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Abstract

The article discusses the control of nonlinear processes with first-order dominant dynamics,
focusing on implementation using modern hardware available in various programmable
devices and embedded systems. The first two approaches rely on linearization with an ultra-
local process model, considering small changes of the process input and output around a
fixed operating point, which can be adjusted through gain scheduling with the setpoint
variable. This model is used to configure either the historically established automatic reset
controller (ARC) or a stabilizing proportional (P) controller enhanced by an inversion-based
disturbance observer (DOB). This solution can be interpreted as an application of modern
control theory (MCT), as DOB-based control (DOBC) or as advanced disturbance rejection
control (ADRC). Alternatively, they can be viewed as a special case of automatic offset
control (AOC) based on two types of linear process models. In the third design method,
setpoint tracking by exact linearization (EL) is extended with a nonlinear DOB designed
using the inverse of the nonlinear process dynamics (EEL). The fourth approach augments
EL-based tracking with a DOB derived from the transfer functions of nonlinear processes
(NTF). An illustrative example involving the control of a liquid reservoir with a variable
cross-section clarifies motivation for the definition of (linear) local and ultra-local process
models as well as their advantages in designing robust control that accounts for process
uncertainties. Thus, the speed, homogeneity, and shape of transient responses, the ability
to reconstruct disturbances, control signal saturation, and measurement noise attenuation
are evaluated according to the assumptions specified in the controller design. The novelty
of the paper lies in presenting a unifying perspective on several seemingly different control
options under the impact of measurement noise. By explaining their essence, advantages,
and disadvantages, it provides a foundation for controlling more complex time-delayed
systems. The paper emphasizes that certain aspects of controller design, often overlooked
in traditional linearization procedures, can significantly improve closed-loop properties.
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1. Introduction
Discovered in 1930s, automatic reset controllers (ARCs) have been among the most

widely used solutions in automatic control for decades. Despite the abundance of instruc-
tions for their correct use, their essence has never received attention corresponding to
their significance. Interesting details of ARC development are given, for example, in [1].
However, their original designation has fallen into disuse and has been replaced by the
only partially accurate acronym PID ( from proportional–integral–derivative) controllers.
Drawing attention to this terminological problem is not just a matter of taste. The incorrect
designation and resulting misinterpretation of PID controllers are, in fact, obstacles to their
understanding and further development [2]. PID controllers limit the study of ARCs to
the proportional control band, which, without sufficient consideration, led to problems
such as integrator windup. Windup can be eliminated [3–10], but it complicates controller
design. For a long time, PID controllers also overshadowed the search for connections
between ARCs and other contemporary approaches and structures in automatic control.
Thus, given the prominent position of the ARC in automatic control, this article begins with
issues surrounding its use and generalization in a nonlinear context based on disturbance
observer-based control (DOBC). The term disturbance observer (DOB) was first used in
automatic control theory in the second half of the 1980s [11–15]. It appeared in connection
with the development of structures for disturbance compensation, which were intended to
improve upon the results achieved with PID controllers. However, the pioneers of DOBC
did not notice the key fact that the basics of DOB can be found even in PID controllers
themselves, more precisely in the most frequently used industrial controllers originally
called automatic reset [1,2,16,17]. ARC has only recently been explained as a model-based
approach with a simplified DOB designed on the basis of integrative first-order models
with a simplified structure [18]. This neglected both integrator inversion and possible
process dead time. These DOB simplifications reflected the limited capabilities of the
original analog (pneumatic) implementations [18]. The dead time of the process model was
implicitly considered by one of the first controller tuning methods, which approximated
the step response by a tangent through the inflection point [19]. However, in ARCs, dead
time was used only for controller tuning. One of the most important advantages of modern
programmable control devices is increased processing power, which makes it possible to
use full-scale DOBs that include inversion of the process model together with the process
dead-time model. The full-scale DOB allows for separate design of the stabilizing controller
and the DOB itself. In the nominal case, the DOB does not affect the dynamics of the
stabilization processes [17]. This is analogous to the separate treatment of stabilization
and state reconstruction that appeared in state-space-based approaches of modern control
theory (MCT) [20–23]. However, although MCT rigorously solved numerous problems
in automatic controller design, it failed to address two serious issues. First, by misunder-
standing the previous phase of development, it started from distorted interpretations of
industrial ARCs as PID controllers and did not develop them further in a correct manner.
Moreover, MCT emerged during the dominance of analog technology, when controllers
designed in the continuous-time domain did not include dead-time elements. These ap-
peared only in postmodern internal model control (IMC) structures [24], developed from
the Smith predictor [25] with reconstruction and compensation of output disturbances
by a parallel process model. In IMC, reconstruction of output disturbances resulted in
correction of the setpoint values of the remaining loop, equivalent to feedforward control.
However, this concept could not be used without modifications to control unstable and
marginally stable processes. For integrating systems, the output disturbance can be shown
to be unobservable [26]. Even unstable open-loop processes cannot be addressed in the
feedforward control concept.
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Understanding ARC as a model-based structure with a stabilizing controller and
a simplified DOB designed for single integrator plus dead-time (IPDT) process mod-
els has recently enabled [18] their generalization to controllers using higher-order (HO)
derivatives [18,27]. HO derivatives have been shown to reduce the impact of dead time
through “approximate inversion.” By improving disturbance response, this also allows
the replacement of more complex local linear models with simplified ultra-local (integral)
models [28]. The effort to generalize ARC to HO process models ultimately led to the
concept of automatic offset controllers (AOCs) [29]. However, in this article, the AOC
concept will be presented only in a simplified context for systems with dominant first-order
dynamics. The closed-loop dead time, which is important for adding missing process infor-
mation when using ultra-local models (compared to local models), will be addressed only
briefly. It will be necessary to make assumptions about achieving equivalent performance
when using both local and ultra-local models.

Definition 1 (AOC for processes with a dominant first-order dynamics). For a generally
nonlinear process with dominant first-order dynamics, the AOC consists of a stabilizing P controller
possibly supplemented by an “approximate inversion” of the loop dead time using the feedback
controller Cm(s), m = 0, 1, 2, ... with mth-order derivatives. The stabilizing control is augmented
by a DOB including the model dead time. The DOB inverts the process model to reconstruct and
compensate for external and internal disturbances.

The concept of AOC, formulated with the distinction between two types of linear
models, addresses the long-standing neglect of the linearization problem in the control of
nonlinear processes [17] and time-delayed systems. In the simulations presented in this
paper for evaluating different controllers, loop dead-time and its possible compensation are
neglected, corresponding to C0(s) = 1. Both the P and DOB designs can be based on local
or ultra-local process models, which correspond to process linearization around a chosen
equilibrium point. The use of ultra-local models is motivated by controller simplification
and robust control aspects. AOC, incorporating ultra-local models, helps to demonstrate
mutual connections among ARC, MCT, DOB-based control (DOBC) [11,12,15,30], and
other widely used automatic control methods, such as active disturbance rejection control
(ADRC) [31–39]. Another control approach, developed within flatness-based control [40]
and known as intelligent PID control, is also referred to as model-free control [41]. Un-
derstanding the similarities and significant differences among these alternatives should
contribute to a more effective deployment and improved teaching of control for simple
nonlinear processes. Highlighting and confronting the key features of the alternative
approaches considered is the most effective way to reduce the ever-growing amount of
knowledge. Thus, this can help keep the overall expanding content of the automatic
control discipline to be sustainably understandable. Linearization of nonlinear processes
to obtain a linear model that simplifies controller calculation has been present since the
early periods of control (see, e.g., [42]). Numerous textbooks are available on nonlinear
systems [43–45], as well as on differential geometric [46] and algebraic methods [47]. The
latter have been generalized by introducing transfer functions to nonlinear systems [48].
There has also been significant development of methods that extend linear techniques to
nonlinear processes, such as gain scheduling [43,49–56]. The large number of professional
journals and conferences focused on nonlinear control suggests continued interest in this
area of automatic control. However, there are also completely opposite indications, as
shown, for example, by the IFAC survey [57], which reveals a widespread lack of awareness
of the progress achieved. This does not indicate a health of research environment in the
nonlinear control area, but may point to a problem of misunderstanding the essence that all
other postmodern approaches have adopted since the emergence of MCT in the 1960s. We
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will demonstrate this with three common shortcomings: The design of control for nonlinear
systems is often implemented by linearizing them, considering small increments of input
and output around a chosen equilibrium point. However, it is not always verified whether
such work with small increments is actually imposed on the system by the control structure
itself. Paper [17] recently demonstrated that the ARC structure can inherently support
linearization for small input and output changes around a fixed operating point when
extended with appropriate gain scheduling and signal injections to ensure small deviations
from equilibrium. Therefore, its use in programmable devices can be successfully extended
to the control of nonlinear processes without significant modifications. Omitting these
injections is possible but will generate fictitious disturbances and cause some deterioration
in control performance. When linearizing the process by introducing small increments in
input and output, another important consideration arises. Traditional approaches have
mostly sought to fully utilize the available partial derivatives. However, this can be un-
necessarily complex or even unfeasible, and it does not always yield better control results.
The second important aspect of linearization examined in the article is therefore the use of
two types of linear process models.

The third overlooked point regarding the linearization of nonlinear processes emerged
with the development of control technology. Implementing gain scheduling using pro-
grammable devices and embedded systems does not require the traditional ARC design
with a simplified DOB. By omitting DOB simplification, at least nominally, loop stabilization
and disturbance compensation can be considered separately. However, since the linearized
model generally only approximates a nonlinear process, after changes in the scheduling
parameter—even when no external disturbance affects the system—the linearization-based
DOB registers a nonzero disturbance. In situations requiring advanced reconstruction and
disturbance compensation, there may be motivation to use more advanced DOBs that are
not limited to small deviations from the operating point. If, in this paper, we illustrate a
nonlinear system with dominant first-order dynamics, such as a liquid reservoir, many of
the resulting observations may also apply to other current engineering problems through
physical analogies. This may include the accumulation of kinetic energy and the elimina-
tion of external disturbances in vehicle systems [58]. Alternatively, precise reconstruction
of disturbances may be required in the control and monitoring of fuel cells, which are
increasingly used as energy storage devices (see, e.g., [59,60]).

Since the discovery of ARC, many alternatives have emerged. Exact linearization
(EL), developed within the framework of differential geometry [46] and also known as
feedback linearization, arose from the idea of eliminating nonlinear process feedback by
applying a counteracting signal. This allows the controller to use linear feedback. An
important similarity between the ARC design and the EL controller is that stabilization in
EL is also designed for a pure integrator system. However, while the ARC design reduces
the nonlinear feedback of the process to an approximation by a constant, the EL design
transforms the initial nonlinear system into a pure integrator by introducing counteracting
feedback, thereby eliminating the internal process nonlinearity. To compensate for possible
external or internal disturbances, an extension of the EL controller, denoted as EEL, will
be proposed. It uses a nonlinear DOB based on the differential equation of the first-
order process.

Another alternative for the analysis and synthesis of nonlinear processes was de-
veloped using algebraic methods, resulting in the generalization of the transfer function
methodology, which was previously used only in linear systems. Thus, a nonlinear DOB
can also be designed for EL using the nonlinear transfer function (NTF) methodology.

