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ABSTRACT ARTICLE HISTORY
Given an undirected graph, the stable set problem asks to deter- Received 22 May 2024
mine the cardinality of the largest subset of pairwise non-adjacent ~ Accepted 12 March 2025
vertices. This value is called the stability number of the graph, and

. L 3 KEYWORDS

its computation is an NP-hard problem. In this paper, we solve the The stable set problem;
stable set problem using the D-Wave quantum annealer. By formu-  guantum annealing; graph
lating the problem as a quadratic unconstrained binary optimiza- partitioning; D-Wave

tion problem with the penalty method, we show its optimal value
equals the graph's stability number for specific penalty values. How- 2020 MATHEMATICS
ever, D-Wave's quantum annealer is a heuristic, so the solutions SUBJECT
. CLASSIFICATIONS

may be far from the optimum and may not represent stable sets. : .

1 ] Primary 90C27; Secondary
To address these, we introduce a post-processing procedure that 81P68
identifies samples that could lead to improved solutions. Addition-
ally, we propose a partitioning method to handle larger instances
that cannot be embedded on D-Wave's quantum processing unit.
Finally, we investigate how different penalty parameter values affect
the solutions’ quality. Extensive computational results show that the
post-processing procedure significantly improves the solution qual-
ity, while the partitioning method successfully extends our approach
to medium-size instances.

1. Introduction
1.1. Motivation

The stable set problem is a fundamental combinatorial optimization problem. Given an
undirected simple graph G, the stable set problem asks for the largest subset of vertices
that are pairwise non-adjacent, known as the stability number of the graph. It is well-
known that stable sets in G correspond to cliques in the complement graph G, making the
stable set problem in G equivalent to the maximum clique problem in G. The maximum
clique problem (and thus the stable set problem), is an NP-hard problem. The decision
variant of the maximum clique problem is included in Karp’s 1972 list of NP-complete
problems [18]. Hence, unless P = NP, no polynomial time algorithm can exactly solve the
stable set problem in general. However, there are numerous real-life applications of this
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problem, for instance, in bioinformatics and chemoinformatics [22], coding theory [10],
and scheduling [36]. Therefore, efficient algorithms are needed to solve this problem.

The most desired algorithms to solve it are the exact ones. They guarantee to find
the optimal solution to the problem. Since the stable set problem belongs to the fam-
ily of discrete optimization problems, the exact algorithms usually employ a variant of
complete enumeration, like branch-and-bound or branch-and-cut algorithms. There is a
long list of exact solvers, which can be grouped as academic solvers, developed and main-
tained by some research group and available by some variant of open source license, like
BigBin [12,14], SCIP [1], and commercial solvers, developed and maintained by some
company and available under different commercial licenses, like Gurobi [11] and CPLEX
[15]. Other solvers to solve the stable set problem can be found also on GAMS web-
page https://www.gams.com/latest/docs/S_MAIN.html. Nevertheless, exact solvers have
significant limitations: they are always computationally very expensive, in both theory and
practice and can solve only small and medium-sized instances with the underlying graph
that has up to approximately 1500 vertices; see, for instance, [6,33].

Alternatives to exact solvers are the algorithms that find good, but not necessarily opti-
mal, solutions, the so-called heuristics. They can process large problems within acceptable
computational time and usually find good solutions that are acceptable for real-life applica-
tions. However, they have limitations, and the distance from the optimal solution is often
unknown. In a review of classical algorithms for the stable set problem from 2015 [37],
21 different heuristics were compared. It turned out that the general swap-based multiple
neighbourhood tabu search approach from [16] yielded the best results. A recent review
on novel approaches [23] points out the algorithm from [20] as extremely effective. The
respective algorithm combines local search with evolutionary and extended kernelization
techniques.

1.2. Quantum annealing

In recent years, a new heuristic approach for solving combinatorial optimization prob-
lems has emerged based on quantum annealing. Quantum annealers leverage quantum
mechanics principles to tackle optimization problems. They operate by exploiting one of
the quantum phenomena, quantum tunneling, to find the most efficient solution to com-
plex computational challenges. A review of mathematical and theoretical foundations of
quantum annealing can be found in [25].

State-of-the-art quantum annealing machines integrate advanced technologies to
achieve better qubit coherence times, error rates, and connectivity between qubits. These
machines rely on superconducting circuits cooled to ultra-low temperatures, harnessing
quantum effects to explore vast solution spaces efficiently.

D-Wave Systems has been at the forefront of quantum annealing technology, pioneer-
ing the development of quantum annealers. One of the distinguishing features of their
quantum annealers is the qubit architecture; see [2]. While traditional qubits rely on a
coherent superposition of states, D-Wave utilizes an approach where qubits represent a
probabilistic combination of binary states. This allows for an adaptive search through
solution spaces, exploiting quantum tunneling to navigate complex landscapes efficiently.
Further details on the inner workings of D-Wave’s quantum annealer can be found in their
documentation [9].
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However, challenges persist in achieving fault-tolerant quantum computation. Noise
and maintaining quantum coherence remain significant hurdles. D-Wave’s machines are
subject to limitations due to factors like thermal fluctuations and imperfections in the qubit
layout. As a result, achieving quantum advantage — where quantum computers outper-
form classical computers for specific tasks — remains an ongoing goal rather than a realized
standard in practical applications.

Despite these challenges, D-Wave’s quantum annealers have demonstrated promis-
ing results in tackling optimization problems. Indeed, several solvers for mathematical
optimization problems are an integral part of D-Wave systems. The most basic one, the
quantum processing unit (QPU), is declared a purely quantum solver. It is capable of
solving optimization problems of small size.

Besides QPU, D-Wave offers a hybrid solver that combines classical and quantum com-
puting to solve optimization problems. Details about this solver are not disclosed but based
on information provided in [24], the hybrid solver combines classical and quantum com-
puting to solve problems beyond the reach of QPU. This solver seems to use a classical
computer to preprocess the problem and generate a set of subproblems that can be solved
using QPU. When the subproblems are solved, the results are returned to the classical
computer, which combines them to produce a solution to the original problem.

Although there is increased interest in using D-Wave systems for combinatorial opti-
mization problems and several authors have already published numerical results obtained
by D-Wave systems, see Section 2, a thorough analysis of the results for the stable set prob-
lem, especially how close are the results computed by D-Wave systems to the global optima,
as well as the development of strategies to enhance these results, are still missing.

1.3. Our contribution

In this paper, we extend our research presented in [19,31] and address the aforementioned
limitations. We consider the stable set problem and investigate methods to obtain high-
quality solutions with algorithms that at least partially exploit the D-Wave systems.

