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1. Introduction

The classification of Calabi—Yau and Fano manifolds is one of the most fundamental
and extensively studied problems in geometry and theoretical physics, especially fol-
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lowing the discovery of mirror symmetry in the late 1980s. In dimension two, the ten
smooth Fano surfaces were classified by del Pezzo in the 1880s [41]. In dimension three,
105 types of smooth Fano threefolds were classified through the work of Fano in the 1930s
and 1940s, Iskovskikh in the 1970s, and Mori-Mukai in the 1980s (see [23], [30], [31],
[32], [39] and [40]). In higher dimensions, their classification remains an open problem
(see [36], [10], [9], [12], [13], [34], and [14] for developments in higher dimensions).

Mirror symmetry originally describes the connection between two geometric objects
called Calabi—Yau manifolds. If two Calabi—Yau manifolds are mirror symmetric, they are
geometrically distinct yet equivalent when viewed from the physical side of string theory.
Mirror symmetry has many mathematical formulations and generalisations that go be-
yond the Calabi—Yau manifolds. In addition to mirror-symmetric Calabi-Yau manifolds,
the most notable conjecture involves the mirror relationship between Fano manifolds and
Laurent polynomials (see [12]).

Mirror symmetry provides new insight into classification, since it suggests that Fano
manifolds are in correspondence with certain Laurent polynomials. More precisely, if
a Laurent polynomial f is mirror to a Fano manifold Y, it is expected that a Fano
manifold Y admits a Q-Gorenstein degeneration to a singular toric variety, whose fan is
the spanning fan of the Newton polytope A(f).

There has been progress in constructing Fano manifolds using logarithmic geometry
(see, e.g., [24]) and based on the above correspondence, the recent works [18], [19], and
[27] suggest that log structures arising from special Laurent polynomials are expected
to produce new smooth Fano manifolds. There are also approaches that do not rely
on logarithmic geometry (see, e.g., [15]) and in the recent work [17], the smoothing of
Gorenstein toric Fano 3-folds is constructed using admissible Minkowski decomposition
data for a 3-dimensional reflexive polytopes.

Deformation theory plays a fundamental role in the study of moduli spaces, families
of varieties, and the local behaviour of algebraic and geometric structures (see [45], [42]
and [28]). In particular, the deformation theory of toric varieties has been extensively
studied due to its connections with combinatorics and mirror symmetry. For affine toric
surfaces, which are cyclic quotient singularities, Kolldr and Shepherd-Barron [37] estab-
lished a correspondence between certain partial resolutions (P-resolutions) and reduced
miniversal base components. Additionally, Arndt [8] provided explicit equations for the
miniversal base space. Furthermore, in [20] and [44], Christophersen and Stevens pro-
duced a simpler set of equations for each reduced component of the miniversal base
space.

In higher dimensions, Altmann [2] constructed a miniversal deformation for affine
Gorenstein toric varieties with isolated singularities. He further demonstrated that the
reduced irreducible components can be explicitly described: they are in one-to-one corre-
spondence with maximal decompositions of the defining polytope into Minkowski sums.

We aim to extend these results to non-isolated Gorenstein toric singularities. We will
work with deformations of a pair (X,9X) instead of only X, since, in fact, we will see
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that it is more natural to work with the deformations of a pair, as we already noticed in
[16] and [26].

In [16], we formulated, together with Corti and Petracci, the following conjecture:
there exists a canonical bijective correspondence k: 8 — 2, where 2l is the set of smooth-
ing components of the three-dimensional affine toric Gorenstein pair (X, 0X), and B is
the set of 0-mutable Laurent polynomials with Newton polygon P, which defines X. A
Laurent polynomial is 0-mutable if it can be mutated to a point (see Definition 7.9 for
a precise definition).

To state the main results of this paper precisely and clarify the techniques used in the
proofs, we first introduce some definitions. Consider a rank-n lattice N = Z" and its dual
lattice M = Homy (]\N/' ,Z). A strictly convex full-dimensional rational polyhedral cone
o C Ng defines an affine toric variety X := Spec(A), where 4 = CleV N M] Note that
X is Gorenstein if and only if the primitive generators of the rays of ¢ all lie on an affine
hyperplane (R* = 1) for some R* € M. This element R* is called the Gorenstein degree.
The polytope P is defined as the convex hull of the primitive generators of the rays of
o,i.e., P:=ocN(R* = 1). The isomorphism class of the toric variety X depends only on
the affine equivalence class of P. We denote by Xp := Spec C[Sp] := Spec Clo¥ N M)]
the Gorenstein toric variety associated with P.

If Xp has an isolated singularity, then the entire tangent space T}(P of the deformation
functor of Xp is concentrated in degree —R*, i.e., T (—R*) = T'%. This observation was
crucial in Altmann’s construction in [2]. Together with Altmann and Constantinescu,
we provide partial results concerning the deformations of toric varieties at special lattice
degrees in [6] and [7], generalising Altmann’s results in [2].

A fundamental challenge in toric deformation theory is how to systematically combine
deformations arising from different lattice degrees. We need to tackle this problem in
order to understand deformations of the affine Gorenstein toric variety X = Xp with
non-isolated singularities. In this case, the polytope P is arbitrary, and the tangent space
T(lx,ax) of the deformation functor of (X,0X) is spread over infinitely many lattice

degrees in M:

Tix ox) = @ Tlx ox)(—m).
m€1\7

The same holds for T, which is naturally embedded in T(ly .

We propose that Laurent polynomials serve as a natural tool to connect deformations
from different lattice degrees. Laurent polynomials and their mutations have so far been
used for constructing certain one-parameter deformations (see [29]). In this paper, we
show how they can be used to construct multi-parameter deformations from different
lattice degrees. More precisely, from Ilten’s construction we get a flat family over P!
whose fibre over 0 is X () and whose fibre over co is X (y), where the Laurent poly-
nomials f and g are connected by a mutation. The main geometric idea of this paper is
to show that not only the toric varieties X (s) and X (g are related by such a family
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over P!, but in fact their entire deformation families are connected, with tangent spaces
determined by all possible mutations of f and g. In the following, we make this statement
more precise, present the main results of the paper, and outline the techniques used in
the proofs.

It is known that a deformation pair (m,Q) of a polytope P, consisting of m € M
and a lattice polytope @ C Ng (see Definition 2.6 for the precise definition), induces
a Minkowski summand @ of the polyhedron o N (m = 1). Consequently, by a result of
Altmann (see [4]), such a pair gives rise to a one-parameter deformation of X p. We denote
the corresponding deformation parameter by (., g). The first key result of this paper
is the explicit construction of this one-parameter deformation in terms of deformations
of the defining equations: Xp = SpecCx,u]/(fi(x,u) | k € N") (see (10)), and in
Section 3 we construct Fi (X, u,(,,q)) such that Fi(x,u,0) = fi(x,u), and such that
the linear relations among the fi(x,u) lift to linear relations among the Fi (X, u, t(m,q))-
By the equational criteria of flatness, this implies that we have a one-parameter formal
deformation of Xp (and also of a pair (Xp,0Xp)) over C[[t(,,, q)]], see Corollary 3.9.

If f € C[N] is a Laurent polynomial, we define the notion of mutation (see Defini-
tion 2.3 for the definition of f being (m, g)-mutable, where m € M and g is a Laurent
polynomial) and show that if f is (m, g)-mutable, then (m,A(g)) forms a deformation
pair of A(f) (see Lemma 2.7). In the following, we assume that N = Z?2, so that f is a
Laurent polynomial in two variables and Xy is a three-dimensional affine Gorenstein
toric variety. In this paper, we focus on the two-dimensional setting, but we believe that
the results can be generalised to higher dimensions. We say that f is m-mutable if m € M
is not constant on o N (R* = 1), and if f is (m, g)-mutable with A(g) C (mwar(m) = 0)
being a line segment of lattice length 1. If f is m-mutable, then our construction in
Section 3 also provides an explicit one-parameter deformation of (X,0X) over C[[t,]],
where X = Xa(y).

We introduce the following set of deformation parameters:

ty = {t,, | m e M(f)}, where M(f):={me€ M | f is m-mutable}.

We say that a Laurent polynomial f € C[N]| = C[Z?] is mazimally mutable if there
does not exist Laurent polynomial g suih that ty ; ty (see Definition 7.8). We say that
a polygon P is m-mutable, for m € M, if there exists a Laurent polynomial f with
A(f) = P such that f is m-mutable. We denote

T:={me M | P is m-mutable, and (v, m) > 0 for some v € o N (R* = 1)},
T;:= {tm |meTNM(f)}C tr.

The following theorem is the main theorem of this paper.

Theorem 1.1. For any Laurent polynomial f € C[N] = C[Z?], there exists a formal de-
formation of the affine Gorenstein toric pair (X,0X) over C[[Ty]], where X = Xa(y)-
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The general fibre of this deformation is smooth if and only if f is a 0-mutable Laurent
polynomial. Moreover, the associated Kodaira—Spencer map is injective, and if f is maz-
imally mutable, then this deformation cannot be non-trivially extended over C[[T ¢, t,,]],

for any m € T \ M(f).

We now outline the main ideas of the proof of Theorem 1.1. In Section 4, we give
a connection between mutations of a Laurent polynomial f in two variables and its
mutation muty, f. We define the map v, ¢ : M — M and prove that f is r-mutable
if and only if muty, f is t)(,, q)(r)-mutable in Proposition 4.5. Moreover, we have a
piecewise linear map &(,, 4) : M — M that bijectively maps Sa(y) onto Samutg, )
(see Lemma 2.10). The maps 9 g) and £, 4) map s € M to s+ z1m and s + zom,
respectively, for some 21,20 € Z.

The first main step to prove Theorem 1.1 is to show that (Xa(f),0Xa(s)) is unob-
structed in ty if and only if (Xa(mutg, £)s OXA(muty, 7)) 15 unobstructed in t,,9, ; (see
Definition 6.5 for the definition of unobstructedness, which in particular implies the
existence of a formal deformation of (Xa(s),0Xa(s)) over Cl[ty]]). This is shown in
Theorem 6.11 and the key idea is as follows. Assume there is a formal deformation

{Fi(x,u,tp) | k € N}

of (Xa(s),0Xa(s)) over Cl[ty]] (see Definition 3.6), such that the restriction of
Fx(x,u,tf) to t,, ie., to Fk(x,u,0,...,0,t,,0,...,0) coincides with the above men-
tioned one-parameter deformation over C{[t,,]], for every t,, € ty and k € N”. Then,

{muttm Fk(X7 u,tf) ‘ k e NT}

is a deformation of (XA (mutg, £)> OXA(mutg, £)) over Cl[tyueg, £]], where

muty,, Fi(x,u,ty)

is defined in Definition 6.2. Roughly speaking, mut,, Fik(x,u,ts) is obtained from
Fx(x,u,ty) by replacing the variables x (corresponding to a set H of generators of
Sa(r)) with variables corresponding to the set £, ¢)(H), which is a generating set of
SA(mutg, £y and by replacing each deformation parameter t5 € tf with &y, s € g, f-
This means that a mutation also transforms the deformation equations (and their linear
relations) of (Xa(s),0Xa(s)) into deformation equations (and their linear relations) of
(X A(mutd, £)s OXA(mut, f)). Precise statements are given and proven in Theorems 6.6 and
6.10.

The second main step is to show that a Laurent polynomial f is mutation equivalent
to a Laurent polynomial g for which there exists a lattice point v € A(g) such that
m(v) <0 for all m € M(g). This is proved constructively in Theorem 7.5.
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These two steps show that (X sy, 0Xa(s)) is unobstructed in ty, since

(Xa(g), 0Xa(g)

is unobstructed in t, for cohomological reasons (see Theorem 7.7). Moreover, the smooth-
ness of the general fibre is preserved under mutations, and thus the general fibre is smooth
if and only if f is O-mutable (see Theorem 7.12).

In Section 5 we show that

Tixox) = @ Tlx ox)(—kR") @ Tlx ox)(=m),
keN meT

where dimg T(1X7 9 X)(—m) =1, if m € 7. Applying these cohomology computations to
the deformation family of (X sy, 9Xa(s)) over C[[t;]], we see that restricting this family
to C[[Ty]] establishes all the claims in Theorem 1.1, except for the final one, which is
proved in Theorem 7.14.

In [26], we showed that the deformations induced by the elements of

D Tixox) (KR,
kEN

are related to Minkowski decompositions of P, where X = Xp. On the other hand, by
Theorem 1.1 of this paper, we see that the deformations induced by the elements of
Doer T(lx, ) (—m) are related to Laurent polynomials whose Newton polynomial is P.
We show how to combine these two types of deformations in Section 8 (see Corollary 8.2).
This provides strong evidence for [16, Conjecture A}, and additionally suggests that all
components of the miniversal deformation space of the three-dimensional affine toric
Gorenstein pair (Xp,0Xp) correspond to maximally mutable Laurent polynomials f
with A(f) = P (see Conjecture 8.6). To prove the conjecture in full generality, it remains
to show that the miniversal base space has no singular components. We conclude the
paper by outlining how we expect the methods developed here to lead to a construction
of Fano manifolds with a very ample anticanonical bundle (see Section 8.2).

