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Exact solution to a Bhatnagar-Gross-Krook-type equation for quantum lattice
gases with dephasing noise
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The mean-state dynamics of free fermions subject to random projective measurements of local occupation
number operators is governed by a Lindblad equation with dephasing noise. In the continuum limit, the
equation of motion for the correlation matrix is mapped to a kinetic equation for the Wigner function, which
corresponds to a special case of the Bhatnagar-Gross-Krook (BGK) equation without energy conservation. Our
main result is the solution to the kinetic equation, showing that the Wigner dynamics emerges from stochastic
sampling of classical run-and-tumble processes. As an application, we recover the crossover between ballistic
and diffusive transport regimes.
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I. INTRODUCTION

The measurement postulate is fundamental to quantum
mechanics and continues to inspire ongoing debates regarding
its interpretation [1–5]. Beyond foundational considerations,
quantum observables are represented as Hermitian operators
acting on the system’s Hilbert space, and the measurement
process leads to a nondeterministic collapse of the wave func-
tion. This postulate brings out the invasive nature of quantum
measurements, which project the state into the eigenvariety of
the corresponding measurement outcome.

Continuous measurement protocols have recently emerged
as ideal platforms for studying the interplay between coherent
dynamics and quantum measurements in the spreading of
correlations. These protocols are known for measurement-
induced entanglement phase transitions, as local measure-
ments influence the scaling-law behavior of the dynamical
and asymptotic von Neumann entropy. Such entanglement
transitions have been explored in many different physical set-
tings, e.g., quantum circuits [6–17], noninteracting particles
[18–29], spin chains [30–37], or Bose-Hubbard type models
[38–40]. For hopping spinless fermions subject to contin-
uous measurements of local occupation number operators,
entanglement showcases a single area law phase in the ther-
modynamic limit, for both weak and projective measurements
[19–21]. This area-law behavior is captured by the collapsed
quasiparticle pair ansatz [19], where entanglement is carried
by pairs of quasiparticles spreading ballistically in opposite
directions. Measurements induce random collapse of these
pairs, halting their contribution to entanglement growth, and
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generate new pairs with momentum uniformly distributed
in the Brillouin zone. However, this ansatz fails to capture
the entanglement dynamics and the entanglement fluctuations
[20,25], since the competition between coherent dynamics
and random projective measurements also generates multi-
partite quantum correlations which are inconsistent with an
entangled-pair structure, then requiring larger multiplets. Re-
markably, the area-law phase also emerges from promising
new theoretical approaches based on the Keldysh path integral
formalism and the replica trick [21], which could mark a turn-
ing point in the study of measurement-induced entanglement
phase transitions.

In this work, we also consider chains of hopping spinless
fermions, subject to continuous measurements of local oc-
cupation number operators. The measurement events follow
a Poisson process, giving rise to distinct quantum trajecto-
ries, each specified by N measurement outcomes at times
[t1, . . . , tN ]. The evolution of the mean state over quantum
trajectories is governed by a Lindblad equation with de-
phasing noise, where the jump operators correspond to local
occupation number operators, and the dephasing rate en-
codes the monitoring frequency. Interestingly, the collapsed
quasiparticle pair ansatz was inspired by the generalized hy-
drodynamics framework [19,41–72], which leads to a kinetic
equation for the Wigner function of the mean state. This
kinetic equation takes the form of a linear, partial, nonlocal
differential equation and corresponds to a special case of the
Bhatnagar-Gross-Krook (BGK) equation [73] without energy
conservation. The solution to the kinetic equation yields the
evolution of the expectation values of quadratic observables,
averaged over quantum trajectories. Although many proper-
ties of this kinetic equation are well understood, such as the
emergent diffusive behavior at long times [19,74], the exact
solution is still missing.

