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ABSTRACT: We consider a single real scalar field in flat spacetime with a polynomial potential
up to ¢*, that has a local minimum, the false vacuum, and a deeper global minimum, the true
vacuum. When the vacua are almost degenerate we are in the thin wall regime, while as their
difference in potential energy increases, we approach the thick wall regime. We give explicit
simple formulae for the decay rate of the false vacuum in 3 and 4 spacetime dimensions. Our
results include a careful treatment both of the bounce action, which enters at the exponent of
the decay rate, and of the functional determinant at one loop, which determines the prefactor.
The bounce action is computed analytically as an expansion in the thin wall parameter in
generic D dimensions. We find that truncating such an expansion at second order we obtain
a remarkably accurate bounce action also deep into thick wall regimes. We calculate the
functional determinant numerically in 3 and 4 dimensions and fit the results with simple
polynomials of the same thin wall parameter. This allows us to write the complete one-loop
decay rate as a compact expression, which works accurately from thin to thick wall regimes.
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1 Introduction

The interest in phase transitions and metastable states has a long history [1] and often
appears in the context of quantum [2, 3] and thermal field theories [4, 5]. Apart from the



theoretical and conceptual appeal, the applications of such phenomena are found in particle
physics [6-10], cosmology and condensed matter (see [11] for a pedagogical introduction).

A widely used framework for computing false vacuum decay rates was defined in the
seminal paper [3] that introduced a semi-classical approach with the hyper-spherical bounce
solution! in Euclidean spacetime. It showed that the decay rate per unit volume takes the
form T'/V = Ae B, where B is the Euclidean action calculated on the classical bounce
field configuration. The prefactor A is obtained from the quantum fluctuations around the
bounce [15], and is typically more difficult to compute than B. Given that A is dimensionful,
one might guess it by naive dimensional analysis. This fact, combined with the exponential
sensitivity of the rate on B, led to many studies that focused on the calculation of B.

When multiple scalar fields are present, a situation of interest in contexts beyond the
Standard Model, computing B becomes quite challenging. One option [16] is to extend the
method [3] of undershoot/overshoot, which is especially hard because one wants to find the
saddle point of the action in a multi-dimensional field space [17]. Recent approaches tackled
the bounce issue in a number ways by using gradient flow [18-21], machine learning [22],
shooting + perturbative linearization [23] and optimisation algorithms [24]. Another way
is to find a useful closed form solution based on linear segments [25], forming a triangular
potential (solved for D = 4 in [25]). This leads exactly to the thin wall (TW) action when
the two minima are degenerate, but also fails quickly outside of it [26], even though it seems
to be useful for multi-field estimates [17]. Extending the number of segments leads to the
polygonal bounce program [27], which was worked out for multi-fields in general D and
implemented in the FindBounce package [28]. One method that avoids the bounce altogether
is based on the tunneling potential [29, 30].

In this paper we focus on a single real scalar field and consider a potential up to ¢,
for which the calculation of the bounce action was initially studied in [3] at the leading
order in the thin wall limit, where the two minima are nearly degenerate. Departing from
this limit, the solution of [3] quickly becomes inaccurate. A simple way to improve it is
to perform a simple fit to the numerically calculated action [31, 32]. Such fits are useful,
as they accurately cover potentials ranging from thin wall to thick wall configurations [33],
including phenomenologically relevant situations [34].

One of the main aims of this work is to compute the bounce action as a series in terms
of the thin wall expansion parameter and assess its accuracy away from the thin wall regime.
While the result in [3] only had the leading order of the expansion, we manage to compute
the series analytically up to the fourth order. Our calculation builds on the work done in
ref. [35], which in turn built on ref. [36]. We find that, truncating our expansion at the
second order, our solution remains very accurate in a much wider range of parameter space
away from the thin wall limit, thus providing a significant improvement to the solution
of [3]. We perform several checks of the accuracy of our result by testing it against numerical
evaluations performed using the FindBounce package [28], together with the gradient flow
method [18-21]. We find good agreement with the numerics and the fits [33, 34], in a large
range of parameters, between thin and thick wall configurations. We believe that our analytic

'The proof of a spherical symmetric bounce dominating the rate presented in [12] was recently extended to
multi-fields [13] and to (classically) scale invariant theories [14].



result brings a deeper understanding of the bounce action in such a range, compared to the
numerical fits. For other recent works, complementary to the current one, that try to get
a better analytic understanding of the bounce action in thick wall regimes with different
methods, see refs. [37, 38].

A full calculation of the decay rate must also deal with the prefactor A instead of leaving
it to guesswork. The prescription for handling it was first developed in [15] and involves
computing a functional determinant, which is often challenging. Progress in computing A
has been made in some directions, including the calculation of the SM rate [6, 7, 9, 10] and
in gauge theories [8, 39]. These works mostly used the Feynman diagrammatic techniques
and an explicit Fourier transform of the bounce solution to regularize the determinant. An
alternative treatment of the determinant using the WKB/( function formalism was developed
in [40], where the minimal subtraction in large multipoles is used to regulate the finite sum
over the multipoles. This approach, together with the application of the Gelfand-Yaglom
theorem, led to the recent complete calculation of A in the thin wall limit for any D in
a simple closed form [35]. There, the determinant was obtained at the leading order in
the thin wall expansion, together with the zero removal, which is essential to obtain the
correct dimension of the prefactor.?

Whereas for B we managed to compute analytically higher order corrections, the calcula-
tion of A is much more involved. In this paper we use a numerical approach [6] to calculate
A, including the zero removal procedure. We do so in the full range between thin and thick
wall, then provide a simple fit function to the result. We run the numerics with the recently
released tool BubbleDet [41], which computes the determinant for generic potentials, and
cross check the results with other methods implemented with our own code. All methods
agree with the analytic result of ref. [35] in the thin wall limit.

The paper is organized in the following way. We first set the notation and conventions
for parametrizing the scalar potential and the Euclidean action in section 2. In section 3
we introduce the thin wall expansion of the bounce action. We calculate for the first time
the terms of the series analytically up to the fourth order for any spacetime dimension D,
and numerically for even higher orders when D = 3,4. In section 4 we show that truncating
the thin wall bounce action expansion at second order results in an excellent approximation
also deep into thick wall regimes. This is perhaps the most remarkable result of this work.
In section 5 we calculate the functional determinant at one loop, explaining the zero modes
removal procedure and the regularization of the UV divergences. We conclude in section 6 by
putting together the full result for the false vacuum decay rate in a simple formula, which
can be readily used for phenomenological applications. We leave several technical details
and cross checks of the calculations in the appendices.

2 Two parametrizations, one physics

We consider the theory of a single real scalar field in D space-time dimensions, with a
polynomial potential up to ¢*, featuring two minima at the tree level. One is only local

2Incidentally, an exact solution for A and B can be found for the quartic-quartic potential for any value of
parameters of the potential [28].



and thus is the false vacuum (FV), the other is the absolute minimum,® the true vacuum
(TV). If the field starts at the FV, it will eventually tunnel to the TV. We are interested
in computing the decay rate of the FV, relying on the methods introduced in refs. [3, 15].
We want to find the bounce, the field configuration which extremizes the Euclidean action,
and compute the quantum fluctuations around it, the functional determinant.

As the bounce solution is O(D) symmetric [12], the starting point is the action

00 2 ﬂ_D/Q
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where () is the solid angle in D dimensions, p the Euclidean radius and Vgy denotes the value
of the potential at the FV. Extremizing S to find the bounce corresponds to solving

- D—1, 4dV
¢+T¢_@’

Here, the dot denotes a derivative with respect to p.

¢ (p=00) = drv, d(p=0)=0. (2.2)

As mentioned above, we are going to study polynomial potentials up to ¢* with a FV
and a TV at the tree level (not radiatively induced). In general, a polynomial of up to the
fourth power has five parameters. The constant term is irrelevant, because we are subtracting
the Vpy in the calculation of the action, moreover we restrict our analysis to flat spacetime,
without including gravity. One of the remaining four parameters can also be removed by
shifting the scalar field by a constant. We then consider the following two parametrizations:

A 2 2 2 3 . . .

Vi(or) = 3 (¢L —v ) + AV (¢, —v) , linear parametrization , (2.3)
1 1

Ve(oco) = §m2¢20 + 77(]5?& + §>\c¢é , cubic parametrization . (2.4)

The relation between the two is given by

62 +31/3
_ EvV FvV _
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where ¢V is the value of the field at the FV. We choose our parameters in the following

(2.5)

ranges for linear and cubic:

A>0, v>0, 0 <A < Anpax,
42

m? >0, n>0, Ao < - (2.7)
m

Taking A > 0 places ¢V > 0 and ¢1 " < 0, while A < 0 would switch the roles of FV and TV.
At A = Apax the FV in potential (2.3) turns into an inflection point; for larger A there
is only one minimum, the TV, and there is no tunneling to discuss any longer. With A > 0,

SWhen we study thick walls in section 4 we also consider limiting cases which, instead of two minima,
feature (i) an absolute minimum and an inflection point, and (ii) a local minimum in an unbounded potential.



the potential considered here is bounded from below, and tunneling proceeds from positive to
negative field values. In the cubic parametrization, the choice A\c < 4n%/m? is to fix the FV
at qbgv = 0, and the deeper minimum at ¢E~V < 0. When A¢ > 0, the potential is bounded
from below. The bounce still exists for Ao < 0, when the potential is unbounded. Note
that for Ac > 0 tunneling proceeds from qﬁlgv = 0 towards negative field values. For strictly
negative Ac the potential has a higher barrier at positive ¢ and a lower one at negative ¢¢.
This implies that tunneling can proceed in both directions, with a higher probability towards
negative field values. Indeed, in that direction the bounce action has no discontinuity as
one dials A¢ from positive to negative [33]. The inflection point at A = Ayax corresponds
to taking m? = 0 in the cubic parametrization.

Deciding which parametrization to use is a matter of convenience for the question to
answer or the calculation to perform. Physical results do not depend on such a choice, as
long as the action is calculated exactly. In the rest of the paper we will see examples of how
it can be useful to switch between the two parametrizations.

In both cases it is convenient to introduce variables that are dimensionless in any

space-time dimensions D. For the linear case, we define

oL = @ pL=VAv?p, (2.8)

v

in terms of which the action becomes
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with the rescaled dimensionless linear potential
~ 1 9 2

Viler) =g (bl —1) +A(pL—1). (2.10)

The action dependence on A and v goes into the factorized v*~P /(AP/2-1) and the remaining
SL(A) is solely a function of A.
In the cubic case (2.4), we define

2 i m?
po=—dc,  po=mp, ca=1l-Aos, 0<eu<l. (2.11)
m 4n

Then the action in the cubic parametrization is given by
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with the rescaled dimensionless cubic potential
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and with Sc(e,) only a function of 4. In the rest of the paper we refer to the two sets
of variables and parameters as

{er, pr, A, v, A}, linear parametrization , (2.15)

{ec, pc, m, n, ea}t, cubic parametrization . (2.16)

An exact invertible map between the two sets is given in appendix A.

Now we want to compute the bounce and the corresponding action. This can be done, and
has been done, numerically for any choice of the parameters. These numerical calculations can
be performed in either parametrization and the results will match trivially after one translates
between one and the other. We would like to understand if it is possible to gain some analytic
insight into these calculations. The potentials above do not have an exact analytic bounce
solution. However, they do have an approximate analytic solution in the thin wall limit. Our
strategy is to first define perturbative expansions in powers of A and &, around the thin wall
limit, then study whether these expansions give accurate results when used away from that
limit. We will see that, remarkably, they work all the way up to thick wall regimes.

3 Thin wall expansion with high order corrections

In the linear and cubic parametrizations, the thin wall limit, where FV and TV are almost
degenerate and one can compute the tunneling rate analytically, corresponds to A — 0
in (2.10) and €4 — 0 in (2.14). In this limit, the potentials (2.10) and (2.14) have the same
shape: one is shifted compared to the other along the horizontal ¢ axis, which does not
affect the physics. This implies that results obtained in the linear parametrization as an
expansion in A must be in a one-to-one correspondence to the analogous result in the cubic
parametrization at the same order in €,. Some of the current authors performed the tunneling
rate calculation in previous work [35], using the linear parametrization. In this section we
summarize and extend some of the results of ref. [35]. The goal here is to compute the bounce
action in the thin wall limit, including high order corrections, in the expansions in A and in &,.

