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Abstract

The subpath number of a graph G is defined as the total number of subpaths in G, and it is
closely related to the number of subtrees, a well-studied topic in graph theory. This paper
is a continuation of our previous paper Knor et al. (Knor M, Sedlar J, Skrekovski R, et
al (2026) Invitation to the subpath number[J]. Appl Math Comput 509:129646), where we
investigated the subpath number and identified extremal graphs within the classes of trees,
unicyclic graphs, bipartite graphs, and cycle chains. Here, we focus on the subpath number
of cactus graphs and characterize all maximal and minimal cacti with n vertices and k cycles.
We prove that maximal cacti are cycle chains in which all interior cycles are triangles, while
the two end-cycles differ in length by at most one. In contrast, the minimal cacti consist of
k cycles, all of which are end-triangles, with the subgraph induced by the remaining vertices
forming a forest. By comparing extremal cacti with respect to the subpath number to those
that are extremal for the subtree number and the Wiener index, we demonstrate that the
subpath number does not correlate with either of these quantities, as their corresponding
extremal graphs differ.

Keywords Subpath number - Cactus graphs - Extremal graphs - Cycle chains - Wiener
index - Subtree number
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1 Introduction

The number of non-empty subtrees, denoted by N(G), in a graph G was first studied in the
context of trees (Székely and Wang 2005). Various properties of N (G) have been explored
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for several subclasses of trees (Kirk and Wang 2008; Székely and Wang 2007; Zhang et al.
2013), and more recently, research on the number of subtrees has been extended to certain
classes of general graphs (Li et al. 2022; Xu et al. 2021). For further interesting results on
this topic, we refer the reader to Czabarka et al. (2009); Yang et al. (2021, 2020, 2022). The
subtree number can attain extremely high values, making its exact evaluation challenging.

Motivated by this, in our previous paper (Knor et al. 2025) we studied the subpath number
of G which is defined as the total number of all subpaths in G, including those of zero length.
The subpaths are here defined to be any subgraph of G which is a path. Since every path is
a tree, and not every tree is a path, the subpath number is obviously smaller than the subtree
number, so it should be more tractable. On the other hand, this quantity is still challenging due
to the result from Yamamoto (2009), where it is established that the complexity of counting
subpaths is # P-hard.

In our previous paper, we established several preliminary results for the subpath number,
such as the exact value of the subpath number for trees and unicyclic graphs, as well as
its behavior under edge insertion, which led to identifying the extremal graphs among all
connected graphs on n vertices. Additionally, we examined bipartite graphs and cycle chains,
determining the extremal graphs within each of these families. Moreover, for cycle chains,
we provided an exact formula for the subpath number.

The Wiener index W(G) of a graph G is defined as the sum of the distances over all
pairs of vertices in G. Introduced in Wiener’s seminal paper (Wiener 1947), it was originally
shown to correlate with the chemical properties of certain molecular compounds. Since
then, the Wiener index has become one of the most extensively studied indices in chemical
graph theory; for an overview of key results, we refer the reader to the surveys (Knor et al.
2016, 2024). Interestingly, a “negative" correlation has been observed between the number of
subtrees and the Wiener index: in many graph classes, the graph that maximizes the number
of subtrees also minimizes the Wiener index, and vice versa. This phenomenon has been
noted in several graph families, including cactus graphs (Xu et al. 2022), i.e. graphs in which
all cycles are edge disjoint.

Motivated by these observations, in this paper, we investigate the behavior of the subpath
number in the class of cactus graphs, where both the number of vertices and the number
of cycles are prescribed. We fully characterize the cacti that minimize and maximize the
subpath number. Furthermore, we demonstrate that the subpath number does not exhibit a
direct correlation with either the Wiener index or the subtree number, as the extremal cactus
graphs with respect to the subpath number differ from those in the other two cases. This
suggests that the subpath number is an interesting graph invariant worthy of independent
study.

2 Preliminaries

A graph G’ = (V', E') is a subgraph of G = (V, E) if V' C V and E’' C E. A subpath of
G is any subgraph of G which is a path. For a graph G, the subpath number is defined as
the number of paths in G, including paths of length 0. The subpath number of a graph G is
denoted by pn(G). Before delving into specific cases, let us first explore some fundamental
properties of this quantity.