Acknowledgement

I am grateful to Alessio Corti for many insightful discussions.
2. Preliminaries
2.1. The setup

We fix the ground field to be C, an algebraically closed field of characteristic zero.
Let P be a lattice polytope with vertices v', ..., in a lattice N. We set
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M=M®&Z, N:=N&Z,
and denote the projections
WM:M%M, WZ:M%Z,

which we will use throughout the paper. By embedding P at height 1, we obtain the
rational polyhedral cone

p
o= {Z)\iai | A; € RZO} CN®zR,

i=1

where a' = (vi,1) € N®Z fori =1,...,p. Let M be the dual lattice of N, and consider
the monoid

Sp:=0"NM,
where
oV :={reM®zR|(n,r)>0foralnco}
is the dual cone of . Every affine Gorenstein toric variety is isomorphic to
X := Xp := Spec C[Sp]
for some lattice polytope P.

Definition 2.1. For a polytope Q C Ng := N ®z R and ¢ € Mr := M ®z R we choose a
vertex vg(c) of @ where (c,-) becomes minimal. For ¢ € M we define

nQ(c) = —minfv, c) = —(vo(c), ).

The Hilbert basis of Sp = 0¥ N (M & Z) is given by

Hp = {51 = (c1,np(c0)), . 5, = (crump(er)), B}, o

where R* := (0,1) is the Gorenstein degree and the elements ¢; € M are uniquely
determined (see e.g. [2, Section 4.3]).

2.2. Mutations

Definition 2.2. A Laurent polynomial f =" a,x" € C[N] is called normalized if a,, =1
for every vertex v of its Newton polytope A(f).
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All Laurent polynomials in this paper are assumed to be normalized. The element
m = (my(m),mz(m)) e M =M & 7
defines an affine function ¢, on N (and thus on A(f)) by
Gm(n) = (mar(m),n) + mz(m). (2)
For an element m € M and k € Z we denote the affine hyperplanes

(m=k):={aeN | (a,m) =k},
(mp(m) =k) :={a € N | (a,mps(m)) = k}.

Definition 2.3. For g € C[N] and m € M such that A(g) C (ma(m) = 0), we say that
f € C[N] is (m, g)-mutable if it can be written as

f=Y_fi, where fi€C[(¢m=1i)NN]CC[N], (3)
i€Z

such that, for ¢ € N, the quotient % is a Laurent polynomial (that is, f; = h;g® for some
Laurent polynomial h;).

Definition 2.4. A mutation of an (m,g)-mutable Laurent polynomial f, with respect to
the chosen pair (m, g), is the Laurent polynomial

mutd, f = Z Lz (4)

i€Z g
Example 2.5. Let
f=1+2y+y*+a®>, m=1(0,2-3), g=1+uz.
We compute
©m(0,0) = =3, ©n(0,1) = =1, ©n(0,2) = ¢,,(1,2) = 1.

The two polytopes in Fig. 1 represent the Newton polytopes of f and its mutation, given
by

mut?, f =1+ 3z + 32 + 2 + 2y + 2xy + 32
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1

Fig. 1. Newton polytopes of f (left) and mut?, f (right).

2.8. Deformation pairs

Definition 2.6. Every pair (m,Q), with m € M and Q C (mp(m) = 0) C N a lattice
polytope, is called a deformation pair of P if, for every i € N such that PN (¢, = 1) is
nonempty, the polytope i@ is a Minkowski summand of P N (¢, = 7).

Lemma 2.7. If (m, Q) is a deformation pair of P, then there exist Laurent polynomials
f and g such that A(f) = P and A(g) = Q, and f is (m,g)-mutable. Conversely, if f
is a Laurent polynomial that is (m, g)-mutable, then (m,A(g)) is a deformation pair of

A(f)-
Proof. If (m, Q) is a deformation pair, we can choose arbitrary g with A(g) = Q and f =

>ez fi such that f; = g'g for some Laurent polynomials g/, where each f; C C[(¢n, =
i) N N] and A(f) = P. The other direction follows immediately by definition. O

Definition 2.8. For a deformation pair (m, @) of P, we choose Laurent polynomials f and
g such that f is (m, g)-mutable, A(f) = P, and A(g) = Q. We then define the polytope

Pln,q) = A(mutf, f), (5)
which we call a mutation of P by (m, Q).

Remark 2.9. For a different choice of f and g, with A(f) = P, A(g) = @, and f being
(m, g)-mutable, we obtain the same polytope P, ¢)-

For m € M and a polytope @ C Ng, we define the map

Ema@) M = M, Ema)(h) == h— (ng(m(h)))m. (6)

Note that this map is piecewise linear and we will only use it when (m, @) is a deformation
pair of P.

Lemma 2.10. Let (m, Q) be a deformation pair of P. The map & gy maps the monoid

Sp bijectively into the monoid Sp,, with inverse equal to &y, q)-

Q)7
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Proof. Let (¢,np(c)) € dSp for some ¢ € M. In particular, we know that
((v,1), (e,np(c))) =0 for all vertices v € P. (7)
Let us show that
((w, 1), Em, @) ((e,np(c)))) = 0 for all vertices w of Py, q)-
Since

Em,@) ((c;np(c)) = (¢e,np(c) —nglc) -m,

we can easily verify that the claim holds for all w € P, gy N (¢m = i), for every i € Z.
Indeed, we need to show that

(w,e) +np(c) —i-ng(c) 20 (8)
for every w € Py, gy N (¢m = ©). This follows since w+iqg € PN (¢, = i) for every ¢ € Q.
Choose ¢ € @ such that (-, ¢) achieves its minimum on @ at g. Then the inequality (8)

follows from (7). O

Example 2.11. Let P = conv{(0,0), (0,2),(1,2)}, m = (0,2,—3), and @ = conv{(0,0),
(1,0)}. Note that P = A(f) and @ = A(g) from Example 2.5, and thus

P,y = A(mut?, f) = conv{(0,0),(3,0),(0,2)}.
The Hilbert basis of the semigroup Sp is
Hp ={z1, 24, 25, z6, R*=(0,0,1)},
where
z1=(-2,1,0), 24 =(-1,0,1), z5 = (0,-1,2), z = (1,0,0).
The Hilbert basis of the semigroup Sp, ,, is
Hp,, o = {s1,52,53,54, 55,56, R*},
where

S1 = (_2? _376)5 S2 = (_17 _173)a 83 = (07170)7
84 = (_17 _2a4)7 S5 = (07_172)a S6 = (17070)
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Fig. 2. A generating set of Sa(s) and Sa(muts f)-

The Hilbert bases of both are illustrated in the first and third images of Fig. 2, where
the numbers indicate the third coordinate of s; and z;, respectively.
We see that

Emo)(za) =24 —m = (-1,-2,4) € Hp,, o
Likewise, we see that
§m,0)(2i) =s; forallie {1,...,6}.
Note that the set {z1,...,26, R*} is only a generating set of Sp, and not its Hilbert
basis, which is the minimal generating set.
3. Constructing one-parameter deformations

This section provides an explicit construction of a one-parameter deformation arising
from a deformation pair, formulated in terms of the defining equations.

3.1. Linear relations between the generators
Recall the Hilbert basis (1) of S :=Sp =0" N M. We have
Xp = SpecC|[Sp] = SpecClu, x4, ...,z,]/Lp,

for some ideal Zp (described in Proposition 3.2 below), where u corresponds to R* and
each x; corresponds to s; for j =1,...,r. For every k = (k1, ..., k,) € N” we denote

SklzikiSiESCM, Ck::zr:k‘iciEM

i=1 i=1

and for a polytope @ C Ng let
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ne (k) = i??@(kicz') —Q (i ’fici> :
i=1 i=1
For every element s € S we have a unique decomposition s = dp(s) + np(s)R* with
Op(s) €0(S):={seS|s—R" ¢S} and np(s)eN.
Let us denote
o = xP(s)ynpr(s) (9)
We have sy = dp(k) +np(k)R* with dp(k) := (ck, np(ck)) € O(S). In this section we

simply write 0(k) = dp(k), n(k) = np(k) and x° = x} for any s € S = Sp. For every
k € N we choose b; € N such that d(k) = >"|_, b;s;, and we define

T T
xK = fol, x90) .— fol
i=1 i=1

Remark 3.1. For simplicity, we will also write d(k) = (b1,...,b,) € N”, and we will
distinguish from context whether 9(k) refers to the vector in N” or to the element
S bis; € M. More generally, for each element s € S, we will distinguish from the
context whether 9(s) refers to the tuple (p1,...,p,) € N” or to thesum >__, p;s; € 9(5).
For example, this convention will be used in the proof of Proposition 6.10.

Proposition 3.2 ([0, Section 5]). The binomials
fre(x,u) == fip(x,u) == x¥ = x20) 411 ¢ Clu, x| := Clu, x4, ..., z,] (10)

generate the ideal Zp and the module of linear relations among the fy, which is the kernel
of the map

ex— f
Y Byenr Clu, 21, ..., 20 ]ex LS Tp C Clu, 2, - vy Ty
s spanned by Ta x 1= €atrk — ek — u”(k)ea(k)+a, for a,k € N",

Example 3.3. Let P = conv{(0,0),(3,0), (0,2)} with

51 = (727 7376)3 2 = (717 717 3)7 S3 = (07 17 0)7
S4 = (_1’ _274)7 85 = (07 _17 2)’ S6 = (1, 070)
Note that we have already drawn the Hilbert basis of S = Sp, since this polytope was the

polytope P, ) in Example 2.11. Let k = (0,1,0,0,0,1) € N® and a = (0,0,0,1,0,1) €
N6. Then we have d(k) = (0,0,0,0,1,0) and the following equations:
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fx = mowe —uxs, faqik = $2$4$g - U$g7 fa(k)+a = T4T5Te — xg,
where d(a + k) = 9(d(k) + a) = (0,0,0,0,3,0).

Lemma 3.4. For k € N” and polytopes Q,G C Ng, the following holds:

(1) ng+a(k) = ng(k) +na(k),
(2) no(a+k)=nq(k) +nq(d(k) +a).

Proof. The first claim follows immediately from the definition. We now prove (2): after
cancelling the common terms

r

> (g kici) + nglaic;))

i=1

on both sides, we need to prove that

10 <Z(ai + k:l)cl> = -9 (Z kicl) + ZnQ(bici) —ngQ <Z(ai + bi)ci> )

i=1 i=1

This holds because, by the definition of d(k), we see that if b; # 0, then

v(c) =v (Z k:ici) )

Consequently, we have

i=1 i=1 i=1 i=1

From this, the claim follows. 0O
3.2. Formal deformations of a pair (X,0X)

Let R be a local Artinian C-algebra with residue field R/mpr = C. A deformation of
a pair (X,0X) over R is a deformation of the closed embedding 0X — X over R, which
is given by a compatible system of commutative diagrams:

yn(—>Xn

G o | (1)

Spec(R/m)

for each n € N, such that:



14 M. Filip / Advances in Mathematics 487 (2026) 110775

e fn and g, are flat and ),, — X, is a closed embedding,

o & is the closed embedding X < X over SpecC,

e foralln > 1, &, induces &, by pullback under the natural inclusion Spec(R/ m?{l)
— Spec(R/m7).

It is straightforward to define a deformation functor Fix sx), which associates to R
the set of isomorphism classes of deformations of (X,0X) over R. The corresponding
tangent space is denoted by T (1X’ 9X)" If we disregard ), and consider only the maps
X, — Spec(R/mf};) satisfying the above properties, we obtain the deformation func-
tor Fx, which assigns to R the set of isomorphism classes of deformations of X. The
corresponding tangent space is denoted by T .

The following lemma provides the equational flatness criterion for Gorenstein affine
toric varieties.

Lemma 3.5 (Equational Flatness Criterion). Let Xp = SpecC[x,u]/(fx | k € N”) be a

Gorenstein affine toric variety, and let R = C[[t]]/I = C[[t1,...,tn]]/I, where I is an
ideal. Recall ra x(x,u) from Proposition 3.2. If there exist

Fx(x,u,t) € C[x, uJ[t]]
such that:

o Fx(x,u,0) = fx(x,u) for allk € N".
o There exist linear relations Ra x(x,u,t) among Fx in C[x,u][[t]]/] such that

Rax(x,u,0) =rax(x,u) forallakeN",
then there exists a formal deformation of (Xp,0Xp) over R = C[[t]]/I with
X, = Spec C[x, u][[t]]/ (mE + (Fk(x,u,t) | k € N"))
and
Yn = Spec Clx, u][[t]]/ (mp + (u, Fi(x,u,t) [ k € N")).

