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Long Plane Trees
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In the longest plane spanning tree problem, we are given a finite planar point set #, and our task is to find
a plane (i.e., noncrossing) spanning tree for £ with maximum total Euclidean edge length. Despite more
than two decades of research, it remains open whether this problem is NP-hard. Thus, previous results have
focused on polynomial-time algorithms that produce plane trees whose total edge length approximates OPT,
the maximum possible length. The approximate trees in these algorithms all have small unweighted diameter,
typically two to four. It is natural to ask whether this is a common feature of longest plane spanning trees, or
an artifact of the specific approximation algorithms.

We provide three results to elucidate the interplay between the approximation guarantee and the unweighted
diameter of the approximate trees. First, we describe a polynomial-time algorithm to construct a plane tree
with diameter at most four and total edge length at least 0.546- OPT. This constitutes a substantial improvement
over the state of the art. Second, we show that a longest plane tree among those with diameter at most three
can be found in polynomial time. Third, for any candidate diameter d > 3, we provide upper bounds on the
approximation factor that can be achieved by a longest plane tree with diameter at most d (compared to a
longest plane tree without constraints).

CCS Concepts: « Theory of computation — Routing and network design problems; Computational
geometry; « Mathematics of computing — Trees;

Additional Key Words and Phrases: geometric network design, spanning trees, plane straight-line graphs,
approximation algorithms

A preliminary version appeared as S. Cabello, M. Hoffmann, K. Klost, W. Mulzer, and ]. Tkadlec. Long Plane Trees in Proc.
38th SoCG, pp. 23:1-23:17.

S. Cabello was supported in part by the Slovenian Research Agency (P1-0297, J1-9109, J1-8130, J1-8155, J1-1693, J1-2452,
N1-0218, N1-0285) and in part by the European Union (ERC, KARST, project number 101071836). Views and opinions
expressed are, however, those of the authors only and do not necessarily reflect those of the European Union or the
European Research Council. Neither the European Union nor the granting authority can be held responsible for them.
M. Hoffmann was supported by the Swiss National Science Foundation within the collaborative DACH project Arrangements
and Drawings as SNSF Project 200021E-171681. W. Mulzer was supported in part by ERC StG 757609. J. Tkadlec was
supported by Charles Univ. projects UNCE 24/SCI/008 and PRIMUS 24/SCI/012.

Authors’ Contact Information: Sergio Cabello, Faculty of Mathematics and Physics, University of Ljubljana, Ljubljana,
Slovenia and Institute of Mathematics Physics and Mechanics, Ljubljana, Slovenia; e-mail: sergio.cabello@fmf.uni-lj.si;
Michael Hoffmann, ETH Ziirich, Ziirich, Switzerland; e-mail: hoffmann@inf.ethz.ch; Katharina Klost, Institut fiir Informatik,
Freie Universitat Berlin, Berlin, Germany; e-mail: katharina.klost@fu-berlin.de; Wolfgang Mulzer (corresponding author),
Institut fiir Informatik, Freie Universitit Berlin, Berlin, Germany; e-mail: mulzer@inf.fu-berlin.de; Josef Tkadlec, Computer
Science Institute, Charles University, Praha, Czech Republic; e-mail: josef.tkadlec@iuuk.mff.cuni.cz.

This work is licensed under Creative Commons Attribution International 4.0.

© 2025 Copyright held by the owner/author(s).
ACM 1549-6333/2025/10-ART5
https://doi.org/10.1145/3765740

ACM Transactions on Algorithms, Vol. 22, No. 1, Article 5. Publication date: October 2025.


https://orcid.org/0000-0002-3183-4126
https://orcid.org/0000-0001-5307-7106
https://orcid.org/0000-0002-9884-3297
https://orcid.org/0000-0002-1948-5840
https://orcid.org/0000-0002-1097-9684
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3765740

5:2 S. Cabello et al.

ACM Reference format:

Sergio Cabello, Michael Hoffmann, Katharina Klost, Wolfgang Mulzer, and Josef Tkadlec. 2025. Long Plane
Trees. ACM Trans. Algor. 22, 1, Article 5 (October 2025), 40 pages.

https://doi.org/lo.l145/3765740

1 Introduction

Geometric network design is a common and well-studied task in computational geometry and
combinatorial optimization [19, 22, 26, 27]. In this family of problems, we are given a set  of points
in general position, and our task is to connect P into a (geometric) graph that has certain favorable
properties. Not surprisingly, this general question has captivated the attention of researchers for
a long time, and we can find countless variants, depending on which restrictions we put on the
graph that connects £ and which criteria of this graph we would like to optimize. Typical graph
classes of interest include matchings, paths, cycles, trees, or general plane (noncrossing) graphs, i.e.,
graphs, whose straight-line embedding on # does not contain any edge crossings. Typical quality
criteria include the total edge length [3, 16, 25, 30], the maximum length (bottleneck) edge [6, 18],
the maximum degree [4, 12, 20, 33], the dilation [19, 28, 31], or the stabbing number [29, 36] of the
graph.

Many famous problems from computational geometry fall into this general setting. For example,
if our goal is to minimize the total edge length, while restricting ourselves to paths, trees, or
triangulations, respectively, we are faced with the venerable problems of finding an optimum TSP
tour [22], a Euclidean minimum spanning tree [16], or a minimum weight triangulation [30] for 7.
These three examples also illustrate the wide variety of complexity aspects that we may encounter
in geometric design problems: the Euclidean TSP problem is known to be NP-hard [32], but it
admits a PTAS [3, 25]. On the other hand, it is possible to find a Euclidean minimum spanning
tree for # in polynomial time [16] (even though, curiously, the associated decision problem is not
known to be solvable by a polynomial-time Turing machine, see, e.g., [9]). The minimum weight
triangulation problem is also known to be NP-hard [30], but the existence of a PTAS is still open;
however, a QPTAS is known [35].

In this work, we are interested in the interaction of two specific requirements for a geometric
design problem, namely the two objectives of obtaining a plane graph and of optimizing the total
edge length. For the case that we want to minimize the total edge length of the resulting graph,
these two goals are often in perfect harmony: the shortest Euclidean TSP tour and the shortest
Euclidean minimum spanning tree are automatically plane, as can be seen by a simple application of
the triangle inequality. In contrast, if our goal is to maximize the total edge length, while obtaining
a plane graph, much less is known.

This family of problems was studied by Alon et al. [1], who considered the problems of computing
a longest plane matching, a longest plane Hamiltonian path, and a longest plane spanning tree
for a planar point set # in general position. They conjectured that these three problems are all
NP-hard, but as far as we know, this is still open. The situation is similar for the problem of
finding a maximum weight triangulation for $: here, we have neither an NP-hardness proof, nor a
polynomial time algorithm [13]. If we omit the planarity condition, then the problem of finding
a longest Hamiltonian path (the geometric maximum TSP problem) is known to be NP-hard in
dimension three and above, while the two-dimensional case remains open [5]. On the other hand,
we can find a longest (typically not plane) tree on # in polynomial time, using classic greedy
algorithms [15], and a similar result holds for finding a longest (typically not plane) matching on #.
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Longest Plane Spanning Trees. We focus on the specific problem of finding a longest plane (i.e.,
noncrossing) tree for a given set  of n > 3 points in the plane in general position (that is, no three
points in P are collinear). Such a tree is necessarily spanning. The general position assumption
was also used in previous work on this problem [1, 17]. Without it, one should specify whether
overlapping edges are allowed. This is an additional complication that we would like to avoid.

If P is in convex position, then the longest plane tree for # can be found in polynomial time on
a real RAM, by adapting standard dynamic programming methods for plane structures on point
sets in convex position [21, 23]. On the other hand, for an arbitrary point set $, the problem is
conjectured—but not known—to be NP-hard [1]. Hence, past results have focused on designing
polynomial-time approximation algorithms. Typically, these algorithms construct several “simple”
spanning trees for £ of small (unweighted) diameter, and one then argues that at least one such tree
is sufficiently long. In a seminal work, Alon et al. [1] showed that a longest star (a plane tree with
diameter two) on P yields a 0.5-approximation for the longest (not necessarily plane) spanning
tree of . They further argued that this bound is essentially tight for point sets that consist of two
large clusters far away from each other. Dumitrescu and Téth [17] refined this algorithm by adding
two additional families of candidate trees, now with diameter four. They showed that at least one
member of this extended range of candidates constitutes a 0.502-approximation, which was further
improved to 0.503 by Biniaz et al. [8]. In all these results, the approximation factor is analyzed by
comparing to the length of a longest (typically not plane) spanning tree. Such a tree may be longer
by a factor of up to /2, 7/2 > 1.5 than a maximum-length plane tree [1], as witnessed by, e.g., a
large set of points spaced uniformly on a unit circle. While the ratio between the lengths of the
longest plane tree and the longest (possibly crossing) tree is an interesting quantity in itself, the
original objective is to construct a longest plane tree, and thus, it is better to compare the length
of the constructed plane trees against the true optimum, that is, against the length of a longest
plane tree. Considering certain trees of diameter at most five, a superset of the authors of this paper
managed to compare against the longest plane tree and pushed the approximation factor to 0.512
[11]. This was subsequently improved even further to 0.519 by Biniaz [7].

Our Results. We provide a deeper study of the interplay between the approximation factor and
the diameter of the candidate trees. First, we give a polynomial-time algorithm to find a tree of
diameter at most four that guarantees an approximation factor of roughly 0.546, a substantial
improvement over the previous bounds.

THEOREM 1.1. For any finite point set P in general position (the set P contains no three collinear
points), we can compute in polynomial time a plane tree of Euclidean length at least f - OPT, where
OPT denotes the length of a longest plane tree on P and f > 0.5467 is the fourth smallest real root of
the polynomial

P(x) = =80 + 128x + 504x% — 768x> — 845x* + 1096x° + 256x°.

The algorithm of Theorem 1.1 constructs n? plane trees: n stars and n(n — 1) general trees of
diameter at most four. We show that one of these trees is always sufficiently long. The algorithm
is very simple, but its analysis uses several geometric insights. The polynomial P(x) comes from
optimizing several constants that appear in the algorithm.

Second, we characterize longest plane trees for point sets in convex position. A caterpillar is a
tree T that contains a path S, the spine, so that every vertex of T \ S is adjacent to a vertex in S. A
tree T that is straight-line embedded on a point set # in convex position is a zigzagging caterpillar
if its edges split the convex hull of # into faces that are all triangles. Our next two theorems show
that the longest plane trees for point sets in convex position are given exactly by caterpillar graphs.
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5:4 S. Cabello et al.

THEOREM 1.2. Let P be a finite point set in convex position in the plane. Then, every longest plane
tree on P is a zigzagging caterpillar.

THEOREM 1.3. For any caterpillar C, there exists a point set P in convex position such that the
longest tree for P is unique and isomorphic to C.

In particular, Theorem 1.3 implies that the diameter of a (unique) longest plane tree can be arbitrar-
ily large. As a consequence, we obtain an upper bound on the approximation factor BoundDiam(d)
that can be achieved by a plane tree of diameter at most d.

THEOREM 1.4. For every d > 2, there exists a point set P in convex position so that every plane tree
of diameter at most d on P is at most

6
YT Dd+2dTs)

1-06(1/d%

times as long as the length |Top:| of a longest (general) plane tree on P. It follows that

6

@i D@D - e/

BoundDiam(d) < 1 -

We have better bounds for small values of d. For d = 2, it is easy to see that BoundDiam(2) < 1/2:
put two groups of roughly half of the points sufficiently far from each other [1]. For d = 3, we can
show BoundDiam(3) < 5/6.

THEOREM 1.5. For every € > 0, there exists a point set P in convex position such that every longest
plane tree of diameter three on P is at most (5/6) + ¢ times as long as every longest (general) plane
tree on P.

