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Abstract
We present the class of semi-admissible subsets of an open Riemann surface on which
Carleman approximation by non-critical holomorphic functions is possible. In partic-
ular we characterize closed sets with empty interior on which continuous functions
can be approximated by non-critical holomorphic ones. We also consider a different
approach, which in some cases gives uniform approximation by non-critical holomor-
phic functions on more general sets than semi-admissible ones.
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1 Introduction

Carleman’s approximation theorem states that for any complex-valued continuous
function f : R → C and any continuous positive-valued function ε : R → (0,∞),
there exists an entire function F : C → C such that |F(x) − f (x)| < ε(x) holds for
every x ∈ R. This result was proven by T. Carleman in [3]. The distinguishing feature
of Carleman approximation is that ε is a function, thus the difference between the
original function f and the approximating function F can be controlled pointwise. In
particular, the difference can be made arbitrarily small as we go off to infinity along
the real line. Thus this is a stronger result than just uniform approximation, where ε

would be a constant function. Subsets of the complex plane which admit Carleman
approximation, for the precise definition see Section 3, were first characterized by
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A. A. Nersesyan in [12] and [13]. Carleman approximation was later generalized to
openRiemann surfaces. Sets which admit Carleman approximation in this settingwere
characterized by A. Boivin in [2], see also Section 3. For a general overview of the
theory of holomorphic approximation we refer the reader to the survey article [5].

Motivated by the work in [6] we consider the problem of Carleman approximation
by non-critical functions on open Riemann surfaces, namely under what assumptions
can one require that the global approximating function has no critical points. In the
case where the open Riemann surface is just the complex plane, this theory might have
applications in complex dynamics, where it would serve as a new tool to construct
entire functions without critical points with interesting dynamical properties.

This problem is not completely open. Using results about approximation of directed
minimal immersion by I. Castro-Infantes and B. Chenoweth in [4], one can achieve
non-critical Carleman approximation of functions with sufficient regularity assump-
tions on so called admissible sets, see Section 3. Here we provide a different approach
which gives a positive result for functions of the class ˜A, see Definition 2, on a more
general class of sets which we call semi-admissible, see Definition 1. The proof is
in essence similar to the original proof by Carleman, but modified to ensure that the
approximating function is non-critical. The main result of this paper is the following.

Main Theorem Let X be an open Riemann surface and X∗ the one point compactifi-
cation of X. Let E ⊆ X be a semi-admissible set such that X∗ \ E is connected and
locally connected. Let f ∈ ˜A(E) be non-critical and let ε : E → (0,∞) be a con-
tinuous positive-valued function. Then there exists a global non-critical holomorphic
function F ∈ O(X) such that we have |F(p) − f (p)| < ε(p) for each p ∈ E.

As an immediate consequence of the main theorem, we get the following corollary.

Corollary Let E ⊆ X be a closed set with empty interior, such that X∗ \ E is con-
nected and locally connected. Let f ∈ C(E) be a complex-valued continuous function
on E and let ε : E → (0,∞) be a continuous positive-valued function. Then there
exists a global non-critical holomorphic function F ∈ O(X) such that we have
|F(p) − f (p)| < ε(p) for each p ∈ E.

Since X∗ \ E being connected and locally connected is a necessary condition even
for uniform approximation, this characterizes all the closed sets with empty interior
on which non-critical approximation is possible.

Weprovide a short outline of the paper. In Section 2wewill introduce somenotation.
Section 3 is a short review of some notions from approximation theory on Riemann
surfaces. In Section 4 we will introduce the notion of a semi-admissible set and the
class of functions ˜A(E) on a semi-admissible set E . Section 5 is dedicated to the proof
of themain theorem. In Section 6we discuss the problemof non-critical approximation
on general sets of Carleman approximation and present a different approach which
yields non-critical uniform approximation on certain sets of Carleman approximation
which are not semi-admissible.
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2 Notation

Let N denote the set of natural numbers, N0 = N ∪ {0} and Z the set of integers. For
a point z ∈ C and r > 0 let B(z, r) be the open disc centered at z with radius r . We
also denote the distance between a point z ∈ C and a subset A ⊆ C by

dist(z, A) = inf
w∈A

|z − w| .

From now on X will denote a connected open Riemann surface. We also fix a com-
plete distance function dX : X × X → [0,∞) on X induced by a smooth Riemannian
metric on T X . For a subset A ⊆ X and r > 0 we then define

A(r) = {p ∈ X | dX (p, q) < r for some q ∈ A} .

Given an open set U ⊆ X and a map γ : U → X we define

‖γ − id‖U = sup
p∈U

dX (γ (p), p).

For a compact set K ⊆ X and two continuous functions f , g : K → C we similarly
define

‖ f − g‖K = sup
p∈K

| f (p) − g(p)| .

For a set A ⊆ X let Å, ∂A and A denote the topological interior, boundary and
closure of A respectively. If V ⊆ U ⊆ X are open sets, we say that V is compactly
contained inU , if V ⊆ U and V is compact. A compact exhaustion of X is a sequence
of compact sets {Kn}n∈N0 such that Kn ⊆ K̊n+1 for all n ∈ N0 and

⋃

n∈N0
Kn = X .

For a set A ⊆ X let C(A) be the class of continuous complex-valued functions on
A. For an open set U ⊆ X let O(U ) be the class of holomorphic functions on U . For
a compact set K ⊆ X let O(K ) denote the class of holomorphic functions which are
defined on some open neighbourhood of K . Finally, for a closed set E ⊆ X let A(E)

denote the class of continuous complex-valued functions on E which are holomorphic
on the interior of E , that is A(E) = C(E) ∩ O(E̊). In particular if the closed set E
has empty interior, we have A(E) = C(E).