The main contributions of this paper are:

(1) We formulate the stable set problem as a quadratic unconstrained binary optimiza-
tion (QUBO) problem using a penalty approach, where the quadratic constraints,
weighted by the penalty parameter f, are added to the cost function. We show that
if we use an exact QUBO solver, then for f > %, the optimum value of QUBO
formulation equals the stability number of the graph.

(2) The D-Wave QPU solver could only compute local optimum solutions for instances
with less than 150 vertices. Our results show that very often, these solutions are
quite far away from the global solutions in terms of the objective value and may not
even be stable sets. To address these, we developed a post-processing procedure that
enables us to detect samples that could lead to improved solutions and to extract solu-
tions that are stable sets. Also, we provide theoretical guarantees about the quality
of the extracted solutions. The procedure is outlined in Algorithm 1. Table 2 con-
tains detailed numerical results of the solution provided by the QPU solver as part of
Algorithm 1.
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(3) For instances with more than 150 vertices, we used the D-Wave hybrid solver and the
classical simulated annealing solver from the D-Wave’s library for interacting with
QPU. Both solvers again returned solutions that were often not stable sets, so we
applied the post-processing procedure from Algorithm 1, and we reported detailed
numerical results in Tables 4 and 5. A comparison of the results from these tables
reveals that the solutions obtained using the hybrid solver and simulated annealing
are very similar. This may partially explain how the hybrid solver is running.

(4) For certain instances with more than 150 vertices, we also developed an alternative
to the hybrid solver, which we call the simple partitioning procedure. It enhances
the so-called CH-partitioning from [3,7], which divides the original problem into
many smaller subproblems, solves them with the QPU, and finally takes the largest
stable set across the subproblems as the final solution. In order to improve solu-
tions returned by the QPU, we combine the simple CH-partitioning with the post-
processing procedure, as outlined in Algorithm 2. Numerical analysis is presented in
Table 7.

(5) All solvers used in this paper are only approximate solvers. Therefore, the theoreti-
cal guarantee mentioned in the first item does not apply, so we performed extensive
numerical tests using different values of the penalty term £ in the range from %) to
100 to evaluate which values of £ are most relevant. We observed that the value § = %
gives the overall best solutions, which is consistent with theoretical guarantees. Nev-
ertheless, in combination with the post-processing procedure, f smaller than % also
often gives good, sometimes even optimal, solutions, but this holds only for smaller
graphs and does not scale with the graph size.

1.4. Outline and terminology

The rest of this paper is organized as follows. In Section 2, we give an overview of related
work that aims to solve the stable set problem with quantum annealing. A QUBO formu-
lation related to the stable set problem is derived in Section 3. In Section 4, we discuss
some aspects and shortcomings of the given QUBO formulation and present our post-
processing procedure. For larger instances, we propose to use the CH-partitioning method
and develop its modified version in Section 5. In Section 6, we perform extensive computa-
tional study and present results for newly proposed approaches. Finally, we conclude with
a short discussion of our results in Section 7.

Throughout this paper, G = (V(G), E(G)) denotes a simple undirected graph with
|V(G)| = n vertices and |E(G)| = m edges. Without loss of generality, we assume that the
set of vertices V(G) is V(G) = {v1, ..., v,}. Ifa graph G s clear from the context, we write
shortly G = (V, E). For a graph G = (V, E), a stable set S C V is a subset of pairwise non-
adjacent vertices. A clique C C V is a subset of pairwise adjacent vertices. The cardinality
of the maximum stable set in G is denoted by a(G), and the cardinality of the maximum
clique in G is denoted by w(G). The stable set problem asks to determine a (G), while the
maximum clique problem asks to determine w(G).

A non-empty graph G is called connected if any of its two vertices are linked by a path in
G. A maximal connected subgraph of G is called a component of G. The complement of a
graph G = (V, E) is the graph G= (v, E), where E is the set of non-edges in G, that is E=
{vi,vj € V'|vi # vj A{vi,vj} ¢ E}. Hence, from the definitions it follows a.(G) = (G) and
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Figure 1. The left figure shows a graph G on five vertices. In this graph, the following subsets of vertices
are stable sets: {vq, v2}, {v1,v3}, {v1, vs}, {v1,v3, s}, {v3, s}, {v4, vs}. The right figure shows the comple-
ment graph G, where these same subsets form cliques. In particular, the maximum stable set {vy, v3, vs}
in G is equivalent to the maximum clique in G, and therefore, . (G) = w(G) = 3.

2(G) = ®(G). The relationship between the stable set and the maximum clique problem
is visualized in Figure 1.

For a vertex v; € V, the set of vertices adjacent to v; is called its neighbourhood. The
closed neighbourhood of vertex v; includes the vertex v; and its neighbourhood. We denote
this closed neighbourhood set by N(v;). For X C V, we denote a subgraph of G induced
by X by G[X]. The closed neighbourhood of verticesin X C V is N(X) = U,,exN(v;). The
vector of all-ones of length n is denoted by e,,, and we write I,, for the identity matrix of
order n. If n is clear from the context, we write shortly e and I.

2. Related work

This section summarizes previous research on solving the stable set and maximum clique
problems using quantum annealers, explicitly focussing on results from D-Wave systems.
First, we discuss the architecture, methods, instances considered, and results obtained.
Then, we highlight one aspect of the problem formulation related to the penalization
parameter / in prior studies and briefly present our contribution within this framework.

One of the first numerical results on solving the stable set problem with D-Wave quan-
tum annealers is shown in [26]. The results were obtained on D-Wave Two AQO with 512
qubits in Chimera graph architecture. The experiments were compared to Selby’s exact
and heuristic algorithms for Chimera graphs, revealing that Selby’s exact method per-
formed better than the heuristic and quantum annealing approaches, since it found optimal
solutions in a shorter running time.

Further numerical experiments were conducted in [3], where the authors compared
quantum annealing implementation to several classical algorithms, such as simulated
annealing, Gurobi, and some third-party clique-finding heuristics. For their tests, they
used D-Wave 2X with roughly 1000 qubits in Chimera graph architecture. The experi-
ments were performed on random graphs with 45 vertices and edge probabilities ranging
from 0.3 to 0.9. D-Wave returned solutions of comparable quality to classical methods, but
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classical solvers were generally faster for small instances. They also tested subgraphs of D-
Wave chimera graphs, where D-Wave returned the best solutions for large instances and
showed a substantial computing speed-up. For instances that did not fit D-Wave’s architec-
ture, they proposed decomposing the problem into subproblems and combining solutions,
which was effective for sparse graphs.