3.1 Linear parametrization

To compute the bounce it is useful to introduce first the dimensionless variable z;, = pr, — 7,
to describe the shape of the bubble. Here r;, is a dimensionless constant that corresponds to
the size of the instanton, the bubble radius. We can use the following thin wall expansions,

or(zr) = Z A"orn(z1), rp = % Z A"rpp, (3.1)
n>0 n>0
plug them into the bounce equation (2.2), and solve it order by order in A. The procedure
is described in detail in [35]. Such a double expansion is useful for analytic calculations,
but it is redundant: the corrections to r;, can be understood as the resummation of a series
of corrections to y, via derivative expansions. In appendix F we repackage the result into
a single expansion.
With this setup, one can get the bounce action as a series in even powers of A,

N/2
SN @A) =50 (143 a7k | | (3.2)

n=1



L L L L L L L L
52 5y 56 53 510 512 514 516

D=3| —21.2 | =576 | =977 | —2.01-10* | —4.73-105 | —1.24-107 | —3.65-10% | —1.23 - 1010
D=4| —242| 753 | —266 | —5.86-10% | —1.21-10° | —2.50-10% | —5.08 - 107 | —9.34 - 108

Table 1. Coefficients s& that enter (3.2), evaluated numerically in D = 3 and 4.

that truncates at a given order N. The leading order is given by

o 1 (D-1\P"1 2
59 = 5 (3) . (3.3)

The coefficients s& and si can be computed analytically,

. —8D*+(25-37%)D+1
S =
2 2(D —1) ’

L 1

= 5 4(g.2 _ _ap3 2 4
= 00D 1P (32()D +80D* (37% —49) — 3D° (5507% + 3" — 6185)

(3.4)
+5D? (42672 + 457" — 648((3) — 7843)

+D (3240g(3) + 30635 + 3607% — 4147r4) + 105) .

s% was computed in [35], while the calculation of S4L is in appendix B. The higher orders

can be computed numerically, as we describe in appendix C. The functions ¢, (z) have
odd (even) z-parity for even (odd) n, while the radius coefficients rr,, vanish for odd n. We
compute up to sk in D = 3,4, and report our results in table 1.

3.2 Cubic parametrization

We can apply the same strategy to the cubic parametrization and compute the bounce in
the TW limit. We define z¢ = pc — r¢ and the following expansions

1
vol(ze) = Z eroen(zo) , re = Z ENTCm - (3.5)

n>0 X n>0

We can solve them analytically up to pce and roe, see appendix E. The bounce action is

N
S (ea) = S (1 +3° C) , (3.6)
n=1
with b
o 1 D — 1) - l
58 = o= (3 =. (3.7)

Whereas in the linear parametrization we only had even powers of A, in the cubic we have both
even and odd powers of the expansion parameter €, in the action. With the knowledge of the
bounce up to second order (3.5), we can find s{ and s§ via an explicit computation. However,
there is no need to do it from scratch: after all the work done in the linear parametrization,



s¢ 5§ s§ s§ ¢ s§ s¢ 5§
D=3 8.50 8.67 6.05 —37.4 217 —1.63-10% | 1.12-10* | —8.08-10*
D= 10.0 17.3 —2.96 7.59 5.00 —215 2.05-10% | —1.67-10%

5§ sfo sT1 st 53 8T 575 56
D=3 587-10° | —4.35-10% | 3.27-107 | —2.49-10% | 1.92-10° | —1.50-10'9 | 1.19- 10" | —9.54 - 101!
D=411.28-10° | —9.53-10% | 7.04-10% | —5.18-107 | 3.80-10% | —2.79-10° | 2.04- 10 | —1.49 - 10"

Table 2. Coefficients s& that enter (3.6) evaluated numerically in D = 3 and 4.

we can simply translate those results into the cubic parametrization. The actions defined
in (2.9) and (2.12) must be equal, which implies, using the map in appendix A,

2 4D )2-D/2
Solea) = — i a1 SLAR) = WSL(A(%)). (3.8)

Now we can replace Sy, on the right hand side with the expansion in (3.2), translate from
A to g,, expand everything for small e, and read off the coefficients defined in (3.6). The
leading order term matches with (3.7) and beyond that we get

3D
s¢ = - t4 (3.9)
9D3 — 11D% + (138 — 127%)D — 64
C
_ 3.10
o 9D*—87D3 + (510 — 367%)D? + (4872 — 248)D — 256 (3.11)
= 16(D — 1) ’ '
1
Cc_ 7 6 B 2\ 15
f = 5100 =1 (1385D7 — 3465D° + 5 (7153 — 2167%) D
+5 (220872 — 34627) D* — 8 (~64250 + 57157 + 187 ) D?
+ (72072 (77 + 572 — 848420 — 51840¢(3) ) D*
+ (51840¢(3) — 66247* — 240072 + 589040) D — 10240) . (3.12)

Since the function S7(A) is known analytically up to the fourth order in A expansion, we
get Sc(eq) analytically up to the same order. We can obtain up to order sixteen numerically,
translating again the results we got in the linear parametrization, using (3.8) and expanding
in £4. The numerical coefficients s are shown in table 2.

4 Approaching the thick wall

In the previous section we obtained the bounce action as a series expansion in the small
parameters A and ¢,. In this section we explore what happens when we apply those results
away from that limit. There are different ways to depart from the thin wall, depending on
which parameters we vary and which we hold fixed. We saw that in the action (2.9) the
parameters A and v factor out in a fixed combination; the same is true for the parameters
m and 7 in (2.12). Hence, it is trivial to get the bounce action for different values of those
parameters. What is less trivial is to vary the dimensionless parameters A and e,. These
considerations suggest to define the following thick wall limits:



V(oL Ve(o)

Figure 1. On the left we show V7, from eq. (2.10). The thin line corresponds to A = 0, the thin wall
limit; the thick line corresponds to A = A.x and defines the inflection point thick wall. On the right
we have Ve of eq. (2.14). Here the thin line corresponds to £, = 0, while the thick line corresponds to
€ = 1 and defines the vanishing quartic thick wall.

1. Vanishing quartic thick wall. We keep m and n fixed in the cubic parametrization and
vary €,. In this case, ¢, = 1 corresponds to setting the quartic interaction to zero and
the potential becomes unbounded from below as oo — —o0, see figure 1. In this limit
the bounce and its corresponding action stay finite.

2. Inflection point thick wall. The potential in the linear parametrization is deformed by
changing A and keeping A and v fixed. At A = Ay = 1/4/27, the FV disappears and
becomes an inflection point, see figure 1. As we approach Ap,x the bounce shrinks to
a point in field space and the bounce action vanishes.

In what follows we first examine whether the expansions in ¢, and A work well up to
these thick wall limits. In the ranges 0 < e, <1 and 0 < A < Apax we can use the exact
map of appendix A to translate between the two parametrizations; we will take advantage
of such a translation.

In the linear parametrization, keeping A and v fixed and positive and dialing A above
Amax, we lose the false vacuum, we are left only with an absolute minimum, and there is no
longer tunneling. On the other hand, in the cubic parametrization, we can keep m and 7
fixed and positive, and dial €, above 1, which corresponds to dialing A\¢ to negative values.
In this case the potential still has a local minimum at the origin, one high barrier to its right,
one lower barrier to its left, and it is unbounded for ¢ — 4o00. The probability of tunneling
to the left is higher, and the bounce solution for this tunneling direction has no discontinuity
as we go from g, < 1 to €4, > 1. It is quite natural then to extend our study in the cubic
parametrization to the region ¢, > 1. We will do so in section 4.3.

4.1 Vanishing quartic

The vanishing quartic thick wall is defined in the cubic parametrization, fixing m and 7, and
taking €, — 1 (corresponding to A\c — 0). In this limit the potential becomes unbounded
from below as ¢c — —o0, but there is still a false vacuum at the origin and a barrier to
its left. As a consequence, there exists a finite bounce with the corresponding finite bounce
action. It is straightforward to compute them numerically in the range 0 < ¢, < 1, going
from thin to thick wall. The numerical results can then be fitted by simple functions. Such



a fit was performed in ref. [33] for D = 4 and more recently in ref. [34], both in D = 3
and D = 4. We also ran our numerics and found agreement with both references. The fits
provided in ref. [34], translated into our notation, are

Se(ea) = S (148500 + (821 + 135V T —q)el —251¢3) , D=3,  (41)
S&(ea) = SE (14 10,020 +17.022 — 04323 D=4, (42)

with S(C? ) given by (3.7). Plugging Sif(e,) into (2.12) one obtains a very accurate estimate
of the bounce action in the whole range 0 < ¢, < 1. These fits bear a very close resemblance
to our thin wall expansions (3.6) (apart from the term with /1 —¢, in D = 3, which is
anyway small compared to its companion 8.21 inside the parentheses for the range of &,
under consideration), which up to N = 5 are

S5 (ea) = S (14 8.5050 + 8.67e2 + 6.052% — 3744 +217€5) , D=3,  (43)
S (za) = S (1410080 +17.3¢2 — 2,96 + 75954 +5.00s%) ,  D=4.  (44)

Up to €2 the coefficients of our expansion are in very good agreement with those obtained
via the numerical fit. This is remarkable, as we found them analytically with an ab-initio
calculation starting from the thin-wall limit. However, our expansion, defined in (3.6) and
derived for €, < 1, does not converge as ¢, approaches 1. This is obvious from table 2, where
we see that the coefficients grow very large at higher orders. Also, this should be expected,
due to the following argument. The SéN) (e4) expansion can be constructed starting from
SL(A), see (3.8), and using the map (A.1) to translate from A to &,. The function A(g,)
has a singularity at ¢, = —1/2. This implies that, when we expand Sr,(A(e,)) with respect
to €4, the series will not converge for |e,| > 1/2.

Given these considerations, and comparing (4.3) and (4.4) to (4.1) and (4.2), it seems
that simply truncating our analytic expansion at second order will give a good approximation
to the bounce action in the whole range 0 < ¢, < 1, from thin to thick wall. We can check
this visually with figures 2 and 3. In figure 2 we plot the D = 3 case. We see that the
value of the bounce action computed numerically quickly departs from the leading order
thin wall result [3] given in (3.7) as we move away from €, = 0. Including higher order
thin-wall corrections, as in (3.6), we get a significant improvement. In particular, it is clear
that truncating the expansion at N = 2 gives the best approximation of the bounce action in
the whole range between thin (¢, — 0) and vanishing-quartic thick wall (g, — 1).

In figure 3 we plot the D = 4 case. We have a picture very similar to the D = 3 case.
Truncating at order N = 2 the approximation is even better than in D = 3. Both in D =3
and D = 4 we find that including higher order in the expansions makes the fit worse.

One can investigate further the nature of these expansions. In appendix D we show that,
including orders up to n = 40, the coefficients grow factorially at large n. This indicates
an asymptotic series, so one could do a Borel analysis. This is beyond the scope of this
paper and we leave a detailed such study to future work. We report some preliminary
considerations in this direction in appendix D.
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agreement with the numerics. The dot-dashed blue line is the leading order thin wall result (3.7). The
colored lines are from our (semi)analytic thin-wall expansion of the bounce action (3.6), truncated at
the order indicated in the legend. We see that at N = 2 we get the best approximation. Including up
to N = 16 the bounce action diverges around &, ~ 0.2.
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Figure 3. We plot €3 Sc(g,) as a function of ¢, in D = 4. The color code and the comments are the

same as in figure 2. Compared to D = 3, the expansion truncated at second order is an even better

approximation in the whole range from thin (¢, — 0) to thick (g, — 1) wall.
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Figure 4. Euclidean bounce action times AP~! in the linear parametrization for D = 3, (4) in
lower (upper) lines, going from thin (A ~ 0) to thick wall (A ~ A,,.x). Dot-dashed lines are the
leading order thin-wall approximations, the solid ones include higher order corrections. The blue lines
show the linear analytic result (3.2) up to N = 4, the gray ones the semi-analytic up to N = 16.
The red lines are obtained from the action in the cubic parametrization, truncated at N = 2 and
translated into the linear parametrization, see (4.5). The filled and empty dots are the numerical
results from FindBounce and gradient flow, respectively.

