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Abstract

Outer, dual, and total general position sets are studied on strong and lexicographic products of
graphs. Sharp lower and upper bounds are proved for the outer and the dual general position
number of strong products and several exact values are obtained. For the lexicographic
product, the outer general position number is determined in all the cases, and the dual general
position number is established in many cases. The total general position number is determined
for both products. Along the way some results on outer general position sets are also derived.

Keywords Outer general position - Dual general position - Total general position - Strong
product - Lexicographic product
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1 Introduction

LetG = (V(G), E(G))beagraphand X € V(G). Verticesu, v € V(G) are X -positionable
if for any shortest u#, v-path P we have V(P) N XC {u, vLClearly, adjacent vertices are X -
positionable no matter whether they belong to X. Setting X = V(G)\ X, the set X is

e a general position set, if every u, v € X are X-positionable;
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e atotal general position set, if every u, v € V(G) are X-positionable;

e an outer general position set, if every u, v € X are X-positionable, and every u € X,
veXare X -positionable; and

e adual general position set, if every u, v € X are X-positionable, and every u, v € X are
X-positionable.

The cardinality of a largest general position set, a largest total general position set, a
largest outer general position set, and a largest dual general position set of a graph G will
be respectively denoted by gp(G), gp,(G). gp,(G), and gp,(G). These graph invariants will
be respectively called the general position number, the total general position number, the
outer general position number, and the dual general position number of G. Moreover, for
any 7(G) € {gp(G), gp,(G), gp,(G), gpy(G)}, by a T-set we mean a set of cardinality 7(G)
having the respective property.

The above described variety of general position sets was introduced in Tian and Klavzar
(2025), while (standard) general position sets have already been investigated a lot after their
independent introduction in Chandran and Parthasarathy (2016) and Manuel and KlavZzar
(2018). In particular, a lot of attention has been given to general position sets of graph
operations (Ghorbani et al. 2021; Ir$i¢ et al. 2024; Klavzar and Rus 2021; Korze and Vesel
2023; Tian and Xu 2021; Tian et al. 2021). Among other contributions on the topic we
highlight the papers Patkds (2020), Thomas et al. (2024) and Yao et al. (2022). With respect
to graph operations, general position sets were also investigated in Klavzar and Yero (2019)
on strong products. Among other matters covered in Klavzar and Yero (2019) we point to the
problem whether the general position number of the strong product of two graphs equals the
product of the general position numbers of the factors, which is one of the main outstanding
problems in the area.

In this paper we focus on the recently introduced three general position sets of strong
and lexicographic products. In the next section we give necessary definitions and call up the
known results that we need later. In Sect. 3 we prove some results on outer general position
sets that are on one hand interesting in their own right and are on the other hand applied
later on. The strong product is the topic of Sect.4. We prove general lower and upper bounds
on the outer and the dual general position number, demonstrate their sharpness, and give
exact values in some specific cases. Then, in Sect.5, we turn our attention to lexicographic
products. We first determine the outer general position number in all the cases, and complete
the paper by establishing the dual general position number in many cases. Along the way we
also determine the total general position number of both products. We conclude the article
with some open problems that we find interesting for further research.

2 Preliminaries

Unless stated otherwise, graphs G = (V(G), E(G)) considered in this paper are simple and
connected. For a positive integer k, we use [k] to represent the set {1, ..., k}. For a vertex u
of G, N¢ (1) denotes the set of neighbors of # in G and Ng[u] = Ng(u)U{u}. Vertices u and
v of G are true twins if Ng[u] = Ng[v]. True twins are thus adjacent vertices such that for
each vertex w # u, v we have uw € E(G) if and only if vw € E(G). The degree of a vertex
u is dg(u) = |Ng(u)| and the largest degree in the graph G is the maximum degree A(G).
A vertex of G is universal if it is adjacent to all the other vertices of G. A vertex u of G is
simplicial if Ng (1) induces a complete subgraph. The set of simplicial vertices of G will be
denoted by S(G) and the cardinality of S(G) by s(G). The order, the number of leaves, and
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the complement of G are respectively denoted by n(G), n1(G), and G. Moreover, o (G) and
a(G) stand for the clique number and the independence number of G.