Similar experiments, but on D-Wave 2000Q, were done in [38]. The results obtained
for random graphs with up to 60 vertices and edge probabilities ranging from 0.05 to
0.425 were compared to classical algorithms such as simulated annealing and the graph-
ical networks package NetworkX. It was shown that the D-Wave’s QPU can find optimal
or near-optimal solutions for all considered instances. However, it was outperformed by
simulated annealing, which always found the optimal solution and was always the fastest
for problems with 30 or more vertices. Additionally, the authors assessed the performance
of D-Wave 2000Q as a function of edge probability. After running 100,000 sample solu-
tions per instance, they calculated the mean probability of obtaining the optimal solution.
For instances with density 0.20, the lowest success rate was noted, suggesting that these
instances represent the most difficult instances for the QPU in terms of computing the
optimum solution.

The decomposition method for instances that do not fit D-Wave’s architecture intro-
duced in [3] was further considered in [28]. A pruning strategy for subproblems aris-
ing from the decomposition was introduced to reduce the computational complexity.
Also, some reduction strategies were considered. The experiments for selected DIMACS
instances were performed on D-Wave 2000Q, and it was shown that combining the decom-
position method with proposed strategies is faster at computing maximum cliques than
the method introduced in [3], with a considerable speed-up for very sparse as well as very
dense graphs. Additionally, in [29], the algorithm from [28] was combined with parallel
quantum annealing and applied to graphs with up to 120 vertices and 6935 edges on the
D-Wave Advantage System 4.1. in Pegasus graph architecture. It was found that this com-
bined approach can compute maximum cliques in high-density graphs significantly faster
than classical solvers.

Finally, a computational study of three generations of D-Wave quantum annealers was
done recently in [27]. The experiments were conducted on random graphs with 52 vertices
and edge probabilities ranging from 0.05 to 0.95. The computations were performed on
systems D-Wave 2000Q, D-Wave Advantage System 4.1, D-Wave Advantage System 6.1 as
well as on the prototype of D-Wave Advantage2 System 1.1. in Zephyr graph architecture.
The best results for the maximum clique problem were obtained on the newest prototype
of D-Wave Advantage 2, showing a progression of the quantum annealing technology over
a relatively short time span of development.

To solve an optimization problem with D-Wave’s QPU, one should formulate it as an
Ising model or a QUBO problem. In [21], respective formulations for hard problems were
introduced. Among others, a QUBO formulation for the stable set was given. The given
formulation contains two terms, one for the vertices and one for the edges. While the con-
tribution of a vertex in the solution is rewarded, every edge in the solution is penalized. It
is suggested in [21] to set penalization for edge to be strictly greater than a reward for a
vertex.

In the related work discussed in this section, the authors focussed on penalizing edges
without rewarding vertices. Specifically, when adapting their formulations to the QUBO
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formulation given in this work — where vertices are not rewarded, but edges are penalized
using a penalty parameter S — we observe that a value of f# = 1 was used in all these studies.

In contrast, we demonstrate that, with an exact QUBO solver, the optimal value of
the given QUBO formulation corresponds to the stability number of the graph when the
penalty term £ is set to at least % However, given the approximate nature of quantum
annealing, the solutions obtained may not always be optimal or they may not be stable sets.
To address these issues, we introduce methods for analyzing and post-processing computed
solutions to improve them. Our computational analysis suggests that setting the penal-
ization term at f = % yields better outcomes than the choice of § = 1 used in previous
research.

3. QUBO formulation

In this section, we use the formulation of the stable set problem as an integer linear pro-
gramming problem in binary decision variables with many linear constraints, which is
obviously not an instance of QUBO. We first find an equivalent formulation where all
linear constraints are replaced by a single quadratic constraint, and in the next step, we
apply a penalty approach and move the new quadratic constraint, multiplied by a penalty
parameter /3, into the objective function, resulting in a QUBO problem.

The optimum solution of this QUBO problem is not necessarily the same as the opti-
mum solution of the original stable set problem, which means that the optimum solution
of QUBO may not be a stable set, and its size may not be equal to the size of the maximum
stable set in the underlying graph.

We investigate which values of § ensure that the optimum solution of QUBO is also
the optimum solution of the original problem and provide theoretical guarantees in
Section 3.1. We also illustrate what can happen if they are not fulfilled. However, choosing
the appropriate value for the penalty parameter is a challenge when working with quantum
annealers due to the so-called scaling problem, which we briefly discuss in Section 3.2.

3.1. Formulation of the stable set problem

Let G = (V,E) be a graph and S C V a stable set. We can represent S by a binary vector x
oflength |V| with x; = 1 ifand only if v; € S. Since the vertices in S cannot be adjacent, for
every edge at most one end vertex can be in S. A traditional way to formulate the stable set
problem is the following integer linear programming formulation:

a(G) = max{e’x | x € {0,1}" A ¥ {v;,vj} € E, x; + x < 1}. (1)

Linear constraints in (1) can be replaced by quadratic ones. The condition that for every
edge, at most one end vertex can be in S, means that if v; € S, then x; = 0 forall {v;, v;} € E.
Hence, the stability number of a graph G can be computed as the optimal value of the
following optimization problem with linear objective function and quadratic constraints:

a(G) = max{e’x | x € {0,1}" A Y {vj, vj} € E, xixj = 0}. (2)

The problem (2) can be further reformulated. Since x;x; = 0 for every edge {v;,vj} € E,
we have that Z{vi,Vj}eE xixj = 0. We can also show the reverse claim. Indeed, since x is
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a binary vector, > (o) eE XiXj = 0 implies that for every edge {v;, v;} € E we have x;x; =
0. Therefore, binary vector x satisfies the edge constraints x;xj = 0 for all {v;,v;} € E if

and only if it satisfies the single constraint > Wimlek Xi%j = 0. Now, let A be the adjacency
matrix of a graph G. Then, > (vivj)eE X% = % xT Ax. Obviously, % xTAx =0 & xTAx =0,
so the formulation (2) is equivalent to the formulation:

a(G) = max{e’x | x € {0,1}" A xTAx = 0}. (3)

We apply a penalty method to (3) to obtain a QUBO problem, which will be the cen-
tral problem of this paper. Generally, a QUBO problem is a minimization problem of the
following form:

ZF = min{fo +xTQx | x € {0,1}").

To geta QUBO formulation related to the stable set problem, we need to move the quadratic
constraint xT Ax = 0in (3) into the objective function. The penalty method suggests simply
subtracting the left-hand side of this constraint, multiplied by a penalty parameter § > 0,
from the objective function. The new objective function would, therefore, be e x — fxT Ax.
Since the QUBO problem is a minimization problem, we need also to reverse the sign of
the objective function.