4.2 Inflection point

Consider the bounce action in the linear parametrization, keeping A and v fixed and changing
A from 0 to Apax = 1/v/27. As we have seen, A — 0 corresponds to the thin wall regime,
with the two vacua almost degenerate; as A approaches A ax the false vacuum merges with
the maximum into an inflection point, and the potential difference with the true vacuum
becomes large. We refer to this configuration as the inflection point thick wall.

In figure 4 we plot the bounce action S7(A) multiplied by AP~1 in the range 0 <
A < Apax- The filled and emtpy dots are the product of numerical evaluations, with two
different methods. The plain lines are the result of our analytic calculation up to N = 4,
and semi-analytic up to N = 16. The dot-dashed blue line is the leading order result in
the thin wall. We see that the latter quickly ceases to provide a good approximation of the
bounce action as we move away from A = 0.

On the other hand, and quite remarkably, keeping higher order thin-wall corrections
appears to give an excellent approximation in a wide range of A. By eye we see that close to
Amnax we start having some discrepancies compared to the numerical results.

Let us check more explicitly by plotting AP~1S7(A) on a logarithmic scale as function
of Logy[v/1 — A/Apmayx] in figure 5, in order to focus on values of A closer to Apyay. We see
that both in D = 3 and D = 4 it turns out that truncating at NV = 12 is slightly better
than N = 16. However, as we get closer to the inflection point, none of these expansions
provides a good approximation.

It is time to talk about the red line, which we show both in figures 4 and 5, and
clearly provides the best approximation. It is calculated as follows. By equating (2.9)
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Figure 5. This is the logarithmic version of figure 4; we have changed the horizontal axis such that
now we approach the inflection point as we move to the left. Compared to figure 4 we have added
the green line which corresponds to (3.2) truncated at N = 12. We see that, no matter where we
truncate, the expansion (3.2) does not work well as we get close to the inflection point. Instead the
red line, obtained from the cubic expansion (3.6) truncated at second order and translated into the
linear parametrization, see (4.5), provides an excellent approximation in the whole range.

and (2.12) we have

\D/2—1 j,6—D fj;Dﬂ(A) @
Sp(A) = WTT]QSC(EOC) = WSC (ea(A)). (4.5)

In the last equality we substituted Sc(g,) with its approximate version (3.6) truncated at sec-
ond order, then translated from ¢, to A using the map (A.3). We also used (A.4), (A.5), (A.6)
to get the factor in front of Sg) (ea(A)). Note that f,,2(A = Amax) — 0, while f (A = Amax)
stays finite. It follows that at the inflection point the bounce action vanishes, Sp(A —
Apax) — 0. This is the expected behavior: at A — Ay there is no longer a barrier in
the potential and no field space to tunnel through. Indeed, the bounce field configuration
shrinks to a single point, ¢r(p = 0) = ¢r(p = 00) = PLinflection = v/V3, and the bounce
action vanishes. While the expansion in the linear parametrization does not capture this
limiting behavior, the construction in the cubic parametrization naturally does. In the latter,
the inflection point limit corresponds to taking m? — 0. Then the bounce field configuration
e = m?/(2n) pc shrinks to zero, even if its dimensionless counterpart (¢ remains finite.*

6=D " g90es to zero. For these reasons, starting

Likewise, the action (2.12), proportional to m
from the cubic parametrization to get Sr(A) as in (4.5) produces an excellent approximation
of the bounce action in the whole range of A between 0 and Apax, as clearly shown by

the red lines in figures 4 and 5.

“The dimensionless bounce field ¢ is computed following the thin-wall construction described in [35], and
in appendix E for the cubic parametrization. The construction is such that ¢¢ connects true (at p = 0) and
false vacuum (at p = o0) at every order in the expansion €4, hence it always has a finite extension.
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Figure 6. We show S¢(e,) as a function of &,. The red lines correspond to (3.6) truncated at N = 2
in D = 3 (dashed) and D = 4 (plain). The blue line corresponds to the Fubini-Lipatov bounce action
in D = 4, see (4.8). The filled and empty dots are the results of numerical evaluations using the
shooting method.

4.3 Unbounded potential

Let us consider again the cubic parametrization with m and n fixed. Now we want to push
€q to values larger than 1, which correspond to a negative Ag. The potential then becomes
unbounded, but there is still a bounce solution for tunneling from the false vacuum toward
negative field values.® Such a solution is readily evaluated numerically, and the results are
shown in figure 6 for D = 3 (empty circles) and D = 4 (black dots). We see, as expected,
that there is no discontinuity in the bounce action as we go over ¢, = 1.

Now let us make a bold move and use our bounce action (3.6), calculated analytically in
the thin wall regime and truncated at N = 2, also in the range €, > 1, which is clearly far
away from thin wall. The result is shown by the red lines in figure 6. In D = 3 (red-dashed)
the approximation for €, > 1 is decent, but not great; the line deviates from the numerical
result, but the scale on the vertical axis is logarithmic, so the discrepancy is not so large.
What is striking is the remarkable agreement in D = 4 (red-plain) of our truncated thin-wall
expansion with the numerics all the way to large &,.

How can it be that the result obtained in the thin wall approximation works so well so
far away from the regime of its derivation? In D = 4 we can rewrite the action as

2

1—
S = 27724%25’0(6&) = 272 fa

SC’(ga) 5 (46)
C

where we used 1 — e, = A\cm?/(4n?). Now we can think of keeping the ratio m?/(4n?) fixed
and send A\¢ to large negative values. In this limit, the original potential is approximated
by V ~ ’\?Cdé, which is scale invariant in D = 4. This admits the Fubini-Lipatov [42, 43]

5There is also a solution for tunneling toward positive field values, but it is suppressed as the barrier is
higher in that direction. We will only deal with tunneling toward negative field values.
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bounce solution with the action

1672
SFL = A 0. 4.7
FL 3(-Ac) c < (4.7)
Comparing (4.6) and (4.7) we get
8 1 8
FL
a) = = ~ y f o 1, 4
S (ea) 3o 17 3. or g4 > (4.8)

which we plot as the blue line in figure 6. We see that the Fubini-Lipatov solution is indeed
an excellent approximation at large ,. Our thin wall expansion truncated at second order is

S (e,) = 6;3; (141020 + (37 = 272)e2) — 6;(37 —2n2). (4.9)
We get the same form as (4.8) with a slightly different coefficient. It is surprising that
the two coefficients are actually so close, given that the two analytic results are derived
in opposite limits.

It is crucial to truncate the thin wall expansion at second order, or we would not match
the behavior Sc(g,) o e, at large e4. It is remarkable that the same truncation gives an

excellent approximation in such a wide range of &,.

4.4 Thick wall summary

We have analyzed different thick wall limits for a real scalar with a polynomial potential up
to ¢*. Starting with a bounce action written as an expansion in the thin-wall parameter,
we have explored whether it provided a good fit also in thick wall regimes. We have found
that, in all the cases considered, the bounce action calculated in the cubic parametrization,
with the thin-wall expansion parameter ¢, defined in (2.11), truncated at second order in
€qa, gives an excellent approximation of the true bounce action.

Concretely, starting with the potential

1 A
V= §m2¢2 +n¢° + §¢4, (4.10)
and defining
2
m
Ea=1—-A—, 4.11
one could use the expressions
m3 1 /2\%2 17 247 92
S=dr—— (=) 2|14+ —eq+ | — - | D=3 4.12
75177253(3>9 Tttt g ) ’ (4.12)
2
_oom” 1 5.2\ 2 _
S T |1+ 1020 + (37 — 272) €2 D=4, (4.13)

to evaluate accurately the bounce action from thin (¢, < 1) to thick wall configurations
(any larger ,). In D = 3 this approximation deteriorates a bit for £, > 1 (see figure 6),
while in D = 4 this approximation is excellent for any ¢, > 0. In the range 0 < g, < 1
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the expressions (4.12) and (4.13) can easily be translated into the linear parametrization
using the exact map in appendix A, and used to obtain very accurately the bounce action
for A >0,v>0and 0 < A < Anax-

We stress that our expansion for the bounce action up to second order was computed
analytically, and the fact that it works so well even far away from the regime of its derivation is
remarkable. Until now the common lore in the literature was that the thin wall approximation
does not provide a good description as soon as one departs from the thin wall limit. Here we
have shown that improving the original result of [3], by including the next two corrections
in the expansion, one gets a result that describes accurately the bounce action also deep
into thick wall regimes.

5 Functional determinants

The vacuum decay rate per volume is given by [15]

det’ O
detOpvy

5= (o )D/2 ¢ H SRR 1 4 o). (5.1)

Vv \2rh

Here, Sg is the renormalized bounce action and S¢; its one-loop counterterm. Sg is obtained
from the bounce actions S we studied in the previous section, upon computing the one-loop
running of the couplings. Recall that the action takes the form S = Q;’;/i;is L(A) in

the linear parametrization, or S = Qm4;D (1 —eq)Sc(ea) in the cubic, in units of & = 1.

Here S1,(A) and Sc(eq) are functions only of the dimensionless parameters A and €,. In
order to restore the A power counting, one has to perform the following rescalings: A — A\,

v — Y20, m — m, n — kY21, Note that A and e, do not rescale with A. Then from (5.1),
det’O
de?OFV

where the powers of & are explicit, it is clear that St and In

D/2-1 . . . . . .
’\U4, 5~ Sk (linear parametrization) or to #S r (cubic parametrization). In other words,

‘ must be proportional to

both St and the In of the ratio of determinants are functions only of the dimensionless
parameters A or e4. Via explicit calculations we find that A and &, do not run at one loop.
The recipe (5.1), with the explicit small /& expansion, makes it clear that the calculation
is done at one loop, ignoring higher loop contributions. It follows that our final result for
the decay rate will include the first order (one loop) quantum corrections and thin-wall
corrections in A or g, up to higher orders.

difg(sv , where O = —9? + C}i%/, with
the second derivative of the potential evaluated at the bounce field configuration. In Ogpy

In this section we discuss the calculation of ln’

the second derivative of the potential is evaluated at the constant false vacuum field value.
The prime on the determinant at the numerator denotes that the zero modes, related to
translational invariance, are removed. In ref. [35], the functional determinant was computed

analytically at the leading order in the thin wall expansion parameter A. It was found that
det’O
deSOFV

of the paper, we would like to compute corrections to this result as a series expansion in

In

is proportional to A'=P_ like the bounce action. In the spirit of the first part

A. However, the analytic calculation of the functional determinant already proved to be
formidably challenging at the leading order, and we do not think it is possible to get higher
orders analytically. Thus we follow a different route. We focus on the cubic parametrization
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and compute the functional determinant numerically in the range 0 < g, < 1, then we fit
it with a polynomial function. In appendix G we provide several checks of the calculation,
using the linear parametrization in the range 0 < A < Apax. In the rest of this section we
describe the setup and the technical points of the calculation.

Given the O(D) symmetry of the problem, the radial part of the functional determinant
can be separated and the angular part expanded in hyper-spherical multipoles denoted by [

det O s det O,
. <det OFV> ; " (detOsz) ’ (52)
with
> D-1d I(Il+D-2)

2
PR e +V®@, (5.3)

where V(2 = d2V/d¢? is evaluated on the bounce. We have dropped for now the prime from
the determinant at the numerator, we will get back to the zero removal shortly. Using the
Gelfand-Yaglom method [44], the ratio of determinants is recast as

— L — lim Ry(p)*, (5.4)

where the degeneracy factor is

20+ D —2)(I+ D — 3)!

d = (D —2)!