In this work, our aim is to derive the solution to the kinetic
equation. To achieve this result, we follow the semiclassical
approach presented in Ref. [19], commonly referred to as
the quasiparticle picture. Within this framework, the Wigner

2469-9950/2025/112(2)/024315(9) 024315-1 Published by the American Physical Society

https://orcid.org/0000-0003-0368-5802
https://ror.org/05060sz93
https://crossmark.crossref.org/dialog/?doi=10.1103/29z8-3t16&domain=pdf&date_stamp=2025-07-25
https://doi.org/10.1103/29z8-3t16
https://creativecommons.org/licenses/by/4.0/


MICHELE COPPOLA PHYSICAL REVIEW B 112, 024315 (2025)

function is interpreted as a distribution of classical non-
interacting excitations undergoing run-and-tumble processes
[75–84]—a type of stochastic dynamics frequently observed
in biological systems and active matter [75–82]. Specifically,
run-and-tumble processes model systems alternating between
straight-line motion (“run”) and random resets in velocity
(“tumble”). The nature of these velocity resets is determined
by the form of the collision integral in the BGK-type equation,
which does not conserve energy. This contrasts with colli-
sion integrals for weakly disordered metals, where scattering
events with impurities—static objects with spherically sym-
metric potentials—are typically treated as elastic processes
[85–87].

The motivation behind this work stems from three main
considerations. First, the exact solution to the kinetic equa-
tion complements the results of Ref. [19] and further validates
the quasiparticle description. Second, although our primary
focus is on continuously monitored systems, in the contin-
uum limit the same BGK structure characterizes any chain of
hopping particles subject to equivalent dephasing noise [72],
thereby describing more general dynamics. Third, although
a formal solution to this dephasing dynamics—which can be
mapped to a Hubbard model with an imaginary interaction
strength [88]—has been obtained via Bethe ansatz techniques,
the kinetic equation provides a more intuitive and accessible
framework for describing the evolution of quadratic observ-
ables.

The remainder of the paper is organized as follows. In
Sec. II, we define the dynamical protocol and derive the equa-
tion of motion for the mean state, which takes the form of
a Lindblad equation with homogeneous dephasing noise. In
Sec. III, we present the kinetic equation and the quasiparticle
picture based on run-and-tumble processes. In Sec. IV, we
express the general solution to the kinetic equation in terms
of the Wigner propagator. In the quasiparticle picture, the
propagator is defined by a scattering probability distribution.
This distribution obeys a balance equation that is solved ana-
lytically. In Sec. V, we recover the crossover between ballistic
and diffusive transport regimes, previously observed through
numerical methods [19] and individual random trajectory-
based techniques [74]. Our main findings are summarized
in Sec. VI, where we draw some future perspectives. The
Appendix contains technical details on the solution to the
balance equation.

II. GENERAL FRAMEWORK

Let us consider a chain of hopping spinless fermions with
the Hamiltonian

Ĥ = −1

2

L/2−1∑
x=−L/2

(ĉ†
x ĉx+1 + ĉ†

x+1ĉx ), (2.1)

where the ĉ’s are fermionic operators and L (even number)
is the total number of sites. Under periodic boundary con-
ditions, the Hamiltonian (2.1) can be put in the diagonal
form Ĥ = ∑

p∈B ε(p)η̂†
pη̂p by the canonical transformation

η̂p = 1√
L

∑L/2−1
x=−L/2 e−ipx ĉx, where p = 2π y/L is the momen-

tum belonging to the Brillouin zoneB = {2π y/L | y ∈ Z, y ∈

[−L/2, L/2 − 1]} and ε(p) = − cos(p) is the single-particle
eigenvalue.