We begin by considering trees with n vertices. It is well known that every pair of vertices
in a tree is connected by a unique path. In a tree 7 on n vertices there are ('2’) pairs of two
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distinct vertices which are end-vertices of the path of length > 1, and there are n vertices
each of which is a path of length zero, so the following observation easily follows.

n+1).

Observation 1 If T is a tree on n vertices, then pn(T) = ( )

Since unicyclic graphs are obtained from trees by introducing a single edge, a natural next
step is to analyze unicyclic graphs with n vertices. In a unicyclic graph G containing a cycle
of length g, removing the edges of the cycle results in precisely g connected components.
The following result, established in Knor et al. (2025), provides an explicit formula for the
subpath number of such graphs.

Proposition 2 Let G be a unicyclic graph on n vertices with the cycle C of length g. Denote
by ny,na, ..., ng the number of vertices in the components that remain after removing all
edges of C. Then,

n(G) Py n ni ny ng

=n — — . .

P 2) "2 2 2

This resultimmediately allows us to determine the subpath number for cycles on n vertices,

as well as the extremal unicyclic graphs.

Corollary 3 For a cycle on n vertices, we have pn(C,,) = n.

Corollary 4 Among unicyclic graphs with n vertices, pn(G) attains its maximum value if and
only if G = C,, and its minimum value if and only if the only cycle in G is a triangle with
two of its vertices having degree two.

Next, we examine how the subpath number behaves when an edge is removed. The fol-
lowing lemma, established in Knor et al. (2025), formalizes this observation.

Lemma5 Let G be a connected graph on n vertices, and let e be an edge of G. Let G’ be
the graph obtained from G by removing the edge e. Then,

pn(G’) < pn(G).

This result immediately implies the characterization of extremal graphs with respect to
the subpath number among all connected graphs with n vertices, as stated in the following
theorem from Knor et al. (2025).

Theorem 6 Let G be a connected graph on n vertices. Then

n+1 YL
< G) < — — —
<2>—pn()—22 0ty

where the lower bound is attained if and only if G is a tree, and the upper bound if and only
ifG = K.

3 Maximal cacti with respect to the subpath number
A cactus graph is any graph in which all cycles are pairwise edge disjoint. Denote by C,

the class of all cactus graphs on n vertices with k cycles. In this section we will characterize
cactus graphs from C, ; with the maximum value of the subpath number. In the next section
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we will do the same for the minimum value of the subpath number. Once we do that, we can
compare the extremal cacti for the subpath number with the extremal cacti for the Wiener
index and the number of subtrees. It turns out that the subpath number is not correlated with
either of these quantities.

Let us first define two notions we use in this subsection. A bridge in a graph G is any edge
e of G such that G — e has more connected components than G. A graph is bridgeless if it has
no bridges. Notice that a bridgeless graph does not contain leaves. In order to characterize
cactus graphs from C, x with the maximum value of the subpath number, we will use three
cactus transformations. In the first transformation we will address bridges of a cactus graph,
in the second the incidence structure of the cycles, and in the third the size of the cycles.

Lemma 7 Ifa cactus graph G € C, i contains a bridge, then there exists a bridgeless cactus
graph G’ € Cp i such that pn(G’) > pn(G).

Proof Let e = uv be a bridge of G such that one of its end-vertices belongs to a cycle C,
say v € V(C). If G has bridges, such an edge e must exist. Let w be the neighbor of v on C,
and let G’ be the graph obtained from G by removing the edge vw and adding the edge uw
instead. Obviously, G’ € C,, x and G’ has one bridge less than G.

Let us prove that pn(G”) > pn(G). To see this, denote by P (resp. P’) the set of all paths
in G (resp. G'). We partition the set P into three parts, P contains all paths P of P such that
uv € E(P) and vw € E(P), P, all paths P of P with uv ¢ E(P) and vw € E(P), and P3
all the remaining paths of P. Next, a function f : P — P’ is defined as follows:

e If P € P; then f(P) € P’ is a path obtained from P by replacing subpath uvw by the
edge uw. Notice that f(P) contains uw, but not uv.

o If P € P, then f(P) € P’ is a path obtained from P by replacing the edge vw by the
subpath vuw. Notice that f(P) contains both uw and uv.

e If P € P3, then f(P) = P. Notice that f(P) does not contain uw.

