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Abstract. We prove new monotonicity properties for joint and general-
ized spectral radius and their essential versions of weighted geometric
symmetrizations of bounded sets of positive kernel operators on L2. To
our knowledge, several proved properties are new even in the finite di-
mensional case.
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1. Introduction

Let A = [aij ] be an entrywise nonnegative n × n matrix and let S(A) =
[√aijaji] be its geometric symmetrization. In [39], Schwenk proved the in-
equality

r(S(A)) ≤ r(A), (1)
for the spectral radius r(·) by using graph-theoretical methods. In [16], Elsner,
Johnson and Dias Da Silva proved that the inequality

r(A(α1)
1 ◦ A

(α2)
2 ◦ · · · ◦ A(αm)

m ) ≤ r(A1)α1 r(A2)α2 · · · r(Am)αm (2)
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for Hadamard weighted geometric mean holds for nonnegative n × n matrices
A1, A2, . . . , Am and nonnegative numbers α1, α2,..., αm such that

∑m
j=1 αj ≥

1. Here A(α) = [aα
ij ] denotes the Hadamard (Schur) power of A and A ◦ B =

[aijbij ] denotes the Hadamard (Schur) product of matrices A and B. Clearly,
(2) generalizes (1), since S(A) = A( 1

2 )◦(AT )(
1
2 ). Let us point out that inequality

(2) can straightforwardly be deduced from an earlier result by Kingman [21]
and that (1) is a special case of earlier results by Karlin and Ost [20, Theorem
2.1 and Remark 1] and that the case

∑m
j=1 αj = 1 of (2) was already obtained

in [20, Remark 1] (in [20] these results were applied in the context of finite
stationary Markov chains). Since then inequalities and equalities on Hadamard
weighted geometric means and weighted geometric symmetrizations received
a lot of attention and have been applied in a variety of contexts (see e.g.
[3,5–8,11–13,15,22,28,29,31–35] and also a more detailed list of references in
[8].

In [11], Drnovšek proved that in the case when
∑m

j=1 αj = 1, inequality
(2) holds also for positive compact operators on Banach function spaces. In
[13], Drnovšek and the second author of the current article established that
the compactness assumption can be removed and that analogous results hold
also for operator norm and also for numerical radius on L2. Further they
proved additional results for products of Hadamard weighted geometric means
(see Theorem 1 below). In [28], the second author also showed that analogous
results also hold for Hausdorff measure of non-compactness and for essential
spectral radius on suitable Banach functions spaces (including L2, see Theorem
1 below). In [13] and [28], also generalizations of inequality (1) for products and
sums of geometric symmetrizations of positive kernel operators were proved
(see inequalities (26) and (27) below).

In [35], Shen and Huang studied weighted geometric symmetrizations
Sα(A) = [aα

ija
1−α
ji ] for α ∈ [0, 1] and for nonnegative n × n matrices.

They showed that for a given square nonnegative matrix A the function
α �→ r(Sα(A)) is decreasing on [0, 1

2 ] and increasing on [12 , 1] ([35, Theorem
3.3]). They also proved an analogous result for the operator (largest singular
value) norm ([35, Theorem 2.3]). In [6, Theorem 2.7], we obtained an anal-
ogous result for the spectral radius, essential spectral radius, operator norm,
Hausdorff measure of non-compactness and numerical radius of weighted geo-
metric symmetrizations of a given positive kernel operator on L2. In [8] we
further extended a technique of Shen and Huang to obtain additional re-
sults. For instance, it was proved in [8, Corollary 3.3] that also the function
α �→ r(Sα(A1)Sα(A2)) is decreasing on [0, 1

2 ] and increasing on [12 , 1], where
A1 and A2 are positive kernel operators on L2 (and that the analogue of this
result holds also for the essential spectral radius). In the current article we
generalize the results of [8] to the setting of bounded sets of positive kernel
operators on L2 by establishing new results for joint and generalized spectral
radius, for essential versions of joint and generalized spectral radius and for
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operator norm, Hausdorff measure of non-compactness and numerical radius
of such sets. Perhaps the trickiest part of the argument that our results from
[8] can be generalized to this more general context is the proof of inclusions
(32) and (33) in the proof of Theorem 8.

The rest of the article is organized in the following way. In Section 2 we
recall some definitions and results that will be needed in our proofs and in
Section 3 we prove our results. The main results of this article are Theorems
8 and 14.

2. Preliminaries

Let μ be a σ-finite positive measure on a σ-algebra M of subsets of a non-void
set X. Let M(X,μ) be the vector space of all equivalence classes of (almost
everywhere equal) complex measurable functions on X. A Banach space L ⊆
M(X,μ) is called a Banach function space if f ∈ L, g ∈ M(X,μ), and |g| ≤ |f |
imply that g ∈ L and ‖g‖ ≤ ‖f‖. Throughout the article, it is assumed that
X is the carrier of L, that is, there is no subset Y of X of strictly positive
measure with the property that f = 0 a.e. on Y for all f ∈ L (see [41]).

Standard examples of Banach function spaces are Euclidean spaces,
Lp(X,μ) spaces for 1 ≤ p ≤ ∞, the space c0 ∈ L of all null convergent se-
quences (equipped with the usual norms and the counting measure) and other
less known examples such as Orlicz, Lorentz, Marcinkiewicz and more gen-
eral rearrangement-invariant spaces (see e.g. [4,9,19] and the references cited
there), which are important e.g. in interpolation theory and in the theory of
partial differential equations. Recall that the cartesian product L = E × F of
Banach function spaces is again a Banach function space, equipped with the
norm ‖(f, g)‖L = max{‖f‖E , ‖g‖F }.