With all this, we obtain the following QUBO problem closely related to the stable set
problem:

a(G,p) = — min{—e’x + ﬁxTAx | x € {0,1}"}. (4)
For the sake of clarity, we denote the cost function in (4) as:
cost(x, B) = —e' x + BxT Ax.
Furthermore, for a subset of vertices X C V, we define:

cost(X, B) = cost(x, B), (5)

where x € {0,1}" is the indicator vector for X. The following observation can help us to
better understand the role of the penalty parameter /.

Observation 3.1: Suppose X C V,v;, vieX and there is an edge between v;, V. Therefore,
we have x; = xj = 1, and the term xT Ax counts this edge twice. Since (4) is a minimization
problem, we have that for # > 0, the penalty term Sx! Ax penalizes each edge in G[X] with
the value of 2.

Based on Observation 3.1, we can rewrite the cost function (5) as:
cost(X, B) = —|X]| + 2B|E(G[X])I. (6)

Note that the optimal value of (4) may not be equal to & (G) for some values of the parameter
p. Likewise, the optimal solution X may not be a stable set. In the following, we provide
insights into how a (G) and a/(G, f) are related for different values of /5.
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Lemma 3.2: Let G = (V,E) be a graph. If § > % then
a(G) = a(G, p).

Proof: Let x* € {0, 1}" be an optimal solution for the problem (3). Since the formula-
tion (3) is equivalent to the formulation (2), we have that x7x; = 0 for all {v;,v;} € E.
Hence, the optimal solution x* is a stable set. Furthermore, x* is a feasible solution for
the formulation (4) with —eTx* + f(x*)TAx* = —eTx*, and therefore a(G) < a(G, f).

Now let x* € {0, 1}" be an optimum solution for (4) and X* the corresponding subset of
V. If X* is a stable set, then the optimum value of (4) is e” x*, hence a (G) > (G, f8). Other-
wise, there exists {v;, vj} € E, such that x} = x; = 1. If we define new X, which differs from
x* in the j-th component only, which is set to 0, this implies e/ X = e’ x* — 1 and pxT Ax
< B(x*)TAx* — 2. Therefore, this change has the following effect on the cost function
of (4):

cost(%, f) = —el %+ pxTA%

—eTx* + 1+ p(x*)TAx* — 28
= cost(x", f) + 1 —2p
cost(x*, B)

IA

INA

where the second inequality follows from the fact that § > %

Therefore, since by assumption we have f > %, we can iteratively remove one endpoint
for each remaining edge between two vertices in G[X*] without increasing the value of the
cost function, which finally yields a stable set X with indicator vector % such that:

cost(x*, f) > cost(k, f) = —e'x > —a(G).

Hence, a(G, ) = —cost(x*, f) < a(G). Combining with the first part of the proof, we get
the equality. |

Ifp < %, then the equality a (G) = a/(G, ) may not be true, as the following counterex-
ample shows.

Example 3.3: Let G = (V,E) with V = {v;, v}, E = {{v1,v2}} and assume f < % For
x = (1,1)T, we have that cost(x, ) = —eTx + fxTAx = —2 + 28 < —1. Therefore, the
minimum of cost(x, £) over all binary vectors is smaller than —1, and thus a (G, ) > 1 =
a(G).

Corollary 3.4: Let G = (V,E) be a graph, and let § < % Then we have
a(G, p) = a(G).

Proof: The inequality a(G,f) > a(G) follows from the first part of the proof of
Lemma 3.2, which is independent of . [ |
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As the last step, we formulate the stable set problem so that it can be embedded on
D-Wave QPUs. D-Wave solvers are designed to minimize a QUBO formulated as:

min xTQx,

where x is a binary variable. Since xi2 = Xxj, we can write —e

Q = —I + B A and obtain the following problem formulation:

Tx as xT(—I)x. Thus, we set

a(G, f) = —min{xT (=1 4+ pA)x | x € {0,1}"}. (7)

As mentioned in Section 2, several QUBO formulations for the stable set problem or
related to the stable set problem similar to the formulations (4) and (7) have already been
introduced. However, the value of the penalty parameter was usually set to f = 1. This
is interesting since the choice of parameters may impact the quality of solutions obtained
from quantum annealers, as discussed in the following text.

3.2. The scaling problem for quantum annealers

Several authors investigated the relationship between the values of the penalty terms in
a QUBO formulation and the quality of results; see, for instance, [4,32]. Nevertheless,
although it is empirically proven that such a relationship exists, there is still no exact rule
on how to set penalty terms efficiently. One reason is the scaling problem that occurs when
working with QPUs. For the sake of brevity, we will briefly present this problem by giving
a toy example and omit the theoretical framework. An interested reader can find further
details in [39].

To present the scaling problem, we give an example similar to the one outlined in D-
Wave’s documentation [8]. We consider the following function, given as a QUBO problem:

E; (ql, qz) = 0.1q1 + 0.2q2 + 0.3919>.
This function can also be written in a form:
E>(q1,92) = 0.1q1 + 0.292 + 59192,

which is equivalent to E; in the sense that the values of the cost function for the solutions
E; and E; follow the same order, as it can be seen from the following table:

a1 Q2 E E
0 0 0 0
0 1 0.2 0.2
1 0 0.1 0.1
1 1 0.6 53

However, a quantum annealer does not operate on the whole interval of the given coef-
ficients, but it scales the coefficients to its operating space. Assume a quantum annealer
operates on the coefficient interval [—1, 1]. Since the coefficients of the function E; exceed
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this interval, the quantum annealer will correct them by multiplying the function by é
This yields the new corrected function E}:

E5(q1,92) = 0.02q1 + 0.0492 + q142,

with the following table of states:

o q2 E
0 0 0
0 1 0.04
1 0 0.02
1 1 1.06

As we can see, the difference between the lowest and the second-lowest solution has
decreased from 0.1 in E; to 0.02 in E}. This is a problem because a quantum annealer is an
analog device sensitive to noise. Thus, the smaller the difference between the states of the
cost function, the greater the probability of error due to noise - this is called the scaling
problem. Therefore, the absolute relative scale between coefficients should be as small as
possible.

In the given QUBO (7), we only have one penalty parameter — the parameter . Since we
are interested in the relative scaling between the constants, we set f in such a manner that
the absolute values of the coefficients of all monomials are as similar as possible. Since the
monomials x? have the coefficient —1, we note that 23 should be equal or approximately
equal to | — 1|, as this mitigates the scaling problem the most. This implies that § should
be close to %

4. Analysis of solutions and the post-processing procedure

In this section, we provide an in-depth analysis of data returned by a quantum annealer
and develop methods that enable us to improve the quality of the results. In Section 4.1,
we first focus on the solutions returned by a quantum annealer and study how to set the
penalty parameter § for the most accurate results. Then, we analyze all samples returned
by a quantum annealer in Section 4.2. Finally, we propose the post-processing procedure
and give its detailed explanation in Section 4.3.