LetU ⊆ X be an open set, f ∈ O(U ) a holomorphic function and let dp f : TpU →
C be its differential at p ∈ U . A point p ∈ U is called a critical point of the function
f , if dp f = 0. On the other hand, if d f p 
= 0 holds for all p ∈ U , we say that the
holomorphic function f is non-critical. In the case when X = C the function f being
non-critical just means that the derivative of the functions f is nowhere vanishing.
For a closed set E , we say that a function in A(E) is non-critical, if it is non-critical
where it is holomorphic.
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3 Approximation theory on Riemann surfaces

In this section we will recall some basic notions of approximation theory on Riemann
surfaces.

We begin by introducing some terminology. We say that a closed set E ⊆ X is a
set of uniform approximation, if for every ε > 0 and f ∈ A(E) there exists a global
holomorphic function F ∈ O(X) such that |F(p) − f (p)| < ε for every p ∈ E .

Let E ⊆ X be a closed set. A relatively compact connected component of X \ E
is called a hole of the closed set E . We will denote the union of all the holes of the
closed set E by h(E).

Let K ⊆ X be a compact set. The holomorphically convex hull or O(X)-hull of
K , denoted by ̂K , is defined as

̂K =
{

p ∈ X | | f (p)| ≤ sup
q∈K

| f (q)| , f ∈ O(X)

}

.

The set ̂K is again compact. If K = ̂K , we say that the compact set K is holomor-
phically convex, O(X)-convex or Runge. Note that ̂∅ = ∅ because sup∅ = −∞.
Note also that due to the Runge approximation theorem on Riemann surfaces, one has
̂K = K ∪ h(K ). Thus a compact set K is O(X)-convex if and only if it has no holes,
which is a purely topological condition. This equivalence only holds on Riemann sur-
faces, since in higher dimensions theO(X)-hull of a compact set also depends on the
complex structure.

By X∗ = X ∪ {∞} we will denote the one-point compactification of X . It is easy
to see that a closed subset E ⊆ X has no holes if and only if X∗ \ E is connected in
X∗.

It is sometimes more convenient to work with this characterization. For example, if
E, E ′ ⊆ X are two closed subsets without holes, then their intersection E∩E ′ also has
no holes. Indeed, by the above characterization both X∗ \ E and X∗ \ F are connected.
Since ∞ ∈ (X∗ \ E) ∩ (X∗ \ E ′), the set (X∗ \ E) ∪ (X∗ \ E ′) = X∗ \ (E ∩ E ′) is
also connected and thus E ∩ E ′ has no holes.

Let E ⊆ X be a closed set. We say that E has the bounded exhaustion hull property
or BEH property, if for every compact set K , the set h(E ∪ K ) is relatively compact.
This definition is slightly different from the standard one given in the literature, for
example in [11, 168], but it agrees on Riemann surfaces. This follows from the fact
that a compact set is Runge if and only if it has no holes.

For a non-example take X = C and let E = {x + f (x)i | x ∈ (0,∞)} be the
closure of the graph of the function f (x) = 1

x sin
( 1
x

)

on (0,∞) as a subset of C. It is
easy to see that E does not have the BEH property.

Note that the BEH property admits the following characterization using the one-
point compactification of X .

Proposition 1 Let E ⊆ X be a closed subset. Then E has the BEH property if and
only if X∗ \ E is locally connected at ∞.
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Proof First assume that E has the BEH property. Let X∗ \ K be some open neigh-
borhood of ∞ in X∗, where K ⊆ X is some compact set. By the BEH property,
h(E ∪ K ) is a compact set. Now set L = K ∪ h(E ∪ K ) to get an open neighbor-
hood X∗ \ L ⊆ X∗ \ K of ∞ in X∗. We claim X∗ \ (E ∪ L) is connected, which is
equivalent to the set E ∪ L not having holes. So supposeU is a connected component
of X \ (E ∪ L). Notice that U ⊆ X \ (E ∪ L) ⊆ X \ (E ∪ K ), so U is contained is
some connected component V of X \ (E ∪ K ). The set V is not relatively compact,
since if it were, we would have U ⊆ V ⊆ h(E ∪ K ) ⊆ L , which is a contradiction.
In particular this implies V ∩ h(E ∪ K ) = ∅, and since V ⊆ X \ (E ∪ K ), we have
V ∩ L = ∅. Then

V ⊆ X \ (E ∪ K ) = (X \ (E ∪ L)) ∪ (L \ (E ∪ K ))

implies U ⊆ V ⊆ X \ (E ∪ L). Since U is a maximal connected component of
X \ (E ∪ L) and V is connected, we haveU = V and hence the setU is not relatively
compact.

Now assume that X∗ \ E is locally connected at ∞ and let K ⊆ X be any compact
set. Then X∗ \ (E ∪ K ) is an open neighborhood of ∞ in X∗ \ E . Since by our
assumption X∗ \ E is locally connected at ∞, there exists a compact set L ⊆ X such
that K ⊆ L and X∗ \ (E ∪ L) is connected, or equivalently that the set E ∪ L has
no holes. Now let U be a hole of K ∪ E and note U \ L ⊆ X \ (E ∪ L). We claim
that any connected component ofU \ L is a connected components of X \ (E ∪ L) as
well. To see this, let V be a connected component ofU \ L and let ˜V be the connected
component of X \(E∪L) that contains V . Since ˜V is a connected subset of X \(E∪K ),
U ∩ ˜V ⊇ V 
= ∅ and U is a connected component of X \ (E ∪ K ), we must have
˜V ⊆ U . Furthermore, ˜V ⊆ X \ (E ∪ L) implies ˜V ⊆ U \ (E ∪ L) = U \ L , so by
the connectedness of ˜V , it follows V = ˜V , proving the claim. Since U is relatively
compact by assumption, any connected component of U \ L would also be relatively
compact, but since E ∪ L has no holes, this implies U \ L = ∅. It follows that
h(K ∪ E) ⊆ L and since L is compact, h(K ∪ E) is relatively compact. ��

