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We establish a correspondence between one-parameter defor
mations of an a�ine Gorenstein toric pair (XP , ∂XP ), defined 
by a polytope P , and mutations of a Laurent polynomial f
with Newton polytope Δ(f) = P . For a Laurent polynomial 
f in two variables, we construct a formal deformation of the 
three-dimensional Gorenstein toric pair (XΔ(f), ∂XΔ(f)) over 
C[[Tf ]], where Tf is the set of deformation parameters aris
ing from mutations. The general fibre of this deformation is 
smooth if and only if f is 0-mutable. The Kodaira–Spencer 
map of the constructed deformation is injective, and if f is 
maximally mutable, then the deformation cannot be nontriv
ially extended to a larger smooth base space.
© 2026 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

The classification of Calabi–Yau and Fano manifolds is one of the most fundamental 
and extensively studied problems in geometry and theoretical physics, especially fol
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lowing the discovery of mirror symmetry in the late 1980s. In dimension two, the ten 
smooth Fano surfaces were classified by del Pezzo in the 1880s [41]. In dimension three, 
105 types of smooth Fano threefolds were classified through the work of Fano in the 1930s 
and 1940s, Iskovskikh in the 1970s, and Mori–Mukai in the 1980s (see [23], [30], [31], 
[32], [39] and [40]). In higher dimensions, their classification remains an open problem 
(see [36], [10], [9], [12], [13], [34], and [14] for developments in higher dimensions).

Mirror symmetry originally describes the connection between two geometric objects 
called Calabi–Yau manifolds. If two Calabi–Yau manifolds are mirror symmetric, they are 
geometrically distinct yet equivalent when viewed from the physical side of string theory. 
Mirror symmetry has many mathematical formulations and generalisations that go be
yond the Calabi–Yau manifolds. In addition to mirror-symmetric Calabi–Yau manifolds, 
the most notable conjecture involves the mirror relationship between Fano manifolds and 
Laurent polynomials (see [12]).

Mirror symmetry provides new insight into classification, since it suggests that Fano 
manifolds are in correspondence with certain Laurent polynomials. More precisely, if 
a Laurent polynomial f is mirror to a Fano manifold Y , it is expected that a Fano 
manifold Y admits a Q-Gorenstein degeneration to a singular toric variety, whose fan is 
the spanning fan of the Newton polytope Δ(f).

There has been progress in constructing Fano manifolds using logarithmic geometry 
(see, e.g., [24]) and based on the above correspondence, the recent works [18], [19], and 
[27] suggest that log structures arising from special Laurent polynomials are expected 
to produce new smooth Fano manifolds. There are also approaches that do not rely 
on logarithmic geometry (see, e.g., [15]) and in the recent work [17], the smoothing of 
Gorenstein toric Fano 3-folds is constructed using admissible Minkowski decomposition 
data for a 3-dimensional reflexive polytopes.

Deformation theory plays a fundamental role in the study of moduli spaces, families 
of varieties, and the local behaviour of algebraic and geometric structures (see [45], [42] 
and [28]). In particular, the deformation theory of toric varieties has been extensively 
studied due to its connections with combinatorics and mirror symmetry. For a�ine toric 
surfaces, which are cyclic quotient singularities, Kollár and Shepherd-Barron [37] estab
lished a correspondence between certain partial resolutions (P-resolutions) and reduced 
miniversal base components. Additionally, Arndt [8] provided explicit equations for the 
miniversal base space. Furthermore, in [20] and [44], Christophersen and Stevens pro
duced a simpler set of equations for each reduced component of the miniversal base 
space.

In higher dimensions, Altmann [2] constructed a miniversal deformation for a�ine 
Gorenstein toric varieties with isolated singularities. He further demonstrated that the 
reduced irreducible components can be explicitly described: they are in one-to-one corre
spondence with maximal decompositions of the defining polytope into Minkowski sums.

We aim to extend these results to non-isolated Gorenstein toric singularities. We will 
work with deformations of a pair (X, ∂X) instead of only X, since, in fact, we will see 
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that it is more natural to work with the deformations of a pair, as we already noticed in 
[16] and [26].

In [16], we formulated, together with Corti and Petracci, the following conjecture: 
there exists a canonical bijective correspondence κ : 𝔅 → 𝔄, where 𝔄 is the set of smooth
ing components of the three-dimensional a�ine toric Gorenstein pair (X, ∂X), and 𝔅 is 
the set of 0-mutable Laurent polynomials with Newton polygon P , which defines X. A 
Laurent polynomial is 0-mutable if it can be mutated to a point (see Definition 7.9 for 
a precise definition).

To state the main results of this paper precisely and clarify the techniques used in the 
proofs, we first introduce some definitions. Consider a rank-n lattice ˜︁N ∼ = Zn and its dual 
lattice ˜︂M = HomZ( ˜︁N,Z). A strictly convex full-dimensional rational polyhedral cone 
σ ⊂ ˜︁NR defines an a�ine toric variety X := Spec(A), where A = C[σ∨ ∩ ˜︂M ]. Note that 
X is Gorenstein if and only if the primitive generators of the rays of σ all lie on an a�ine 
hyperplane (R∗ = 1) for some R∗ ∈ ˜︂M . This element R∗ is called the Gorenstein degree. 
The polytope P is defined as the convex hull of the primitive generators of the rays of 
σ, i.e., P := σ∩ (R∗ = 1). The isomorphism class of the toric variety X depends only on 
the a�ine equivalence class of P . We denote by XP := SpecC[SP ] := SpecC[σ∨ ∩ ˜︂M ]
the Gorenstein toric variety associated with P .

If XP has an isolated singularity, then the entire tangent space T 1
XP

of the deformation 
functor of XP is concentrated in degree −R∗, i.e., T 1

X(−R∗) = T 1
X . This observation was 

crucial in Altmann’s construction in [2]. Together with Altmann and Constantinescu, 
we provide partial results concerning the deformations of toric varieties at special lattice 
degrees in [6] and [7], generalising Altmann’s results in [2].

A fundamental challenge in toric deformation theory is how to systematically combine 
deformations arising from different lattice degrees. We need to tackle this problem in 
order to understand deformations of the a�ine Gorenstein toric variety X = XP with 
non-isolated singularities. In this case, the polytope P is arbitrary, and the tangent space 
T 1

(X,∂X) of the deformation functor of (X, ∂X) is spread over infinitely many lattice 

degrees in ˜︂M :

T 1
(X,∂X) =

⨁︂
m∈˜︂M

T 1
(X,∂X)(−m).

The same holds for T 1
X , which is naturally embedded in T 1

(X,∂X).
We propose that Laurent polynomials serve as a natural tool to connect deformations 

from different lattice degrees. Laurent polynomials and their mutations have so far been 
used for constructing certain one-parameter deformations (see [29]). In this paper, we 
show how they can be used to construct multi-parameter deformations from different 
lattice degrees. More precisely, from Ilten’s construction we get a flat family over P 1

whose fibre over 0 is XΔ(f) and whose fibre over ∞ is XΔ(g), where the Laurent poly
nomials f and g are connected by a mutation. The main geometric idea of this paper is 
to show that not only the toric varieties XΔ(f) and XΔ(g) are related by such a family 
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over P 1, but in fact their entire deformation families are connected, with tangent spaces 
determined by all possible mutations of f and g. In the following, we make this statement 
more precise, present the main results of the paper, and outline the techniques used in 
the proofs.

It is known that a deformation pair (m,Q) of a polytope P , consisting of m ∈ ˜︂M
and a lattice polytope Q ⊂ NR (see Definition 2.6 for the precise definition), induces 
a Minkowski summand Q of the polyhedron σ ∩ (m = 1). Consequently, by a result of 
Altmann (see [4]), such a pair gives rise to a one-parameter deformation of XP . We denote 
the corresponding deformation parameter by t(m,Q). The first key result of this paper 
is the explicit construction of this one-parameter deformation in terms of deformations 
of the defining equations: XP = SpecC[x, u]/(fk(x, u) | k ∈ Nr) (see (10)), and in 
Section 3 we construct Fk(x, u, t(m,Q)) such that Fk(x, u, 0) = fk(x, u), and such that 
the linear relations among the fk(x, u) lift to linear relations among the Fk(x, u, t(m,Q)). 
By the equational criteria of flatness, this implies that we have a one-parameter formal 
deformation of XP (and also of a pair (XP , ∂XP )) over C[[t(m,Q)]], see Corollary 3.9.

If f ∈ C[N ] is a Laurent polynomial, we define the notion of mutation (see Defini
tion 2.3 for the definition of f being (m, g)-mutable, where m ∈ ˜︂M and g is a Laurent 
polynomial) and show that if f is (m, g)-mutable, then (m,Δ(g)) forms a deformation 
pair of Δ(f) (see Lemma 2.7). In the following, we assume that N ∼ = Z2, so that f is a 
Laurent polynomial in two variables and XΔ(f) is a three-dimensional a�ine Gorenstein 
toric variety. In this paper, we focus on the two-dimensional setting, but we believe that 
the results can be generalised to higher dimensions. We say that f is m-mutable if m ∈ ˜︂M
is not constant on σ ∩ (R∗ = 1), and if f is (m, g)-mutable with Δ(g) ⊂ (πM (m) = 0)
being a line segment of lattice length 1. If f is m-mutable, then our construction in 
Section 3 also provides an explicit one-parameter deformation of (X, ∂X) over C[[tm]], 
where X = XΔ(f).

We introduce the following set of deformation parameters:

tf := {tm | m ∈ ℳ(f)}, where ℳ(f) := {m ∈ ˜︂M | f is m-mutable}.

We say that a Laurent polynomial f ∈ C[N ] ∼ = C[Z2] is maximally mutable if there 
does not exist Laurent polynomial g such that tf ⫋ tg (see Definition 7.8). We say that 
a polygon P is m-mutable, for m ∈ ˜︂M , if there exists a Laurent polynomial f with 
Δ(f) = P such that f is m-mutable. We denote

𝒯 := {m ∈ ˜︂M | P is m-mutable, and ⟨v,m⟩ > 0 for some v ∈ σ ∩ (R∗ = 1)},

Tf := {tm | m ∈ 𝒯 ∩ℳ(f)} ⊂ tf .

The following theorem is the main theorem of this paper.

Theorem 1.1. For any Laurent polynomial f ∈ C[N ] ∼ = C[Z2], there exists a formal de
formation of the a�ine Gorenstein toric pair (X, ∂X) over C[[Tf ]], where X = XΔ(f). 
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The general fibre of this deformation is smooth if and only if f is a 0-mutable Laurent 
polynomial. Moreover, the associated Kodaira–Spencer map is injective, and if f is max
imally mutable, then this deformation cannot be non-trivially extended over C[[Tf , tm]], 
for any m ∈ 𝒯 \ℳ(f).

We now outline the main ideas of the proof of Theorem 1.1. In Section 4, we give 
a connection between mutations of a Laurent polynomial f in two variables and its 
mutation mutgm f . We define the map ψ(m,g) : ˜︂M → ˜︂M and prove that f is r-mutable 
if and only if mutgm f is ψ(m,g)(r)-mutable in Proposition 4.5. Moreover, we have a 

piecewise linear map ξ(m,g) : ˜︂M → ˜︂M that bijectively maps SΔ(f) onto SΔ(mutgm f)

(see Lemma 2.10). The maps ψ(m,g) and ξ(m,g) map s ∈ ˜︂M to s + z1m and s + z2m, 
respectively, for some z1, z2 ∈ Z.

The first main step to prove Theorem 1.1 is to show that (XΔ(f), ∂XΔ(f)) is unob
structed in tf if and only if (XΔ(mutgm f), ∂XΔ(mutgm f)) is unobstructed in tmutgm f (see 
Definition 6.5 for the definition of unobstructedness, which in particular implies the 
existence of a formal deformation of (XΔ(f), ∂XΔ(f)) over C[[tf ]]). This is shown in 
Theorem 6.11 and the key idea is as follows. Assume there is a formal deformation

{Fk(x, u, tf ) | k ∈ Nr}

of (XΔ(f), ∂XΔ(f)) over C[[tf ]] (see Definition 3.6), such that the restriction of 
Fk(x, u, tf ) to tm, i.e., to Fk(x, u, 0, . . . , 0, tm, 0, . . . , 0) coincides with the above men
tioned one-parameter deformation over C[[tm]], for every tm ∈ tf and k ∈ Nr. Then,

{muttm Fk(x, u, tf ) | k ∈ Nr}

is a deformation of (XΔ(mutgm f), ∂XΔ(mutgm f)) over C[[tmutgm f ]], where

muttm Fk(x, u, tf )

is defined in Definition 6.2. Roughly speaking, muttm Fk(x, u, tf ) is obtained from 
Fk(x, u, tf ) by replacing the variables x (corresponding to a set H of generators of 
SΔ(f)) with variables corresponding to the set ξ(m,g)(H), which is a generating set of 
SΔ(mutgm f), and by replacing each deformation parameter ts ∈ tf with tψ(m,g)s ∈ tmutgm f . 
This means that a mutation also transforms the deformation equations (and their linear 
relations) of (XΔ(f), ∂XΔ(f)) into deformation equations (and their linear relations) of 
(XΔ(mutgm f), ∂XΔ(mutgm f)). Precise statements are given and proven in Theorems 6.6 and 
6.10.

The second main step is to show that a Laurent polynomial f is mutation equivalent 
to a Laurent polynomial g for which there exists a lattice point v ∈ Δ(g) such that 
m(v) ≤ 0 for all m ∈ ℳ(g). This is proved constructively in Theorem 7.5.
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These two steps show that (XΔ(f), ∂XΔ(f)) is unobstructed in tf , since

(XΔ(g), ∂XΔ(g))

is unobstructed in tg for cohomological reasons (see Theorem 7.7). Moreover, the smooth
ness of the general fibre is preserved under mutations, and thus the general fibre is smooth 
if and only if f is 0-mutable (see Theorem 7.12).

In Section 5 we show that

T 1
(X,∂X) =

⨁︂
k∈N

T 1
(X,∂X)(−kR∗)

⨁︂
m∈𝒯

T 1
(X,∂X)(−m),

where dimC T 1
(X,∂X)(−m) = 1, if m ∈ 𝒯 . Applying these cohomology computations to 

the deformation family of (XΔ(f), ∂XΔ(f)) over C[[tf ]], we see that restricting this family 
to C[[Tf ]] establishes all the claims in Theorem 1.1, except for the final one, which is 
proved in Theorem 7.14.

In [26], we showed that the deformations induced by the elements of⨁︂
k∈N

T 1
(X,∂X)(−kR∗),

are related to Minkowski decompositions of P , where X = XP . On the other hand, by 
Theorem 1.1 of this paper, we see that the deformations induced by the elements of ⨁︁

m∈𝒯 T 1
(X,∂X)(−m) are related to Laurent polynomials whose Newton polynomial is P . 

We show how to combine these two types of deformations in Section 8 (see Corollary 8.2). 
This provides strong evidence for [16, Conjecture A], and additionally suggests that all 
components of the miniversal deformation space of the three-dimensional a�ine toric 
Gorenstein pair (XP , ∂XP ) correspond to maximally mutable Laurent polynomials f
with Δ(f) = P (see Conjecture 8.6). To prove the conjecture in full generality, it remains 
to show that the miniversal base space has no singular components. We conclude the 
paper by outlining how we expect the methods developed here to lead to a construction 
of Fano manifolds with a very ample anticanonical bundle (see Section 8.2).