(5.5)

The quantity R;(p) solves the following differential equation

1 d2R 1 dR d”l/} Fv/dp 2
4 v 9 v v . 2 _ (2) _ .
a2y (i) - (v =0, (56)

where we traded the multipole label I for its better D-dimensional version

v=I1l-1+D/2, (5.7)
and v, py satisfies
d2 V2 1 9
(—dPQ 0 14 Vi) ) ey =0, (5.8)
with boundary conditions
sl dR,
Yorv(p —0) ~p" T2, R, (p=0)=1, (p=0)=0. (5.9)

The sum over the multipoles can be recast as

det O s
In () = d,InR,, 5.10
det OFV y:Dz:/21 ( )

where it is understood that R, = lim, o R, (p).
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5.1 Removal of zero modes

The functional determinant contains zero eigenvalues related to the translational invariance of
the bounce, which must be removed. This is crucial in order to get the correct dimensions [15]
of the vacuum decay rate per volume (5.1). Such zero modes correspond to the [ = 1 multipole,
and imply that lim, .. Rj—1(p) = 0, with R; defined in (5.4).

In the Gelfand-Yaglom method the zero removal procedure can be implemented as
follows. We start with

l e (dwm/dp> d

dp? 1py dp (V(Q) N VF(E/)) - ME] Ri(p) =0. (5.11)

This is the operator of (5.6) written for [ = 1 (that is v = D/2), to which we have added
a small offset u? We have also defined

R{(p) = Ri(p) + pZ 5Ri(p) . (5.12)

To satisfy the boundary conditions we must have

R{(0) = R1(0) =1, 0R1(0) =0, 5.13)
R$(0) = Ry(0) =0, 6R1(0) =0, (5.14)
where the dot denotes a derivative with respect to p. We then need to compute
. 1 € — Rll

Note that §R1 (o) has dimensions of an inverse squared mass, while with this definition® R}
is dimensionless, in any D. R] replaces R; = 0 in the functional determinant:

—-1/2 1/2

R/ di oo —-1/2 0o -
= [|R0]d° (g) HR;ZZ] =m? [H Rfll] : (5.16)
1=2 =0

det’'O
detOpy

m

Here, Ry < 0 corresponds to the negative eigenvalue at [ = 0 with dg = 1; at [ = 1 we
have d; = D [see (5.5)]. In the last equality the factor m” makes it evident that the decay
rate has the correct dimensions; in the final product it is understood that we must take the
absolute value for Ry, and we must use R} in place of Rj.

In order to compute R (00) we plug (5.12) into (5.11) and collect terms of order u?:

d? <d1/J1Fv/dP) d

P + 2 —
dp? Y1rv dp

(V& - )] GR1(p) = Ra(p)- (5.17)

On the right hand side, Ry(p) is the solution to (5.6) with [ = 1. Note that, as Ri(p) is
dimensionless, switching to dimensionless variables (2.11) on the left hand side of (5.17)
makes it clear that 6 Ry is proportional to (m?)~! times a function of . It follows that R}
is a function of &, only. We solve (5.17) numerically for different values of ¢, then extract
lim,.o0R1(p), and obtain the result shown in figure 7.

SIn ref. [35] a dimensionful definition of R} was used. The definition in this work is more convenient.
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Figure 7. We plot R}, defined in (5.15), as a function of ¢,. We use a few different methods for
the numerical evaluation: (i) we compute the bounce using FindBounce, then plug it into (5.17) [no
Vry offset]; (ii) with the same bounce we use the method “Viy offset” described in appendix G; (iii)
we use the package BubbleDet [41]. All these methods are in good agreement. We also show the
fits (5.19) and (5.20) as solid lines, and the analytic result (5.18) obtained in [35] in the thin-wall
limit (¢4 — 0) as dashed lines.

The analytic thin-wall result at the leading order in &, found in ref. [35] corresponds to

(5.18)

D=1 appeared in a

Our numerics are in agreement with this as e, approaches zero. The factor e
non trivial way in [35], and we are not aware of other thin-wall calculations which reproduce it.
The numerical results obtained by solving (5.17) and shown in figure 7 are well fitted

by the functions

2

R)(ca)= % (1-7.32e4+27.06e2 —54.82¢3 +61.9624 —36.56<3,+8.76<5 ), D=3,  (5.19)
3
Ri(eq)= % (1—8.005a+32.105§—73.94a§+97.01e§—66.785;’;+18.63ag) , D=4. (5.20)

5.2 Regularized sums

Next we want to compute

det’O

— | = L InR,, 21
etOm > d,lnR (5.21)

v=D/2—1

In

with the R, component corresponding to [ = 0 replaced by its absolute value, and the one
corresponding to [ = 1 replaced by R} evaluated in the previous section.

The sum, which relates to a one-loop calculation, is UV divergent and must be regularized.
The degree of divergence depends on the number of spacetime dimensions, and is seen at
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Figure 8. We plot the rescaled regularized sums €23 and €23, as functions of ,. Here, X3 is given
by (5.23), while ¥4 by (5.24). The empty circles are the numerical values obtained with BubbleDet.
The horizontal dashed lines correspond to the analytic results 233 = W and €33 = %g\/g
computed in [35] in the thin wall limit (¢, — 0). The solid lines correspond to the fits (5.27) and (5.28).
Here we have set the scale y, that appears in X4 through (5.26), to u = m.

large multipoles:

2 D-2 <Cu1 3 —5>
z’j:d,,lan, —= XV:F(D_DV y + 3 +0w)) . (5.22)

Here ¢,1 and c,3 are numerical coefficients. We see, as expected, that in D = 3 we have

a linear divergence, in D = 4 we have a quadratic and a logarithmic divergence, and so
on. We compute the sum numerically with BubbleDet [41], which uses a regularization
scheme equivalent to the one in [45]. In appendix G we perform several checks of the
calculation, using the linear parametrization, different numerical methods, and also another
regularization scheme.

In the (-function scheme of [45], the sums are regularized as follows:

1
23 = Z 2v <11’1RV - 2V11> 5 (523)
v=1/2
in D = 3, and”
_ 1 1 1.
_ 2
4= ;V (111 R, — 511 + 81/3]2> - §127 (5.24)

in D = 4. The subtractions are given by the integrals

I = /0 dpp? ! (VM — Q™) = /0 dpe gt (V" - Vi) - (5.25)

"The notation Xp for the sum over multipoles was introduced in [35]. Here, in D = 4 we use Y=y — %fg.
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d2Ve
d4p2c ’
with Vi given in (2.14), and the second derivative evaluated on the bounce. This makes

it clear that I, is a function only of the parameter ¢, through XN/C(?) (o). Analogously, in

In the last equality we have the dimensionless p¢ introduced in (2.11), and f/c(?)

the linear parametrization I, is a function only of A. In D = 4, outside the sum over
multipoles, we have to add back

I = /0 dpp3 (V(2)2 - VP%)Q) {1 +vg +In <,u2pﬂ

o z

_ /0 dpo i (V2 = VY [1 +7g+1n (”20) +1n (T’Zﬂ . (5.26)
To go from the first to the second line, we rescaled again to the dimensionless variables (2.11).
In the final result for the decay rate (5.1), the dependence on the arbitrary scale p will
cancel exactly against the contribution from the renormalized Euclidean action. As in this
section we are computing the functional determinant only, we have to pick a value of u to
run the numerics. We choose y = m.

The results of the numerical evaluations of the regularized sums 33 and ¥, are shown
in figure 8. We see that in the thin wall limit, e, — 0, the numerics are in good agreement
with the analytic calculations of [35]. It is useful to provide fits to these numerical results
in the range of ¢, between 0 and 1:

20+9In3 1
S3(ea) = Tn? (146050 +8.0e2 —1.83) (5.27)
(6%
- 27 — 213 1
Sa(ea) = 48”[83 (147220 — 0.66% + 24¢% — 1564 + 3.5¢]) . (5.28)

«

6 Summary

We have studied quantum tunneling in a real-scalar field theory with a polynomial potential
up to ¢*, in flat spacetime. We have computed the bounce action, in generic D spacetime
dimensions, as an expansion in the thin wall parameter, and showed that, upon truncating the
expansion at second order, it provides an excellent approximation also in thick wall regimes.
Out of two possible parametrizations of the scalar potential, (2.3) and (2.4), we have found that

1 A
V =-m?¢® +né® + §¢4, Ea=1-A— (6.1)

2
is a more convenient choice for departing from the thin wall limit and describing various
thick wall regimes. It is useful to introduce the parameter €., dimensionless in any D, to
express the final results. For ¢, — 0 we are in the thin wall limit, and we approach thick
wall regimes as ¢, increases. For £, > 1 the potential becomes unbounded. We can still
compute the bounce action in that regime, and we have found that our truncated expansion
still works remarkably well. Our results for the bounce action are given in generic D.

We have also computed the functional determinant numerically in the range of €, between
0 and 1, that is for the bounded potential case, in D = 3 and D = 4. As we are considering a
scalar theory, we only have scalar fluctuations in the determinant. For the unbounded case
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one should include fermions and/or gauge bosons in the fluctuations, in order to stabilize the
potential with quantum corrections, as is the case in the Standard Model [6, 7, 9, 10], for
instance. Considering spin 1/2 and spin 1 is beyond the scope of this work, so we restrict the
functional determinant result to the case of the bounded potential for the scalar.

Given (6.1), our results for the decay rate of the false vacuum per unit volume, including
the prefactor calculated at one loop, are summarized as follows,

D/2
T
where
327 m3 1 17 247 977\ ,
53_8147725(2x<1+25a+<8_4> €“>’ .
™ m? 1 2\ 2
1= g (10 (320 2) 0
(0%
20493 1
Sy = %? (1 + 6.0e4 + 8.0e2 — 1.853) , (6.5)
(0%
27 —2my/3 1
Sy — 487“[63 (1 + 7.264 — 0.662 + 243 — 152 + 3.552) . (6.6)
(0%

Note the factor m” in (6.2), which gives the correct dimensions of the rate, and was obtained
from the procedure of removing the zero modes from the determinant. Expression (6.2)
provides a very accurate evaluation of the decay rate in D = 3 and D = 4 in the range
0 < g4 < 1, from thin (¢4 — 0) to thick (¢, — 1) wall. While the parameter £, does
not run at one loop, the couplings m? and n that appear in the formula are understood
as renormalized, m? = m?(up) and 7 = (o), where we have fixed the renormalization
condition at the scale up = m. To arrive at the result (6.2) we have adopted a scheme to
deal with the UV divergences, that appear in intermediate steps of the calculation, which
is equivalent to dimensional regularization and MS.

If one is interested in evaluating the decay rate in cases that are more intuitively
parametrized by the potential (2.3), where the cubic n¢? is traded for a term linear in ¢,
then (6.2) must be modified as follows. The factor m? is replaced by (v Av)”; the bounce
action Sp is translated from the expressions above into the linear parametrization using
the exact map given in appendix A; Y3 and ¥4 must be translated with some care, as we
explain in appendix G.
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A Map between linear and cubic parametrizations

The relation between the parameters of the linear potential {\, v, A} and those of the cubic
{m, n, €4} can be translated in both directions. To go from cubic to linear, we have:

€a

41 m? /1+2¢,
(14+2e4)%?