P. M. Gauthier and W. Hengartner showed in [8] that X∗ \ E being connected and
locally connected are necessary conditions for E to be a set of uniform approxima-
tion, see also [14]. If the set E is compact, it is clear that it has the BEH property.
Thus Mergelyan’s theorem, see [5, Theorem 3], says that compact sets of uniform
approximation are precisely Runge sets. For non-compact closed set the problem of
uniform approximation is more subtle. In the case when X = C, the setCP1 \ E being
connected and locally connected is also sufficient and is the content of Arakelyan
approximation, see [5, Theorem 10]. For general Riemann surfaces X∗ \ E being
connected and locally connected is not a sufficient condition as was shown in [8], see
also [14].

We now turn our attention to the problem of Carleman approximation on Riemann
surfaces. We say that a closed set E ⊆ X is a set of Carleman approximation, if for
every continuous positive-valued function ε : E → (0,∞) and f ∈ A(E) there exists
a global holomorphic function F ∈ O(X) such that |F(p) − f (p)| < ε(p) holds for
every p ∈ E .
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P. Gauthier showed in [9] that if a closed set E ⊆ X is a set of Carleman approx-
imation, it enjoys the following property: For any compact set K ⊆ X there exists a
compact set K ⊆ Q ⊆ X such that no connected component of E̊ intersects both K
and X \ Q. If a closed set E has the above property, we say it satisfies condition G.
Note that if the closed set E has empty interior, it trivially satisfies condition G. Sets of
Carleman approximation on Riemann surfaces were later characterized by A. Boivin
in [2]. He showed that a closed set E ⊆ X is a set of Carleman approximation if and
only if X∗ \ E is connected, locally connected and E satisfies condition G.

More recently Carleman type approximation results were developed for the study
of minimal surfaces, see [11, Chapter 3.8] and [4]. In particular, I. Castro-Infantes
and B. Chenoweth proved a Carleman type approximation result for directed minimal
immersion on so called admissible sets. We say that a closed set E ⊆ X is admissible
if it is of the form E = H ∪ S where H is the union of a locally finite pairwise
disjoint family of smoothly bounded compact domains and S is the union of a locally
finite pairwise disjoint collection of smooth Jordan arcs, such that if a given arc in S
intersects the boundary of a compact domain in H , it intersects it only at its endpoints
and does so transversely.

Lastly we consider the problem of non-critical holomorphic approximation. The
goal is to approximate a non-critical holomorphic function defined on a subset of the
open Riemann surface X by a global non-critical holomorphic function. One of the
main results in this area is the following Runge approximation theorem for non-critical
holomorphic functions due to F. Forstnerič.

Theorem 1 Let K ⊆ X be a compact Runge set and let f ∈ O(K ) be a non-critical
holomorphic function. Then for every ε > 0 there exists a global non-critical holo-
morphic function F ∈ O(X) such that ‖F − f ‖K < ε.

This result is one of the main technical tools used in the proof of our main theorem.
In particular it handles all the geometrical nuances of being on a Riemann surface. For
a proof of the theorem, see [6, Theorem 2.1] or [7, Theorem 9.13.10].

4 Semi-admissible sets and the class ˜A
We now define the class of sets which we will consider for our approximation result.

Definition 1 We say that a closed set E ⊆ X is semi-admissible, if there exists a
locally finite pairwise disjoint family of compact sets {Hλ}λ∈� and a closed set S with
empty interior, such that E = S ∪ H , where H = ⋃

λ∈� Hλ.

Note that the sets H and S in the above definition are not uniquely determined, but

we can always assume H = E̊ and S = E \ H . In particular the compact sets Hλ

have non-empty interior. Let us also remark that when a semi-admissible set E ⊆ X
has no holes, the same holds for the compact sets Hλ.

Note that we do not assume any conditions on the compact sets Hλ making up the
set H . They need not be connected and their connected components are allowed to
accumulate. We only require that the compact sets Hλ are nicely separated from each
other.
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Fig. 1 The set E1 is semi-admissible, but not admissible

Fig. 2 The set E2 is a set of Carleman approximation, but it is not semi-admissible

The notion of a semi-admissible sets is similar to that of an admissible set, but with-
out the smoothness assumptions. In particular, any admissible set is semi-admissible.
The converse doesn’t hold. Consider the set E1 ⊆ C given by

E1 = {0} ∪
⋃

n∈N
B

(

1

n
,

1

2n(n + 1)

)

,

see figure 1. It is semi-admissible, since one can see it as one compact set making up
H , but it is not admissible. In particular any compact set is semi-admissible.

For a non-example consider the set E2 ⊆ C given by

E2 =
⋃

n∈Z
B

(

n,
1

2

)

,

see figure 2. It is easy to see that the set E2 is not semi-admissible, but it is a set of
Carleman approximation, the later of which follows from Boivin’s characterization.
This demonstrates the main feature of semi-admissible sets, namely that there is some
room between the compact sets making it up. This is crucially used in the proof
of the main theorem and is the main difficulty in achieving non-critical Carleman
approximation on general sets of Carleman approximation. For a further discussion
of this topic see Section 6.

It turns out that semi-admissible sets always satisfy condition G. This is the content
of the next proposition.