We assume that the unitary dynamics is perturbed by ran-
dom projective measurements of local occupation number
operators n̂x = ĉ†

x ĉx, with the monitoring rate λ/2. Let ρ̂(t )
be the mean state at time t . To determine the mean-state
dynamics, we first apply the Hamiltonian driving to ρ̂(t ) over
a time step dt , and then we perform local measurements with
the probability λdt/2. At leading order in dt , the time-evolved
mean density matrix reads

ρ̂(t + dt ) � λdt

2

L/2−1∑
x=−L/2

(
n̂xρ̂(t )n̂x + (1 − n̂x )ρ̂(t )(1 − n̂x )

)

+
(

1 − λdt

2

)
ρ̂(t ) − i[Ĥ , ρ̂(t )]dt, (2.2)

where n̂x and 1 − n̂x are the projectors onto the eigenvarieties
corresponding to outcomes 1 and 0, respectively. Therefore,
the dynamics of ρ̂(t ) is governed by a Lindblad equation with
homogeneous dephasing noise,

dρ̂

dt
= −i[Ĥ, ρ̂] + λ

L/2−1∑
x=−L/2

(
n̂xρ̂n̂x − 1

2
{n̂2

x, ρ̂}
)

, (2.3)

where n̂2
x = n̂x and λ is the dephasing rate. Equation (2.3) de-

scribes the mean-state dynamics of systems under continuous
measurements. We also remark that such dephasing noise has
long been used to study transport phenomena in boundary-
driven quantum systems. In particular, the nonequilibrium
steady state exhibits diffusive spin current behavior in various
settings, including XX spin chains [89,90] and Heisenberg
models [91].

The Lindblad equation (2.3) leads to a closed-form differ-
ential equation for the correlation matrix Cxy ≡ 〈ĉ†

y ĉx〉(t ) =
tr{ĉ†

y ĉx ρ̂(t )}, which reads

dC

dt
= −i[h,C] − λ

(
C − diag(C)

)
, (2.4)

where diag(C) is the diagonal part of the correlation matrix
and hxy = −(δ(L)

x+1, y + δ
(L)
x−1, y)/2 is the coefficient matrix for

the hopping terms in Eq. (2.1). For periodic boundary condi-
tions, δ(L)

x, y = 1 if x ≡ y (mod L) and 0 otherwise.
In the continuum limit, Eq. (2.4) can be mapped to a kinetic

equation for the Wigner function [19,72], which, as we show
in this paper, can be solved by using the quasiparticle picture.

III. KINETIC EQUATION

The dynamics of two-point correlations is provided by the
Wigner function

n(x, p, t ) =
∑

y

eipy 〈ĉ†
x+y/2ĉx−y/2〉(t ) . (3.1)

The Wigner function is a joint quasiprobability distribution,
and its marginals coincide with the single-particle densities in
real and momentum space. Strictly speaking, the momentum
p in Eq. (3.1) only takes discrete values in the Brillouin
zone and the sum runs over y such that x ± y/2 are inte-
gers. However, we assume that the Wigner function n(x, p, t )
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varies slowly on the microscopic scales, defined by the lattice
spacing and the distance 2π/L between consecutive Fourier
modes. Under this assumption, we can take the continuum
limit for both position and momentum variables, such that
the Wigner quasiprobability distribution can be treated as a
smooth, analytic function over the phase space (x, p). Starting
from Eq. (2.4) for the two-point functions and neglecting
higher-order partial derivatives, the Wigner function satisfies
the kinetic equation [19,72]

∂t n(x, p, t ) + v(p)∂xn(x, p, t ) = λ
(
ρ(x, t ) − n(x, p, t )

)
,

(3.2)
where v(p) = ∂pε(p) = sin(p) is the group velocity and

ρ(x, t ) =
∫ π

−π

dk

2π
n(x, k, t ) (3.3)

is the local particle density. Although we have framed this
work in the context of continuously monitored fermionic sys-
tems, the same Lindblad equation (2.3) applied to bosons
(n̂2

x �= n̂x) leads to an identical equation of motion for the cor-
relation matrix, Eq. (2.4). Therefore, the kinetic equation (3.2)
also holds for bosons, as shown in Ref. [72].