Third, we give polynomial-time algorithms for finding a longest plane tree among those of
diameter at most three and among a special class of trees of diameter at most four. Note that in
contrast to diameter two, the number of spanning trees of diameter at most three is exponential in
the number of points.

THEOREM 1.6. For any set P of n points in general position, a longest plane tree of diameter at most
three on P can be computed in O(n*) time.

THEOREM 1.7. For any set P of points in general position and for any three specified points on the
boundary of the convex hull of P, we can compute in polynomial time the longest plane tree such that
each edge is incident to at least one of the three specified points.

The algorithms are based on dynamic programming. Even though the length OPT3 of a longest
plane tree of diameter at most three can be computed in polynomial time, we do not know the
corresponding approximation factor BoundDiam(3) with respect to OPT. The best bounds we are
aware of are 1/2 < BoundDiam(3) < 5/6. The lower bound follows from [1], the upper bound is
from Theorem 1.5. We conjecture that OPT; actually gives a better approximation factor than the
tree constructed in Theorem 1.1—but we are unable to prove this.

Finally, a natural way to design an algorithm for the longest plane spanning tree problem
is the following local search heuristic [37]: start with an arbitrary plane tree T, and while it is
possible, apply the following local improvement rule: if there are two edges e, f on # such that
(T \ {e}) U{f} is a plane spanning tree for P that is longer than T, replace e by f. Once no further
local improvements are possible, output the current tree T. We show that for some point sets,
this algorithm fails to compute the optimum answer as it may “get stuck” in a local optimum (see

ACM Transactions on Algorithms, Vol. 22, No. 1, Article 5. Publication date: October 2025.



Long Plane Trees 5:5

Fig. 1. Atree S, and a tree T, .

Lemma 5.1 in Section 5). This holds regardless of how the edges that are swapped are chosen. This
suggests that a natural local search approach does not yield an algorithm for the problem.

Preliminaries and Notation. Let P C R? be a set of n points in the plane, so that no three points
in P are collinear. For any spanning tree T on $, we denote by |T| the total Euclidean edge length
of T. Let OPT be the maximum Euclidean length of a plane (i.e., noncrossing) spanning tree on P,
and OPT,, the maximum length of a (possibly crossing) spanning tree on .

As in previous algorithms [1, 7, 8, 11, 17], we make extensive use of stars. For any point p € P,
the star S, rooted at p is the tree that connects p to all other points of P.

We also need a notion of “flat” point sets. A point set P is flat if diam(%) > 1 and all y-coordinates
in P are essentially negligible, that is, their absolute values are bounded by an infinitesimal ¢ > 0.
In a flat point set, we can approximate the length of an edge by the difference between the x-
coordinates of its endpoints: the error becomes arbitrarily small as ¢ — 0.

Lastly, D(p, r) denotes a closed disk with center p and radius r, while dD(p, r) is its boundary: a
circle of radius r centered at p.

2 A General Approximation Algorithm

We present a polynomial-time algorithm that yields an f-approximation, for f = 0.5467, of a
longest plane tree for general point sets and a (2/3)-approximation for flat point sets.

Let P be the input point set (in general position). Our algorithm considers two kinds of plane
spanning trees for #. First, for every point a € P, let S, be the star rooted at a, as defined in Section 1.
Second, for any distinct points a,b € P, we define a tree T, as follows (see Figure 1): let P, be the
points of P that are closer to a than to b, and let P, = P \ P,. First, we connect a to every point
in Pp. Then, we connect each point of P, \ {a} to some point of $;, according to the following

e
rule: the rays ao for v € P, together with the opposing ray of ab partition the plane into convex
wedges with common apex a. For each such wedge W, let by, € P}, the point on a bounding ray of

W that forms the smaller (convex) angle with ab. Within each wedge W, we connect all points of
W N (P \ {a}) to bw. The resulting tree T, has diameter at most four, and it is plane, because the
interiors of the wedges are pairwise disjoint, and we add a star within each wedge.

In general, the trees T, and T, , are different. However, for P, = {a}, both T, and T}, , coincide
with the star S,,.

Now, our algorithm AlgSimple(%) constructs the n stars S,, for a € P, and the n(n — 1) trees
T,p, for distinct a, b € P, and it computes the total edge length for each of them. It returns the
longest of these n? trees as the desired approximation. We denote this resulting tree as Tyc.

The algorithm AlgSimple(#) runs in polynomial time on a real RAM, as there are n” relevant
trees, each of which can be constructed in polynomial time."

!The real RAM is the standard computational model in computational geometry [34]. It allows constant-time operations on
real numbers. For our problem, this is relevant, because in order to find the longest tree, we must compare sums of ©(n)
distances, and these distances are real numbers derived from the input. We do not know how to do this in polynomial time
on a Turing machine (where the inputs are rational numbers) [10]. However, the sum of distances can be approximated
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5:6 S. Cabello et al.

It remains to analyze the approximation guarantee of AlgSimple. The main result of this section
(Theorem 1.1) states that for any point set P, we have |Tys| > 0.5467 - OPT. The proof is rather
involved. As a warm-up for the full proof, we first show a stronger result for the special case of flat
point sets (cf. Section 1): if P is flat, we have |T, ;| > (2/3) - OPT,,, where OPT,, is the length of a
longest (possibly crossing) spanning tree.

THEOREM 2.1. Suppose P is flat. Then |Tyc| > £ - OPT,, > £ - OPT.

winy

Proor. Since OPT,, > OPT, it suffices to prove the first inequality. Recall that in a flat point set,
the y-coordinates of the points are essentially negligible. Thus, let a be the leftmost point and b
be the rightmost point of , and let m = (a + b)/2 be the midpoint between a and b. Let T,, be
the tree on P where all points to the right of m are connected to g, and all points to the left of m
are connected to b.? Then as the greedy algorithm finds an optimal tree, T, is a tree that achieves
OPT,,, In particular, for any edge pq that is not in the T,,, the fundamental cycle that pq makes with
T.. has pq as a shortest edge. Now, to analyze the quality of the approximation, we consider the
four trees Sy, Ty p, Tpq, and Sp. Our goal is to show that

2
max{lsals |Ta,b|: ITb,ala |Sb|} Z 5 : OPTcrs (1)

which implies the desired result. For this, we define a probability distribution D on {Sg, Tz 4, Tp.q. Sp }»
and we show that

2
3
which immediately implies (1). For (2), we use the distribution D with Prp[S,;] =Prp[Sp] =1/6
and Prp[T,p] = Pro[Tp.] = 1/3. Our strategy is to consider the edges individually and to
use linearity of expectation to achieve the overall bound (2). In particular, for p € P \ {a} and
T € {Sa, Tups Tp.a, S, Te}, let €1 (p) be the length of the first edge on the path from p to ain T. By
the definition of T,,, we have

Er-pl[|T|] z 7 - OPT,, ()

tr, (p) = max{||pall, lIpb|l}, (3)

for all p € P \ {a}. Next, we analyze Er. o [£r(p)], for p € P \ {a}. Suppose first that p lies to the
right of m. Since S, and S, are stars, we have s, (p) = ||pa|| and £, (p) = ||pbl|. Furthermore, by
our assumption on p, we have ¢r,, (p) = ||pal|, and ¢, ,(p) = [[mp||. Now, since m is the midpoint
between a and b, we have ||am|| = ||mb||, and hence

lipall = [lam|l + [Impl| = [Imb|| + [Impl| = lImpl| + llpbll + [Imp|| = 2[[mpl]| + ||pb]|. 4)
Altogether, this gives

1 .
Er-pltr(p)] = i (€5, (p) + 21, (p) + 2 ¢, ,(p) + £, (p)) (by the definition of D)
1
> ra 3 lpall + 2 ||mp]| + ||pbl]) (by the discussion above)
1
=< Glipall + lipall) (by (4))
=2 - lpall,

efficiently. Thus, we can obtain an algorithm that runs efficiently on a Turing machine, provided that we are willing to incur
a small additive loss in the approximation factor.
%In particular, a is connected to b. If m happens to belong to P, it can be connected to either a or b.
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P1
=, (===
Ter

TOPT

Fig. 2. The point set P, consisting of n + 1 points with equally spaced x-coordinates 0, .. ., n, with its longest
plane and crossing spanning trees.

Similarly, if p lies to the left of m, we get Er.p [¢r(p)] = (2/3) - ||pb||, Altogether, we use (3) to
obtain

Br-oler(p)] > = - max{lipall Ipbll} = -, (p) ©)

for all p € P \ {a}, Now, we can put everything together:

Er-ol[|T]] =Erep Z er(p) (by the definition of £r(p))
peP\{a}

= Z Er-op [¢r(p)] (by linearity of expectation)

peP\{a}
2 2 i

> Z 3 tr, (p) = gOPTC,. (by (5) and the definition of #r¢,(p))

peP\{a}
Thus, we have proved (2), and the theorem follows. O

In fact, one can find an example where the constant 2/3 is asymptotically tight when comparing
to OPT,;:

LEMMA 2.2. There is a sequence of point sets Py, Ps, . .. with |Pn| =n + 1 and

OPT(P,) 2
lim ———~ < -.
n—oo OPT . (Pn) ~ 3

Proor. For n > 1, the set P, = {po, p1, - - ., pn} is the flat point set where the x-coordinate of p;
isi,fori =0,...,n,and all p; are on the upper convex hull of #,, see Figure 2.

First, we argue by induction on n that the star S, rooted at py is a longest plane spanning tree
for #p, for any n > 1. For n = 1, this is clear, since Sy, is the only spanning tree for #;.

Now, suppose that n > 2. Then, the inductive hypothesis states that the star S, on the point set
Pn-1 rooted at py is a longest plane spanning tree for $,_;.

To perform the inductive step, we first observe that any longest plane spanning tree for $,, must
contain the edge pop,. To see this, let T be a plane spanning tree on P, that does not contain the
edge popn. As popn is the longest edge in P, it is also the longest edge on the fundamental cycle in
T U {popn}. Furthermore, as pop, does not cross any other edge, removing any other edge from the
cycle gives a plane tree that is longer than T.

We also claim that in any longest plane spanning tree for #,, either py or p, must be a leaf.
Indeed, consider a plane spanning tree T on P, that contains the edge pop, and that has the
additional edges pop; and p;p,, for 0 < i, j < n. Since T is plane, we must have i < j. Pick the points
pi and p; such that i is the maximal index and j the minimal index of points with this property. We
can now strictly increase the length of T by replacing pop; with p;p, (if i < n/2) or by replacing
Pjpn by pop; (if j > n/2). To see that the new tree is plane, assume without loss of generality that
i < n/2. As i is the largest index such that the edge pop; exists, the edge p;p, does not cross any
other edges incident to po. As T is plane, the points py, ..., p;—1 are only connected to other points
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5:8 S. Cabello et al.

in p; ..., pi—1, and these edges are not crossing pop; and thus also do not cross p;p,. The fact that i
is the maximal index for an edge pop; implies that p;p, also does not intersect any edge incident to
po- Furthermore, all points p;41, . .., p, are incident only to other points in p;,1, ..., p, as the edge
would otherwise cross pop;. By the convex position of the point set, this directly implies that p, p;
does not intersect any other edges and thus the resulting tree is plane.