The distance dg (u, v) between vertices u and v of G is the number of edges on a shortest
u, v-path. The diameter of G is the maximum distance between pairs of vertices of G and
is denoted by diam(G). Let H be a subgraph of G. Then H is isometric if for each pair of
vertices u, v € V(H) we have dy(u,v) = dg(u, v), and H is convex if for any vertices
u,v € V(H), any shortest u, v-path in G lies completely in H. By abuse of language we
will also say that a set X € V(G) is convex if X induces a convex subgraph.

The vertex u of G is maximally distant from a vertex v € V(G) if every w € Ng(u)
satisfies dg (v, w) < dg(u, v). If u is maximally distant from v, and v is maximally distant
from u, then u and v are mutually maximally distant, MMD for short. Note that true twins
are MMD. The set of MMD vertices of G is called the boundary of G and denoted by 9(G),
see Bresar et al. (2008), Caceres et al. (2005) and Kuziak et al. (2018), that is,

0(G) ={u € V(G) : uis an MMD vertex}.

We further set b(G) = |0(G)|. The strong resolving graph Gsr of G has V (G) as the vertex
set, two vertices being adjacent in Gsg if they are MMD in G. The notion of the strong
resolving graph was introduced in Oellermann and Peters-Fransen (2007) while investigating
the strong metric dimension of graphs. Note that there could be vertices in a graph G which
are not MMD with any other vertex in G (they do not belong to d(G)). Hence such vertices
are isolated in Gsr. In this sense, from now on we denote by Gy the graph obtained from
Ggr by removing all (possibly zero) of its isolated vertices. Note that V(G’SR) = 3(G).

We next collect characterizations of the three newly introduced general position sets as
respectively proved in Tian and KlavZzar (2025, Theorems 2.1, 2.3, 3.1).

Theorem 2.1 If G is a connected graph and X C V (G), then the following hold.
(i) Xisatotal general position setof G ifand onlyif X C S(G). Moreover, gp,(G) = s(G).
(i) If |X| = 2, then X is an outer general position set of G if and only if each pair of
vertices from X is mutually maximally distant. Moreover, gp,(G) = w(Gsr).
(iil) If X is a general position set of G, then X is a dual general position set if and only if
G — X is convex.

Notice that by the definition of Ggy it follows that w(Ggg) = @(Gsr). Moreover, by
Theorem 2.1(ii), we have that for any connected graph G,

2p,(G) = w(Ggg) - ey

3 On outer general position sets

In this section we prove some results on outer general position sets that are interesting in
their own right and that we will need later in the paper. The first of them holds for all types
of general position sets.

Lemma 3.1 Let H be an isometric subgraph of a graph G. If X is a (dual, outer; total) general
position set of G, then X NV (H) is a (dual, outer, total) general position set of H.

Proof Set Xy = X NV (H).
Assume that X is a general position set of G and suppose on the contrary that X g is not
a general position set of H. Then there exist vertices &, h’, h” of Xy such that 2" lies on a
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shortest i, h'-path P in H. Since H is isometric in G, the path P is also a shortest path in G,
but then X is not a general position set of G. This contradiction shows that X 5 is a general
position set of H.

Assume now that X is a dual general position set of G. We already know that Xy is a
general position set of H, hence in view of Theorem 2.1(iii) we claim that V(H)\ Xy is
convex in H. Assume on the contrary that this is not the case. Then there exist two vertices
u,v € V(H)\Xp and a shortest u, v-path Q in H which contains a vertex of Xy. As H
is isometric, Q is also a shortest path in G. But since u, v € V(G)\X, this implies that
V(G)\X is not convex in G, a contradiction with Theorem 2.1(iii). It follows that Xz is a
dual general position set of H.

Assume next that X is an outer general position set of G. Then Xy is a general position
set of H and similarly as above we infer that also no shortest path between a vertex from X g
and a vertex from V (H)\ X i contains a vertex of X . It follows that X is an outer general
position set of H.