To provide a practical demonstration of the unifying saturated design for first-order
nonlinear processes using ARC, AOC, EEL, and NTF, the remainder of this paper is or-
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ganized as follows. Section 2 presents the gain-scheduled model-based controller design,
which utilizes a full disturbance observer (DOB) including the inverse ultra-local process
model (denoted as DOBC). This approach generalizes the simplified DOB of ARCs by
incorporating process model inversion, which is neglected in the simplified version. Both
ARC and AOC are applied to an illustrative example of a nonlinear liquid tank with a vari-
able cross-section, as considered in [17]. The discussion of possible process uncertainties
explains the critical aspects of local model identification and highlights the advantages of
the simpler ultra-local model. It also shows how the reduced precision of ultra-local models
can be offset by decreasing loop dead time and storing information obtained from previous
transient response evaluations. Section 3 introduces two additional alternatives, EEL and
NTF. Both linear and saturating controllers were tested by simulation, both without mea-
surement noise and with noise introduced as random numbers. The resulting transients are
evaluated by quantifying them with modified monotonicity-based performance measures.
This assesses deviations of the process output and input from ideal transients, considering
a specified number of monotonic segments in the controller design. The paper concludes
with a summary of the main findings and novel contributions in the Section 5.

2. Linearization-Based Constrained Controller Design
The structure of automatic reset-based controllers can be derived from the need to

control integrative (ultra-local) first-order processes. However, its use can be extended
both to the control of time-delayed processes [18] and to the control of much more complex
nonlinear processes with dominant dynamics described for ẏ = dy/dt by a differential
equation [17]

ẏ = f (y, u); u ∈ [Umin, Umax]. (1)

Here, y ∈ R1 represents the output of the process, u ∈ R1 is its input, and f is a function
differentiable with respect to both variables y and u. Using the Taylor series expansion,

f (y, u) ≈ f (yp, up) +

[
∂ f
∂y

]
(yp ,up)

(y − yp) +

[
∂ f
∂u

]
(yp ,up)

(u − up), (2)

around an operating point X = (up, yp) specified as

f (X) = f (yp, up) = 0 (3)

and considering just small increments of the input and output

∆y = y − yp; ∆u = u − up, (4)

the system can be approximated by linear model

∆̇y = ẏ = fu(X)∆u − fy(X)∆y; fu(X) =

[
∂ f
∂u

]
X

; fy(X) = −
[

∂ f
∂y

]
X

(5)

For sufficiently small deviations (4) from X,

∆̇y + fy(X)∆y = fu(X)∆u, (6)

the system (1) can be characterized by a Laplace transfer function

S(s) =
∆Y(s)
∆U(s)

=
Ks

s + a
; Ks(X) = fu(X); a(X) = fy(X) (7)
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Hence, the operating point symbol X can be omitted for the sake of simplicity. Several
model-based approaches have been discussed, for example, in [26]. Those based on ultra-
local models, in which a = 0 is formally considered, are particularly suitable for application
due to their simplicity. This means that obtaining the term fy(X) that requires partial
derivatives of f with respect to y can simply be omitted [17]. This procedure is typically
used, but not consistently enough, in ADRC.

2.1. Input Disturbance Reconstruction and Compensation

Several possible approaches to reconstruction of an input disturbance di have been
formulated for the first-order system (1) with an ultra-local model corresponding to a = 0.
The difference between the actual input to the process model ∆ua in (7) and the controller
output ∆u can be represented as the reconstructed input disturbance

direc(t) = ∆ua(t)− ∆u(t) (8)

In disturbance observer-based control (DOBC), the input of the model ∆ua can be simply
calculated from its output ∆y by means of transfer functions according to

∆ua =
1

(1 + Tf s)n
s

Ks
∆y; n ≥ 1 (9)

To compensate for the dynamics of the filter used to calculate ∆ua in (8)–(9), the same
filter must also be applied to the output of the controller ∆u. This provides a filtered
reconstructed disturbance

d f =
1

Ks

s
(1 + Tf s)n ∆y − ∆u

(1 + Tf s)n (10)

This formula can be written as follows:

d f = Syd(s)∆y − Sud(s)∆u; Syd(s) =
s

Ks(1 + Tf s)n ; Sud(s) =
1

(1 + Tf s)n ; n ≥ 1. (11)

Its use can be encountered in several model-based approaches.

Remark 1 (ARC, MCT, DOBC, ADRC and AOC). Based on the linearization of the process (7),
the DOB-based controller (DOBC) can be created using a polynomial formulation of the recon-
structed input disturbance as the difference between the reconstructed input to the process model
and the output of the controller (11) [11,12,15,30,61,62]. For inversion of the dominant first-order
model, a filter with n = 1 is usually used. However, in DOBC, it would formally be possible to
use all integer values n ≥ 1. Figure 1 above shows a possible implementation of a whole family of
linearization-based control systems of (1) with the setpoint w.

ADRC [31,63–70] uses for the derivation of the DOB the state-space approaches of
MCT [20–23,71]. The disturbance reconstruction is implemented by an extended state observer
(ESO) representing mostly an identical Luenberger observer designed for “ultra-local” (integral)
process model with a = 0 (ULM) in (7) and n = 2 in (11). The derivation of a reduced ESO that
would allow (11) with n = 1 is considerably rarer.

The modeling errors resulting from the use of ULM with a = 0 are usually merged with
external disturbances into “a lumped or total disturbance”. However, in MCT, ESO was used for a
long time before pioneering work in ADRC [31,63] and was not limited to working with ultra-local
models considering a = 0 and n = 2. Leaving aside the historical context and details of the usual
setup and interpretation, ADRC and DOBC can be considered equivalent approaches. In the context
of compensating for nonlinear process properties with injection of operating points and possible
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transport delay, we will interpret all DOB-based controllers using (11) as special cases of automatic
offset control (AOC).

In ARC, the overall DOB design is further simplified by choosing Syd(s) = 0 with n = 1
in (11). Despite this simplification, it is still useful to consider ARC as a special case of model-
based control.

Δur +
f(y,ua)

ua

di

y
+

+
df

process

KP
+

−

+

−

w Δu

up

yp

Δy

1 s+a

1+sTfKS

1

1+sTf

Disturbance observer
P controller

Δw

yp

Δe

+

−

Δur +
f(y,ua)

ua

di

y
+

+
df

process

KP
+

−

+

−

Δu

up

yp

Δy1 s

1+sTfKS

1

1+sTf

Disturbance observer
P controller

w Δe

+

−

Δuf

Δuaf

+
Δuf

Δuaf

+

+

+

+

−

−

δ 
+

+

δ 
+

+

f(y,ua)
ua y KS

s+a

ΔyΔua

linearization

Figure 1. Proportional controller with a DOB derived by linearization of nonlinear processes (1)
using local and ultra-local models based on small increments around the operating point (yp, up) (3),
with yp subtracted from the process output y and up added as the controller offset to ∆u (above); the
alternative scheme with shifted summation points, formulated just for ultra-local model (neglecting
the red term a = 0) (middle); δ-measurement noise and equivalence of the nonlinear process and its
linearization for small input and output increments (below).

2.2. Dynamics of Nominal ARC and AOC

For the “nominal” ultra-local model Ks/s and the stabilizing controller gain KP, the
closed-loop characteristic polynomial is

AP(s) = s + KPKs (12)

A stable closed-loop pole s0 = −KPKs < 0 can be replaced with a positive closed-loop
time constant

Tc = −1/s0 = 1/(KPKs) > 0 (13)

The gain KP can thus be expressed in terms of Tc as

KP = 1/(TcKs) (14)

The differences between ARC and AOC (including DOBC and ADRC) occur for
activated reconstruction and compensation of disturbances. When using the full DOB
of AOC with Syd(s) ̸= 0 in the nominal case with zero external disturbance di = 0, the
reconstructed disturbance will also be zero, d f = 0. Therefore, the full nominal DOB does
not affect the dynamics of the setpoint tracking. This is decoupled from the disturbance
reconstruction dynamics characterized by the time constant Tf .
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Historical ARCs with the “trivial” option Syd(s) = 0 and n = 1 significantly simplify
the DOB structure. This reduces the influence of measurement noise δ superimposed on
the process output (see Figure 1 below) and the impact of a (stepwise) changing operating
point yp on the input of Syd(s). However, the closed-loop dynamics of the setpoint tracking
imposed by the stabilizing controller gain KP (13) changes by adding the simplified DOB
specified with Sud. In the proportional band of the saturation nonlinearity, the structure
achieved corresponds to the PI controller

C(s) = KP
1 + Tf s

Tf s
(15)

Loop stabilization and disturbance reconstruction are not decoupled. The closed-loop
transfer function of ARC with the ultra-local model Ks/s

Fwy(s) =
C(s)S(s)

1 + C(s)S(s)
=

1 + Tf s
s2Tf + sTf /Tc + 1/Tc

(16)

remains stable for all Tc > 0 and Tf > 0. The responses are significantly different from
the situation with full DOB with the characteristic polynomial (12). The occurrence of
overshooting in Fwy(s) due to zero 1 + Tf s could be eliminated by using a prefilter

Fp(s) = 1/(1 + Tf s). (17)

In the general case with n ≥ 1,

Cn(s) = KP
1

1 − 1
(1+Tf s)n

= KP
(1 + T f s)n

(1 + Tf s)n − 1
. (18)

The closed-loop transfer function with such a generalized ARC is

Fn
wy(s) =

Cn(s)S(s)
1 + Cn(s)S(s)

=
(1 + T f s)n

(1 + T f s)n(s + KPKs)− s
. (19)

In this paper, it will be used with n ∈ [1, 3], where it can be shown to be stable for all
Tc > 0 and Tf > 0. For example, with n = 2 and KP = 1/(KsTc), the system has a
characteristic polynomial

A2(s) = T2
f s3 + Tf

(
2 + Tf /Tc

)
+ 2Tf s/Tc + 1/Tc. (20)

By applying Routh’s test, it can be shown that the polynomial A2(s) remains stable for all
Tc > 0 and Tf > 0. However, the responses are significantly different from the situation
with the full DOB of AOC. This still has the characteristic polynomial (12) and the increased
order of the circuit will only be apparent in the introduction of transient responses activated
by the initial conditions of DOB.

In general, the occurrence of overshooting due to the zero (1 + Tf s)n of (19) could be
eliminated by using a prefilter

Fn
p (s) = 1/(1 + T f s)n. (21)

The effect of neglecting the term fy(X) = a by choosing a = 0 in the linearization
of the process based on the ultra-local model can easily be treated by simulation. This is
the most appropriate method for comparing the performance of ARC and AOC, when,
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intuitively, the influence of the neglected term of the full DOB of AOC can be expected to
decrease with increasing Tf , when the performance of ARC approaches that of AOC.