Proof. Tt follows immediately from Proposition 3.2, see, e.g., [22, Corollary 6.5] or [33,
Section 10.3] for the general form of the equational flatness criterion. O

Definition 3.6. We say that we have formal deformation {Fk(x,u,t) | k € N"} of
(Xp,0Xp) over C[[t]]/I if there exists linear relations Rak(x,u,t) among Fy in
C[x, u][[t]]/I such that the conditions of Lemma 3.5 are satisfied.
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3.83. Deformation of equations for one-parameter deformations

For a given deformation pair (m, Q) of P, we are going to explicitly describe a one-
parameter deformation of Xp in terms of the deforming equations fi. This is the first
key result of the paper, and it plays a crucial role in proving Theorem 1.1. Let ¢ = (., )
be a deformation parameter of lattice degree deg(t) = m. We define

UZQ(k) nq(k) nZQ NS
F t) = k tL Sk—im _ _ tz ap(sk—i'm) np(sk—im)
k (X7 u, ) X ( i ) Xp fk ( i ) X u )

i=0 i=1
(12)

where we used the notation from (9) and t = t(,, ) is a deformation parameter that has
M-degree deg(t) = m.

Note that x*<~"™ = y% " ig well-defined for all i = 1,...,719(k), meaning that
sk —im € . To prove this, it suffices to show that s, — im takes nonnegative values
on the generators of o, which lie in ¢ N (R* = 1). To do so, it is enough to show
that np,(k) > j-ng(k) for all j € N such that P; := PN (¢, = j) is nonempty.
This follows from Lemma 3.4 (1), since j@ is a Minkowski summand of P; and thus
ne; (k) = 1 (k) = jne (k).

Let us choose (kij,...,kr;) € N7, j =1,...,n9(k) such that

Zk‘ljsl = 8(sk — jm)
=1

and let k; := (k1j,..., krj) € N7. We define
nq (k) )\
Ra7k(x, u, t) = Fa+k — XaFk - unP(k)Fa(k)+a — Z unp(kj) (nQ )t]ij+a. (13)

We see that Fi(x,u,0) = fi(x,u) and Rax(x,u,0) = 7a k(x, u).

Remark 3.7. As mentioned in Remark 3.1, we can also write Fy(s, _jm)+a in place of
Fx, ya, where 9(sx — jm) = k; € N” (and not d(sx — jm) € 9(Sp)).

Proposition 3.8. R, i is a linear relation (among Fx, for allk € N").

Proof. To verify that R,k is a linear relation, we compute that the term in front of t
is zero for all I € N. This term is equal to

_ (nQ (al+ k)) X5a+k_lm +x? (’I]Q;k)) Xsk—lm + unP(k) <77Q (8(1;) + a)) Xsa(k)+a—lm_
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-1
) (ﬁQ(k)) (xrta a1 3 e ) (ﬂ@(k)) (UQ(kj + a)>X5kj+a—(l—j)m.
! = J L=

Note that by definition we have x2ysk—tm = ynr(ki)xkita apd

Xsa+k—lm _ unp(k)XSa(k)+a—lm _ uﬂp(kj)Xskjﬂ—(l_j)m7

for all j = 1,...,0. Thus we see that the term before #' is zero since ng(k; + a) =
ng(0(k) + a) for every k; and

(rele i) _ () (10000 var) : (10019 (neloth) =)

J

which holds because
(14 t)1e@tk) — (1 4 )1eK) (] 4 )ne(@k)+a)
by Lemma 3.4. O
By the equational flatness criterion we get the following corollary.
Corollary 3.9. The map
Spec C[x, u, t]/(Fk(x,u,t) | k € N") — Spec C[[¢]]

is flat and has fibre over 0 equal to Xp. By Lemma 3.5 we also get a formal (one-
parameter) deformation of (Xp,0Xp) over Cl[t]], corresponding to a deformation pair

(m,Q) of P.
Example 3.10. Here we continue with Example 3.3 with
P = conv{(0,0), (3,0),(0,2)}
and let (—m,Q) be a deformation pair of P with m = (0,2,-3) and Q =

conv{(0,0), (1,0)}. We use (—m, Q) to be consistent with notation in Example 2.11.
We have

Fk = fk - t$37 Fa+k = fa+k - t2x3u - 2tx5u2, FB(k)+a = f{)(k)-&-a —txsu

and thus

Rax = Fajx — X Fx — uFp)1a — tFk, ta,
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where t = t(_, ) and k; = (0,0,1,0,0,0) and thus Fy, 14 = 232476 —u?xs —trsu. Note
that R,k is indeed a linear relation, since the term in front of t? is —t?zzu+ t(txsu) = 0
and the term in front of ¢ is —2tzsu? + x*txs + utrsu — t(xsxawe — u29v5) = 0, since
x? = Ty4T6-

4. Mutations of Laurent polynomials in two variables

This section is devoted to the study of mutations of Laurent polynomials in two
variables, which play a key role in constructing the deformation families developed in
the subsequent sections.

Lemma 4.1. Let A be an integral domain. If the polynomial
ap+ -+ apz”™ € Alz]

is divisible by p™, with p € Alx] and m € N, then the polynomial
Z <Zl —;ZQT> ayx” € Alz
r=0

is divisible by p™~* for any 21,20 € Z and any k € N, provided that k < m.

Proof. By induction and Pascal’s identity, it suffices to prove the claim for z; = 0. Define
fx):=ao+---+anz" and g(z):= f(z™).

Since f(z) is divisible by p™(z), the k-th derivative ¢(*)(z) is divisible by p™ % (x).
Consequently,

z* "\ (21
k) — 2 Tz
K4 (m)—z<k>aﬁp 2
r=0
is divisible by p™~*(2*2) in A[z]. The change of variable y = 2*2 shows that
" (o1
2 r
> (%" )arw € A1)
r=0

is divisible by p"™~*(y). This completes the proof. O

Definition 4.2. Let m € M = 73, m # kR* for any k € Z. A Laurent polynomial
f € C[N] = C[Z?] is called m-mutable if it is (m, g)-mutable with A(g) a line segment
of lattice length 1.
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Remark 4.3. We assume that all Laurent polynomials are normalized; in particular, g is
assumed to take the value 1 at both vertices of A(g).

Definition 4.4. Let m € M = Z2. If g is a Laurent polynomial with A(g) C (m;(m) = 0)
a line segment of lattice length 1, we define the map

'l/](m,g) : M—) M
by

y ) {r+ (na(g)(mar(—=7))) m if wpr(r) and mar(m) are not collinear in M=Z2,
(mg)\T)= '

r—m, otherwise.
(14)

Proposition 4.5. Let f be m-mutable. Then f is r-mutable if and only if mut? f s
Y(m,q) (1) -mutable.

Proof. If f is both m-mutable and r-mutable, it is (m, g)-mutable and (r, h)-mutable,
where

A(g) C (mm(m) =0) and  A(h) C (mar(r) = 0)

are line segments of lattice length 1. If mp/(r) and mps(m) are collinear in M, the claim
follows immediately from the definition.

Assume that mp(r) and mp(m) are not collinear in M. Suppose first that
Na(g) (mar(—=7)) = 0 and thus 9, 4y(r) = 7. For any Laurent polynomial ¢ € C[N], and
for i,j € Z, we denote by ¢, ; the restriction of ¢ to the subset A(g)N(pm = )N (pr = 7).
Let n := max,ca(s) ©r(v), and note that

r = — :0.
Jnax (v) = na(g) (Tar(—7))

Moreover, we denote v; ; € N to be the element such that ¢, (v; ;) =i and ¢, (v ;) = J.
Thus, we have

(mutd, flin—j = Z Jin—k (gfi)o,,l = Z firx" (Z), (15)
koti—j koti—j p

where | = z - p with

Z = max v) — min v) = — min v), 16
UGA(Q)QDT( ) ’UGA(Q)SDT( ) veA(g)wr( ) ( )

and x"o-t is set to 0 if vg,—; & N, and otherwise it represents the variable corresponding
to vg,—; € N.
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If fis (r, h)-mutable, with A(h) a line segment of lattice length 1, then >, 5 fin—k
is divisible by A" %, and by applying Lemma 4.1, it follows that

> finsx= ()

i€Z

is divisible by h"~*~P. Thus, equation (15) implies that Y, (mut?, f); ,—; is divisible
by k"7, since p < [ and we are summing over k + [ = j. This implies that mut?, f is
Y(m,q)(r) = r-mutable, which is what we wanted to show.

If na(g)(mar(—1)) # 0, we translate A(g) to a polytope A(g) C (mar(m) = 0) satisfying

Nag) (ma(=r)) = 0.

The coefficient of mut?, f in front of YV equals the coefficient of mut?, f in front of x*i,
where w; ; € Nr satisfies @, (w; ;) =i and @s(w; ;) = j with 7 = r 4+ nag) (Tar(—7)) m.
Thus, we conclude that muty, f is 1), g)(r)-mutable.

The converse follows immediately from the above proof, since

mutgm (mUtgn f) =f and w(—m,g) (d’(m,g)(r)) =T
This completes the proof. O

Example 4.6. Let f =1+ 3z + 322 + 23 + 2y + 22y + 9%, g=1+y, r = (0,—1,3), and
m = (—2,0,2). We see that f is both m-mutable and r-mutable, and moreover, mut?, f
is 1 (m,g) (1) = r-mutable, since

mut?, f = (1 4+ )% + (1 + 2)2y(1 + 22) + 32%y? + 623y? + 423y® + 23y*.

f is the first Laurent polynomial presented in Fig. 3, and f; := mut?, f is the second.
Note that in this example z from (16) equals 1. Let h =14« and s = (0,—1,2). Then

mutg fi=1l4+x+2zxy+ 4x2y + 39023/2 + 6;U?’y2 + 4m3y3 + 4:U4y3 + x3y4 + 2x4y4 + x5y4,

which is the third Laurent polynomial presented in Fig. 3. Note that f; is s-mutable and
—m = (2,0, —2)-mutable. mut” f; is indeed Y5 ) (—m) = —m + (nap)(mTar(m))) s =
—m + 2s = (2, —2, 2)-mutable, since

1422+ 322 + 423 +22*

=1+222
L + 22%,

where we set z = xy.
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Fig. 3. The Laurent polynomials f, f1 := muty, f and mut” f;.

5. The tangent space of the deformation functor

The tangent space T% decomposes according to the grading by M Ty =
@D, c5: Tx(—r)) and it has been extensively studied through various convex-geometric
descriptions depending on the polytope defining the affine Gorenstein toric variety (see
[1], [3], [5], and [25]).

Furthermore, results from [16] and [26] indicate that it is often more natural to consider
deformations of the pair (X, 9X) rather than those of X alone. In our case we have

X = SpecC[S] = SpecC[x,u]/Zp and 0X = SpecC[0S] = C[x,u]/(Zp,u).

Since 90X < X is a regular embedding, we can apply the results from [11] to describe
the module T(1X78X). We define A = C[x,u]/Zp and A" := A/(u). To study deformations
of a pair (X,0X), we use the following exact sequence (see, e.g., [11, Equation 11]):

0= Tox = Txjox = Noxjx —= Tixox) = Tx — 0, (17)

where T'y|gx = Derc (A, A) @ A" and Nyx|x = Homy ((u)/(u)?, A').