4.1. Analysis of solution

In Section 3, we derived two equivalent QUBO formulations (4) and (7) for the stable set
problem and showed that the optimal solution yields the stability number of a graph if the
value of the penalty parameter f is at least % However, quantum annealing is a heuristic,
so the solution obtained is not necessarily optimal. Moreover, since any binary vector is
feasible for (4) and (7), the solution provided by a quantum annealer is not necessarily a
stable set, which means that the penalty term in the solution provided by a heuristic based
on a QUBO formulation may not be zero.

We now analyze how to set the penalty parameter f for the most accurate results. First,
we show how to estimate the size of a stable set contained in a solution to the QUBO
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problem that is not a stable set and how to extract such a solution. Furthermore, we argue
that, within our method, the best choice for the value of the penalty parameter is § = %
This result confirms our previous observation that in the context of the scaling problem
presented in Section 3.2, the parameter § should be close to %

Let X C V be a solution returned by a quantum annealer, and let x € {0,1}" be the
indicator vector of X. If fxT Ax # 0, then the solution is not a stable set. Nevertheless, we
can still obtain a stable set from X, as shown in the next statement.

Proposition 4.1: Let G = (V,E) be a graph and let X C V. Then there exists a stable set
X' C X, such that

IX'| > |X| — [E(G[X])|.
The computation of X' is done in O(|E(G[X])| + |V(G[X])|) time.

Proof: We consider the graph G[X]. If |[E(G[X])| > |X], the statement trivially holds since
we can take X’ to be a single vertex. Now assume that |E(G[X])| < |X|. Then, iterating
over the set E(G[X]), we remove for each edge one of its adjacent vertices. Since there are
|E(G[X])| edges, we remove at most that many vertices. As a result, we obtain a stable set
of size at least | X| — |E(G[X])].

The calculation of the induced subgraph G[X] takes O(|E(G[X])| + |V(G[X])|) time
while iterating over all edges and removing adjacent vertices takes O(|E(G[X])|) time.
Hence, the computation of X’ is done in O(|E(G[X])| + |V(G[X])]) time. |

Proposition 4.1 asserts that even if a solution of (7) is not a stable set and the number
of edges is sufficiently small, we can still efficiently extract a stable set. We will now argue
that when we are solving (7) with a heuristic, a very reasonable choice for the penalization
parameter is still § = % We start by giving the following example.

Example 4.2: Let f = 1. Then, the penalty component of the QUBO formulation (7) is
xT Ax. Expanding x” Ax, we notice that each quadratic term appears twice according to
Observation 3.1, resulting in a penalty of 2 for each edge. Let us assume there exists a
stable set of size at least of 25 included in a subset of vertices X C V such that | X| = 30 and
|E(G[X])| = 5. Then, cost(X, 1) = —20, so stable sets of sizes 21, 22, 23, 24 with respective
costs of —21, —22, —23, —24 will be more favourable than the set X. Therefore, even if only
approximate, the solver will likely not return the set X as the optimum. On the other hand,
as indicated in Proposition 4.1, we can easily extract a stable set of size 25 from the set
X, meaning that the cost function with f =1 is not accurately representing the desired
solution quality.

From the given example, we note that in the context of the previously given method,
choosing the penalization parameter § > % may discard superior solutions due to the
imprecise cost function. To explain this in a more general context, we first need to prove
the following statement.

Lemma 4.3: For every € > 0 there exist a graph G and a subset X C V such that

2¢|E(G[X])| > 1. (8)
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Proof: We will prove the lemma by providing an example of such graph. Let ¢ > 0 and set
m = (é + 17. The graph which will serve as an example is a union of m edges, i.e. we have
|E| = m, |V| = 2m and deg(v) = 1 for every v € V. For X = V it follows that:

E(GIX])| = |B(GLV])] = |E| = m > i

so the inequality (8) holds for this graph. |

Now, suppose we have a graph G = (V,E),aset X C Vand f = % + € where € > 0.
The value of the cost function (6) is:

—IXI 4+ 2B1E(GIXD| = —(IX] — (1 + 2¢)|E(GIX]))).

To improve clarity and simplify the explanation, we will flip the sign of the cost function
and approach the problem as a maximization problem. This adjustment transforms the
cost function into:

cost = |X| — (1 4+ 2¢)|E(G[X])].

As established in Proposition 4.1, we can easily extract a stable set of size:
solution = |X| — |E(G[X])|

out of the X. Since we are dealing with an arbitrary graph, we can select Gand theset X C V
such that:

solution — cost = 2¢€|E(G[X])| > 1

holds, which implies that solution—1 > cost. Existence of such graph is ensured by
Lemma 4.3. Since the cost function value of a stable set is equal to the cardinality of the sta-
ble set itself, this means that some stable set X of cardinality |X’| = solution — 1 has better
cost function value than our set X, even though we can easily extract a stable set of size
solution out of the set X. Therefore, the cost function imprecisely evaluates our solution
and can potentially favour some inferior solutions. To avoid this issue, € should be set to
0, ensuring that solution—cost cannot exceed 1. Consequently, f = % is the most suitable
parameter value. If it is any larger, the best candidate set might not be detected as we have
just shown, and if it is smaller, Equation (4) does not hold anymore due to Corollary 3.4.

4.2. Analysis of samples

We now analyze all other samples returned by a quantum annealer. When working with
quantum annealers from D-Wave, we can specify how often QPU should run a problem
once the problem has been programmed onto the QPU hardware. Each run of a problem is
also known as a read, an annealing cycle, or a sample. A sample with the lowest cost func-
tion will be returned as the solution to the problem. In the following, we show that, when
dealing with the stable set problem, the solution returned by the solver does not necessar-
ily imply that other samples cannot potentially offer better results. Furthermore, we will
develop a theory for identifying potential samples that could lead to improved outcomes
and present the idea of our post-processing procedure.
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Let X C V be a solution returned by a quantum annealer. If X is not a stable set, we
know from Proposition 4.1 that we can extract a stable set of size |X| — |[E(G[X])|. Now
assume that X C V is any sample returned by a quantum annealer. Then, if X is not a
stable set, we could again employ the procedure from Proposition 4.1 and extract a stable
set. Nevertheless, we show that for samples that are not stable sets, we can obtain even
better estimations of the size of the stable sets that can be extracted.

Let us return to Example 4.2. For a subset of vertices X C V with |X| =30 and
|E(G[X])| = 5, Proposition 4.1 assures us that we can always extract a stable set of size
at least 25 from it. However, it may occur, for instance, that one of the vertices has a degree
of 5, and by removing it, we obtain a stable set of size 29. This property is generalized with
the annihilation number of the graph, a graph parameter that is also an upper bound on
the stability number of a graph, as shown in [30].