Proposition 2 A semi-admissible set E ⊆ X satisfies condition G.
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Proof Suppose E = H ∪ S where H = ⋃

λ∈� Hλ is a locally finite union of pairwise
disjoint compact sets. Let K ⊆ X be any compact set. For each p ∈ K there exists a
neighborhood Up of p that intersects at most finitely many Hλ. Since K is compact,
the open cover

{

Up
}

p∈K has a finite subcover and only finitely many of the sets Hλ

can intersect the union of that subcover. It follows that at most finitely many sets
{

Hλl

}m
l=1 intersect the compact K . Now define the compact set Q = K ∪ ⋃m

l=1 Hλl

and note K ⊆ Q. Suppose V ⊆ E̊ is a connected component of the interior of E .
Then V ⊆ H̊λ for some λ ∈ �. If V intersect K , then by construction Hλ = Hλl for
some l = 1, . . . ,m and thus V ⊆ Hλl ⊆ Q, hence V ∩ (X \ Q) = ∅ as required. ��

We now define the class of functions that we will consider in our approximation
result.

Definition 2 Let E ⊆ X be a semi-admissible set of the form E = H ∪ S. We define
˜A(E) be the class of continuous functions on E which are holomorphic on some open
neighborhood of the set H .

Note that ˜A(E) ⊆ A(E). We say that a function f ∈ ˜A(E) is non-critical, if it
is non-critical on a neighborhood of H . The advantage of working with a function
f ∈ ˜A(E) is that the control over the differential of f extends past the boundary of
the compact sets Hλ making up the semi-admissible set E . This is also the reason
why we can allow the connected components of the compact sets Hλ to accumulate,
as seen in figure 1. In particular, if E is a set of uniform approximation and f ∈ ˜A(E)

is non-critical, we can, by approximating well enough, find a global holomorphic
function which will be close to f on E and non-critical in a neighborhood of finitely
many compact sets Hλ. In general, if f is just of the class A(E), we do not have
control over its differential near the boundary. The best we can do in this case, by just
approximating, is to obtain a global holomorphic function which is close to f on E
and non-critical on a compact set contained in H̊ .

5 Proof of main theorem

We give an outline of the proof of the main theorem. Let E be a semi-admissible set
such that X∗ \ E is connected and locally connected, and choose f ∈ ˜A(E). First we
will show that there exists a compact exhaustion {Kn}n∈N of X by O(X )-convex sets
such that for n ∈ N any compact set Hλ making up the semi-admissible set E either
lies in the interior of Kn or in the complement of Kn .

Denote E0 = E and En = E ∪ Kn ∪ h(E ∪ Kn) for n ∈ N, note that these sets
are semi-admissible. We will inductively construct a sequence of functions { fn}n∈N0

,
equivalently a sequence of pairs ( fn−1, fn) for n ∈ N, such that fn ∈ ˜A(En) is non-
critical and for n ∈ N we have ‖ fn − fn−1‖En−1∩Kn+1

< ε̃n−1 and fn = fn−1 on
En \ Kn+1. By choosing the values ε̃n sufficiently small, the sequence { fn}n∈N0

will
converge uniformly to a global non-critical holomorphic function with the desired
approximation property.

To begin the proof, we set f0 = f . Next suppose we have already constructed the
function fn−1 ∈ ˜A(En−1). First we will use Mergelyan approximation to obtain a
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holomorphic function h ∈ O(X) which approximate fn−1 on the Runge set En−1 ∩
Kn+1. By approximating on a slightly bigger compact set well enough, we can make
sure that h is non-critical on a neighborhood of the compact sets Hλ making up the
semi-admissible set En−1, which are contained inside Kn+1. It still might happen
that h has critical points on the parts of En−1 with empty interior. To fix this, we
will slightly perturb the function h to move its critical points off of En−1 and so
obtain a non-critical holomorphic function h̃ defined on some open neighborhood of
En−1∩Kn+1. Using Theorem 1 we will then obtain a global non-critical holomorphic
function g ∈ O(X) which approximates fn−1 on En−1 ∩ Kn+1. Finally, to obtain
fn , we will interpolate between g and fn−1 using a smooth bump function. We will
make sure this interpolation happens along a part of En with empty interior so as to
guarantee that fn is of the class ˜A(En).

First we prove the existence of the compact exhaustion of X that was described
above. This is the content of the next two lemmas.

Lemma 1 Let {Hλ}λ∈� be a locally finite pairwise disjoint family of compact sets in
X. Given a compact set K ⊆ X and an open neighborhood U of K , there exists an
open neighborhood V of K compactly contained in U such that Hλ ∩ V 
= ∅ implies
Hλ ∩ K 
= ∅.
Proof Since the family of compact sets {Hλ}λ∈� is locally finite, there exists for each
p ∈ K some open neighborhood Up of p compactly contained in U which intersects
at most finitely many compact sets Hλ. Since the set K is compact, the open cover
{

Up
}

p∈K has a finite subcover and its union intersects at most finitely many compact

sets Hλ. Define the open set ˜U by removing from this union those compact sets Hλ

which do not meet K . A compactly contained neighborhood V of K inside ˜U will
have the desired properties. ��
Lemma 2 Let E = H ∪ S be a semi-admissible set such that X∗ \ E is connected and
locally connected. Then there exists an exhaustion {Kn}n∈N0 of X by O(X)-convex
compact sets, such that K0 = ∅ and for each n ∈ N and λ ∈ � we have:

(i) h(E ∪ Kn) = ∅,
(ii) If Hλ ∩ Kn 
= ∅, then Hλ ⊆ Kn.