2.3. Gain Scheduling Design

To manually adjust historical analog ARCs, only a single operating point (yp, up) could
be considered when linearizing the system. The achievement of the vicinity of the given
operating point was realized with manual control or with the help of a special start-up
program. Attention must be paid to achieving bumpless transfer. To improve closed-
loop performance for output y that changes over a relatively wide range of operating
points X, closed-loop performance can be improved by appropriate changes to X. Such
an approach to change in controller parameters is usually reported as gain scheduling,
although it does not have to be related only to changes in gain. When control algorithms
are implemented with programmable devices and embedded systems, control performance
can be significantly increased by adjusting the controller setting separately for each new
setpoint response based on the gain scheduling parameter

α = yp = w. (22)

This choice introduces a control error e = w − y at the input Syd(s) and thus allows us to
rearrange the control loop. In the proportional band of control, DOB feedback with time
constant Tf gives the PI-like controller transfer function

Ce(s) =
∆u
∆e

= κ
1 + τs

τs
. (23)

This, according to Figure 1 below with a = 0 and ∆e = e, follows from

∆u = KPe +
s

Ks(1 + Tf s)
e +

1
1 + Tf s

∆u (24)

with
κ = KP +

1
KsTf

; τ = Tf +
1

KPKs
. (25)

However, the equivalence of the given gain scheduling structure with the use of a PI
controller Ce(s) is only given for illustration, because from the point of view of imple-
mentation, the anti-windup DOB structure is more advantageous. This holds both with
regard to disturbance reconstruction and dynamics in the control saturation area. It is also
important to note that even after the introduction of gain scheduling, the setpoint responses
with nominal process Ks/s and full DOB retain with the controller (23) the time constants
Tc = 1/(KpKs) (13). The disturbance responses will still be characterized by the DOB time
constant Tf .

Step changes in the gain scheduling parameter α = w, specifying injection of yp at
the input of the derivative block Syd, as seen in Figure 1, create pulses in the reconstructed
disturbance d f at the DOB output. They decay in time and do not affect the resulting
steady-states. Therefore, it will also be interesting to evaluate how circuit operation would
change if step changes of yp were simply omitted. This situation is similar to implementing
a PID controller with setpoint weighting and not using control error in the derivative
action. Therefore, in the following evaluations, we will deal with two modifications of the
DOB controller with process linearization based on small deviations from the operating
point. The additional index 1 or 0 indicates whether at the input of the block Syd(s) we will
subtract yp = α = w, or whether at this summation point yp = 0.
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Here, it should yet be noted that the acquisition of control increments ∆u for the
linearization of the process around (4) should finally be completed by the inverse calculation
of the total output

u = up + ∆u. (26)

This step generally accelerates the convergence of disturbance reconstruction [17], and
although its need is evident from some works [52], many other contributions in the field of
linearization forget about it [53,55,72]. The omission of injection of yp and up is also one of
the fundamental differences between the usual implementation of ADRC and DOBC and
the consistent approach of AOC.

Since ∆e = e, the calculation of the increments in the control signal ∆u that include the
offset −d f can then be expressed as

∆u =

(
KP +

s
Ks(1 + Tf s)

)
e +

sat(∆u)
Tf s + 1

. (27)

Here, sat(∆u) corresponds to the saturation of the (previous) control increment performed
with the limit values

∆Umax = Umax − up; ∆Umin = Umin − up (28)

as follows:

∆ur(t) = sat{∆u(t)} =

/
−
\

∆Umax ;
∆u ;
∆Umin ;

∆u > ∆Umax

∆Umin ≤ ∆u ≤ ∆Umax,
∆u < ∆Umin

(29)

We expect that the inversion of the linearized process dynamics required to reconstruct the
actual input of the model ∆ua in a full DOB of AOC will lead to a higher amplification of
measurement noise δ than in the simplified DOB of ARCs.

2.4. Illustrative Example

The included illustrative example considers a hydraulic one-tank system with a vari-
able cross-section in Figure 2 treated recently in [17]. Based on the difference in the flow
rates of the outlet and inlet q2 − q1, the rate of change in the liquid level y = h can be
described by the differential equation

ẏ =
[
u − c

√
y
]
/S(y);

y ∈ [0, Y]m; u ∈ [0, U]m3/s; c = 2; Y = 1; U = 5;
S(y) = πr2 = π(r0 + ky)2; r0 = 0.1; k = 1.

(30)

Thus, compared to (29), it corresponds to Umin = 0 and Umax = U. The research reported
in [17] was dealing with simulating four different options of the model-based control
proposed by linearization around a steady state (3) with a = 0, a ̸= 0, ARC, and DOB and
the scheduling parameter yp = w:

yp = α = w; up = c
√

α = c
√

w. (31)

It was used to derive the gain-scheduled model

∆̇y = ẏ = fu(α)∆u − fy(α)∆y;

fu(α) =

[
∂ f
∂u

]
yp=α; up=c

√
α

=
1

S(α)
=

1
π(r0 + kα)2 ; fy(α) = −

[
∂ f
∂y

]
yp=α; up=c

√
α

=
c

2S(α)
√

α

(32)
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In [17], the linearization of the process gave for y ∈ (0, 1) [m] the linearization parameters

Ks ∈ (0.26, 31.83) [m−2]; T = 1/a ∈ (0, 3.8) [s] (33)

Such a large range of linearization parameters required the use of gain scheduling. Since
linearization with a ̸= 0 for the gain scheduling using α = w led to possible stability
problems, in this article, the controller design based on small signal increments is limited
only to the ultra-local model assuming a = 0. It is described by the single parameter Ks,
when it was sufficient to assume Tc > 0 and Tf > 0 to ensure stability. Hence,

Ks = Ks(α) = fu(α) = 1/S(α) [m−2]. (34)

To complement [17], which focused on the importance of considering the offset up in the
controller output, the focus is now also extended to the impact of the additional signal yp

injected into the input of Syd(s). Thus, the evaluation is extended to fully cover the changes
in structure necessary to maintain operation with small deviations from the operating point
corresponding to the linearization used. The effect of completely omitting both corrections,
as is usually practiced in DOBC and ADRC, is also addressed.

Next, the basic uncertainties of the hydraulic process and the possibilities of taking
them into account by working with local and ultra-local models will be clarified.

Figure 2. One-level hydraulic system with a variable cross-section.

2.5. System Uncertainties and the Design of Robust Controllers

When we look at the linearization parameters (7), it should be noted that the parameter
Ks = 1/S(α) is given by the geometric dimensions of the tank. Thus, it mostly does not
change much during the operation of the device. On the other hand, the parameter a is
given by linearization at the point yp = α as

a = fy(α) = −
[

∂ f
∂y

]
yp=α; up=c

√
α

=
c

2S(α)
√

α
(35)

The coefficient c in (30) depends on the opening of the outlet valve that can change during
transient responses. Therefore, for each possible opening of the output valve, c will need
to be identified when designing the controller. Furthermore, experimentation with the
identification and control of hydraulic systems [73] showed that considering the output
flow through a valve in the form of square root dependence qout = c

√
y represents a

too strong simplification of reality. In real control, we should consider a more general
expression of the output valve flow

qout = cyE; E ∈ [0.2, 0.5] (36)

The limit value E = 0.5 corresponds to an idealized laminar flow. The real values of
the coefficient E vary over a wider range due to turbulent flows and air-filled valves.
Ultimately, the parameters in (36) depend on the actual level y in the reservoir, as well as
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on the construction parameters of the valve and its opening. Hence, obtaining the exact
values of c and E that are variable during transient responses is essentially unfeasible.
Based on this fact, the question arises as to what extent the output valve parameters c
and E must be used in the controller design. We will seek the answer to this question by
first assuming a linear process Ks/(s + a) with known values of the parameters. Thus, we
can find out to what extent and under what other circumstances the parameter a can be
omitted from a simplified design assuming a = 0. We expect that the use of a simplified
process model will lead to the emergence of an equivalent disturbance in the control. Its
identification and compensation through a corrective process can require several correction
steps. Their speed, in general, can depend on a loop transport delay Td, which limits the
speed of information transmission. Inspired by the paper [28], it was possible to formulate
the following statement:

Lemma 1 (Ultra-local versus local MRDP-optimal AR controller design). Consider the first-
order time-delayed (FOTD) local process model

F(s) =
Kse−Tds

(s + a)
(37)

controlled by MRDP-optimal AR controllers Ca(s) and C0(s) derived for a > 0 and a = 0 and
rewritten with respect to (15) as

Ca(s) = Ka
1 + Tias

Tias
; C0(s) = K0

1 + Ti0s
Ti0s

. (38)

When applying Ca(s) and C0(s) to the process (37), they produce the IE values IEa and IE0. Then,
there exists an interval of the dead-time values Td ∈ (0, Tdm], for which it holds

|IEa − IE0| ≤ ϵIEa, ϵ > 0; (39)

where ϵ is a small positive number. This means that by using the controller Ca(s) designed for the
“more accurate” FOTD model, one obtains transient responses that provide roughly the same value
of IEa as when using the controller C0(s) designed for the simpler IPDT model corresponding to
the parameter a = 0 with IE0.

Proof. For the chosen AR controller (38), prefilter Fp(s) = 1/(1 + Tis) with Ti = Tia or
Ti = Ti0 and FOTD process S(s)

C(s) = Kc
1 + Tis

Tis
; Fp(s) =

1
1 + Tis

; S(s) = Ks
e−Tds

s + a
(40)

where the transfer functions of the setpoint and disturbance responses are

Fs(s) =
Y(s)
W(s)

=
KsKc

Tis(s + a)eTds + KsKc(Tis + 1)

Fd(s) =
Y(s)
Di(s)

=
KsTis

TiseTds(s + a) + KcKs(Tis + 1)

(41)

For the characteristic quasi-polynomial

P(s) = TiseTds(s + a) + KcKs(Tis + 1) (42)

the triple real dominant pole (TRDP) so of P(s) (42) satisfies conditions P(so) = 0, Ṗ(so) = 0,
and P̈(so) = 0. The “optimal” parameters Kca and Tia are given by the set of formulas [28]
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so = − A + 4 − S
2Td

, A = aTd , S =
√

A2 + 8

Ko = KcaKsTd = (S − 2)e(S−A−4)/2

τo =
Tia
Td

=
2(2 − S)

A2 + 2A + 28 − (A + 10)S

(43)

For the dead time Td of the loop located in the feedforward path, by means of (41) and by
the final value theorem of the Laplace transform, the IEs and IEd values corresponding to
unit setpoint and disturbance step can be derived as

IEsa = Ti +
aTi

KcaKs
=

2(2 − S)Td
A2 + 2A + 28 − (A + 10)S

(
1 +

A
(S − 2)e(S−A−4)/2

)
IEda =

Tio
Kca

= −
2KsT2

d

[A2 + 2A + 28 − (A + 10)S]e(S−A−4)/2

(44)

Repetition of the MRDP-design with Kc = Kc0 and Ti = Ti0 for the IPDT model
corresponding to the parameter a = 0 in (40) gives the solution

so =
−2 +

√
2

Td
= −0.5858

Ko = Kc0KsTd = 2e−2+
√

2(
√

2 − 1) = 0.4612

τo =
Ti0
Td

= 2
√

2 + 3 = 5.8284

(45)

The application of the obtained solution to control the FOTD process gives

IEs0 = (5.828 + 12.639A)Td

IEd0 = 12.6387KsT2
d

(46)

Since, for Td → 0, the values of (44) converge to the values of (46), it is possible to find a
value of Tdm > 0 for which they differ less than the chosen tolerances ϵIEa.