Finally, if X is a total general position set of G, then the above arguments imply that X g
is a total general position set of H. O

The case of Lemma 3.1 for general position sets was earlier implicitly proved within the
proof of Manuel and Klavzar (2018, Theorem 3.1).

Ifk > 1, then aset X C V(G) is k-independent if dg (u, v) > k for each pair of vertices
u, v € X. The k-independence number of G is the cardinality of a largest k-independent set
in G and denoted by o (G). Note that a1 (G) = a(G).

Proposition 3.2 If G is a graph with diam(G) = k > 2, then gp,(G) > ax—1(G).

Proof Let X be a (k — 1)-independent set of G with |X| = ax—1(G). Let u, v € X, where
u # v. As diam(G) = k and dg(u, v) > k — 1, we necessarily have dg (4, v) = k. Using
again the fact that diam(G) = k we see that u and v are MMD. It follows that X induces a
clique of GgR, so that w(Gsr) > | X| = ax—1(G). Theorem 2.1(ii) completes the argument.

O

The bound of Proposition 3.2 is sharp for all k > 2. To see it, we give two constructions
depending on the parity of k.

First, letk > 2 be even and let » = %52 Then the graph K| ., s > 2,is obtained from K g
by subdividing all edges r times. NOUCC that diam(K| () = k = 2r + 2 and all leaves of this
graph form the largest (2r + 1)-independence set. Hence ax—1(K7{ ;) =ni1 (K7 ;). Moreover,
by Theorem 2.1(ii) we have that ng(K = a)((K §)SR) = nl(K )= Qe 1(K{ o)

Fork > 3 o0dd, letr = 5. Then the graph I,n > 2,is obtained by attaching a path P, to
every vertex of K,,. By constructlon dlam(K )=k =2t+1anday_ (Kn) =n (Kn). Using
Theorem 2.1(ii) again we can conclude that gp,(K!) = o ((K!)sr) = n1(K!) = ax_1(K}).

By G, we represent the graph obtained from G by removing the edge between each pair
of true twins. In particular, if G has no true twins, then G = G, and (K,,); is the edgeless
graph of order n.

Proposition 3.3 If G is a graph with diam(G) = 2, then gp,(G) = a(Gy). In particular, if
G has no true twins, then gp,(G) = a(G).

Proof We have already observed that every pair of true twins are MMD in a graph. Since
diam(G) = 2, vertices u and v of G are MMD if and only if either dg («, v) = 2, or u and v
are true twins. Then for every u, v € V(G), vertices u, v are MMD in G if and only if they
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are MMD in G which means that Gsr = (G;)&By Theorem 2.1(ii) and diam(G) = 2,
we have gp,(G) = @(Gsr) = @((G)sr) = @ (Gy) = a(Gy).

Note that any two non-adjacent vertices are MMD as diam(G) = 2. If G has no true
twins, we have w(Gsr) = @(G) = a(G) and hence gp,(G) = a(G). ]

When G has no true twins, Proposition 3.3 demonstrates that the bound established in
Proposition 3.2 is sharp for k = 2.

A parallel result to Proposition 3.3 for the case of general position sets was proved in
Klavzar and Yero (2019, Proposition 2.4), where it is established that if G has no true twins
and diam(G) = 2, then gp(G) = w(Ggr) if and only if gp(G) = a(G).

4 Strong products

The strong product of two graphs G and H is the graph G X H such that V(G X H) =
V(G) x V(H), and two vertices (g, h), (g’, h') € V(G X H) are adjacent if either g = g’
and hh' € E(H),or gg' € E(G)and h = I/, or gg’ € E(G) and hh' € E(H). For a vertex
h e V(H),setG" = {(g,h) € V(GR H) : g € V(G)}. The set G" is called a G-layer
of G X H and induces a subgraph of G X H isomorphic to G. For g € V(G), H-layer $H
is defined as $H = {(g,h) €e V(GX H) : h € V(H)}.If X C V(G X H), the projection
pc(X)of Xto Gistheset {g € V(G): (g,h) € X for some h € V(H)}. The projection
pH(X) of X to H is defined analogously.
The following formulas are well-known, cf. Hammack et al. (2011):

domp (g, h), (g', h')) = max{dG (g, g'),du (h, i)} and (@)
Nerul(g, )] = Nglgl x Ng(h]. 3)

In KlavZar and Yero (2019), several exact results and bounds were proved on the general
position number of strong products. In addition, the problem was posed whether gp(GX H) =
gp(G)gp(H) holds for any graphs G and H (Klavzar and Yero 2019, Problem 4.8). In this
section we consider the other three versions of general position sets on strong products.