Definition 4.4: For a graph G = (V,E), where d; < d; < -.- < d, for d; = d(v;), the
annihilation number a = a(G) is defined as the largest index a such that >% | d; < m,
where m is the number of edges.

We have the following relationship between the annihilation number and the stability
number of a general graph.

Theorem 4.5 (Pepper, [30]): For any graph G,
a(G) < a(G). )

The original paper details the justification for this upper bound, but the concept is rather
straightforward. Let degrees of vertices be defined as above. In each iteration, we remove
one vertex, and we repeat this until we have a stable set. To accelerate the formation of a sta-
ble set, we aim to remove the maximum number of edges in each iteration. Consequently,
we prioritize removing the vertex with the highest degree in the graph, specifically vertex
vn. Removing the vertex of degree d,;, the sum of all degrees drops by 2d,,. Here we assume
the best case scenario, which is that this reduction occurs in vertices v;, . . ., viy4,—1, Where
v; represents the first non-zero degree vertex. By preserving the highest degree vertices for
as long as possible, we accelerate the attainment of a stable set. When we remove enough
vertices, the total number of edges will drop to zero, leaving the remaining vertices as the
upper bound for the stability number of G.

The bound (9) may not be effective for general graphs. However, we will not apply it to
compute upper bounds for general graphs. Instead, we will use it to compute bounds for
graphs induced from the samples returned by a quantum annealer. These induced graphs
possess the property of being highly sparse. This is due to the annealer’s objective of find-
ing a set X that minimizes the cost function —|X| + 25|E(G[X])|. Consequently, in most
cases, even when f = %, the returned samples will have negative cost since otherwise, even
a single vertex, constituting a stable set, would have a lower cost function than the set
X. Working with sparse graphs implies low vertex degrees, so the aforementioned upper
bound (9), which considers vertex degrees, effectively reduces the number of samples that
need to be evaluated.

The statements of Proposition 4.1 and Theorem 4.5 allow us to obtain bounds for the
samples that are not stable sets and to identify whether these samples may improve the
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solution returned by a quantum annealer. To assess potential improvements, we need to
recompute the stability numbers of such samples. Given that these samples are sparse, we
can reduce the computational costs by considering their connected components, as stated
in the next observation.

Observation 4.6: Let G be a graph and let Cj, Cy, . . ., C; be connected components of G.
Then
)

a(G) = Z a(Cy).

i=1

Altogether, combining Proposition 4.1, Theorem 4.5, and Observation 4.6, we develop
the method for enhancing the solutions returned by a quantum annealer. In the following
text, we provide a detailed explanation of this method, which we call the post-processing
procedure.

4.3. Post-processing procedure

The main goal of the post-processing procedure is to improve the solution returned by a
quantum annealer. For this purpose, we collect samples that could lead to better solutions
and recompute their stability numbers. Nevertheless, this recalculation can be done using
heuristic or exact methods, not necessarily a quantum annealer. It is also possible to apply
a different penalty term when recalculating the stability number compared to the one used
for the computations with a quantum annealer. To distinguish between the solvers utilized,
we give the following definition.

Definition 4.7: We define solver S(G, f) as a function which takes as input a graph G and
the value of the parameter £ and returns the array of solutions [X] = [Xj, ..., Xk] such
that cost(X1, f) < cost(Xy, ) < --- < cost(X, f). Furthermore, we define the computed
value a (G, 88, S) as:

a(G, B,S) = —cost(Xy, p).

Let S = S(G, ) denote the solver we use to obtain the initial array of solutions [X] =
[X1,. .., Xk], and let Sposr = S(G[X;], Bpost) denote the solver for recomputing the stability
number of a sample X;. The post-processing steps are as follows: first, we take a look at X,
which has the lowest cost, and define the current best solution as best = |X;| — |E(G[X[])|.
If X; is a stable set, then |E(G[X1])| = 0,and | X;| = —cost(X}, ). Otherwise, from Propo-
sition 4.1, we know that we can extract a stable set of size at least |X;| — |E(G[X])| from
X;.

We go through each sample X; for i = 1,. .., k and check whether a(G[X;]) > best. If
G[X;] is a stable set, then a(G[X;]) < best trivially holds since samples are sorted by cost,
implying that reevaluating the stability number for this sample cannot yield an improved
solution. However, if G[X;] is not a stable set but a(G[X;]) > best, we recompute the solu-
tion on the induced graph G[X;] using Spo. For this purpose, we use Observation 4.6 and
calculate the stability number of the sample G[X;] by considering its connected compo-
nents. If the new solution surpasses best, we update its value. However, if the condition
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a(G[X;]) > bestis not fulfilled, and since a(G[X;]) is the upper bound for a (G[X;]) accord-
ing to Theorem 4.5, we know that the sample X; cannot offer a better solution than the one
we currently have, so we can skip the recalculation on X;.

In the end, the procedure returns the cardinality of the best solution found. We denote
this value by @post ([X], Bposts Spost)- The steps of the general post-processing procedure are
outlined in Algorithm 1.

Algorithm 1: Post-processing procedure, @post ([X1, Bpost> Spost)

Data: [X] from S, ﬂpost, Spost
best < |X1| — [E(G[X1])]
fori < 1tokdo
if a(G[X;]) > best then
[C1,...,C] < connected_components(G[X;])
S Z]l'zl &(Cj’ ,Bposts Spost)
if s > best then
| best < s
end

end

end
return best

Finally, we explain how we used Algorithm 1 for our computations. As solver S, we
mostly use D-Wave’s quantum annealer. Nevertheless, we do not use QPU to post-process
samples. This is because these samples are small compared to the overall problem and can
be recomputed relatively easily and cheaply. We have chosen to recompute them with the
simulated annealing algorithm, which is part of the D-Wave library we use to interact with
QPU. Although the simulated annealing again returns an array of solutions, we just focus
on the best solution and check whether it is a stable set. If the solution is a stable set, then
we take the computed value. Otherwise, we extract a stable set by using the procedure
presented in the proof of Proposition 4.1 which removes vertices with edges one by one
until a stable set is obtained.

Regarding the parameter S, we will computationally study how different values of this
parameter influence the quality of the solutions. If we make computations with f§ > %, then
we set Byost = . However, if we use f < %, we set Bpost = % We will perform computa-
tions with § < % to explore the behaviour of the QPU and assess whether it can produce
useful samples for post-processing. In this scenario, accurate solutions from the QPU are
not expected. Thus, to improve solution accuracy through post-processing, and as argued
in Section 4.1, we set fBpost = % Computational results for Algorithm 1 are presented in
Section 6.