Proof Let {Hλ}λ∈� be the locally finite pairwise disjoint family of compact sets that
makes up H and let {�ν}ν∈N0 be an exhaustion of X byO(X)-convex compact sets.We
will construct the exhaustion {Kn}n∈N0 of X and an associated sequence of positive
integers {νn}n∈N0 inductively as follows. For n = 0 let ν0 = 0 and K0 = ∅. For
n ≥ 1 let νn > νn−1 be large enough, such that �νn contains Kn−1 in its interior. Let
Ln = �νn ∪h(E ∪ �νn ). Note that Ln is compact, since E has the BEH property, and
that h(E ∪ Ln) = ∅. Since the family {Hλ}λ∈� is locally finite, only finitely many
compact sets Hλ intersect Ln . Let Kn be the union of Ln and these compact sets. Since
Hλ ⊆ E , we have E ∪ Kn = E ∪ Ln .

The sets Kn are clearly compact and form an exhaustion of X . Property (i) holds,
since h(E ∪ Kn) = h(E ∪ Ln) = ∅, and property (ii) holds by construction. Thus we
need only check that a given set Kn isO(X)-convex. To this end letU be a connected
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component of X \ Kn . If U ⊆ E , then U ⊆ Hλ for some λ ∈ � and in particular
∂U ∩ Hλ 
= ∅. Since ∂U ⊆ Kn , this implies that Hλ must be one of the compact
sets making up Kn . It follows that U ⊆ Kn , which is a contradiction. Thus the set
(X \E)∩U is non-empty and we can choose V to be one of its connected components.
Observe that

V ⊆ X \ (E ∪ Kn) ⊆ X \ (E ∪ �νn )

∂V ⊆ ∂(X \ E) ∪ ∂U ⊆ E ∪ ∂Kn = E ∪ ∂Ln ⊆ E ∪ �νn ,

which together implies that V is a connected component of X \ (E ∪ �νn ). Since
V ⊆ U andU ∩ h(E ∪ �νn ) = ∅, the set V is not relatively compact, hence the same
must hold for the setU . This proves that Kn has no holes, therefore it isO(X)-convex.

��
Next we show that approximating a non-critical holomorphic function on a compact

setwell enough yields a functionwhich is also non-critical on that set and that a suitable
limit of non-critical holomorphic functions is again non-critical. Although these are
standard results in approximation theory, we provide proofs for the sake of completion.

Lemma 3 Let K , H ⊆ X be sets such that K is compact and that K ⊆ H̊ . Let
{

(Uj , φ j )
}l
j=1 be a finite cover of K with charts. Then there exists some 0 < r ≤ 1,

such that for every p ∈ K there is some chart (Uj , φ j ) such that p ∈ Uj and

B(φ j (p), r) ⊆ φ j (H ∩Uj ).

Proof For j = 1, . . . , l define d j : K → [0,∞) by

d j (p) =
{

dist(φ j (p), φ j (H ∩Uj )
c); p ∈ Uj

0; p /∈ Uj

and note it is a continuous function. If p ∈ K∩Uj , then dist(φ j (p), φ j (H∩Uj )
c) > 0,

since K ⊆ H̊ . Now define d : K → [0,∞) by

d(p) = max
j=1,...,l

d j (p).

Note that this function is also continuous and strictly positive, since each p ∈ K is
contained in some neighborhood Uj . Thus the function d attains a positive minimum
m on the compact set K . We claim r = min {m, 1} is the desired number. Indeed,
suppose there exists some p ∈ K such that B(φ j (p), r) ∩ φ j (H ∩ Uj )

c 
= ∅ for all
j = 1, . . . , l such that p ∈ Uj . This implies d j (p) < r for all j = 1, . . . , l and hence
d(p) < r ≤ m as well, which is a contradiction. This concludes the proof. ��
Lemma 4 Let K , H ⊆ X be compact sets such that K ⊆ H̊ and let f ∈ O(U )

be a non-critical holomorphic function on some open neighborhood U of H. Then
there exists some δ > 0 such that if a holomorphic function g ∈ O(U ) satisfies
‖ f − g‖H < δ, then g is non-critical on K .
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Proof Let
{

(Uj , φ j )
}l
j=1 be a finite cover of H with charts. Choose an open cover

{

Vj
}l
j=1 of H such that the set Vj is compactly contained in Uj . Since f is non-

critical, the function
∣

∣( f ◦ (φ j )
−1)′

∣

∣ is strictly positive on the compact sets H ∩ Vj

and thus attains a positive minimum m j . Denote m = min
{

m j | j = 1, . . . , l
}

and
note m > 0. Let r > 0 be given by lemma 3 for the compact sets K ⊆ H and charts
{

(Vj , φ j )
}l
j=1.We claim that δ = mr

4 is the desired number. Indeed, assume g ∈ O(U )

is a holomorphic function such that ‖ f − g‖H < δ and pick p ∈ K . Let (Vj , φ j ) be
the chart corresponding to p by lemma 3. Since B(φ j (p), r) ⊆ φ j (H ∩ Vj ), we have

∂B
(

φ j (p),
r
2

) ⊆ φ j (H ∩ Vj ). Thus we can use the fact that
∣

∣

∣( f − g) ◦ φ−1
j

∣

∣

∣ < δ on

∂B
(

φ j (p),
r
2

)

and Cauchy estimates to obtain

∣

∣

∣(( f − g) ◦ (φ j )
−1)′(φ j (p))

∣

∣

∣ ≤ 1

2π

∫

∂B(φ j (p),
r
2 )

∣

∣( f − g) ◦ (φ j )
−1(ζ )

∣

∣

∣

∣ζ − φ j (p)
∣

∣

2
|dζ |

≤ 1

2π

∫

∂B(φ j (p),
r
2 )

4δ

r2
|dζ | = 2δ

r
= m

2
.