Notably, Eq. (2.3) can be interpreted as a special case of the
Bhatnagar-Gross-Krook (BGK) equation [73]—a simplified
form of the Boltzmann transport equation in kinetic theory—
where the collision integral is

∂t n(x, p, t )|coll = λ
(
ρ(x, t ) − n(x, p, t )

)
. (3.4)

In the absence of dephasing (λ = 0), the collision integral
(3.4) vanishes and Eq. (3.2) reduces to the Moyal equation for
closed systems, with formal solution [65–69,71,72],

n(x, p, t ) = n
(
x − tv(p), p, 0

)
. (3.5)

Equation (3.5) directly implies ballistic transport. In contrast,
for λ > 0, dephasing leads to more intricate dynamics due to
the emergence of a nonlocal term, ρ(x, t ).

The main goal of this work is to solve the kinetic equa-
tion (3.2). To achieve this, we follow the quasiparticle picture
in Ref. [19], which has already emerged as a promising ansatz
to study transport for continuously monitored systems [19,92]
or quantum stochastic resistors [93]. The key assumption is
that the initial Wigner function n(x, p, 0) can be interpreted as
a distribution of classical, noninteracting quasiparticles. After
the quench, these excitations propagate at constant velocity
v(p) = sin(p), but for each time step dt there is a finite prob-
ability λdt of picking a new random momentum with uniform
distribution in the Brillouin zone [−π, π ]. Therefore, the full
evolution of the Wigner function n(x, p, t ) is obtained as an
ensemble average over classical stochastic trajectories.

As illustrated in Fig. 1, the quasiparticle motion is an
example of a run-and-tumble process [83,84] where a walker
performs a sequence of mutually uncorrelated ballistic flights
interrupted by instantaneous collisions. More specifically, the
time of flight—the time interval between consecutive scat-
tering events—is a stochastic variable that follows a Poisson
distribution, while collisions act as a source of impulsive
forces that impart new random momenta to the particles,
uniformly distributed within the Brillouin zone. This ran-
domization of momenta has a twofold impact: it makes the
collisions inelastic, similar to electron-phonon scattering [85];

FIG. 1. Pictorial representation of a run-and-tumble process: the
particle undergoes ballistic flights interrupted by inelastic collisions
(represented by red spots) which randomize the particle momen-
tum. The trajectory x(t ) is confined within the light cone, i.e.,
|x(t ) − x(0)| � vmaxt , where vmax ≡ maxp∈B |v(p)| = 1 is the max-
imum group velocity.

it erases any memory of the incoming momenta prior to colli-
sions, leading to uniform transition probabilities between pre-
and postcollision momenta. This behavior reflects the effect of
dephasing noise, which breaks momentum conservation and
delocalize particles in momentum space.

Importantly, as illustrated in Fig. 1, in a run-and-tumble
process, the space-time evolution along any stochastic trajec-
tory is always confined within a light cone, so that at a given
time t the walker is always located within the space region
|x(t ) − x(0)| � vmaxt , where vmax ≡ maxp∈B |v(p)| = 1 is the
maximum group velocity.

IV. WIGNER DYNAMICS

The kinetic equation (3.2) is a linear differential equa-
tion and the time evolution of the Wigner function over a
finite time t can be expressed as an integral kernel, the Wigner
propagator K (x, p, t |y, k), as follows:

n(x, p, t ) =
∫ +∞

−∞
dy

∫ +π

−π

dk

2π
K (x, p, t |y, k) n(y, k, 0) ,

(4.1)
whereK (x, p, t |y, k) is the solution of Eq. (3.2) under the ini-
tial condition K (x, p, 0|y, k) = 2πδ(x − y)δ(p − k). In this
quasiparticle description, K (x, p, 0|y, k) = 2πδ(x − y)δ(p −
k) corresponds to localizing a classical excitation at the
phase-space point (y, k) at time t = 0. After the quench, the
particle propagates at constant velocity v(k) = sin(k) until it
undergoes inelastic collisions which randomize the momen-
tum, uniformly distributed in [−π, π ]. The dephasing noise
also makes the time of flight a stochastic variable following
the Poisson distribution φ(t ) = λe−λt . The function φ(t ) is
a waiting-time distribution, i.e., the probability distribution
of detecting the next scattering event after time t ; λ−1 =∫ ∞

0 dssφ(s) is the average waiting time between consecu-
tive collisions. This classical stochastic process represents the
starting point for deriving the Wigner propagator.