Comparing controllers based on local and ultra-local models for a = 1 and Td = 0.1
gives the values IEsa = 0.5435, IEs0 = 0.7092 and IEda = 0.1006, IEd0 = 0.1264 (see
also Table 1). The corresponding relative deviations are therefore δIEs = 100(IEsa −
IEs0)/IEsa = −30.49% and δIEd = −25.65%. If the value of Td is reduced to one-hundredth
of the time constant of the process T = 1/a = 1, the differences will be significantly
smaller: IEsa = 0.05785, IEs0 = 0.05955 and IEda = 0.001234, IEd0 = 0.001264. The relative
deviations are also reduced to values of δIEs = −2.94% and δIEd = −2.43%. This means
that the given FOTD process (37) can be controlled even without identifying the parameter
a. It possibly only needs to work with a sufficiently small transport delay Tdm.

The work [28] further shows that by using PID and PIDA controllers with higher-order
derivatives, the agreement regions of designs based on IPDT and FOTD models can be
extended to processes with higher values of Td. We will further show that the extension
of agreement to higher values of Td can also be achieved by using AOCs with full DOB.
However, the new approach expands the range of options available.

Lemma 2 (Ultra-local versus local linear models in robust AO controller design). Consider
the integral of error (IE) values achieved in controlling the FOTD local process model (37) by
MRDP-optimal AO controllers AOa(s) and AO0(s) derived for a > 0 and a = 0
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AOa : u = KPe −

s + a
Ks

y − u

1 + Tf s
;

AO0 : u = KPe −

s
Ks

y − u

1 + Tf s
.

(47)

When applied to the process (37), they produce the IE values IEa and IE0. Then, there exists an
interval of the dead-time values Td ∈ (0, Tdm], for which it holds (39), where ϵ is a small positive
number. This means that by using the controller AOa(s) designed for the “more accurate” FOTD
model, we will obtain transient responses that provide roughly the same values of IE as when using
the controller AO0(s) designed using the simpler IPDT model corresponding to the parameter
a = 0.

Proof. The MRDP-optimal controller AOa (47) is specified by the double real dominant
pole so of the characteristic quasi-polynomial P(s) corresponding to the gain KP of the
2DOF P controller

u = KPe + up = KPe + aw/Ks = [(1 + a/KP)w − y]KP. (48)

For FOTD process (37), the charateristic quasi-polynomial is

P(s) = eTds(s + a) + KPKs. (49)

The “optimal” gain KPa satisfies conditions P(so) = 0 and Ṗ(so) = 0 that can be expressed
by two equations:

so = −1 + Tda
Td

Ko = KPaKsTd = e−(1+Tda).
(50)

The DOB time constant Tf in (47) can be specified (especially with regard to measurement
noise attenuation) relatively freely. If we do not want to unnecessarily increase the number
of adjustable parameters, we can use as its default value the time constant

T = −1/so =
Td

1 + Tda
. (51)

The application of the obtained AOa, tuning to control the FOTD process, gives

IEsa =
(A + 1)eA+1Td

AeA+1 + 1
; A = aTd

IEda =
(A + 2)eA

(A + 1)(AeA+1 + 1)
KsT2

d

(52)

Remark 2 (IE values of AO controller). Linear feedback of FOTD processes ẏ = Ksu(t − Td)− ay
corresponds to steady states with up = ayp/Ks. Therefore, up can be derived from the known
process model (37) or by experimental evaluations of closed-loop steady state with yp = w, when
up = aw/Ks results from the experiment. Such a steady state can be achieved with the AO0

controller (47) starting its activity with some up ̸= aw/Ks. However, this means that the step
responses of AO0 controller from y = 0 to y = w can be characterized by at least two transient
responses depending on the default initial value (e.g., up = 0) and an “optimal” value up = aw/Ks.
Experimentally finding the optimal value of up, which depends only on the value of w, can be
interpreted as a controller learning phase. For simplicity, in the next text, we will consider just the
second option with up = aw/Ks known from previous experiments.
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The MRDP-optimal controller AO0 (47) is specified by the double real dominant pole
so of the characteristic quasi-polynomial P(s) corresponding to the gain KP of the 2DOF P
controller (48) and IPDT model that gives

P(s) = eTdss + KPKs (53)

The “optimal” gain KP0 satisfies conditions P(so) = 0 and Ṗ(so) = 0, which can be
expressed by two equations:

so = − 1
Td

Ko = KP0KsTd = e−1.
(54)

In the simplest case, the DOB time constant Tf in (47) can be specified as

Tf = −1/so = Td (55)

The application of the obtained AO0 tuning to control the FOTD process gives

IEs0 = eTd
1 + A
1 + eA

; A = aTd

IEd0 = 2eKsT2
d

(56)

Since for Td → 0 the share of individual items in (52) and (56) is equal to 1, it is possible to
find a value of Tdm > 0 for which they differ less than corresponds to the chosen tolerance
ϵAOa.

IE values of MRDP-optimal AR and AO controllers in controlling the FOTD
process (37) designed for the actual value of a = 1 and for a = 0 at Td = 0.1 and Td = 0.01
are in Table 1. The comparison shows that the use of AO reduces, at given values of Td,
the errors resulting from the replacement of a more accurate controller with its estimate
based on an ultra-local model. At the same time, it also significantly reduces the achieved
IE values. Although we will not work further with estimates of Td in the following text, an
important result of the proposed theorems is the indication of circumstances under which
the use of ultra-local controllers makes sense.

Table 1. Comparison of IE values of MRDP-optimal AR and AO controllers designed for a = 1
and a = 0 in controlling the FOTD process (37) with a = 1, Td = 0.1 and Td = 0.01;
δIE = 100(IEa − IE0)/IEa[%].

Td 0.1 0.01

IEs IEd IEs IEd

ARa 0.5435 0.1006 0.05785 0.001234

AR0 0.7092 0.1264 0.05955 0.001264

δAR[%] −30.49 −25.65 −2.94 −2.43

AOa 0.2541 0.04410 0.02699 0.0005318

AO0 0.2351 0.05437 0.02673 0.0005437

δAO[%] 7.48 −23.29 0.96 −2.24

Lemmas 1 and 2 show that despite the simplifications, AR and AO designed using
ultra-local models can provide the same closed-loop performance as the traditional, but
more complex, design using local linear models. The computational times required to
implement ARC and AOC, which are reflected in the total loop delay, differ only by the
values required to calculate the more complex DOB of AOC. At the same time, the threshold
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values of Tdm given by the chosen value of ϵ for AOC are higher than for ARC. This suggests
that implementing AOC satisfying the specified value of ϵ may be even simpler than in
the case of ARC. Thus, the evaluation of the performance agreements obtained using
AR and AO controllers based on local and ultra-local models also suggests that it will
probably be possible to formulate a hypothesis, according to which, AO controllers are less
demanding on closed-loop dead-time values than historical AR controllers. The article [28]
also suggests that at higher values of Td, it will be possible to work with AR and AO
controllers using derivatives of the process output.

3. Exact Linearization Supplemented with Disturbance Compensation
Before we begin to evaluate the impact of individual design parameters, we will

introduce two more alternative control methods based on EL. The exact linearization of
a process by feedback [46] is based on the transformation of a general nonlinear system
into a chain of integrators, the input of which is affected by all internal nonlinear feedbacks
of the system. This transformation is based on the gradual differentiation of the output of
the process. In the case of the illustrative example (30) considered, the nonlinear system is
already in the required form and no transformation is needed. The hydraulic process is
only a special case of a nonlinear system

ẏ = Ks(y)(u − f (y));
Ks(y) ̸= 0 for any y ∈ [0, Y]; u ∈ [0, U]

(57)

In the fields of mechatronics, servo systems, process control, and many other control areas,
such a nonlinear system can be encountered very often. The “linear” dependence of the
output derivative on u, as in (30), simplifies the following controller design.

If the nonlinear function f (y) is sufficiently known around the considered working
point and Ks(y) ̸= 0, influence of f (y) can be eliminated by positive feedback considered
with the opposite sign (Figure 3)

u = KPe + f (y). (58)

Then, the controller design proceeds in the same way as in the case of integrative
process (12)–(13). The result of the design will be a stabilizing P controller with a se-
lectable pole position s0, respectively, a time constant value Tc = −1/s0. In contrast to the
linearization design, the offset correction up is now directly achieved by f (y) in (58). By
shifting the summation point before the saturation nonlinearity in Figure 3, the need for
transformation of the limit values of the control signal is eliminated. However, the nonlin-
earity of the process must also be taken into account for reconstruction and compensation
of external disturbances di.

Figure 3. Scheme of the exact linearization of the process with nonlinear feedback f (y) by replicating
f (y) and using its output with the opposite sign.
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3.1. Extended Exact Linearization (EEL)

The reconstructed disturbance direc can be calculated by comparing the estimated
input of the process ua with the controller output ur. The estimate of ua follows from the
inversion of the process dynamics (32). Taking into account the measurement of the output
of the process y and of the output of the controller ur,

direc = ua − ur =
ẏ

Ks(y)
+ f (y)− ur. (59)

Since the value of ẏ is generally not measured, it will need to be reconstructed. In accom-
plishing this step, there are numerous possible alternatives. Starting from the derivative
definition, one can simply approximate the derivative by a difference:

ẏ ≈ 1 − e−Tds

Td
y(s); Td >> Ts, (60)

The advantage of (60) is its simplicity and the possibility of using it for arbitrary integer
multiples of the sampling period Td = NTs, N ≥ 1. However, in circuits with measurement
noise, the feedback approximation by introducing a closed-loop differentiator with a
relatively small time constant Td (but still significantly larger than the sampling period Ts)
usually gives better filtration, when

ẏ ≈ ẏder =
sy

Tds + 1
; Td >> Ts, (61)

Other alternative solutions include, for example, a tracking differentiator by a second-order
transfer function [63] or the use of finite impulse response (FIR) filters typical for intelligent
PID control [41,74]. Similarly to the velocity implementations of PID controllers [55], the
use of small derivative time constants Td will not lead to a significant increase in noise
amplitudes, if the resulting disturbance value d f is filtered by a low-pass filter

Q(s) =
1

(1 + Tf s)n ; n ≥ 1 (62)

with an equivalent delay Te = nTf >> Td.
By reconstructing and compensating for the filtered disturbance corresponding to

filtration of (59) and formally written as

d f =

1
Ks(y)

sy
Tds + 1

+ f (y)

(Tf s + 1)n − ur

(Tf s + 1)n , (63)

it is possible to implement “windupless” integral action, called extended exact linearization
(EEL). However, the transfer function-like notation (63) violates the usual rules of transfer
function algebra for linear systems, and therefore its interpretation for the design of simu-
lation schemes requires increased attention. From the point of view of the design of the
simulation scheme in Figure 4, we emphasize that when multiplying by the functions Ks(y)
or 1/Ks(y), it is no longer a matter of ordinary multiplication of a signal by a constant, but
a multiplication of two signals.
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Figure 4. Scheme of the extended exact linearization of the process with nonlinear gain Ks(y) and
nonlinear feedback f (y).