If {fn}n∈N ⊂ M(X,μ) is a decreasing real valued sequence and f =
inf{fn ∈ M(X,μ) : n ∈ N}, then we write fn ↓ f . A Banach function space L
has an order continuous norm, if 0 ≤ fn ↓ 0 implies ‖fn‖L → 0 as n → ∞. It
is well known that spaces Lp(X,μ), 1 ≤ p < ∞, have order continuous norm.
Moreover, the norm of any reflexive Banach function space is order continuous.

In particular, we are interested in Banach function spaces L such that
L and its Banach dual space L∗ have order continuous norms. Examples of
such spaces are Lp(X,μ), 1 < p < ∞, while the space L = c0 is an example
of a non-reflexive Banach sequence space, such that L and L∗ = l1 have order
continuous norms.

By an operator on a Banach function space L we always mean a linear
operator on L. An operator K on L is said to be positive if it maps nonnegative
functions to nonnegative ones, i.e., KL+ ⊂ L+, where L+ denotes the positive
cone L+ = {f ∈ L : f ≥ 0 a.e.}. Given operators K and H on L, we write
K ≥ H if the operator K − H is positive.
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Recall that a positive operator K is always bounded, i.e., its operator
norm

‖K‖ = sup{‖Kf‖L : f ∈ L, ‖f‖L ≤ 1} = sup{‖Kf‖L : f ∈ L+, ‖f‖L ≤ 1}
(3)

is finite (the second equality in (3) follows from |Kf | ≤ K|f | for f ∈ L). Also,
its spectral radius r(K) is always contained in the spectrum.

In the special case L = L2(X,μ) we can define the numerical radius w(K)
of a bounded operator K on L2(X,μ) by

w(K) = sup{|〈Kf, f〉| : f ∈ L2(X,μ), ‖f‖2 = 1}.

If, in addition, K is positive, then it is easy to prove that

w(K) = sup{〈Kf, f〉 : f ∈ L2(X,μ)+, ‖f‖2 = 1}.

From this it follows easily that w(K) ≤ w(H) for all positive operators K and
H on L2(X,μ) with K ≤ H.

An operator K on a Banach function space L is called a kernel operator
if there exists a μ × μ-measurable function k(x, y) on X × X such that, for all
f ∈ L and for almost all x ∈ X,

∫

X

|k(x, y)f(y)| dμ(y) < ∞ and (Kf)(x) =
∫

X

k(x, y)f(y) dμ(y).

One can check that a kernel operator K is positive iff its kernel k is non-
negative almost everywhere.

Let L be a Banach function space such that L and L∗ have order contin-
uous norms and let K and H be positive kernel operators on L. By γ(K) we
denote the Hausdorff measure of non-compactness of K, i.e.,

γ(K) = inf {δ > 0 : there is a finite M ⊂ L such that K(DL) ⊂ M + δDL} ,

where DL = {f ∈ L : ‖f‖L ≤ 1}. Then γ(K) ≤ ‖K‖, γ(K+H) ≤ γ(K)+γ(H),
γ(KH) ≤ γ(K)γ(H) and γ(αK) = αγ(K) for α ≥ 0. Also 0 ≤ K ≤ H implies
γ(K) ≤ γ(H) (see e.g. [23, Corollary 4.3.7 and Corollary 3.7.3]). Let ress(K)
denote the essential spectral radius of K, i.e., the spectral radius of the Calkin
image of K in the Calkin algebra. Then

ress(K) = lim
j→∞

γ(Kj)1/j = inf
j∈N

γ(Kj)1/j (4)

and ress(K) ≤ γ(K). Recall that if L = L2(X,μ), then γ(K∗) = γ(K) and
ress(K∗) = ress(K), where K∗ denotes the adjoint of K (see e.g. [23, Propo-
sition 4.3.3, Theorems 4.3.6 and 4.3.13 and Corollary 3.7.3], [27, Theorem
1], [22]). Note that equalities (4) and ress(K∗) = ress(K) are valid for any
bounded operator K on a given complex Banach space L (see e.g. [23, Theo-
rem 4.3.13 and Proposition 4.3.11], [27, Theorem 1]).

It is well-known that kernel operators play an important, often even cen-
tral, role in a variety of applications from differential and integro-differential
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equations, problems from physics (in particular from thermodynamics), engi-
neering, statistical and economic models, etc (see e.g. [18,31] and the refer-
ences cited there). For the theory of Banach function spaces and more general
Banach lattices we refer the reader to the books [1,2,4,23,41].

Let Σ be a bounded set of bounded operators on a complex Banach space
L. For m ≥ 1, let

Σm = {A1A2 · · · Am : Ai ∈ Σ}.

The generalized spectral radius of Σ is defined by

r(Σ) = lim sup
m→∞

[ sup
A∈Σm

r(A)]1/m (5)

and is equal to
r(Σ) = sup

m∈N

[ sup
A∈Σm

r(A)]1/m.

The joint spectral radius of Σ is defined by

r̂(Σ) = lim
m→∞[ sup

A∈Σm

‖A‖]1/m. (6)

Similarly, the generalized essential spectral radius of Σ is defined by

ress(Σ) = lim sup
m→∞

[ sup
A∈Σm

ress(A)]1/m (7)

and is equal to
ress(Σ) = sup

m∈N

[ sup
A∈Σm

ress(A)]1/m.

The joint essential spectral radius of Σ is defined by

r̂ess(Σ) = lim
m→∞[ sup

A∈Σm

γ(A)]1/m. (8)

It is well known that r(Σ) = r̂(Σ) for a precompact nonempty set Σ of
compact operators on L (see e.g. [24,37,38]), in particular for a bounded set of
complex n × n matrices (see e.g. [10,14,26,36] and the references cited there).
This equality is called the Berger-Wang formula or also the generalized spectral
radius theorem. It is known that also the generalized Berger-Wang formula
holds, i.e, that for any precompact nonempty set Σ of bounded operators on
L we have

r̂(Σ) = max{r(Σ), r̂ess(Σ)}
(see e.g. [24,37,38]). Observe also that it was proved in [24] that in the def-
inition of r̂ess(Σ) one may replace the Hausdorff measure of noncompactness
by several other seminorms, for instance it may be replaced by the essential
norm.