By symmetry, we can thus conclude that there is a longest plane spanning tree for #, that
contains the edge pop, and in which p, is a leaf. Since pyp, does not cross any other edge on Py, it
follows that we can obtain a longest spanning tree for #, by taking a longest spanning tree for
#n-1 and by adding the edge pop,. By the inductive hypothesis, the star S, on the point set #,,—;
is a longest plane spanning tree for #,_;. Hence, it follows that S, is a longest plane spanning tree
for #,,. Thus, we get

n n2
OPT(Py) = ISp,| = > i = 7+

i=1

NS

Consider now the tree T,, where all points p; with 0 < i < [n/2] are connected to p, and all points
pi with [n/2] + 1 <i < n are connected to py (in particular, T, contains the edge pop,). This tree is
illustrated in Figure 2 on the right. Similar as in the proof of Theorem 2.1, the tree T, is a longest
(crossing) spanning tree for #,, because every edge p;p; that does not appear in T, is a shortest
edge in the fundamental cycle that p;p; makes with T,,. Thus, a straightforward summation gives a
lower bound on OPT(%p,):

[n/2] n
OPT,.(Pr) = Z (n—1i)+ Z i (by the structure of T,,)
i=1 i=|n/2)+1

lnf2) n .
= Z ([—] -1+ i) + Z i (index transformation i + l—J +1-1)

¢ 2 ) 2

i=1 i=|n/2|+1
n

n . .

: ([E} - 1) + )i (rearranging terms)

Il
—
NN S
| I

n n| fn] n |n ) .
=—+ {—J : [—-‘ + - - {—J (evaluating the sum, rearranging terms)
2 2 2 2 2
3n?
> —,
4
where the last inequality is due to a case distinction: if n is even, we have
n> yn|y [ny n |n; n* nn n n
NREEAURRENS.
2 2 2 2 2 2 2 2 2 2
_ 3n?
=
and if n is odd, we have
n> n| [ny n |n; n* (n 1) (n 1\ n (n 1
N R AURN AR
2 2 2 2 2 2 2 2 2 2 2 2 2
n n? 1 1
=+ — - 4=
2 4 4 2
3n2 1
=+,
4 4
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Long Plane Trees 5:9

Fig. 3. (left) The points a and b define a longest edge of Topr. The points s and s” are at distance 2df from both
a and b. The lens L is defined by a and b with radius 2. (right) The points u, v, u’, and v’ are at the intersection
of the circles with radius 2df around s and s” and the boundary of L.

Combining the bounds for OPT(#,) and OPT, (#,), we get the desired result:

. OPT(®,) . on?/2+n/2 2
lim < =—.
n—oe OPT,(P,) ~ n—oe 3n2/4 3

Now we use a similar approach to show the main theorem of this section:

THEOREM 1.1. For any finite point set P in general position (the set P contains no three collinear
points), we can compute in polynomial time a plane tree of Euclidean length at least f - OPT, where
OPT denotes the length of a longest plane tree on P and f > 0.5467 is the fourth smallest real root of
the polynomial

P(x) = —80 + 128x + 504x% — 768x> — 845x* + 1096x° + 256x°.

Proor. We outline the proof strategy, referring to lemmas that will be proved later in this section.
Without loss of generality, suppose that # has diameter 2, and let x, y €  be two points realizing
the diameter of . Next, fix a longest plane spanning tree Topr for P, and consider a longest edge ab
of Topr- Note that ab does not necessarily realize the diameter of P, and thus g, b and x, y may differ.
Write ||ab|| = 2d. By our assumption, we have d < 1. Now, if 2d < 1/f, we can use a technique
of Alon, Rajagopalan, and Suri [1] to show that one of Sy or S, is long enough for the desired
approximation (see Lemma 2.3). Thus, we will assume from now on that 2df > 1.

We define several regions in the plane that we use to analyze # and to derive the desired
approximation, refer to Figure 3 for an illustration. First, we choose a coordinate system such that
a and b lie on the x-axis and are symmetric with respect to the y-axis, with a on the left. In other
words, since ||ab|| = 2d, we choose the coordinates such that a = (—=d,0) and b = (d,0). Sinced < 1
and 2df > 1, the two circles dD(a, 2df) and dD(b, 2df) have exactly two intersection points. By
symmetry, these intersection points lie on the y-axis, one above and one below the x-axis. We let s
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5:10 S. Cabello et al.

be the intersection point that is above the x-axis, and s” the intersection point below the x-axis. By
definition, s and s’ have distance 2df from both a and b.

Now, we define the lens L = D(a,2) N D(b, 2). Since # has diameter 2, we have £ C L, and
since 2df < 2 (by our choice of f), we have s, s’ € L. Next, consider the circles k = dD(s, 2df) and
k' = dD(s’, 2df). We argue that k intersects the boundary JL of the lens L. Indeed, the point b’ that
is symmetric to b with respect to s lies outside L, because ||bb’|| = 2 - 2df > 2. On the other hand,
the point ¢ on k that is vertically above s on the y-axis lies inside L, because it has y-coordinate

VAd2 2 — @ + 2df < JAf2 —1+2f
<V4-0552—1+2-0.55
<156 < V3 < Va—-a?,

as d < 1 and by our choice of f < 0.55. Thus, along the boundary of k, there has to be exactly one
intersection point between k and L that lies clockwise between b’ and t.> We call this intersection
point u. Symmetrically, we define v as the analogous intersection between k and JL in the upper
right quadrant, and v’, v” as the analogous intersections between k’ and JL in the halfplane below
the x-axis. Now, we claim that u lies to the left of the y-axis and to the right of a. Indeed, we argued
that u lies between the points b’ and ¢, as defined above. Since ¢ lies on the y-axis, the first part
of the claim follows. Furthermore, since b’ is symmetric to b with respect to s, which lies on the
y-axis, and since a is symmetric to b with respect to the y-axis, it follows that b’ lies vertically
above a, and hence u also lies to the right of a. By symmetry, analogous statements hold for u’, v,
and o, and we have

=0} < by. (6)

We use the points u, v, u” and v’ to partition the lens into two regions, the far region and the
truncated lens. The truncated lens is the region of L that lies below the arc of k between u and v in
clockwise direction and above the arc of k” between v’ and v in counter-clockwise direction. The
remaining parts of L constitute the far region, see Figure 4.

In Lemma 2.4, we show that for any point c in the far region, the triangle abc has acute angles
and circumradius R > 2df. This allows us to argue that if # contains a point ¢ in the far region,
then one of the three stars S,, Sp, or S, is long enough for the desired approximation (Lemma 2.4).

It remains to consider the situation that # lies in the truncated lens. We claim that in this case,
one of the trees Sq, Ty p, Tp 4, OF Sp yields the desired approximation. For this, we proceed as in the
proof of Theorem 2.1. Our goal is to show

max{|Sal, |Tapl. |Tp,al, ISp1} = f - OPT. (7)

To do this, we fix a parameter f € (0,1/2), and we define a probability distribution Dpg on
{Sa, Tap Tp,ar S } by

glﬁ“ [Sal = g; [Sp] =1/2— B and g; [Tap] = g; [Thal = B.

Now it suffices to show that there exists a choice of § such that
Er-o, [IT]] > f - OPT. ®

For this, we consider the edges individually and use linearity of expectation. For p € # \ {a} and
T € {Sa, Tap, Tv.a Sb, Torr }» let £r(p) be the length of the first edge on the path from p to a in T.

3Note that two circles intersect in at most two points.
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Long Plane Trees 5:11

Fig. 4. The lens L is split into the far region (green) and the truncated lens.

Then, we have

Eron, [Tl =Eron, | D, ()| = > Erop, [tr(p)]. ©)

peP\{a} peP\{a}

To finish the argument, we show that for any point p € # \ {a}, we have

ET~D/; [[T(P)] 2 f : {T()PT (P) (10)

In contrast to the proof of Theorem 2.1, this now requires much more work. Below, we will see that
B = 0.1604 gives the desired result. Then, we get

D Erog (eI 2 Y ftrg(p) = f - [Tl = f - OPT. (1)

peP\{a} peP\{a}

Thus at least one of the four trees S, T, p, Tp 4, Sp has total length at least f - OPT.

We outline the proof of (10), again referring to lemmas that will be stated and proved below. If
p = b, then (10) is immediate, because the five trees S,, T, 5, Tp.q, Sp, Topr all contain the edge ab.
Thus, let p € P \ {a, b}, and assume without loss of generality that p is in the upper right quadrant,
ie., that p = (x,y) with x, y > 0. First, we establish an upper bound on #1.,, (p), by estimating the
length of a longest possible line segment that (i) has p as an endpoint, (ii) lies in L, and (iii) does
not cross the edge ab. For this, we identify three possible candidates for p,, pp, and p, of the other
endpoint (see Figure 4 for an illustration). The first two points p, and p;, provide upper bounds for
the case that the other endpoint of the longest possible edge lies below the x-axis: the point p, is
the point with x-coordinate —(2 — d) on the ray pa; and for py, there are two cases: if x < d, then
pb is the point with x-coordinate 2 — d on the ray pb; if x > d, the ray pb does not intersect the
vertical line x = 2 — d, and we set p, = b. The third point p,, is the furthest point from p on the part
of the boundary of the far region that is on the circle k = dD(s, 2df). The proof now proceeds in
the following steps:
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5:12 S. Cabello et al.

(1) In Lemma 2.5, we establish the upper bound

fropr (p) < min {2d, max{|ppall. llppel. llppull}}, (12)
estimating the length of the longest possible line segment in the lens L with endpoint p that
does not cross ab, and using the fact that all edges in Topr have length at most 2d. Thus, it

suffices to compare Er.p, [6r(p)] with |[ppall, lpps|l. and [[ppul-
(2) InLemma 2.6, we show that ||pp,|| can never be smaller than ||ppy ||, and thus the term ||pps||

in (12) can be dropped. That is, it suffices to compare Er.p, [£r(p)] with [[ppa|l and [|ppul|-
(3) InLemma 2.7, we establish a lower bound on Er. o, [¢r(p)], by analyzing how p is connected
in the trees Sq, Ty p, Tp.q, and Sp.
(4) In Lemmas 2.8 and 2.9, we relate the lower bound from Lemma 2.7 to ||pp,|| and |[pp.]|. In
this way, we identify constraints on f such that
Er-p, [tr(p)] = f - min{2d, ||ppall} and
Er-p, [tr(p)] = f - min{2d, [|ppu|l}.
It remains to find a ff € (0,1/2) that satisfies all constraints from Lemmas 2.8 and 2.9. The most
stringent constraints turn out to be those from Lemma 2.9, stating that

2f -1
f—sﬁg—f\/z} 2 1-2f% (13)
25—8f -1
In Lemma 2.10, we use straightforward algebra to show that our choice of f makes the left-hand
side and the right-hand side of (13) equal. Hence, we set f = 0.1604, their joint value. (The value

f =5/8 also makes both sides of (13) equal, but it would give § < 0.)
To summarize, for the approximation guarantee f = 0.5467 given in the theorem, the value

B =1-f+4f2—1-2f? = 0.1604, and for every point p € P \ {a}, we have
Er-p, [fr(p)] = f - max { min{2d, ||ppall}, min{2d, ||ppull}}
> f - min {2d, max{l|ppall, llppull}}
2 [ by (),
and the result follows. O

It remains to prove Lemmas 2.3 to 2.10. Their statements rely on the notation introduced in the
proof outline of Theorem 1.1, so we recommend to first consult the paragraphs above.

LEMMA 2.3. Let x,y € P be two points that realize the diameter of P. Suppose that ||xy|| = 2 and that
all edges of the optimal tree Topy have length at most 1/ f. Then, we have max{|Sy|, |Sy|} = f - OPT.