Acknowledgement
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2. Preliminaries

2.1. The setup

We fix the ground field to be C, an algebraically closed field of characteristic zero. 
Let P be a lattice polytope with vertices v1, . . . , vp in a lattice N . We set
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˜︂M := M ⊕ Z, ˜︁N := N ⊕ Z,

and denote the projections

πM : ˜︂M → M, πZ : ˜︂M → Z,

which we will use throughout the paper. By embedding P at height 1, we obtain the 
rational polyhedral cone

σ :=
{︄

p ∑︂
i=1 

λia
i | λi ∈ R≥0

}︄
⊂ ˜︁N ⊗Z R,

where ai = (vi, 1) ∈ N ⊕Z for i = 1, . . . , p. Let M be the dual lattice of N , and consider 
the monoid

SP := σ∨ ∩ ˜︂M,

where

σ∨ := {r ∈ ˜︂M ⊗Z R | ⟨n, r⟩ ≥ 0 for all n ∈ σ}

is the dual cone of σ. Every a�ine Gorenstein toric variety is isomorphic to

X := XP := SpecC[SP ]

for some lattice polytope P .

Definition 2.1. For a polytope Q ⊂ NR := N ⊗Z R and c ∈ MR := M ⊗Z R we choose a 
vertex vQ(c) of Q where ⟨c, ·⟩ becomes minimal. For c ∈ M we define

ηQ(c) := −min
v∈Q 

⟨v, c⟩ = −⟨vQ(c), c⟩.

The Hilbert basis of SP = σ∨ ∩ (M ⊕ Z) is given by

HP :=
{︁
s1 = (c1, ηP (c1)), . . . , sr = (cr, ηP (cr)), R∗}︁, (1)

where R∗ := (0, 1) is the Gorenstein degree and the elements ci ∈ M are uniquely 
determined (see e.g. [2, Section 4.3]).

2.2. Mutations

Definition 2.2. A Laurent polynomial f =
∑︁

v avχ
v ∈ C[N ] is called normalized if av = 1

for every vertex v of its Newton polytope Δ(f).
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All Laurent polynomials in this paper are assumed to be normalized. The element

m = (πM (m), πZ(m)) ∈ ˜︂M = M ⊕ Z

defines an a�ine function φm on N (and thus on Δ(f)) by

φm(n) := ⟨πM (m), n⟩ + πZ(m). (2)

For an element m ∈ ˜︂M and k ∈ Z we denote the a�ine hyperplanes

(m = k) := {a ∈ ˜︁N | ⟨a,m⟩ = k},

(πM (m) = k) := {a ∈ N | ⟨a, πM (m)⟩ = k}.

Definition 2.3. For g ∈ C[N ] and m ∈ ˜︂M such that Δ(g) ⊂ (πM (m) = 0), we say that 
f ∈ C[N ] is (m, g)-mutable if it can be written as

f =
∑︂
i∈Z 

fi, where fi ∈ C[(φm = i) ∩N ] ⊂ C[N ], (3)

such that, for i ∈ N, the quotient figi is a Laurent polynomial (that is, fi = hig
i for some 

Laurent polynomial hi).

Definition 2.4. A mutation of an (m, g)-mutable Laurent polynomial f , with respect to 
the chosen pair (m, g), is the Laurent polynomial

mutgm f :=
∑︂
i∈Z 

fi
gi
. (4)

Example 2.5. Let

f = 1 + 2y + y2 + xy2, m = (0, 2,−3), g = 1 + x.

We compute

φm(0, 0) = −3, φm(0, 1) = −1, φm(0, 2) = φm(1, 2) = 1.

The two polytopes in Fig. 1 represent the Newton polytopes of f and its mutation, given 
by

mutgm f = 1 + 3x + 3x2 + x3 + 2y + 2xy + y2.
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3 3 1

2

Fig. 1. Newton polytopes of f (left) and mutgm f (right). 

2.3. Deformation pairs

Definition 2.6. Every pair (m,Q), with m ∈ ˜︂M and Q ⊂ (πM (m) = 0) ⊂ N a lattice 
polytope, is called a deformation pair of P if, for every i ∈ N such that P ∩ (φm = i) is 
nonempty, the polytope iQ is a Minkowski summand of P ∩ (φm = i).

Lemma 2.7. If (m,Q) is a deformation pair of P , then there exist Laurent polynomials 
f and g such that Δ(f) = P and Δ(g) = Q, and f is (m, g)-mutable. Conversely, if f
is a Laurent polynomial that is (m, g)-mutable, then (m,Δ(g)) is a deformation pair of 
Δ(f).

Proof. If (m,Q) is a deformation pair, we can choose arbitrary g with Δ(g) = Q and f =∑︁
i∈Z fi such that fi = gig′i for some Laurent polynomials g′i, where each fi ⊂ C[(φm =

i) ∩N ] and Δ(f) = P . The other direction follows immediately by definition. □
Definition 2.8. For a deformation pair (m,Q) of P , we choose Laurent polynomials f and 
g such that f is (m, g)-mutable, Δ(f) = P , and Δ(g) = Q. We then define the polytope

P(m,Q) := Δ(mutgm f), (5)

which we call a mutation of P by (m,Q).

Remark 2.9. For a different choice of f and g, with Δ(f) = P , Δ(g) = Q, and f being 
(m, g)-mutable, we obtain the same polytope P(m,Q).

For m ∈ ˜︂M and a polytope Q ⊂ NR, we define the map

ξ(m,Q) : ˜︂M → ˜︂M, ξ(m,Q)(h) := h− (ηQ(πM (h)))m. (6)

Note that this map is piecewise linear and we will only use it when (m,Q) is a deformation 
pair of P .

Lemma 2.10. Let (m,Q) be a deformation pair of P . The map ξ(m,Q) maps the monoid 
SP bijectively into the monoid SP(m,Q) , with inverse equal to ξ(−m,Q).
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Proof. Let (c, ηP (c)) ∈ ∂SP for some c ∈ ˜︂M . In particular, we know that

⟨(v, 1), (c, ηP (c))⟩ ≥ 0 for all vertices v ∈ P. (7)

Let us show that

⟨(w, 1), ξ(m,Q)((c, ηP (c)))⟩ ≥ 0 for all vertices w of P(m,Q).

Since

ξ(m,Q)((c, ηP (c))) = (c, ηP (c)) − ηQ(c) ·m,

we can easily verify that the claim holds for all w ∈ P(m,Q) ∩ (φm = i), for every i ∈ Z. 
Indeed, we need to show that

⟨w, c⟩ + ηP (c) − i · ηQ(c) ≥ 0 (8)

for every w ∈ P(m,Q)∩(φm = i). This follows since w+iq ∈ P ∩(φm = i) for every q ∈ Q. 
Choose q ∈ Q such that ⟨·, c⟩ achieves its minimum on Q at q. Then the inequality (8)
follows from (7). □
Example 2.11. Let P = conv{(0, 0), (0, 2), (1, 2)}, m = (0, 2,−3), and Q = conv{(0, 0), 
(1, 0)}. Note that P = Δ(f) and Q = Δ(g) from Example 2.5, and thus

P(m,Q) = Δ(mutgm f) = conv{(0, 0), (3, 0), (0, 2)}.

The Hilbert basis of the semigroup SP is

HP = {z1, z4, z5, z6, R∗ = (0, 0, 1)},

where

z1 = (−2, 1, 0), z4 = (−1, 0, 1), z5 = (0,−1, 2), z6 = (1, 0, 0).

The Hilbert basis of the semigroup SP(m,Q) is

HP(m,Q) = {s1, s2, s3, s4, s5, s6, R
∗},

where

s1 = (−2,−3, 6), s2 = (−1,−1, 3), s3 = (0, 1, 0),

s4 = (−1,−2, 4), s5 = (0,−1, 2), s6 = (1, 0, 0).
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0

0 R∗z4
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z6
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Fig. 2. A generating set of SΔ(f) and SΔ(mutg
m

f). 

The Hilbert bases of both are illustrated in the first and third images of Fig. 2, where 
the numbers indicate the third coordinate of si and zi, respectively.

We see that

ξ(m,Q)(z4) = z4 −m = (−1,−2, 4) ∈ HP(m,Q) .

Likewise, we see that

ξ(m,Q)(zi) = si for all i ∈ {1, . . . , 6}.

Note that the set {z1, . . . , z6, R
∗} is only a generating set of SP , and not its Hilbert 

basis, which is the minimal generating set.

3. Constructing one-parameter deformations

This section provides an explicit construction of a one-parameter deformation arising 
from a deformation pair, formulated in terms of the defining equations.

3.1. Linear relations between the generators

Recall the Hilbert basis (1) of S := SP = σ∨ ∩ ˜︂M . We have

XP = SpecC[SP ] ∼ = SpecC[u, x1, . . . , xr]/ℐP ,

for some ideal ℐP (described in Proposition 3.2 below), where u corresponds to R∗ and 
each xj corresponds to sj for j = 1, . . . , r. For every k = (k1, ..., kr) ∈ Nr we denote

sk :=
r∑︂

i=1 
kisi ∈ S ⊂ ˜︂M, ck :=

r∑︂
i=1 

kici ∈ M

and for a polytope Q ⊂ NR let
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ηQ(k) :=
r∑︂

i=1 
ηQ(kici) − ηQ

(︄
r∑︂

i=1 
kici

)︄
.

For every element s ∈ S we have a unique decomposition s = ∂P (s) + nP (s)R∗ with

∂P (s) ∈ ∂(S) := {s ∈ S | s−R∗ ̸∈ S} and nP (s) ∈ N.

Let us denote

χs
P := x∂P (s)unP (s). (9)

We have sk = ∂P (k)+ ηP (k)R∗ with ∂P (k) := (ck, ηP (ck)) ∈ ∂(S). In this section we 
simply write ∂(k) = ∂P (k), η(k) = ηP (k) and χs = χs

P for any s ∈ S = SP . For every 
k ∈ Nr we choose bi ∈ N such that ∂(k) =

∑︁r
i=1 bisi, and we define

xk :=
r∏︂

i=1
xki
i , x∂(k) :=

r∏︂
i=1

xbi
i .

Remark 3.1. For simplicity, we will also write ∂(k) = (b1, . . . , br) ∈ Nr, and we will 
distinguish from context whether ∂(k) refers to the vector in Nr or to the element ∑︁r

i=1 bisi ∈ ˜︂M . More generally, for each element s ∈ S, we will distinguish from the 
context whether ∂(s) refers to the tuple (p1, . . . , pr) ∈ Nr or to the sum 

∑︁r
i=1 pisi ∈ ∂(S). 

For example, this convention will be used in the proof of Proposition 6.10.

Proposition 3.2 ([6, Section 5]). The binomials

fk(x, u) := fk,P (x, u) := xk − x∂(k) uη(k) ∈ C[u,x] := C[u, x1, ..., xr] (10)

generate the ideal ℐP and the module of linear relations among the fk, which is the kernel 
of the map

ψ :
⨁︁

k∈Nr C[u, x1, . . . , xr]ek
ek ↦→fk −−−−→ ℐP ⊂ C[u, x1, . . . , xr],

is spanned by ra,k := ea+k − xaek − uη(k)e∂(k)+a, for a,k ∈ Nr.

Example 3.3. Let P = conv{(0, 0), (3, 0), (0, 2)} with

s1 = (−2,−3, 6), s2 = (−1,−1, 3), s3 = (0, 1, 0),

s4 = (−1,−2, 4), s5 = (0,−1, 2), s6 = (1, 0, 0).

Note that we have already drawn the Hilbert basis of S = SP , since this polytope was the 
polytope P(m,Q) in Example 2.11. Let k = (0, 1, 0, 0, 0, 1) ∈ N6 and a = (0, 0, 0, 1, 0, 1) ∈
N6. Then we have ∂(k) = (0, 0, 0, 0, 1, 0) and the following equations:
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fk = x2x6 − ux5, fa+k = x2x4x
2
6 − ux3

5, f∂(k)+a = x4x5x6 − x3
5,

where ∂(a + k) = ∂(∂(k) + a) = (0, 0, 0, 0, 3, 0).

Lemma 3.4. For k ∈ Nr and polytopes Q,G ⊂ NR, the following holds: 

(1) ηQ+G(k) = ηQ(k) + ηG(k),
(2) ηQ(a + k) = ηQ(k) + ηQ(∂(k) + a).

Proof. The first claim follows immediately from the definition. We now prove (2): after 
cancelling the common terms

r∑︂
i=1 

(ηQ(kici) + ηQ(aici))

on both sides, we need to prove that

−ηQ

(︄
r∑︂

i=1 
(ai + ki)ci

)︄
= −ηQ

(︄
r∑︂

i=1 
kici

)︄
+

r∑︂
i=1 

ηQ(bici) − ηQ

(︄
r∑︂

i=1 
(ai + bi)ci

)︄
.

This holds because, by the definition of ∂(k), we see that if bi ̸= 0, then

v(ci) = v

(︄
r∑︂

i=1 
kici

)︄
.

Consequently, we have

r∑︂
i=1 

ηQ(bici) = ηQ

(︄
r∑︂

i=1 
bici

)︄
and

r∑︂
i=1 

kici =
r∑︂

i=1 
bici.

From this, the claim follows. □
3.2. Formal deformations of a pair (X, ∂X)

Let R be a local Artinian C-algebra with residue field R/mR = C. A deformation of 
a pair (X, ∂X) over R is a deformation of the closed embedding ∂X ↪→ X over R, which 
is given by a compatible system of commutative diagrams:

ξn :
𝒴n 𝒳n

Spec(R/mn
R)

gn fn (11)

for each n ∈ N, such that:
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• fn and gn are flat and 𝒴n ↪→ 𝒳n is a closed embedding,
• ξ0 is the closed embedding ∂X ↪→ X over SpecC,
• for all n ≥ 1, ξn induces ξn−1 by pullback under the natural inclusion Spec(R/mn−1

R ) 
→ Spec(R/mn

R).

It is straightforward to define a deformation functor F(X,∂X), which associates to R
the set of isomorphism classes of deformations of (X, ∂X) over R. The corresponding 
tangent space is denoted by T 1

(X,∂X). If we disregard 𝒴n and consider only the maps 
𝒳n → Spec(R/mn

R) satisfying the above properties, we obtain the deformation func
tor FX , which assigns to R the set of isomorphism classes of deformations of X. The 
corresponding tangent space is denoted by T 1

X .
The following lemma provides the equational flatness criterion for Gorenstein a�ine 

toric varieties.

Lemma 3.5 (Equational Flatness Criterion). Let XP = SpecC[x, u]/(fk | k ∈ Nr) be a 
Gorenstein a�ine toric variety, and let R = C[[t]]/I = C[[t1, . . . , tn]]/I, where I is an 
ideal. Recall ra,k(x, u) from Proposition 3.2. If there exist

Fk(x, u, t) ∈ C[x, u][[t]]

such that:

• Fk(x, u, 0) = fk(x, u) for all k ∈ Nr.
• There exist linear relations Ra,k(x, u, t) among Fk in C[x, u][[t]]/I such that

Ra,k(x, u, 0) = ra,k(x, u) for all a,k ∈ Nr,

then there exists a formal deformation of (XP , ∂XP ) over R = C[[t]]/I with

𝒳n = SpecC[x, u][[t]]/ (mn
R + (Fk(x, u, t) | k ∈ Nr))

and

𝒴n = SpecC[x, u][[t]]/ (mn
R + (u, Fk(x, u, t) | k ∈ Nr)) .