In general r(Σ) and r̂(Σ) may differ even in the case of a bounded set Σ
of compact positive operators on L (see [36] or also [30]).

Also, in [17] the reader can find an example of two positive non-compact
weighted shifts A and B on L = l2 such that r({A,B}) = 0 < r̂({A,B}). As
already noted in [37] also ress(Σ) and r̂ess(Σ) may in general be different.
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The theory of the generalized and the joint spectral radius has many
important applications for instance to discrete and differential inclusions,
wavelets, invariant subspace theory (see e.g. [10,37,38,40] and the references
cited there). In particular, r̂(Σ) plays a central role in determining stability
in convergence properties of discrete and differential inclusions. In this theory
the quantity log r̂(Σ) is known as the maximal Lyapunov exponent (see e.g.
[40]).

We have the following well known facts that hold for all ρ ∈
{r, r̂, ress, r̂ess}:

ρ(Σm) = ρ(Σ)m and ρ(ΨΣ) = ρ(ΣΨ) (9)

where ΨΣ = {AB : A ∈ Ψ, B ∈ Σ} and m ∈ N.
Let K and H be positive kernel operators on a Banach function space L

with kernels k and h respectively, and α ≥ 0. The Hadamard (or Schur) product
K ◦ H of K and H is the kernel operator with kernel equal to k(x, y)h(x, y)
at point (x, y) ∈ X × X which can be defined (in general) only on some order
ideal of L. Similarly, the Hadamard (or Schur) power K(α) of K is the kernel
operator with kernel equal to (k(x, y))α at point (x, y) ∈ X × X which can be
defined only on some order ideal of L.

Let K1, . . . ,Km be positive kernel operators on a Banach function space
L, and α1, . . . , αm nonnegative numbers such that

∑m
j=1 αj = 1. Then the

Hadamard weighted geometric mean K = K
(α1)
1 ◦ K

(α2)
2 ◦ · · · ◦ K

(αm)
m of the

operators K1, . . . ,Km is a positive kernel operator defined on the whole space
L, since K ≤ α1K1 + α2K2 + . . . + αmKm by the inequality between the
weighted arithmetic and geometric means.

Let us recall the following result, which was proved in [13, Theorem 2.2]
and [28, Theorem 5.1 and Example 3.7] (see also e.g. [30, Theorem 2.1]).

Theorem 1. Let {Kij}n,m
i=1,j=1 be positive kernel operators on a Banach func-

tion space L and α1, α2,..., αm nonnegative numbers.
If

∑m
j=1 αj = 1, then the positive kernel operator

K :=
(
K

(α1)
11 ◦ · · · ◦ K

(αm)
1m

)
. . .

(
K

(α1)
n1 ◦ · · · ◦ K(αm)

nm

)
(10)

satisfies the following inequalities

K ≤ (K11 · · · Kn1)(α1) ◦ · · · ◦ (K1m · · · Knm)(αm), (11)

‖K‖ ≤
∥
∥
∥(K11 · · · Kn1)(α1) ◦ · · · ◦ (K1m · · · Knm)(αm)

∥
∥
∥

≤ ‖K11 · · · Kn1‖α1 · · · ‖K1m · · · Knm‖αm (12)

r (K) ≤ r
(
(K11 · · · Kn1)(α1) ◦ · · · ◦ (K1m · · · Anm)(αm)

)

≤ r (K11 · · · Kn1)
α1 · · · r (K1m · · · Knm)αm . (13)
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If, in addition, L and L∗ have order continuous norms, then

γ(K) ≤ γ
(
(K11 · · · Kn1)(α1) ◦ · · · ◦ (K1m · · · Knm)(αm)

)

≤ γ(K11 · · · Kn1)α1 · · · γ(K1m · · · Knm)αm , (14)

ress (K) ≤ ress

(
(K11 · · · Kn1)(α1) ◦ · · · ◦ (K1m · · · Knm)(αm)

)

≤ ress (K11 · · · Kn1)
α1 · · · ress (K1m · · · Knm)αm . (15)

If, in addition, L = L2(X,μ), then

w(K) ≤ w
(
(K11 · · · Kn1)(α1) ◦ · · · ◦ (K1m · · · Knm)(αm)

)

≤ w(K11 · · · Kn1)α1 · · · w(K1m · · · Knm)αm . (16)

The following result is a special case of Theorem 1.

Theorem 2. Let K1, . . . ,Km be positive kernel operators on a Banach function
space L and α1, . . . , αm nonnegative numbers.

If
∑m

j=1 αj = 1, then

‖K
(α1)
1 ◦ K

(α2)
2 ◦ · · · ◦ K(αm)

m ‖ ≤ ‖K1‖α1‖K2‖α2 · · · ‖Km‖αm (17)

and

r(K(α1)
1 ◦ K

(α2)
2 ◦ · · · ◦ K(αm)

m ) ≤ r(K1)α1 r(K2)α2 · · · r(Km)αm . (18)

If, in addition, L and L∗ have order continuous norms, then

γ(K(α1)
1 ◦ K

(α2)
2 ◦ · · · ◦ K(αm)

m ) ≤ γ(K1)α1γ(K2)α2 · · · γ(Km)αm (19)

and

ress(K
(α1)
1 ◦K

(α2)
2 ◦· · ·◦K(αm)

m ) ≤ ress(K1)α1 ress(K2)α2 · · · ress(Km)αm . (20)

If, in addition, L = L2(X,μ), then

w(K(α1)
1 ◦ K

(α2)
2 ◦ · · · ◦ K(αm)

m ) ≤ w(K1)α1w(K2)α2 · · · w(Km)αm . (21)

Let Ψ1, . . . ,Ψm be bounded sets of positive kernel operators on a Banach
function space L and let α1, . . . αm be positive numbers such that

∑m
i=1 αi = 1.