Proor. By the triangle inequality, for any point p € P, we have ||xp|| + ||lyp|l > ||xy|| = 2. Hence,
the total length of the stars S, and S, is

el + 18yl = D" (lxpll + llypl) = - [lxyll = 2n.
peP
On the other hand, since each of the n — 1 edges in T;,;; has length at most 1/ f, we get

|Sx| + 1Syl

max{|S,, 5,1} > Sn>fo(n-1)- % > £ OPT,

and we are done. O

LEMMA 2.4. Let ab (with ||ab|| = 2d) be a longest edge of Topr. If P contains a point ¢ in the far
region, then max{|S,|, |Ss|, |S¢|} > f - OPT.
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Long Plane Trees 5:13

Fig.5. We can chose v = a. The orange disk does not intersect the far region above the x-axis. The circumradius
of the triangle abc is marked red.

Proor. First, we argue that the triangle abc is acute: by (6), the far region lies vertically between
a and b, and thus the angles at a and b in the triangle abc are at most /2. Furthermore, the upper
half of the disk D((0, 0), d) is completely contained in k (Figure 5). Thus, since c lies vertically above
k, and hence vertically above D((0,0),d), Thales’s theorem implies that the angle at c is also at
most /2. It follows that all three angles are at most 77/2 and the triangle abc is acute.

Next, we argue that the circumradius R of the triangle abc satisfies R > 2df: Indeed, since the
center of the circumcircle of a triangle lies at the intersection of the perpendicular bisectors of
its sides, the center of the circumcircle of abc lies on the y-axis. Consider the point ¢’ that lies
vertically below ¢ on k. The triangle abc’ is acute and has k as its circumcircle, i.e., its circumradius
is 2df. Now, if we move ¢’ vertically towards c, the intersection of the perpendicular bisector of ac
with the y-axis moves upward, and hence its distance to a increases. Thus, the circumradius R of
abc is as least as large as the circumradius of abc’, and we have R > 2df.

Now, set Py = P \ {a, b, c}, and let g = (1/|Ps]) - 2pep, p be the corresponding center of mass.?

—
By the definition of g, we have that %} ,cp, op = |Po| - 94, for every point o € R?, where ab denotes

the two-dimensional vector that is defined by a and b.
By the triangle inequality, this implies that for every p € R?, we have

Z llopll = [Pol - llogll = (n = 3) |logll.
pEPo

Since the triangle abc is acute, Thales’s theorem implies that the circumcenter g of abc lies in its
interior or on its boundary. Thus, if we consider the rays qa, gb, and gc from the circumcenter g
through a, b, and c, the angle between two consecutive rays is as most 7. Hence, two of these angles
have to be at least 7/2. Wlog, suppose that the angle between gc and gqa and the angle between gc
and gb are both at least /2. Then, the tangent line for the disk D(c, R) through g separates a and

“Note that Pyt may have points below and above the x-axis, but that does not affect the argument.
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5:14 S. Cabello et al.

b from c. But then, the interiors of the disks D(a, R), D(b, R), and D(c, R) cannot have a common
point, because the tangent separates the interior of D(a, R) N D(b, R) from the interior of D(c, R).
It follows that there exists a vertex v € {a, b, ¢} such that |log|| > R.

Furthermore, the acuteness of abc implies that ||va|| + ||ob]|| + ||oc|| = 2R. Indeed, suppose wlog
that v = a. Let q be the circumcenter of abc. We have 2R = ||bq|| + ||qc||. We already saw that the
circumcenter q lies inside abc, so let b’ be the intersection of the ray bq with the edge ac. Applying
the triangle inequality in the triangle gb’c, we get ||gc|| < ||gb’|| + ||’ c||, and applying the triangle
inequality in the triangle bb’a, we get ||bb’|| < ||ab]| + ||ab’]|. Thus,
2R = ||bqll + llgell < llbgll + llgb"ll + [16"cll = [1bb"[| + |l < llabl| + [|ab’[|+]|6"c]| = [|abl| + ||acl],

as claimed.
Putting everything together, we get

1ol = > llopll

peP
= Z llopll + llvall + llobl| + [locl|
pePo
>(n-3) - |log|l + 2R
>(n-3)-R+2R
=(n-1)-R
>(n-1)-2df
> f - OPT,
where in the last inequality we used that every edge of Tipr has length at most 2d. O

Recall that ab is the longest edge of T, and that we assumed a = (—d, 0), b = (d,0) and 2df > 1.
Furthermore, recall that The point s has coordinates s = (0,+/(2df)? — d?). We also noted that the
circle k = D(s, ||sal|) always intersects the lens D(a, 2) N D(b, 2), and we used this to define the
intersection points u and v, as in Figure 3.

For each point p = (x,y) in the truncated lens with x,y > 0, recall that we have defined the
following points:

— pq: the point on the ray pa whose x-coordinate equals —(2 — d);

—pp: the point on the ray pb whose x-coordinate equals 2 — d, if x(p) < d, and p, = b, if
x(p) > d; and

— py: the point on the arc of k from u to v that is furthest from p. Thus, if ray ps intersects the
arc of k from u to v, then p,, is that intersection point, and therewise p,, = u.

Now, we show that these three special points p,, pp, and p,, suffice to obtain an upper bound for
roer (D).

LEMMA 2.5. For every point p = (x,y) in the truncated lens with x,y > 0, we have

ropr (p) < min {2d, max{|[ppall, lppsll, |ppull}} -

PRrROOF. As p lies in the upper right quadrant, we have to consider only the truncated lens in this
quadrant. Let [ and r be the left- and rightmost points of D(a, 2) N D(b, 2), i.e., letr = (2 —d, 0) and
I=(d-20).

We further subdivide the truncated lens into regions; see Figure 6 for an illustration: (i) the region
E lies inside the truncated lens, but outside of D(I, 2d) ; (ii) the region N lies in the intersection of
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Fig. 6. For p € E, we have 1., (p) < 2d, for p € N, we have f1,,, (p) < max{|[ppall, llppull}, and for p € S,
we have f1y,; (p) < max{||ppall, l[ppull}-

the truncated lens and D(I, 2d), and above the line through u and s; and (iii) the region S lies in the
intersection of the truncated lens and D(, 2d), and below the line though u and s.
First, consider the case that p € E. Then, we have ||pp,|| = ||p!|| > 2d. Hence, it follows that

max{||ppall. llpps . lppull} = 2d,
and thus

min {2d, max{||ppall. lppsll. lppull}} = 2d.

Since by our definition of d, we have 7., (p) < 2d for every p € P, the claim now follows for the
case p € E.

Next, consider the case that p € N U S. Now, since p must be to the left of b, it follows that
x(pp) = 2 — d. Let py be the point within the truncated lens that is furthest from p and can be
connected to p by a line segment that does not intersect ab. We assume that there is no point from
# in the far region, so we must have ¢r,,. (p) < ||[pps||. Since the truncated lens is bounded, p lies
on the boundary of the truncated lens. Since 7., (p) < 2d by our definition of d, it suffices to show
that [|pprll < max{l[ppall, lIppsl, l|pp.ll}. We distinguish four cases, depending on the quadrant
containing p:

(1) py lies in the upper right quadrant: consider the reflection p} of pr about the y-axis. Since
x > 0, we have ||pp}|| > ||ppr|l, and the inequality is strict for x > 0. Thus, if x > 0, this case
cannot occur, and if x = 0, it is handled in the second case

(2) py lies in the left quadrant: let ¢ be the top-most point of the truncated lens. We distinguish
two subcases:

(@) pr lies on the arc tu (Figure 6): if p lies in N, then for any g on the arc tu, we have
llpgll < lipull = llppull, thus we also get [lpprll < llppull. If p lies in S, then, by the
triangle inequality, we get [lppyIl < I|psll + Ispyl = llpsll +2df = l[pp,|l. Thus, in either
situation, we have [[pp|| < ||ppull.

(b) pr lies on the arc ul: we claim that now, it holds that [|pprll < max{||pl||, [|pull}. Indeed,
since [, py, and u all lie on 8D (b, 2), the perpendicular bisectors of the segments prl and
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-7 ey
llgpsll > max{||ql|, [lqull} ~4

.y
~

Fig. 7. The point py lies on the arc ul. The set of points g such that ||gpr|l > max{||q!|], [|qu||} forms a convex
wedge with vertex b fully contained in the fourth quadrant.

» Db

Fig. 8. The situation for Lemma 2.6.

pru intersect at b, and thus the points g for which ||gp¢|| > max{]|ql||, [|qul} lie in a
convex cone with vertex b that is fully contained in the lower right quadrant, see Figure 7.
Now, since |[pl|| < ||ppall and [[pul| < |[ppull, we get [lppr|l < max{|[ppall, [[ppull} as
desired.

(3) pr lies in the lower left quadrant: then, we have ||ppy|| < [[ppall, by the definition of p,.

(4) pr lies in the lower right quadrant: then, we have ||pprll < [|ppsll, by the definition of p,. O

Now we show, that if p lies in the first quadrant, the point p, can be ignored.

LEMMA 2.6. For every point p = (x,y) withx,y > 0 in the truncated lens, we have that if ||ppa|| < 2d,
then [|ppsll < lIppall

Proor. We present a direct analytic proof (we are not aware of an argument that uses only
elementary geometry). First, if x = 0, the claim follows from symmetry, since then we have
llppsll = llppall. Thus, we consider only the case x > 0. Since ||pp,|| < 2d, we must have x < d, and
therefore pj, has x-coordinate 2 — d. See Figure 8.
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Using similar triangles, we have
2—-d+x
lppall = llpall - Tix (14)

and using the Pythagorean theorem, we have ||pa||®> = y* + (d + x)2. Thus, we have
(2—d+x)?

(d + x)?
Similarly, using ||ppy |l = lIpbll - 52 and [|pbl|? = y? + (d — x)?, we express ||pps | as
(2—d—x)?

(d—x)*

lppall® = (¥* + (d +x)*) - (15)

lppsll? = (y* + (d = x)?) -
||? can be stated as
2
PR el
Separating the terms involving y? from the rest, this becomes
g2 2-d-x)%(d+x)?-(2-d+x)*(d-x)*
(d + x)2(d - x)?
For the right-hand side of (16), we have
C-d+x)?-2-d-x)?=2-d’+x*+22-d)x-2-d)? -x*+2(2-d)x
=4(2 -d)x.
For the numerator on the left-hand side of (16), we get
(2-d-x)*(d+x)*-(2-d+x)*(d-x)*
=(2-d)? =22 -d)x+x3)(d* + 2xd + x*) — ((2 = d)* + 2(2 = d)x) + x2)(d* — 2xd + x?)
=2(2—d)%*2xd — 4(2 — d)xd* — 4(2 — d)x* + 2x*2xd
=4(2-d)*xd — 4(2 — d)xd* — 4(2 — d)x® + 4x*d
=4x [(2-d)’d - (2 - d)d* - (2 - d)x* + x*d|
=4x [4d — 4d° + &® - 2d° + &° — 2x% + dx® + dx*?]
[
[

Thus, our goal ||ppy|? < ||ppa

Y+ (d-x)?)-

<(2-d+x)?-(2-d-x)> (16)

= d4x [4d — 4d® + d3 2d° + d° — 2x* + 2dx°|
= 4x [4d — 2d* — 2x* — 4d* + 2d° + 2dx*|
=4x-2(1-d)(2d - d2 - x?%).
Thus, by plugging back into (16) and dividing by 4x > 0, the goal ||ppy||? < ||ppall? becomes
, 2(1-d)(2d - d? —x?%) -
d+x)2(d-x)? ~
Using (15), the assumption ||pp,||* < (2d)? can be equivalently rewritten as

(2—-d+x)?