Proof. It follows immediately from Proposition 3.2, see, e.g., [22, Corollary 6.5] or [33, 
Section 10.3] for the general form of the equational flatness criterion. □
Definition 3.6. We say that we have formal deformation {Fk(x, u, t) | k ∈ Nr} of 
(XP , ∂XP ) over C[[t]]/I if there exists linear relations Ra,k(x, u, t) among Fk in 
C[x, u][[t]]/I such that the conditions of Lemma 3.5 are satisfied.
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3.3. Deformation of equations for one-parameter deformations

For a given deformation pair (m,Q) of P , we are going to explicitly describe a one
parameter deformation of XP in terms of the deforming equations fk. This is the first 
key result of the paper, and it plays a crucial role in proving Theorem 1.1. Let t = t(m,Q)
be a deformation parameter of lattice degree deg(t) = m. We define

Fk(x, u, t) := xk−
ηQ(k)∑︂
i=0 

(︃
ηQ(k)

i 

)︃
tiχsk−im

P = fk−
ηQ(k)∑︂
i=1 

(︃
ηQ(k)

i 

)︃
tix∂P (sk−im)unP (sk−im),

(12)

where we used the notation from (9) and t = t(m,Q) is a deformation parameter that has ˜︂M -degree deg(t) = m.
Note that χsk−im = χsk−im

P is well-defined for all i = 1, . . . , ηQ(k), meaning that 
sk − im ∈ σ∨. To prove this, it suffices to show that sk − im takes nonnegative values 
on the generators of σ, which lie in σ ∩ (R∗ = 1). To do so, it is enough to show 
that ηPj

(k) ≥ j · ηQ(k) for all j ∈ N such that Pj := P ∩ (φm = j) is nonempty. 
This follows from Lemma 3.4 (1), since jQ is a Minkowski summand of Pj and thus 
ηPj

(k) ≥ ηjQ(k) = jηQ(k).
Let us choose (k1j , ..., krj) ∈ Nr, j = 1, ..., ηQ(k) such that

r∑︂
l=1 

kljsl = ∂(sk − jm)

and let kj := (k1j , ..., krj) ∈ Nr. We define

Ra,k(x, u, t) := Fa+k − xaFk − uηP (k)F∂(k)+a −
ηQ(k)∑︂
j=1 

uηP (kj)
(︃
ηQ(k)

j

)︃
tjFkj+a. (13)

We see that Fk(x, u, 0) = fk(x, u) and Ra,k(x, u, 0) = ra,k(x, u).

Remark 3.7. As mentioned in Remark 3.1, we can also write F∂(sk−jm)+a in place of 
Fkj+a, where ∂(sk − jm) = kj ∈ Nr (and not ∂(sk − jm) ∈ ∂(SP )).

Proposition 3.8. Ra,k is a linear relation (among Fk, for all k ∈ Nr).

Proof. To verify that Ra,k is a linear relation, we compute that the term in front of tl
is zero for all l ∈ N. This term is equal to

−
(︃
ηQ(a + k)

l

)︃
χsa+k−lm + xa

(︃
ηQ(k)

l

)︃
χsk−lm + uηP (k)

(︃
ηQ(∂(k) + a)

l

)︃
χs∂(k)+a−lm−
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−uηP (kl)
(︃
ηQ(k)

l

)︃
(xkl+a − χskl+a) +

l−1 ∑︂
j=1 

uηP (kj)
(︃
ηQ(k)

j

)︃(︃
ηQ(kj + a)

l − j 

)︃
χskj+a−(l−j)m.

Note that by definition we have xaχsk−lm = uηP (kl)xkl+a and

χsa+k−lm = uηP (k)χs∂(k)+a−lm = uηP (kj)χskj+a−(l−j)m,

for all j = 1, ..., l. Thus we see that the term before tl is zero since ηQ(kj + a) =
ηQ(∂(k) + a) for every kj and

(︃
ηQ(a + k)

l

)︃
=

(︃
ηQ(k)

l

)︃
+

(︃
ηQ(∂(k) + a)

l

)︃
+

l−1 ∑︂
j=1 

(︃
ηQ(k)

j

)︃(︃
ηQ(∂(k) + a)

l − j 

)︃
,

which holds because

(1 + t)ηQ(a+k) = (1 + t)ηQ(k)(1 + t)ηQ(∂(k)+a)

by Lemma 3.4. □
By the equational flatness criterion we get the following corollary.

Corollary 3.9. The map

SpecC[x, u, t]/(Fk(x, u, t) | k ∈ Nr) → SpecC[[t]]

is flat and has fibre over 0 equal to XP . By Lemma 3.5 we also get a formal (one
parameter) deformation of (XP , ∂XP ) over C[[t]], corresponding to a deformation pair 
(m,Q) of P .

Example 3.10. Here we continue with Example 3.3 with

P = conv{(0, 0), (3, 0), (0, 2)}

and let (−m,Q) be a deformation pair of P with m = (0, 2,−3) and Q =
conv{(0, 0), (1, 0)}. We use (−m,Q) to be consistent with notation in Example 2.11. 
We have

Fk = fk − tx3, Fa+k = fa+k − t2x3u− 2tx5u
2, F∂(k)+a = f∂(k)+a − tx5u

and thus

Ra,k = Fa+k − xaFk − uF∂(k)+a − tFk1+a,
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where t = t(−m,Q) and k1 = (0, 0, 1, 0, 0, 0) and thus Fk1+a = x3x4x6−u2x5−tx3u. Note 
that Ra,k is indeed a linear relation, since the term in front of t2 is −t2x3u+ t(tx3u) = 0
and the term in front of t is −2tx5u

2 + xatx3 + utx5u − t(x3x4x6 − u2x5) = 0, since 
xa = x4x6.

4. Mutations of Laurent polynomials in two variables

This section is devoted to the study of mutations of Laurent polynomials in two 
variables, which play a key role in constructing the deformation families developed in 
the subsequent sections.

Lemma 4.1. Let A be an integral domain. If the polynomial

a0 + · · · + anx
n ∈ A[x]

is divisible by pm, with p ∈ A[x] and m ∈ N, then the polynomial

n ∑︂
r=0 

(︃
z1 + z2r

k

)︃
arx

r ∈ A[x]

is divisible by pm−k for any z1, z2 ∈ Z and any k ∈ N, provided that k ≤ m.

Proof. By induction and Pascal’s identity, it suffices to prove the claim for z1 = 0. Define

f(x) := a0 + · · · + anx
n and g(x) := f(xz2).

Since f(x) is divisible by pm(x), the k-th derivative g(k)(x) is divisible by pm−k(x). 
Consequently,

xk

k! g
(k)(x) =

n ∑︂
r=0 

(︃
z2r

k

)︃
arx

rz2

is divisible by pm−k(xz2) in A[x]. The change of variable y = xz2 shows that

n ∑︂
r=0 

(︃
z2r

k

)︃
ary

r ∈ A[y]

is divisible by pm−k(y). This completes the proof. □
Definition 4.2. Let m ∈ ˜︂M ∼ = Z3, m ̸= kR∗ for any k ∈ Z. A Laurent polynomial 
f ∈ C[N ] ∼ = C[Z2] is called m-mutable if it is (m, g)-mutable with Δ(g) a line segment 
of lattice length 1.
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Remark 4.3. We assume that all Laurent polynomials are normalized; in particular, g is 
assumed to take the value 1 at both vertices of Δ(g).

Definition 4.4. Let m ∈ ˜︂M ∼ = Z2. If g is a Laurent polynomial with Δ(g) ⊂ (πM (m) = 0)
a line segment of lattice length 1, we define the map

ψ(m,g) : ˜︂M → ˜︂M
by

ψ(m,g)(r):=
{︄
r+

(︁
ηΔ(g)(πM (−r))

)︁
m if πM (r) and πM (m) are not collinear in M∼ = Z2,

r −m, otherwise.
(14)

Proposition 4.5. Let f be m-mutable. Then f is r-mutable if and only if mutgm f is 
ψ(m,g)(r)-mutable.

Proof. If f is both m-mutable and r-mutable, it is (m, g)-mutable and (r, h)-mutable, 
where

Δ(g) ⊂ (πM (m) = 0) and Δ(h) ⊂ (πM (r) = 0)

are line segments of lattice length 1. If πM (r) and πM (m) are collinear in M , the claim 
follows immediately from the definition.

Assume that πM (r) and πM (m) are not collinear in M . Suppose first that 
ηΔ(g)(πM (−r)) = 0 and thus ψ(m,g)(r) = r. For any Laurent polynomial q ∈ C[N ], and 
for i, j ∈ Z, we denote by qi,j the restriction of q to the subset Δ(q)∩(φm = i)∩(φr = j). 
Let n := maxv∈Δ(f) φr(v), and note that

max 
v∈Δ(g)

φr(v) = ηΔ(g)(πM (−r)) = 0.

Moreover, we denote vi,j ∈ NR to be the element such that φm(vi,j) = i and φr(vi,j) = j.
Thus, we have

(mutgm f)i,n−j =
∑︂

k+l=j

fi,n−k

(︁
g−i

)︁
0,−l

=
∑︂

k+l=j

fi,kχ
v0,−l

(︃
−i

p 

)︃
, (15)

where l = z · p with

z = max 
v∈Δ(g)

φr(v) − min 
v∈Δ(g)

φr(v) = − min 
v∈Δ(g)

φr(v), (16)

and χv0,−l is set to 0 if v0,−l ̸∈ N , and otherwise it represents the variable corresponding 
to v0,−l ∈ N .
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If f is (r, h)-mutable, with Δ(h) a line segment of lattice length 1, then 
∑︁

i∈Z fi,n−k

is divisible by hn−k, and by applying Lemma 4.1, it follows that

∑︂
i∈Z 

fi,n−kχ
v0,−l

(︃
−i

p 

)︃

is divisible by hn−k−p. Thus, equation (15) implies that 
∑︁

i∈Z(mutgm f)i,n−j is divisible 
by hn−j , since p ≤ l and we are summing over k + l = j. This implies that mutgm f is 
ψ(m,g)(r) = r-mutable, which is what we wanted to show.

If ηΔ(g)(πM (−r)) ̸= 0, we translate Δ(g) to a polytope Δ(g̃) ⊂ (πM (m) = 0) satisfying

ηΔ(g̃)(πM (−r)) = 0.

The coefficient of mutg̃m f in front of χvi,j equals the coefficient of mutgm f in front of χwi,j , 
where wi,j ∈ NR satisfies φm(wi,j) = i and φr̃(wi,j) = j with r̃ = r + ηΔ(g)(πM (−r)) m. 
Thus, we conclude that mutgm f is ψ(m,g)(r)-mutable.

The converse follows immediately from the above proof, since

mutg−m (mutgm f) = f and ψ(−m,g)(ψ(m,g)(r)) = r.

This completes the proof. □
Example 4.6. Let f = 1 + 3x + 3x2 + x3 + 2y + 2xy + y2, g = 1 + y, r = (0,−1, 3), and 
m = (−2, 0, 2). We see that f is both m-mutable and r-mutable, and moreover, mutgm f

is ψ(m,g)(r) = r-mutable, since

mutgm f = (1 + x)3 + (1 + x)2y(1 + 2x) + 3x2y2 + 6x3y2 + 4x3y3 + x3y4.

f is the first Laurent polynomial presented in Fig. 3, and f1 := mutgm f is the second. 
Note that in this example z from (16) equals 1. Let h = 1 + x and s = (0,−1, 2). Then

muths f1 = 1 + x + 2xy + 4x2y + 3x2y2 + 6x3y2 + 4x3y3 + 4x4y3 + x3y4 + 2x4y4 + x5y4,

which is the third Laurent polynomial presented in Fig. 3. Note that f1 is s-mutable and 
−m = (2, 0,−2)-mutable. muths f1 is indeed ψ(s,h)(−m) = −m +

(︁
ηΔ(h)(πM (m))

)︁
s =

−m + 2s = (2,−2, 2)-mutable, since

1 + 2z + 3z2 + 4z3 + 2z4

(1 + z)2 = 1 + 2z2,

where we set z = xy. 
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Fig. 3. The Laurent polynomials f , f1 := mutgm f and muths f1. 

5. The tangent space of the deformation functor

The tangent space T 1
X decomposes according to the grading by ˜︂M (T 1

X = ⨁︁
r∈˜︂M T 1

X(−r)) and it has been extensively studied through various convex-geometric 
descriptions depending on the polytope defining the a�ine Gorenstein toric variety (see 
[1], [3], [5], and [25]).

Furthermore, results from [16] and [26] indicate that it is often more natural to consider 
deformations of the pair (X, ∂X) rather than those of X alone. In our case we have

X = SpecC[S] = SpecC[x, u]/ℐP and ∂X = SpecC[∂S] = C[x, u]/(ℐP , u).

Since ∂X ↪→ X is a regular embedding, we can apply the results from [11] to describe 
the module T 1

(X,∂X). We define A = C[x, u]/ℐP and A′ := A/(u). To study deformations 
of a pair (X, ∂X), we use the following exact sequence (see, e.g., [11, Equation 11]):

0 → T∂X → TX|∂X
φ−→ N∂X|X

φ1 −→ T 1
(X,∂X) → T 1

X → 0, (17)

where TX|∂X = DerC(A,A) ⊗A′ and N∂X|X = HomA′((u)/(u)2, A′).
The following lemma determines which derivations in TX|∂X map to nonzero elements 

in N∂X|X under the map φ. This analysis is crucial for computing the dimension of the 
module T 1

(X,∂X).
We denote η = ηP and ∂ = ∂P . Let si = (ci, η(ci)) ∈ HP (for some i = 1, ..., r) be an 

element of the Hilbert basis such that the minimum of ⟨ci, ·⟩ on P is achieved only at 
one vertex vP (ci) of P . We fix such i and for every j = 1, ..., r we define

nj :=
∞ ∑︂
z=0 

η(∂(ej + zei) + ei),

where ej denotes the j-th basis vector of Nr.
Note that by definition there exists z ∈ N such that η(∂(ej +nei) + ei) = 0 for every 

n ≥ z and thus the above sum is finite.
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Lemma 5.1. It holds that

Di :=
r∑︂

j=1 
Aj

∂

∂xj
+ xi

∂

∂u
∈ DerC(A,A), where Aj = njx∂(ei+ej)uη(ei+ej)−1.

Note that Aj is well-defined, since if η(ei + ej) = 0, then nj = 0.

Proof. We need to check that Di(fk) ∈ ℐP for all fk ∈ ℐP . It holds that

Di(xk − x∂(k)uη(k)) =
r∑︂

j=1 
kjAjx(k1,...,kj−1,kj−1,kj+1,...,kr)

−
r∑︂

j=1 
bjAjx(b1,...,bj−1,bj−1,bj+1,...,br)uη(k) − η(k)xixbuη(k)−1,

where x∂(k) = xb =
∏︁r

j=1 x
bj
j .

Without loss of generality, we assume that the minimum of ⟨ci, ·⟩ is achieved at 0 in 
P ⊂ N , i.e. vP (ci) = 0 ∈ N . Then by Lemma 3.4 we have

η(∂(ej + zei) + ei) = η(ej + (z + 1)ei) − η(ej + zei)

and thus

nj =
∞ ∑︂
z=0 

(η(ej + (z + 1)ei) − η(ej + zei)) =

=
∞ ∑︂
z=0 

(︁
(η(cj)+(z + 1)η(ci) − η(cj + (z + 1)ci)) − (η(cj) + zη(ci) − η(cj+zci))

)︁
=η(cj).