Let us show that f is an injection. For that purpose, let P; and P, be two distinct paths
inP.If Py € P; and P, € P fori < j, then f(Py) and f(P,) differ either in the edge uw
or in the edge uv. On the other hand, if P; and P, belong to the same P;, then they differ in
the part of the path not changed by the function f, so f(P;) and f(P,) are distinct in G'.
Hence, in all cases we have established f(P;) # f(P2), so f is an injection.

Let us next show that f is not a surjection. To see this, notice that uv is the only path
connecting # and vin G, and f (4, v) = uv. On the other hand, there are two paths connecting
u and v in G'. Since the function f preserves the end-vertices of a path, this implies that f
is not a surjection.

We have established a function f between P and P’ which is injection, but not surjection,
so we can conclude that |P| < |P’| which means pn(G) < pn(G’). Applying repeatedly this
transformation until we obtain a graph without bridges yields the claim of the lemma.

O

The above lemma confirms that, in the case of unicyclic graphs, the subpath number attains
the maximum value only for the cycle C,,, which is already established in Corollary 4. In
what follows, we will deal with the cacti with at least two cycles.

A vertex v of a bridgeless cactus graph G is an intersection vertex if v belongs to at least
two cycles of G. Let V be the set of all intersection vertices of G and let C be the set of all
cycles of G. A cycle-incidence graph T of a bridgeless cactus graph G is defined as the
graph on the set of vertices 1V U C such that an intersection vertex v € V and a cycle C € C
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are connected by an edge in T if v belongs to the cycle C in G. Notice that 7 is a tree
and every leaf in T is a vertex of C. A cactus chain is a bridgeless cactus graph G such that
TG is a path. Notice that every cycle of G has a corresponding vertex in 7. Hence, we will
refer by “cycle" to the cycle of G as well as to the corresponding vertex of 7.

Lemma8 Let G € C, i be a bridgeless cactus graph with k > 2. If G is not a cactus chain,
then there exists a cactus chain G' € Cy i such that pn(G’) > pn(G).

Proof Since T is not a path, it must contain at least one vertex whose degree is at least three.
Denote by ¢ such a vertex of 7. A component of 7 — ¢ which does not contain a vertex of

degree > 3 is called a thread. Denote by T1, T3, . . ., Ty all the components of T —¢. Notice
that 7 can be chosen so that all components of TG — ¢, except at most one, are threads. So,
we may assume that Ty, ..., Tx_; are all threads. Since k > 3, this implies 77 and 75 are

both threads. For a component 7; of T, denote by V (T;) the set of vertices of G contained
in cycles whose corresponding vertices of 7 belong to 7;. Since 77 and 75 are both threads,
we may assume |V (7T7)| < |V(T»)|, as otherwise we can just swapp the labeling of 7} and
1.

We now introduce a graph transformation of G into G’ which, as we will establish,
increases the subpath number. Recall that 7 is a vertex of 7. Since V (Tg) = V U C where
V and C are disjoint sets, we have eitherr € Vort € C. If t € V, then we set u = t and
denote by C a cycle of T} containing u. On the other hand if ¢ € C, then we denote by u a
vertex of Ty incident with ¢ and denote by C the cycle of Ty containing u. Let v and w be
the neighbors of # on C in G. Further, let z be a vertex of degree 2 on the cycle in G which
corresponds to the leaf of T} in Ti. Graph G’ is defined as the graph obtained from G by
removing edges vu and wu, and adding edges vz and wz instead. Notice that G’ belongs to
Cn k-

We now show that pn(G) < pn(G’). For a pair of vertices x, y € V(G), denote by
png (x, y) the number of paths in G which connect vertices x and y. Denote further A(x, y) =
png:(x,y) — png(x, y), and notice that

pn(G) —pn(G) = Y Alx,y).

x.yeV(G)

Observe that A(x, y) may be negative only if x belongs to a cycle of T; and y belongs to
acycle of Tj. Since |V (T1)| < |V (T»)|, there exists an injection f : V(T1) — V(T). Itis
sufficient to prove that A(x, y) + A(x, f(y)) > 0, forany x € V(T}) and y € V(T1).

