxation processes are substituted with another
processes during the set-point change: red area, where the cost
attenuates to the minimal value;

» some relaxation process endure, some do not during the set-
point change: yellow area, where the cost changes rapidly due to
relaxation processes being either created/destroyed or translated.

Therefore we suggest the user to choose the set-points as such to
make the interpretation easier — either when processes just stop to
endure (green-yellow boundary as the gauge) or just start to endure
(red-yellow boundary as the gauge).

5. Results on experimental data
5.1. Regularisation calibration

As mentioned, UOT can be used calibrate the regularisation of DRTs.
In Fig. 6 we compare two (choosing p, = p; = 0.5,¢ = 0.001) DRTs, «

and p, from the same EIS measurement, but with different requirements
for smoothness of the solution. Data was again taken from [17]. Here
we argue that both a and p represent effectively the same DRT.® This is
because one can transform « to # (and vice versa) without significant
mass creation/destruction (¢ ~ 7., f =~ nﬂ), meaning the processes
represented at « side are also represented at f side (although they
shifted for a bit). On the other hand, if we had sufficient evidence that
there are different processes being represented by the two solutions,
then an actual decision (using additional knowledge) must be made to
choose the better candidate.

5.2. Identification of differences between DRTs

Comparing electrochemical systems before and after some time
evolution can be done via comparing DRTs. In exactly that kind of
scenario we compare two DRTs, a and g, see Fig. 7. Data was again
taken from [17].

There, top figure represents UOT’s solution where processes are
relatively free to move around, since the cutoff distance is (p, + o5 +
€)1/2 = \/2. We see from a ~ a, and f ~ fir that all the differences can
be attributed to existing processing shifting in their location.

Alternatively, bottom figure represents UOT’s solution where pro-
cesses can only shift for small distances (p, + p; + €)!/? = Voa.

Here the interpretation is much different. For @ and § both right-
most peaks do not match z, and r;, respectively. This tells us that
during transition from « to § some processes have actually died out,
which makes this interpretation much different to the first one.

5.3. Condition monitoring in a long-term experiment

Since UOT provides a quantitative approach, we can monitor
changes of a device by comparing is current DRT to a reference
(nominal) one.

A good set of appropriate data is found in [17], where the authors
performed condition monitoring of a 6-cell solid oxide fuel cell stack
during a 3600-hour test with short fuel starvation intervals. Eight

® Here we assume that the choice for p, and pp makes sense.
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Fig. 4. Solving four different scenarios (four translation cases: less than the transporting cutoff distance, on the cutoff, slightly beyond and far away) of UOT
with p, = pp.€ = 0.01,p = 2. Here we plot IT (contour), with added blue dashed line that indicates zero transport distance and two orange dashed lines that

indicate a distance of dg’lgt“‘. We see that going from top to bottom IT is losing mass that is being transported, which is indicated by the slow discolouration.

0.8

0.6

DRT g(log7)

O [t ——————

-2 -1
log T

L I
08 == Max. cost 1
"
806F== (patpstel/?=A :
[ Different processes zone 1
O 04F Mi 1
S ix zone

0.2 F Same processes zone

0.0 F === n nn_nnnnnll n L, A n n
10—t 100 10!

(Pa +pg + )t/

Fig. 5. Gauging the parameters of UOT. (top) Simulation of DRT at different set-points of the investigated device (simple translation of RQ element, where
R = 1,7 =1 and the translation distance is 4 = 1). (bottom) UOT cost in relation to cutoff distance (p, + pst+ €)!/2, where p, = Pp and € = 0.0001. Note three
different regimes of cost behaviour: where relaxation processes endure (green), where they are created/destroyed (red) and a regime in between (yellow).
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Fig. 6. Utilising UOT (p, = p; = 0.5,¢ = 0.001, p = 2) to compare two DRT candidates, « and f, to represent an EIS measurement. With such parameters the
interpretation of the differences is that both DRTs represent the same processes, but they do differ in where those processes are.
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Fig. 7. Comparing DRTs at the beginning and at end of an experiment. Two different choices for p, and p; (both e = 0.001, p = 2) yield two different interpretations
of the change: (top) processes have persisted with a slight shift; (bottom) some processes have died out.

different significant events were recognised, which are summed up in
Table 1. They obtained more than 600 EIS measurements, which we
turned into smooth (extra regularisation) and non-smooth (no extra
regularisation) DRTs using [14] (see Fig. 1 for a visual difference
between the regularisations).

Fig. 8 shows the results, where we took the 10th EIS measurement as
the reference point for comparison. We have chosen p, = p; = 0.5,¢ =
0.001.

Two things are obvious. First, condition monitoring can be per-
formed via UOT, since the obtained metric sharply signals the signifi-
cant events. Second, the importance of regularisation is meaningfully
diminished in this context, since choices for regularisation yield very
similar results! This confirms that UOT provides a stable and robust
framework for condition monitoring in practical applications.

6. Conclusion

In field of electrochemistry analysing differences in DRTs is rela-
tively common, yet no deep understanding of what this actually entails
was established. Comparing DRTs is a non-trivial problem pertaining
to what makes the differences significant and the comparison fair. We
provide some much needed insight by introducing two related con-
cepts. For visual comparison we introduce cumulative distribution of
relaxation times, which diminishes high-frequency components of DRT,
which bear no important information. For qualitative comparison we
introduce unbalanced optimal transport, which in addition to giving a

Table 1

Experiment events in 8 from [17].
Event Experiment Description
number time [h]
El 0-40 Start up
E2 270-342 Increased fuel utilisation (decreased fuel flow rate)
E3 582-648 Increased fuel utilisation (increased current)
E4 654-672 Emergency shutdown due to H, shortage
E5 1242 Power loss due to thunderstorms
E6 1434 Emergency shutdown due to H, shortage
E7 1884-1890 Moving into the new building
E8 2202 Emergency shutdown due to H, shortage

scale of how different the distributions are provides transportation and
creation/destruction plans. This allows for interpretation in the sense
which processes identified by DRT have endured the time evolution
versus which have died out/have appeared anew.

Future work. The biggest hurdle to analysis using UOT is the difficulty
with interpretation. Namely, arguing that new process have arisen or
that the old processes are no more is based entirely on the premise that
the interpretation of the UOT’s solution is correct. In future work we
hope to dispel with those ambiguous decision, perhaps by introducing
different discrepancy penalties than Kullback-Leibler that may enable
more straight-forward interpretations.
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Fig. 8. Evolution of the UOT distance to a reference DRT (10th in order) during the duration of the experiment in [17] together with all events that occurred
(p, = pp =05,e=001p= 2). Dotted lines indicate UOT cost bias. Both choices for regularisation yield very similar results.
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