5. Dealing with large instances

As mentioned in Section 1.2, some graphs are too large to be directly embedded on the
QPU. In such cases, we can employ the method of CH-partitioning and divide a graph into
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multiple smaller subgraphs, which can then be embedded on the QPU. This method con-
siders a related problem, namely the maximum clique problem, but, as we will observe, the
conversion between the maximum clique and the maximum stable set is trivial. Therefore,
we can use the given method within our framework for finding the maximum stable set. In
Section 5.1, we describe the CH-partitioning method, and in Section 5.2, we outline a mod-
ified version of the CH-partitioning we will use in our work. Furthermore, in Section 5.3,
we discuss bounding procedures that enable us to reduce the number of partitions we have
to consider and present an algorithmic framework that combines the proposed modified
partitioning with the post-processing procedure.

5.1. CH-partitioning

The concept of CH-partitioning was initially introduced in [7] and then further considered
in [3] and is defined as follows.

Definition 5.1: Given an input graph G = (V, E) with n vertices and a positive integer
s < n, a CH-partition P of graph G is defined as:

P={(C,H)|1<i<s},
where

(1) thesets@ # C; C V are called core sets and the set {C; | 1 < i < s} is called core par-
titioning since the core sets must partition V, ie.: | J; C; = V and C; N C; = @ for all
i % s

(2) there is one complementary set H; of vertices, also refereed as halo set, for each core
set C;, defined as H; := N(C)) \ C;.

The cost of a CH-partitioning P is defined as:

cost(P) = 1rr<1la<xs(|Ci| + |Hil).

The CH-partitioning problem is finding a CH-partitioning of G with minimum cost for
some fixed s.

The following proposition, which establishes a relation between the maximum clique
problem and CH-partitioning, was shown in [3].

Proposition 5.2: Given a CH-partitioning P of a graph G, the size of the maximum clique of
G is equal to max;{k;}, where k; is the size of a maximum clique of the subgraph of G, induced
by C; U H;.

Proof: Let K be a maximum clique of G = (V, E) and let v be any vertex of K. Since, by
definition of CH-partitioning, | J; C; = V, there exists exactly one j such that v belongs to
core set Cj, hencev e C;UH,. To show the statement, it is sufficient to show that all other
vertices of K are contained in CiUH,.
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Let w € K, w # v, and assume w € C;. Then, trivially, w € C; U Hj, and the statement
holds.

Now assume that w ¢ C;. Since K is a clique, there is an edge between any two vertices
from it, and hence there is an edge between v and w and w € N(v). Since, by definition, H;
consists of all neighbours of vertices from C; that are not in Cj, and since v € Cj and w ¢
Cj according to assumption, it follows that w € N(C;) \ C;. Hence, w € Hj, and therefore
w € C; U Hj, so the statement holds. n

Assume we use the presented CH-partitioning method in the following way. Let G =
(V,E) be a graph, where the vertices V are ordered in some ordering, and set C; = {v;}
for all i € {1,...,n}. Then H; = N(v;) \ {v;} for all i € {1,...,n}. Altogether, this CH-
partition consists of # pairs (C;, H;) and its cost is A (G) + 1. This is the CH-partition with
the lowest cost function if we enumerate over all s since each partition has to contain in
each set C; at least one vertex and all of the neighbours of C;.

An advantage of this approach is that the computation of the CH-partitioning itselfis not
computationally intensive. However, this method also has a disadvantage. Let us assume
that K is a maximum clique such that |K| = k. Then, k partitions contain the same max-
imum clique. Thus, we perform computations on k sets containing the same maximum
clique. To overcome this obstacle, we use a modified version of the CH-partitioning.

5.2. Simple CH-partitioning

Our goal is to develop a procedure that reduces the number of partitions containing a max-
imum clique. To achieve this, we build upon the concept introduced in [35]. In that work,
the authors explored upper bounds on clique numbers by disregarding subgraphs. We have
now adapted this concept to our CH-partitioning framework. With this adaptation, we
define the simple CH-partitioning as follows.

Definition 5.3: Given an input graph G = (V, E) with n vertices, a simple CH-partition
Ps of graph G is defined as:

Ps ={(C;, H) |1 <i<nj,
where

(1) the core partitioning contains only the subsets with one element, i.e. the set of vertices

V is partitioned into # nonempty disjoint core sets, C; = {v;}, foralli € {1,...,n},
(2) the complementary set H; of vertices for each core set {v;} is defined as H; := N(v;) \
{Vl, ST ,Vl'}.

The cost of a simple CH-partitioning Ps is defined in a similar way as before:

cost(Ps) = 1n<1l;'-1<>§1(ICiI + |Hi]).

An advantage of simple CH-partitioning is that the size of partitions will become smaller
as the partition number approaches #, enabling us to disregard partitions too small to
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contain a maximum clique, thus reducing the computational expense. Furthermore, an
appropriate vertex ordering could reduce the size of the largest partitions to less than
A + 1. Finally, we show that the statement of Proposition 5.2 can also be applied to this
new method.

Proposition 5.4: Given a simple CH-partitioning Ps = {(C;, H;) | 1 < i < n} of a graph G,
the size of the maximum clique of G is equal to max;{k;}, where k; is the size of a maximum
clique of the subgraph of G, induced by C; U H;.

Proof: Let K be a maximum clique of G = (V, E), and let |K| = k. Without loss of gen-
erality, let K = V1> Vpys -+ o5 Vi) such that 1 < p; < py <--+ < px < n. For the sake of
simplicity, we introduce also L = {v1, v, ..., vy, }. Obviously, K N L = {v,, }. According to
Definition 5.3, every vertex v; of K is equal to the core set C;. Selecting the core set con-
taining the vertex v, we have that Hy, = N(vp,) \ L. For any w € K, w # v),,, we have
w e N(vp,) \ L = Hp,, therefore, K C Cy, U Hp,. |

Remark 5.1: Let Ps be a simple CH-partitioning of a graph G, and let K be a maximum
clique in G. Then there exists exactly one j € {1,...,n} such that K C C; U H;.

Recall that X C V is a (maximum) clique in G if and only if X is a (maximum) stable

set in G. Since G = G, based on the statement of Proposition 5.4, we proceed as follows.
Suppose we want to find a maximum stable set in graph G. We first define a simple CH-
partition for graph G, in which we sort the vertices according to predefined ordering. Then
we use Proposition 5.4, and obtain:

max{w(@[Ci UH;D} = w(G) = a(G).