Then the bounded set of positive kernel operators on L, defined by

Ψ(α1)
1 ◦ · · · ◦ Ψ(αm)

m = {A
(α1)
1 ◦ · · · ◦ A(αm)

m : A1 ∈ Ψ1, . . . , Am ∈ Ψm},

is called the weighted Hadamard (Schur) geometric mean of sets Ψ1, . . . ,Ψm.

The set Ψ( 1
m )

1 ◦ · · · ◦ Ψ( 1
m )

m is called the Hadamard (Schur) geometric mean of
sets Ψ1, . . . ,Ψm.

We will need the following well-known inequalities (see e.g. [25]). For
nonnegative measurable functions and for nonnegative numbers α and β such
that α + β ≥ 1 we have

fα
1 gβ

1 + · · · + fα
mgβ

m ≤ (f1 + · · · + fm)α(g1 + · · · + gm)β . (22)
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More generally, for nonnegative measurable functions {fij}n,m
i=1,j=1 and for non-

negative numbers αj , j = 1, . . . , m, such that
∑m

j=1 αj ≥ 1 we have

(fα1
11 · · · fαm

1m ) + · · · + (fα1
n1 · · · fαm

nm ) ≤ (f11 + · · · + fn1)
α1 · · · (f1m + · · · + fnm)αm .

(23)

The following result was established in [7, Theorems 3.2(i) and 3.6(i)] by
applying Theorem 1 and (23).

Theorem 3. Let {Ψij}k,m
i=1,j=1 be bounded sets of positive kernel operators on

a Banach function space L, let ρ ∈ {r, r̂} and assume that α1, . . . , αm are
positive numbers such that

∑m
i=1 αi = 1.

Then

ρ
((

Ψ(α1)
11 ◦ · · · ◦ Ψ(αm)

1m

)
. . .

(
Ψ(α1)

k1 ◦ · · · ◦ Ψ(αm)
km

))

≤ ρ
(
(Ψ11 · · · Ψk1)(α1) ◦ · · · ◦ (Ψ1m · · · Ψkm)(αm)

)

≤ ρ (Ψ11 · · · Ψk1)
α1 · · · ρ (Ψ1m · · · Ψkm)αm (24)

and

ρ
((

Ψ(α1)
11 ◦ · · · ◦ Ψ(αm)

1m

)
+ . . . +

(
Ψ(α1)

k1 ◦ · · · ◦ Ψ(αm)
km

))

≤ ρ
(
(Ψ11 + · · · + Ψk1)(α1) ◦ · · · ◦ (Ψ1m + · · · + Ψkm)(αm)

)

≤ ρ (Ψ11 + · · · + Ψk1)
α1 · · · ρ (Ψ1m + · · · + Ψkm)αm . (25)

If, in addition, L and L∗ have order continuous norms, then (24) and
(25) hold also for ρ ∈ {ress, r̂ess}.

Let K be a positive kernel operator on L = L2(X,μ) with a kernel k and
let α ∈ [0, 1]. Denote by Sα(K) = K(α) ◦ (K∗)(1−α) a positive kernel operator
on L with a kernel sα(k)(x, y) = kα(x, y)k1−α(y, x). Note that S(K) = S 1

2
(K)

is a geometric symmetrization of K, which is a selfadjoint and positive kernel
operator on L2(X,μ) with a kernel

√
k(x, y)k(y, x). Let ρ ∈ {r, ress, γ, ‖·‖, w}.

It was proved in [6, Proposition 2.2 (19), (20)] that

ρ(Sα(K1) · · · Sα(Kn)) (26)

≤ ρ
(
(K1 · · · Kn)(α) ◦ ((Kn · · · K1)∗)(1−α)

)
≤ ρ(K1 · · · Kn)α ρ(Kn · · · K1)1−α

and
ρ(Sα(K1) + . . . + Sα(Kn)) ≤ ρ(K1 + · · · + Kn). (27)

The following two results were proved in [8, Theorems 3.1 and 3.5].

Theorem 4. Let K1, . . . ,Kn be positive kernel operators on L = L2(X,μ).
For ρ ∈ {r, ress, γ, ‖ · ‖, w} define ρn : [0, 1] → [0,∞) by

ρn(α) =
√

ρ(Sα(K1)Sα(K2) · · · Sα(Kn))ρ(Sα(Kn)Sα(Kn−1) · · · Sα(K1)).
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Then ρn is decreasing on [0, 1
2 ] and increasing on [12 , 1].

In particular, ρn(α) ≥ ρn( 1
2 ) for each α ∈ [0, 1].

Theorem 5. Let Kij for i = 1, . . . , n and j = 1, . . . ,m be positive kernel oper-
ators on L = L2(X,μ).

For ρ ∈ {r, ress, γ, ‖ · ‖, w} define ρn : [0, 1] → [0,∞) by

ρn(α) = (ρ((Sα(K11) + · · · + Sα(K1m)) · · · (Sα(Kn1) + · · · + Sα(Knm))))
1
2

× (ρ((Sα(Kn1) + · · · + Sα(Knm)) · · · (Sα(K11) + · · · + Sα(K1m))))
1
2 .

Then
ρn(α) ≤ ρ((K11 + · · · + K1m) · · · (Kn1 + · · · + Knm))

1
2 (28)

×ρ((Kn1 + · · · + Knm) · · · (K11 + · · · + K1m))
1
2

for each α ∈ [0, 1].
Moreover, ρn is decreasing on [0, 1

2 ] and increasing on [12 , 1].
In particular, ρn(α) ≥ ρn( 1

2 ) for each α ∈ [0, 1].

In the next section we generalize the above two results to the setting
of bounded sets of positive kernel operators on L2(X,μ) (Theorems 8 and 14
below).