Thus

Aj = η(cj)x∂(ei+ej)uη(ei+ej)−1.

Since Di(fk) is homogeneous, we see that Di(fk) ∈ ℐP because

r∑︂
j=1 

kjη(cj) =

⎛⎝ r∑︂
j=1 

bjη(cj)

⎞⎠ + η(k). (18)

Indeed, the left-hand side (LHS) of (18) is the Z-coordinate of deg(xk) ∈ ˜︂M = M ⊕ Z, 
and the right-hand side (RHS) of (18) is the Z-coordinate of

deg(x∂(k)uη(k)) ∈ ˜︂M = M ⊕ Z. □
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As at the end of the proof above, for any homogeneous polynomial g(x, u), we will 
denote its degree by deg(g(x, u)) ∈ ˜︂M .

Proposition 5.2. It holds that T 1
(X,∂X)(−r) ∼ = T 1

X(−r) for all r except for

r ∈ {R∗ − s | s ∈ ∂(S), (φs = 0) ∩ P is a face of P , which is not a vertex},

for which it holds that dimC T 1
(X,∂X)(−r) = 1 + dimC T 1

X(−r).

Proof. Let E := (φs = 0)∩P be a face of P for some s ∈ ∂(P ). Let sE be the element of 
the Hilbert basis of SP , such that s⊥E∩σ equals the face spanned by {(v, 1) ∈ ˜︁N | v ∈ E}, 
and let xE be the corresponding variable (if E = P we have sE = 0 and xE = 1). We 
define

lE := min{l ∈ N | xk − xn
Eu

l ∈ ℐP , where k ∈ Nr, n ∈ N}.

Clearly lE ≥ 1 and there exists f(x, u) := xk − xnE

E ulE ∈ ℐP for some nE ∈ N, k ∈ Nr. 
Let us show that there does not exist a derivation

D =
r∑︂

j=1 
Aj

∂

∂xj
+ xE

∂

∂u

such that D(f(x, u)) ∈ ℐP . Indeed, we have

D(xk) −D(xnE

E )ulE − lEx
nE+1
E ulE−1 ̸∈ ℐP ,

by definition of lE .
Thus, the one-dimensional vector space N∂X|X(−(R∗−sE)) (generated by the element 

u ↦→ sE , since N∂X|X = HomA′((u)/(u)2, A′)) does not lie in the image of the map

TX|∂X
φ−→ N∂X|X .

Therefore, we obtain

dimC T 1
(X,∂X)(−(R∗ − sE)) = 1 + dimC T 1

X(−(R∗ − sE)).

Finally, by Lemma 5.1, we see that for any other m ∈ ˜︂M (i.e., m ̸= R∗ and m ̸=
R∗ − sE for some face E ⊂ P that is not a vertex), we have dimC T 1

(X,∂X)(−m) =
dimC T 1

X(−m). □
Definition 5.3. Let P be a polygon and let m ∈ ˜︂M be such that m ̸= kR∗ for any k ∈ Z. 
We say that P is m-mutable if there exists a line segment Q ⊂ (πM (m) = 0) of lattice 
length 1 such that (m,Q) is a deformation pair of P .
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Remark 5.4. Equivalently, P is m-mutable if and only if there exists a Laurent polynomial 
f with Δ(f) = P that is m-mutable.

For every edge E = [v, w], let sE be the fundamental generators of the dual cone 
chosen such that s⊥E ∩ σ equals the face spanned by (v, 1) and (w, 1). We denote

cE := πM (sE) ∈ M (19)

to be the projection of sE to M , i.e. sE = (cE , ηP (cE)). We call cE also the normal vector 
of an edge E. The next proposition connects dimension of T 1

(XP ,∂XP ) with mutations of 
P .

Proposition 5.5. Let P be a polygon, and let m ̸= kR∗ for any k ∈ N. Then

dimC T 1
(X,∂X)(−m) =

{︄
1 if P is m-mutable and maxv∈P φm(v) ≥ 1,
0 otherwise.

For any k ∈ N let lk denote the number of edges of P that have lattice length greater or 
equal to k. It holds that

dimC T 1
(X,∂X)(−kR∗) = lk − 2.

Proof. By [4, Theorem 4.4] it follows that

dimC T 1
X(−m) =

{︄
1 if P is m-mutable and maxv∈P φm(v) ≥ 2,
0 otherwise,

(20)

if m ̸= kR∗ for any k ∈ N, and

dimC T 1
X(−kR∗) =

{︄
lk − 3 if k = 1
lk − 2 if k ≥ 2.

(21)

By Proposition 5.2 we conclude the proof. □
Example 5.6. Let P = conv{(0, 0), (4, 0), (0, 5)} and X = XP . We denote the edges of 
P by E = conv{(0, 0), (4, 0)}, F = conv{(0, 0), (0, 5)} and G = conv{(4, 0), (0, 5)}. Let 
Z≥1 denote the set of positive integers. We have

T 1
(X,∂X)(−m) ̸= 0

if and only if m ∈ ℳ1 ∪ℳ2, where

ℳ1 :=
{︁
nR∗ − ksE , nR∗ − ksF | n ∈ {1, 2, 3, 4}, k ∈ Z≥1

}︁
,
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ℳ2 :=
{︁
5R∗ − ksF | k ∈ Z≥2

}︁
∪
{︁
R∗ − ksG | k ∈ Z≥1

}︁
∪ {R∗}.

If m ∈ ℳ1 ∪ℳ2 we have dimC T 1
(X,∂X)(−m) = 1. Moreover, T 1

X(−m) ̸= 0 if and only if

m ∈ ℳ1 ∪ℳ2 \ {R∗ − sE , R
∗ − sF , R

∗ − sG, R
∗}.

6. Mutable deformations of polygons

In this section, we construct multi-parameter deformations of a�ine Gorenstein toric 
varieties associated with polygons, using mutations of Laurent polynomials.

Let XP be a three-dimensional a�ine Gorenstein toric variety associated with the 
polygon P ⊂ NR. Recall Definition 5.3. We define

ℰ(P ) :=
{︂
m ∈ ˜︂M | P is m-mutable

}︂
.

Additionally, for a Laurent polynomial f ∈ C[N ] ∼ = C[Z2], we denote

ℳ(f) :=
{︂
m ∈ ˜︂M | f is m-mutable

}︂
⊂ ℰ(Δ(f)). (22)

For every m ∈ ℰ(P ), we fix a line segment Q of lattice length 1, such that (m,Q) is a 
deformation pair of P . We denote Pm := P(m,Q). For m, r ∈ ℰ(P ), we define

ψm(r) :=
{︄
ψ(m,Q)(r), if r ̸= m,

−m, if r = m,
(23)

where recall the definition of ψ(m,Q)(r) from (14).

Lemma 6.1. The map ψm : ℰ(P ) → ℰ(Pm) is a bijection. Moreover, if f is a Laurent 
polynomial with Δ(f) = P that is m-mutable with Δ(mutgm f) = Pm, then ψm : ℳ(f) →
ℳ(mutgm f) is also a bijection.

Proof. This follows immediately by definition and Proposition 4.5: the inverse of this 
map is ψ−m. □

For m ∈ ℰ(P ), we define

mutm : ˜︂M → ˜︂M, mutm(s) := ξ(m,Q)(s) ∈ ˜︂M, (24)

where recall the definition of ξ(m,Q) from (6).
From now on, let {s1, . . . , sr̃, R

∗} denote a generating set of the monoid SP . This set 
is not necessarily the Hilbert basis, which is the set of minimal generators.
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Assume also that mutm(s1), . . . ,mutm(sr̃), R∗ form a generating set of the monoid 
SPm

, which we may assume by Lemma 2.10. We write yk :=
∏︁r̃

j=1 y
kj

j , which is a 

monomial of ˜︂M -degree deg(yk) =
∑︁r̃

j=1 kj mutm(sj).
Let

tP := {tm | m ∈ ℰ(P )}

be the set of deformation parameters, where each tm = t(m,Q) corresponds to a defor
mation pair (m,Q) of P . Let ℳ ⊂ ℰ(P ) and tℳ := {tr | r ∈ ℳ}.

Definition 6.2. Let m ∈ ℳ. We say that Fk(x, u, tℳ) is tm-mutable if, after making the 
substitutions:

• xi is replaced by yi,
• tr is replaced by tψm(r) for r ∈ ℰ(P ), r ̸= m,
• tm is set to 1,

the resulting expression Fk(y, u, tψm(r) | r ∈ ℳ, r ̸= m) can be homogenized by t−m in 

such a way that every monomial has ˜︂M -degree 
∑︁r̃

j=1 kj mutm sj . That is, every monomial 
can be multiplied by ti−m for some i ∈ N to achieve the desired degree. If we can 
homogenize

Fk(y, u, tψm(r) | r ∈ ℳ, r ̸= m)

by t−m, then we denote its homogenization by

muttm Fk ∈ C[y, u][[tψm(r) | r ∈ ℳ]] ⊂ C[y, u][[tPm
]].

Lemma 6.3. Let

ℳ1 := {r ∈ ℳ | πM (r) and πM (m) are colinear in M ∼ = Z2, r ̸= m},
ℳ2 := {r ∈ ℳ | πM (r) and πM (m) are not colinear in M ∼ = Z2}.

Fk(x, u, tℳ) is tm-mutable, if for every monomial

a · up · tkm
∏︂

r∈ℳ1

tpr
r

∏︂
r∈ℳ2

tnr
r

r̃∏︂
j=1

x
bj
j (25)

of Fk(x, u, tℳ), where k, p, pr, nr, bj ∈ N and a ∈ C, it holds that

k ≤
r̃∑︂

j=1 
ηQ(kjπM (sj)) +

∑︂
r∈ℳ2

ηQ(−nrπM (r)) −
∑︂

r∈ℳ1

pr −
r̃∑︂

j=1 
ηQ(bjπM (sj)). (26)
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Proof. This follows immediately by definition. Applying the substitutions in Defini
tion 6.2 we see that the difference of ˜︂M -degree deg(xk) of xk and ˜︂M -degree deg(yk)
of yk is equal to

deg(yk) − deg(xk) =

⎛⎝−
r̃∑︂

j=1 
ηQ(kjπM (sj))

⎞⎠m,

for every k ∈ N r̃ (in particular it holds for b = (b1, ..., br̃) ∈ N r̃). Moreover, we have

deg
(︄ ∏︂

r∈ℳ2

tnr

ψm(r)

)︄
− deg

(︄ ∏︂
r∈ℳ2

tnr
r

)︄
=

(︄ ∑︂
r∈ℳ2

ηQ(−nrπM (r))
)︄
m

and

deg
(︄ ∏︂

r∈ℳ1

tpr

ψm(r)

)︄
− deg

(︄ ∏︂
r∈ℳ1

tpr
r

)︄
= −

(︄ ∑︂
r∈ℳ1

pr

)︄
m.

From this the claim follows. □
Example 6.4. We continue with Example 3.10. We have

Fk(x, u, t−m) = x2x6 − ux5 − t−mx3,

Fa+k = x2x4x
2
6 − ux3

5 − t2−mx3u− 2t−mx5u
2,

F∂(k)+a = x4x5x6 − x3
5 − t−mx5u, Fk1+a = x3x4x6 − u2x5 − t−mx3u.

We are going to show that Fk, Fa+k, F∂(k)+a and Fk1+a are t−m-mutable: replacing 
xi by yi, with lattice degree deg yi = zi from Example 3.3, and setting t−m to 1, we get 
from Fk the term y2y6 − uy5 − y3. Homogenizing by tm gives us

mutt−m
Fk = y2y6 − tmuy5 − y3 = y2y6 − y3 − tmuy5,

since deg(y2) = (−1, 1, 0), deg(y6) = (1, 0, 0), deg(y5) = (0,−1, 2), deg(y3) = (0, 1, 0)
and deg(tm) = m = (0, 2,−3). In the same way, we see that Fa+k, F∂(k)+a and Fk1+a

are t−m mutable, which gives us a relation

mutt−m
Fa+k − ya mutt−m

Fk − umutt−m
F∂(k)+a − mutt−m

Fk1+a = 0, (27)

since

mutt−m
Fa+k = y2y4y

2
6 − t2muy3

5 − y3u− 2tmy5u
2,

mutt−m
F∂(k)+a = y4y5y6 − tmy3

5 − y5u,



M. Filip / Advances in Mathematics 487 (2026) 110775 27

mutt−m
Fk1+a = y3y4y6 − tmuy5 − y3u.

Note that (27) lifts a relation fa+k(y, u) − yafk(y, u) − f∂Pm (k)+a(y, u), where 
f∂Pm (k)+a(y, u) = y3y4y6 − y3u, which is not a coincidence as we will see in (30).

Definition 6.5. We say that (XP , ∂XP ) is unobstructed in

tℳ = {tm | m ∈ ℳ ⊂ ℰ(P )}

if there exists a formal deformation

{Fk(x, u, t) | k ∈ N r̃} (28)

of (XP , ∂XP ) over R = C[[tℳ]] such that the image of the Kodaira–Spencer map is 
isomorphic to 

⨁︁
m∈ℳ T 1

(XP ,∂XP )(−m) (see e.g. [33, Section 10] for a definition of the 
Kodaira–Spencer map).

We will show that (XP , ∂XP ) is unobstructed in tℳ if and only if (XPm
, ∂XPm

) is 
unobstructed in {tψm(r) | r ∈ ℳ} ⊂ tPm

, where m ∈ ℳ.
Since {s1, . . . , sr̃, R

∗} does not necessarily form a Hilbert basis, we can, for every 
s ∈ ˜︂M , choose b = (b1, . . . , br̃) ∈ N r̃ such that

∂P (s) =
r̃∑︂

j=1 
bjsj ∈ ˜︂M and ∂Pm

(mutm s) =
r̃∑︂

j=1 
bj mutm sj . (29)

Theorem 6.6. Assume that (XP , ∂XP ) is unobstructed in tℳ = {tr | r ∈ ℳ ⊂ ℰ(P )} and 
that Fk ∈ C[x, u][[tℳ]] from (28) is tm-mutable for some m ∈ ℳ and every k ∈ N r̃. 
Moreover, assume that the restriction of Fk(x, u, tℳ) to Fk(x, u, 0, . . . , 0, tr, 0, . . . , 0)
coincides with (12), for every r ∈ ℳ and k ∈ N r̃. Then, the pair (XPm

, ∂XPm
) is 

unobstructed in {tψm(r) | r ∈ ℳ}.

Proof. Restricting Fk to tm ∈ tℳ, we obtain, under our assumption, that

Fk(x, u, 0, . . . , 0, tm, 0, . . . , 0) = xk −
ηQ(k)∑︂
i=0 

(︃
ηQ(k)

i 

)︃
timx∂P (sk−im)unP (sk−im).

By (29) we see that

muttm
(︁
Fk(x, u, 0, . . . , 0, tm, 0, . . . , 0)

)︁
= yk −

ηQ(k)∑︂
i=0 

(︃
ηQ(k)

i 

)︃
t
ηQ(k)−i
−m y∂P (sk−im)unP (sk−im). (30)
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Note that (30) provides a lift of

f̃k := yk − y∂Pm (k)uηPm (k),

since for i = ηQ(k) in the above sum, we obtain

y∂P (sk−ηQ(k)m)unP (sk−ηQ(k)m) = y∂Pm (k)uηPm (k).