The following lemma determines which derivations in Ty |9x map to nonzero elements
in Npx|x under the map . This analysis is crucial for computing the dimension of the
module T(lx,ax)-

We denote n = np and 0 = Op. Let s; = (¢;,m(c;)) € Hp (for some i = 1,...,7) be an
element of the Hilbert basis such that the minimum of (c¢;,-) on P is achieved only at
one vertex vp(c;) of P. We fix such ¢ and for every j = 1,...,r we define

n; = Zn(@(ej + ze;) + €;),
z=0

where e; denotes the j-th basis vector of N".
Note that by definition there exists z € N such that n(d(e; + ne;) +e;) = 0 for every
n > z and thus the above sum is finite.
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Lemma 5.1. It holds that

0
ZAﬂg + Tigo E Derc(A, A), where Aj;=mn; xO(eites)yn(eite;)—1

Note that A; is well-defined, since if n(e; +e;) =0, then n; = 0.
Proof. We need to check that D;(fx) € Zp for all fx € Zp. It holds that
Di(xX — x20) 1)) — Z kjij(kl,...,kj_l,kj—1,kj+1,...,kT)
j=1
- Z by Axbrobi=1:bi = Lbisasenbr)ymk) g (1) g, Py O~
j=1

k) _ b _ T b;
where x7*) = x® =[[[_, =,

Without loss of generality, we assume that the minimum of {¢;,-) is achieved at 0 in
P C N,ie. vp(c;) =0 € N. Then by Lemma 3.4 we have

n(0(e; + ze;) +€;) =n(e; + (2 + 1)e;) — n(e; + ze;)

and thus

oo

n;=>_(nle; + (z+1)e;) —nle; + ze;)) =
z2=0

oo

=D ((lej)+(z+ Vmler) = nlej + (= + 1er)) = (neg) + zn(ei) = n(etzes)) )=nle;).

z=0

Thus

Aj = 77(0]’ )xa(ei +ej)yn(eite;)—1

Since D;(fx) is homogeneous, we see that D;(fk) € Zp because

ka (¢) ijn (¢;) | +n(k). (18)

Indeed, the left-hand side (LHS) of (18) is the Z-coordinate of deg(xX) € M=MaZ,
and the right-hand side (RHS) of (18) is the Z-coordinate of

deg(x?My"y e M= M@ 7. O
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As at the end of the proof above, for any homogeneous polynomial g(x,u), we will
denote its degree by deg(g(x,u)) € M.

Proposition 5.2. It holds that T(lx,ax)(_r) = Ty (=r) for all r except for
re€{R"—s|s€d(S), (ps =0)NP is a face of P, which is not a vertez},
for which it holds that dimc T(lx,ax)(_r) =1+ dim¢ T5(—r).

Proof. Let E := (ps = 0) NP be a face of P for some s € 9(P). Let sg be the element of
the Hilbert basis of Sp, such that s3No equals the face spanned by {(v,1) € N | v € E},
and let zg be the corresponding variable (if E = P we have sg = 0 and 2y = 1). We
define

lp :=min{l € N | x* — 2%u' € Tp, where k € N, n € N}.

Clearly [ > 1 and there exists f(x,u) = x* — 237u'® € Tp for some np € N, k € N".
Let us show that there does not exist a derivation

. 0 0
D=2 Mgy, +oeg,
Jj=1
such that D(f(x,u)) € Zp. Indeed, we have

D(x¥) — D(a}P)u'® — lpartule =t & Tp,

by definition of [g.
Thus, the one-dimensional vector space Ny x|x (—(R*—sg)) (generated by the element
u— sg, since Nyx|x = Homas((u)/(u)?, A’)) does not lie in the image of the map

Txjox — Nox|x.
Therefore, we obtain
dime Ty o) (—(R* = sg)) = 1 + dimg Ty (—(R* - 55)).

Finally, by Lemma 5.1, we see that for any other m € M (i.e., m # R* and m #
R* — sg for some face E C P that is not a vertex), we have dimc T(lx 8X)(—m) =
dimc Tk (—m). D

Definition 5.3. Let P be a polygon and let m € M be such that m # kR* for any k € Z.
We say that P is m-mutable if there exists a line segment @ C (mpr(m) = 0) of lattice
length 1 such that (m, Q) is a deformation pair of P.
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Remark 5.4. Equivalently, P is m-mutable if and only if there exists a Laurent polynomial
f with A(f) = P that is m-mutable.

For every edge E = [v,w], let sg be the fundamental generators of the dual cone
chosen such that s3 N o equals the face spanned by (v,1) and (w, 1). We denote

CE = WM(SE) eM (19)

to be the projection of sg to M, i.e. sg = (cg,np(cg)). We call c¢g also the normal vector
of an edge E. The next proposition connects dimension of T(1XP 9Xp) with mutations of
P.

Proposition 5.5. Let P be a polygon, and let m # kR* for any k € N. Then

1 if P is m-mutable and maxyep @m(v) > 1,
0 otherwise.

For any k € N let Iy, denote the number of edges of P that have lattice length greater or
equal to k. It holds that

dime Tl o) (—kR*) = I — 2.

Proof. By [4, Theorem 4.4] it follows that

dime T (—m) = 1 if P is m-mutable and maxy,ecp @om(v) > 2, (20)
0 otherwise,
if m # kR* for any k € N, and
lp,—3 ifk=1
dimc Ty (—kR*) = 21
o Tx(=HRE {lk—2 it > 2, 21

By Proposition 5.2 we conclude the proof. O

Example 5.6. Let P = conv{(0,0), (4,0),(0,5)} and X = Xp. We denote the edges of
P by E = conv{(0,0),(4,0)}, F = conv{(0,0),(0,5)} and G = conv{(4,0),(0,5)}. Let
Z>1 denote the set of positive integers. We have

Tlx ox)(—m) # 0
if and only if m € M; U My, where

Ml = {TLR* — ]{;SE, nR* — kSF | n e {1;273a4}a ke Zzl}’
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My :={bR* —ksp | k€ Z>2} U{R" —ksg | k € Z>1} U{R"}.
If m € M; UMsz we have dimc T(lx,ax)(_m) = 1. Moreover, T% (—m) # 0 if and only if
me M UM\ {R" —sg,R" — sp,R" — s¢, R*}.
6. Mutable deformations of polygons

In this section, we construct multi-parameter deformations of affine Gorenstein toric
varieties associated with polygons, using mutations of Laurent polynomials.

Let Xp be a three-dimensional affine Gorenstein toric variety associated with the
polygon P C Ng. Recall Definition 5.3. We define

E(P) := {m eM | P is m-mutable} .
Additionally, for a Laurent polynomial f € C[N] = C[Z?], we denote
M(f) == {m eM|fis m—mutable} C E(A(S)). (22)

For every m € E(P), we fix a line segment @ of lattice length 1, such that (m,Q) is a
deformation pair of P. We denote P, := P, ). For m,r € £(P), we define

Y(r) = {w(m’@“)’ L (23)

—m, if r =m,

where recall the definition of ¢y, g)(r) from (14).

Lemma 6.1. The map ¢, : E(P) — E(Pn) is a bijection. Moreover, if f is a Laurent
polynomial with A(f) = P that is m-mutable with A(mut?, f) = P,,, then ¥, : M(f) —
M(mut?, f) is also a bijection.

Proof. This follows immediately by definition and Proposition 4.5: the inverse of this
map is ¢Y_,,. O

For m € £(P), we define

mut,, : M — M, mut,,(s) := Em,0)(s) € M, (24)

where recall the definition of &(,, ¢y from (6).
From now on, let {s1,..., s, R*} denote a generating set of the monoid Sp. This set
is not necessarily the Hilbert basis, which is the set of minimal generators.
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Assume also that mut,,(s1), ..., mut,,(s7), R* form a generatmg set of the monoid
Sp, ., which we may assume by Lemma 2.10. We write y* := HJ 1yJ , which is a

monomial of M-degree deg(y*) = Z§=1 k; mut,, (s;).
Let

tp = {tm | m € E(P)}

be the set of deformation parameters, where each t,, = t(,, ) corresponds to a defor-
mation pair (m, @) of P. Let M C £(P) and tyg = {t, | r € M}.

Definition 6.2. Let m € M. We say that Fix(x,u,tpr) is t,,,-mutable if, after making the
substitutions:

e x; is replaced by y;,
o t, is replaced by ty, () for r € E(P), r #m,
e t,, is set to 1,

the resulting expression Fy(y,u twm | r € M,r # m) can be homogenized by t_,, in
such a way that every monomial has M degree Z .1 k; mut,, s;. That is, every monomial
can be multiplied by t', for some i € N to achieve the desired degree. If we can
homogenize

Fi(y,u,ty,, () | 7€ M1 # m)
by t_.,, then we denote its homogenization by
muty,, Fie € Cly, ulllty,, ) | 7 € M]] C Cly, ul[[tp,]].
Lemma 6.3. Let

My = {r € M| mp(r) and mpr(m) are colinear in M = 72, r # m},
My :={r € M| 7p(r) and mpr(m) are not colinear in M = 7,°}.

Fy(x,u,ta) s tm-mutable, if for every monomial

7
k . . b;
a-uf -ty H [74 H ty ij’ (25)
reMi reMs Jj=1
of Fx(x,u,tpr), where k,p,pr,ny,b; € N and a € C, it holds that

k<Y nolkima(s)) + Y no(—nemu(r)) = > pr— Z??Q (bjmar(s;)).  (26)

j=1 reMs reMi
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Proof. This follows immediately by definition. Applying the substitutions in Defini-
tion 6.2 we see that the difference of M-degree deg(x¥) of x* and M-degree deg(y¥)
of y¥ is equal to

deg(y™*) — deg(x Zm (kjm(s;)) | m,

for every k € N7 (in particular it holds for b = (b, ..., b7) € N7). Moreover, we have
deg( H tw (T> —deg< H tf”) = ( Z nQ(—nﬂTM(T))> m
reMs reMs reEMs

and

deg( H tﬁf (r)> deg( H tfr> = - < Z pr>m
reM; reMi reMi

From this the claim follows. O
Example 6.4. We continue with Example 3.10. We have

Fy(x,u,t_p) = Toxeg — uxs — t_p T3,
Foix = x2x4x§ — ux5 - M3l — 2t,mx5u2,
2
Foyra = T4w576 — x5 —t_m@sU, Fyx,4a = T3TaTs — U T5 — t_pT3U.
We are going to show that Fy, Faix, Fox)+a and Fi,+a are t_,,-mutable: replacing

x; by y;, with lattice degree degy; = z; from Example 3.3, and setting ¢_,, to 1, we get
from Fy the term yoys — uys — y3. Homogenizing by ¢, gives us

mut; . Fie = y2y6 — tmUys — Y3 = Y2¥Ys — Y3 — tmUys,

since deg(yQ) = (_17170), deg(yG) = (17070)7 deg(yS) = (07_]—72)7 deg(yg) = (07170)
and deg(t,,) = m = (0,2, —3). In the same way, we see that Fayk, Fyu)+a and Fi, ya
are t_,, mutable, which gives us a relation

mut Fy,4+a =0, (27)

—m —m

Fajx —y?muty_, Fi —umut;_ Fy)4a — muty
since

mut;_, Fatk = Yoyaye — to,uys — ysu — 2t ysu’,

mut,_, Fau)+a = Ya¥s¥e — tm¥s — Ysu,
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mut;_, Fi,1a = Y3Ya¥s — tmUys — y3u.

Note that (27) lifts a relation fayi(y,u) — y*fu(y,u) — fop, (0+a(y,u), where
for, ()+a(¥, 1) = Y3yays — ysu, which is not a coincidence as we will see in (30).

Definition 6.5. We say that (Xp,0Xp) is unobstructed in
tam ={tm |meMCcCEP)}
if there exists a formal deformation
{F(x,u,t) | k € N} (28)

of (Xp,0Xp) over R = C|[tpr]] such that the image of the Kodaira—Spencer map is
isomorphic to €, c 4 T(lxp,axp)(_m) (see e.g. [33, Section 10] for a definition of the
Kodaira—Spencer map).

We will show that (Xp,0Xp) is unobstructed in ta if and only if (Xp, ,0Xp, ) is
unobstructed in {ty, () |7 € M} Ctp,, where m € M.

Since {s1,...,s7, R*} does not necessarily form a Hilbert basis, we can, for every
s € M, choose b = (by,...,bz) € N7 such that

Op Zb SJEM and Op,, (mut,, s) Zb mut,, s;. (29)
j=1

Theorem 6.6. Assume that (Xp,0Xp) is unobstructed intrg = {t, | r € M C E(P)} and
that Fy € C[x,u][[tam]] from (28) is t,,-mutable for some m € M and every k € N”.
Moreover, assume that the restriction of Fy(x,u,ta) to Fx(x,u,0,...,0,t.,0,...,0)
coincides with (12), for every r € M and k € N”. Then, the pair (Xp,,, aXpm) is
unobstructed in {t,, y|r e M}.