3. Results

In this section we extend Theorems 4 and 5 to the setting of bounded sets of
positive kernel operators on L2(X,μ).

Let Ψ be a bounded set of positive kernel operators on L = L2(X,μ) and
α ∈ [0, 1]. Denote by Ψ∗ and Sα(Ψ) bounded sets of positive kernel operators
on L defined by Ψ∗ = {A∗ : A ∈ Ψ} and Sα(Ψ) = Ψ(α) ◦ (Ψ∗)(1−α) = {A(α) ◦
(B∗)(1−α) : A,B ∈ Ψ}. Note that Sα(Ψ)∗ = Sα(Ψ∗) = {(A∗)(α) ◦ B(1−α) :
A,B ∈ Ψ}.

Let Ψ,Ψ1, . . . ,Ψn be bounded sets of positive kernel operators on L =
L2(X,μ), ρ ∈ {r, r̂, ress, r̂ess} and α ∈ [0, 1]. In [7, Proposition 4.2] the follow-
ing generalizations of (26) and (27) were proved

ρ(Sα(Ψ1) · · · Sα(Ψn)) ≤ ρ
(
(Ψ1 · · · Ψn)(α) ◦ ((Ψn · · · Ψ1)∗)(1−α)

)

≤ ρ(Ψ1 · · · Ψn)α ρ(Ψn · · · Ψ1)1−α (29)

and

ρ(Sα(Ψ1) + · · · + Sα(Ψm)) ≤ ρ (Sα(Ψ1 + · · · + Ψm))
≤ ρ(Ψ1 + · · · + Ψm). (30)

In particular ([7, Proposition 4.2 (58)]),

ρ(Sα(Ψ)) ≤ ρ(Ψ). (31)
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Let us denote ‖Ψ‖ = supA∈Ψ ‖A‖, γ(Ψ) = supA∈Ψ γ(A) and w(Ψ)
= supA∈Ψ w(A).

We show below in Corollary 7 that (29) and (30) hold also for all ρ ∈
{‖ · ‖, γ, w}. To do this we first point out the following analogue of Theorem 3
for all ρ ∈ {‖ · ‖, γ, w} that easily follows from Theorem 1 and (23).

Corollary 6. Let {Ψij}k,m
i=1,j=1 be bounded sets of positive kernel operators on

a Banach function space L and assume that α1, . . . , αm are positive numbers
such that

∑m
i=1 αi = 1. Then (24) and (25) hold for ρ = ‖ · ‖.

If, in addition, L and L∗ have order continuous norms, then (24) and
(25) hold also for ρ = γ.

If, in addition, L = L2(X,μ), then (24) and (25) hold also for ρ = w.

Proof. Inequalities (24) in all three cases follow from Theorem 1, while in-
equalities (25) follow from (23), monotonicity of ρ and from Theorem 2. �
Remark 1. Let L denote the set of all Banach sequence spaces L such that all
standard vectors are included in L and have norm 1 (for precise definitions see
e.g. [7], [22], [32]). If α1, . . . , αm are positive numbers such that

∑m
i=1 αi ≥ 1,

then for ρ = ‖ · ‖ inequalities (24) and (25) hold also for bounded sets of
nonnegative matrices that define positive operators on L ∈ L by [22, Theorem
2.1 (ii)]. If, in addition, L and L∗ have order continuous norms then the same
conclusion holds also for ρ = γ by [22, Theorem 3.5]. However, if in addition,
L = l2, then the same conclusion does not hold for ρ = w (see e.g. [13, Example
3.2]).

The following result establishes an analogue of (29) and (30) for all ρ ∈
{‖ · ‖, γ, w} and it extends [6, Proposition 2.2].

Corollary 7. Let Ψ1, . . . ,Ψm be bounded sets of positive kernel operators on
L2(X,μ) and let α ∈ [0, 1]. Then (29) and (30) hold for all ρ ∈ {‖ · ‖, γ, w}.
Proof. Let ρ ∈ {‖ · ‖, γ, w}. By Corollary 6 we have

ρ (Sα(Ψ1) · · · Sα(Ψm)) = ρ
(
(Ψ(α)

1 ◦ (Ψ∗
1)

(1−α)) · · ·
(
Ψ(α)

m ◦ (Ψ∗
m)(1−α)

))

≤ ρ
(
(Ψ1 · · · Ψm)(α) ◦ ((Ψm · · · Ψ1)∗)(1−α)

)

≤ ρ(Ψ1 · · · Ψm)α ρ((Ψm · · · Ψ1)∗)1−α = ρ(Ψ1 · · · Ψm)α ρ(Ψm · · · Ψ1)1−α,

where the last equality follows from the fact that ρ(Ψ) = ρ(Ψ∗). This completes
the proof of (29) for ρ ∈ {‖ · ‖, γ, w}.

The inequalities in (30) are proved in similar way by applying (25). �
The following results generalizes Theorem 4.

Theorem 8. Let Ψ1, . . . ,Ψn be bounded sets of positive kernel operators on
L = L2(X,μ) and ρ ∈ {r, r̂, ress, r̂ess, ‖ · ‖, γ, w}. Define ρn : [0, 1] → [0,∞) by

ρn(α) =
√

ρ(Sα(Ψ1)Sα(Ψ2) · · · Sα(Ψn))ρ(Sα(Ψn)Sα(Ψn−1) · · · Sα(Ψ1)).
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Then ρn is decreasing on [0, 1
2 ] and increasing on [12 , 1].

In particular, ρn(α) ≥ ρn( 1
2 ) for each α ∈ [0, 1].