Moreover, since we have a formal deformation over C[[tℳ]], we know that there exists

oa,k(x, u, tℳ) ∈ C[x, u][[tℳ]],

such that

Ra,k := Fa+k − xaFk − oa,k = 0

and that Ra,k are lifts of ra,k (see Proposition 3.2, where ra,k was introduced). Thus,

muttm Fa+k = ya muttm Fk + õa,k, (31)

for some õa,k ∈ C[x, u][[tψm(r) | r ∈ ℳ]], since Fa+k is tm-mutable. By (30), we see that

˜︁Ra,k := muttm Fa+k − ya muttm Fk + õa,k

is a lift of

r̃a,k := f̃a+k − xaf̃k − uηPm (k)f̃a+∂(k).

Thus, {muttm Fk | k ∈ N r̃} is a formal deformation of (XPm
, ∂XPm

) over C[[tψm(r) |
r ∈ ℳ]]. We now show that the image of its Kodaira–Spencer map is isomorphic to⨁︂

r∈ℳ
T 1

(XPm ,∂XPm )(−ψm(r)).

Indeed, for each r ∈ ℳ, the Kodaira–Spencer class of the one-parameter deformation

Fk(x, u, 0, . . . , 0, tψm(r), 0, . . . , 0)

of XPm
, spans T 1

(XPm ,∂XPm )(−ψm(r)) ⊂ T 1
(XPm ,∂XPm ). Let k be such that for all i ∈

{1, . . . , r̃} with kici ̸= 0, the function ci achieves its minimal value at the same vertex of 
the line segment

Q ⊂ (πM (m) = 0), such that (m,Q) is a deformation pair of P.

Then
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muttm (Fk(x, u, 0, . . . , 0, tr, 0, . . . , 0)) = Fk(y, u, 0, . . . , 0, tψm(r), 0, . . . , 0).

Note that since (29) holds, it follows that there exists at least one such k for which the 
deformation parameter tr appears in the one-parameter deformation Fk(x, u, 0, . . . , 0, tr, 
0, . . . , 0). This completes the proof of the claim. □

In the following theorem we will need the following constructions.

Construction 6.7. Assume there exists a formal deformation{︁
Fk(x, u, t𝒮) | k ∈ N r̃

}︁
of (XP , ∂XP ) over C[[t𝒮 ]], where t𝒮 := {tr | r ∈ 𝒮 ⊂ ℰ(P )}. We are going to construct 
a formal deformation { ˜︁Fb(x, u, t𝒮) | b ∈ N r̃}; see (35) for the definition of ˜︁Fb, and (36)
for the description of the corresponding linear relations.

There exist elements oa,k(x, u, t𝒮) satisfying

oa,k(x, u, 0) = uηP (k)Fa+∂(k)(x, u, 0) = uηP (k)fa+∂(k)(x, u),

and such that the

Ra,k := Fa+k − xaFk − oa,k

is a linear relation. Consider any term

ãxĩup̃tj̃𝒮Fb

appearing in Ra,k, where ã ∈ C \ {0}, p̃ ∈ N, ĩ,b ∈ N r̃, and j̃ ∈ N|𝒮|. Within Fb, 
consider any term

axiuptj𝒮 , (32)

where a ∈ C \ {0}, p ∈ N, i ∈ N r̃, and j ∈ N|𝒮|. Assume j ̸= 0 (that is, at least one 
deformation parameter appears) and that Fi ̸= 0. We replace (32) by

a(−Fi + xi)uptj𝒮 ,

and add the term aãxĩup+p̃tj+j̃
𝒮 Fi to Ra,k to ensure that, even after these replacements, 

we still have a linear relation.
Let mR denote the maximal ideal of R = C[[t𝒮 ]]. Repeating this procedure, we con

struct (for any n ∈ N) linear relations

˜︁Ra,k := ˜︁Fa+k − xa ˜︁Fk − õa,k,
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where each ˜︁Fb appearing in ˜︁Ra,k, modulo mn
R, contains only terms of the form a′up′xi′tj′ , 

where a′ ∈ C \ {0}, p′ ∈ N, i′ ∈ N r̃, j′ ∈ N|𝒮|, and Fi′ = 0. Moreover,

õa,k(x, u, 0) = uηP (k) ˜︁Fa+∂(k)(x, u, 0) = uηP (k)fa+∂(k)(x, u),

and õa,k(x, u, t𝒮) contains terms of the form

axiuptj𝒮 ˜︁Fb(x, u, t𝒮), (33)

where a ∈ C \ {0}, p ∈ N, i,b ∈ N r̃, and j ∈ N|𝒮|. We replace xi ˜︁Fb(x, u, t𝒮) by ˜︁Fi+b(x, u, t𝒮) − õi,b(x, u, t𝒮), whenever i ̸= 0, noting that these two expressions are 
indeed equal.

Repeating this procedure, we obtain, for every n ∈ N, a linear relation

R′
a,k(x, u, t𝒮) := ˜︁Fa+k(x, u, t𝒮) − xa ˜︁Fk(x, u, t𝒮) − o′a,k(x, u, t𝒮),

where o′a,k(x, u, t𝒮) contains, modulo mn
R, terms of the form

buktn𝒮 ˜︁Fb(x, u, t𝒮), (34)

with b ∈ C, k ∈ N, b ∈ N r̃ and n ∈ N|𝒮|, and where ˜︁Fb(x, u, t𝒮) satisfies the same 
conditions as before. In particular, modulo mn

R, for each b ∈ N r̃, we have

˜︁Fb(x, u, t𝒮) = xb −
∑︂

j∈Jb⊂N|𝒮|

nj(b)tj𝒮χ
sb−deg(tj𝒮), (35)

where

tj𝒮 :=
∏︂
r∈𝒮

tjrr ,

and nj(b) ∈ C with n0(b) = 1, so that ˜︁Fb(x, u, 0) = fb(x, u). Additionally, modulo mn
R, 

we have

R′
a,k(x, u, t𝒮) = ˜︁Fa+k(x, u, t𝒮) − xa ˜︁Fk(x, u, t𝒮) − o′a,k(x, u, t𝒮), (36)

where

o′a,k(x, u, t𝒮) =
∑︂
j∈Jk

nj(k)tj𝒮u
nP (sk−deg(tj𝒮)) ˜︁Fa+∂(sk−deg(tj𝒮))(x, u, t𝒮),

with ∂(sk − deg(tj𝒮)) ∈ N r̃. In particular, we have o′a,k(x, u, 0) = fa+∂(k)(x, u), which 
implies that R′

a,k(x, u, 0) = ra,k(x, u).
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Construction 6.8. Let {s1, . . . , sr̃, R
∗} be a generating set of SP satisfying (29) and let 

G ⊂ P be the lattice point 0 ∈ N . The generating set of SG is

{s̃1, . . . , s̃r̃, R
∗},

where s̃i = (πM (si), 0). Let zi be the corresponding variables. We are going to deform 
XG := SpecC[z]/(fk(z) | k ∈ N r̃), where

fk(z) := zk − z∂P (k),

with the set of deformation parameters tℳ := {tr | r ∈ ℳ ⊂ M}. For every r ∈ M let 
Qr ⊂ (r = 0) be a line segment of lattice length 1.

Fix m ∈ ℳ and write Q := Qm. We define

ℳ1 := {r ∈ ℳ | r and m are colinear}, ℳ2 := {r ∈ ℳ | r and m are not colinear}.

By Lemma 3.4 we easily see that the linear relations among

Fk(z, tℳ) := zk − z∂P (k)

(︄
1 +

∑︂
r∈ℳ1

χ−rtr

)︄ηQ(k) ∏︂
r∈ℳ2

(1 + χ−rtr)ηQr (k) (37)

are

Ra,k(z, tℳ) := Fa+k − xaFk −
(︄

1 +
∑︂

r∈ℳ1

χ−rtr

)︄ηQ(k) ∏︂
r∈ℳ2

(1 + χ−rtr)ηQr (k)Fa+∂P (k).

Thus, we have constructed a deformation {Fk(z, tℳ) | k ∈ N r̃} of (XG, ∂XG). Note 
that the polytopes Qr are translation equivalent to Q for all r ∈ ℳ1. By applying Con
struction 6.7, we obtain a formal deformation of (XG, ∂XG) which is tm-mutable (by 
Lemma 6.3) and such that the restriction to C[[tr]] induces the one-parameter deforma
tion from Corollary 3.9, for all r ∈ ℳ.

Example 6.9. Let

{(−1, 0, 0), (0, 1, 0), (1, 0, 0), (0,−1, 0), (1,−1, 0), (1,−2, 0), R∗}

be a generating set of SG, where G := 0 ∈ N ∼ = Z2. Let χ(i,j) correspond to an element 
(i, j, 0) in the generating set and let χ(0,0) = 1. Let t and s be deformation parameters 
with deg(t) = (1, 0, 0) and deg(s) = (0,−1, 0). Let

f(−1,0),(1,−2)=χ(−1,0)χ(1,−2)−
(︂
χ(0,−1)

)︂2
,  f(0,1),(0,−1),(0,−1)=χ(0,1)

(︂
χ(0,−1)

)︂2
−χ(0,−1),

f(−1,0),(0,1),(1,−2) = χ(−1,0)χ(0,1)χ(1,−2)−χ(0,−1),  f(−1,0),(1,−1) = χ(−1,0)χ(1,−1)−χ(0,−1)
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f(0,1),(0,−1) = χ(0,1)χ(0,−1) − χ(0,0), f(−1,0),(0,−1) = 0.

The deformation described in (37) is in this case equal to

F(−1,0),(1,−2) = f(−1,0),(1,−2) − sχ(0,1)
(︂
χ(0,−1)

)︂2

and since

F(0,1),(0,−1),(0,−1) = f(0,1),(0,−1),(0,−1) − tχ(−1,0)χ(0,−1),

we see that the deformation described in (35) is in our case equal to

˜︁F(−1,0),(1,−2) = f(−1,0),(1,−2) − sχ(0,−1) − stχ(−1,0)χ(0,−1). (38)

Similarly, we can see that

F(−1,0),(0,1),(1,−2) = f(−1,0),(0,1),(1,−2) − tχ(−1,0)χ(0,−1) − sχ(0,1)χ(0,−1)

− stχ(−1,0)χ(0,1)χ(0,−1),

and thus

˜︁F(−1,0),(0,1),(1,−2) = f(−1,0),(0,1),(1,−2) − tχ(−1,0)χ(0,−1) − s− 2tsχ(−1,0) − t2s
(︂
χ(−1,0)

)︂2
.

(39)
We can lift the relation

f(−1,0),(0,1),(1,−2) − χ(0,1)f(−1,0),(1,−2) − f(0,1),(0,−1),(0,−1)

by

˜︁F(−1,0),(0,1),(1,−2) − χ(0,1) ˜︁F(−1,0),(1,−2) − ˜︁F(0,1),(0,−1),(0,−1) − s ˜︁F(0,1),(0,−1)

− st ˜︁F(0,1),(−1,0),(0,−1),

which is a relation described in (36). This is indeed a linear relation by (38), (39), and 
since

˜︁F(0,1),(0,−1) = f(0,1),(0,−1) − tχ(−1,0),

and

˜︁F(0,1),(0,−1),(0,−1) = f(0,1),(0,−1),(0,−1) − tχ(0,−1)χ(−1,0).
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Theorem 6.10. If XP is unobstructed in tℳ = {tr | r ∈ ℳ ⊂ ℰ(P )}, then, for every 
m ∈ ℳ, there exists a formal deformation {Fk(x, u, tℳ) | k ∈ N r̃} of (XP , ∂XP ) over 
C[[tℳ]], such that Fk(x, u, tℳ) is tm-mutable and that the restriction of Fk(x, u, tℳ) to 
Fk(x, u, 0, . . . , 0, tr, 0, . . . , 0) coincides with (12), for every r ∈ ℳ and k ∈ N r̃.

Proof. Since XP is unobstructed in tℳ = {tm | m ∈ ℳ ⊂ ℰ(P )}, we have a formal de
formation {Fk(x, u, tℳ) | k ∈ N r̃} of (XP , ∂XP ) over C[[tℳ]], such that the restriction 
of Fk to a single deformation parameter tm (by setting all others to 0) coincides with 
(12), for every m ∈ ℳ and k ∈ N r̃. This argument is standard in formal deformation 
theory, using Corollary 3.9 and the implicit function theorem for formal power series, 
since the image of the Kodaira–Spencer map of the one-parameter deformation family 
from Corollary 3.9 (for t = tm, m ∈ ℳ) equals T 1

XP
(− deg(tm)) = T 1

XP
(−m) (see, e.g., 

[33, Section 10]).
Without loss of generality, we may assume that ℳ consists only of those elements 

r ∈ ℰ(P ) such that R∗ + r / ∈ ℳ (at the end, we can replace tr by a formal expression 
tr+utr−u+u2tr−2u+· · · in order to obtain the desired deformation). Fix m ∈ ℳ ⊂ ℰ(P ), 
and let G ⊂ P be the lattice point 0 ∈ N .

Let

{s1 = (c1, ηP (c1)), . . . , sr̃ = (cr̃, ηP (cr̃)), R∗}

be a generating set for SP that satisfies (29), and consider the following generating set 
for SG:

{s̃1 = (c1, 0), . . . , s̃r̃ = (cr̃, 0), R∗}.

We will show that the deformation of (XP , ∂XP ) given by Fk(x, u, tℳ), whose restriction 
to each deformation parameter coincides with (12), induces a deformation of (XG, ∂XG)
that is formally isomorphic to the deformation constructed in Construction 6.8. Com
paring these two deformations will prove the claim.

In Fk(x, u, tℳ), we insert xj = unjzj , where nj := ηP (cj), and denote it by 
Fk(z, u, tℳ). After this insertion,

Fk(x, u, 0) = fk(x, u) = xk − x∂P (k)uηP (k)

becomes

u
∑︁r̃

j=1 kjnj f̃k(z) := u
∑︁r̃

j=1 kjnj

(︂
zk − z∂P (k)

)︂
.

Let nk :=
∑︁r̃

j=1 kjnj . For each r ∈ ℳ, define

Tr := tr
upr

,
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where pr ∈ Z is chosen such that deg(Tr) takes value 0 on G. This means that deg(Tr) =
(πM (deg(tr)), 0) Thus,

˜︁Fk(z,Tℳ) := Fk(z, u, tℳ)
unk

= f̃k(z) − o(z,Tℳ)

induces a formal deformation of (XG, ∂XG), where o(z,Tℳ) ∈ C[z][[Tℳ]], and

Tℳ := {Tr | r ∈ ℳ}.

Indeed, ˜︁Fk(z,Tℳ) is obtained from Fk(x, u, tℳ) by setting u = 1, xi = zi, and tr = Tr, 
for every i = 1, . . . , r̃ and r ∈ ℳ.

In Construction 6.8 we constructed a formal deformation

{F ′
k(z, Tr) | r ∈ ℳ,k ∈ N r̃}

of (XG, ∂XG) over C[[Tℳ]] = C[[Tr | r ∈ ℳ]], such that the restriction to C[[Tr]] is the 
one-parameter deformation family of (XG, ∂XG) from Corollary 3.9.