2—d. (17)

(y* + (d+x)°) -

Solving for y?, this gives
) (4~ (2~ d +2))(d + )’

ys Z—d+x)? (18)
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We plug in the upper bound on y? from (18) into (17), cancel the term (d + x)?, and clear the
denominators. This leaves us with proving
(4d* - (2-d+x)? 20 -d)(2d-d* —x*) < (2—d +x)*- (2-d)(d — x)*
which, upon expanding the parentheses and collecting the terms, becomes
0 < (16d — 32d* + 8d° + 16d* — 7d°) + x*(—8d + 16d* — 10d°) + dx*. (19)

For any fixed d > 0, the right-hand side Q(d,x?) is a quadratic function of x* with positive
coefficient d > 0 for the leading term (x?)2. Hence, the minimum of Q(d, x?) is attained when

8d — 16d* + 10d°
x*=———— =4-8d+5d°
2d
Plugging x* = 4 — 8d + 5d* into (19) and expanding the parentheses for one last time, we are left to
prove
0 < 32d? — 96d° + 96d* — 32d° = 32d*(1 — 3d + 3d* — d°) = 32d*(1 - d)*,
which is true since d < 1. O

Now we give a general lower bound on Er.p,[fr(p)] that we will then use in Lemmas 2.8
and 2.9.

LEmMMA 2.7. Let p = (x,y) be any point in the plane with x,y > 0 and let § € (0,1/2) be a real
number. Then
d-(1-p)+x-28
d+x

Er.p,ler(p)] 2 “lIpall.

Proor. Expanding the definition, we have

Er-o,ler(p)] 2 (1/2 =) - llpall + B - llpall + - x + (1/2 = §) - |Ipb]|.

Let p’ = (—x,y) be the reflection of p about the y-axis (see Figure 9). By the triangle inequality,
p’pll + lIpbll = lIp"bll = l|pall. This leads to x = 51Ip"pll > 3 (lIpall - lIpbll), and we obtain

1
Er-ogler(p)] 2 5 - lipall + ﬂ llpall + (- - -/3) llpbll.
Next, we claim that ||pb|| > ZJr—;‘ ||pall: Indeed, upon squaring, using the Pythagorean theorem

and clearing the denominators this becomes y? - 4dx > 0 which is true. Using this bound on the

term containing |[pb||, we finally get the desired

(1+p)d+x)+(1-38)(d—-x)
2(d + x)

1-p)-d+28-x
d+x

llpall =

Er.p,[tr(p)] 2 “llpall. o

LEmMMA 2.8. Let p = (x,y) be any point in the truncated lens with x,y > 0. Then, if

2f -1
< -
S TELEER
we have Er.p,[¢r(p)] > f - min{2d, IIPPaII}-
Proor. It suffices to show that:

(1) If x > 3d - 2, then Er.p, [6r(p)] = f - 2d.
(2) If x < 3d — 2, then Er_p, [r(p)] = f - llppall-
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Fig. 9. Mirroring p along the y-axis in Lemma 2.7.

We consider those two cases independently.

(1) Using Lemma 2.7 and the inequalities |[pal| > d + x and x > 3d — 2, we rewrite

d-(1-p)+x-2
Er.p,[tr(p)] 2 ( d/?x b Nlpall =d —dp + (3d —2) - 2 = B(5d — 4) + d.
Hence it suffices to prove - (5d — 4) = d(2f — 1). Using the lower bound on f and 4 < 8df

we get

B-(5d—4)> f-(5d—8df) > if__g}~d~(5—8f)=d(2f—1)

as desired. Note that 2f — 1 and 5 — 8f are both positive.

(2) By (14), we have ||ppqll = ||pall - 2;1;". Using Lemma 2.7, it suffices to prove

dl-p)+x-28>f(2-d+x)
d(1-p) - f(2—d) 2 x(f - 2p).

Since f > 2 by assumption, the right-hand side is increasing in x and we can plug in 3d — 2
for x. This leaves us with proving the inequality

d(1-p) - f(2—-d) > (3d - 2)(f - 2p)
B-(5d-4) = d(2f - 1),

which is the same inequality as in the first case. O

151 |

LemMA 2.9. Let p = (x,y) be any point in the truncated lens with x,y > 0. Suppose that f < 335 - f,

Sf<§,and

2f </-;<‘<1—f\/42 - 2f%

24/5 — sf
Then Er-pgltr(p)] 2 f - min{2d, [|ppu|l}.
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Fig. 10. Lemma 2.9.

ProoF. Because of the lower bound for Er.p,[#r(p)] in Lemma 2.7, to show the statement it
suffices to show that
d-(1-p)+x-28
d+x
We will consider the two cases y < y(u) and y > y(u) separately.

Case 1: y < y(u) Define A = W - ||pal|. We have to show that A > f - min{2d, ||pp.||}.
Note that A is an increasing function in y because ||pal| is also increasing in y. On the other hand,
llppul is a decreasing function in y for y < y(u): If p, # u, then ||pp,|| = ||ps|| + 2df is decreasing
in y, and if p, = u then ||pp,|| = ||pu|| decreases when y increases (for y < y(u)). It follows that
min{2d, ||[pp.||} is a decreasing function in y for y < y(u).

As min{2d, ||pp,||} is decreasing and A is increasing in y, for y < y(u), to handle our current
case it suffices to show (20) for y = 0. Now we have ||pa|| = d + x, so we can rewrite 1 as
Ao =d - (1-p) + x - 2p, which is positive.

Let g = (gx,0), gx = 0 be the point on the x-axis such that ||gs|| = 2d(1 — f). This means that
for p = g we have ||ppy|| < |lpsl| + llspull = 2d (see Figure 10). We consider subcases depending on
whether 0 < x < gy or x > g,.

“llpall = f - min{2d, ||ppu.|l}. (20)

Case 1a: 0 < x < qy. We will show that in this case A9 > f - ||ppy||- The Pythagorean theorem
gives
Follppall < f - lipsll + f - llspull = fx? + (2df)? — d? + 2df°

Therefore, substituting Ao, it suffices to show

d-(1=Pp)+x-2B> fyx?+ (2df)? — d? + 2df*. (21)

When < 2% - fand f < 32, the term d - (1 — §) — 2df? is positive and the last inequality

(21) is equivalent to

0> f2- (x*+(2df)* —d*) —(d- (1= p) +x- 2B —2df?)*
The right-hand side is a quadratic function of x with positive coefficient f2 — 4% by the
leading term, hence it suffices to check the inequality (21) for x € {0, g« }.
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For x = 0, we need to check that d(1 — ) > f+/d?(4f2 — 1) + 2df*?, which reduces precisely
to the assumption

B<1—faft—1-2f>

For x = gy, the Pythagorean theorem gives (gx)? = (2d(1— f))? +d* - (2df)? = d* - (5-8f),
hence g, = d+/5 — 8f. The point q has been selected so that ||ps|| + ||spy|| = 2d, and therefore
the right side of (21) is 2d f. We thus have to verify that

d(1—p)+d\5—-8f 2> f-2d
B-(245-8f —1)>2f —1.

Since f < 19/32, the term in the parentheses on the left-hand side is positive, and after
dividing we obtain precisely the assumption.

Case 1b: g, < x. In this case we show that Ay > f - 2d. Since the term J, is increasing in x and
2d is constant, we only need to show that Ay > f - 2d for x = g,. However, this was already
shown in the previous case; see (22).

(22)

Case 2: y > y(p,) In this case we have ||pp,|| = ||pu|| < ||uv||. Furthermore, because 4df > 2d,
the intersection of the line supporting bs with the circle k is outside the lens. This intersection
point has x-coordinate —d because of symmetry with respect to s, and since u is above it, we have
x(u) > —d as well as x < x(v) < d. So we have min{2d, |[pp,||} = ||pp.||. This means that to show
(20), it is enough to show

d(1-p)+2xp
- 7 =, > f. .

Tt x pall = £ - llppull
As p lies above the horizontal line through u, we get ||pal| > ||ppu||, thus it suffices to show

d(1-p)+2xp > f
d+x
d—df+2xf > fd+ fx
d(1-(f+ 1)) zx(f -2p)
1 —
x<d- M’
f-28

where we have used that f — 2 > 0. As we know x < d, this is true for

=B+

f=26
1-(f+f)zf-2p
B=2f-1,

where we have again used that f — 2f > 0. The last condition is a looser bound than the left side of

the statement of the lemma as f > % and therefore 2 - 4/5-8f -1 < 1. O

1

For the following lemma, we provide a sketch of how to solve it by hand’. One can also use
advanced software for algebraic manipulation.

LEMMA 2.10. The positive solutions of

2x —1
— =1 —xVix2—1-2x2
2V5—-8x—1
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arex = g and the fourth smallest root of

—80 + 128x + 504x2 — 768x> — 845x* + 1096x° + 256x°.

PROOF. Setting the polynomials q;(x) = 4x* — 1 and q2(x) = 5 — 8x, and multiplying both sides
of the equation by the denominator on the left-hand side, we are left with the equation

2x — 2x% = x\Jq1 (x) + (2 = 4x®) Vg2 (x) — 2x/q1 (%) g2 (x)
2x — 2x% + 2x\q1 (0) 2 (%) = xy/q1 (x) + (2 — 4x)) gz (x).

Squaring both sides of the equation, which may introduce additional roots, we get, for some
polynomials g3( ), ..., gs( ), the equation

q3(x) + qa(x)Vq1(x)g2(x) = g5(x) + g6 (x)Vq1(x)g2(x)
g3(x) = g5(x) = (gs(x) — qa(x)) Vq1(x)ga2(x).

Squaring both sides gain, which may introduce additional solutions, we get the polynomial
8(x — 2)(—80 + 128x + 504x” — 768x” — 845x™ + 1096x° + 256x°) = 0

This polynomial has seven real roots that can be approximated numerically. The smallest three roots
of this polynomial are negative (x = —4.82037, x = —0.657898 and x = —0.523446). The fourth
smallest root, x = 0.546723, is a solution to the original equation. The fifth and sixth roots are
x = 0.577526 and x = 0.596211, which are not solutions to the original equation. The largest root
of the polynomial is x = g, which is also a solution to the original equation. O

3 Point Sets in Convex Position and Flat Point Sets in Convex Position

In this section, we present two results for point sets in convex position. First, we show that if P is
a point set in convex position, then the longest plane tree is a caterpillar (see Theorem 1.2) and
that any caterpillar could be the unique longest plane tree (see Theorem 1.3). Second, by looking
at suitable flat point sets in convex position, we prove upper bounds on the approximation factor
BoundDiam(d) achieved by the longest plane tree among those with diameter at most d.

3.1 Point Sets in Convex Position and Caterpillars

A tree C is called caterpillar if it contains a path P such that every node in C \ P is adjacent to a
node on P. Equivalently, a tree is a caterpillar if its edges can be listed in such an order that every
two consecutive edges in the list share an endpoint.

Throughout this section, we consider trees that span a given point set  in convex position. We
say that (a drawing of) such a tree T is a zigzagging caterpillar if T is a caterpillar and the dual
graph T* of T is a path. Here, a dual graph T* is defined as follows: Let C be a smooth closed curve
passing through all points of . The curve bounds a convex region and the n — 1 edges of T split
that region into n subregions. The graph T* has a node for each such subregion, and two nodes are
connected if their subregions share an edge of T (see Figure 11).
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Fig. 11. Left: A tree Ty that spans # but it is not a caterpillar. Middle: A tree T; that is a caterpillar but it is
not zigzagging. Right: A tree T3 that is a zigzagging caterpillar - the dual tree T;" is a path.

Fig. 12. Left: A point set in convex position with a (fake) longest plane tree Topr (black) and the dual graph
TZr (blue). Right: If T3, has a node of degree three or more, a longer tree can be constructed by replacing
one dotted edge of Topr by a longer edge (of the same color).

First, we prove that the longest plane tree of any set in convex position is a zigzagging caterpillar.

THEOREM 1.2. Let P be a finite point set in convex position in the plane. Then, every longest plane
tree on P is a zigzagging caterpillar.