Aeq) = )\(m,n,aa)zﬁ(l—ea) , v(mym,eq) = (A.1)

% 1-¢e4

Going in the other direction is slightly more involved. The first equation directly relates
€q to A without any dependence on the other parameters. Defining

. . 1/3 1
6= 9< A —AmaX—Aﬂ , Anaxd = ——, A2
[ 3V3 (4.2)
we have
31/352 _ 54 _ 32/3
« - 5 A.
£af 2(31/3 4 62)2 (A.3)
and
AU
m2(\, v, A) = M f,2(A), n(A, v, A) = 7f,7(A) , (A.4)
with
1 2/3 2 34/3
52 4 31/

Given the definitions of the dimensionless Euclidean radii p;, = V' Av2p and pc = mp,
we have p;, as a function of po and vice-versa,

pulpe) =\ T de. polpr) = \Ie B o (A7

From the relation (2.5) between ¢ and ¢, we obtain the relations between the corresponding

dimensionless fields. The cubic @¢ is related to the linear ¢y as

polpciea) = Y [wL (,/ — ﬁc) — oY <A<ea>>] , (A35)

where pFV = ¢V /v, with ¢FV given in (2.5). The linear field is related to the cubic one as

oL (i A) = f;j;(f))soc( ISEARTALNS (A.9)
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B Bounce action up to the fourth order analytically

Consider the Euclidean action in D dimensions

S:Q/OoodppD_l (;gis%v—vpv), V:%(¢2—v2)2—|—)\Av3 (6—n). (B.1)

In this section we work in the linear parametrization, but drop the label L to avoid clutter.
The bounce extremizes the action by solving the Euler-Lagrange equation

. D-1. dV
¢+T¢—d7¢,

We will construct the bounce solution ¢(p) in the TW limit by considering higher orders in

d(p=0,00) = (do,Ppv),  d(p=0,00)=(0,0). (B.2)

the A series and compute the action to high precision, including corrections up to O(A%).
We factorize out the dependence on v and A by introducing the dimensionless field ¢ = ¢/v
and the dimensionless coordinate z = v/Avp — r, such that the center of the instanton sits
at z = 0. The constant r measures the distance from the center of the bubble to its wall,
and dz = VvV vdp. This gives

Qui-P o0 p-1(l 2 & &
S = \pA-1ADT /_ dz (Ar+42) (2*0, V- VFV) ’ B3
. Vv 1 2
S v G IR NCEDE B4

where Q = 27P°/2/T(D/2). Expanding the minima of V in small A, we have
3 3
SOTV:—l—A+§A2+..., ¢Fv:+1—A—§A2+..., (B.5)
~ B 1 2 3 (7 _ 1 2 3
VTV_—2A—§<A +A%) 4, VFV_—§(A +A%) 4+ (B.6)
We set up the perturbative ansatz for the field and the Euclidean radius

1
‘P:ZAn@na T:ZZAnT”’ (B.7)

The peculiar form of the radius expansion follows from the fact that the bounce radius
diverges r — 00, as A — 0. In this TW limit, the two vacua become degenerate and the
decay rate vanishes. It is useful to define

Q U4_D N
where S is a dimensionless integral, a function of A only, that we wish to compute.
Leading order. The bounce equation at n = 0 is given by
1
——— 2 _
Yo = 2@0 (Wo 1) : (B.9)
It can be integrated using ¢” = d¢'/dz = d¢’/dp ¢’ and
1 1
/ po_ - 2 - 2
/‘Podsﬁo T 9%0 T 5 _/800 (‘Po 1) deo, (B.10)
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which gives ¢} = —1/2(3 — 1), when the appropriate boundary conditions fix the integration
constants. Integrating once more, we have

depo 1 deo z z
0= 3. T 75 2 - - = - — —
T4 T2 (ef-1) . / =2 athpo = 2, ¢p=tanh_.  (B.11)

The equation of motion in (B.9) is odd under parity z — —z and so is the final solution
in (B.11). The remaining free parameter ry gets fixed by extremizing the last term of the
potential in (B.4). We take the leading term in the r expansion in (B.7), such that
Sy = /OO dz (ro + Az)P™! (1cp62 + ! (QD(Q) — 1)2 + A (po — 1)) . (B.12)
—ro/A 2 8
The first two terms are even under parity and vanish exponentially as z — +oo, because
1/4(% — 1)% = ¢ x e?*. Thus we can safely extend the lower limit of integration to —oo

& o 1 /1 1 2 [
So 9/ (ro + Az)P7! (%2 + - (go% - 1) ) ~PU [ ghde (BU13)
—To/A 2 8 — oo
e 1t 2
=g 1/ o dgo = 1§ 1*/ (1 — sOS) dpo = rp L. (B.14)
—1 2J) 3

We dropped the subleading terms from the (rg + Az)Df1 polynomial and kept rg only.
The last term of the potential x Apg in (B.12) is odd under z and goes to a finite value
when z — —rg/A. Therefore, we cannot simply extend the integration limit to —oo when

A is small. We can resolve this issue using integration by parts

- o0
S 3 / (ro+ A2)P 71 (g — 1) Adz (B.15)
—ro/A
1 D oo 1 o0 D
=5 (ro+ Az)" (wo — 1) s D) (ro + Az)” pidz (B.16)
1 D oo 1 D 1 2 D
~ =570 » pdz = 570 wo|_, = —570 (B.17)
where we only kept the leading r{ volume term. Combining the surface and volume terms
~ 2 2
SO = g'l"(l))il - ETOD . (Blg)
Extremizing over rg gives us the final result at the leading order
2 D-2 D-1 D—-1 G 2 p
g (D - 1) Ty - 27"0 == 0, = To = T7 SO == @TO . (Blg)
The final Fuclidean action at the leading order is
4-D 257y _
So= ST 2 pa L Jugn D=3 (B.20)
\D/2-1AD-13D AD-1 g’ D=4,

It can be split into the kinetic 7 (1/2 of the surface term) and the potential piece V (1/2
of the surface + the volume term)

Qui-D réj_l D — 6rg
These two are related (at any order in A), in agreement with Derrick’s theorem
(D—-2)T =-DV. (B.22)
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Higher orders up to A%. Let us continue with the higher order corrections up to A4

with the following notation

S:SO+A252+A4S4+...:ZAPSP. (B.23>
We separate the contributions from the different parts of the bounce, such that
Sp =S + 5V 4+ 5 Z (B.24)

&(n)

where Sp" comes only from the addition of ¢, at the AP order.

Parts from ¢y Let us begin with the A2 parts, i.e. by calculating Sy. We expand the

integrals in (B.13) and (B.16) to get the parts coming from ¢ only

géo) < )/ dz 22 12 r(]):)_2<D>/_ dzz2<,06 (B.25)
:Zré)l( / dz 22, /2 / dz 2% ) (B.26)

2
™ +6(D—-2)\ p,
where the relevant integrals are calculated in (B.81) and (B.83). The ry correction does
not affect the action at the A2 order because we already extremized it around 7o and there
the first derivative vanishes, such that S(rg + A?rs) =~ S(rg) +dS/drg(rg)A%re = S(rg).
Further expanding the integrals in (B.13) and (B.16), we get the A? corrections from
o, which we separate into even S'io)e and odd S io)o parts. The even part comes from
multiplying the kinetic part with a binomial expansion in powers of Az

~ S D—-1 D—1 D—-3
§Oe 5 / dz((?“o + A%+ AYy) ( ) (ro+A%rp) " " A2

2
D—1
+ ( 4 >""(])D_5A4z4>9062.

Furthermore, we can safely drop the r4 terms for the same reason as the ro did not
contribute at the A? order, i.e. because dS/dr|,, = 0. We also dropped the 3 in the
last line, which was already O(A%) after the z expansion. This gives the following A*

(B.28)

terms from the even part of the potential

- -1
Sio)e:< ) D=3 2/ dzgp ( )( )1"0 7"2/ dz 2 go
D1 N (B.29)
—I—< 4_ )Téj_5/_oodzz4<p62
(D =1\ p_3 52 D -1 D4 2/ o
_< 9 )TO 3+< 9 )(D 3)7“0 7’2§ (7T —6)
D=1\ ps52 2 (7n2
+< A )0 = (772 - 60) ,

(B.30)
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using integrals in (B.81). For the odd part, we expand (B.16) (dropping r4)
50 9——/ dz 7“0+A TQ—I—AZ) ©0 » (B.31)

such that we get

~(0)o 1 D -2 _ 0
Sio) :_D<< ) D2 2/ dz ) + ( >< ) )r(? STQ/_OodzzQ%
D o0
+<4>r(§)—4/ dzz4<p6)
1 ((D\ p_ D\ (D-2 2n% (D 14
:<<2>TOD 27‘§2+<2>< 1 )r(])) 37“2—3 +<4>7‘0D 41571'4) . (B.33)

Parts from ¢; The bounce equation at n =1 is given by

(B.32)

-1

cp’l’—l—%(l—?)gog)gol— cpf):l—i—g(gog—l) ) (B.34)

Plugging in ro = (D — 1)/3 and ¢, = —1/2(p3 — 1), we get the trivial solution

1
A =5 (308—1) (pr+1), o1 =-1. (B.35)

The equation and its solution are even in z, in accordance with the boundary conditions.
Starting with the complete Euclidean action
A? A3

w’2+é(¢2—1) +A(p - )+2+2), (B.36)

0 1
S ~ dz (Ar + Az)P71 (2

we plug in ¢ = g — A and isolate the corrections coming from ¢

~ oo 1 /3 1 1
S0 = /_ dz (Ar+ Az)P-! (4A2 (68~ 1) — 5800 (KB~ 1) — A% (o - 1)>

(B.37)
= dz (Ar + Az)Dil < N o+ Aoy — fA (o — 1)) . (B.38)
We expand the integrands and first work out the A? terms
3 o0 1
g = 3,0 / doo+rf2(D-1) [~ dezpogh+ i (B39)
1
=3P 2D - 1P 4 Sl =P (3 + m) : (B.40)
D D
The third term in (B.39) was evaluated as in (B.16), namely
1 [ 1
—AZZ dz (ro + A2)P P A (o — 1) = A2r(§)—1r—o = AP, (B.41)

2/, D D

At this order, the correction is independent of r1, which will turn out to be zero.
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Further expanding (rg + A?ro + Az)P~1 in (B.38), we get the following A* expressions

3 (D -1 00
S(l) -3 éj 3( )/ dz z cp6+r63 4( 5 )/_ dz 23pof
—i—( > D- 2/ dzz

- (3(D —)rg—2(D-1)(D-2) — 7’0> rP=3r, . (B.42)

The first two lines come from expanding (r9 + Az)P in higher powers of z, while the
last line comes from the expansion of A%ry and can be easily read off of (B.40) by
substituting ro — 79 + A%ry and expanding in A. Evaluating the integrals in (B.83)
and (B.85), we end up with

Si)zw2< 5 )7‘0 3+27r2< 5 |70 +37D 5 |70 -2

~(3(D=1)ro—2(D=1)(D—2) = 13) 1f Prs. (B.43)
Parts from ¢s The bounce equation at n = 2 is

3 + % (1-3¢8) 2 = ;wo + %@6(2 +71). (B.44)
The solution to such a differential equation has two homogeneous pieces, one even and
one odd, and a non-homogeneous part from the Wronskian. If r; # 0, the odd part
of the non-homogeneous function grows exponentially with z — 4+o00. One limit, e.g.
z — —oo can be regulated by the odd part of the homogeneous solution. However,
the other limit z — oo cannot be cancelled and the solution cannot reach the FV.
Therefore, the only consistent solution is to set both r; = 0 and the odd part of the

homogeneous solution to zero.

The remaining free coefficient of the z-even part of the homogeneous solution 4/ch?(z/2),

can be set to
72+ 3(D — 3)

27‘0

even
c —

S = : (B.45)

such that the complete field solution at n = 2 becomes manifestly odd

1 z
m((2_D_2(4+ChZ) In(1+ €*)) shz (B.46)

— 2 (D — €* (4 + shz)) + 3(Lig(—e®) — Liz(—e™7))) .

$2 =

The asymptotics of this solution are the TV and FV, such that pa(f+o0) = F3/2.

With ¢9 at hand we can evaluate the n = 2 contribution to the Euclidean action. To
begin, we will show that ¢y does not contribute at the A2 order, i.e. 5’52) = 0. To
demonstrate this, we look at the terms up to and including A% and rewrite them as

S5 A% [ dz (ro+ A2)7 7" (gheh — pogoe + 3Aghpa) - (B.47)

-
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We will add higher orders later on to get all the A* terms of S@). To proceed at the
current order, we use the following identity

< d o o

/_ dz 1 (90{)902) = 906902 =0= /_ dz (@6(,0’2 + 906,4,02) (B.48)
o0 1 o

B /_ dz (‘0690/2 +g¥o (w6 1) 902) = /_ dz (¢heh — PoPs) - (B.49)

This shows that the first two terms in (B.47) cancel away at the A% order. The last term
in (B.47) also vanishes at this order, because ¢, is even and vanishes at the boundaries,
while @2 is odd, so this is not a volume term and we need a further expansion in Az.
Thus, ¢y does not contribute to the action at the A2 order.