3.2. Illustrative Example (Cont.)

Obviously, the nonlinear system (30) used to illustrate linearization by small deviations
from equilibrium states is linear with respect to u. It can therefore be used to illustrate EEL,
assuming that

Ks(y) =
1

S(y)
; f (y) = c

√
y (64)

Remark 3 (Controller offset in AOC and EEL). In the GS controller with the scheduling
parameter w, the work with small input increments is guaranteed by the injection of the signal
up (31) related to the setpoint value according to (26). Within the EEL framework, a similar injection
related to the immediate output is called compensation of the nonlinear process feedback. For large
jumps in w, injection (26) is likely to not provide perfect compensation for f (y) according to (58),
and the usual neglect of up = f (w) in AOC is expected to lead to greater deviations from ideal
responses. The question is whether the much higher directivity of the EEL design compared to the
linearization method using small deviations from the working point will also be reflected in the
improved properties obtained using EEL.

The EEL application was tested with the setting of the stabilizing P controller by time
constant Tc = 0.1 and the equivalent DOB delay Te = Tc = 0.1. From Te, the filter time
constants (62) were calculated for n ∈ [1, 3] according to Tf = Te/n. Each experiment was
evaluated with the values Td = 0.05, Td = 0.01, and Td = 0.02. Ten small steps of the
setpoint variable from w = 0.1 to w = 1 cover a wide range of changes in process dynamics.

The responses in Figure 5 left correspond to simulations without measurement noise
with the value Td = 0.005, n = 1 and the approximations of the output derivative according
to (61) (EEL11a) and (60) (EEL11b). For the smallest steps of w, the dynamics of the process
is higher than the required dynamics given by the value of Tc = 0.1. The corresponding
control signal u shows a monotonic transition to a new steady-state value there. For steps
to higher values of w, the transients need to be accelerated relative to the selected value of
Tc, which is reflected in the initial peak of u, whose amplitude increases with increasing w.

The simulation of the setpoint steps corresponds to an external disturbance di = 0.
Nevertheless, in the curves of the reconstructed disturbance d f after the step changes in
w there are visible peaks with amplitudes increasing with the value of w. To reduce these
amplitudes, it would be necessary to further reduce the value of Td. However, with a
decrease in the ratio of Td/Ts, there would also be a decrease in the reconstruction accuracy
based on the relations valid for continuous-time systems using (61). Obviously, for small
values of Td, replacing the derivative with the difference gives better responses with a
smaller peak d f . However, to reduce the influence of measurement noise, it is appropriate
to work with values Td >> Ts. Therefore, slightly better results can be expected when the
derivative is approximated according to (61). To evaluate the impact of measurement noise,
random noise with a maximum amplitude of δ = 0.01 was generated with a sampling
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period of Ts = 0.001 using the “Uniform Random Number” block in Matlab/Simulink
(https://www.mathworks.com/products/matlab.html, accessed on 4 January 2026) and
added to the process output. The corresponding responses with derivative approximation,
according to (61) for Td = 0.01 and the three variants with the value Te = Tc, Tf = Te/n,
n ∈ [1, 3], are in Figure 5 (right), labeled EEL12-32. The influence of measurement noise on
the reconstructed disturbance d f appears to be the most significant for n = 1. By increasing
the filter order from n = 2 to n = 3, a significant increase in the noise attenuation is no
longer evident.
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Figure 5. Step responses of hydro system (30) for increasing setpoint w, Tc = 0.1; (left)—no noise,
Td = 0.005, EEL11a (61), EEL11b (60); (right)—EEL11-EEL31 (61), Td = 0.01, n ∈ [1, 3], Te = Tc,
Tf = Te/n ; noise amplitude δ = 0.01.

Although the dynamics of individual setpoint steps of y appears to be independent
of w (due to applied control), significant changes in the dynamics of the process input u
are manifested by the increasing amplitude of the superimposed measurement noise as
w increases. Later, all of these changes will be quantitatively evaluated. However, before
that, let us introduce another alternative of the DOB design, which, at least under idealized
conditions, allows us to achieve the separability of setpoint and disturbance responses
known from linear systems.

3.3. DOB Based on Nonlinear Transfer Functions (NTFs)

Works based on linearization of nonlinear systems by small increments of output
and input around equilibrium points have proven themselves in practice for a long time.
Despite this, in conjunction with the gain scheduling required to account for larger changes
in process variables and the need for accurate reconstruction of external disturbances, their
use still does not lead to perfect results [17]. In nominal linear systems, the state and
disturbance reconstruction can be carried out independently of changes in the setpoint
variable. In contrast, due to setpoint changes, some fictitious disturbances arise even with
precisely known nonlinear process models. As shown by the EEL discussed above and
based directly on the nonlinear differential equation of the system (30), the imperfections
are not completely eliminated. Complete elimination of changes in the setpoint variable
to the reconstructed disturbance can, at least under ideal conditions, only be achieved by
designing a DOB based on nonlinear transfer functions (see Appendix A). Under certain
circumstances, the results obtained for small increments of the considered system quantities
can be analytically integrated within the implementation, which will allow one to work
directly with their current values.
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If we denote the reconstructed filtered input to the process according to (A7) as
ua f = ŵ (as in Figure 4), the inverted process dynamics can be implemented according to

ż = − 1
Tf

z +
1

Tf
c
√

y − 1
T2

f
π
(r0 + ky)3

3k

ua f = z +
1

Tf
π
(r0 + ky)3

3k
. (65)

The reconstructed disturbance d f can then be expressed as

d f = ua f −
1

1 + Tf s
ur. (66)

If it is necessary to increase the filtration order n in calculating d f , one can consider

d f =
1

(1 + Tf s)n−1 ua f −
1

(1 + Tf s)n ur; n ≥ 1 (67)

The setpoint step responses NTF11-31 in Figure 6 on the left, obtained for n ∈ [1, 3]
according to (67) without measurement noise, show an almost ideal independence of the
reconstructed disturbance from changes in w. However, when considering measurement
noise with amplitude δ = 0.01 (Figure 6 right), their influence is no more negligible and
will probably require an improved filtration with values of n > 1.
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Figure 6. Step responses of hydro system (30) for increasing setpoint w with controllers NTF11-31
based on DOB designed for n ∈ [1, 3] according to (67) ; Tc = Te = 0.1, Tf = Te/n; (left)—no noise,
(right)—noise amplitude δ = 0.01.

With regard to the practical application of disturbance reconstruction using NTF, it
will be important to compare the results achieved with those corresponding to alternative
approaches. For a broad comparison, a detailed quantification of emerging differences will
be possible using several different performance measures.

4. Quantified Simulation Experiments
The detailed quantitative comparison considers closed-loop ARC and AOC (DOBC

and ADRC) responses based on linearization via ultra-local models with the scheduling
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parameter α = w with EL controllers extended by DOB to EEL and to NTF for two sets of
tuning parameters given as

ARC1: Tc = 0.1; Tf = 0.1; up ̸= 0; yp ̸= 0;
AOC11: Tc = 0.1; Tf = 0.1; up ̸= 0; yp ̸= 0;
AOC10: Tc = 0.1; Tf = 0.1; up ̸= 0; yp = 0;
AOC1X: Tc = 0.1; Tf = 0.1; up = 0; yp = 0;
EEL1: Tc = 0.1; Tf = 0.1; NTF1: Tc = 0.1; Tf = 0.1;

(68)

and
ARC2: Tc = 0.1; Tf = 0.2; up ̸= 0; yp ̸= 0;
AOC21: Tc = 0.1; Tf = 0.2; up ̸= 0; yp ̸= 0;
AOC20: Tc = 0.1; Tf = 0.2; up ̸= 0; yp = 0;
AOC2X: Tc = 0.1; Tf = 0.2; up = 0; yp = 0;
EEL2: Tc = 0.1; Tf = 0.2; NTF2: Tc = 0.1; Tf = 0.2;

(69)

Among the possible criteria for choosing a suitable controller design are the following:

• Speed of transient responses;
• Shapes of transient responses at the input and output of the process;
• Homogeneity of transient responses over the entire range of changes in the process output;
• Excessive controller effort;
• Measurement noise attenuation;
• Performance of disturbance reconstruction;
• Controller complexity;
• Process identification requirements;
• Reliability and transparency of controller tuning.

To verify the homogeneity of transients in the entire considered range of output changes
Y = 1, the setpoint variable w is split into a sequence of ten steps of size 0.1. The size of the
required time constant Tc = 0.1 was chosen first so that transient responses occurred mainly
in the proportional control band specified by U = 5. For the first sequence of transient
responses in Figure 7 (left), Tf = Tc = 0.1 was chosen. For the responses in Figure 7 (right),
Tf = 2Tc = 0.2.
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Figure 7. Step responses of hydro system (30) for increasing setpoint w with gain-scheduled ARC
and AOC, as well as with EEL using (59) and the disturbance reconstruction (66) based on NTF for
parameters (68) and (69). n = 1, Tc = Tf = 0.1 (left); Tc = 0.1, Tf = 0.2 (right); no noise.

AOC11 and AOC21 denote the responses of AOC implemented according to Figure 1
(below), taking into account the values of the working point yp and up. In AOC10 and
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AOC20, the signal yp at the DOB input is omitted. In the case of AOC1X and AOC2X, the
offset up in the controller output is also omitted. In terms of output waveforms, all the
responses in Figure 7 show high homogeneity, although the overshooting of ARC responses
at Tf = Tc increases slightly with increasing w. The extreme values of the control signal u
and the amplitudes of kicks in d f also increase.

A detailed comparison of different controller implementations is based on values of
the integral of absolute error (IAE) and on the monotonicity-based performance measures
of the input and output signals of the process.

4.1. Speed Evaluation

The integral of the absolute error IAE is defined as

IAE =
∫ ∞

0
|e(t)|dt ; e = w − y , (70)

To verify the design requirement (13), the IAEs values of the setpoint responses are normed
by the time constant Tc used for the controller gain setting and the value ∆w = 0.1
according to

iaes =
IAEs

∆wTc
(71)

An ideal match with the first-order exponential response specified by Tc should give the
value 1 in (71) [75]. With respect to Figure 8, except for responses corresponding to ARC1,
ARC2, DOB11, DOB21 and, to a slight extent, one segment NTF1/NTF2, all remaining
responses fulfill the requirement specified by iae = 1. The deviation of the measured values
of iaes is not surprising in the case of ARC1 and ARC2 with simplified DOB. However,
AOC11 and AOC21, which correspond to AOC based on ultra-local models, are also
somewhat simplified. Their iaes values approach the ideal value of 1 for w → 1, when the
time constant of the linearization process approaches the value of 3.8 and for Tf = 0.2. The
output responses corresponding to DOB11 and DOB21 are faster than when corresponding
to Tc and with a small overshoot, which is documented not only by iae < 1, but also by the
detailed waveforms of the first setpoint step segment in Figure 9. Omitting the contribution
yp at the input of Syd(s) (see Figure 1) leads to nearly ideal IAE values for both DOB10
and DOB20 (Figure 8). The slowest responses for small values of w are given by AOC1X
and AOC2X corresponding to the usual implementation of DOBC and ADRC without
correction signals yp and up. In the case of ARC1 and ARC2, DOB11 and DOB21, as well
as AOC1X and AOC2X, increasing Tf also results in a slowdown of setpoint responses.
The improved AOC results at lower values of w could be achieved with a lower value of
Tc, albeit only under the assumption that the time transport delay of the circuit and the
measurement noise can be neglected.