The next result follows from (3) and can also be deduced from the proof of Céceres
et al. (2010, Proposition 4).

Lemma 4.1 If G and H are graphs, then S(G X H) = S(G) x S(H).
Lemma 4.1 together with Theorem 2.1(i) yield:

Corollary 4.2 If G and H are graphs, then gp, (G X H) = s(G)s(H).

4.1 Outer general position sets

To prove bounds on the outer general position number of strong products, we recall the
following result that clarifies MMD vertices of strong products.

Lemma 4.3 (Oellermann and Peters-Fransen 2007, Lemma 2.6) Let G and H be two con-
nected graphs. Let g, g’ be two vertices of G and h, h’ two vertices of H. Then (g, h) and
(g’, ') are MMD in G K H if and only if one the following conditions holds:

(i) g g are MMD in G and h, h' are MMD in H;
(ii) g, g are MMD in G and h = I’;,
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(iii) h, h' are MMD in H and g = ¢';
(iv) g g are MMD in G and dg(g, g') > dy (h, h');
(V) h, h' are MMD in H and dg (g, g') < dy(h, ).

Recall that the boundary 9(G) of G contains its MMD vertices and that b(G) = [3(G)]|.
The bounds on the outer general position number of strong products now read as follows.

Theorem 4.4 If G and H are connected graphs of order at least 2, then
2po(G)epo(H) = gpo(G W H) < b(G)b(H) .

Moreover, if G and H are block graphs, then the bounds coincide.

Proof To prove the lower bound, let X be a gp,-set of G and Y be a gp,-set of H. We
will prove that X x Y is an outer general position set of G X H. Consider any two vertices
(g, h), (g',h) from X x Y. Assume first that g # g’ and h # h'. Since X and Y are gp,-sets
of G and H, Theorem 2.1(ii) implies that g, g’ are MMD in G and &, h’ are MMD in H. By
Lemma 4.3(i), the vertices (g, k), (g, h’) are MMD in G X H. Assume second that g = g’
and h # h'. Since h, k' € Y and Y is a gp,-set of H, the vertices i, h’ are MMD in H
by Theorem 2.1(ii). In view of Lemma 4.3(iii), the vertices (g, k) and (g’, k") are MMD
in G X H. Analogously, if h = h/ and g # g/, then (g, h), (g’, h’) are MMD in G X H
by Lemma 4.3(ii). From Theorem 2.1(ii), we can conclude that X x Y is an outer general
position set of G X H, hence gp,(G X H) > gp,(G)gp,(H).

To prove the upper bound, let S be a gp,-set of G X H and consider the following cases.
Case 1: pG(S) € 9(G) and py(S) C I(H).

In this case gp,(G X H) = |S| < b(G)b(H).

Case 2: S contains a vertex (g, #) such that i ¢ d(H).

Let (g, h’) be an arbitrary vertex from S, where g’ # g. Since § is an outer general
position set of G X H, Theorem 2.1(ii) implies that (g, &) and (g’, #") are MMD in G X H.
Since h ¢ 9(H), Lemma 4.3 yields that g and g’ are MMD in G. We thus see that every vertex
of pc(S)\{g} is adjacent to g in the strong resolving graph Gsr and hence |pg(S)\{g}| <
A(Gsr). Using Lemma 4.3 once more we see that each H-layer &' H has at most gp,(H)
vertices belonging to S, that s, | V(g/ H)NS| < gp,(H). Moreover, since i ¢ d(H), we have
|V (¢ H)NS| = 1.Indeed, for otherwise a vertex (g, h") € S, where i’ # h, would imply that
h € 0(H) by Lemma 4.3(iii). Then |S| < A(Gsr)gp,(H) + 1. By definitions of boundary
sets and strong resolving graphs, we have A(Gsr) < b(G) — 1 and w(HsRr) < b(H).
Together with Theorem 2.1(ii) we get

IS| = A(Gsr)gp,(H) + 1
= (6(G) = Dw(Hsg) + 1
= (6(G) = Db(H) +1
< b(G)b(H).