Let β(x, t |y, k) be the probability distribution of observing
a scattering event at position x at time t , for a particle ini-
tially located at (y, k) at time t = 0. Following Refs. [83,84],
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β(x, t |y, k) satisfies the balance equation

β(x, t |y, k) =
∫ +π

−π

dq

2π

∫ t

0
dsφ(s)β

(
x − sv(q), t − s|y, k

)
+ φ(t )δ

(
x − y − t v(k)

)
, (4.2)

where β(x − sv(q), t − s|y, k) is the probability distribution
of observing the previous scattering event at position x −
sv(q) at time t − s. The balance equation (4.2) has a straight-
forward physical interpretation. The first term accounts for
the quasiparticles propagating with velocity v(q) after the last
collision at position x − sv(q) at time t − s. These quasipar-
ticles are the only ones that can scatter again at position x
at time t , since the motion between consecutive collisions is
ballistic. The second term represents the contribution of the
quasiparticles undergoing the first scattering event at time t .

The solution to the balance equation (4.2) gives access to
the Wigner propagatorK (x, p, t |y, k), which is the probability
of finding the excitation at the phase-space point (x, p) at time
t , given that it was initially located at (y, k) at time t = 0. The
evolution of the kernel K (x, p, t |y, k) is given by

K (x, p, t |y, k) =
∫ t

0
ds �(s)β

(
x − s v(p), t − s|y, k

)
+ 2π �(t )δ

(
x − y − tv(k)

)
δ(p − k),

(4.3)

where

�(s) = 1 −
∫ s

0
drφ(r) = φ(s)

λ
, (4.4)

is the no-jump probability, i.e., the probability that no scatter-
ing events occur over a time interval of length s. The two terms
in Eq. (4.3) have distinct origins. The first one accounts for
the quasiparticles which undergo a scattering event at position
x − s v(p) at time t − s and then propagate ballistically with
momentum p over the time interval [t − s, t] without further
collisions. The second term accounts for the quasiparticles
that, after the quench, propagate with momentum p along a
deterministic ballistic trajectory, reaching the site x at time t
if y = x − tv(p). In fact, in the less probable scenario, expo-
nentially suppressed over time by the Poisson distribution, the
particle never collides and propagates with constant velocity
v(p).

The main result of this paper is the analytical solution to
the balance equation (4.2), which gives access to the Wigner
propagator K (x, p, t |y, k). In the Appendix, we prove that the
scattering probability distribution is

β(x, t |y, k) = φ(t )δ
(
x − y − tv(k)

)
+

∫ t

0
dsφ(s) f

(
x − y − sv(k), t − s

)
, (4.5)

with

f (x, t ) ≡ λe−λt

π
√

t2 − x2

{
1 + πλ

2

√
t2 − x2[I0(λ

√
t2 − x2)

+ L0(λ
√

t2 − x2)]

}
�(t − |x|) , (4.6)

where I0 is the modified Bessel function of the first kind, L0

is the modified Struve function, and � is the Heaviside step
function.