For a pair of vertices x, y € V(G), we define the corresponding path P, y in Ti. Assume
that x belongs to a cycle Cy of G and y belongs to C\. If neither x nor y are intersection
vertices in G, then P, y is the path of T which connects the cycles Cy and Cy. If x (resp.
¥) is an intersection vertex of G, then Py, starts with x (resp. ends with y) in Tg. In other
words, if x (resp. y) belongs to more than one cycle of G, then Py y in T may contain only
one cycle of G to which x (resp. y) belongs. Next, for a pair of vertices x, y € V(G), the
number c(x, y) is defined as the number of cycles on Py y.

Let us proceed with proving that A(x, y) + A(x, f(y)) > 0, for any x € V(T}) and
y € V(T1). Denote by ¢ the number of cycles in T7. If 7 is an intersection vertex, we have

Alx,y) + Alx, F() > ZC(X’[)(Z S, L e, f(»)+e _ ZC(t»f(y)))
= 260D ((2¢ = DTN — 1) + 1) > 0.
If ¢ is a cycle, we have

A(X, y) 4 A(X, f(y)) > 2C(X,t)(2 _ 2L‘+1 + 2c+l+c(t,f(y)) _ 21+C(l,f(y)))
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Fig.1 A pseudo triangle chain PTC(14, 5)

— zc(x,t)(zc _ 1)(21+C(1,f(y)) _ 2) > 0,

since ¢ > 1 and c¢(z, f(y)) > 1. Hence, we have established that pn(G) < pn(G’). Notice
that the sum of the degrees over all vertices of 7 of degree at least 3 has decreased from G
to G’, so applying this transformation repeatedly yields a bridgeless cactus chain G’. O

A cycle C of a bridgeless cactus graph G is an end-cycle if at most one of its vertices
has degree greater than two, otherwise C is an interior cycle. Notice that a cactus chain
G € C,  with k > 2 contains precisely two end-cycles. A pseudo triangle chain, denoted
by PTC(n, k), is a cactus chain from C, x in which every interior cycle is a triangle and the
two end-cycles differ in the number of vertices by at most one. This notion is illustrated by
Fig. 1.

Lemma9 Let G € Cy be a bridgeless cactus chain, where k > 2. If G is distinct from
PTC(n, k), then pn(PTC(n, k)) > pn(G).

Proof A graph G, since it is a bridgeless cactus chain, may contain interior cycles which
are not triangle. On the other hand, all interior cycles of PTC(n, k) are triangles. Hence, we
will first show that a bridgeless cactus chain G which contains interior cycles which are not
triangles can be transformed into a bridgeless cactus chain G’ with larger value of the subpath
number. After that, we will adrress the end-cycles and show that their number of vertices
must be balanced, otherwise G is not maximal.

Assume first that there exists an interior cycle C of G which is not a triangle. Notice
that in a cactus chain every interior cycle contains precisely two intersection vertices. This
implies that C contains precisely two intersection vertices. Notice that C has more than
two vertices, so there exists a vertex ¥ on C which is not an intersection vertex. Since u
is not an intersection vertex of C and G is bridgeless, it follows that u has precisely two
neighbors, denote by v and w, both of which belong to C. Denote by G| and G the two
connected components of G — V(C), where we may assume the components are denoted
so that |V (G1)| < |V(G»)|. Notice that each of the components G| and G, must contain
vertices of precisely one end-cycle of G. Let a be a vertex of the end-cycle of G which is
contained in G such that a is not an intersection vertex of G. Denote by b a neighbor of a.
Let G’ be a graph obtained from G by removing edges uv, uw and ab, and adding edges
ua, ub and vw instead. Notice that G’ is also a bridgeless cactus chain on n vertices with k
cycles.