It now follows
∣

∣

∣(g ◦ (φ j )
−1)′(φ j (p))

∣

∣

∣ ≥
∣

∣

∣( f ◦ (φ j )
−1)′(φ j (p))

∣

∣

∣ −
∣

∣

∣(( f − g) ◦ (φ j )
−1)′(φ j (p))

∣

∣

∣

≥ m − m

2
= m

2
> 0,

which shows that p is not a critical point of g. It follows that g is non-critical on K . ��
Lemma 5 Let {Kn}n∈N0 be a compact exhaustion of the Riemann surface X and let
{ fn}n∈N0

be a sequence of functions, such that fn ∈ O(Kn) are non-critical. Then there
exists a sequence of positive numbers {δn}n∈N0 such that if ‖ fn − fn−1‖Kn−1

< δn−1
for each n ∈ N, the point-wise limit of the functions { fn}n∈N0

converges uniformly on
compact sets of X to a global non-critical holomorphic function F = limn→∞ fn.

Proof For each n ∈ N let δ̃n be given by Lemma 4 for the compact sets Kn−1 ⊆ Kn

and the holomorphic function fn . Let {δn}n∈N0 be a sequence of positive numbers,
such that

∑∞
k=n δk < δ̃n holds for each n ∈ N. Fix some n ∈ N. Since

∞
∑

k=n

‖ fk+1 − fk‖Kn−1
≤

∞
∑

k=n

‖ fk+1 − fk‖Kk
≤

∞
∑

k=n

δk < δ̃n < ∞,

the series
∑∞

k=n( fk+1 − fk) converges uniformly on Kn−1. For N > n we can then
write fN = fn + ∑N−1

k=n ( fk+1 − fk) and by taking the limit as N → ∞, we get

F = fn +
∞
∑

n=k

( fk+1 − fk).
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Since F is a sum of two holomorphic functions, F is holomorphic on K̊n−1. The fact
that F is also non-critical on K̊n−1 follows directly from

‖F − fn‖Kn−1
≤

∞
∑

k=n

‖ fk+1 − fk‖Kn−1
< δ̃n,

and our choice of δ̃n in Lemma 4. Since n ∈ N was arbitrary and the compact sets
{Kn}n∈N0 exhaust X , this shows that F really is a global non-critical holomorphic
function. ��

In the next lemma we construct a biholomorphic map which moves points off of
sets with empty interior. The map will be given as a flow of a holomorphic vector field.

Lemma 6 Let K ⊆ X be a compact set, U an open neighborhood of K and δ > 0.
Suppose there are points p1, p2, . . . , pn ∈ K such that for each j = 1, . . . , n there
exists an open neighborhood Wj of p j such that W j ∩K ⊆ ∂K. Then there exist some
open neighborhood V ⊆ U of K and a biholomorphic map γ : V → γ (V ) ⊆ X,
such that ‖γ − id‖V < δ and p j /∈ γ (K ) for all j = 1, . . . , n.

Proof Let v : X → T X be any holomorphic vector field, such that v(p j ) 
= 0 holds for
all j = 1, . . . , n. Then there exists some τ > 0 and some open neighborhood ˜V of K
such that the flow map � : B(0, τ ) × ˜V → X of the vector field v is well-defined and
holomorphic. In fact, for any t ∈ B(0, τ ) the time-t map on ˜V given by p �→ �(t, p)
is biholomorphic onto its image. Let V be an open neighborhood of K that is contained
in U and compactly contained in ˜V . Since the map � : B(0, τ ) × V → X is jointly
continuous, the map t �→ ‖�(t, ·) − id‖V is continuous. So by choosing τ small
enough, we may assume ‖�(t, ·) − id‖V < δ for any t ∈ B(0, τ ). Choosing τ even
smaller if necessary, we can also assume �(t, p j ) ∈ Wj for all t ∈ B(0, τ ) and
j = 1, . . . , n.
For j = 1, . . . , n we now define a holomorphic map φ j : B(0, τ ) → Wj by

φ j (t) = �(t, p j ).

Since
dφ j

dt
(0) =

(

∂

∂t
�(·, p j )

)

(0) = v(�(0, p j )) = v(p j ) 
= 0,

the map φ j can not be constant. Thus φ j is an open map and since Wj \ K is dense in
Wj , the set φ−1

j (Wj \ K ) is open and dense in B(0, τ ). Since a finite intersection of

dense open sets is non-empty, there exists some t0 ∈ ⋂n
j=1 φ−1

j (Wj \ K ). Then the
time map γ = �(−t0, ·) is the desired map, since γ : V → γ (V ) is a biholomorphic
map and for each j = 1, . . . , n we have

γ −1(p j ) = (�(−t0, ·))−1(p j ) = �(t0, p j ) = φ j (t0) /∈ K . ��

We are now ready to prove the main theorem.
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Proof of main theorem: Since E is semi-admissible, it is of the form E = H ∪ S
where H is the union of the family of compact sets {Hλ}λ∈�. Let {Kn}n∈N0 be the
compact exhaustion of X by O(X)-convex sets given by Lemma 2 for the family
{Hλ}λ∈�. For n ∈ N0 we define the closed sets En = E ∪ Kn . Note that the sets En

are semi-admissible and by property (i) of the exhaustion {Kn}n∈N they have no holes.
In particular the set En−1 ∩ Kn+1 is Runge for every n ∈ N. Note that we also have
En \ Kn+1 = E \ Kn+1 for n ∈ N0.

Since ε is a positive-valued continuous function, it achieves a positive minimum
on compact sets. For n ∈ N0 we can thus define εn = min {ε(p) | p ∈ E ∩ Kn+2}.
Note that 0 < εn ≤ εn−1 for n ∈ N. Furthermore let {δn}n∈N0 be given by Lemma 5
for the compact exhaustion {Kn}n∈N0 . For n ∈ N0 we then define

ε̃n = min
{

2−n−1εn, δn

}

.