ProoF. Let T,y be a longest plane tree. We prove that T3, is a path. Suppose not, and consider a
node in T}, of degree at least 3. Let ab, bc, cd be three corresponding edges of Ty (see Figure 12).
As abcd is a convex quadrilateral, the triangle inequality gives ||ab|| + ||cd]| < ||ac]|| + ||bd]|, so
llabl| < |lac]| or |led|| < ||bd]|| (or both). Now, Ty = Topr U ac \ ab and T, = Topr U bd \ cd are plane

trees, and at least one of them is longer than Ty, a contradiction. ]

Conversely, for each caterpillar C we will construct a point set P¢ in convex position whose
longest plane tree is isomorphic to C. In fact, P will be not only convex but also a flat arc. Formally,
we say that a set P of n = m + 1 points a; = (x;, y;) satisfying x; < - -+ < xp41 is a flat arc if it is
flat (that is, the absolute values of all y-coordinates are negligible) and the points ay, . . ., a1 all
lie on the convex hull of # in this order.

We call the sequence G(Pc) = {g:}12, = {Ixir1 — xi|}12, the (horizontal) gap sequence of Pc.
Lastly, given a tree T spanning a flat arc °, we define its cover sequence Cov(T) = {c;}]2, tobe a
list storing the number of times each gap is “covered”. Formally, ¢; is the number of edges of T that
contain a point whose orthogonal projection to the x-axis lies within the open interval (x;, x+1),

see Figure 13. Note that the gap sequence and the cover sequence determine the length of the
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|

G(P) 11

|

|

|

|
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|

|

:
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o | | | o
Cov(T): 1 2 5 6 4 3

Fig. 13. Given a flat arc P of n = m + 1 points, we denote by G(P) = {g;}I, its gap sequence. Given a tree T
spanning P, we denote by Cov(T) = {c;}2, its cover sequence. Later we show that the longest plane tree Topr
of a flat arc P is a zigzagging caterpillar containing the edge a;a,,+1 and that its cover sequence Cov(Topr) is

a unimodal (single-peaked) permutation of {1,2,...,m}.

tree because |T| = 22, ¢; - gi. Recall here that in a flat point set, the y-coordinates can be chosen
arbitrarily small and thus we ignore them in our considerations.

Before we prove that any caterpillar can be the longest tree of a flat arc, we first show that the
cover sequences of zigzagging caterpillars are unimodal (single-peaked) permutations.

LemMA 3.1. Consider a flat arc Pc ={ai, . .., am+1} and a zigzagging caterpillar T containing the
edge a1am,+1. Then the cover sequence Cov(T) of T is a unimodal permutation of {1,2,..., m}.

Proor. We show this lemma by induction on m. The case m = 1 is clear. Fix m > 2. By the
definition of a zigzagging caterpillar, the dual graph T* of T is a path. Since, by the assumption of the
lemma, a1a,,+1 is an edge of T, either a;ay, or azan.1 is an edge of T too. Without loss of generality
assume a;a,, is an edge of T. Then T \ {a;a,,+1} is a zigzagging caterpillar on m points ay, . .., an
containing the edge aja;,, hence by induction its cover sequence is a unimodal permutation of
{1,2,...,m—1}. Adding the omitted edge a;a,,+; adds 1 to each of the m — 1 elements of the cover
sequence and appends a 1 to the sequence, giving rise to a unimodal permutation of {1,2,..., m}.
This completes the proof. |

Now we are ready to prove that any caterpillar, including a path, can be the longest plane tree of
some flat arc.

THEOREM 1.3. For any caterpillar C, there exists a point set P in convex position such that the
longest tree for P is unique and isomorphic to C.

Proor. We will define a flat arc P¢ such that the longest tree Topr of Pc is unique and isomorphic
to C. Consider a flat arc = {ay, ..., am41}, with a yet unspecified gap sequence {g;}?,. Take the
caterpillar C and let T be its drawing onto % that contains the edge ajam+1 and is zigzagging (it is
easy to see that such a drawing always exists). By Lemma 3.1 its cover sequence Cov(T) = {¢;}2, isa
unimodal permutation of {1, 2, ..., m}. The total length |T| of T can be expressed as |T| = .2, ¢; - gi.

Now we specify the gap sequence: for i = 1,...,m set g; = ¢;. It is easy to see that this sequence
defines a plane tree T; see Figure 13. It suffices to show that T constitutes the longest plane tree
Topr of P.

By Theorem 1.2, Topr is a zigzagging caterpillar. Also we prove by contradiction that, a;apn,+1 is
an edge of Tipr: suppose not. Since aja,,+1 does not cross any other edge, adding it to Topr produces
a plane graph with a single cycle C. All edges of Topr are shorter than a;an,.1, so omitting any other
edge from C yields a longer plane tree, a contradiction.
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We can thus apply Lemma 3.1 to see that Cov(Tipr) is a unimodal permutation x of {1,2,...,m}
and that |Topr| = 212, 7 - ¢i. As ¢; and g; match and as c, g, and 7 are permutations, the Cauchy-
Schwarz inequality gives

m
| Toer| = Z T+ gi
i=1
Therefore, Topr is unique and Topr = T as desired. ]

3.2 Upper Bounds on BoundDiam (d)

The algorithms for approximating |Tipr| often produce trees with small diameter. Given an integer
d > 2 and a point set P, let T4, (P) be a longest plane tree spanning # among those whose diameter
is at most d. One can then ask what is the approximation ratio

|75 (P)]
| Torr(P)]

achieved by all such trees. As before, we drop the dependency on % in the notation and just use
Té’f,T and Topr.

When d = 2, this reduces to asking about the performance of stars. A result due to Alon et al. [1,
Theorem 4.1] can be restated as BoundDiam(2) = 1/2. Below we show a crude upper bound on
BoundDiam(d) for general d and then a specific upper bound tailored to the case d = 3. Note that
Theorem 1.6 shows that |T3,,| can be computed in polynomial time. Our proofs in this section use
the notions of flat arc, gap sequence and cover sequence defined in section 3.1.

BoundDiam(d) = ir%f

THEOREM 1.4. For every d > 2, there exists a point set P in convex position so that every plane tree
of diameter at most d on P is at most

6

L i D@ @y - oW D)

times as long as the length |Topr| of a longest (general) plane tree on P. It follows that

6

T @i D@r@dss - oW,

BoundDiam(d) < 1

Proor. Let T be a path with d + 1 edges (and diameter d + 1). Then, T is a zigzagging caterpillar
whose cover sequence is G = (1,3,5,...,d + 1,..., 6,4, 2) By Theorem 1.3, there exists a point set
% for which T is isomorphic to the unique longest spanning tree of #. In fact, the proof of Theorem
1.3 gives an explicit construction for P: it is a flat arc on d + 2 points with gap sequence G. Hence,
we can assume that all the gaps in P are integers.

Therefore, any other plane spanning tree T’ # T on # must have a length that is an integer less
than |T|. Using that |T| = X&' i = 1(d + 1)(d + 2)(2d + 3) = 1d° + 0(d®) we obtain

IT|-1 6

BoundDiam(d) < o 1- (d+1)(d+2)(2d +3)

For d = 3, Theorem 1.4 gives BoundDiam(3) < 29/30. By tailoring the point set size, the gap
sequence {g;}]2;, and by considering flat point sets in convex position that are not arcs we improve
the bound to BoundDiam(3) < 5/6.
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4k +1

Fig. 14. An illustration of the point set P12 when k = 3 with a tree T;, (blue and green).

THEOREM 1.5. For every € > 0, there exists a point set P in convex position such that every longest
plane tree of diameter three on P is at most (5/6) + ¢ times as long as every longest (general) plane
tree on P.

Proor. Consider a flat point set Pyi+2 consisting of two flat arcs that are symmetric with respect

to a horizontal line ', each with a gap sequence
(1,...,1, 2k+1,1,...,1).
—_— N
kx kx

In other words, Pyy+2 consists of two diametrically opposite points, four unit-spaced arcs of k
points each, and a large gap of length 2k + 1 in the middle (see Figure 14).

On one hand, straightforward counting gives |Topr| = |T1| = 12k? + 6k + 1, where Tj is the tree
depicted in Figure 14. On the other hand, we claim that any tree T with diameter at most three has
length at most 10k? + 6k + 1. Thus

. 10k? + 6k + 1
BoundDiam(3) < T FwTEL
which tends to 5/6 as k — oo.

In the rest of this proof we will show that the longest tree T among those with diameter at most
3 on Pyiyo has length at most 10k? + 6k + 1. First, note that as T has diameter at most 3 it is either
a star or it has a cut edge ab whose removal decomposes T into a star centered at a and a star
centered at b.

To add the lengths of the edges of the tree, we will often split the edges across the large gap into
two parts: one part contained within the left or the right part and with maximum length k, and one
part going across the large gap, with a length between 2k + 1 and 2k + 1 + k = 3k + 1.

If T is a star, then without loss of generality we can assume that its root a is to the left of the
large gap. Denote the distance from the large gap to a by i (we have 0 < i < k). A straightforward
calculation (see Figure 15) then gives

1Sal = (k=i)? +i(i+ 1)+ (2k+1) - (i + 2k + 1) + k?
<k(k+1)+ (2k+1)(3k +1) + k?
=8k + 6k + 1.

Now suppose T has diameter 3 and denote its cut edge by ab. If ab is vertical then |T| = |S,| and
the above bound applies. In the remaining cases, without loss of generality, we can assume that a
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(k — i)? (2k +1) - (i + 2k + 1)

1+2k+1

Fig. 16. Points on one side of ab are either all connected to a or all to b.

is to the left of b. The line ab then splits the remaining points of Py, into two arcs — one above ab
and the other one below it.

We claim that in the longest tree with diameter 3, the points of one arc are either all connected
to a or all to b: for the sake of contradiction, fix an arc from a to b. Without loss of generality,
take the clockwise arc from a to b. Suppose c is the last point (in this order) connected to a. See
Figure 16. Then by the choice of c, all points after c are connected to b and by convexity, all points
before c are connected to a. Let ¢ be the vertical line through the midpoint of ab. If ¢ lies to the
left of ¢, replacing the edge ac by bc increases the length of the tree, while keeping the tree plane.
Otherwise, connecting the clockwise neighbor of ¢ to a and removing its connection to b, increases
the length of the tree and keeps it plane. Thus we either have ¢ = a or ¢ = b as claimed.

Since Pyi+2 is centrally symmetric and we have already dealt with the case when T is a star, we
can without loss of generality assume that all points above ab are connected to a and all points
below ab are connected to b. Now suppose that a is below the diameter line ¢’ of Py, and consider
the reflection a’ € Py of a about ¢’. Then the tree T’ with cut edge a’b is longer than T, since in
T’ the points to the left of aa’ are connected to b rather than to a and all the other edges have the
same length (see Figure 17). Hence we can assume that a lies above ¢’ (or on it). Similarly, b lies
below ¢’ or on it.

It remains to distinguish two cases based on whether a and b lie on different sides of the large
gap or not. Either way, denote the distance from the gap to a and b by i and j, respectively. In
the first case, considering the subdivision of the edges as sketched in Figure 18, a straightforward
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Fig. 17. Flipping a to a’ increases the total length.

(2k—j)-(i+2k+1) .
L2k 41 J v Ji4ok+1

1 ) l— L1 )
! k2

b

jH2k+1
i+2% 414
(2k —i)- (j + 2k +1)

Fig. 18. Decomposition of the edges for the upper bounds, case 1 is seen left, case 2 is to the right.