There exists a formal isomorphism Φ between this formal deformation and the one 
given by

{ ˜︁Fk(z,Tℳ) | k ∈ N r̃},

such that Φ is the identity modulo (Tℳ)2, where (Tℳ) denotes the maximal ideal of 
C[[Tℳ]]. This holds because the two formal deformations agree to first order.

The map Φ acts on coordinates as

Φ(zi) = zi + pi(z,Tℳ),

where pi ∈ C[z][[Tℳ]], and pi = 0 mod (Tℳ)2 for all i = 1, . . . , r̃.
We observe that pi cannot contain a monomial of the form

V = a · T k
m ·

∏︂
r∈ℳ1

T pr
r

∏︂
r∈ℳ2

Tnr
r

r̃∏︂
j=1

z
bj
j ,

where a ∈ C \ {0} and k, pr, nr, bj ∈ N, such that the following two conditions are 
satisfied:

(i) there does not exist s ∈ SP such that deg(Ṽ ) + s = si, where

Ṽ = a · tkm ·
∏︂

r∈ℳ1

tpr
r

∏︂
r∈ℳ2

tnr
r

r̃∏︂
j=1

x
bj
j ,
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(ii)
k > ηQ(πM (si)) +

∑︂
r∈ℳ2

ηQ(−nrπM (r)) −
∑︂

r∈ℳ1

pr −
r̃∑︂

j=1 
ηQ(bjπM (sj)).

Indeed, suppose that such a monomial V occurs in some pi. Among all pairs (V, pi)
with this property, choose one such that

k +
∑︂

r∈ℳ1

pr +
∑︂

r∈ℳ2

nr

is minimal. Then one can choose a generating set of SP together with k ∈ N r̃ and n ∈ N

such that

f̃k = zni zj − z∂P (k) ̸= 0,

and with the property that the degree sj (corresponding to xj in the generating set of 
SP ) takes the value 0 at (v, 1) ∈ ˜︁N , where v is a vertex of P for which

⟨deg(Ṽ ), (v, 1)⟩ > ⟨si, (v, 1)⟩.

Note that such v ∈ P exists by (i). In this situation, we can easily show that there exists 
n ∈ N sufficiently large (and k ∈ N r̃) such that

Φ(F ′
k) ̸∈

(︁ ˜︁Fk(z,Tℳ) ⃓⃓ k ∈ N r̃
)︁
.

Note that condition (ii) is needed to ensure that the monomial V nzj of Φ(f̃k) does not 
cancel with Φ(V ′), where V ′ is another monomial of F ′

k involving some deformation 
parameters. The largeness of n guarantees the claim, since otherwise, i.e. if

Φ(F ′
k) ∈

(︁ ˜︁Fk(z,Tℳ) ⃓⃓ k ∈ N r̃
)︁
,

we would obtain a contradiction by lattice degree considerations and by the construction 
of ˜︁Fa(z,Tℳ) for a ∈ N r̃.

Since every F ′
k is Tm-mutable, it follows that our initial deformation of

(XP , ∂XP )

is formally isomorphic to a deformation of (XP , ∂XP ) that is tm-mutable and whose 
restriction to the one-parameter deformation over C[[tr]] coincides with the one con
structed in Corollary 3.9, for every r ∈ ℳ. □

As a corollary we get the following theorem.
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Theorem 6.11. XP is unobstructed in tℳ = {tm | m ∈ ℳ ⊂ ℰ(P )} if and only if 
XPm

is unobstructed in tψm(ℳ) = {tψm(r) | r ∈ ℳ}. Moreover, the general fibre of the 
unobstructed deformation of XP over C[[tℳ]] is isomorphic to the general fibre of the 
unobstructed deformation of XPm

over C[[tψm(ℳ)]].

Proof. The first statement follows from Theorems 6.6 and 6.10. The second statement 
follows from the construction described in the proofs: we have a family over P 1, with the 
fibre over 0 equal to the unobstructed deformation of XP , and the fibre over ∞ equal to 
the unobstructed deformation of XPm

. These families are glued over C[tm, t−m] ⊂ P 1, 
with t−m = t−1

m . □
7. Mutation equivalence classes

In this section, we conclude the proof of Theorem 1.1 from the introduction by 
studying mutation equivalence classes of Laurent polynomials and their relationship to 
unobstructed deformations of a�ine Gorenstein toric varieties.

Let P be a polygon and f a Laurent polynomial with Δ(f) = P . For every edge E of 
P and for positive integers n, k ∈ Z≥1, we define

mE
n,k := nR∗ − ksE ∈ ˜︂M,

where sE = (cE , ηP (cE)), as given in (19). For a Laurent polynomial f , recall ℳ(f)
from (22). For every edge E of Δ(f), let

nE := nE(f) := max{n ∈ N | mE
n,1 ∈ ℳ(f)} ∈ N,

and denote

mE := mE(f) := mE
nE ,1 ∈ ℳ(f) ⊂ ℰ(Δ(f)). (40)

We arrange the generators ai = (vi, 1) for i = 1, . . . , p of σ in a cycle with p+ 1 := 1, 
such that the vectors di = vi+1 − vi orient P counterclockwise. Here, n = p, meaning 
that the number of edges of P is equal to the number of vertices. Moreover, for an edge 
E = Ei = [vi, vi+1], we denote

aE := ai := 1 
ℓ(E)

(︁
ai+1 − ai

)︁
∈ ˜︁N, dE := di := 1 

ℓ(E)
(︁
vi+1 − vi

)︁
= πN (aE). (41)

Recall that ℓ(E) denotes the lattice length of an edge E. For a polytope P , we denote 
by n(P ) the sum of the lattice lengths of all edges of P :

n(P ) :=
∑︂

E; E an edge of P
ℓ(E). (42)
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For a Laurent polynomial f ∈ C[N ] ∼ = C[Z2], we denote n(f) := n(Δ(f)). If f is m
mutable, we choose g such that f is (m, g)-mutable and Δ(g) ⊂ (m = 0) is a line segment 
of lattice length 1.

Note that since all Laurent polynomials in this paper are normalized, g is completely 
determined by Δ(g). We define mutm f := mutgm f . Moreover, if m = mE , we write 
mutE f := mutmE f .

Definition 7.1. For two non-parallel edges E,F of Δ(f) with E ̸= F , we define

ψE(F ) := ψmE (mF ), cf. (23),

and

(mutF ◦mutE)f := mutψE(F )(mutE f).

Similarly, for multiple mutations, we define

(mutG ◦mutF ◦mutE)f := (mutψE(G) ◦mutψE(F ))(mutE f).

Definition 7.2. We say that two Laurent polynomials are mutation equivalent if there 
exists a sequence of mutations mapping f to g; more precisely, if there exist mi ∈ ˜︂M
such that

(mutmk
◦ · · · ◦ mutm1)f = g.

Here, f is m1-mutable, mutm1 f is m2-mutable, and so on.

Definition 7.3. We say that a Laurent polynomial f is minimal if every Laurent polyno
mial h that is mutation equivalent to f satisfies n(h) ≥ n(f).

For simplicity, in the following, we write m(v) := φm(v) for the value of an a�ine 
function φm at v ∈ N . Moreover, we define the distance between a, b ∈ N in the direction 
of c ∈ M to be |⟨c, a⟩ − ⟨c, b⟩|.

The following proofs of Proposition 7.4 and Theorem 7.5 introduce a substantial 
amount of notation, and we refer the reader to Example 7.6 for further clarification.

Proposition 7.4. Let f ∈ C[N ] ∼ = C[Z2] be a minimal Laurent polynomial with P = Δ(f), 
and let E ⊂ (y = −nE) be a horizontal edge of P such that

nE = max{nH | H is an edge of P}. (43)

Additionally, assume that there is a vertical edge F ⊂ (x = nF ) of P , and in particular, 
this means that mE(0, 0) = mF (0, 0) = 0. Assume that (0,−nE) ∈ E and also that among 
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the points of P with maximal y-coordinate, there exists at least one with a non-negative 
x-coordinate. Then (0, 0) ∈ P and if there exists an edge G such that mG(0, 0) > 0, then 
it must be that dG = −(1, b) for some b ∈ N.

Proof. That (0, 0) ∈ P follows immediately by the assumptions (note that f is minimal), 
since

(x, h), (−nF , y) ∈ P

for some x ∈ [0, nF ] and some y ≥ −nE , and

h := max{y | (x, y) ∈ P} ≥ nE .

Let G be an edge with mG(0, 0) > 0. Define f1 := mutF f and P1 := Δ(f1). We choose 
the mutation mutF f (meaning we choose g such that f1 = mutF f = mutg

mF f) in such 
a way that the edge E remains an edge of P1. Furthermore, we choose the mutation 
mutE f1 such that the horizontal edge of P1 lying on the line (x = w̃) with

w̃ := min{x | (x, y) ∈ P} = min{x | (x, y) ∈ P1} ∈ Z, (44)

remains an edge of Δ(mutE f1). Note that, by minimality of f , the lattice length of this 
edge is ≥ nF .

We denote by G̃ the edge of P1 on which ψmF (mG) achieves its maximum. We define

n := max{y | (0, y) ∈ P} = max{y | (0, y) ∈ P1} ≥ 0.

Let dG = −(a, b), where a, b ∈ Z. Since f is minimal, and (−nE , 0) ∈ E, and (43)
holds, and given that among the points of P with maximal y-coordinate, there exists 
at least one with a non-negative x-coordinate, it follows immediately that mG(0, 0) < 0
unless both a, b > 0.

We distinguish the following two cases:
CASE 1: Let b > a ≥ 2. We have

n(mutF (f)) < n(f) − nF + nE + b− a

a 
w̃ + n. (45)

Indeed, the edge of P1 lying on the line (x = nF ) has length ℓ(F )− nF , and the edge of 
P1 lying on the line (x = w̃) has length smaller than

nE + b− a

a 
w̃ + n,

since the line y = b−a
a x + n has the same slope as the line passing through G̃, and we 

have



M. Filip / Advances in Mathematics 487 (2026) 110775 39

ℓ(G) = ℓ(G̃) ≥ nG, −nE = min{y | (x, y) ∈ P},

from which the inequality follows. We observe that

n((mutE ◦mutF )f) < n(mutF f) − nE + b− a

a 
nF + n, (46)

since the highest y-coordinate of P1 satisfies

max{y | (x, y) ∈ P1} ≤ b− a

a 
nF + n.

By our assumption, we must have

n((mutE ◦mutF )f) ≥ n(f). (47)

From (45) and (46), we obtain

n((mutE ◦mutF )f) <
(︂
n(f) − nF + nE + b− a

a 
w̃ + n

)︂
− nE + b− a

a 
nF + n. (48)

Simplifying the right-hand side, we get

n((mutE ◦mutF )f) < n(f) + 2n + b− a

a 
(w̃ + nF ) − nF . (49)

Thus by (47) we get

2n ≥ nF + b− a

a 
(−w̃ − nF ),

which leads to

an ≥ anF + (b− a)(−w̃ − nF )
2 

. (50)

On the other hand, we observe that

−w̃ + nF

a 
≥ ℓ(G) > an,

where the latter inequality follows from the fact that mG(0, 0) > 0. Thus, using (50), we 
obtain

−w̃ + nF

a 
>

anF + (b− a)(−w̃ − nF )
2 

.

Since b > a ≥ 2, this leads to a contradiction.
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CASE 2: Let a > b. In this case, we have

n + b 
a
nF ≥ nE ,

since the highest y-coordinate of P satisfies

max{y | (x, y) ∈ P} ≤ n + b 
a
nF .

Thus, we deduce that

an ≥ anE − bnF ≥ nE ,

which is a contradiction since nG > an ≥ nE , where the first inequality follows from 
mG(0, 0) > 0.

Thus we conclude the proof. □
Theorem 7.5. Any Laurent polynomial f ∈ C[N ] ∼ = C[Z2] is mutation equivalent to a 
Laurent polynomial g such that there exists a lattice point v ∈ Δ(g) such that m(v) ≤ 0
for every m ∈ ℳ(g).

Proof. It is enough to prove that one of the following holds: 

(1) For a Laurent polynomial f , there exists a lattice point v ∈ P := Δ(f) such that 
m(v) ≤ 0 for all m ∈ ℳ(f).

(2) The Laurent polynomial f is not minimal, meaning that there exists a Laurent 
polynomial h that is mutation equivalent to f and satisfies n(h) < n(f).

Note that if Δ(g) is only a lattice point v, then clearly m(v) ≤ 0 for all m ∈ ℳ(g). 
Assume that (1) and (2) do not hold. We pick an edge E of P such that

nE = max{nF | F is an edge of P},

and without loss of generality, we assume that E = [(0, 0), (ℓ(E), 0)]. We write the 
coordinates as (x, y) ∈ NR

∼ = R2. Let us define the height h of P to be the maximal 
y-coordinate in P :

h := max{y ∈ N | (x, y) ∈ P}. (51)

By our assumption, we have h ≥ 2nE , since otherwise, we would have

n(mutE(f)) < n(f).

Let us define
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x0 := min{k ∈ Z | (k, h) ∈ P}. (52)

We can assume that 0 ≤ x0 < h, since otherwise there exists a GL2(Z)-map that 
preserves E and maps x0 to the desired interval. Note that a�ine equivalence of Newton 
polygons induces an isomorphism of Laurent polynomials with the same coefficients.

CASE 1: Let 0 ≤ x0 < ℓ(E), and denote the lattice point

A := (x0, nE) ∈ P.

By the definition of nE (and since h ≥ 2nE by assumption), we immediately see that

mF (A) ≤ 0 if dF ̸∈ {±(1, 0),±(0, 1)},

since the distance between A and any other point lying on a non-vertical edge is > nE , 
which implies the presence of a vertical edge F (i.e., dF = ±(0, 1)).

Thus, modulo an a�ine equivalence, we are in the setting of Proposition 7.4 and we 
also use the same notation: (0, 0) ∈ P = Δ(f), E ⊂ (y = −nE) is a horizontal edge 
of P , and F ⊂ (x = nF ) is a vertical edge. Moreover, there exists an edge G′ with 
dG′ = −(1, b′), b′ ∈ N, such that mG′(0, 0) > 0. For every such edge G′, we denote

xG′ := max{x | mG′
(x, 0) > 0},

and let G, with dG = −(1, b), be an edge with the maximal xG.
Recall the definitions of h and x0 from (51) and (52), respectively. In this case, we 

have (x0,−nE) ∈ E ⊂ P , and this is the main distinction with the Case 2 that we will 
consider later.

If mH(x0, 0) > 0 for some edge H, then H must either be equal to F or parallel to 
F , otherwise this would contradict the definition of nE . Next, define

f1 := mutF f,

and denote by G1 the edge of P1 := Δ(f1) on which ψmF (mG) achieves its maximum. 
Define

h1 := max{y ∈ N | (x, y) ∈ P1}, x1 := min{x ∈ Z | (x, h1) ∈ P1}.

We assume that neither (1) nor (2) holds for f , and we will demonstrate that this 
leads to a contradiction by considering several possible cases. We choose mutF f and 
(mutE ◦mutF )f as in the proof of Proposition 7.4. Note that x1 ≤ x0, since dG = −(1, b), 
b ≥ 1.