We will inductively construct a sequence of functions { fn}n∈N0
such that the fol-

lowing conditions hold:

(1) fn ∈ ˜A(En) and fn is non-critical,
(2) ‖ fn − fn−1‖En−1∩Kn+1

< ε̃n−1,
(3) fn = fn−1 on E \ Kn+1.

For n = 0 take f0 = f . Condition (1) holds since f ∈ ˜A(E) is non-critical by
assumption. Conditions (2) and (3) in this case are trivially satisfied.

Now suppose we have already constructed fn−1 ∈ ˜A(En−1) and let L = En−1 ∩
Kn+1. Note that the set L has no holes and that fn−1 is holomorphic and non-critical

on some open neighborhood of L̊ . Choose compact sets H1, H2 ⊆ X such that L̊ ⊆
H̊1 ⊆ H1 ⊆ H̊2, the set L ∪ H2 is Runge and that fn−1 is holomorphic and non-
critical on a neighborhood of H2. Let δ1 be given by Lemma 4 applied to H1 ⊆ H2
and fn−1. We use Mergelyan’s approximation theorem on the Runge set L ∪ H2
and the function fn−1 to obtain a global holomorphic function h ∈ O(X) such that

‖h − fn−1‖L∪H2
< min

{

δ1,
ε̃n−1
3

}

. In particular we have

‖h − fn−1‖L <
ε̃n−1

3

and by our choice of δ1 we know h is non-critical on an open neighborhood of L̊ .
Next we choose some δ2 > 0 such that the critical points of h either lie on L or

outside L(δ2). Let p1, . . . , pm be the critical points of h that lie on L , there are only

finitely many. Since h is non-critical on an open neighborhood of L̊ , there exists for
each p j some open neighborhood Wj , such that Wj ∩ L ⊆ ∂L . We use Lemma 6 on
the compact set L , the open neighborhood L(δ2) and the points p1, . . . , pm to obtain
an open neighborhood V of L and a biholomorphic map γ : V → γ (V ) such that
‖γ − id‖V < δ2 and p j /∈ γ (En−1 ∩ Kn+1) for all j = 1, . . . ,m. We define the
holomorphic function h̃ : V → C by h̃ = h ◦ γ . By choosing δ2 sufficiently small,
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the uniform continuity of h implies

∥

∥

∥h̃ − h
∥

∥

∥

L
<

ε̃n−1

3
.

It can be verified that the function h̃ has no critical points on L , and by restricting V
if necessary, we can assume the function h̃ is non-critical on V as well.

We now use Theorem 1 on the Runge set L and the function h̃ to obtain a global
non-critical holomorphic function g ∈ O(X) such that

∥

∥

∥g − h̃
∥

∥

∥

L
<

ε̃n−1

3
.

By applying the triangle inequality we then obtain.

‖g − fn−1‖L ≤
∥

∥

∥g − h̃
∥

∥

∥

L
+

∥

∥

∥h̃ − h
∥

∥

∥

L
+ ‖h − fn−1‖L < ε̃n−1.

Let U1 be an open neighborhood of Kn obtained by applying Lemma 1 to the
compact set Kn , the open neighborhood K̊n+1 and the family {Hλ}λ∈�. Let U2 be an
open neighborhood of Kn which is compactly contained in U1. By the choice of U1
and property (ii) of the exhaustion {Kn}n∈N0 any compact set Hλ is contained either in
U2 or in X \U1. Letχ : X → [0, 1] be a smooth bump function, such that suppχ ⊆ U1
and χ = 1 on U2. We now define the function fn as

fn = χg + (1 − χ) fn−1.

The function fn is clearly continuous on En and on some open neighborhood of Kn

or Hλ it will agree with either fn−1 inside X \U1 or g inside U2. This shows that fn
satisfies property (1). To verify property (2) we estimate

‖ fn − fn−1‖L = ‖χ(g − fn−1)‖L ≤ ‖g − fn−1‖L < ε̃n−1,

and to verify property (3), simply notice that χ = 0 on En \ Kn+1.
We define the function F as the pointwise limit of the sequence { fn}n∈N0

. Since in
particular fn ∈ O(Kn) are non-critical and

‖ fn − fn−1‖Kn−1
≤ ‖ fn − fn−1‖L < ε̃n−1 < δn−1,

Lemma 5 guarantees that F is a global non-critical holomorphic function. It remains
to verify the approximation property. To this end pick p ∈ E and note that either
p ∈ K1 or p ∈ Kn+1 \ Kn for some n ∈ N. If p ∈ K1, we have



Carleman approximation by non-critical functions… Page 15 of 18    19 

|F(p) − f (p)| ≤
∞
∑

k=0

| fk+1(p) − fk(p)| <

∞
∑

k=0

ε̃k ≤
∞
∑

k=0

2−k−2εk

≤ ε0

∞
∑

k=0

2−k−1 = ε0 ≤ ε(p).

If p ∈ Kn+1 \ Kn , we have by property (3) that fn−1(p) = . . . = f0(p). We can then
estimate

|F(p) − f (p)| ≤
∞
∑

k=0

| fk+1(p) − fk(p)| =
∞
∑

k=n−1

| fk+1(p) − fk(p)|

<

∞
∑

k=n−1

ε̃k ≤
∞
∑

k=n−1

2−k−2εk ≤ εn−1

∞
∑

k=n−1

2−k−1 ≤ εn−1 ≤ ε(p).

Thus |F(p) − f (p)| < ε(p) for each p ∈ E , which concludes the proof. ��

6 Non-critical approximation on general sets of Carleman
approximation

Lastly, we discuss the problem of non-critical approximation on general sets of Carle-
man approximation and present a different approach that yields uniformapproximation
on some sets of Carleman approximation that are not semi-admissible.