We wish to establish that pn(G) < pn(G’). Again, denote A(x,y) = png(x,y) —
png (x, y) and notice that A(x, y) may be negative only if x = u and y € V(G}). Since
[V(G1)| < |V(G))], thereexists aninjection f : V(G1) — V(G»). Denote by ¢ the number
of cycles in G1. Notice that for each y € V(G1) it holds that

A, Y) + A, () = 2 = 26! 4200 fOD+e et fO)
— (2C _ 1)(20(x.,f()’)) _ 2) > 0,

since ¢ > 1 and c(x, f(y)) > 2. Applying repeatedly this transformation yields a bridgeless
cactus chain G’ in which all interior cycles are triangles, such that pn(G) < pn(G’). Assume
that cycles of G’ are denoted by Cj, ..., C¢ such that C| and Cy are end-cycles, and the
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pair of cycles C; and C;4; share an intersection vertex for every i = 1,...,k — 1. If the
end-cycles Cy and Cy of G’ differ in the number of vertices by at most one, we are done. So,
let us assume that |V (Cy)| — |V (C)| > 2.

Let u be a vertex of C; which is not an intersection vertex, and let v and w be the two
neighbors of u in G’. Let a be a vertex of C; which is not an intersection vertex and let b be
a neighbor of a. Denote by G” the graph obtained from G’ by removing edges uv, uw and
ab and adding edges vw, ua and ub instead.

We prove that pn(G’) < pn(G”). Denote A(x, y) = pngr(x, y) — png (x, y) and notice
that A(x, y) may be negative only if x = w and y € (V(C;) U--- U V(Cr_1)) \ V(Cp).
Since |V (C1)| < |V(Cy)| and every interior cycle of G’ is a triangle, there exists an injection

fv€pU---UV(Cry) = V(C) U---UV(Cy)

such that f(y) € V(Cr+1—;) if and only if y € V(C;). Observe that if y is the intersection
vertex of V(C;)NV (Ci41) then f(y) is the intersection vertex of Cj1—; with C_;. Assume
that y € V(C)\(V(Ci1 U V(Ci—y)) for 1 <i <k — 1. Then, png:(x, y) = 270=D and
pngr(x,y) = 2'. Also, it holds that png (x, f(y)) = 2K=*+1=1=D and png(x, y) =
2k+1-i Hence, we have

AQx,y) + Alx, f(y) =2 = 287070 g okvl=i_gh=l=izb — g,

Now assume thaty € V(C;)NV(C;—1)for2 <i <k—1.Thenpngs (x, f(y)) = 2k—(k+1-0)
and pngr (x, f(y)) = 2kF1=7. Hence, we have

AQx, )+ Ax, f(y)) =271 = 2k g gktl=i k== —

Also, |V (C1)| < |V (Cy)| implies that f is not a surjection, so there exists a vertex z € V (Cy)
which is not in the image of f. For such a vertex z, we have

Aw,z)=2F-2 >0,

since k > 2. We conclude that pn(G’) < pn(G”). Applying this transformation repeatedly
yields the graph PTC(n, k), and we are done. O

Lemmas 7-9 immediately yield the following result.

Theorem 10 The graph PTC(n, k) uniquely maximizes the subpath number among all cacti
on n vertices with k > 2 cycles.

By Theorem 10, it is useful to calculate the subpath number of PTC(n, k).

Lemma 11 The subpath number of PTC(n, k) equals
(n* — 4kn + 14n + 4k* — 28k +49)25% + L(n? — 4kn — 6n + 4k* — 4k +7) + 8,
where § = 0 if n is odd, and § = 1 — 2¥=2 if n is even.

Proof Denoteby Cy, C», ..., Ci the cycles in the cactus chain PTC(n, k), so that C; and C;
have a vertex in common, say w;, where 1 <i < k—1. Assumethat|V (C;)| > |V (Cy)|. Then
V€Dl =n = =5 V(€ =np = "5, and |V(C))| =3if2<i <k — L.

We count the number of # — v paths when u# and v are in a same cycle, then the number
of u — v paths when u and v are in neighboring cycles but not in their intersection, then the
number of # — v paths whenu € V(C;) andv € V(Cj;2) butu, v ¢ V(Ci11), etc. However,
we sum the number of paths in the opposite order.
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Observe that if u € .V(C,-)\{wl-} and v € V(Cj)\{w;_1}, where 1 <i < j <k, then
PTC(n, k) contains 2J—itl paths connecting # with v since in every cycle C;, Ciyq, ..., C;
we can choose one of the two possibilities of how to traverse it. So we have

k=2 ) k=2 )
pn(PTC(n, k) = (ny — D(ny — D2+ " 2(ny — D27 + 3 "2(np — 127!
i=1 i=1
k-3 )
+Y 2.2 2 e —2— i)+ nf + 03 + (k—2)3> — (k- D),
i=1
where the last term —(k — 1) appears since in n% + n% + (k — 2)3? we counted the paths of
length O consisting of cut-vertices wi, wa, ..., wi—_1 twice.