Although the general solution to the kinetic equation is
rather involved, the Wigner dynamics simplifies considerably
for initial profiles that are homogeneous in either space or
momentum. In the first scenario where n(x, p, 0) = n(p, 0),
n(x, p, t ) = n(p, t ) remains space independent during time
evolution and

n(p, t ) = (1 − e−λt )
∫ +π

−π

dk

2π
n(k, 0) + e−λt n(p, 0) . (4.7)

For initial thermal states at inverse temperature β and
zero chemical potential, n(k, 0) = (eβε(k) + 1)−1, and
Eq. (4.7) leads to n(p, t ) = (1 − e−λt )/2 + e−λt n(p, 0),
with the asymptotic solution corresponding to an infinite
temperature state [19,89,94]. Another interesting case is
n(x, p, 0) = n(x, 0) = ρ(x, 0), where the local particle
density ρ(x, t ) can be easily derived. First, Eqs. (4.2), (4.3),
and (4.4) yield∫ +π

−π

dp

2π
K (x, p, t |y, k) = 1

λ
β(x, t |y, k) . (4.8)

Second, applying the convolution theorem analogously to the
Appendix, we obtain∫ +π

−π

dk

2π
β(x, t |y, k) = f (x − y, t ), (4.9)

which finally implies

ρ(x, t ) = 1

λ

∫ +∞

−∞
dy f (x − y, t )ρ(y, 0). (4.10)

Therefore, the density profile is simply given by a con-
volution. For example, for domain wall initial conditions,
n(x, 0) = ρ(x, 0) = �(x), Eq. (4.10) reproduces the results
in Ref. [95]. Finally, for homogeneous profiles n(x, p, 0) =
n(0), we get n(x, p, t ) = n(0), which indicates that the state is
stationary.

V. NONEQUILIBRIUM QUANTUM TRANSPORT

As formulated, the collision integral (3.4) conserves the
particle number, but not energy or momentum [73]. From
Eq. (3.2), the particle density ρ(x, t ) satisfies the continuity
equation

∂tρ(x, t ) = −∂x j(x, t ), (5.1)

where

j(x, t ) =
∫ π

−π

dp

2π
v(p) n(x, p, t ) (5.2)

represents the particle current. Moreover, the evolution equa-
tion for the current reads

∂t j(x, t ) + ∂x

∫ π

−π

dp

2π
v(p)2 n(x, p, t ) = −λ j(x, t ) . (5.3)

Building on the quasiparticle picture, collisions randomize
particle momenta following a uniform distribution, so that at
large times (t 
 λ−1) these scattering events drive the system
toward locally homogeneous Wigner profiles in momen-
tum space, n(x, p, t ) � ρ(x, t ), and hydrodynamic behavior
emerges. After an initial transient (t ∼ λ−1) during which the
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FIG. 2. Evolution of the mean squared displacement d (t ) for
n(x, 0) = ρ(x, 0) = δ(x) and λ = 1: kinetic theory (5.6) (black
dashed line) vs microscopic dynamics (2.4) (red curve). The
crossover between ballistic and diffusive transport regimes occurs at
the characteristic time λ−1 = 1. As expected, we find strong agree-
ment between numerics and analytical results.

damping term in Eq. (5.3) induces fast decay of the current,
the particle current settles into

j(x, t ) � − 1

2λ
∂xρ(x, t ). (5.4)

Together with the continuity equation (5.1), this yields Fick’s
law,

∂tρ(x, t ) � 1

2λ
∂xxρ(x, t ), (5.5)

for diffusive transport. This behavior aligns with earlier
works, where a ballistic-to-diffusive transition has been both
numerically observed [19] and analytically demonstrated [74].
In this section, we first show that the mean squared dis-
placement aligns with the findings in Refs. [19,74]. Then, we
extend the results of Refs. [19,74] by studying the asymptotic
form of the Wigner function.