Before moving on to higher order terms, let us work out the A* corrections from the
terms in (B.47), after expanding in Az. We take advantage of another identity

/OO &= (ebp2) = 22 T o (B.50)
—0o dz 0 0 oo
o !/ o 2 ) i
= 2/ dz z pop2 +/ dz 2% (o + op2) (B.51)
—oo —00
such that the kinetic term goes into
> 2 /! / o /
/ dz 2% (o — poroipa) = —2/ dz z poepa - (B.52)
—0 —o0

The last term in (B.47) is non-zero when we expand in z, and when we combine the
even (kinetic) and the odd terms, we get

~ D—1 0
4(12) > (—2( 5 ) +3(D-1) 7“0> 1"6373/ dz z pjp2 (B.53)
= 3rP2 / dz z (2 (B.54)

where we used rg = (D — 1)/3 to get to the last line.
Now we add the rest of the terms with @9 (dropping A2rs) up to the A® volume terms

~(2 o D—1 1 2 1 3 9
4(1 ) 5 . dz (7‘0 + AZ) (2g0,2 + Z (3@(2) - 1) ng + 5900‘;02 + g

A 21
Y (@2 + 30093 — 4>> : (B.55)

We focus separately on the even pieces in the first line and the odd volume parts in the
second. The even bits can be simplified by using the bounce equation for ¢o in (B.44),
such that the kinetic terms cancel against some of the other pieces:

/_oo dz = (pan) = 0= /_Oo dz (05" + 9295 (B.56)
1 3 3
" __ - 2 _ e - /
Py = 5 (3<p0 1) w9 + 2<p0 + rozgpo. (B.57)
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Thus the even terms give us

e 3 5 [ 3\ 3 %
s ZZT(? 1/_00(12 (<P0902+2> 5(? 2/_00(12’2@6902- (B.58)

For the odd pieces, we integrate by parts and obtain

A oo _ 21
g = _= dz (ro + Az)P7! (gOz + 3002 — )) (B.59)
2 —ro/A 4
74(1)3 / 2\’
~55 dz Yy +3 (4/30902) (B.60)
D
o (549922 D

where we used the asymptotic behaviour of ya(+o00) = F3/2 as well as
%) , .
/ dz @, = g02|_oo = -3, (B.62)

/ dz (wowg) (@0902)|OO = 2% = g- (B.63)

Combining (B.54) with (B.58) and (B.61), we collect all the terms from 9 that enter
the action at the A* order

s@o_3 poy [ 3\ 3, 21
S’i Jo _ . rt 1Lw dz (gpog@ + 2) + 5 / dz 202 + — 4D (B.64)
_1 2 D-3 21 D
—Z(3D—27r —9)7“0 ( 2)(3 4 %) + 36¢(3 )) +apT0

(B.65)

where we took the two integrals from (B.86) and (B.88).
Parts from o3 After adding 3 to the action, we get the following terms, up to O(A%)
Q(3 3 o D-1/ 1 14 / /
SB) = A / dz (ro + Az) (Vo3 — Lovors + 3Apyes) - (B.66)
—0o0

By construction, g is odd, while ¢ and @3 are even, which makes the first two terms
odd in z. To get a non-zero integral, we need to expand the (rg + Az)?~! ~ (D —
Drd2Az = 3rP7' Az, where we used 7o = (D — 1)/3. This gives us

SR L dz (z (po3 — Povos) + @ows) - (B.67)

Now consider the following identity

o0 d o0 [e'e)
/ dz o (z0003) = 20003 =0= / dz (2 (ol + wops) + ops)  (B.68)
—00 z —c0 —00
° AN / /
= / dz (2 (p0es — PovoPs) + Pows) (B.69)
—0o0
which demonstrates that in fact S ig) = 0 and that ¢3 does not contribute to the action

at the A4 order.
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Parts from ¢, The situation is similar and even simpler when we add ¢4 to the action
(4 4 o D1/ 1 1 / /
SW=a / dz (ro + A2)" 7 (¢l — poops + 30¢0pa) . (B.T0)
—0o0

The last term is odd and needs another insertion of Az and is thus of O(A®). For the
first two terms we have

e}
/ dz (pos — povops) =0, (B.71)

which follows from the same logic as when we derived (B.49) but replacing o with
4, which has similar properties of being odd under z and going to a finite value when
z — +00. We have thus shown that §£4) = 0.

Summary of A2%. Combining all of the pieces, the action at the O(A?) is given by

Sy =S 4 g 4 5 (B.72)
2
a2 (T A6(D—2) ( 7“0) po1
_A< < T +(3+5)+0])r (B.73)
2 (14 D(25-8D—37%)\ p_,
—A ( 3D —1) P (B.74)

such that the action is

S =So <1 +A? (1 + D (ij_fll)) — 3”2)» . (B.75)

Derrick also holds at this order.
Summary of A%. At the O(A*), the Sy came from

Sy =80 + 8"+ 87 + 5P + 5, (B.76)
where we showed that gig) = g}f) = 0. The separate terms are summarized here

50 _DP1as ((D—3)(D—2)((D—4)(77r2—60)—217r47’0)

©_D-1
4
>40 (B.77)
+60(D—2)r0((D—3)(7r2—6)—37r27"0)r2+180(D—2—3r0)r8r§> ,
(1 TD74
Si =2 <(D—1)7r2(2(D—5)D—3Dr0+r§+6(2+m))
(B.78)

+6r0(4+2D2—3D(2+r0)+r0(3+r0))r2> ,

1832173+ D?(—6—2712 +97) + D(12-+7%(4—670) +37r0(—9+7ro) —72¢(3)))
4D(D—1) ’
(B.79)

5 -
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and the r9 is given by

_ 672 — 40+ D(26 — 4D — 37?)
2= 3(D—1) ‘

Here are some useful integrals containing g

o0 2 o0 2
dz '227, / dz 222 == (72 —6)
[00 %o 3 . Yo 9 ( )
o0 2
dz 24 = EWZ (77r2 — 60) )
_OOOO / o 2 1 2 2
dzypy =2, / dz z vo= 3T,
—00 —o0
o0 14
d 4 1 _ = 4
N 22500 = T
o0 [e.e]
dz zpoy = 2, / dz 22popl = 212
—0o0 —0oQ

The relevant integrals where ¢y and @9 appear are given by

0o 3 3D — 272 -9

o 2 D—1
o0 o0 2w +3(D - 5)
/o / _
[Md2@0¢2—[md2¢0¢0¢2— 2D —1)
o0 D —2)(3+ 72) + 36¢(3)
d / — 7(
IS 501

C Semi-analytic expansion

(B.80)

(B.81)
(B.82)
(B.83)
(B.84)

(B.85)

(B.86)
(B.87)

(B.88)

In this section, we show a systematic expansion of the bounce with respect to A in the

linear parametrization. This allows us to calculate the coefficients of A™ for the bounce

and for the action numerically.

Plugging the expansion (3.1) into the bounce equation (2.2), we obtain a differential

equation for ¢, with n > 0 as
2 1., 9
0; = 58¢Lo(2) = 1)| pra(2) = Fu(2).

Here, ¢ro(z) = tanhz/2, rpg = (D —1)/3, ¢}, (£o0) = 0, and
D—-1
Fn(z) = 2 7/‘L(n—l)(;OILO(Z) + Gﬂ(z)a
"Lo

with G, defined through
D—-1 D—-1

S AT G (2) = 5 () -36R () e(2)+ Am T AP ()~ A%l (2

m Lo

Notice that G;, only contains ¢rm, and ri,_1) with m < n.
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The general solution to the differential equation can be constructed as
pra(2) = =M(2) [ dda) Ful) +02(2) [ dpM@)Fu) + Cudi(2) + Chda(z), ()

where C), and C/, are constants and

1
A1(’2) = 4COSh2 z) (C5>
2
Aa(z) = TooilZZ (6z + 8sinh z + sinh 2z) , (C.6)
2

are the solutions of the homogeneous differential equation. From N (£o00) = 0 and A\, (£o0) =
o0, we see that the boundary condition, ¢}, (+00) = 0, requires C), = 0 and

o= [ Z Ay (y) Fa(y). (C.7)

It determines r,_1 as
TL(n—1) = —TLO/ dyA1(y)Gn(y). (C.8)
—0o0

In particular, one gets rz; = 0 since Ga(z) is always an odd function. The undetermined
coefficient, Cy,, affects 7p(,4.2) through the above equation and only a linear combination of
these can be determined. Since we have expanded both r and ¢, there appears extra freedom
to pre-include a part of r,42 into ¢r,. Although the intermediate products are different, this
does not affect s since the A-expansion of the action is unique. Notice that one can choose
C), such that rpo = rp3 = --- = 0, which corresponds to the expansion of [46]. Another choice
of C,, = 0 is also useful since it fixes the zero point, ¢r,(0) = 0.

Finally, the expansion coefficients of the action are calculated either from the kinetic
part or the potential part of the action using

Z Anst = % L dz(Ar 4+ Az)P1o2(2)
2 o
:MD—%/(M&%A#%%)

+Dw—ml

D Asymptotic series

In the previous appendix we described a routine to compute numerically the sZ coefficients.
In the main body of the paper we considered terms up to n = 16. Here we go to higher orders,
which involves some additional numerical challenges. We observe a cancellation among terms
in the right hand side of (C.9), where the leading term is ©(10%) times larger than the sum.
This creates some challenges to keep track of all the terms and we have performed a number
of numerical checks to justify the numerical stability and accuracy of our result. The first
check was to compute both the first line and the second line in (C.9), which should give
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Figure 9. The absolute values of the coefficients s and s& up to n = 40. For n > 4 the coefficients
are computed numerically, using the iterative routine described in appendix C. Both in the linear
and in the cubic parametrizations we observe a factorial growth of the coefficients at large n, that is
roughly n > 25. The plain lines show fits to the large n points of the form |s,| = (1/A4)" nl.

[T e ‘
* O_H . D=3 . X107 D=3
5x 107" . . . . 1 5x 1071} .
= ©
%: 1)(10713 R—E: 1><107]l,
= 5%x10™ T 5x10712;
26 28 30 32 34 36 38 40 28 30 32 34 36 38 40
n n

Figure 10. The absolute values of the coefficients sZ and s, normalized to 16", showing the faster
than exponential growth at large n > 25.

the same number due to the Derrick’s theorem, meaning the action is extremized precisely
enough. The second check is to increase the integration precision by increasing the number of
subdivisions of the integrand and also going from double to quadrupole precision. The third
check on numerical stability is to change the coefficient of coherent terms, Ca,11’s, in (C.4)
by order one. We found that a few highest order points require quadrupole precision, and
that at least three significant digits are stable for all the other checks.

With all the improvements described above, we pushed our numerical results up to
n = 40 in the linear parametrization. On the left of figure 9, where we plot |s%|, we see that
for n > 25 the growth of the coefficients steepens and becomes factorial. In D = 3 all the
coefficients with n between 25 and 40 are negative, in D = 4 they are positive. In either case
their growth goes as A™"n!, with A =1.97in D = 3, and A = 2.15 in D = 4. This result,
computed numerically in the linear parametrization, can readily be translated into the cubic
expansion, using the methods described in the main text. On the right of figure 9 we show
the absolute value of the coefficients of the cubic expansion up to n = 40; again we observe
a factorial growth for n > 25. In the cubic case the coefficients at large n alternate signs,
and are of the form s = 4(—A)™"n!, with the overall minus sign in D = 3. The best fit,
taking into account n > 26, gives A = 1.75in D =3, and A = 1.91 in D = 4. Note that in
D = 4 we have sort of an outlier at n = 25. This is where the behavior of the coefficients
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Figure 11. Absolute values of each term of S(Cw) (€a) in (3.6) for g, = 0.06,0.08,0.1,0.2. The left
panel is for D = 3, the right for D = 4. The horizontal lines indicate the minimum values. On the
right plot we have an outlier at n = 25, which corresponds to the break from exponential to factorial
growth of the s coefficients (see also figure 10). The minimum is around that break for e, = 0.08,0.1,
but is at N = 36 for £, = 0.06.

switches, so it is not surprising that the two competing contributions accidentally cancel
out to a precision of 1%. The Derrick’s theorem is checked up to six digits at n = 25, and
thus we think this could just be a feature of D = 4.