Case 3: S contains a vertex (g, #) such that g ¢ 3(G).

By the commutativity of the strong product we can use parallel arguments as in Case 2 to
derive the conclusion |S| < A(Hsr)gp,(G) + 1 < b(G)b(H).

Case 4: S contains a vertex (g, h) such that g ¢ 3(G) and h ¢ 9(H).

Lemma 4.3 implies that one of g and & must actually respectively lie in d(G) and d(H),
hence this case is not possible.

We have exhausted all the possibilities for S, hence the claimed upper bound is proved.
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Assume now that G and H are block graphs. Then we know from Tian and Klavzar (2025)
thatgp,(G) = s(G) and gp,(H) = s(H). Since in ablock graph every two simplicial vertices
are MMD, we get b(G) = s(G) and b(H) = s(H). Hence the bounds of the theorem coincide
if G and H are block graphs. O

The bounds of Theorem 4.4 are thus sharp on block graphs. On the other hand, recall
from Sonnemann and Krafft (1974) that «(Cs X Cs) = 5. By (2) we get diam(C5 X Cs) =
2, hence Proposition 3.3 yields gp,(Cs X Cs) = 5, the value which lies strictly between
2Do(C5)gp, (Cs) = 4 and b(C5)b(Cs) = 25.

Denoting the strong product of k copies of G by G**®, the last result of this subsection
reads as follows.

Proposition 4.5 If G is a diameter two graph without true twins and k > 1, then ng(GkM) =
a(GRH),

Proof If k = 1, the assertion is just Proposition 3.3. Since G has no true twins, we can deduce
by applying (Barragdn-Ramirez and Rodriguez-Veldzquez 2016, Lemma 9) that G X G also
has no true twins. By induction on k, the power G*¥ also has no true twins for each k > 2.
Moreover, by (2) and induction we also have diam(GkE) = 2. Applying Proposition 3.3
again we reach the conclusion. O

4.2 Dual general position sets

For the dual general position number of strong products we have the following general
bounds.

Theorem 4.6 If G and H are connected graphs, then

s(G)s(H) < gpg(G X H) < min{s(G)n(H) + s(H)n(G) — s(G)s(H),
n(G)gpy(H), n(H)gpy(G)} .

Proof In Tian and KlavZar (2025, Corollary 3.2) it was proved that if G is a graph and
X C S(G), then X is a dual general position set of G. Hence S(G X H) is a dual general
position set of G X H. Lemma 4.1 then yields the lower bound.

Lemma 3.1 applied to dual general position sets implies that gpy(GX H) < n(G)gpy(H)
and gpy(G W H) < n(H)gpy(G).

To prove that gp (GXRH) < s(G)n(H)+s(H)n(G)—s(G)s(H), suppose on the contrary
that there exists a dual general position set R of G X H such that |R| > s(G)n(H) +
s(H)n(G) — s(G)s(H). Then there exists a vertex (x, y) € R such that x ¢ S(G) and
y ¢ S(H), that is, x and y are not simplicial vertices of G and H, respectively. Let x, x” €
Ng(x), and let y', y” € Ng(y), where x'x” ¢ E(G) and y'y” ¢ E(H). Then the subgraph
induced by {x’, x, x”} x {y', y, ¥"} is isomorphic to P3 X P; with the universal vertex (x, y).