Proof. Let 0 ≤ α1 < α2 ≤ 1
2 and α = α1+α2−1

2α1−1 . Then α ∈ (0, 1) and

Sα2(Ψ) ⊂ Sα(Sα1(Ψ)) (32)

for every bounded set of positive kernel operators on L = L2(X,μ). Indeed,
for A(α2) ◦ (B∗)(1−α2) ∈ Sα2(Ψ) where A,B ∈ Ψ we have

A(α2) ◦ (B∗)(1−α2) = A(αα1+(1−α1)(1−α)) ◦ (B∗)(α(1−α1)+α1(1−α))

= (A(α1) ◦ (B∗)(1−α1))(α) ◦ ((B∗)(α1) ◦ A(1−α1))(1−α) ∈ Sα(Sα1(Ψ)),
since A(α1)◦(B∗)(1−α1) ∈ Sα1(Ψ) and (B∗)(α1)◦A(1−α1) ∈ Sα1(Ψ

∗) = Sα1(Ψ)∗.
From (32) and (29) it follows that

ρn(α2) =
√

ρ(Sα2(Ψ1) · · · Sα2(Ψn))ρ(Sα2(Ψn) · · · Sα2(Ψ1))

≤
√

ρ(Sα(Sα1(Ψ1)) · · · Sα(Sα1(Ψn)))ρ(Sα(Sα1(Ψn)) · · · Sα(Sα1(Ψ1)))

≤
√

ρ((Sα1(Ψ1) · · · Sα1(Ψn))αρ((Sα1(Ψn) · · · Sα1(Ψ1))1−α×
√

ρ((Sα1(Ψn) · · · Sα1(Ψ1))αρ((Sα1(Ψ1) · · · Sα1(Ψn))1−α

=
√

ρ(Sα1(Ψ1) · · · Sα1(Ψn))ρ(Sα1(Ψn) · · · Sα1(Ψ1)) = ρn(α1),
which proves that ρn is a decreasing function on [0, 1

2 ].
To prove the case 1

2 ≤ α1 < α2 ≤ 1, let α = α1+α2−1
2α2−1 . Then α ∈ (0, 1)

and
Sα1(Ψ) ⊂ Sα(Sα2(Ψ)) (33)

for every bounded set Ψ of positive kernel operators on L = L2(X,μ) . Indeed,
let C(α1) ◦ (D∗)(1−α1) ∈ Sα1(Ψ), where C,D ∈ Ψ. Then

C(α1) ◦ (D∗)(1−α1) = C(αα2+(1−α2)(1−α)) ◦ (D∗)(α(1−α2)+α2(1−α))

= (C(α2) ◦ (D∗)(1−α2))(α) ◦ ((D∗)(α2) ◦ C(1−α2))(1−α) ∈ Sα(Sα2(Ψ)),
since C(α2) ◦ (D∗)(1−α2) ∈ Sα2(Ψ) and (D∗)(α2) ◦ C(1−α2) ∈ Sα2(Ψ

∗) =
Sα2(Ψ)∗. Applying (33) and (29) we obtain

ρn(α1) =
√

ρ(Sα1(Ψ1) · · · Sα1(Ψn))ρ(Sα1(Ψn) · · · Sα1(Ψ1))

≤
√

ρ(Sα(Sα2(Ψ1)) · · · Sα(Sα2(Ψn)))ρ(Sα(Sα2(Ψn)) · · · Sα(Sα2(Ψ1)))

≤
√

ρ((Sα2(Ψ1) · · · Sα2(Ψn))αρ((Sα2(Ψn) · · · Sα2(Ψ1))1−α×
√

ρ((Sα2(Ψn) · · · Sα2(Ψ1))αρ((Sα2(Ψ1) · · · Sα2(Ψn))1−α

=
√

ρ(Sα2(Ψ1) · · · Sα2(Ψn))ρ(Sα2(Ψn) · · · Sα2(Ψ1)) = ρn(α2),
which completes the proof. �

The following corollary generalizes [6, Theorem 2.7] ([7, Corollary 3.2]).
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Corollary 9. Let Ψ be a bounded set of positive kernel operators on L =
L2(X,μ) and ρ ∈ {r, r̂, ress, r̂ess, ‖ · ‖, γ, w}. Then the function ρ1 : [0, 1] →
[0,∞), defined by ρ1(α) = ρ(Sα(Ψ)), is decreasing on [0, 1

2 ] and increasing on
[12 , 1].

In particular, ρ(Sα(Ψ)) ≥ ρ(S(Ψ)) for each α ∈ [0, 1].

The following corollary generalizes [8, Corollary 3.3].

Corollary 10. Let Ψ1 and Ψ2 be bounded sets of positive kernel operators on
L = L2(X,μ) and let ρ ∈ {r, r̂, ress, r̂ess}. Then the function ρ2 : [0, 1] →
[0,∞), defined by ρ2(α) = ρ(Sα(Ψ1)Sα(Ψ2)), is decreasing on [0, 1

2 ] and in-
creasing on [12 , 1].

In particular, ρ(Sα(Ψ1)Sα(Ψ2)) ≥ ρ(S(Ψ1)S(Ψ2)) for each α ∈ [0, 1].

Next we extend [8, Proposition 3.4].

Proposition 11. Let Ψ1, . . . ,Ψn be bounded sets of positive kernel operators
on L = L2(X,μ) and ρ ∈ {r, r̂, ress, r̂ess, ‖ · ‖, γ, w}. Then the function ρ̃n :
[0, 1] → [0,∞), defined by ρ̃n(α) = ρ(Sα(Ψ1)+ · · ·+Sα(Ψn)), is decreasing on
[0, 1

2 ] and increasing on [12 , 1].