N——-—-—- -

o~

— 2kj + i + 2ij
(2k+1)- (i + 2k + 1)

calculation gives:
IT| =k*+ 2k = j)(i+2k+1) + (i+2k+1+j)+ 2k —i)(2k + 1+ j) + k*
=10k% + 6k + 1 — 2ij < 10k? + 6k + 1
with equality if and only if either a or b (or both) lie on the boundary of the large gap. In the second
case, since a is to the left of b we have i > j and a similar calculation, see Figure 18, gives
IT| = (k? = 2kj +i+2ij) + (2k+1)(2k +1+i) + k%
Since the right-hand side is increasing in i and i < k, we get
IT| < (kK* +k) + (2k + 1)(3k + 1) + k* = 8k* + 6k + 1
which is less than the claimed upper bound 10k? + 6k + 1. O

4 Polynomial Time Algorithms for Small Diameters

In Section 4.1 we show that the longest plane tree of diameter at most three can be computed
in polynomial time using dynamic programming. Our approach bears some resemblance to the
polynomial time plane matching algorithm of Aloupis et al. [2]. The main challenge in our case is
the efficient implementation of the dynamic programming algorithm. Such a tree may be relevant
in providing an approximation algorithm with a better approximation factor.

In Section 4.2 we show how to compute in polynomial time a longest plane tree among those of
the following form: all the points are connected to three distinguished points on the boundary of
the convex hull. Again, such a tree may play an important role in designing future approximation
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ae ® ) aé

® )
Fig. 19. Two examples of valid pairs p, ¢ with their quadrilaterals Q(p, q) shaded.

algorithms, as intuitively it seems to be better than the three stars considered in our previous
approximation algorithm, when there is a point in the far region.

4.1 Finding the Longest Tree of Diameter 3

For any two points a, b of P, a bistar rooted at a and b is a tree that contains the edge ab and where
each point in P \ {a, b} is connected to either a or b. Note that every star is also a bistar. In this
section we prove the following theorem.

THEOREM 1.6. For any set P of n points in general position, a longest plane tree of diameter at most
three on P can be computed in O(n*) time.

Proor. Note that each bistar has diameter at most 3. Conversely, each tree with diameter three
has one edge uv where each point p € P has distance at most 1 to either u or v. It follows that all
trees with diameter at most three are bistars. In Lemma 4.2 we show that for any two fixed points
a, b, the longest plane bistar rooted at a and b can be computed in time O(n?). By iterating over all
possible pairs of roots and taking the longest such plane bistar, we find the longest plane spanning
tree with diameter at most 3 in time O(n*). O

We now describe the algorithm used to find the longest plane bistar rooted at two fixed points a
and b. Without loss of generality, we can assume that the points a and b lie on a horizontal line
with a to the left of b. Furthermore, as we can compute the best plane bistar above and below the
line through a and b independently, we can assume that all other points lie above this horizontal
line. In order to solve this problem by dynamic programming, we consider a suitable subproblem.

The subproblems considered in the dynamic programming algorithm are indexed by an ordered
pair p, q of different points of # such that the edges ap and bq do not cross. A pair p, g satisfying
these condition is a valid pair. For each valid pair p, g, note that the segments ap, pq, qb and ba
form a simple (possibly non-convex) quadrilateral. Let Q(p, q) be the (convex) portion of this
quadrilateral below the horizontal line y = min{y(p), y(q)}, as shown in Figure 19. We define the
value Z(p, q) to be the length of the longest plane bistar rooted at a and b on the points in the
interior of Q(p, q), without counting ||ab||. If there are no points of # within the quadrilateral
Q(p,q), we set Z(p,q) = 0.

If the quadrilateral Q(p, q) contains some points from P, we let k, 4 be the highest point of
inside of Q(p, ). Then we might connect k,, 4 either to a or to b. By connecting it to a, we force all
points in the triangle L, ; defined by the edges ap and ak,, ; and the line y = y(k,, 4), to be connected
to a. Similarly, when connecting k, 4 to b, we enforce the triangle R, ; defined by bq, bk, 4 and the
line y = y(ky, ). See Figure 20 for an illustration. In the former case we are left with the subproblem
defined by the valid pair k4, ¢, while in the latter case we are left with the subproblem defined by
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»)

»h

Fig. 20. The highest point k,; defines two triangular regions and in one of them the edges are forced.

highest point ,

*)
Fig. 21. The point p* is the point of # in the shaded region that is angularly around a closest to g*.

the valid pair p, k; 4. Formally, for each valid pair p, ¢ we have the following recurrence:

0 if no point of P is in Q(p, q),
2 =1 {Z(kp,q, D +llakpql + Zict,, lall

otherwise.
Z(p.kpg) + Ibkpgll + Xrer,, llbrll

LEmMMA 4.1. Using Z(p, q) for all valid p, g we can find a longest plane bistar rooted at a and b.

Proor. Consider a fixed longest plane bistar and assume, without loss of generality, that the
highest point is connected to a; the other case is symmetric. Suppose that there is at least one point
that is connected to b (otherwise, the bistar degenerates to a star centered at a), and let g* be the
highest point that is connected to b. This means that all the points above g* are attached to a. Let
p* be the point above ¢* that, circularly around g, is closest to ab. See Figure 21. Note that p*, g* is
a valid pair. For p € P, denote by L, the set of points in £ that, circularly around g, are to the left
of ap. Similarly, denote by R, the set of points in # below g and to the right of bg, when sorted
circularly around b, see Figure 22. The length of this optimal plane bistar rooted at a and b is then

Tllall |+ > librl| + llap™ll + libg”ll + llabll + Z(p", *).

leL rERyx
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highest point ,

b
Fig. 22. The regions Ly* and Ry are shaded. The region with bars is empty.

On the other hand, each of the values of the form

D lalll|+{ > librll | + llapll + libgll + llabll + Z(p, ), (24)

leL, reRy

where p, q is a valid pair of points such that y(p) > y(q), is the length of a plane, not necessarily
spanning, bistar rooted at a and b. (It is not spanning, if there is some point above q and right
of ap.)

Taking the maximum of |S,| and expression (24) over the valid pairs p, q such that y(p) > y(q)
gives the longest plane bistar for which the highest point is connected to a. A symmetric formula
gives the best plane bistar if the highest point is connected to b. Taking the maximum of both cases
yields the optimal value.

The actual edges of the solution can be backtracked by standard methods. O

LEMMA 4.2. The algorithm described in the Proof of Lemma 4.1 can be implemented in time O (n?).

PrROOF. A main complication in implementing the dynamic programming algorithm and eval-
uating (24) efficiently is finding sums of the form };cpnp |lall] or 2 cane [107]], and the highest
point in A N P, where A is a query triangle (with one vertex at a or b). These type of range search-
ing queries can be handled using standard data structures [14, 24]: after preprocessing P in time
O(n? polylog n), any such query can be answered in O(polylog n) time. Noting that there are O(n?)
such queries, a running time of O(n? polylog n) is immediate. However, exploiting our specific
structure and using careful bookkeeping we can get the running time down to O(n?).

As a preprocessing step, we first compute two sorted lists £, and Ly, of P \ {a, b}. The list L, is
sorted by the circular ordering around a and .L; by the circular ordering at b.

The values ZleLp |lal|| and ZreRq ||br|| (as depicted in Figure 22) for all p, q € P can be trivially

computed in O(n?) time: there are O(n) such values and for each of them we can scan the whole
point set to explicitly get L, or Ry in O(n) time. There are faster ways of doing this, but for our
result this suffices.

Assuming that the values Z(p, q) are already available for all valid pairs p, q, we can evaluate
(24) in constant time. For any two points p, g we check whether they form a valid pair and whether
y(p) > y(q) in constant time. We can then either evaluate (24) or the symmetric formula again in
constant time. Thus, in O (n?) time we obtain the optimal solution.

It remains to compute the values Z(p, q) for all valid pairs p, g. First, we explain how to compute
all the triples of the form (p, g, kp,q) for all valid pairs p, g in O(n?) time. Then we group these
triples in a clever way to implement the dynamic programming algorithm efficiently.

ACM Transactions on Algorithms, Vol. 22, No. 1, Article 5. Publication date: October 2025.



5:32 S. Cabello et al.

Fig. 23. Left: The regions defining W and K for fixed a, b and p.

We focus on the triples with y(p) < y(q) and show how to find the triples of the form (p, -, -) for
a fixed p. The case with y(p) > y(q) and a fixed g is symmetric. Let W be the points of P to the
right of the ray bp above the horizontal line y = y(p). Furthermore let K be the points of # to the
right of ap and with y coordinate between y(a) and y(p). An illustration of W and K can be found
in Figure 23. Any point g with y(gq) > y(p) forms a valid pair p, q if and only if ¢ lies in W. The
point k, q must lie in K by its definition.

We use L, to find the triples (p, -, -). We iterate through the list in clockwise order starting at
the ray ba and keep track of the highest k* € K encountered so far. If the current point lies in
P \ (K U W) we simply skip it. If the current point lies in K we update k* if necessary. Finally, if
the current point lies in W, we report the triple (p, g, k* = k;, ) with g being the current point.

For a fixed p we only iterate £}, once. Thus, for this fixed p the running time for finding all
triples (p, g, kp4) with p, g forming a valid pair and y(p) < y(q) is O(n). By the procedure we just
described and its symmetric procedure on all p € P \ {a, b} we find all the triples (p, g, k;4) where
p, q is a valid pair in overall O(n?) time.

To compute Z(p, q) for all valid pairs using dynamic programing, we also need to compute the
corresponding values ;¢ Lpg |lal|| and ), Rpq ||br||. Refer to Figure 20 to recall the definition of L, 4
and R, 4. For the following procedure we shift the focus to the point k. For each point k € P\ {a, b}
we collect all triples (p, g,k = k; 4), and compute the sums ZleLp,q ||al|| and ZreRm ||br]| in linear
time for each fixed k, as follows.

We concentrate on the first type of sum, 2;¢;,  |lalll, where g has no role, as the sum is defined
by p and k. For the following description we assume that £, is sorted in counterclockwise order.
We create a (sorted) subsequence LX of £, containing only the points with y coordinate below
y(k) and an angle at a larger than anglebak. We iterate over the elements of £,, starting at the
successor of k. While iterating we maintain the last element from £X we have seen and the prefix
sum Y, ||al|| of all points [ in £¥ we encountered so far. When advancing to the next point p in
L, there are two possibilities. If p also lies in £ we advance in £¥ and update the prefix sum.
Otherwise, we can report ;¢ Ly |lal|| to be the current prefix sum for all ¢’ in a triple (p, ¢’, k).

For any fixed k this needs at most two iterations through the list £, and can thus be executed in
O(n) time. A symmetric procedure can be carried out for }},.. Rpq [|br|| using L. As in the case for
finding the triples, this results in O(n?) overall time to compute all relevant sums ;¢ Lpg ||lal]| and
Sreryg 7l

Now we can implement the dynamic programming algorithm in the straightforward way. Using
the precomputed information we spend O(1) time for each value Z(p, q), for a total running time

of O(n?). O
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Fig. 24. The regions cut off by ac and bc can be solved independently as bistars.

4.2 Extending the Approach to Special Trees of Diameter 4

Now we show how we can extend the ideas to get a polynomial time algorithm for special trees
with diameter 4. Given three points a, b, ¢ of P, a tristar rooted at a,b, and ¢ is a tree such that every
v € P\ {a, b, c} is connected to exactly one of a, b, or c. We show the following:

THEOREM 1.7. For any set P of points in general position and for any three specified points on the
boundary of the convex hull of P, we can compute in polynomial time the longest plane tree such that
each edge is incident to at least one of the three specified points.

PrOOF. Let a, b, ¢ be the specified points on the boundary of the convex hull of . We have to
compute the longest plane tristar rooted at a, b and c. We assume, without loss of generality, that
the edges ac and bc are present in the tristar; the other cases are symmetric. We further assume
that a and b lie on a horizontal line, with a to the left of b.