Since R is a dual general position set of G Xl H and because (x, y) € R, Theorem 2.1(iii)
implies that one of the vertices (x’, y) and (x”, y) must be in R, we may without loss of
generality assume that (x’, y) € R. Using again that R is a general position set of G X H,
we get (x”,y") ¢ R and (x”,y”) ¢ R. Since R is a dual general position set of G, by
Theorem 2.1(iii), G — R is convex. But then the shortest (x”, y), (x”, y”)-path contains the
vertex (x, y), a contradiction with the assumption that R is a dual general position. O

To demonstrate that the three upper bounds of Theorem 4.6 are pairwise incomparable,
consider the following example. Let C; be the graph obtained from C, by attaching a new
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vertex to an arbitrary vertex of C,. Now we consider C;% 41 X C;re Y k, £ > 2, and compute
the values of the upper bounds of Theorem 4.6. Since s(C;;CH) = s(CS’Hl) = 1, the first

bound is
S(Coy )M(Copy) +5(Cp P(Copy) = 5(Coy )5 (CHe )
=Q2+2)+@2k+2) -1
=20+ 2k + 3.

For the other two bounds, we first infer that gpd(CZC +1) =3and gpd(C;[ +1) = 3. Assume
without loss of generality that k < ¢. Then we have

min{gpg(Cy.)n(C3y 1), gpg(Copy P(CHh )} = min{6¢ + 6, 6k + 6} = 6k + 6.
Theorem 4.6 thus gives

2042k +3; k<€<2k+3,

Ch WCH )<
8Pa(Copy1 W Copyy) = {6k+6; 0> 2%+ 3.

We conclude this section with the following exact result on the dual general position
number of strong products.

Theorem 4.7 If H is a connected graph, then gpy(K,, X H) = n - gpy(H).

Proof By Theorem 4.6, gpy(K, X H) < n - gpy(H).

To prove the lower bound, let V(K,) = [n] and let X be a gp,-set of H. We claim that
X' = [n] x X is a dual general position set of K, X H. We first need to show that X’ is a
general position set of K, X H. For the sake of contradiction suppose this is not the case
and let (i, h), (i’, 1), (i”, h") be three vertices of X’ such that (i”, h”) lies on a shortest
(i, h), (i’,h)-path P in K, X H. Then py (P) induces a shortest &, h’-path in H which
contains 4", a contradiction with the assumption that X is a general position set of H.

We second need to verify that V (K, )X H)\ X’ is convex in K,, X H . For this sake consider
arbitrary two vertices (i, h) and (i’, ") from V (K, X H)\X’'. Suppose that there exists a
shortest (i, k), (i’, h’)-path P containing a vertex from X', say (j, k), such that k € X. Then
it follows that there exists a shortest &, i’-path containing the vertex k in H. Since V (H)\ X
is convex, dy (h, ') < dy(h, k) + dy (k, h'). By (2), we have

dg,@u (i, h), (@', 1) = du(h, H),
dg,&u (i, h), (j, k) =du(h, k),
dg,mu((j, k), (@' h")) =duk, h').
Then
dKngH((ia h)7 (i/7 h/)) < dK,,EH((i7 h)s (.]7 k)) + dK,,‘ZH((jv k)a (i/’ h/)) s

which implies that P is not a shortest (i, &), (i’, h')-pathin K,, X H. This contradiction yields
that V (K, X H)\ X’ is convex. By Theorem 2.1(iii) we can conclude that X’ is a dual general
position set of K,, ¥ H and hence gpy(K, K H) > |X'| = n - gpy(H), and we are done. O

Let H be an arbitrary graph with gp4(H) = s(H), for instance, an arbitrary block graph.
Then Theorem 4.7 yields

gpy(Kn W H) =n - gpg(H) = s(Ky)s(H) ,

which demonstrates sharpness of the lower bound of Theorem 4.6.
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5 Lexicographic products

The lexicographic product G o H of two graphs G and H has V(G o H) = V(G) x V(H).
Two vertices (g, h), (g’, ') € V(G o H) are adjacent if either g = ¢’ and hh' € E(H), or
gg' € E(G). The projections pg(X) and py(X) of X C V(G o H) on G and H are defined
just as for the strong product, and G-layers and H-layers are also defined analogously.

The following result is parallel to Lemma 4.1. Since we did not find it in the literature, its
proof is provided.