Case a: b = 1, meaning dG = −(1, 1).
In this case, P1 has two parallel edges, E and G1. Since mG1(0, 0) > 0, mE(0, 0) = 0, 

and f1 is both mG1-mutable and mE-mutable, we conclude that f1 is decomposable: 
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f1 = g1h, where Δ(h) is a horizontal line segment and g1 is in a mutation equivalence 
class of f1 (and f). Thus, we obtain

n(mut ˜︁F g1) < n(f),

where ˜︁F is the vertical edge of P1 with minimal x-coordinate. This is a contradiction.
Case b: b ≥ 2, which means dG = −(1, b).
We now distinguish the following subcases: 

(1) There exists a lattice point A1 = (x, 0) ∈ N ∼ = Z2, with x ∈ [0, x1] (meaning that we 
also assume that x1 ≥ 0), such that mG1(A1) < 0 and mF1(A1) < 0, where F1 is an 
edge of P1 lying on the line (x = nF ) (noting that the edge F of P lies on the same 
line and that this case also includes the case when F1 is just a point). In this case, 
by the assumptions, there must exist an edge H of P1, with dH ∈ N ∼ = Z2 lying in 
the second quadrant (i.e. the first coordinate of dH is negative and the second one 
is positive), such that mH(A1) > 0. Thus,

n((mutE ◦mutF )f) < n(f) + (−nF + nE) − nE + h1 ≤ n(f), (53)

since mH(A1) > 0 and thus h1 ≤ nF , which implies that n(mutF f) < n(f) +
(−nF + nE). Indeed, this holds since max{y | (w̃, y) ∈ P1} ≤ 0, where recall w̃
from (44), which holds because there is a point (x1, h1) ∈ P1, with h1 ≤ nF and 
dG1 = −(1, b− 1) and thus the claim follows because w̃ ≤ −nF and x1 ≥ 0.

(2) It holds that mG1(x1, 0) > 0. In this case, we have

n((mutG ◦mutE ◦mutF )f) < n(f)+(−nF +nE)+(−nE+nG)+(−nG+nF ) ≤ n(f).
(54)

Indeed, since mG1(x1, 0) > 0, we see that

n((mutE ◦mutF )f) < n(f) + (−nF + nE + h1 − (b− 1)nF ) − nE + h1,

since max{y | (w̃, y) ∈ P1} ≤ −nE + nE + h1 − (b− 1)nF , where recall w̃ from (44). 
This implies that −bnF + 2h1 ≥ 0, since otherwise we obtain a contradiction. Since 
also h1 ≤ nG

b−1 (because mG1(x1, 0) > 0 with dG1 = −(1, b− 1)), we obtain

2nG

b− 1 ≥ 2h1 ≥ bnF

and thus

nG ≥ b(b− 1)
2 

nF . (55)
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We have h1 + nF ≥ h = max{y ∈ N | (x, y) ∈ P} ≥ nE , and thus

nF ≥ nE − h1.

Inserting this into (55) gives us

nG ≥ b(b− 1)(nE − h1)
2 

. (56)

We know that h1 < nG

b−1 and thus −h1 > − nG

b−1 . Inserting this into (56) gives us that

2nG + bnG ≥ b(b− 1)nE

and thus b ≤ 2, since otherwise nG > nE , which is a contradiction. Thus b = 2, 
dG1 = −(1, 1) and then

n((mutE ◦mutF )f) < n(f) + (−nF + nE) + (−nE + nG).

When we additionally mutate by mutG, we need to add −nG + nF , since the maxi
mum distance between a point on G1 and a point on P1, in the direction of cG1 , is 
achieved at the point (nF , 0) and it is smaller than nG + nF . Thus we proved (54).

(3) Otherwise, we set f2 := mutF1 f1 with P2 = Δ(f2) and proceed as in the previous 
step. If b = 2, we conclude the proof as in Case 1a. If b ≥ 3, we distinguish two 
possibilities:
• if there exists a lattice point A2 = (x, 0) with x ∈ [0, x2], where

h2 := max{y ∈ Z | (x, y) ∈ P2}, x2 = min{x ∈ Z | (x, h2) ∈ P2},

such that mG2(A2) < 0 (where G2 is an edge of P2 on which ψmF1 (mG1) achieves 
its maximum) and mF2(A2) < 0 (where F2 is an edge of P2 lying on the line 
(x = nF )), then we conclude as in the case (1) above: there exists an edge H of 
P2, with dH lying in the second quadrant, such that mH(A2) > 0. This yields

n((mutE ◦mutF1)f1) < n(f) + (−nF − nF1 + nE) − nE + h2 ≤ n(f).

Here, mutF1 f1 is chosen such that the edge E is the same for both Δ(f1) and 
Δ(mutF1 f1).

• It holds that mG2(x2, 0) > 0, where we conclude as in the case (2) above: let us 
denote f̃ := (mutF1 ◦mutF )f . We see that

n((mutF1 ◦mutF )f) < n(f) + (−nF − nF1 + nE), (57)

where note that the edge E is the same for f and f̃ . Moreover, we choose mutE f̃

such that the edge G2 is the same for Δ(f̃) and Δ(mutE f̃). In the same way as 
we prove (54), we also prove that
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n((mutG2 ◦mutE)f̃) < n(f̃) + (−nE + nG) + (−nG + nF1) < n(f),

which is a contradiction. In the last inequality we used (57) and the fact that 
nG = nG2 .

We continue this procedure, noting that it eventually terminates, since Gb is a hor
izontal line.

CASE 2: Let ℓ(E) ≤ x0 < h, and denote the lattice point

B := (ℓ(E), nE) ∈ P.

It is straightforward to verify that

mF (B) ≤ 0 if dF ̸∈ {±(0, 1),−(1, 1)}. (58)

To prove (58), we need to analyze the cases b > a > 0 and a > b > 0, as the remaining 
cases follow immediately.

First, assume that dF = −(a, b) with b > a > 0. We see that

mF (B) ≤ nF − ⟨(ℓ(E), nE), (b,−a)⟩ ≤ nF − nE ≤ 0,

where the first inequality is obtained by computing the distance between (0, 0) and B
in the direction of cF = (b,−a), and the second inequality follows because b > a and 
ℓ(E) ≥ nE .

If a > b > 0, we consider the point B̃ := (x0, h) ∈ P . We see that

mF (B) ≤ nF − ⟨B − B̃, (b,−a)⟩

by computing the distance between B and B̃ in the direction of cF = (b,−a). Since 
B − B̃ = −(b1, b2) with b1 < b2 and b2 ≥ nE , we obtain

mF (B) ≤ nF − nE ≤ 0.

Thus, modulo an a�ine equivalence, we are in the setting of Proposition 7.4 and use 
the same notation: (0, 0) ∈ P = Δ(f), E ⊂ (y = −nE) is a horizontal edge of P , and 
F ⊂ (x = nF ) is a vertical edge. We have (0,−nE) ∈ E and there exists an edge G with 
mG(0, 0) > 0 and dG = −(1, b), b ∈ N, that has maximal xG as in Case 1. We also use 
the same notation for F1 and P1, where P1 is the Newton polytope of mutF f , and F1 is 
the edge of P1 lying on the line (x = nF ). In particular, we will also use the same choice 
of composition of mutations as in Case 1.

If b = 1, we conclude as in Case 1a. Thus, we assume b ≥ 2.
Let h and x0 be as in (52) and (51), respectively. We define

xE := max{x | (x, y) ∈ E} ∈ N.
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Let (xE + xh, h1) be a point of P1 with maximal y-coordinate, where xh is chosen 
minimally such that this holds. If xh < 0, we are in the setting of Case 1, since then 
(x0,−nE) ∈ E ⊂ P . Thus, let xh ≥ 0 and we distinguish the following cases:

(1) There exists a lattice point (x̃1, 0) ∈ P1, with x̃1 ∈ [0, xE + xh], mG(x̃1, 0) < 0 and 
mF1(x̃1, 0) < 0. We choose x̃1 to be minimal with this property.
i) If x̃1 > xE , then in particular, mG1(xE , 0) > 0, which implies that dG = −(1, 2)

(i.e., b = 2). The maximal y-coordinate of P1 ∩ (x = xE) is then ≤ nG, giving

n(mutF f) = n(f1) < n(f) + (−nF + nG),

since b = 2 and thus the maximal y-coordinate of P1 ∩ (x = xE − ℓ(E)) is 
≤ −nE+nG, where note that dG1 = −(1, 1), from which we see that h1 ≤ nG+xh. 
Thus

n((mutE ◦mutF )f) < n(f) + (−nF + nG) + (−nE + nG + xh),

and

n((mutG ◦mutE ◦mutF )f) <

n(f) + (−nF + nG) + (−nE + nG + xh) + (−nG + nF − xE − xh) ≤ n(f),
(59)

a contradiction.
ii) x̃1 ≤ xE . In this case, there exists an edge H of P1 such that mH(x̃1, 0) > 0 with 

dH lying in the second quadrant. Thus h1 ≤ nF and it holds that

n((mutE ◦mutF )f) < n(f) + (−nF + nG) + (−nE + h1) ≤ n(f),

as in (53), which is a contradiction.
(2) mG1(xE + xh, 0) > 0. We have

n((mutG ◦mutE ◦mutF )f) <

n(f) + (−nF + nE) + (−nE + nG) + (−nG + nF ) = n(f), (60)

a contradiction.
(3) If the lattice point (x̃1, 0) ∈ P1 with mG(x̃1, 0) < 0 and mF1(x̃1, 0) < 0 does not exist 

for x̃1 ∈ [0, xE ], and mG1(xE + xh, 0) < 0, then we define f2 := mutF1 f1 and we 
repeat the above procedure. As in the Case 1, we see that this procedure eventually 
terminates since Gb is a horizontal line. □
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Fig. 4. Newton polytopes of g1, g2, mutF g2 and (mutE ◦mutF )g2. 

Example 7.6. The first polygon in Fig. 4 is the Newton polytope of a Laurent polynomial 
g1 that we now describe. The red dot denotes the origin (0, 0). Let the edges be defined as 
E = conv{(−2,−3), (1,−3)}, F = conv{(2,−2), (2, 4)}, and G = conv{(−2,−2), (2, 4)}. 
Assume that g1 is mE = mE

3,1-mutable, mF = mF
2,1-mutable, and mG = mG

2,1-mutable. 
We see that dG = −(2, 3) and mG(0, 0) = 0, which is consistent with Proposition 7.4.

The second polygon in Fig. 4 is the Newton polytope of a Laurent polynomial g2, with 
E = conv{(−2,−3), (1,−3)}, F = conv{(2,−2), (2, 0)}, and G = conv{(−2,−3), (1, 3)}. 
Assume that g2 is mE = mE

3,1-mutable and mF = mF
2,1-mutable. Thus nE = 3 and 

nF = 2 and we are in Case 1 part of the proof of Theorem 7.5 since (x0,−nE) =
(1,−3) ∈ E. The Newton polytope of the Laurent polynomial mutF g2 is the third 
polytope presented in Fig. 4. If g2 is additionally mG = mG

2,1-mutable, then the lattice 
point v = (1, 0) ∈ Δ(mutF g2) satisfies m(v) ≤ 0 for all m ∈ ℳ(mutF g2). In this case 
x1 = 1, h1 = 2 and we are in Case 1b(1) part of the proof.

If g2 is additionally mG = mG
3,1-mutable, then we are in both Case 1b(2) and Case 

1b(3) part of the proof. We have

n((mutE ◦mutF )g2) = n(g2) − 1

and

n((mutG ◦mutE ◦mutF )g2) = n(g2) − 4.

The last polytope in Fig. 4 is Δ((mutE ◦mutF )(g2)).
The first polygon in Fig. 5 is the Newton polytope of a Laurent polynomial f that we 

now describe. Let

E = conv{(−2,−3), (1,−3)}, F = conv{(2,−2), (2, 5)},

and G = conv{(−2,−3), (2, 5)}. Assume that f is mE = mE
3,1-mutable and mF = mF

2,1
mutable. Thus nE = 3, nF = 2. We are in Case 2 of the proof of Theorem 7.5, since 
(x0,−nE) = (2,−3) ̸∈ E.

The Newton polytope of f1 = mutF f is the second polygon in Fig. 5. Using the 
notation of the proof of Theorem 7.5, F1 is the edge of Δ(f1) lying on the line (x = 2). 
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Fig. 5. Newton polytopes of f , f1 and f2. 

Moreover, xE = 1, xh = 1 and h1 = 3. If mF1 = mF1
1,1 and mG = mG

2,1, then the point 
(1, 0) ∈ P1 = Δ(f1) satisfies m(1, 0) = φm(1, 0) ≤ 0 for all m ∈ ℳ(f1), in particular, we 
are in Case 2(1) part of the proof with x̃ = 1. If mF1 = mF1

2,1 and mG = mG
2,1, then we are 

in Case 2(3) and the third polygon in Fig. 5 is the Newton polytope of f2 = mutF1 f1. 
Clearly, f2 is decomposable, as it is both mG2 = mG2

2,1-mutable and mE-mutable, where 
G2 = conv{(−2, 1), (2, 1)}. Finally, we see that n(mutE f2) = n(f) − 2.

Theorem 7.7. For every Laurent polynomial f ∈ C[N ] ∼ = C[Z2], the pair

(XΔ(f), ∂XΔ(f))

is unobstructed in {tm | m ∈ ℳ(f)}.

Proof. By Theorem 7.5 we know that any Laurent polynomial f ∈ C[N ] ∼ = C[Z2] is 
mutable to a Laurent polynomial g for which there exists a lattice point v ∈ Δ(g)
such that m(v) ≤ 0 for all m ∈ ℳ(g). By [5, Corollary 5.4], using that T 2

XΔ(g)
=

T 2
(XΔ(g),∂XΔ(g)), we see that

T 2
(XΔ(g),∂XΔ(g))

(︂
−

∑︂
m∈ℳ(g)

kmm
)︂

= 0, for every km ∈ N. (61)

Thus, (XΔ(g), ∂XΔ(g)) is unobstructed in {tm | m ∈ ℳ(g)}. By Theorems 6.6, 6.10, and 
Lemma 6.1, it follows that (XΔ(f), ∂XΔ(f)) is unobstructed in

{tm | m ∈ ℳ(f)},

since g can be reached from f by finitely many mutations. Hence, we can choose a gen
erating set of SΔ(f) such that, after each mutation, the resulting generating set satisfies 
(29). □
Definition 7.8. We say that a Laurent polynomial is maximally mutable if there does not 
exist a Laurent polynomial g with ℳ(f) ⫋ ℳ(g).
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Fig. 6. 0-mutable Laurent polynomials. 

Definition 7.9. If f is mutation equivalent to a Laurent polynomial g with Δ(g) a point, 
we say that f is 0-mutable.

Remark 7.10. The notion that f is 0-mutable was introduced in [16]. Note that Theo
rem 7.5 in particular reproves that f is rigid maximally mutable (see [16, Definition 3.3]) 
if and only if f is 0-mutable (see [16, Theorem 3.5]), using only convex geometry tools. 
Indeed, 0-mutability implies rigid maximal mutability by induction. Conversely, if f is 
rigid maximally mutable, then condition (1) at the beginning of the proof of Theorem 7.5
cannot occur. Hence condition (2) must hold, and this implies that f is 0-mutable.

Example 7.11. In Fig. 6 we presented all three possible 0-mutable Laurent polynomials 
that have Newton polytope equal to P = conv{(0, 0), (4, 0), (0, 5)} and in Fig. 7 we 
presented maximally mutable Laurent polynomial

f = (1 + x)4 + y(5 − 15x2 − 10x3) + y2(10 − 12x− 22x2) + y3(10 − 8x) + 5y4 + y5,

that is not 0-mutable and Δ(f) = P . The Laurent polynomial f is m1 := (0,−1, 3)
mutable and m2 := (−2, 0, 4)-mutable and clearly it does not exist m ∈ ˜︂M \ℳ(f) and 
a Laurent polynomial h such that

{m1,m2,m} ⊂ ℳ(h).