Since Y f_, 2/ = ‘2’“ — 2, the sum of the first two sums is (n] + ny — 2)(2kt! — 8).
And since Y 1_;i 2171 =211 — (¢ 4 1)2/, the third sum equals (k — 2)(2K*! — 16) —
(k — 3)2k+2 4 (k — 2)2k+1 = 2%+2 _ 16k 4 32. So the expression for the subpath number
of PTC(n, k) reduces to

pn(PTC(n, k)) = (n] — D(na — D2F + (n1 4+ ny — 2)21 = 8) + 2572 — 16k + 32
+n3 +n3 + 8k — 17.
Now if n is odd, we get

n—2k+3
2

— 2k +5\>
+2(%) — 8k + 15,

2
pn(PTC(n, k)) = ( ) 2K (n =2k +3)(2K ! — 8) 4 2K+

which reduces to
pn(PTC(n, k)) = (n* — 4kn + 14n + 4k> — 28k + 49)2¢~2
+ L (n* — 4kn — 6n + 4k* — 4k + 7).
On the other side when 7 is even, we get

n—2k+4\(n—-2k+2
2 2

— 2k +6\> — 2k +4\?
+(n +>+(n 2+>—8k+15,

pn(PTC(n, k)) = ( ) 2K (n =2k +3)(2K ! — 8) 4 2K+

2

which reduces to
pn(PTC(n, k)) = (n* — 4kn + 14n + 4k> — 28k + 48)2¢~2
+ 5 — 4kn — 6n + 4k* — 4k +9).

4 Minimal cacti with respect to the subpath number

After we have characterized maximal cacti from C, x with respect to the subpath number,
our next goal is to establish minimal cacti in the same class. We will use the same approach
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Fig.2 The figure shows three distinct cactus graphs from Cyg 3. All these graphs minimize the subpath number
inCyo,3-

of graph transformation, in a way that we will first address the size of cycles of G by the
transformation inverse to the one of Lemma 7, which creates additional bridges. Then we
will address the interior cycles of G and thus arrive to all the minimal cacti in C,, .

Lemma12 Let G € C, x be a cactus graph. If G contains a cycle which is not a triangle,
then there exists a cactus graph G' € Cp i in which every cycle is a triangle such that
pn(G) > pn(G').

Proof Let C be a cycle of G which is not a triangle and let uv be an edge of C. Denote
by w the other neighbor of u on C. Let G’ be the graph obtained from G by removing the
edge uv and adding the edge vw. We may consider that the graph G is obtained from G’
by removing the edge vw from it and adding the edge uw instead. Then Lemma 7 implies
pn(G) > pn(G’). Applying the transformation repeatedly yields the result. O

An end-cycle of G which is a triangle will be called an end-triangle. Observe that end-
triangle has only one vertex whose degree is greater than 2. We have reduced the problem of
finding minimal cacti to the class of cacti in which every cycle is a triangle. Let us further show
that no triangle of minimal cacti can be interior, i.e., minimal cacti have only end-triangles.

Lemma 13 Let G € Cy k be a cactus graph in which every cycle is a triangle. If there exists
an interior triangle in G, then there exists a cactus graph G' € C, . in which every cycle is
an end-triangle such that pn(G) > pn(G').

Proof Let C = ujupusu; be an interior triangle of G. We may assume that the degrees of the
vertices 1| and u, on the cycle C are greater than 2. Denote by G; the connected component
of G — E(C) which contains the vertex u;, fori = 1, 2, 3. Let G’ be a graph obtained from G
by removing the edge xu;, and adding the edge xu 1, for every vertex x of G, adjacent to u5;.
Notice that png (a, b) increases only if a = uz and b € V(G2)\{u2}. Butif b € V(G2)\{u2}
then png (b, u2) +png (b, u1) = png/ (b, u1) +png (b, uz). And since fora € V(G2)\{uz}
and b € V(G)\{u1} we have png(a, b) > png (a, b), we conclude that pn(G) > pn(G’).
Applying the transformation repeatedly yields the result. O

Figure 2 shows three distinct graphs from Cjo 3 in which every cycle is an end-triangle.
In the next theorem we show that all such graphs have the same subpath number, so they all
minimize the subpath number.