We also show the normalized coefficients in figure 10, where we divide them with 16",
which factors out an exponential coefficient. It is clear that the curve turns up and thus
proves the growth is faster than exponential and the factorial fit is justified. Such a factorial
growth of the coefficients s§ then implies a zero radius of convergence of SéN) (€q), defined
in (3.6), making it an asymptotic series. We can first check for the optimal truncation order,
by studying the absolute value of the terms e”s¢ for different values of ¢,. The value of n
at which |e7s¢| is minimized corresponds to optimal truncation. In figure 11 we see that
for €4 up to 0.1 the optimal truncation order is at N larger than 20, both in D = 3 and
D = 4. Tt is roughly at N ~ A/e,, as one would expect, with A ~ 2 as estimated above for
the factorial series. When ¢, gets as big as 0.2 the minimum of |e%s$| is at much smaller N,
of order a few. This implies that for €, > 0.2 talking about optimal truncation is no longer
very meaningful. We have performed a preliminary Borel-Padé analysis of the expansion, but
our first results do not show the expected convergence and are inconclusive. This requires
further study, beyond the scope of the current paper, and we leave it to future work.

E Bounce construction in the cubic parametrization

In this appendix we construct the thin-wall bounce solution, following the same method as
in [35], but starting with the scalar potential in the cubic parametrization:

1 A
Vo(9) = gm*e® +nd® + 7o' (B.1)
Here we take m? > 0, > 0, and A\c < 4n?/m?. With this choice, the minimum at ¢ = 0 is
the false vacuum and has V' (0) = 0. When 0 < A¢ < 4n?/m? there is another minimum at the

negative field value ¢y = _% (1 +4,/1— %)\c), the true vacuum, separated from the false

vacuum by a potential barrier. It reaches its maximum at ¢pax = —i’—z <1 — /1= % C).
For a negative quartic, Ao < 0, there is still a false vacuum at the origin but two possible
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tunneling directions: one to the left, with a lower barrier, the other to the right, with a higher
barrier. Here we restrict our analysis to a positive quartic and take the thin wall limit. This
corresponds to A\¢ — 4n?/m?, when the two vacua become degenerate.

It is convenient to introduce the dimensionless variables (2.11). Given the dimensions
of the quantities involved,

Pl=-1, Iml=1, Wl=5-1, lkb=3-5, Dd=1-D, (E2)
we see that po, eq, po are dimensionless in any D. We can write the action

s=0 [ ap P (; (jﬁ)Q + VC(¢)> (E:3)

= ann;} /Ooo dpc pp ! (; <3§g>2 + VC(SDC)> (E.4)

- Qﬂif O; dzo (20 +re)P™! (; <(C11:f)2 + VC(‘PC)) ; (E.5)

where 1
—¢
Ll (E.6)

is dimensionless and depends only on one parameter, €,. In (E.5) we have introduced

. 1 1
Ve(eco) = §<P2c + 590?6 +

zo = pc —TC, (E.7)

where r¢ is the dimensionless bubble radius, the physical radius being r¢/m.
In this parametrization, the thin wall limit when the vacua become degenerate, corre-
sponds to €, — 0. The false vacuum is fixed at

etV =0, (E.8)

while the true vacuum is at

v _ 3+ VIF8ea _

wo' = 301 — e —2 —deq +O(3). (E.9)

Note that here the coefficient of the £2 term in the expansion is zero.
We want to find the bounce in the thin wall limit (¢, — 0). From (E.5) we get the
bounce equation

d’¢c D —1 dec 3, 1 3
— — —pt— =(1 — =0 E.10
dz2  ze+re dze re T 5o 2( e ’ ( )
subject to the boundary conditions
d
ooz — 00) = e =0, (ZOC (2 = —r¢ — —00) =0. (E.11)
z

We use the same method as in [35]. We expand the field and the radius in the small
parameter ¢, < 1 as

1
pc(z) = Z Eq won(2), rc = — Z Eo TCn (E.12)
n=0 €a n=0
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we substitute into (E.10) and solve the bounce equation order by order in &4, with the
boundary conditions in (E.11). We manage to find analytic solutions up to order 2.
We find the following results:

2
_ E.13
peolzo) = =10 (E.13)
-8+ e*¢ (34 62z¢)
= E.14
@CI(ZC) 2(1 _|_eZC>2 > ( )
e 2o (2 2
zo) = e*C (e“*C (15 (3625 + 64z¢ — 115
pc2(20) 80D — 1) (e 1 1) { ( ( ( C c )
D (18022 + 3602 + 449) )
+¢% (D (18022 + 96020 + 761) + 5 (3623 — 2642¢ — 635) )
+120€"% 2 + 1206%C (92¢ + 1) - 120)
+ 1440€%¢ (¢*¢ + 1) Lip (—e*°)
~120 (7€ 4 760 4 ¢3¢ — 1) (% 4 1) log (¢ +1)] ,
(E.15)
and
D—1 D-1
rco = 3 rc1 = 9 (E.16)

Compared to the solution we found in the linear parametrization in [35] there are two
important differences: the functions ¢y, (z¢) have no definite parity under zc — —z¢, and
the coefficient ro; does not vanish.
The thin-wall solution ¢c(z) connects the false vacuum at zo = 0o (p = 00) to the true
vacuum at zc = —r¢ (p = 0) at every order in £, by construction, as explained in [35].
With the solutions above we can compute the bounce action up to second order in
ga- Up to O(g3), we find

mS=P (o 3D +8 9D3 — 11D? 4+ 138D — 12D7? — 64
=0 1 2 E.17
S e Se + €a 5 + &5, SD—1) , ( )
with
D-1
o (D-1 l 1
SC - ( 3 ) 3D €g_1 ) (E18>

being the leading order thin wall bounce action.

F The bounce field configuration

The field configuration corresponding to the bounce is of physical significance as it defines the
profile of the bubble, which is nucleated in the phase transition. Let us examine how the bubble
wall profiles ¢;, and ¢¢ come about for the two different parametrizations, linear and cubic.
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F.1 Linear parametrization

In ref. [35] we computed the bounce including corrections up to A?. For computational
convenience, we shifted the Euclidean radius p by defining the dimensionless variable z; =
VAvp—rp, withry, = (1/A)(rpo+Arpi+A%r o+ - ) the dimensionless bubble radius. Solving
the second-order differential equation for the bounce order by order in A, we found analytically
the bounce as a function of z, ¢r,(21) = @ro(zr) + Apri(zr) + A%pra(21) + A3pr3(zL), up to
order A3, and we were able to fix the coefficients rrg, 71,72 using the boundary conditions.
At each order n, the solution ¢y, (z1) contained a term

Cln _ cndyro
4 cosh?(z1,/2) 2 dzp '

prn(zL) O (F.1)
proportional to ¢1,. It turns out, as was pointed out in ref. [35], that the coefficients ¢y, and
r1n+1 are only fixed at the order n + 2 by the boundary condition 42 p =0 at p = 0. However,
they are not independent; what gets fixed is the combination (1/2)c1, — rr 1. This reflects
the fact that using the A expansion both for ¢; and rp is redundant, albeit useful for the
calculation. We also find that fixing the coefficients in (F.1) of the even orders, ¢; 2y, by
requiring that ¢z, 2,(21) be odd functions of zy,, implies that the coefficients r, 9,41 vanish
(we were able to verify this statement numerically up to high order n).

It is useful to rewrite the bounce ¢ as a function of the Euclidean dimensionless radius
pr = z + r and re-expand the function in small A. Doing so eliminates the redundancy
and fixes the coefficients uniquely at each order in the expansion. Up to second order we
get the following analytic result:

) 5 d
@g)(pL) = wro(fL) + [(CH = T’L2> ({LLO = 1] A+

2
: (CH —TL2> Toto + fo(p )] A?,

2 dp 2\ 2 dp?
(F.2)
where
) 1, - - rpo D-1
=tanh | = (pp— =0_- - F.
¢ro(pr) =tan [Q(PL RL)] Ry, A = 3A (F.3)
. 1 =
f2(pr)= ————— [3e”Re ((2D+1-3(pr—Ry) ) (Ro—p1) +77)
2(D—1)(eﬂL—RL—|—1)
_362(/3L—RL) (D—Q—S(ﬁL—RL)) +3e3(ﬁL_RL) (ﬁL—RL)
+3e_(ﬁL—RL) (86,5L—1:3L_863(/3L—RL)_64(ﬁL—RL)_|_1) log (1+eﬁL—RL>
+36e72 R Liy (—ePr =R ) 4+ 3(D-2)] (F.4)
c11 4D%*+D(37%—26)—6m2+40
o F.
g 2 3(D—1) (5)

This result is valid for D > 1.

The leading order term in (F.2) is the one in Coleman’s seminal paper [3]. Then we
have corrections up to A? and the combination of couplings (c11/2) — rro appears both at
linear and quadratic order. At A? one would also expect terms proportional to ¢ and 3.

— 38 —



0 5 10 15 20 25 30
b

Figure 12. Bounce profile in D = 3 (top row) and D = 4 (bottom row) for different values of A. Small
A corresponds to thin wall, while in the last column we are close to Apayx = 1/1/27, corresponding to
the inflection-point thick wall. The blue dashed line is the thin-wall bounce at the leading order, (F.3);
the blue plain line is the bounce calculated up to second order in the thin-wall parameter A (F.2); the
red line is the bounce computed numerically with the shooting method. The horizontal black dashed
lines mark the values of @y (top) and @1y (bottom). The analytic thin-wall bounce of eq. (F.2)
gives an excellent approximation to the true one up to A = 0.1.

However, as mentioned above, cj2 is fixed by requiring that ¢r2(z1) be an odd function of
zr,, while rp3 = 0. What is left is the term proportional to the second derivative of g plus
the function fo(pr), which was part of ¢r9(zr). Note there are terms in fa(pr) proportional
to (pr, — Ry); as Ry, is proportional to 1/A one might worry that they spoil the A power
counting. They do not, as they are multiplied by exponentials with a positive power of
(L — RL), which preserves the power counting.

The result (F.2) fixes the bounce uniquely up to second order in the thin-wall parameter
expansion. We can see in figure 12 how it improves the leading order result of Coleman’s, by
comparing to the bounce calculated numerically (red line). When we depart from the thin
wall regime (A — 0), the analytic result in (F.2) gives an excellent approximation to the
true bounce up to A = 0.1, and a decent approximation up to A = 0.15. For larger values
of A it deviates from the correct profile given by the red line.

F.2 Cubic parametrization

We can follow the same procedure described in the previous section to construct the bounce
without redundancy in the cubic parametrization as well. Using the expansion in £, both
for pc(z) and r, we found full analytic solutions up to second order, see appendix E, and
we managed to extract the combination (%% — rs) o see (F.8), from the bounce equation at
third order. A crucial difference compared to the linear case, which makes the calculation
in the cubic more involved, is that in the cubic we cannot use the z-parity of the solutions

to fix the c1, coefficients, and the odd-order ry,+1 do not vanish.

This prevents us from obtaining the final bounce analytically up to order 2, which

would require calculating c¢i2 and r¢3. Up to order &, the physical bounce as a function
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Figure 13. Bounce profile in D = 3 (top row) and D = 4 (bottom row) for different values of ¢,.
Small €, corresponds to thin wall, while in the last column we are in Linde’s thick wall regime. The
blue plain line is the bounce calculated up to first order in the thin-wall parameter &, from (F.6).
The red line is the bounce computed numerically with the shooting method. The horizontal black
dashed line marks the value of the true vacuum (in the last two columns it is below the scale shown in
the vertical axis), while the false vacuum is at ¢ = 0. The analytic thin-wall bounce of eq. (F.6)
gives a good approximation to the true one up to £, = 0.3.

of the dimensionless radius pc = mp is

- N B 3 . ~ d c d
colic) = poolic) + [2<PCO(PC) + (4 + 20 - Rc>) pco (” - 7"2)0 2ol

2 dpc 2 dpo @

(F.6)
where
_ 2 = Tco D-1 D-1

SRR — Re=— = F.7
poolbe) = — TR c=_—trei= g —+— (F.7)
(cn B > _ 41D? 4+ D(24n? — 322) — 487% + 425 (F8)

2 o 24(D — 1) ' '

Note that RC also contains the r¢q term, while the analogous r7; vanished in the linear case.