For g1 = 1 + x it holds that f1 := mutg1
m1

f is the second Laurent polynomial in Fig. 7. 
Finally, for g2 = 1 + y we have that

f2 := mutg2
m2

f1 = 1 + x + y − 12xy + xy2 + 2xy3 + x2y5,

which is the last Laurent polynomial presented in Fig. 7. This Laurent polynomial sat
isfies the property (1) of Theorem 7.5: indeed, the lattice point (1, 1) that correspond to 
xy has the desired property. 
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Fig. 7. Maximally mutable Laurent polynomial and its two mutations. 

From Theorem 7.7, we thus obtain the following flat map:

πℳ(f) : SpecRℳ(f) → SpecC[[tm | m ∈ ℳ(f)]], (62)

where Rℳ(f) = C[x, u][[tℳ(f)]]/(Fk(x, u, tℳ(f)) | k ∈ N r̃), π−1(0) = XΔ(f), and the 
restriction to C[[tm]] coincides with the deformation

SpecC[x, u, tm]/(Fk(x, u, tm) | k ∈ N r̃) → SpecC[[tm]], (63)

from Corollary 3.9.

Theorem 7.12. The general fibre of the unobstructed deformation πℳ(f) of XΔ(f) is 
smooth if and only if f is 0-mutable.

Proof. If f is 0-mutable, then the general fibre is smooth by Theorems 6.11 and 7.7.
In the other direction, by the same theorems, we need to show that the general fibre 

of the unobstructed deformation of XΔ(g) over C[[tm | m ∈ ℳ(g)]] is singular, where g
is such that there exists a lattice point v ∈ G := Δ(g) satisfying m(v) ≤ 0, for all m ∈
ℳ(g). Let HG := {s1, . . . , sr̃, R

∗} be a generating set of SG, and choose

h1, h2 ∈ HG

such that for any other element h ∈ {s1, . . . , sr̃}, with h ̸= hi, i = 1, 2, it holds that

h(v) ≥ k := max{h1(v), h2(v)}.

For any equation Fk, we observe that it is not possible to have a monomial of the 
form x1T , x2T , or uT , where

T = a ·
∏︂

m∈ℳ(g)

tnm
m
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is a product of deformation parameters for some nm ∈ N, and where xi corresponds 
to hi for i = 1, 2, and a ∈ C. Indeed, this is not possible due to degree considerations, 
since sk(v) > k and every deformation parameter tm has a non-positive value on v, i.e., 
m(v) ≤ 0. □

For every m ∈ ℰ(P ), we choose a line segment Q ⊂ (m = 0) of lattice length 1 and 
denote by Pm := P(m,Q) the mutation polytope. Moreover, we define

mutm2 ◦mutm1(P ) := mutm2 Pm1 = (Pm1)m2 ,

and similarly for

mutmn
◦ · · · ◦ mutm1(P ).

We write (P,ℳ) ∼ (P̃ ,ℳ̃) if there exist mi ∈ ℳi for i = 1, . . . , n, where ℳi :=
ψmi

(ℳi−1) with ℳ0 := ℳ, such that

mutmn
◦ · · · ◦ mutm1(P ) = P̃ and ℳn = ℳ̃.

Lemma 7.13. If (P̃ ,ℳ̃) ∼ (P,ℳ), such that P̃ is not m-mutable for some m ∈ ℳ̃. Then 
XP is not unobstructed in {tm | m ∈ ℳ}.

Proof. This follows immediately from Theorem 6.11. □
As a corollary we get the following theorem.

Theorem 7.14. If f is maximally mutable and ℳ is such that ℳ(f) ⫋ ℳ ⊂ ℰ(Δ(f)), 
then XΔ(f) is not unobstructed in {tm | m ∈ ℳ}.

Proof. Let f be maximally mutable and m ∈ ℳ := ℳ(f)∪ {r} for some r ∈ ℰ(Δ(f)) \
ℳ(f). From the proof of Theorem 7.5, we easily see that (Δ(f),ℳ) ∼ (P̃ ,ℳ̃), such 
that one of the following holds: 

(1) there exists m ∈ ℳ̃ such that P̃ is not m-mutable;
(2) there exists a lattice point v ∈ P̃ such that m(v) ≤ 0 for all m ∈ ℳ̃.

We will show that (2) is not possible by proving that ℳ̃ ⊂ ℳ(g), for some Laurent 
polynomial g with Δ(g) = P̃ , which contradicts the assumption that f is maximally 
mutable. If such a point v exists, we can subdivide P̃ into triangles

TE = conv{v,E | E is an edge of P̃}.

For every edge E of P̃ , we can clearly choose values at the lattice points on TE, which 
yields a Laurent polynomial g with Δ(g) = P̃ that is mE

n,k-mutable for every mE
n,k ∈ ℳ̃. 
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Note that there is no issue in choosing values on the intersection TE∩TF for two edges E
and F with nontrivial intersection, and thus we have constructed a Laurent polynomial 
g with Δ(g) = P̃ that is m-mutable for every m ∈ ℳ̃. □

Thus, we conclude the proof of Theorem 1.1 from the introduction.

8. The miniversal components

Let X = XP be three-dimensional a�ine Gorenstein toric variety. Proposition 5.5
implies that

T 1
(X,∂X) =

⨁︂
k∈N

T 1
(X,∂X)(−kR∗)

⨁︂
m∈𝒯

T 1
(X,∂X)(−m),

where dimC T 1
(X,∂X)(−m) = 1, if

m ∈ 𝒯 := {m ∈ ˜︂M | if P is m-mutable and max
v∈P 

φm(v) ≥ 1}.

In [26], we analysed deformations induced by the elements of⨁︂
k∈N

T 1
(X,∂X)(−kR∗).

These deformations are related to Minkowski decompositions of P , as we will recall 
below. On the other hand, by Theorem 1.1, we see that the deformations induced by the 
elements of 

⨁︁
m∈𝒯 T 1

(X,∂X)(−m) are connected to Laurent polynomials. In this section, 
we show how to combine these two types of deformations.

8.1. The Cayley cone

Let us fix a Minkowski decomposition P = P1 + · · · + Pm and let ˜︁σ be the cone over 
the Cayley polytope P1 ∗ · · · ∗ Pm. More precisely, ˜︁σ is generated by

{(P1, e1), (P2, e2), . . . , (Pm, em)} ⊂ (N ⊕ Zm)R, (64)

where e1, . . . , em is the standard basis of Zm and (Pi, ei) := {(a, ei) | a ∈ Pi}.
For i ∈ {1, . . . ,m} and c ∈ MR, we choose a vertex v(c)i of Pi where ⟨c, ·⟩ achieves 

its minimum. As we defined η(c) for c ∈ M in Definition 2.1, we now define

ηi(c) := − min 
v∈Pi

⟨v, c⟩ = −⟨v(c)i, c⟩ ∈ Z.

The generators of
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Scay := ˜︁σ∨ ∩ (M ⊕ Zm)

are given by

(c1, η1(c1), . . . , ηm(c1)), . . . , (cr, η1(cr), . . . , ηm(cr)), (0, e1), . . . , (0, em) ∈ M ⊕ Zm,

where c1, . . . , cr are as in (1). For k ∈ Nr, we define

Fk(x, z) := xk − x∂(k)
m ∏︂
i=1

z
ηi(k)
i ∈ C[x, z] := C[x1, . . . , xr, z1, . . . , zm]. (65)

Clearly,

m ∑︂
i=1 

ηi(c) = η(c).

After substituting zi with u + Zi in Fk(x, z) (for i = 1, . . . ,m) and denoting the 
resulting polynomial by Fk(x, u,Z), we obtain a flat map

π̃ : XP1∗···∗Pm
:= SpecC[x, u,Z]/(Fk(x, u,Z) | k ∈ Nr) → SpecC[[Z]], (66)

with fibre over 0 equal to X, hence π̃ is a deformation of X. Indeed, we can immediately 
verify that (66) defines a flat map by introducing the relations

Ra,k(x, u, z) := Fa+k(x, u, z) − xaFk(x, u, z) −
m ∏︂
i=1

z
ηi(k)
i Fa+∂(k)(x, u, z),

and observing that replacing zi with u + Zi lifts ra,k.
Let r̃ := (r, r1, . . . , rm) ∈ M ⊕ Zm. If a Laurent polynomial f is decomposable, say 

f = f1 · · · fm, where fi ∈ C[N ], then we say that f is (r, r1, . . . , rm)-mutable if each fi is 
(r, ri)-mutable for all i = 1, . . . ,m. In this case we have a one-parameter deformation of 
a�ine Gorenstein toric variety XΔ(f1)∗···∗Δ(fm), given by a deformation pair (r̃, Q), where 
Q ⊂ (r = 0) ∩ N is a line segment of lattice length 1. The corresponding deformation 
parameter we denote by tr̃.

Proposition 8.1. Let f = f1 · · · fm be 0-mutable Laurent polynomial. There exists a formal 
deformation {Fk(x, z, t) | k ∈ Nr} of XΔ(f1)∗···∗Δ(fm) over

C[[t(r,r1,...,rm) | f is (r, r1, . . . , rm)-mutable]].

Proof. Let f̃ be the Laurent polynomial with Δ(f̃) = Δ(f1) ∗ · · · ∗ Δ(fm), where the 
coefficients on Δ(fi) are given by fi.
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Because f is 0-mutable, we can mutate f̃ via mutations coming from

(r, r1, . . . , rm) ∈ M ⊕ Zm

to obtain g̃, where Δ(g̃) corresponds to some lattice point

(n, n1, . . . , nm) ∈ N ⊕ Zm.

Moreover, XΔ(g̃) is unobstructed in

{tr̃ | r̃ = (r, r1, . . . , rm) ∈ M ⊕ Zm, ⟨(r, ri), (n, ni)⟩ = 0 for every i = 1, . . . ,m}.

We conclude the proof using the same techniques as in the proofs of Theorems 6.6 and 
6.10. □

Note that if f = f1 · · · fm is (r, r1, . . . , rm)-mutable, then f is (r,
∑︁m

i=1 ri)-mutable 
in the usual sense, i.e. in the sense of Definition 4.2. Conversely, if f is (r, p)-mutable 
with (r, p) ∈ M ⊕ Z, then there exists p1, . . . , pm ∈ Z, with 

∑︁m
i=1 pi = p, such that f is 

(r, p1, . . . , pm)-mutable and fi is (r, pi)-mutable.

Corollary 8.2. Let f = f1 · · · fm be 0-mutable Laurent polynomial. There exists a formal 
deformation of XΔ(f) over C[[Z, t(r,∑︁m

i=1 ri) | f is (r, r1, . . . , rm)-mutable]].

Proof. Let {Fk(x, z, t) | k ∈ Nr} be the formal deformation of XΔ(f1)∗···∗Δ(fm) con
structed in Proposition 8.1. After substituting zi with Zi + u and t(r,r1,...,rm) with 
t(r,

∑︁m
i=1 ri), we easily see that we obtain a formal deformation of XΔ(f) over

C[[Z, t(r,∑︁m
i=1 ri) | f is (r, r1, . . . , rm)-mutable]] = C[[Z, ts | s ∈ ℳ(f)]]. □

Remark 8.3. Note that the assumption that f = f1 · · · fm is 0-mutable is crucial in the 
construction. This can be generalised to the case where one of the fi, for i = 1, . . . ,m, is 
arbitrary, and the others are 0-mutable. We do not know how to prove that there exists 
a formal deformation of XΔ(f1)∗···∗Δ(fm) over

C[[t(r,r1,...,rm) | f is (r, r1, . . . , rm)-mutable]],

without assuming the above conditions on f , even though we believe the statement 
should hold.

Definition 8.4. We say that two maximally mutable irreducible Laurent polynomials f
and g are deformation equivalent if ℳ(f) = ℳ(g). More generally, two maximally 
mutable Laurent polynomials f and g are deformation equivalent if they decompose as
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f =
n ∏︂

i=1
fi, g =

n ∏︂
i=1

gi,

where each fi and gi are irreducible, and fi is deformation equivalent to gi for all i =
1, . . . , n.

Remark 8.5. If we have a deformation problem controlled by a differential graded Lie al
gebra 𝔤 with dimC H1(𝔤),dimC H2(𝔤) < ∞, the solution of the Maurer-Cartan equation 
gives us a miniversal base space of the form SpecC[[t]]/I, where t is a basis of H1(𝔤)
(see [43, Section 2] in an even more general case of L∞ algebra, [44] or [45, Section 8]). 
The deformations of X = XP are controlled by the differential graded Lie algebra com
ing from the cotangent complex, which is quasi-isomorphic to the Harrison differential 
graded Lie algebra 𝔤 (see [38], [25]). We have H1(𝔤) = T 1

X , which is not finite dimensional 
and H2(𝔤) = T 2

X , which is finite dimensional. We conjecture that in our case the solution 
of the Maurer-Cartan equation is also of the form

SpecC[[T]]/ℐ, (67)

where T is a basis of T 1
X and ℐ is finitely generated involving only finitely many variables.

The results of this paper, together with those of [26], suggest the following conjecture.

Conjecture 8.6. There exists a canonical bijective correspondence κ : 𝔅 → 𝔄, where 𝔄
is the set of components of the miniversal deformation space of the three-dimensional 
a�ine toric Gorenstein pair (X, ∂X), with X = XP and 𝔅 is the set of deformation 
equivalence classes of maximally mutable Laurent polynomials that have Newton polygon 
equal to P . Moreover, the deformation component is a smoothing component if and only 
if it corresponds to a 0-mutable Laurent polynomial.

8.2. Application to deformation of Fano toric varieties

We conclude by discussing implications of our results for constructing Fano manifolds 
with very ample anticanonical bundles. Let f be a Laurent polynomial such that Δ(f)
is a reflexive polytope. Consider the Gorenstein toric Fano variety YΔ(f) associated with 
the spanning fan of Δ(f). The a�ine Gorenstein toric variety XΔ(f) is the a�ine cone over 
YΔ(f), and thus their deformation theories are connected by a comparison theorem (see, 
e.g., [35] or [21, Section 2]). The polytope Δ(f) has only one interior lattice point, and 
we say that f is projectively (m, g)-mutable if it is (m, g)-mutable and the a�ine function 
φm takes value 0 at the interior lattice point of P . If f is projectively (m, g)-mutable, 
then by the comparison theorem, we get a one-parameter deformation of the projective 
variety YΔ(f), and we denote its parameter by t̄(m,g).
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If f is (m, g)-mutable, we denote by t(m,g) the parameter corresponding to the one
parameter deformation of XΔ(f) determined by the deformation pair (m,Δ(g)). For any 
Laurent polynomial f , we define the sets of deformation parameters:

tf := {t(m,g) | f is (m, g)-mutable},
t̄f := {t̄(m,g) | f is projectively (m, g)-mutable}.

We hope that the results of this paper can be extended to show that any Laurent 
polynomial f gives rise to a deformation of XΔ(f) over C[[tf ]], and a deformation of 
YΔ(f) over C[[t̄f ]], whose general fibre is a Fano manifold with a very ample anticanonical 
bundle.
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