Proof. Let 0 ≤ α1 < α2 ≤ 1
2 and α = α1+α2−1

2α1−1 . Then α ∈ (0, 1) and Sα2(Ψ) ⊂
Sα(Sα1(Ψ)) by (32). Applying (30) we obtain

ρ̃n(α2) = ρ(Sα2(Ψ1) + · · · + Sα2(Ψn)) ≤ ρ(Sα(Sα1(Ψ1)) + · · · + Sα(Sα1(Ψn)))

≤ ρ(Sα1(Ψ1) + · · · + Sα1(Ψn)) = ρ̃n(α1),
which proves that ρ̃n is decreasing on [0, 1

2 ]. For 1
2 ≤ α1 < α2 ≤ 1 let α =

α1+α2−1
2α2−1 . It follows that α ∈ (0, 1) and by (33) we have Sα1(Ψ) ⊂ Sα(Sα2(Ψ))

for every bounded set of positive kernel operators on L = L2(X,μ). By (30) it
follows

ρ̃n(α1) = ρ(Sα1(Ψ1) + · · · + Sα1(Ψn)) ≤ ρ(Sα(Sα2(Ψ1)) + · · · + Sα(Sα2(Ψn)))

≤ ρ(Sα2(Ψ1) + · · · + Sα2(Ψn)) = ρ̃n(α2),
which completes the proof. �

We will need a special case of the following result (Corollary 13 below).

Lemma 12. Let Ψij and Σij for i = 1, . . . , n and j = 1, . . . ,m be bounded sets
of positive kernel operators on a Banach function space L and let α ∈ [0, 1]. If
ρ ∈ {r, r̂, ‖ · ‖}, then

ρ
((

(Ψ(α)
11 ◦ Σ(1−α)

11 ) + · · · + (Ψ(α)
1m ◦ Σ(1−α)

1m )
)

· · ·
(
(Ψ(α)

n1 ◦ Σ(1−α)
n1 ) + · · · + (Ψ(α)

nm ◦ Σ(1−α)
nm )

))

≤ ρ(
(
(Ψ11 + · · · + Ψ1m)(α) ◦ (Σ11 + · · · + Σ1m)(1−α)

)
· · ·
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· · ·
(
(Ψn1 + · · · + Ψnm)(α) ◦ (Σn1 + · · · + Σnm)(1−α)

)
). (34)

If, in addition, L and L∗ have order continuous norms, then (34) holds
also for ρ ∈ {ress, r̂ess, γ}.

If, in addition, L = L2(X,μ), then (34) holds also for ρ = w.

Proof. Let ρ ∈ {r, r̂, ‖ · ‖}. Let l ∈ N and

A ∈
((

(Ψ(α)
11 ◦ Σ(1−α)

11 ) + · · · + (Ψ(α)
1m ◦ Σ(1−α)

1m )
)

· · ·
(
(Ψ(α)

n1 ◦ Σ(1−α)
n1 )

+ · · · + (Ψ(α)
nm ◦ Σ(1−α)

nm )
))l

Then A = A1 · · · Al and for each k = 1, . . . , l we have

Ak = (A
(α)
k11 ◦B

(1−α)
k11 + · · ·+A

(α)
k1m ◦B

(1−α)
k1m ) · · · (A(α)

kn1 ◦B
(1−α)
kn1 + · · ·+A

(α)
knm ◦B

(1−α)
knm )

where Akij ∈ Ψij , Bkij ∈ Σij for k = 1, . . . , l, i = 1, . . . , n and j = 1, . . . ,m.
Then by (23) we have

Ak ≤ Ck = ((Ak11 + · · · + Ak1m)(α) ◦ (Bk11 + · · · + Bk1m)(1−α)) · · ·
· · · ((Akn1 + · · · + Aknm)(α) ◦ (Bkn1 + · · · + Bknm)(1−α))

for each k = 1, . . . , l and

Ck ∈ (
(
(Ψ11 + · · · + Ψ1m)(α) ◦ (Σ11 + · · · + Σ1m)(1−α)

)
· · ·

· · ·
(
(Ψn1 + · · · + Ψnm)(α) ◦ (Σn1 + · · · + Σnm)(1−α)

)
).

Therefore for C = C1 · · · Cl we have A ≤ C and

C ∈ (
(
(Ψ11 + · · · + Ψ1m)(α) ◦ (Σ11 + · · · + Σ1m)(1−α)

)
· · ·

· · ·
(
(Ψn1 + · · · + Ψnm)(α) ◦ (Σn1 + · · · + Σnm)(1−α)

)
)l.

By monotonicity of spectral radius and operator norm and definitions,
the inequality (34) for ρ ∈ {r, r̂} follows. The case ρ = ‖ · ‖ is proved similarly
by taking l = 1 in the proof above. The remaining cases follow in a similar
manner. �

Corollary 13. Let Ψij for i = 1, . . . , n and j = 1, . . . , m be bounded sets of
positive kernel operators on L2(X,μ) and ρ ∈ {r, r̂, ress, r̂ess, ‖ · ‖, γ, w}. If
α ∈ [0, 1] then

ρ((Sα(Ψ11) + · · · + Sα(Ψ1m)) · · · (Sα(Ψn1) + · · · + Sα(Ψnm)))

≤ ρ (Sα(Ψ11 + · · · + Ψ1m) · · · Sα(Ψn1 + · · · + Ψnm)) (35)

Now we are in position to generalize Theorem 5 to the setting of bounded
sets of positive kernel operators on L2(X,μ).
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Theorem 14. Let Ψij for i = 1, . . . , n and j = 1, . . . , m be bounded sets of
positive kernel operators on L2(X,μ) and ρ ∈ {r, r̂, ress, r̂ess, ‖·‖, γ, w}. Define
ρn : [0, 1] → [0,∞) by

ρn(α) = (ρ((Sα(Ψ11) + · · · + Sα(Ψ1m)) · · · (Sα(Ψn1) + · · · + Sα(Ψnm))))
1
2 ×

(ρ((Sα(Ψn1) + · · · + Sα(Ψnm)) · · · (Sα(Ψ11) + · · · + Sα(Ψ1m))))
1
2 .