Theorem 14 A cactus graph G € C,, ;. has a minimum possible value of the subpath number
if and only if every cycle of G is an end-triangle.
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Fig.3 The balanced saw graph BSG(14, 5)

Proof Lemmas 12 and 13 imply that it is sufficient to establish that all cactus graphs of C, k
in which every cycle is an end-triangle have the same value of the subpath number. To see
this, let G € C, x be such a cactus graph, and let us partition the set of vertices V; and V2, so
that V; consists of all vertices of cycles in G which have the degree two and V>, = V(G)\ V.
Notice that png (x, y) = 1 if and only if both x and y belong to V,. Further, png (x, y) =2
for x € Vi and either y € V> or y belongs to the same triangle as x. Finally, pns (x, y) = 4
if x, y € V1 such that x and y belong to distinct triangles. We conclude that

\% k
pn(G) = n + (' ;') 2k 42|V Vsl +4<2> -4,
Plugging in | V1| = 2k and | V5| = n — 2k, we obtain

2 1, 1
pn(G) = 2k~ + 2kn — 5k + En + En
Since the expression for pn(G) depends only on the number of vertices and cycles, we are
done. O

Now that we have characterized cactus graphs from C, x which maximize and minimize
the subpath number, we can summarize our results in the following corollary, which is a
direct consequence of Theorems 10 and 14.

Corollary 15 For a cactus graph G € Cy i, it holds that

L0 +4kn +n + 4k* — 10k) < pn(G) < (n® — 4kn + 14n + 4k* — 28k + 49)24—2
+ 2(n? — 4kn — 6n + 4k* — 4k +7) + 6,

where 8 = 0 if n is odd, and § = 1 — 2872 if n is even. The left inequality is attained if and
only if every cycle of G is an end-triangle, and the right inequality is attained if and only if
G =PTC(n, k).

Let us now compare extremal cacti with respect to the subpath number to those with
respect to the Wiener index and the number of subtrees. To do that, we first need to introduce
some particular cacti from the class C, x. The balanced saw graph BSG(n, k) is a cactus
graph from C, ; obtained by joining a vertex of an end of a triangle chain with [k/2] cycles
to a vertex of a triangle chain with |k/2] cycles by a path with n — 2k — 2 interior vertices.
This notion is illustrated by Fig.3. A pseudo friendship graph PFG(n, k) is a cactus graph
from C, x obtained from k triangles, all sharing a common vertex, and n — 2k — 1 pendant
edges attached to the same vertex. An example of a pseudo friendship graph is the leftmost
graph from Fig. 2.

In Liu and Lu (2007); Gutman et al. (2017) the following result on the Wiener index is
established.

Theorem 16 The graph BSG(n, k) uniquely maximizes and the graph PFG(n, k) uniquely
minimizes the Wiener index among all cacti from Cy, .
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In Li et al. (2022); Liu and Lu (2007) the following result is established regarding the
subtree index, which is yet another fact supporting the observation that minimal graphs for
the Wiener index maximize the subtree index and vice versa.

Theorem 17 The graph PFG(n, k) uniquely maximizes and the graph BSG(n, k) uniquely
minimizes the subtree index among all cacti from Cy, .

Comparing extremal graphs from Theorems 16 and 17 with the extremal graphs from
Corollary 15, itis observable that the graph BSG(n, k) which uniquely maximizes the Wiener
index is distinct from the graph PTC(n, k) which uniquely maximizes the subpath number.
As for the graph PFG(n, k) which uniquely minimizes the Wiener index (resp. uniquely
maximizes the subtree index), it minimizes the subpath number also, but not uniquely, as
there are many more graphs which minimize the subpath number and which are not minimal
with respect to the Wiener index, see Fig. 2.
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