In figure 13 we show how the bounce of eq. (F.6) (blue line), which was derived in
the TW limit, compares to the true one computed numerically (red line) when we depart
from TW. We see that it provides a good approximation up to €, = 0.3. For larger ¢, it
develops a bump before reaching the FV. This gives an indication of the limits of our result,
which is not expected to be precise when we approach the thick wall. It is interesting to
note that, apart from the bump, our result at the linear order in €, approximates decently
the value of pc(pc = 0) in the whole range 0 < ¢, < 1, and always reaches the FV at
large pco, by construction.

G Checks on the functional determinant

In this appendix we perform again the calculations of zero modes removal and of the regularized
sums. Whereas in the main text we carried out the calculations in the cubic parametrization
with BubbleDet, here we use the linear parametrization and employ other numerical methods.
In the end we find excellent agreement among all the different methods.
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G.1 Zero modes

In the differential equation (5.6), the term V() — VP%) vanishes once the field reaches the
FV configuration and ensures the finiteness of the solution. One could worry that adding
the offset p2 in (5.11) for R$ might spoil the good finite behavior and introduce divergences.
By explicitly constructing the solution we did not encounter any divergence at the leading
order in p?, which is all we needed to get R}. It turns out that there are divergences if
one goes to higher p? orders in the calculation.

It is instructive to also perform the calculation with an alternative method: we can offset
not only the second derivative of the potential evaluated on the bounce, but also the one
evaluated at the FV (this in principle is not needed, as no zero modes appear here), to avoid
issues with divergences. We refer to this method as “Vyy offset” in figure 7. It works as follows.

We first define the second derivative of the shifted false vacuum potential as

Vv = Vi + 12, (@.1)
and solve
A > D-1d I(I+D-2) ~@) -
Opviipy = <_(W T + P2 + Vv | Yirv =0, (G.2)

for I = 1. The solution is given by [35]

Durv(p) = crvy/p L (,0 VF(%,)) : (G.3)

where v = D/2 for [ = 1. In the following we will drop the multipole subscript v in ¥, py.
The ratio of wavefunctions is expanded around u? = 0

1 dy 1 dy d [ 1 d
] Yrv _ [A va] L [A wFV] 4 (G4)
Ypy  dp ey dp | g dug [ry dp | 2
The first term is just
1 dy 1 d
] Yrv _ Yrv (G5)
vy dp |y YEv dp
that appears in the differential equation for generic multipoles, and we define
. d [ 1 d
=4[ L ¢FV] | (G6)
du [dryv dp | 2,
The differential equation for R{ is therefore
0 Ypy 0 2 )
242 ™V (v® _ vy 422X =) (Ry + p26R, ) = 0. G.7
(aﬂ2+ Yry Op ( PV 20 dp ( L be 1> (¢1)
The first contribution is the usual differential equation for R;
0 dpy 0 2
Y 19 vy R =0 G.8
(apQ + ¢FV ap ( FV) 1 ) ( )
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Figure 14. We plot R} as a function of A. We use a few different methods for the numerical
evaluation, as described in the text. We also show the fits given by (G.10) as solid lines, and the
analytic result (5.18) obtained in [35] in the thin-wall limit (A — 0) as dashed lines.

which will be one of the two coupled differential equations. To obtain the equation for
§Ry, we truncate at order p?

92 bpy O
72 _1_2@7 —
dp Yrv Op

Our strategy is then to fix a value of the parameter €., numerically solve the differential

Ve — F@)) SRy = —2)28;21. (G.9)

equation for R; first, plug in the result into the differential equation for dR; and solve
for §R;. The result, denoted “FindBounce, Vgy offset”, is in perfect agreement with that
of (5.17), as shown in figure 7.

As a further check, we also perform the numerical calculation in the linear parametrization
using a couple of numerical methods, and show the result in figure 14. The solid lines in the
figure are obtained starting from the fits (5.19) and (5.20), where R} (e,) was given in the
cubic parametrization, and translating them into the linear parametrization,

(A — A2 R A)) — 1
1L( )—m 1(ga( ))—m

Here we used the map from appendix A. We find very good agreement between these translated

Ri(ea(A)). (G.10)

fits and the numerical points calculated directly in the linear parametrization. Also note
the trend of increasing R}, as we approach Ap.x. That is well understood from (G.10): the
function f,,2(A) goes to zero as A — Apax, so R}, goes to infinity. This makes the vacuum
decay rate go to zero. In this limit we reach the inflection point, and we go from quantum
tunneling to classical rolling, so we expect indeed the vacuum decay rate to vanish.

G.2 Regularized sums

In this section we compute numerically the regularized sums defined in (5.23) and (5.24)
in the linear parametrization, using our own code and implementing a couple of methods.
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We then translate the results obtained in the cubic parametrization and find very good
agreement among all the different methods.

For the regularization we use two different procedures: (i) involves the {-function [45] and
is equivalent to that used by BubbleDet, (ii) involves Feynman diagrams [47]. We confirm
numerically, as argued formally in [45], that they lead to the same result.

Let us describe the Feynman diagrammatic regularization [47], where we calculate the
subtraction of the sum in a slightly different way compared to (5.23) and (5.24). We define
a perturbative expansion of R,(,n) in orders of insertions of (V(Q) — VF%) ), which solves the
fluctuation operator

2RI dAR™ [ dgupy/dp
v i v _(v® _y @) pr-1) _ ¢ 11
dp? * dp ( Yurv ) <V VFV) fiv ’ (61

At the leading order there is no insertion of interactions, meaning no term with (V2 — VF(%,) )
in the equation, and the solution which satisfies the boundary conditions is trivially given
by Rl(,o) = 1. We plug this into (G.11) with n = 1, and solve for R,(,l). Then we have to
plug the Rl(,l) solution into the n = 2 equation, and proceed this way iteratively. Note that
n = 1 can be mapped into a one-loop Feynman diagram with one insertion of the operator
(V(Q) - VF(%) ), n = 2 into a diagram with two insertions, and so on. Thus, n = 1 corresponds
to a linear (quadratic) divergence in D = 3 (D = 4), n = 2 to a logarithmic divergence in

(1)

D = 4, and so on. We solve for Ry’ and RI(,Q) numerically.

The sum over multipoles regularized in the MS scheme is given by

2= 3 2w (R, - RY) + T4, (G.12)
v=1/2

in D = 3, where the renormalized part is given by

®)
_ vV
T = V73 (0), (G.13)

5 47
and V(Q) denotes the Fourier transform of the second derivative of the potential,
(2 —ikx 2
7O (k) = /dee b (VO (faf) - () . (G.14)

This Fourier transform is defined in generic D spacetime dimensions.
In D = 4 we have

D I (m R, — R = R} + ;R,Sl)?) +Ty) - %Tf) ! (G.15)
v=1
where
(2) 2
70— YV (i 2 ) 7@ ) (G.16)
1672 VAL
FV

2 2 2
) /oo dkk (ot R v R 2V + kR + 4V, 7O
0 Viv 2k k2 + 2V — by k2 + 4@

(G.17)
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Figure 15. We plot A?Y3 as a function of A. To compute the renormalized sum X3 we use both the
recipe (5.23) (minimal subtraction) and (G.12) (Feynman subtraction). The calculation is performed
in the linear parametrization using a couple of different numerical methods, as labeled in the legend.

The horizontal dashed line corresponds to the analytic result Y3 = ﬁ w obtained in the thin wall

limit [35], A — 0. The solid line corresponds to the fit (5.27) translated into the linear parametrization
as explained in the text.

It is easy to check, by switching to the dimensionless variables, that Tél), Til), Tf) are

functions only of A or of €, apart from the terms with In %’ which contain the dimensionful
FV
parameters Av? or m? in the argument of the logarithm. Here, again, the y dependence will

cancel out against the analogous contributions from the renormalized bounce action.

Working with the linear parametrization, we split the sum at a multipole vyax, which is
chosen manually for each value of A. For a given v, we solve for R, and find that this quantity
initially grows as a function of v, has a peak at a value vear and then decays, because of the
subtraction of high-v divergence. We choose a value of vyax > Vpeak and perform the sum
numerically up to this value. We then interpolate the high-v part with inverse powers of v
and perform the sum from vp,x + 1 to oo analytically in terms of Riemann ¢ functions.

In figure 15 and 16 we plot the regularized sums, separately for D = 3 and D = 4,
calculated with a few different numerical methods. The bounce is obtained using either
FindBounce or the gradient flow method, and we use the two regularization schemes discussed
above, for comparison. We compare our results against those computed with BubbleDet [41]
as well. We find very good agreement among all the different numerical methods in both
D =3 and D = 4. Our results also provide a numerical check that using either the (-function
subtraction scheme [see (5.23) and (5.24)], which is the minimal subtraction, or the MS
scheme with the diagrammatic approach [see (G.12) and (G.15)], the renormalized sums
are the same in the end. This was already shown for D = 4 in [45], here we see that it
holds true in D = 3 as well.

We also check that taking the regularized sums discussed in the main text, computed in
the cubic parametrization, and translating them into the linear parametrization using the
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Figure 16. We plot A3Y, as a function of A. To compute the renormalized sum £, we use both the
recipe (5.24) (minimal subtraction) and (G.15) (Feynman subtraction). The calculation is performed
in the linear parametrization using a few different numerical methods, as labeled in the legend. Here
we set g = v/ v in (G.16), (G.17). The horizontal dashed line corresponds to the analytic result

Yy = ﬁ% obtained in the thin wall limit [35], A — 0. The solid line corresponds to the

fit (5.28) translated into the linear parametrization as explained in the text.

map in appendix A, we find agreement with the numerics discussed in this section. The
translation requires some care. First, one has to keep in mind that the sums ¥3 and X4
in (5.23) and (5.24) contain In R} at the multipole v = 3/2 (v = 2) in D = 3 (D = 4).
Using (G.10), we see that going from R)(e,) to R, (A) we have a factor of f,,2(A). In
D = 3 this implies that X3(cq) — X3(ea(A)) — 3In(f,,2(A)). Similarly, in D = 4 this
observation requires subtracting —4In(f,,2(A)) from X4. Moreover, in D = 4 we have the
term In(p/m) entering the sum X, through o defined in (5.26). Translating that, we get
In(p/m) — In(p/(vVAv)) —1/21n(f,,2(A)). In the numerics done in the linear parametrization
and shown in figures 15 and 16 we set 1 = v Av. To compare properly then, we have to
subtract —1/21In(f,,2(A))la(eq(A)) from I, computed in the cubic. Here, Is(q(A)) is
computed numerically from (5.25) as a function of ¢,, then translated into a function of
A. At the end of the day, taking the fits (5.27) and (5.28), and correcting with the proper
additions of logs of f,,2(A) as just explained, we get the solid lines in figures 15 and 16.
They provide a fit in excellent agreement with the numerical points. Again we see that
the regularized sums blow up as we approach Ay due to the In(f,,2(A)), which has the
consequence of making the decay rate vanish at the inflection point, as expected.

Note that the FindBounce points in figures 15 and 16 are slightly lower compared to the
others, especially at larger values of A. We found the reason in the extension of the bounce
solution in p space: compared to gradient flow, where the maximum radius is set by hand, in
FindBounce this is automatically set when the routine is solving for the bounce. This in turn
reflects in a different evaluation of integrals in p, such as the minimal subtraction integrals of
V@, One can try to manually increase the maximum radius, but the bounce solution will
still slightly differ from the gradient flow solution. However, the discrepancies are at the %
level and will not significantly affect the final result for the decay rate.
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Note added. During the proofing stage of this work, a question regarding Coleman’s original
thin wall action was brought to our attention thanks to Alonso Rodrigo and Adam Pluciennik.
It would appear that there are two typos in [3]: equation (4.12) is missing a factor of 2 and
should read S; = 2u3/3), then (4.15) is missing another factor of 2 in the second term, which
does not propagate into (4.16) and (4.17). While Eq. (4.19) is correct, Eq.(4.21) is now
missing a factor of 2% coming from S; and should read B = 24 %. This agrees with our
leading order result for the action in D = 4 when using the translation A = ¢/(2\v*).
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