Lemma 5.1 If G and H are connected graphs of order at least 2, then

S(G o H) = {S(G) x V(H); His co.mplete,

?; otherwise .
Proof We first assume that H is a non-complete graph and suppose on the contrary that
S(GoH) #0.Let(x,y) € S(Go H). As G is a connected graph with at least two vertices,
there exists x’ € V(G) such that xx’ € E(G). Since H is non-complete, there exist two
non-adjacent vertices y’, y” € V(H). Then (x, y'), (x’,y”) € Ngom((x, y)) but they are
not adjacent, a contradiction.

Assume second that H is complete. Consider a vertex (x, y) € S(G) x V(H) and let
', ¥, (x",y") € Ngom ((x,y)). If x' = x”, then (x’, ') and (x”, y”) are adjacent since
H is complete. And if x” # x”, then (x’, y") and (x”, y”) are adjacent because x € S(G)
and hence y’'y” € E(H). This proves that S(G) x V(H) € S(G o H). To see that also
S(G o H) € S(G) x V(H) holds, we can use the argument from the first paragraph of the
proof. O

Lemma 5.1 together with Theorem 2.1(i) yield:
Corollary 5.2 If G and H are graphs of order at least 2, then

s(G)n(H); H is complete,

GoH)=
gp(G o H) 0; otherwise .

5.1 Outer general position sets

In this subsection we determine the outer general position number of lexicographic products.
For this sake, we first need to recall some concepts and results presented in Kuziak et al.
(2016). Moreover, the fact w(G o H) = w(G)w(H), see Dosli¢ et al. (2013, Theorem 3), is
used several times in this subsection.

Given a graph G, by G5 it is denoted the graph with vertex set V(G3) = V (G) such that
two vertices u, v are adjacent in G5 if either dg (u, v) > 2 or u, v are true twins. Further, by
G’ we denote the graph obtained from G by removing all its isolated vertices. (Note that this
notation is consistent with G used earlier for strong resolving graphs.) The next result is
a direct consequence of Kuziak et al. (2016, Remark 6), where G + H denotes the join of
graphs G and H.

Proposition 5.3 Let G be a connected graph of order at least 2.

(1) If G has no universal vertex, then w(G5) = w((Ky + G)’SR).
(ii) Ifdiam(G) <2, then w(G%) = w(GgR)-
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(iii) If G has no true twins, then v(G3) = a(G).

We next collect (Kuziak et al. 2016, Propositions 8, 11, 13, 16) into the following result.
Before that some extra preparation is needed. The TF-boundary of a non-complete graph G
is a set 7 (G) C 9(G), where x € drr(G) whenever there exists y € d(G), such that x
and y are MMD in G and Ng[x] # Ngly] (x, y are not true twins). Moreover, the strong
resolving TF-graph of G is a graph Ggrs with vertex set V(G’SRS) = drr(G), where two
vertices x, y are adjacent in G/SRS if x and y are MMD in G and Ng[x] # Ngly]. Finally,
if F is a subgraph of H, then for a given vertex v € V(G), by (F), we denote the subgraph
of G o H isomorphic to F which lies in the H-layer of G o H corresponding to the vertex v
of G.

Proposition 5.4 (Kuziak et al. 2016, Propositions 8, 11, 13, 16) If G and H are connected
graphs of order at least 2, then the following properties hold.

(1) If G has no true twins and H is non-complete, then
(GoH)g = (GsroH)U ) (Hpw.
veV(G)\3(G)

(i) If m = 2, then

(GoKnsg = (Gsro kU | ) (K.
veV(G)\A(G)
(iii) If m > 2 and H has no universal vertex, then
(KmoHYsg = | ) (Hy.
veV (Kp)
@iv) If G is non-complete and H has no universal vertex, then

(G o H)sg = (Glsps 0 Hz) U U (Hy)y.
veV(G)\orr(G)

With Proposition 5.4 in hand, we can deduce the subsequent results. In the first one, we
avoid true twins in the first factor of the product, and complete graph in the second one.

Theorem 5.5 Let G be a connected graph without true twins of order at least 2 and let H be
a non-complete graph.

(1) If H has no universal vertex, then gp,(G o H) = gp,(G)gp, (K1 + H).
(ii) Ifdiam(H) = 2, then gp,(G o H) = gp,(G)gp,(H).
(iii) If H has no true twins, then gp,(G o H) = gp,(G)x(H).