Proof. Restricting Fy to t,, € ta(, we obtain, under our assumption, that

nq (k) X)) , ' 4
Fy(x,u,0,...,0,tm,,0,...,0) = xK — Z (77@. )tﬁnxap(sk_m)u””(s“_’m).
i=0 L

By (29) we see that
muty, (Fk(x7u70, oo, 0,t,,0,. .., 0))

_ yk N Z (an )tz%k)—zyap(skzm)unp (skfzm)' (30)
1=0
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Note that (30) provides a lift of

fk = yk — yapvn (k)uan (k)’

since for ¢ = ng(k) in the above sum, we obtain

yOr (sk=ngK)m)y np (sk=nQ(K)m) — yOry, (k)yne, (k)
Moreover, since we have a formal deformation over C[[t r¢]], we know that there exists
Ok (X, u, tar) € Cx, [t ad]],
such that
Rax :=Faix —x*Fx —0ax =0
and that Ra k are lifts of 7, ik (see Proposition 3.2, where r, x was introduced). Thus,
muty,, Faykx = y* mut,, Fx + 0ax, (31)

for some 6, € C[x,ul[[ty,,r) | 7 € M]], since Fyay is t,,-mutable. By (30), we see that

Ra x :=muty,, Fayix —y*mut,, Fx + 0ax
is a lift of

. 7 z K) 7
Tak ‘= faJrk - Xafk - unpm( )fa+8(k)'

Thus, {mut;, Fx | k € N7} is a formal deformation of (Xp,

m )

9Xp,,) over Cl[ty,, () |
r € M]]. We now show that the image of its Kodaira—Spencer map is isomorphic to

B Tx.., oxn, ) (—Um(r)).

reM

Indeed, for each r € M, the Kodaira—Spencer class of the one-parameter deformation
Fk(X,U, 0, cee ,O,twm(r),o, ey 0)

of Xp , spans T(l)(pm,axpm)(_1/’m(r)) C T(lxpmanPm). Let k be such that for all ¢ €
{1,...,7} with k;¢; # 0, the function ¢; achieves its minimal value at the same vertex of
the line segment

Q C (mp(m) = 0), such that (m, Q) is a deformation pair of P.

Then
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muty,, (Fx(x,u,0,...,0,t.,0,...,0)) = Fik(y,u,0,...,0,ty (),0,...,0).

Note that since (29) holds, it follows that there exists at least one such k for which the
deformation parameter ¢, appears in the one-parameter deformation Fx(x,u,0,...,0,t.,
0,...,0). This completes the proof of the claim. O

In the following theorem we will need the following constructions.
Construction 6.7. Assume there exists a formal deformation

{Fk(x,u,tg) | k e NF}

of (Xp,0Xp) over C[[ts]], where ts:={t. |r €S C E(P)}. We are going to construct
a formal deformation {Fy(x,u,ts) | b € N"}; see (35) for the definition of Fy,, and (36)
for the description of the corresponding linear relations.

There exist elements 0a k(X,u,ts) satisfying

0ak(%,1,0) = u" O Fy g0 (3, u,0) = w®) fo g0 (x, ),
and such that the
Rax = Fayx —x*Fx — 0a x
s a linear relation. Consider any term
ax il

appearing in Rax, where @ € C\ {0}, p € N, ,b € N7, and j € NISI. Within F,
consider any term

axiuptfg, (32)

where a € C\ {0}, p € N, i € N7, and j € NIS|. Assume j # 0 (that is, at least one
deformation parameter appears) and that F; # 0. We replace (32) by

a(—F + x Pt
and add the term a&xiup+ﬁtfg+jFi to Ra x to ensure that, even after these replacements,
we still have a linear relation.
Let mp denote the mazimal ideal of R = C|[ts]]. Repeating this procedure, we con-

struct (for any n € N) linear relations

Rax = Faix — X Fx — 0a x,
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where each ﬁb appearing in Ea,k, modulo m'y, contains only terms of the form a’up/xi/tj/,
where a’ € C\ {0}, p’ €N, i € N7, j € NISI, and Fy = 0. Moreover,

Batc(%,1,0) = u O Fy o0 (x,u,0) = w8 fo o0 (x, ),
and 6, x(X, u,ts) contains terms of the form
a,xiu”tfsf'b(x,u,tg), (33)

where a € C\ {0}, p € N, i,b € N7, and j € NISI. We replace xiﬁb(x,u,tg) by
ﬁier(X,u,tS) — 0ib(X,u,ts), whenever i # 0, noting that these two expressions are
indeed equal.

Repeating this procedure, we obtain, for every n € N, a linear relation

Rg,k(xv U, ts) = Fa+k(xv u, tS) - XaFk(Xv U, tS) - O;,k(xv U, tS)a

where oy, \ (x,u,ts) contains, modulo mYy, terms of the form

buF R Fy (x, u, ts), (34)

withb € C, k € N, b € N” and n € NI¥I| and where ﬁb(x,u,ts) satisfies the same
conditions as before. In particular, modulo m, for each b € N”, we have

Fo(x, u,ts) = xP — Z nj(b)tfsxsb*deg(tjs), (35)
jEJHLCNISI

where
Jjo._ Jr
th= [,
resS

and nj(b) € C with no(b) =1, so that Fo(x,u,0) = fip(x,u). Additionally, modulo mhg,
we have

R (x,u,ts) = Farx(x,u,ts) — x*Fi(x, u, ts) — Op 1 (X, U, ts), (36)

where

i np(sk—deg(ts)) I
O/a,k(xa U,tg) = Z nj (k)t“ls‘u p(ox—d g(tS))Fa—i-a(sk—deg(tJ:S))(X’ U,ts),
Jj€Jx

with J(sx — deg(tig)) € N”. In particular, we have 0;7k(x,u,0) = fato) (X, u), which
implies that R;,k(x, u,0) = 75 k(x, u).
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Construction 6.8. Let {s1,...,s7 R*} be a generating set of Sp satisfying (29) and let
G C P be the lattice point 0 € N. The generating set of Sg is

{517" '7‘§7'“';R*}7

where §; = (mar(8:),0). Let z; be the corresponding variables. We are going to deform
¢ = SpecClz]/(fx(z) | k € NT), where

fi(z) = 2" — 22719

with the set of deformation parameters tpg := {t,. |r € M C M}. For every r € M let
Qr C (r=0) be a line segment of lattice length 1.
Fix m € M and write Q := Q,,. We define

My :={re M |r and m are colinear}y, My :={r € M |r and m are not colinear}.

By Lemma 3./ we easily see that the linear relations among

nq (k)
Fi(z,t ) := 25 — 297 (1+ > xt > I @+ xrty)yrer® (37)

reMi reMs

are

nq (k)
Rax(z,tm) = Fajx — x*Fi — <1 + ) Xrtr> IT a+ xS ey, 0
reM; reMs

Thus, we have constructed a deformation {Fi(z,tr) | k € N7} of (Xg,0Xg). Note
that the polytopes Q, are translation equivalent to @ for all r € My. By applying Con-
struction 6.7, we obtain a formal deformation of (Xg,0X¢q) which is tm,-mutable (by
Lemma 6.3) and such that the restriction to C[[t,]] induces the one-parameter deforma-
tion from Corollary 3.9, for all r € M.

Example 6.9. Let
{(_17 0,0), (07 1a 0)7 (17 070)7 (07 —1,0), (17 _170)’ (17 _270)’ R*}

be a generating set of S¢, where G := 0 € N = Z2. Let x(*7) correspond to an element
(4,7,0) in the generating set and let (%9 = 1. Let ¢ and s be deformation parameters
with deg(t) = (1,0,0) and deg(s) = (0,—1,0). Let

2 2
f(—l,o),(l,—2):X(fl’O)X(l’ﬂ)*(X(O’fl)) ; f(0,1),(0,—1),(0,—1):X(0’1) (X(O’71)> —x©=1,

(—1,O)X(0,1)X(1,—2) (0,—1)

s J—1,0),0,-1) = X0y By (0.=1)

J(=1,0),0,1),(1,—2) = X —X
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(O’I)X(O’_l) — X(O’O)»

fo,1),0,-1) = X f=1,0),00,—1) = 0.

The deformation described in (37) is in this case equal to

©,1) (0,-1)\>
Fev0,0,-2) = fl-10),0,-2) = X (X ’ )
and since

Flo,1),00,-1),00,—1) = f(0,1),(0,—1),(0,—-1) — tx (1O 0=

we see that the deformation described in (35) is in our case equal to

FV(—LO),(L—z) = f(=1,0),(1,—2) — sx 0D — sty (T (07D, (38)
Similarly, we can see that

F_10),0,1),01,—2) = f(=1,0),(0,1),(1,—2) — tx (TP O gy (0D (0=1)

(-1,0) (0,—1)

— stx X(O’l)X ,

and thus
_ 2
F_1,0),0,1),(1,-2) = f(=1,0),(0,1),(1,—2) — tx TN O g 2y (F1O) 42 (X(il’o)) .

(39)
We can lift the relation

f(—l,o),(o,l),(l,—2) - X(O’l)f(—1,0),(1,72) - f(o,1),(o,f1),(o,f1)

ﬁ(fl,o),(0,1),(1,72) - X(O’l)ﬁ(fl,o),u,fz) - F(O,l),(O,fl),(O,fl) - Sﬁ(o,l),(o,fl)
- Stﬁ(o71),(—170),(o7—1),

which is a relation described in (36). This is indeed a linear relation by (38), (39), and

since

ﬁ(0,1),(0,71) = f0,1),(0,-1) — tx (10,

and

ﬁ(o,1),(o,f1),(o,f1) = f(0,1),(0,-1),(0,—1) — tx (0D (Z10),
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Theorem 6.10. If Xp is unobstructed in typ = {t, | r € M C E(P)}, then, for every
m € M, there exists a formal deformation {Fx(x,u,tr) | k € N'} of (Xp,0Xp) over
C[[tm]], such that Fix(x,u,t o) is t,-mutable and that the restriction of Fi(x,u,tr) to
F(x,u,0,...,0,t.,0,...,0) coincides with (12), for every r € M and k € N”.

Proof. Since Xp is unobstructed in taq = {t,, | m € M C E(P)}, we have a formal de-
formation {Fi(x,u,tr) | k € N} of (Xp,0Xp) over C|[[tr]], such that the restriction
of Fx to a single deformation parameter t,, (by setting all others to 0) coincides with
(12), for every m € M and k € N”. This argument is standard in formal deformation
theory, using Corollary 3.9 and the implicit function theorem for formal power series,
since the image of the Kodaira—Spencer map of the one-parameter deformation family
from Corollary 3.9 (for t = t,,, m € M) equals T (—deg(ty)) = Ty, (—m) (see, e.g.,
[33, Section 10]).

Without loss of generality, we may assume that M consists only of those elements
r € E(P) such that R* 4+ r ¢ M (at the end, we can replace ¢, by a formal expression
tr+ut,_y+u?t,_o,+- -+ in order to obtain the desired deformation). Fix m € M C £(P),
and let G C P be the lattice point 0 € N.

Let

{31 = (01»7719(01))7~ <y SF = (CF,UP(Cf))vR*}

be a generating set for Sp that satisfies (29), and consider the following generating set
for Sg:

{51 = (c1,0),...,37 = (¢7,0), R"}.

We will show that the deformation of (Xp,0Xp) given by Fi(x, u, t o), whose restriction
to each deformation parameter coincides with (12), induces a deformation of (X¢g, 90X )
that is formally isomorphic to the deformation constructed in Construction 6.8. Com-
paring these two deformations will prove the claim.

In Fx(x,u,tp), we insert x; = u"z;, where n; = np(c;), and denote it by
Fx(z,u,t ). After this insertion,

Fie(x,u,0) = fie(x,u) = x* = xIP (e 9
becomes

uZi=1 T () = i e (zk - zap(k)> :

Let ny := Z;;l k;jn;. For each r € M, define
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where p, € Z is chosen such that deg(T;.) takes value 0 on G. This means that deg(T;.) =
(mar(deg(tr)),0) Thus,

Fk(Z,U,tM)

unk

ﬁk(z,TM) = = fk(z) —o(z,Tm)

induces a formal deformation of (X, 0Xq), where o(z, Trq) € C[z][[Ta]], and
T = {TT | T EM}
Indeed, ﬁk(z, T rq) is obtained from Fy(x,u,taq) by setting u = 1, z; = z;, and ¢, = T,

for everyi=1,...,7 and r € M.
In Construction 6.8 we constructed a formal deformation

{F.(2,T.) | r € M,k e N"}

of (X¢,0X¢) over C[[Ta]] = C[[T | € M]], such that the restriction to C[[T]] is the
one-parameter deformation family of (X¢,0X¢) from Corollary 3.9.