Let us prepare the quantum system in the initial state
n(x, 0) = ρ(x, 0) = δ(x). Thanks to Eq. (4.10), the time-
evolved local particle density is ρ(x, t ) = f (x, t )/λ. By
definition, the mean squared displacement is d (t ) ≡ 〈x2〉 −
〈x〉2. However, by symmetry 〈x〉(t ) = 0 ∀t > 0, and thus

d (t ) =
∫ +∞

−∞
dxx2ρ(x, t ) = t

λ
+ 1

λ2
(e−λt − 1). (5.6)

Equation (5.6) showcases the expected transition. Indeed, the
second moment evolves according to the following scaling
behavior,

d (t ) �
{

t2/2, λt 
 1, ballistic regime,

t/λ, λt 
 1, diffusive regime.
(5.7)

Equation (5.7) is in agreement with the numerical findings in
Ref. [19] and the analytical results in Ref. [74]. In Fig. 2, we
show the evolution of the mean squared displacement d (t ) for
n(x, 0) = ρ(x, 0) = δ(x) and λ = 1, in a log-log scale. The
black dashed line corresponds to the analytical solution (5.6),
while the red curve represents the microscopic dynamics,
obtained via numerical integration of Eq. (2.4) using the Euler
method, for a system of L = 100 sites.

FIG. 3. Dynamics of the local particle density: kinetic theory
(black lines) (4.10) vs microscopic dynamics (colored dots) (2.4).
We plot the density profiles at times t ∈ {25, 50, 100} for the initial
double domain wall n(x, 0) = ρ(x, 0) = �(x + l/2) − �(x − l/2),
l = 10, and λ = 0.1.

It is also interesting to observe how the ballistic-to-
diffusive transition shows up at the level of the Wigner
quasiprobability distribution. Under the initial condition
n(x, 0) = ρ(x, 0) = δ(x), we get

ρ(x, t ) �
⎧⎨
⎩

�(t−|x|)
π

√
t2−x2 , λt 
 1,√
λ

2πt e− λx2

2t , λt 
 1 ,
|x|
t 
 1.

(5.8)

As a sanity check, if λt 
 1 we recover the solution for the
unitary dynamics. In fact, in the absence of dephasing (λ =
0), Eq. (3.5) implies n(x, p, t ) = δ(x − tv(p)). On the other
hand, for λt 
 1 and |x|/t 
 1, the local particle density is
approximated by a Gaussian distribution, which notoriously
obeys Fick’s equation (5.5) for diffusive transport.

Figure 3 compares the density profiles obtained from the
kinetic theory, Eq. (4.10), and from the microscopic dynamics,
Eq. (2.4). The latter is computed by numerical integration of
Eq. (2.4) using the Euler method for a system of L = 240
sites. In Fig. 3, we prepare the system in a double domain
wall, n(x, 0) = ρ(x, 0) = �(x + l/2) − �(x − l/2), at time
t = 0. However, this initial Wigner profile is not microscop-
ically equivalent to setting Cj j (0) = 1 for j ∈ [−l/2, l/2]
and 0 otherwise as the initial condition for the correlation
matrix. Indeed, due to discretization, the total number of
particles differs; specifically, l = ∫

dxρ(x, 0) �= ∑
j Cj j (0) =

l + 1. To ensure the same total number of particles, here we
set Cj j (0) = l

l+1 for j ∈ [−l/2, l/2], noting that the offset
vanishes in the limit l → ∞, as expected. Figure 3 shows
the evolution of the density profiles at times t ∈ {25, 50, 100},
for l = 10, and the dephasing rate λ = 0.02. Therefore, time
t = 25 corresponds to the ballistic regime, where we can
observe the front waves spreading ballistically. The ballistic-
to-diffusive transition occurs at time t = 50, and at time t =
100 the system is in the diffusive regime. The agreement
between the microscopic dynamics and the kinetic model is
good, with small discrepancies arising from the continuum
limit and neglected higher-order partial derivatives in the
BGK-type equation (3.2).
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VI. DISCUSSION AND CONCLUSION