According to [76], the use of IAE values is more useful than alternative measures
such as ISE (underestimating lower control error values) or ITAE (enhancing noise impact
with increasing time). However, since the minimum of IAE corresponds to moderate
overshooting, it should be combined with appropriate shape-related performance measures
that quantify the deviations from monotonicity of particular signal segments.
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Figure 8. Performance measures of the setpoint step responses of the hydro system (30) from Figure 7
for Tc = Tf = 0.1 (full curves) and Tc = 0.1, Tf = 0.2 (dotted).

Figure 9. Detail of step responses from Figure 7 without measurement noise (left) for t ∈ [0, 1] and
with a noise amplitude δ = 0.01 (right); Tc = Tf = 0.1 (full curves) and Tc = 0.1, Tf = 0.2 (dotted).

4.2. Disturbance Reconstruction

Analog ARCs did not externally use reconstructed disturbance values. Thus, one of
the basic benefits of using programmable devices to implement ARCs, AOCs, and other
alternatives is the possibility of monitoring disturbances. The setpoint responses in Figure 7
were recorded with the external disturbance value di = 0. Therefore, the reconstructed
disturbance d f should also give the value d f ≈ 0. To test the given requirement, it is
appropriate to use as a performance measure the total variation (TV). It is defined as the
sum of the absolute values of all increments in the given signal. In the case of d f , it is
calculated from the samples measured with the sampling period Ts according to

TV(d) =
∞

∑
i=0

∣∣∣d f ,i+1 − d f ,i

∣∣∣ (72)
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The curves obtained shown in Figure 7 should be supplemented with the information that
the dotted curves overlap with the solid curves, i.e., they are independent of the value of Tf .
For both ARC1 and ARC2, as well as AOC11 and AOC21, the reconstructed disturbance
values are most affected by step changes in the setpoint variable used as the scheduling
parameter. The exceptions are the waveforms corresponding to AOC1X and AOC2X. These
show the response of the so-called “lumped”, or “total disturbance” [31], combining the
external disturbance with the internal feedback of the process.

In addition to the values TV(d), which are a measure of the total waviness of the
reconstructed disturbance, the extreme values obtained from d f are also important. The
waveforms in Figure 10 show the largest deviations from the actual external disturbance
di = 0 for min(d f ) in AOC11 and AOC21. They can be significantly reduced by omitting
yp at the input of Syd(s) in AOC10 and AOC20. The use of ARC and EEL leads to a further
reduction in extreme deviations d f , which are still significantly higher than for NTF in the
loop without measurement noise. In the case of a circuit with measurement noise, however,
the situation changes significantly, and when considering acceptable solutions, even the
oldest ARC might not be without a chance.
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Figure 10. Extreme values of the reconstructed disturbance d f of step responses of hydro system
from Figure 7 for Tc = Tf = 0.1 (full curves) and Tc = 0.1, Tf = 0.2 (dotted); (above)—without
measurement noise; (below)—with a noise amplitude δ = 0.01.

Remark 4 (Independence of d f from w). Almost an ideal independence of the reconstructed
filtered disturbance d f from the setpoint changes w is ensured by the design based on NTF. Only
this approach allows us to achieve properties equivalent to the nominal design of a DOB for linear
systems, which can ideally be independent of w.

Significant differences in the particular approaches in the achieved responses will have to be
taken into account in situations where reconstructed disturbances are important for the internal
diagnostics of the controlled process.
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4.3. Monotonicity of the Process Output

A response y is monotonic if its total variation TV(y), represented by the sum of the
absolute values of all increments, corresponds to the total step change from an initial value
y0 (e.g., y0 = 0) to a final value y∞ → w. To evaluate the deviation from the monotonicity
of the output after a change in the setpoint, the performance measure TV0(y) can therefore
be applied [18], which is defined as

TV0(y) =
∞

∑
i=0

|yi+1 − yi| − |y∞ − y0| (73)

For the steps ∆w, the percentage of overshoot (∆y) will be less than half of 100 ∗ TV0(y)/∆w.
Evaluation of TV0(y) values in Figure 8 shows that, in Figure 7, the monotonicity of the
output y is mostly violated in the case of ARC1, ARC2, DOB11, and DOB21. In the case of
AOC represented by responses AOC11 and AOC21, the reason is the use of simplified ultra-
local models. The output overshoot can be avoided here by omitting yp at the DOB input
(responses AOC10 and AOC20). In the case of ARCs, the reason is the overall simplification
of DOB based on an ultra-local process model.

4.4. Evaluation of the Process Input

The analysis of the process output y must be supplemented by the qualitative and
quantitative analysis of the process input (controller output u). This analysis will be based
on the modification of the total sum of the increments TV1(u). Since the response of the
input of the integrative process model to a step change in the setpoint, or disturbance, has
to optimally consist of two monotonic segments [18], when evaluating deviations from
such an ideal shape, the performance measure TV1(u) can be calculated according to

TV1(u) =
∞

∑
i
|ui+1 − ui| − |2um − u∞ − u0|; (74)

it enumerates deviations from two monotonic input intervals that form a pulse with an
extreme amplitude. During the first monotonic interval, the control signal changes from an
initial value u0 to an extreme value um. After the turning point, the control signal decreases
from um to a steady-state value u∞. The deviations from the ideal shape of the input of the
process that occur in ARC1 and ARC2 grow with increasing values of w.

4.5. Impact of the Measurement Noise

The effects of measurement noise can be simulated by adding random noise with the
amplitude δ to the output of the process y. In the Matlab/Simulink environment, it was
generated by the “Uniform Random Number” block. The sampling period Ts = 0.001
was the same as for the closed-loop simulation. An immediate and detailed picture of the
impact of noise is provided for the first setpoint step by comparison in Figure 9. The order
of displaying simulations of particular controllers in Figure 11 was adjusted so that options
with higher amplitudes due to noise did not overlap the less corrupted responses as much
as possible. Noise fluctuations are clearly visible in all performance measures monitored,
including IAEs values in Figure 12.
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Figure 11. Step responses of hydro system (30) for increasing setpoint w with GS ARC, AOC, and
EEL using (59) as well as DOB (66) based on NTF for parameters (68) and (69); n = 1; Tc = Tf = 0.1
(left); and Tc = 0.1, Tf = 0.2 (right); noise amplitude δ = 0.01.
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Figure 12. Performance measures of the setpoint steps from Figure 11 for Tc = Tf = 0.1 (full curves)
and Tc = 0.1, Tf = 0.2 (dotted); noise amplitude δ = 0.01.

Although the possibility of using ARCs for disturbance reconstruction is more or less
unnoticed in the professional literature, they correspond to the lowest amplitude of noise
over the course of d f among all solutions, which is also signaled by the lowest value of
TV(d). Surprisingly, the roughly equal sensitivity of TV(d) to noise in all three controllers
based on DOB with process linearization using small increments around the operating
point, with characteristics overlapping the curves measured for NTF with DOB based on
nonlinear transfer functions, may also be noted.

The roughly equal sensitivity of these controllers to measurement noise is also evident
in terms of the TV1(u) measure, which characterizes excessive controller effort spent on
activities that do not contribute to the desired dynamic changes of the process output. From
this perspective, ARCs are significantly better, roughly equivalent to EEL. EEL and ARC
represent the most advantageous alternatives in terms of the ripple of the output signal
from the process and its deviations from the monotonicity expressed in terms of TV0(y).
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4.6. Use of Combined Cost Function

In more demanding control applications, the goal of controller design is to simultane-
ously optimize multiple criteria. When the requirement is to achieve the fastest possible
transients with the lowest possible excessive controller effort, a combined cost function can
be used, chosen as

J = IAE ∗ TV1(u) (75)

According to Figure 13, in terms of this criterion, the best alternatives are EEL1 and
EEL2, closely followed by AOC20. It allows us to determine whether the signal smoothing
achieved by using the applied filters is not disproportionately at the expense of prolonging
transient responses. Note that the worst results are obtained with the simplified DOB, i.e.,
AOC1X and AOC2X (expecially for low w). We emphasize this because this variant also
corresponds to the usual ADRC modification. Although its use emphasizes its suitability
for nonlinear systems, the injection of operating points is forgotten. It also points to the
worse results of ARC2, AOC10, and, surprisingly, to NTF1 with the theoretically most
perfect DOB as well.
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Figure 13. Combined cost function (75) of the setpoint steps from Figure 11 with n = 1 for
Tc = Tf = 0.1 (full curves) and Tc = 0.1, Tf = 0.2 (dotted); noise amplitude δ = 0.01.

4.7. Use of Higher-Order Filters

The use of higher-order filters in DOB can significantly contribute to smoothing
individual signals without noticeably changing their overall shape. Due to the poorer
dynamics of transient responses and the inability to reconstruct only external disturbances,
“linear” DOBX structures without corrections of controller output by offset are omitted from
further comparisons.

Visually, the changes by increasing the order of filters in the responses from Figure 11
are hardly distinguishable and, therefore, we do not show them. Those interested can obtain
them by using publicly provided programs that supplement the article. The evaluation in
Figure 14 was performed for n = 2 and n = 3 with the same values of the equivalent delay
Te as for n = 1, to which the filter time constant Tf = Te/n was adjusted. These settings
should not significantly affect disturbance responses. Two sets of tuning parameters are
specified as follows:

n = 2;
ARC21: Tc = 0.1; Tf = 0.1; up ̸= 0; yp ̸= 0; ARC22: Tc = 0.1; Tf = 0.2; up ̸= 0; yp ̸= 0;
AOC211: Tc = 0.1; Tf = 0.1; up ̸= 0; yp ̸= 0; AOC210: Tc = 0.1; Tf = 0.1; up ̸= 0; yp = 0;
AOC221: Tc = 0.1; Tf = 0.2; up ̸= 0; yp ̸= 0; AOC220: Tc = 0.1; Tf = 0.2; up ̸= 0; yp = 0;
EEL21: Tc = 0.1; Tf = 0.1; EEL22: Tc = 0.1; Tf = 0.2;
NTF21: Tc = 0.1; Tf = 0.1; NTF22: Tc = 0.1; Tf = 0.2;

(76)

and
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n = 3;
ARC31: Tc = 0.1; Tf = 0.1; up ̸= 0; yp ̸= 0; ARC32: Tc = 0.1; Tf = 0.2; up ̸= 0; yp ̸= 0;
AOC311: Tc = 0.1; Tf = 0.1; up ̸= 0; yp ̸= 0; AOC310: Tc = 0.1; Tf = 0.1; up ̸= 0; yp = 0;
AOC321: Tc = 0.1; Tf = 0.2; up ̸= 0; yp ̸= 0; AOC320: Tc = 0.1; Tf = 0.2; up ̸= 0; yp = 0;
EEL31: Tc = 0.1; Tf = 0.1; EEL32: Tc = 0.1; Tf = 0.2;
NTF31: Tc = 0.1; Tf = 0.1; NTF32: Tc = 0.1; Tf = 0.2;

(77)

The use of increased values n = 2 and n = 3 is important mainly from the point of
view of a smooth disturbance reconstruction measured in terms of TV(d) (see Figure 12).
In terms of the combined cost function J, with the exception of ARC, for n > 1, there is an
improvement compared to n = 1 in Figure 13. However, with the change from n = 2 to 3,
the values of J increase even slightly.
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Figure 14. TV(d) (72) and combined cost function (75) of the setpoint step responses of the hydro
system (30) for responses with Tc = Te = 0.1, Tf = Te/n (full curves), and Tc = 0.1, Te = 0.2,
Tf = Te/n (dotted); noise amplitude δ = 0.01; left—n = 2; right—n = 3.