Proof By (1) and Proposition 5.4(i), we have

go(GoH)=w(GoH)g)=w | (GsgoHy)U | ) (H
veV(G)\a(G)

= (Ggg o Hy) = 0(Ggp)w(Hy) .

Combining Proposition 5.3 with (1) we get the conclusion. O
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Theorem 5.6 If G is a connected graph of order at least 2 and m > 2, then
gpo(G o Kiy) =m - gp,(G).

Proof By (1) and Proposition 5.4(ii), we have

2o(GoKp) =0(GoKn)sp) =0 | (GsgoKn)U ) (Kn)y
veV(G\(G)

= (Gg 0 Kn) = o(Gsp)o(Kp).
Using (1) once more, we get the formula. O
We now supplement the above results with the following.

Theorem 5.7 Let H be a graph of order at least 2 without universal vertex.
1. If m > 2, then the following hold.

(i) If diam(H) = 2, then gp, (K, o H) = gp,(H).
(ii) Ifdiam(H) > 2, then gp, (K, o H) = gp,(K1 + H).

2. If G is a connected non-complete graph, then the following hold.

(i) Ifdiam(H) =2, then gp,(G o H) = w(G'sp4)gp,(H).
(ii) Ifdiam(H) > 2, then gp,(G o H) = w(GgRS)gpo(Kl + H).

Proof 1. By (1) and Proposition 5.4(iii), we have

gPo(Km o H) = ((Kno H)sg) = | | (Hyy | = w(Hy).
veV (Ku)

Therefore, by Proposition 5.3 and again (1) we conclude the proof for this situation.
2. Using (1) and Proposition 5.4(iv), we get

gpo(G o H) = w((G o H)gg) = w | (G'spg 0 Hy) U U (Hz)y
veV(G)\drr(G)

=w (G/SRS o Hi) = o(Glpg)w(Hz),

and then Proposition 5.3 and (1) yield the desired conclusion.

5.2 Dual general position sets

We finally investigate the dual general position number. For this sake we recall that in Anand
et al. (2012, Theorem 2.1), non-complete convex sets of lexicographic products G o H are
characterized with three conditions. One of them asserts that Go H can contain a non-complete
convex subgraph only if H is a complete graph.

Theorem 5.8 If G is a connected graph, then the following hold.

(1) If G and H are graphs without simplicial vertices, then gp4(G o H) = 0.
(i) Ifn > 1, then gp4(G o K;) = gpy(G) - n.
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Proof (i) Let X be a dual general position set of Go H and let (g, h) € X. Since g ¢ S(G),
it has neighbors g’ and g” such that g’¢” ¢ E(G). Consider now the vertices (g’, h)
and (g”, h) and note that dg.g ((g’, h), (¢, h)) = 2. Thus we cannot have (g, h) € X
and (g”, h) € X. Moreover, we also cannot have (g’, h) ¢ X and (g”, h) ¢ X because
(G o H)\X is convex. Hence, assume without loss of generality that (g, h) € X and
(g"”,h) ¢ X.Letnow (g”, h') be a vertex with dy (h, h') = 2. Such a vertex exists since
h is not simplicial. Then (g’, h) € X and (g, h) € X imply that (¢g”, ") ¢ X. But then
(g"”, 1) — (g, h) — (g", h) is a shortest path with (g, 1) € X, a contradiction with the
convexity of (G o H)\X.

(ii) Since G o K, is isomorphic to K,, X G, this follows by Theorem 4.7. O

6 Open problems

This paper establishes that gp, (G o K,,) = gp,(G o K,;) = gp4(G o K,,) holds when G is
a block graph. A natural direction for future research would be to characterize other graph
classes for which this equality remains valid.

This study provides a comprehensive determination of the total and outer general position
numbers for the lexicographic product K,, o G, see Corollary 5.2 and Theorem 5.7. It remains
to determine the dual general position numbers for the lexicographic product K, o G. The
situation here seems more complicated, so we leave this as an open problem.
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