The mean-state dynamics of free fermions subject to ran-
dom projective measurements of local occupation number
operators is governed by a Lindblad equation with dephasing
noise. In the continuum limit, the Wigner function satisfies the
kinetic equation (3.2) and is interpreted as a joint probability
distribution of classical noninteracting excitations undergoing
run-and-tumble processes. The general solution to the kinetic
equation is formulated in terms of the Wigner propagator.
In the quasiparticle picture, the propagator is given by the
scattering probability distribution, which satisfies the balance
equation (4.2). As a main result, we provide the analytical
solution to the balance equation (4.2) and, as an application,
we recover the ballistic-to-diffusive transition, which occurs at
the characteristic time t = λ−1. Once again, we demonstrate
that the diffusive behavior emerges for any finite value of λ,
regardless of how small it is [95]. Specifically, in the regime
λt 
 1 and |x|/t 
 1, the local particle density approaches a
Gaussian distribution, which obeys Fick’s equation (5.5). Fi-
nally, we compare the density profiles predicted by the kinetic
theory with those obtained from the microscopic dynamics,
showing good agreement.

This work adds another piece to our understanding of
dephasing dynamics and further validates the quasiparticle
picture. Moreover, the approach developed in this work can be
easily generalized to incorporate momentum-dependent scat-
tering rates, as studied in Ref. [92], where similar dephasing
dynamics induce superdiffusive transport at long times. This
represents an interesting direction for future research.
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APPENDIX: EXACT SOLUTION TO THE BALANCE
EQUATION

In this Appendix, we explicitly solve the balance equa-
tion (4.2) which leads to the Wigner propagatorK (x, p, t |y, k)
and the full dynamics of the Wigner function n(x, p, t ).

First, let us define the Fourier (F ) and Laplace (L) trans-
forms in space (x) and time (t ) domains, respectively. Let

g1(x) and g2(t ) be two arbitrary functions of space and time.
Their transforms are defined as

F [g1(x)](z) ≡
∫ +∞

−∞
dxe−ixzg1(x), (A1)

L[g2(t )](γ ) ≡
∫ ∞

0
dte−γ t g2(t ), (A2)

where z and γ are the reciprocal variables of space and time,
respectively.

We notice that, after each collision, a random quasiparti-
cle momentum is assigned, uniformly distributed within the
Brillouin zone [−π, π ]. This is analogous to assigning a ran-
dom quasiparticle velocity v with probability distribution:

μ(v) = 1

π

1√
1 − v2

�(1 − |v|) , (A3)

where �(1 − |v|) is the Heaviside step function. Therefore,
with a change of variables, the balance equation (4.2) becomes

β(x, t |y, k) =
∫ +∞

−∞
dv

∫ t

0
dsφ(s)μ(v)β(x − sv, t − s|y, k)

+ φ(t )δ
(
x − y − t v(k)

)
. (A4)

Equation (A4) can be solved by using the convolution the-
orem. Let us define β̃(z, γ |y, k) ≡ LF [β(x, t |y, k)] as the
Laplace-Fourier transform of the scattering probability den-
sity β(x, t |y, k). One can show that

β̃(z, γ |y, k) = LF
[
φ(t )δ

(
x − y − t v(k)

)]
1 −L[

φ(t )F
[
μ(x)

]
(tz)

] , (A5)

where F [μ(x)](tz) is the Fourier transform of the distribution
μ evaluated at tz. Since

L
[
φ(t )F [μ(x)](tz)

] = λ√
z2 + (λ + γ )2

, (A6)

we get

β̃(z, γ |y, k) = LF [
φ(t )δ

(
x − y − tv(k)

)]

×
⎧⎨
⎩1 +

∞∑
n=0

[(
z

λ

)2

+
(

λ + γ

λ

)2
]− n+1

2

⎫⎬
⎭.

(A7)

At this point, we only need to back transform to β(x, t ). One
can show that

L−1F −1

[ ∞∑
n=0

[(
z

λ

)2

+
(

λ + γ

λ

)2
]− n+1

2 ]
= f (x, t ),

(A8)
and applying the convolution theorem to Eq. (A7), we finally
get the scattering probability distribution (4.5).
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[90] M. Žnidarič and M. Horvat, Transport in a disordered tight-
binding chain with dephasing, Eur. Phys. J. B 86, 1 (2013).
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