4.8. Disturbance Responses with Saturated Control

All controllers considered above are based on the concept of disturbance reconstruction
and compensation, which allows the influence of control signal saturation to be taken into
account by the DOB structure. Thus, it avoids the occurrence of excessive integration
(windup) typical of PID control with an explicit integrator. Due to this, saturated control
with inputs, which are admissible from the point of view of achieving steady states, does
not lead to undesirable effects, only to prolongation of transient responses [17].

Definition 2 (Admissible imputs and saturation limits). Admissible inputs represent the
setpoint value w and input disturbances di that enable the achievement of steady states with the
constrained control signal up ∈ (Umin, Umax).
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In the case of saturated setpoint responses, the length of the setpoint responses depends
on the saturation limits. Thus, it is no longer possible to evaluate the homogeneity of
transients but only the invariance of their shape.

To illustrate the possible problems under saturated control, an experiment was de-
signed starting with an initial setpoint step from zero to a relatively low level w = 0.1 (see
Figure 15). At this output level, the process was exposed to input disturbances di = ±0.5 at
times t = 5 and t = 10. Then, at t = 15, a larger setpoint step was implemented to the level
w = 0.9. At this setpoint level, input disturbances di = ∓3 were applied at times t = 20
and t = 25. The controller parameters were set according to (68). The DOBX structure
without correction of the controller output was again omitted.
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Figure 15. Setpoint and disturbance steps in hydro system (30) with GS ARC, GS AOC, EEL (59), and
DOB (66) based on NTF, n = 1; Tc = Tf = 0.1[s]; (left)—no noise; (right)—noise amplitude δ = 0.01.

The evaluation of IAEd in these four disturbance steps is shown in Figure 16. The
detailed time-courses of the input and output of the process are in Figure 17. As already
shown by the evaluation of TV1(us) in Figure 12, excessive controller effort changes signifi-
cantly with the change in w. Moreover, to achieve a comparable effect on the output, the
amplitudes of the external disturbances applied also change significantly (from di = ±0.5
to di = ∓3). When comparing TV1(ud) in Figure 16 below, the results of the first two distur-
bances are multiplied by a weighting factor of 50 to obtain graphically comparable values.
When explaining the lower values of TV1(ud) of the third set of disturbance responses
compared to the fourth set, it should be noted that during the control signal being at the
saturation limit, the value of excessive controller effort does not increase. In the case of
a larger setpoint step, there is an obvious overshoot above the setpoint value, which is
reflected in the increased values of TV1(us) and TV0(ys), similar to Figure 8.

The first set of disturbance steps with non-saturated control applied at t = 5 shows
roughly the same IAEd values for ARC and AOC controllers based on the ultra-local
process model. The largest output overshoot corresponds to ARC and the fastest decaying
disturbance to EEL and NTF. These conclusions do not change significantly even in the
presence of measurement noise.

EEL and NTF react faster to the second disturbance step at t = 10, causing the control
signal to drop to the lower limit. Although the process output reaches the setpoint value
sooner than with ARC and DOBC, in terms of IAEd, they yield worse results.
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Figure 16. IAEd and TV1(u) values of four disturbance step responses of the hydro system (30) from
Figure 15; (left)—no noise; (right)—noise amplitude δ = 0.01.
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Figure 17. Details of disturbance steps from Figure 15; (left)—no noise; (right)—noise amplitude
δ = 0.01.
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The interpretation of reactions to the third disturbance with a steady-state control
signal value close to the upper saturation limit at t = 20 deserves the greatest attention.
Due to the dominant influence of the saturation, the responses achieved are approximately
the same, with the exception of the slowest ARC. However, in the presence of measurement
noise and the asymmetric limitation of the control signal, a permanent control error arises.
This takes the smallest value, especially for the slowest ARC.

In the fourth set of reactions to the disturbance step in t = 25, only ARC differs
significantly by the largest output overshoot, which increases the values of IAEd and
TV1(ud) for δ = 0. However, for δ = 0.01, the corresponding value of TV1(ud) is no longer
by far the largest.

4.9. Summary

In conclusion, we do not provide a final ranking of the individual approaches evalu-
ated. In general, it is not possible to determine globally valid weighting coefficients for the
items in the multi-criteria evaluation. This is not the purpose of this article, as the results of
the comparison can be interpreted in a wide variety of contexts. The main objective is to
build an understanding that will allow the final solution to be adapted to current require-
ments. From this perspective, the use of the combined cost function (75) may be debatable,
as it may be necessary to assign different weights to the speed of transient responses
and to the excessive controller effort. For example, we can choose Jk = IAEk ∗ TV1(u),
where k is the weighting coefficient. Furthermore, when using EEL and NTF, nonlinear
process models are employed, which may have more uncertainties than their ultra-local
model approximations.

The most important finding of the simulation experiment reveals a significant histor-
ical lack of linearization when considering small increments of the input and output of
the process around a stationary operating point (up, yp). Although procedures for obtain-
ing a linearized process model are widely covered in automatic control textbooks, they
rarely address the structural aspects needed to support such linearization. The ARC and
AOC structures (including DOBC and ADRC), when considering small input and output
increments, require the injection of up into the controller output and yp into the DOB input.
Injecting up can serve as an alternative to compensate for nonlinearity in EL. Omitting this
injection can cause significant deterioration of circuit dynamics and result in the reconstruc-
tion of the total or lumped disturbance instead of just the external disturbance. In contrast,
neglecting the injection of yp at the input of the DOB based on an ultra-local process model
has significantly less severe consequences.

The evaluation of the multi-criteria analysis shows that none of the considered modifi-
cations yields universally optimal results. Improvement in a selected performance measure
may be accompanied by a possible deterioration in other indicators. Depending on the
specifics of the application, it is necessary to consider whether some modern methods,
such as NTF or EEL, are required for implementation, or if the historically oldest ARC
based on simplified ultra-local process models is sufficient. The paper also emphasizes
that the new technology based on programmable devices offers much broader possibilities
for implementing controllers for nonlinear processes than traditional analog technologies.
This applies not only to the implementation of gain scheduling, but also to the injection of
working points and reconstruction of disturbances. Wide new possibilities are also offered
for previously neglected fault diagnostics.

Regarding the complexity of individual controllers, from the perspective of current
programmable device development, the existing differences may not play a significant role.
More important are the differences in the demands for thorough mastery of the theoretical
background required by each approach, where exact linearization and especially the alge-
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braic approach based on nonlinear transfer functions with non-commutative multiplication
clearly exceed the typical scope of a bachelor’s or master’s degree. The advantages of a
simple linearization-based design, considering small input and output increments, are also
due to the simplicity of the task. When addressing more complex examples that led to
the development of differential geometry and algebraic approaches, their comparison can
provide new insights.

5. Conclusions
The paper reminds us that industrial automatic reset controllers were the precursors

to a broad family of robust control solutions for nonlinear first-order processes. It also
demonstrates that meeting all requirements for a specific application may not be possible
with a single design methodology. Therefore, consistent quantitative verification of multi-
criteria controller requirements and performance measures is necessary to compare several
related approaches and provide a comprehensive view of the problem. The paper includes
a detailed discussion that, at first glance, might seem unnecessary. However, it clearly
shows that the scope of the approaches studied—regardless of their age, complexity, or
mathematical elegance—cannot be further reduced or simplified in practice. From this
perspective, the main contribution is the unification of several related approaches, initiated
by a new interpretation of automatic offset controllers. The paper avoids explicit use of
the three PID controller components and returns to the fundamental nature of industrial
controllers based on automatic resetting of the controller offset. The article’s dominant
contribution is to highlight the close relationships among all contemporary control design
approaches denoted by the abbreviations ARC, MTC, DOBC, and ADRC, which can be
unified by the recently introduced concept of AOC. In comparing AOC with EEL and NTF,
the paper identifies similarities and differences and draws several important conclusions.

The first conclusion is that the choice of particular linearized models for nonlinear
processes has a significant impact on the robustness of the control design. Ultra-local
(integrating) models are especially important in practice due to their simplicity and their
ability to eliminate process nonlinearity. They support interpreting ARC and AOC as
DOB-based approaches. This partially explains comments about the widening gap between
theory (based on PID) and practice (historically dominated by ARC). PID corresponds
to a description of ARC that is valid only in the proportional control band, making it an
imperfect starting point for controller modifications that address the specifics of many
practical applications. Understanding this discrepancy between theory and practice clarifies
conservative attitudes in practice regarding the adoption of the latest theoretical advances
and their inclusion in control education. Many practitioners trust ARC, which has often
outpaced theoretical development. However, reconciling theory and practice requires a
correct interpretation of ARC and extending the innovative concept of AOC to nonlinear
control as well.

The paper also addresses the frequent omission of important design steps when
linearizing nonlinear systems by considering small signal increments in ARC and AOC.
“Linear” controllers that neglect the injection of signals corresponding to scheduled operat-
ing points (common in ARC and AOC) can produce smoother reconstructed disturbance
signals, but this generally leads to poorer transient responses at the process input and
output. The reconstructed “lumped” or total disturbance is a combination of external dis-
turbance with other process signals that can exceed the magnitude of external disturbances
alone. The most effective solution is the combination of EL with NTF, but only under
idealized conditions without measurement noise or process uncertainties.

https://doi.org/10.3390/math14020257

https://doi.org/10.3390/math14020257


Mathematics 2026, 14, 257 33 of 40

Author Contributions: Conceptualization, M.H. (Mikulas Huba); Methodology, M.H. (Mikulas Huba)
and M.H. (Miroslav Halas); Software, M.H. (Mikulas Huba) and M.H. (Miroslav Halas); Validation,
M.H. (Mikulas Huba); Writing–original draft, M.H. (Mikulas Huba), M.H. (Miroslav Halas) and D.V.;
Writing—review & editing, M.H. (Mikulas Huba), P.B., D.V. and M.H. (Miroslav Halas); Visualization,
M.H. (Mikulas Huba), P.B. and D.V.; Project administration, M.H. (Mikulas Huba) and P.B. All authors
have read and agreed to the published version of the manuscript.

Funding: This research was supported in part by the following grants: Grant No. 1/0821/25 financed
by the Scientific Grant Agency of the Ministry of Education, Research, Development and Youth of the
Slovak Republic (VEGA); Research Program P2-0001 (Systems and Control) financed by the Slovenian
Research and Innovation Agency; and Grant Agreement No. 101007175 (project REACTT) financed
by Clean Hydrogen Partnership (EU Horizon 2020).