The subproblem defined by the regions to the left of ac and to the right of bc, as depicted in
Figure 24, can be solved independently of the rest of the instance. Indeed, the presence of the edges
ac and bc blocks any edge connecting a point in one of those regions to a point outside the region.
Each one of the subproblems defined by these regions can be solved as plane bistars, one rooted
at a, ¢ and one rooted at b, c. It remains to solve the problem for the points enclosed by ac, cb and
the portion of the boundary of the convex hull from b to a (clockwise). Let Q be this region. The
problem for Q can also be solved independently of the other problems. We assume for the rest of
the argument that all points of # are in Q.

To solve the problem for Q we will use a variation of the dynamic programming approach for
bistars. For any two points p, g of P, let us write p <. q¢ when in the counterclockwise order around
¢ we have the horizontal ray through c to the left, then cp and then cq or the segments cp and cq
are collinear. (Since we assume general position, the latter case occurs when p = q.)

The subproblems for the dynamic programming algorithm are defined by a 5-tuple (p, p’,7,q’, q)
of points of P such that

—p’ and ¢’ are distinct;
—p 2P 2cr3.q 2 q;and
—p’ and ¢’ are contained in the closed triangle cpq.

One such five tuple is a valid tuple, see Figure 25. Note that the first and the second condition imply
that ap and bq do not cross. Some of the points may be equal in the tuple; for example we may have
p=p orp =rorevenp =p’ =r.Foreach valid tuple (p,p’,7,¢’, q), let Q(p, , q) be the points of
% contained in Q below the polygonal path ap, pq and gb, and below the horizontal line through
the lowest of the points p, g, r. Note that the point r is used only to define the horizontal line.
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Fig. 25. Two examples of valid tuples (p, p’,r,q’, q) with the region Q(p,r, q) shaded. Each Q(p, r,q) is split
into 3 regions telling, for each of them, which roots can be used for that region.

For each valid tuple (p, p’,r,q’, q), we define Z(p, p’,r,q’, q) as the length of the optimal plane
tristar rooted at a, b, ¢ for the points in the interior of Q(p, r, q), without counting ||ac|| + ||bc||,
and with the additional restriction that a point k can be connected to c only if p’ <. k <. ¢’. This
last condition is equivalent to telling that no edge incident to c in the tristar can cross ap’ or bq'.
Thus, we are looking at the length of the longest plane forest in which each point in the interior of
Q(p, r, q) must be connected to either a, b or ¢, and no edge crosses ap’ or bq'.

If Q(p, r, q) contains no points, then Z(p, p’,r,q’,q) = 0. If Q(p, r, q) contains some point, we
find the highest point k = k(p,r, q) in Q(p, r, q) and consider how it may attach to the roots and
which edges are enforced by each of these choices. We can always connect k to a or b, as Q(p, 7, q)
is free of obstacles. If p” <. k <. ¢’, then we can connect k to c. If k is connected to c, the edge kc
does not obstruct any other edges in Q(p, r, q). Thus, connecting k to ¢ only lowers the horizontal
line that bounds the region Q(-, -, -) that has to be considered. However if k is connected to a or b,
it splits off independent regions, some of them can be attached to only one of the roots, some of
them are essentially a bistar problem rooted at ¢ and either a or b. To state the recursive formulas
precisely, for a region R and roots z, ¢, let BS, . (R) be the length of the optimal plane bistar rooted
at z, ¢ for the points in R. Such a value can be computed using Lemma 4.1.

Formally the recurrence for Z(p, p’,r, q’, q) looks as follows. If Q(p, r, q) is empty, then we have
Z(p,p',r.q',q) =0.If Q(p, , q) is not empty, let k be the highest point of Q(p, r, q); we have three
subcases:

Case 1: k <. p’. Let L be the set of points of Q(p, r, q) above ak. Let B be the set of points of
Q(p,r, q) below bk and let G be the set of points t of Q(p, r, q) \ B such that k <. t <. p’. Let
g be the point with largest angle at b among the points in G (or g = k if G is empty. Then we
define R’ to be the set of all points ¢ in Q(p, 7, q) \ B with p’ <. t <. ¢’ which are above gb.
Finally let R = Q(p,q,r) \ (BU R’), as shown in Figure 26. We get the following recurrence
in this case:

Z(k’p/a r;q,a Q) + ”ak” + ZIEL ||al||

Z(p,p’,7r,q',q) = max
pp.ra.4 {Bsa,b(B>+||bk||+Bsb,c<R')+z,eR||br||.

The recurrence comes from the two possibilities of how we can connect k: if we connect k to
a, then we are forced to connect all points in L to a, and we can recurse on the subproblem

where k takes the role of a. If we connect k to b, then the points in the region B can connect
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Fig. 26. The two cases in the recurrence when k <. p’.

only to a and b, the points in the region R can connect only to b, and the points in the region
R’ can connect to b and c.

Case 2: p’ <. k <. q'. Let L’ be the set of points t of Q(p,r, q) above ak such that t <. p” and let
L be the set of points t of Q(p, r, q) above ak such that p’ <. t <. k. Furthermore, let R be
the set of points t of Q(p, r, q) above bk such that k <. t <. q’, and let R” be the set of points
t of Q(p, r, q) above bk such that ¢’ <. t; see Figure 27. We get the following recurrence in
this case:

Z(p,p" k. q'.q) + |l ckl|
Z(p.p'.r.q' . q) =maxi Z(k, k., k,q’,q) + |lak|| + BSqc(L) + X llal|
Z(p,p’, k. k. k) + |[bk|| + BSpc(R) + X, cr |17l

Again, the recurrence comes from the two possibilities of how we can connect k: if we
connect k to c, then we recurse on the subproblem where k takes the role of r. If we connect
k to a, then all the points in the region L’ can connect only to g, all the points in the region L
can connect to a or ¢, and we recurse on the subproblem where k takes the role of p, p’, and
r. Symmetrically, if we connect k to b, then all the points in the region R’ can connect only
to b, all the points in the region R can connect to b or c, and we recurse on the subproblem
where k takes the role of ¢, ¢, and r.
Case 3: ¢’ <. k. The case is symmetric to the case k <. p’.

The values Z(p, p’,r,q’, q) for all valid tuples (p, p’,r,q’,q) can be computed using dynamic
programming and the formulas described above. The dynamic programming algorithm is correct
by the correctness of the recurrence relation.

Note that we have to compute a few solutions for bistars. In the recursive calls these have the
form BS, . (R) for z € {a, b} and some region R of constant size description. More precisely, each
such region is defined by two points of P (case of L in Figure 27) or by four points of # (case of R’
in Figure 26, where it is defined by k, g, ¢/, q). Thus, we have O(n?) different bistar problems, and
each of them can be solved in polynomial time using Lemma 4.1.

To compute the optimal plane tristar, we add three dummy points to # before we start the
dynamic programming. We add a point ¢, on the edge ac arbitrarily close to ¢, a point ¢, on
the edge bc arbitrarily close to ¢, and a point ¢’ between ¢, and ¢, see Figure 28. We perturb
the points c,, ¢’ and ¢}, slightly to get them into general position. Note that (cq, ¢4, ¢’, cp, cp) is @
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Fig. 28. Starting case.

valid tuple. We can now compute Z(cg, cq, ¢’, ¢p, ¢p) by implementing the recurrence with standard
dynamic programming techniques in polynomial time. By adding ||ac||, ||bc|| and the lengths of
the independent bistars from Figure 24 to Z(cg, cq, ¢’, cp, cp), We get the length of the longest plane
tristar rooted at q, b and c. O

Similar to the proof Theorem 1.6 we can iterate over all possible triples of specified points to find
the best plane tristar rooted at the boundary of the convex hull.

5 Local Improvements Fail

One could hope that the longest plane spanning tree problem could perhaps be solved by either
a greedy approach or by a local search approach [37]. It is easy to find point sets on as few as 5
points where the obvious greedy algorithm fails to find the longest plane tree. In this section, we
show that the following natural local search algorithm Alglocal (P) fails too:

Algorithm AlglLocal (P):

(1) Construct an arbitrary plane spanning tree T on P.
(2) While there exists a pair of points a, b such that TU{ab} contains an edge cd with ||cd|| < ||ab||
and T U {ab} \ {cd} is a plane tree:
(@) SetT — T U {ab} \ {cd}. // tree TU {ab}\ {cd} is longer than T
(3) Output T.
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Fig. 29. Construction of the point set.

Fig. 30. Left: A tree which cannot be locally improved; Right: A tree where each pair of edges in the same
color is at least as long as the matching pair to the left.

LEMMA 5.1. There are point sets P for which the algorithm Alglocal(P) fails to compute the
longest plane tree.

Proor. We construct a point set P consisting of 9 points to show the claim. The first three
points of P are the vertices of an equilateral triangle. We assume that two of these vertices are
on a horizontal line and denote by x the center of this triangle. Let ry be the circumradius of the
triangle.

Inside of this triangle, we want to place the vertices of two smaller equilateral triangles, where
again the smaller is contained in the larger one. Set a« = 17°,r; = %ro andry, = %ro. We then place
the vertices of the first of the additional triangles on the circle dD(x, r1) in a way that the vertices
have an angle of « to the nearest angular bisector of the outer triangle. We place the vertices of the
second additional triangle on the circle dD(x, r;) again with an angle to the nearest bisector of the
outer triangle. However, this time, the angle is /2. This construction is visualized in Figure 29.

Now consider the tree on this point set depicted by the solid edges in Figure 30 on the left. Note
that the green, blue and yellow edges are rotational symmetric. The edges depicted in purple in
the tree on the left side of Figure 30 are representatives of the possible edges currently not in the
tree, that connect the outer to the inner triangle. However, as they are either the smallest edges in
the cycle or intersect some edge not in a cycle, the algorithm cannot choose ab to be one of those
edges.
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The possible edges connecting the outer to the middle triangle are depicted in red. The red edge
pq is not in a cycle with the edge it crosses, and thus it is not a possible swap keeping planarity.
For the second red edge and the possible edges connecting the middle to the inner triangle, it can
similarly be seen that they are shorter than any edge of the current tree. Finally, for the edges along
the triangles or the edges connecting the interior and the middle triangle, it can easily be verified
that there will be no strictly smaller edge in the unique cycle closed by them.

On the other hand, in the tree depicted in Figure 30 on the right each pair of same colored edges
is longer than its counterpart to the left. Therefore, AlgLocal () does not return a longest plane
spanning tree. O

6 Conclusions

We leave several open questions:

(1) What is the correct approximation factor of the algorithm AlgSimple(#) presented in
Section 2? While each single lemma in Section 2 is tight for some case, it is hard to believe that
the whole analysis, leading to the approximation factor f = 0.5467, is tight. We conjecture
that the algorithm has a better approximation guarantee.

(2) What is the approximation factor BoundDiam(3) achieved by the polynomial time algorithm
that outputs the longest plane tree with diameter 3? By Theorem 1.5 it is at most 5/6 (and by
[1] it is at least 1/2).

(3) For a fixed diameter d > 4, is there a polynomial-time algorithm that outputs the longest
plane tree with diameter at most d? By Theorem 1.6 we know the answer is yes when d = 3.
And Theorem 1.7 gives a positive answer for special classes of trees with diameter 4. Note that
a hypothetical polynomial-time approximation scheme (PTAS) has to consider trees of
unbounded diameter because of Theorem 1.4. It is compatible with our current knowledge
that computing an optimal plane tree of diameter, say, O(1/¢) would give a PTAS.

(4) Is the general problem of finding the longest plane tree in P? A similar question can be
asked for several other plane objects, such as paths, cycles, matchings, perfect matchings, or
triangulations. The computational complexity in all cases is open.
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