There exists a formal isomorphism ® between this formal deformation and the one
given by

{Fi(2, Tag) | k €N},

such that ® is the identity modulo (T )%, where (T ) denotes the maximal ideal of
C[[T am]]- This holds because the two formal deformations agree to first order.
The map ® acts on coordinates as

@(22) = Z; —l—pi(z,TM),

where p; € C[z][[Tm]], and p; =0 mod (Tpy)? foralli=1,...,7
We observe that p; cannot contain a monomial of the form

= a-TF. H TPr H T”Tsz,

reMi reMs

where a € C \ {0} and k,p,,n,,b; € N, such that the following two conditions are
satisfied:

(i) there does not exist s € Sp such that deg(V) + s = s;, where
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(i) 7
k> no(ma(si) + Y no(—nemar(r)) — > pr— ZWQ(bﬂTM(Sj))-

reMs reM;

Indeed, suppose that such a monomial V' occurs in some p;. Among all pairs (V, p;)
with this property, choose one such that

k+ > prt Y one

reM; reMs

is minimal. Then one can choose a generating set of Sp together with k € N” and n € N
such that

fu = 2z - 20 £ 0,

and with the property that the degree s; (corresponding to x; in the generating set of
Sp) takes the value 0 at (v,1) € N, where v is a vertex of P for which

<deg(‘~/)7 (Uv 1)> > <Si7 ('Ua 1)>

Note that such v € P exists by (i). In this situation, we can easily show that there exists
n € N sufficiently large (and k € N7) such that

O(F) ¢ (F(z, Ta) | k € N7).
Note that condition (ii) is needed to ensure that the monomial V"z; of ®(fi) does not

cancel with ®(V”), where V' is another monomial of Fj, involving some deformation
parameters. The largeness of n guarantees the claim, since otherwise, i.e. if

O(Fy) € (Fk(z, Tam) |k € N7),
we would obtain a contradiction by lattice degree considerations and by the construction

of Fa(z, Tpq) for a € N7
Since every Fy, is T,,-mutable, it follows that our initial deformation of

(XPa 8XP)
is formally isomorphic to a deformation of (Xp,dXp) that is ¢,,-mutable and whose
restriction to the one-parameter deformation over C[[t,]] coincides with the one con-

structed in Corollary 3.9, for every r € M. O

As a corollary we get the following theorem.
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Theorem 6.11. Xp is unobstructed in typ = {tm | m € M C E(P)} if and only if
Xp,, is unobstructed in ty, () = {ty,.r) | 7 € M}. Moreover, the general fibre of the
unobstructed deformation of Xp over C[[tpm]] is isomorphic to the general fibre of the
unobstructed deformation of Xp,, over Cl[ty,  (a)l-

Proof. The first statement follows from Theorems 6.6 and 6.10. The second statement
follows from the construction described in the proofs: we have a family over P!, with the
fibre over 0 equal to the unobstructed deformation of Xp, and the fibre over co equal to
the unobstructed deformation of Xp_. These families are glued over Clty,,t_,,] C P!,
with t_,, =t 1 O

7. Mutation equivalence classes

In this section, we conclude the proof of Theorem 1.1 from the introduction by
studying mutation equivalence classes of Laurent polynomials and their relationship to
unobstructed deformations of affine Gorenstein toric varieties.

Let P be a polygon and f a Laurent polynomial with A(f) = P. For every edge FE of
P and for positive integers n, k € Z>1, we define

mfik .= nR* — ksp € M,

where sgp = (¢g,np(cg)), as given in (19). For a Laurent polynomial f, recall M(f)
from (22). For every edge E of A(f), let

ng :=ng(f) :=max{n € N |ml, € M(f)} €N,
and denote
m? = mP(f) == my, 1 € M(f) C E(A(S)). (40)

We arrange the generators a’ = (v?,1) for i = 1,...,p of ¢ in a cycle with p+ 1 := 1,
such that the vectors d° = v'*! — ¢! orient P counterclockwise. Here, n = p, meaning
that the number of edges of P is equal to the number of vertices. Moreover, for an edge
E = E; = [v*,v""1], we denote

1 i i N
ap = a; = E(E)(“H_a) €N, dp:=d;i:=

1
UE)

(vt = v") = an(ag).  (41)

Recall that ¢(E) denotes the lattice length of an edge E. For a polytope P, we denote
by n(P) the sum of the lattice lengths of all edges of P:

n(P) := > UE). (42)

E; E an edge of P



M. Filip / Advances in Mathematics 487 (2026) 110775 37

For a Laurent polynomial f € C[N] = C[Z?], we denote n(f) := n(A(f)). If f is m-
mutable, we choose g such that f is (m, g)-mutable and A(g) C (m = 0) is a line segment
of lattice length 1.

Note that since all Laurent polynomials in this paper are normalized, g is completely

E

determined by A(g). We define mut,, f := mut?, f. Moreover, if m = m”, we write

mutg f := mut,,s f.
Definition 7.1. For two non-parallel edges E, F' of A(f) with E # F, we define

Yp(F) = P,e(m’), cf. (23),
and

(mutp omutg)f := muty,,p)(mutg f).
Similarly, for multiple mutations, we define
(mutg omuty omutp) f := (muty, (¢) o muty, ) (mute f).
Definition 7.2. We say that two Laurent polynomials are mutation equivalent if the}r\e/
exists a sequence of mutations mapping f to g; more precisely, if there exist m; € M
such that
(muty,, o---omuty,, ) f =g.

Here, f is mi-mutable, mut,,, f is mo-mutable, and so on.

Definition 7.3. We say that a Laurent polynomial f is minimal if every Laurent polyno-
mial h that is mutation equivalent to f satisfies n(h) > n(f).

For simplicity, in the following, we write m(v) := @,,(v) for the value of an affine
function ¢, at v € N. Moreover, we define the distance between a,b € N in the direction
of c € M to be |{c,a) — (¢, b)|.

The following proofs of Proposition 7.4 and Theorem 7.5 introduce a substantial
amount of notation, and we refer the reader to Example 7.6 for further clarification.

Proposition 7.4. Let f € C[N] = C[Z?] be a minimal Laurent polynomial with P = A(f),
and let E C (y = —ng) be a horizontal edge of P such that

ng = max{ny | H is an edge of P}. (43)

Additionally, assume that there is a vertical edge F C (x = np) of P, and in particular,
this means that m¥(0,0) = m*(0,0) = 0. Assume that (0, —ng) € E and also that among
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the points of P with maximal y-coordinate, there exists at least one with a non-negative
x-coordinate. Then (0,0) € P and if there exists an edge G such that m©(0,0) > 0, then
it must be that dg = —(1,b) for some b € N.

Proof. That (0,0) € P follows immediately by the assumptions (note that f is minimal),
since

(Ia h)7 (—TLF,Z-/) S
for some z € [0,nr| and some y > —ng, and
h:=max{y | (z,y) € P} > ng.

Let G be an edge with m©(0,0) > 0. Define f; := mutg f and P; := A(f;). We choose
the mutation muty f (meaning we choose g such that fi = mutp f = mut? . f) in such
a way that the edge E remains an edge of P;. Furthermore, we choose the mutation
mutg fi such that the horizontal edge of P; lying on the line (x = @) with

W :=min{z | (z,y) € P} =min{z | (z,y) € P} € Z, (44)

remains an edge of A(mutg f1). Note that, by minimality of f, the lattice length of this
edge is > np.
We denote by G the edge of P; on which v,,»(m®) achieves its maximum. We define

n:=max{y | (0,y) € P} = max{y | (0,y) € P1} > 0.

Let dg = —(a,b), where a,b € Z. Since f is minimal, and (—ng,0) € E, and (43)
holds, and given that among the points of P with maximal y-coordinate, there exists
at least one with a non-negative z-coordinate, it follows immediately that m(0,0) < 0
unless both a,b > 0.

We distinguish the following two cases:

CASE 1: Let b > a > 2. We have

n(mutp(f)) < n(f) — np +ng + T“w +n. (45)

Indeed, the edge of P lying on the line (z = ng) has length ¢(F) — ng, and the edge of
Py lying on the line (z = @) has length smaller than

a
ng + —w +n,
a

since the line y = l’jTaa: + n has the same slope as the line passing through G, and we
have
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UG) =UG) = ng, —ng=min{y|(z,y) € P},
from which the inequality follows. We observe that
b—a
n((mutg omutp)f) < n(mutp f) —ng + — " +n,
since the highest y-coordinate of P; satisfies
b—a
max{y | (z,y) € P} < — + n.
By our assumption, we must have

n((mutg omutp)f) > n(f).
From (45) and (46), we obtain

h—
n((mutg omutp)f) < (n(f) —np+ng+ Tau?—i—n) —ng+
Simplifying the right-hand side, we get
b—a, _
n((mutgp omutr)f) < n(f) + 2n + T(w +np) —ng.

Thus by (47) we get

which leads to

> ang + (b—a)(—w — np).

2
On the other hand, we observe that
—wEnE > (G) > an,
a

a
ng + n.

39

(47)

(48)

where the latter inequality follows from the fact that m%(0,0) > 0. Thus, using (50), we

obtain

—wW+np _ anp+ (b—a)(—w —ng)
a ~ 2

Since b > a > 2, this leads to a contradiction.
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CASE 2: Let a > b. In this case, we have

n+-—-nrgp>ng,
a

since the highest y-coordinate of P satisfies

max{y | (z,y) € P} <n+ gnp.
Thus, we deduce that
an > ang —bng > ng,
which is a contradiction since ng > an > ng, where the first inequality follows from
m%(0,0) > 0.

Thus we conclude the proof. 0O

Theorem 7.5. Any Laurent polynomial f € C[N] = C[Z?] is mutation equivalent to a
Laurent polynomial g such that there exists a lattice point v € A(g) such that m(v) <0
for every m € M(g).

Proof. It is enough to prove that one of the following holds:

(1) For a Laurent polynomial f, there exists a lattice point v € P := A(f) such that
m(v) <0 for all m € M(f).

(2) The Laurent polynomial f is not minimal, meaning that there exists a Laurent
polynomial i that is mutation equivalent to f and satisfies n(h) < n(f).

Note that if A(g) is only a lattice point v, then clearly m(v) < 0 for all m € M(g).
Assume that (1) and (2) do not hold. We pick an edge E of P such that

ngp = max{ng | F is an edge of P},

and without loss of generality, we assume that £ = [(0,0), (¢(E),0)]. We write the
coordinates as (r,y) € Nr = R2. Let us define the height h of P to be the maximal
y-coordinate in P:

h:=max{y € N | (z,y) € P}. (51)
By our assumption, we have h > 2ng, since otherwise, we would have

n(mutg(f)) <n(f).

Let us define
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xo :=min{k € Z | (k,h) € P}. (52)

We can assume that 0 < z9 < h, since otherwise there exists a GLg(Z)-map that

preserves E and maps xg to the desired interval. Note that affine equivalence of Newton

polygons induces an isomorphism of Laurent polynomials with the same coefficients.
CASE 1: Let 0 < 29 < ¢(E), and denote the lattice point

A:=(x9,ng) € P.
By the definition of ng (and since h > 2ng by assumption), we immediately see that
mf(A) <0 if dp & {+(1,0),£(0,1)},

since the distance between A and any other point lying on a non-vertical edge is > ng,
which implies the presence of a vertical edge F (i.e., dp = +(0,1)).

Thus, modulo an affine equivalence, we are in the setting of Proposition 7.4 and we
also use the same notation: (0,0) € P = A(f), E C (y = —ng) is a horizontal edge
of P, and F C (r = np) is a vertical edge. Moreover, there exists an edge G’ with
dgr = —(1,0'), ¥ € N, such that m& (0,0) > 0. For every such edge G/, we denote

2o = max{z | m% (z,0) > 0},

and let G, with dg = —(1,b), be an edge with the maximal z¢.

Recall the definitions of h and z( from (51) and (52), respectively. In this case, we
have (z9,—ng) € E C P, and this is the main distinction with the Case 2 that we will
consider later.

If m*(x0,0) > 0 for some edge H, then H must either be equal to F or parallel to
F, otherwise this would contradict the definition of ng. Next, define

f1 = mutp f,

and denote by Gy the edge of P, := A(f;) on which ¢,,»(m%) achieves its maximum.
Define

hi :=max{y € N | (z,y) € P}, z1:=min{x € Z| (z,h1) € P1}.

We assume that neither (1) nor (2) holds for f, and we will demonstrate that this
leads to a contradiction by considering several possible cases. We choose mutr f and
(mutg omutp) f as in the proof of Proposition 7.4. Note that 21 < xo, since dg = —(1,b),
b>1.

Case a: b = 1, meaning dg = —(1,1).

In this case, P, has two parallel edges, £ and G;. Since m©1(0,0) > 0, m¥(0,0) = 0,
and f; is both m& -mutable and m®-mutable, we conclude that f; is decomposable:
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f1 = g1h, where A(h) is a horizontal line segment and ¢; is in a mutation equivalence
class of f1 (and f). Thus, we obtain

n(mutz g1) < n(f),

where F is the vertical edge of P; with minimal z-coordinate. This is a contradiction.

Case b: b > 2, which means dg = —(1,b).