Themain reasonwhywe considered semi-admissible sets for non-critical Carleman
approximation is that they have some room between components with non-empty
interior. Thus, we can interpolate using smooth bump functions and not need to worry
about holomorphicity, since where we interpolate a function of the class ˜A need only
be continuous.

This is not the case for general sets of Carleman approximation. Consider again the
set

E2 =
⋃

n∈Z
B

(

n,
1

2

)

⊆ C,

see figure 2. Trying to replicate the proof of the main theorem in this setting, we would
end up interpolating by a smooth bump function on a part of the set E2 with non-empty
interior where a function of the class ˜A(E2) must be holomorphic. This requires us to
modify our function by a solution of a ∂̄-equation, but by doing so, we lose control over
the critical points of the function. One can consider different solutions to ∂̄-equations,
for example, ones with Hörmander estimates, see [10, Section 4.2], but in this case one
loses the approximation properties of the function along the set E2. This is the problem
one needs to overcome to achieve non-critical approximation on more general sets.

Using a different approach, we can achieve non-critical uniform approximation on
certain sets of Carleman approximation in simply connected open Riemann surfaces.
The idea is to approximate the derivative of our initial function, and then integrate
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the approximating function to obtain our global non-critical approximation. The same
approach can be used to give an alternate proof of Theorem 1 in the case when X = C,
see [6, Theorem 3.1].

The next Proposition shows how this idea can be applied to prove that non-critical
uniform approximation is possible on the set E2

Proposition 3 Let E2 ⊆ C be the closed set defined above, f ∈ O(E2) a non-critical
holomorphic function and ε > 0. Then there exists an entire non-critical function
F ∈ O(C) such that |F(z) − f (z)| < ε holds for every z ∈ E2.

Proof For every z ∈ E2, there exists some n ∈ Z such that z ∈ B
(

n, 1
2

)

. Let γ 1
z be

the line segment between 0 and n and γ 2
z the line segment between n and z. Then

γz = γ 1
z ∪ γ 2

z is a piecewise linear path from the origin to z contained inside E2.
Suppose the function f is holomorphic and non-critical on some neighborhood U

of E2. By restricting U if necessary, we may assume it is simply connected. Then
the function f ′ is a nowhere vanishing holomorphic function on a simply connected
domain U , so it is of the form f ′ = eg for some g ∈ O(U ). Let δ > 0 and C > 0
be such that for |z| < δ we have |ez − 1| ≤ C |z|. Since E2 is a set of Carleman
approximation, we can take the continuous complex-valued function g : E2 → C and
the continuous positive-valued function

ε̃(z) = min

{

δ,
εe−Re(z)2

√
πC

∣

∣eg(z)
∣

∣

}

,

and find an entire function G ∈ O(C) such that |G(z) − g(z)| < ε̃(z) for all z ∈ E2.
We define the function F : C → C by

F(z) = f (0) +
∫ z

0
eG(ζ ) dζ.

Note that F is a well-defined entire holomorphic function and its value is independent
of the choice of path from 0 to z along which we integrate. Thus, without loss of

generality, we can pick the path to be γz . For z ∈ B
(

n, 1
2

)

, we now calculate

|F(z) − f (z)| = |F(z) − f (0) + f (0) − f (z)| =
∣

∣

∣

∣

∫

γz

eG(ζ ) dζ −
∫

γz

f ′(ζ ) dζ

∣

∣

∣

∣

=
∣

∣

∣

∣

∫

γz

eG(ζ ) dζ −
∫

γz

eg(ζ ) dζ

∣

∣

∣

∣

≤
∫

γz

∣

∣

∣eG(ζ ) − eg(ζ )
∣

∣

∣ |dζ |

=
∫

γz

∣

∣

∣eg(ζ )
∣

∣

∣

∣

∣

∣eG(ζ )−g(ζ ) − 1
∣

∣

∣ |dζ | ≤ C
∫

γz

∣

∣

∣eg(ζ )
∣

∣

∣ |G(ζ ) − g(ζ )| |dζ |

≤ C
∫

γz

∣

∣

∣eg(ζ )
∣

∣

∣ ε̃(ζ ) |dζ | ≤ ε√
π

∫

γz

e−Re(ζ )2 |dζ |

= ε√
π

(

∫

γ 1
z

e−Re(ζ )2 |dζ | +
∫

γ 2
z

e−Re(ζ )2 |dζ |
)

.
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A quick computations shows

∫

γ 1
z

e−Re(ζ )2 |dζ | =
∫ n

0
e−t2 dt ≤

√
π

2

and

∫

γ 2
z

e−Re(ζ )2 |dζ | =
∫ 1

0
e−(n+t(Re(z)−n))2 |z − n| dt ≤

∫ 1

0
1 · 1

2
dt = 1

2
≤

√
π

2
,

which give us the desired estimate

|F(z) − f (z)| ≤ ε√
π

(√
π

2
+

√
π

2

)

≤ ε.

Finally notice that F ′ = eG 
= 0, so F is indeed non-critical. ��
The key ingredient of the proof was that we were able to construct a positive-valued

function ε̃, which could correct for the distance traveled along the paths on which we
were integrating. Thus, this approach extends to any simply connected open Riemann
surface and set of Carleman approximation provided one knows how to construct a
suitable function ε̃. We also remark that, in general, using this approach, we cannot
do better than uniform approximation.

We do not know if uniform approximation by non-critical functions is possible for
more general sets, for example sets on which Arakelyan approximation is possible.
The problem is open even for simple sets, a uniform horizontal strip for example.
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