Then
ρn(α) ≤ ρ((Ψ11 + · · · + Ψ1m) · · · (Ψn1 + · · · + Ψnm))

1
2 × (36)

ρ((Ψn1 + · · · + Ψnm) · · · (Ψ11 + · · · + Ψ1m))
1
2

for each α ∈ [0, 1]. Moreover, ρn is decreasing on [0, 1
2 ] and increasing on [12 , 1].

Proof. By double application of (35) and then of (29) we obtain

ρn(α) ≤ ρ(Sα(Ψ11 + · · · + Ψ1m) · · · Sα(Ψn1 + · · · + Ψnm))1/2×
ρ(Sα(Ψn1 + · · · + Ψnm) · · · Sα(Ψ11 + · · · + Ψ1m))1/2

≤ ρ((Ψ11 + · · · + Ψ1m) · · · (Ψn1 + · · · + Ψnm))
α
2 ×

ρ((Ψn1 + · · · + Ψnm) · · · (Ψ11 + · · · + Ψ1m))
1−α

2 ×
ρ((Ψn1 + · · · + Ψnm) · · · (Ψ11 + · · · + Ψ1m))

α
2 ×

ρ((Ψ11 + · · · + Ψ1m) · · · (Ψn1 + · · · + Ψnm))
1−α
2

= ρ((Ψ11 + · · · + Ψ1m) · · · (Ψn1 + · · · + Ψnm))
1
2 ×

ρ((Ψn1 + · · · + Ψnm) · · · (Ψ11 + · · · + Ψ1m))
1
2 ,

which proves (36). Let 0 ≤ α1 < α2 ≤ 1
2 . For α = α1+α2−1

2α1−1 we have α ∈ (0, 1)
and Sα2(K) ⊂ Sα(Sα1(K)). Then by (36)

ρn(α2) ≤
(ρ((Sα(Sα1 (Ψ11)) + · · · + Sα(Sα1 (Ψ1m))) · · · (Sα(Sα1 (Ψn1)) + · · · + Sα((Sα1 (Ψnm))))

1
2 ×

(ρ((Sα(Sα1 (Ψn1)) + · · · + Sα(Sα1 (Ψnm))) · · · (Sα(Sα1 (Ψ11)) + · · · + Sα((Sα1 (Ψ1m))))
1
2

≤ (ρ((Sα1 (Ψ11) + · · · + Sα1 (Ψ1m)) · · · (Sα1 (Ψn1) + · · · + Sα1 (Ψnm))))
1
4 ×

(ρ((Sα1(Ψn1) + · · · + Sα1(Ψnm)) · · · (Sα1(Ψ11) + · · · + Sα1(Ψ1m))))
1
4 ×

(ρ((Sα1(Ψn1) + · · · + Sα1(Ψnm)) · · · (Sα1(Ψ11) + · · · + Sα1(Ψ1m))))
1
4 ×

(ρ((Sα1 (Ψ11) + · · · + Sα1 (Ψ1m)) · · · (Sα1 (Ψn1) + · · · + Sα1 (Ψnm))))
1
4 = ρn(α1),

which proves that ρn is decreasing on [0, 1
2 ].

To prove that ρn is increasing on [ 12 , 1] let 1
2 ≤ α1 < α2 ≤ 1. For α =

α1+α2−1
2α2−1 we have α ∈ (0, 1) and Sα1(K) ⊂ Sα(Sα2(K)). Similarly as above it

follows from (36) that ρn(α1) ≤ ρn(α2), which completes the proof. �



Monotonicity properties for joint and generalized spectral radius Page 15 of 18    39 

Acknowledgements

The first author thanks the colleagues and staff at the Faculty of Mechani-
cal Engineering, University of Ljubljana and at the Institute of Mathematics,
Physics and Mechanics for their hospitality during the research stay in Slove-
nia. The second author is also a member of the University of Ljubljana, KTT21
project group (grant SN-ZRD/22-27/0510).

Funding The first author acknowledges a partial support of COST Short Term
Scientific Mission program (action CA18232) and the Slovenian Research and
Innovation Agency (grants P1-0222 and P1-0288).
The second author acknowledges a partial support of the Slovenian Research
and Innovation Agency (grants P1-0222 and J2-2512).

Data Availability Statement There is no additional data for this article.

Declarations
Competing Interests The authors have no relevant financial or non-financial
interests to disclose.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

References

[1] Abramovich, Y.A., Aliprantis, C.D.: An invitation to operator theory. American
Mathematical Society, Providence (2002)

[2] Aliprantis, C.D., Burkinshaw, O.: Positive operators, Reprint of the 1985 origi-
nal. Springer, Dordrecht (2006)

[3] Audenaert, K.M.R.: Spectral radius of Hadamard product versus conventional
product for non-negative matrices. Linear Algebra Appl. 432, 366–368 (2010)

[4] Bennett, C., Sharpley, R.: Interpolation of Operators. Academic Press Inc, Or-
lando (1988)
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Basel, (1999)

[20] Karlin, S., Ost, F.: Some monotonicity properties of Schur powers of matrices
and related inequalities. Linear Algebra Appl. 68, 47–65 (1985)

[21] Kingman, J.F.C.: A convexity property of positive matrices, Quart. J. Math.
Oxford Ser. 12(2) 283–284 (1961)

[22] Lins, B., Peperko, A., Inequalities on the essential joint and essential generalized
spectral radius, Journal of Mathematical Inequalities,: Vol. 18. Num. 4, 1489–
1514 (2024)

[23] Meyer-Nieberg, P.: Banach lattices. Springer-Verlag, Berlin (1991)

https://doi.org/10.1080/03081087.2022.2121369
https://doi.org/10.7153/jmi-2024-18-87


Monotonicity properties for joint and generalized spectral radius Page 17 of 18    39 

[24] Morris, I.D.: The generalized Berger-Wang formula and the spectral radius of
linear cocycles. J. Funct. Anal. 262, 811–824 (2012)
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