We now distinguish the following subcases:

(1)

There exists a lattice point A; = (z,0) € N = Z2, with z € [0, z1] (meaning that we
also assume that x; > 0), such that m1(A;) < 0 and m(A;) < 0, where F} is an
edge of P; lying on the line (x = np) (noting that the edge F of P lies on the same
line and that this case also includes the case when F} is just a point). In this case,
by the assumptions, there must exist an edge H of P;, with dg € N = Z? lying in
the second quadrant (i.e. the first coordinate of dj is negative and the second one
is positive), such that m* (A;) > 0. Thus,

n((mutg omutp)f) < n(f) + (—np +ng) —ng + h1 <n(f), (53)

since mf(A;) > 0 and thus hy < np, which implies that n(mutp f) < n(f) +
(—np + ng). Indeed, this holds since max{y | (w,y) € P} < 0, where recall @
from (44), which holds because there is a point (x1,h1) € P, with by < np and
de, = —(1,b—1) and thus the claim follows because & < —np and x; > 0.

It holds that m%1(z1,0) > 0. In this case, we have

n((mutg omutg omutp)f) < n(f)+(—nr+ng)+(—ng+ng)+(—ng+nr) < n(f).

(54)
Indeed, since m&1 (x1,0) > 0, we see that
n((mutg omutp)f) < n(f)+ (—nrp+ng+h1 — (b—1)ng) —ng + hy,

since max{y | (@,y) € Pi} < —ng +ng +h1 — (b —1)np, where recall w from (44).
This implies that —bng + 2hy > 0, since otherwise we obtain a contradiction. Since

also hy < 2% (because m© (z1,0) > 0 with dg, = —(1,b— 1)), we obtain
2n
g 2 20 > by
and thus
b(b—1
ng > 0=, (55)
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We have hy +np > h =max{y € N | (z,y) € P} > ng, and thus
ng Z ng — hl.

Inserting this into (55) gives us

b(b—1 —h
ng > ( )(:E ) (56)
We know that hy < 324 and thus —h; > —*%. Inserting this into (56) gives us that
2ng +bng > bb—)ng

and thus b < 2, since otherwise ng > ng, which is a contradiction. Thus b = 2,
dg, = —(1,1) and then

n((mutg omutp)f) < n(f) + (—np +ng) + (—ng + ng).

When we additionally mutate by mutg, we need to add —ng + np, since the maxi-
mum distance between a point on GG; and a point on Pj, in the direction of c¢q,, is
achieved at the point (ng,0) and it is smaller than ng + np. Thus we proved (54).
Otherwise, we set fo := mutp, f1 with P, = A(f3) and proceed as in the previous
step. If b = 2, we conclude the proof as in Case la. If b > 3, we distinguish two
possibilities:

« if there exists a lattice point A = (z,0) with z € [0, z5], where

he :=max{y € Z | (x,y) € P2}, a2 =min{z € Z | (z,hs2) € P2},

such that m2(Ay) < 0 (where Gy is an edge of P, on which 1, (m©1) achieves
its maximum) and mf2(A43) < 0 (where F; is an edge of P, lying on the line
(x = np)), then we conclude as in the case (1) above: there exists an edge H of
Py, with dy lying in the second quadrant, such that m* (A4s) > 0. This yields

n((mutg omutp, ) f1) < n(f) + (—np —np, +ng) —ng + ha < n(f).

Here, mutp, f1 is chosen such that the edge F is the same for both A(f;) and

A(mutpl fl)
e It holds that m©2(z4,0) > 0, where we conclude as in the case (2) above: let us
denote f := (muty, omutp)f. We see that

n((mutp, omutp)f) < n(f) + (—nrp —npr, + ng), (57)

where note that the edge F is the same for f and f . Moreover, we choose mutg f
such that the edge G is the same for A(f) and A(mutg f). In the same way as
we prove (54), we also prove that
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n((mutg, omutE)f) <n(f)+ (—ng +ng) + (—ng +nr) < n(f),

which is a contradiction. In the last inequality we used (57) and the fact that
ng = nNag,-
We continue this procedure, noting that it eventually terminates, since Gy is a hor-
izontal line.

CASE 2: Let ¢(E) < g < h, and denote the lattice point
B:=({(E),ng) € P.
It is straightforward to verify that
m"(B) <0 if dp ¢ {£(0,1),—(1,1)}. (58)

To prove (58), we need to analyze the cases b > a > 0 and a > b > 0, as the remaining
cases follow immediately.
First, assume that dp = —(a,b) with b > a > 0. We see that

mF(B) <np—(l(E),ng),(b,—a)) <np —ng <0,

where the first inequality is obtained by computing the distance between (0,0) and B
in the direction of ¢y = (b, —a), and the second inequality follows because b > a and
If a > b > 0, we consider the point B := (9, h) € P. We see that

m"(B) < np — (B - B, (b,—a))

by computing the distance between B and B in the direction of c¢p = (b, —a). Since
B—-B= —(b1, b2) with by < be and by > ng, we obtain

mF(B)SnF—nESO.

Thus, modulo an affine equivalence, we are in the setting of Proposition 7.4 and use
the same notation: (0,0) € P = A(f), E C (y = —ng) is a horizontal edge of P, and
F C (x =np) is a vertical edge. We have (0, —ng) € E and there exists an edge G with
m%(0,0) > 0 and dg = —(1,b), b € N, that has maximal zg as in Case 1. We also use
the same notation for F; and P;, where P; is the Newton polytope of mutg f, and Fj is
the edge of P; lying on the line (x = ng). In particular, we will also use the same choice
of composition of mutations as in Case 1.

If b = 1, we conclude as in Case la. Thus, we assume b > 2.

Let h and z( be as in (52) and (51), respectively. We define

zg =max{z | (z,y) € E} € N.
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Let (xg + zp, h1) be a point of P; with maximal y-coordinate, where x;, is chosen
minimally such that this holds. If z; < 0, we are in the setting of Case 1, since then
(xo,—ng) € E C P. Thus, let 2, > 0 and we distinguish the following cases:

(1) There exists a lattice point (#1,0) € Py, with &1 € [0,25 + z3], m©(%1,0) < 0 and
m¥1(%;,0) < 0. We choose 7 to be minimal with this property.
i) If #; > 2, then in particular, m“1(zg,0) > 0, which implies that dg = —(1,2)
(i.e., b = 2). The maximal y-coordinate of P; N (z = xg) is then < ng, giving

n(mutp f) =n(f1) < n(f) + (—nr + ng),

since b = 2 and thus the maximal y-coordinate of P, N (x = zp — ¢(E)) is
< —ng+ng, where note that dg, = —(1,1), from which we see that hy < ng+xj,.
Thus

n((mutg omutp)f) < n(f) + (—nr + ng) + (—ng + ng + =n),

and

n((mutg o mutg omutg) f) <

n(f)+ (—nr +ng) + (—mg +ng + ) + (—ng + np — g — zp) < n(f),

(59)

a contradiction.
ii) #; < xp. In this case, there exists an edge H of P; such that m*(#1,0) > 0 with
dg lying in the second quadrant. Thus h; < ng and it holds that

n((mutg omutp)f) < n(f) + (—nr +ng) + (—ng + h1) < n(f),

as in (53), which is a contradiction.
(2) m%(zg + x1,0) > 0. We have

n((mutg omutg omutp) f) <

n(f) + (—nr +ng) + (—ng +ng) + (—ng +nr) = n(f), (60)

a contradiction.

(3) If the lattice point (Z1,0) € Py with m®(%;,0) < 0 and mf1(%;,0) < 0 does not exist
for #; € [0,zg], and m© (zg + x5,0) < 0, then we define f, := mutp, f; and we
repeat the above procedure. As in the Case 1, we see that this procedure eventually
terminates since (G is a horizontal line. 0O
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Fig. 4. Newton polytopes of g1, g2, mutr g2 and (mutg o mutg)gs.

Example 7.6. The first polygon in Fig. 4 is the Newton polytope of a Laurent polynomial
g1 that we now describe. The red dot denotes the origin (0, 0). Let the edges be defined as
E = conv{(-2,-3),(1,-3)}, F = conv{(2,—2),(2,4)}, and G = conv{(—2, —-2),(2,4)}.
Assume that g, is m? = mgl-mutable, mt = m{l—mutable, and m@ = mgl—mutable.
We see that dg = —(2,3) and m©(0,0) = 0, which is consistent with Proposition 7.4.
The second polygon in Fig. 4 is the Newton polytope of a Laurent polynomial go, with

E = conv{(-2,-3),(1,-3)}, F = conv{(2,-2),(2,0)}, and G = conv{(-2,-3),(1,3)}.

Assume that g, is m” = mf,-mutable and m* = mf-mutable. Thus np = 3 and
ngp = 2 and we are in Case 1 part of the proof of Theorem 7.5 since (zg,—ng) =

(1,—3) € E. The Newton polytope of the Laurent polynomial mutg g is the third
polytope presented in Fig. 4. If g, is additionally m& = mgl—mutable, then the lattice
point v = (1,0) € A(mutp g2) satisfies m(v) < 0 for all m € M(mutp g2). In this case
21 =1, hy = 2 and we are in Case 1b(1) part of the proof.

If go is additionally m@ = mgl—mutable, then we are in both Case 1b(2) and Case

1b(3) part of the proof. We have
n((mutpomutr)gs) =n(gz) — 1
and
n((mutg o mutg omuty)ge) = n(ga) — 4.

The last polytope in Fig. 4 is A((mutg o mutg)(gz2)).
The first polygon in Fig. 5 is the Newton polytope of a Laurent polynomial f that we
now describe. Let

E= COHV{(*Qv *3)7 (la 73)}3 F= COIlV{(2, 72)3 (27 5)}a

and G = conv{(—2,—-3),(2,5)}. Assume that f is m” = mg,-mutable and m* =mf -
mutable. Thus ng = 3, np = 2. We are in Case 2 of the proof of Theorem 7.5, since
(.’L’o, —nE) = (2, —3) g E.

The Newton polytope of fi = mutp f is the second polygon in Fig. 5. Using the
notation of the proof of Theorem 7.5, F is the edge of A(f;) lying on the line (z = 2).
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Fig. 5. Newton polytopes of f, f1 and fa.

Moreover, g = 1, z;, = 1 and h; = 3. If mf = mffl and m& = mgl, then the point

(1,0) € P, = A(f1) satisfies m(1,0) = ¢, (1,0) < 0 for all m € M(fy), in particular, we

= mJY and m€ = mg,, then we are

are in Case 2(1) part of the proof with Z = 1. If m
in Case 2(3) and the third polygon in Fig. 5 is the Newton polytope of fo = mutp, fi.
Clearly, f» is decomposable, as it is both m& = mg’: 2_mutable and m”-mutable, where

G2 = conv{(—2,1),(2,1)}. Finally, we see that n(mutg f2) = n(f) — 2.

Theorem 7.7. For every Laurent polynomial f € C[N] = C[Z?], the pair

(Xa(), 0Xa(s)
is unobstructed in {t,, | m € M(f)}.

Proof. By Theorem 7.5 we know that any Laurent polynomial f € C[N] = C[Z?] is
mutable to a Laurent polynomial g for which there exists a lattice point v € A(g)
such that m(v) < 0 for all m € M(g). By [5, Corollary 5.4], using that T)Q(A(g) =

2
T(XA(9>,6XA<9))7 we see that

T(2XA<9),8XA(9>) ( - Z kmm) =0, forevery k,, € N. (61)
meM(g)

Thus, (Xa(g), 0Xa(g)) is unobstructed in {t,, | m € M(g)}. By Theorems 6.6, 6.10, and
Lemma 6.1, it follows that (Xa(f), 0Xa(s)) is unobstructed in

{tm [ m e M(f)},

since g can be reached from f by finitely many mutations. Hence, we can choose a gen-
erating set of Sa(y) such that, after each mutation, the resulting generating set satisfies
(29). O

Definition 7.8. We say that a Laurent polynomial is mazimally mutable if there does not
exist a Laurent polynomial g with M(f) G M(g).
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Fig. 6. O-mutable Laurent polynomials.

Definition 7.9. If f is mutation equivalent to a Laurent polynomial g with A(g) a point,
we say that f is O-mutable.

Remark 7.10. The notion that f is O-mutable was introduced in [16]. Note that Theo-
rem 7.5 in particular reproves that f is rigid maximally mutable (see [16, Definition 3.3])
if and only if f is O-mutable (see [16, Theorem 3.5]), using only convex geometry tools.
Indeed, 0-mutability implies rigid maximal mutability by induction. Conversely, if f is
rigid maximally mutable, then condition (1) at the beginning of the proof of Theorem 7.5
cannot occur. Hence condition (2) must hold, and this implies that f is O-mutable.

Example 7.11. In Fig. 6 we presented all three possible 0-mutable Laurent polynomials

that have Newton polytope equal to P = conv{(0,0), (4,0),(0,5)} and in Fig. 7 we
presented maximally mutable Laurent polynomial

f=0+z)*+y(5—152% — 102®) + y*(10 — 122 — 222?) + 3*(10 — 8x) + 5y* + 7,
that is not O-mutable and A(f) = P. The Laurent polynomial f is m; := (0,—1,3)-

mutable and mg := (—2,0,4)-mutable and clearly it does not exist m € M \ M(f) and
a Laurent polynomial h such that

{m1, ma,m} C M(h).