Data Availability Statement: The programs and datasets generated and analyzed during the current
study are available in the Zenodo repository, https://doi.org/10.5281/zenodo.17962657.

Conflicts of Interest: The authors declare no conflicts of interest.

Abbreviations
The following abbreviations are used in this manuscript:

ADRC Active Disturbance Rejection Control
AO Automatic Offset
AR Automatic Reset
ARC Automatic Reset Control
DOB Disturbance Observer
DOBC Disturbance Observer-Based Control
EL Exact Linearization
EEL Extended Exact Linearization
ESO Extended State Observer
GS Gain Scheduled
IAE Integral of Absolute Error
IE Integral of Error
ISE Integral of Squared Error
ITAE Integral of Time multiplied by Absolute Error
MCT Modern Control Theory
NTF Nonlinear Transfer Function
P Proportional
PI Proportional–Integral
PID Proportional–Integral–Derivative
TV Total Variation
TV0 Deviation from Monotonicity
TV1 Deviation from One-Pulse shape
ULM Ultra-Local Model

Appendix A. Transfer Function Approach to Nonlinear Systems
We briefly recall the polynomial/transfer function approach of [48,77,78] and the

algebraic setting of [47].
The nonlinear systems considered here are objects defined by the state equations of

the form
ẋ = f (x, u)
y = h(x, u)

(A1)
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where x ∈ Rn, u ∈ R, and y ∈ R are the state, input, and output of the system, or by the
input–output differential equation of the form

y(n) = F(y, ẏ, . . . , y(n−1), u, u̇, . . . , u(n)) (A2)

In (A1) and (A2), the functions f , h, and F are the elements of the differential field of mero-
morphic functions of variables {x, u(k); k ≥ 0} or {y, ẏ, . . . , y(n−1), u(k); k ≥ 0}, respectively,
denoted by K. The time derivative operator d

dt is defined on K in the usual way.
Define the formal vector space of differential one-forms as

E = spanK{dξ; ξ ∈ K}

A one-form ν ∈ E is said to be exact if there exists a function φ ∈ K such that dφ = ν,
and it is called integrable if there exists an integrating factor α ∈ K such that αν is exact.
Integrability of a one-form can be checked by the Frobenius theorem [47].

The time derivative operator d
dt defined on K induces the time derivative operator, by

abuse of notation denoted by the same symbol, that acts on elements from E as follows. Let
ν = ∑i αidξi be from E . Then,

ν̇ = ∑
i
(α̇idξi + αidξ̇i)

The time derivative operator defined on E induces the left skew polynomial ring K[s] of
polynomials in s over K with the usual addition and the non-commutative multiplication
defined by the commutation rule

sg = gs + ġ (A3)

for any g ∈ K. Thus, K[s] represents the ring of linear ordinary time derivative operators
that act on any ν ∈ E as follows. Let p(s) = pksk + · · ·+ p1s + p0 ∈ K[s]. Then,

p(s)ν = pkν(k) + · · ·+ p1ν̇ + p0ν

Lemma A1 (Ore condition [79,80]). For all nonzero a(s), b(s) ∈ K[s], there exist nonzero
a1(s), b1(s) ∈ K[s] such that

a1(s)b(s) = b1(s)a(s)

Thus, the ring K[s] can be embedded to the non-commutative quotient field K⟨s⟩ by
defining quotient as

a(s)
b(s)

= b−1(s) · a(s)

The addition and multiplication in K⟨s⟩ are defined as

a1(s)
b1(s)

+
a2(s)
b2(s)

=
β2(s)a1(s) + β1(s)a2(s)

β2(s)b1(s)

where β2(s)b1(s) = β1(s)b2(s) by Ore condition, and

a1(s)
b1(s)

· a2(s)
b2(s)

=
α1(s)a2(s)
β2(s)b1(s)

where β2(s)a1(s) = α1(s)b2(s) again by Ore condition. See [79,80]. Note that the multipli-
cation in K⟨s⟩ is non-commutative as well.
Once the fraction of two skew polynomials is defined, one can introduce the notion of
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a transfer function of the nonlinear system (A1) and, respectively, (A2) as an element
G(s) ∈ K⟨s⟩ such that

y. = G(s)u.

The transfer function of a nonlinear system can be computed from both the state-space
representation (A1) and the input–output differential Equation (A2).

Example A1. Consider the one-tank system (30)

S(y)ẏ = u − c
√

y

where S(y) = π(r0 + ky)2. Then, after differentiating

π(r0 + ky)2dẏ + 2π(r0 + ky)kẏdy = du − c
2
√

y dy

(π(r0 + ky)2s + 2π(r0 + ky)kẏ + c
2
√

y )dy = du

Hence, the transfer function is

G(s) =
1

π(r0 + ky)2s + 2π(r0 + ky)kẏ + c
2
√

y
(A4)

Note that with every control system (A1) or (A2), one can always associate a transfer
function from K⟨s⟩. However, the converse is not true. However, with every G(s) ∈ K⟨s⟩,
one can always associate corresponding input–output differential one-form; this one-form
might not be exact/integrable. If the one-form is exact or can be made exact (that is, it
is integrable), then there exists input–output differential equation such that its transfer
function is G(s). This fact plays a crucial role in designing various compensators for
nonlinear systems (A1) or (A2); see, for instance, [81,82].

For any polynomial p(s) = pksk + · · ·+ p1s + p0 ∈ K[s], one can obtain an alternative
representation if the indeterminate s is moved on the left in each summand. From the
commutation rule, (A3) implies that gs = sg − ġ for any g ∈ K. Applying the latter on
p(s) yields

p(s) = sk p∗k + ·+ sp∗1 + p∗0

for some p∗i ∈ K. Such a representation of the polynomial p(s) will be called adjoint.
Formally, the adjoint polynomials were introduced in [83].

Example A2. Consider the system from Example A1 where

a(s) = π(r0 + ky)2s + 2π(r0 + ky)kẏ + c
2
√

y ; b(s) = 1

are in K[s]. Then, the adjoint polynomials are

a(s) = sπ(r0 + ky)2 + c
2
√

y ; b(s) = 1

Thus, the adjoint transfer function reads

G(s) =
1

sπ(r0 + ky)2 + c
2
√

y

Adjoint transfer functions are employed to find a realization of the form (A1) for a
nonlinear system of the form (A2); see [82,84].

Additional structural properties of transfer functions of nonlinear systems were dis-
cussed in [85]. In [47], a notion of transfer equivalence was given by means of irreducible
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input–output systems. Then, its characterization in terms of transfer functions can be stated
as follows.

Definition A1 ([47]). Two nonlinear systems are said to be transfer equivalent if they admit the
same irreducible input–output representation of the form

y(κ) = φ(y, ẏ, . . . , y(κ−1), u, u̇, . . . , u(κ−1))

Proposition A1 ([85]). Two nonlinear systems are transfer equivalent if and only if they have the
same transfer function.

The DOB for a nonlinear system of the form (A1) or (A2) can now be designed using
the transfer function formalism of nonlinear systems in an analogous way as it is designed
for linear systems.

If the transfer function of a nonlinear system is G(s), then the DOB transfer
function reads

D(s) = Q(s)G−1(s)

where Q(s) = 1
(Tf s+1)m and m is chosen such that D(s) is a proper transfer function. Thus,

dŵ = D(s)dy.

Example A3 (Continuation of Example A1). For the transfer function (A4) of the tank system,
one can set

Q(s) =
1

Tf s + 1

Then, the DOB transfer function and, respectively, the adjoint transfer function is

D(s) = Q(s)G−1(s) =
π(r0 + ky)2s + 2π(r0 + ky)kẏ + c

2
√

y

Tf s + 1
=

sπ(r0 + ky)2 + c
2
√

y

sTf + 1
(A5)

The nonlinear DOB input–output representation can be found as follows. One has dŵ =

D(s)dy. Thus,

dŵ =
π(r0 + ky)2s + 2π(r0 + ky)kẏ + c

2
√

y

Tf s + 1
dy

Tf d ˙̂w + dŵ = π(r0 + ky)2dẏ + 2π(r0 + ky)kẏdy +
c

2
√

y
dy

d(Tf ˙̂w + ŵ) = d(π(r0 + ky)2ẏ + c
√

y)

Therefore, the input–output representation of the nonlinear disturbance observer is

Tf ˙̂w + ŵ = π(r0 + ky)2ẏ + c
√

y

˙̂w =
1

Tf
π(r0 + ky)2ẏ +

1
Tf

c
√

y − 1
Tf

ŵ (A6)

Now, one needs to find the state-space representation of the DOB (A6), that is, to solve the realization
problem as discussed in [82]. From the adjoint transfer function (A5), which can be written as

D(s) =
1

Tf
π(r0 + ky)2 +

c
2Tf

√
y − 1

T2
f
π(r0 + ky)2

s + 1
Tf

,

one can write down the realization in terms of (not necessarily exact) differential one-forms
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ω̇ = − 1
Tf

ω +

(
c

2Tf
√

y
− 1

T2
f

π(r0 + ky)2

)
dy

d ˙̂w = ω +
1

Tf
π(r0 + ky)2dy

From the last equation, one obtains

ω = dŵ − 1
Tf

π(r0 + ky)2dy

which is an exact differential one-form

ω = d

(
ŵ − 1

Tf
π
(r0 + ky)3

3k

)

Hence, the change in coordinates

z = ŵ − 1
Tf

π
(r0 + ky)3

3k

transforms the input–output representation of the nonlinear DOB (A6) to the state-space representation

ż = − 1
Tf

z +
1

Tf
c
√

y − 1
T2

f
π
(r0 + ky)3

3k

ŵ = z +
1

Tf
π
(r0 + ky)3

3k
(A7)

which is the nonlinear DOB we were looking for.

As a controller that generates the base controller output u (see Figure 3), one can use,
for instance, the feedback linearization.
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18. Huba, M.; Bisták, P.; Vrančić, D. Series PID Control with Higher-Order Derivatives for Processes Approximated by IPDT Models.

IEEE Trans. Autom. Sci. Eng. 2024, 21, 4406–4418. [CrossRef]
19. Ziegler, J.G.; Nichols, N.B. Optimum settings for automatic controllers. Trans. ASME 1942, 759–768. [CrossRef]
20. Luenberger, D. Observers for multivariable systems. IEEE Trans. Autom. Control 1966, 11, 190–197. [CrossRef]
21. Brogan, W.L. Modern Control Theory; Pearson Education India: Chennai, India, 1991.
22. Ackermann, J. Abtastregelung; Springer: Berlin/Heidelberg, Germany, 1988. [CrossRef]
23. Ogata, K. Modern Control Engineering, 3rd ed.; Prentice Hall: Upper Saddle River, NJ, USA, 1997.
24. Morari, M.; Zafiriou, E. Robust Process Control; Prentice Hall: Englewood Cliffs, NJ, USA, 1989.
25. Smith, O. Closser control of loops with dead time. Chem. Eng. Prog. 1957, 53, 217–219.
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