For g1 = 1+ z it holds that f; := mut?! f is the second Laurent polynomial in Fig. 7.
Finally, for go = 1 + y we have that

for=mutd? fi=1+z+y— 122y + xy? + 2z 4 22y°,
which is the last Laurent polynomial presented in Fig. 7. This Laurent polynomial sat-

isfies the property (1) of Theorem 7.5: indeed, the lattice point (1,1) that correspond to
xy has the desired property.
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Fig. 7. Maximally mutable Laurent polynomial and its two mutations.

From Theorem 7.7, we thus obtain the following flat map:

Tam(f)  Spec Raq(py — Spec Cl[ty, | m € M(f)]], (62)

where Raq(py = Clx,ul[[tap))]l/ (Fk(x,u,trq(p)) | k € N7), 7710) = Xa(y), and the
restriction to C[[t,,]] coincides with the deformation

Spec C[x, u, ty]/(Fic (X, u, tm) | k € N7) = Spec C|[[t,]], (63)
from Corollary 3.9.

Theorem 7.12. The general fibre of the unobstructed deformation maqp) of Xacy) is
smooth if and only if f is O-mutable.

Proof. If f is O-mutable, then the general fibre is smooth by Theorems 6.11 and 7.7.

In the other direction, by the same theorems, we need to show that the general fibre
of the unobstructed deformation of X, over C[[t,, | m € M(g)]] is singular, where g
is such that there exists a lattice point v € G := A(g) satisfying m(v) < 0,for all m €
M(g). Let Hg := {s1,...,87 R*} be a generating set of S¢, and choose

hl, hy € HG
such that for any other element h € {s1,...,s7}, with h # h;, i = 1,2, it holds that
h(v) > k := max{hi(v), ha(v)}.

For any equation Fy, we observe that it is not possible to have a monomial of the
form zT, x2T, or uT', where

T=a- H tom

meM(g)
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is a product of deformation parameters for some n,, € N, and where z; corresponds
to h; for i = 1,2, and a € C. Indeed, this is not possible due to degree considerations,
since sk (v) > k and every deformation parameter t,, has a non-positive value on v, i.e.,
m(v) <0. O

For every m € £(P), we choose a line segment ) C (m = 0) of lattice length 1 and
denote by Py, := F(,, @) the mutation polytope. Moreover, we define

mut,,, © Muty,, (P) := mut,,, Pn, = (Pmy )m.,
and similarly for
mut,,,, oo mut,,, (P).

We write (P, M) ~ (P, M) if there exist m; € M; for i = 1,...,n, where M; :=
U, (M;—1) with Mg := M, such that

mut,,, ©---omuty,, (P)=P and M, =M.

Lemma 7.13. If (P, M) ~ (P, M), such that P is not m-mutable for some m € M. Then
Xp is not unobstructed in {t,, | m € M}.

Proof. This follows immediately from Theorem 6.11. 0O

As a corollary we get the following theorem.

Theorem 7.14. If f is mazimally mutable and M is such that M(f) G M C E(A(f)),
then Xa(y) is not unobstructed in {t,, | m € M}.

Proof. Let f be maximally mutable and m € M := M(f) U {r} for some r € E(A(f)) \
M(f). From the proof of Theorem 7.5, we easily see that (A(f), M) ~ (P, M), such
that one of the following holds:

(1) there exists m € M such that P is not m-mutable;
(2) there exists a lattice point v € P such that m(v) < 0 for all m € M.

We will show that (2) is not possible by proving that M C M(g), for some Laurent
polynomial g with A(g) = P, which contradicts the assumption that f is maximally
mutable. If such a point v exists, we can subdivide P into triangles

Tr = conv{v, F | E is an edge of P}.

For every edge E of P, we can clearly choose values at the lattice points on T, which

yields a Laurent polynomial g with A(g) = P that is mfﬁ -mutable for every m,ﬁ L € M.
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Note that there is no issue in choosing values on the intersection T NTE for two edges E
and F' with nontrivial intersection, and thus we have constructed a Laurent polynomial
g with A(g) = P that is m-mutable for every m € M. O

Thus, we conclude the proof of Theorem 1.1 from the introduction.
8. The miniversal components

Let X = Xp be three-dimensional affine Gorenstein toric variety. Proposition 5.5
implies that

Tixox) = EB Tlx ox)(—kR") EB Tlx ox)(—m),
keN meT

where dime Ty ) (—m) =1, if
meT ={me M | if P is m-mutable and max ©m(v) > 1}
v

In [26], we analysed deformations induced by the elements of

D Tixox)(—kR").
kEN

These deformations are related to Minkowski decompositions of P, as we will recall
below. On the other hand, by Theorem 1.1, we see that the deformations induced by the
elements of @, .1
we show how to combine these two types of deformations.

T(lX 5 X)(—m) are connected to Laurent polynomials. In this section,

8.1. The Cayley cone

Let us fix a Minkowski decomposition P = P; + --- + P, and let ¢ be the cone over
the Cayley polytope Py * - - - x P,,. More precisely, o is generated by

{(Pl,el),(Pg,eg),...,(Pm,em)} C (N@Zm)]R7 (64)

where e, ..., e, is the standard basis of Z™ and (P;,¢;) := {(a,e;) | a € P;}.
For i € {1,...,m} and ¢ € Mg, we choose a vertex v(c); of P; where (c,-) achieves
its minimum. As we defined 7n(c) for ¢ € M in Definition 2.1, we now define

ni(c) = —iréilg(v,@ = —(v(c);,c) € Z.

The generators of
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Seay :=0"N(M®Z™)
are given by

(617771(61)7 e ~a77m(61)), vy (CT’nl(CT)a s ,nm(cr))a (0761)7 B (07em) EM®o® va

where ¢, ...,¢, are as in (1). For k € N”, we define
Fi(x,2) := x¥ — x9®) H Z?i(k) €Cx,2z] :==Clz1,...,&r, 21, Zm)- (65)
i=1
Clearly,

Zm(C) = 1(c).

After substituting z; with v + Z; in Fx(x,z) (for ¢ = 1,...,m) and denoting the
resulting polynomial by Fy(x,u,Z), we obtain a flat map

7 Xpwup,, = SpecCx,u, Z]/(Fx(x,u,Z) | k € N") — Spec C[[Z]], (66)

with fibre over 0 equal to X, hence 7 is a deformation of X. Indeed, we can immediately
verify that (66) defines a flat map by introducing the relations

Ra,k(x7 u, Z) = a+k(xa u, Z) - XaFk(X7 u, Z) - H Zim(k)Fa-‘ra(k) (Xa u, Z)7
=1

and observing that replacing z; with u + Z; lifts r, k.

Let 7 := (r,r1,...,7m) € M @ Z™. If a Laurent polynomial f is decomposable, say
f=/fi-+ fm, where f; € C[N], then we say that f is (r,71,...,7m)-mutable if each f; is
(r,r;)-mutable for all i = 1,... m. In this case we have a one-parameter deformation of
affine Gorenstein toric variety Xa(f,)s...xA(f,.)» given by a deformation pair (7, @), where
Q C (r=0)N N is a line segment of lattice length 1. The corresponding deformation
parameter we denote by t;.

Proposition 8.1. Let f = f1--- fim be 0-mutable Laurent polynomial. There exists a formal
deformation {Fi(x,2,t) | k € N"} of XA(f)sxa(f,) OVEr

Cllteryr,rmy | fis (ryr1, .. 7m)-mutablel].

Proof. Let f be the Laurent polynomial with A(f) = A(fy) * --- % A(fn), where the
coefficients on A(f;) are given by f;.
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Because f is O-mutable, we can mutate f via mutations coming from
(ryr1y..o,rm) E M ®Z™
to obtain g, where A(g) corresponds to some lattice point
(nyn1,...,nm) €E NOZ™.
Moreover, X3 is unobstructed in
{tr |7 =(ryr1,...,rm) EM®Z™, ((r,7;),(n,n;)) =0 for every i = 1,...,m}.

We conclude the proof using the same techniques as in the proofs of Theorems 6.6 and
6.10. O

Note that if f = fi-+- f is (r,71,...,7)-mutable, then f is (r, Y .-, r;)-mutable
in the usual sense, i.e. in the sense of Definition 4.2. Conversely, if f is (r, p)-mutable
with (r,p) € M @ Z, then there exists p1,...,pm € Z, with Y., p; = p, such that f is
(r,p1,...,pm)-mutable and f; is (r, p;)-mutable.

Corollary 8.2. Let f = f1 -+ fim be O-mutable Laurent polynomial. There exists a formal
deformation of Xa(y) over C[[Z,t(som oy | [ is (1,71, 7m)-mutable]].

Proof. Let {Fi(x,2,t) | k € N"} be the formal deformation of Xa(f)s..xa(f,) cOn-
structed in Proposition 8.1. After substituting z; with Z; + u and ¢, ., . with
t(ry>m  r;)» We easily see that we obtain a formal deformation of XAy over

CllZ,t(psom vy | fis (71, .., 7m)-mutable]] = C[[Z,ts | s € M(f)]]. O

Remark 8.3. Note that the assumption that f = f1--- f;, is O-mutable is crucial in the
construction. This can be generalised to the case where one of the f;, fori =1,...,m, is
arbitrary, and the others are 0-mutable. We do not know how to prove that there exists
a formal deformation of Xa(f,)«...xa(s,,) OVer

Cllttrry,irmy | [ I8 (7,71, .., 7 )-mutable]],

without assuming the above conditions on f, even though we believe the statement
should hold.

Definition 8.4. We say that two maximally mutable irreducible Laurent polynomials f
and g are deformation equivalent if M(f) = M(g). More generally, two maximally
mutable Laurent polynomials f and g are deformation equivalent if they decompose as
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n n
f:Hf“ g:Hgia
=1 i=1

where each f; and g; are irreducible, and f; is deformation equivalent to g; for all ¢ =
1,...,n.

Remark 8.5. If we have a deformation problem controlled by a differential graded Lie al-
gebra g with dimc H!(g),dimc H?(g) < oo, the solution of the Maurer-Cartan equation
gives us a miniversal base space of the form Spec C[[t]]/], where t is a basis of H'(g)
(see [43, Section 2] in an even more general case of L, algebra, [44] or [45, Section 8]).
The deformations of X = Xp are controlled by the differential graded Lie algebra com-
ing from the cotangent complex, which is quasi-isomorphic to the Harrison differential
graded Lie algebra g (see [38], [25]). We have H!(g) = T, which is not finite dimensional
and H?(g) = T%, which is finite dimensional. We conjecture that in our case the solution
of the Maurer-Cartan equation is also of the form

Spec C[[T])/Z, (67)
where T is a basis of T} and Z is finitely generated involving only finitely many variables.
The results of this paper, together with those of [26], suggest the following conjecture.

Conjecture 8.6. There exists a canonical bijective correspondence k: B — A, where A
is the set of components of the miniversal deformation space of the three-dimensional
affine toric Gorenstein pair (X,0X), with X = Xp and B is the set of deformation
equivalence classes of mazimally mutable Laurent polynomials that have Newton polygon
equal to P. Moreover, the deformation component is a smoothing component if and only
if it corresponds to a 0-mutable Laurent polynomial.

8.2. Application to deformation of Fano toric varieties

We conclude by discussing implications of our results for constructing Fano manifolds
with very ample anticanonical bundles. Let f be a Laurent polynomial such that A(f)
is a reflexive polytope. Consider the Gorenstein toric Fano variety Y () associated with
the spanning fan of A(f). The affine Gorenstein toric variety Xxy) is the affine cone over
YAa(y), and thus their deformation theories are connected by a comparison theorem (see,
e.g., [35] or [21, Section 2]). The polytope A(f) has only one interior lattice point, and
we say that f is projectively (m, g)-mutable if it is (m, g)-mutable and the affine function
©m takes value 0 at the interior lattice point of P. If f is projectively (m,g)-mutable,
then by the comparison theorem, we get a one-parameter deformation of the projective
variety Ya(s), and we denote its parameter by f(m’g).
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If fis (m,g)-mutable, we denote by t,, 4 the parameter corresponding to the one-
parameter deformation of X sy determined by the deformation pair (m, A(g)). For any
Laurent polynomial f, we define the sets of deformation parameters:

ty = {t(m,g) | f is (m, g)-mutable},
t = {t(m, | f is projectively (m, g)-mutable}.

We hope that the results of this paper can be extended to show that any Laurent
polynomial f gives rise to a deformation of Xa(s) over C[[ty]], and a deformation of
Ya(s) over C[[ts]], whose general fibre is a Fano manifold with a very ample anticanonical
bundle.
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