By definition of the graph complement, we know that X; is a maximum clique in G[C; U Hj]

if and only if X; is a maximum stable set in G[C; UH;]. Combining all this, we get:

max{a (G[C; U H;])} = max{w(G[C; U Hi])} = 0(G) = a(G).

It is easy to see that G[X] is isomorphic to G[X], and therefore:

max{a(G[C; U H;])} = a(G).

This means we can compute the maximum stable set in G by computing maximum stable
sets in subgraphs G[C; U H;] and taking the largest one.

Finally, we note that using simple partitioning greatly reduces the cost of partitioning.
We consider some instances from the literature that cannot be directly embedded on QPU
and compare the costs of regular CH-partitioning for s = n with the costs for the proposed
modified version, where we sort the vertices based on their degrees in increasing order. The
results are presented in Table 1.



856 (&) A.KRPANETAL.

Table 1. Comparison of costs of the simple and regular CH-partitioning for s = n.

Instance n m d cost(P) cost(Ps) Difference Reduction of cost
brock200_1 200 5066 0.25 166 136 30 18%
brock200_2 200 10024 0.50 115 87 28 24%
brock200_3 200 7852 0.39 135 109 26 19%
brock200_4 200 6811 0.34 148 120 28 19%
keller4 171 5100 0.35 125 103 22 18%
p_hat500_1 500 93181 0.75 205 95 110 54%
5an200_0_7_1 200 5970 0.30 156 131 25 16%
san200_0_7_2 200 5970 0.30 165 123 42 25%
sanr200_0_7 200 6032 0.30 162 127 35 22%
c-fat200-1 200 18366 0.92 18 17 1 6%
c-fat200-2 200 16665 0.84 35 33 2 6%
c-fat200-5 200 11427 0.57 87 84 3 3%
c-fat500-1 500 120291 0.96 21 20 1 5%
c-fat500-2 500 115611 0.93 39 38 1 3%
c-fat500-5 500 101559 0.81 96 93 3 3%

5.3. Bounding the partitions

The idea of pruning the subproblems in the context of CH-partitioning was previously
explored in [28]. For this purpose, the authors bounded partitions with several approaches,
for instance, by colouring the partitions or computing the Lovasz theta function. In this
work, we use properties of the simple CH-partitioning and present two simple approaches.

As the first step, we use the previously mentioned advantage of the simple CH-
partitioning. Recall that the simple CH-partitioning yields altogether n pairs (C;, H;).
Nevertheless, the size of partitions (C;, H;) becomes smaller as i approaches n. Now, assume
that we have already computed or just estimated the largest stability number for some par-
tition(s). Then, if the upper bound of some other partition is at most the best-computed
value, the respective partition cannot contain a larger stable set.

Furthermore, we again use the annihilation number, as defined in Definition 4.4. Recall
that the annihilation number a(G) of a graph G is the largest integer k such that there exist
k different vertices in G with the degree sum at most m, and represents an upper bound on
the stability number of G, see Theorem 4.5. Thus, the annihilation number can be used as
a reduction strategy: if the annihilation number of a partition is less than or equal to the
size of the largest stable set found in other partitions, that partition can be disregarded. We
also apply post-processing to every solution, removing excess edges and potentially further
improving the solution.

Following the given argumentation, we outline the steps of the simple partitioning
procedure combined with the post-processing in Algorithm 2.

In our computational implementation of Algorithm 2, we use solvers S, Spost> and penalty
terms S8, Bpost as described in Section 4.3, and we sort the vertices based on their degrees
in increasing order.

However, it is important to note that alternative vertex orderings could also be
employed. Specifically, while introducing the concept of estimating clique size by discard-
ing subgraphs in [35], the authors explored different vertex orderings and found that these
can lead to significantly different upper bounds. Therefore, investigating the impact of ver-
tex ordering within the context of simple CH-partitioning combined with post-processing
remains a topic for future research.



Table 2. Numerical results for the post-processing procedure for QUBO formulation with different values of penalty term S, where the QPU solver is used as the
initial solver S in Algorithm 1.

Instance Data Value Result £=1/10 £=1/8 p=1/6 p=1/4 p=1/2 p=1 £ =10 £ =100
C125.9 n 125 a 46.8 43.2 40.6 37 31 29 24 21
m 787 # vertices, edges 62,76 57,55 49,25 41,8 35,4 29,0 24,0 21,0
d 0.10 Gpost 34 34 34 34 32 29 24 22
a(G) 34 # recalculations 1000 1000 973 155 1 0 0 1
dsjc125.5 n 125 a 6.8 9 6.3 4.5 5 4 6 4
m 3859 # vertices, edges 14,36 16,28 11,14 10,11 50 6,1 6,0 4,0
d 0.50 Gpost 7 9 7 7 7 7 6 6
a(G) 10 # recalculations 1000 692 495 696 280 5 0 37
dsjc125.9 n 125 a 452 41.2 39 35 32 26 23 21
m 789 # vertices, edges 62,84 55,55 46, 21 40,10 34,2 28,1 23,0 21,0
d 0.10 Gpost 34 34 34 33 32 27 23 22
a(G) 34 # recalculations 1000 993 552 80 0 0 0 1
evil_chv12x10 n 120 a 458 40.8 353 30 20 20 20 20
m 545 # vertices, edges 69,116 62,85 51,47 41,22 28,8 20,0 20,0 20,0
d 0.08 Gpost 20 20 20 20 20 20 20 20
a(G) 20 # recalculations 1000 999 1000 984 105 1 0 0
evil_myc5x24 n 120 a 75.8 70 62.3 55 48 48 44 43
m 236 # vertices, edges 100, 121 97,108 80,53 67,24 51,3 48,0 44,0 43,0
d 0.03 Gpost 48 48 48 48 48 48 44 43
a(G) 48 # recalculations 748 260 1000 698 1 0 0 0
evil_myc11x11 n 121 a 50 43.8 36.7 33 22 22 22 22
m 508 # vertices, edges 75,130 6,89 57,61 44,22 32,10 22,0 22,0 22,0
d 0.07 Gpost 22 22 22 22 22 22 22 22
a(G) 22 # recalculations 1000 1000 1000 958 109 2 0 0
evil_s3m25x5 n 125 a 38.6 358 31.3 25 20 19 19 17
m 873 # vertices, edges 53,72 49,53 45,41 36,22 23,3 19,0 19,0 17,0
d 0.11 Gpost 20 20 20 20 20 20 19 18
a(G) 20 # recalculations 1000 999 1000 997 139 2 0 1
hamming6_2 n 64 a 32 32 32 32 32 32 32 32
m 192 # vertices, edges 32,0 32,0 32,0 32,0 32,0 32,0 32,0 32,0
d 0.10 Gpost 32 32 32 32 32 32 32 32
a(G) 32 # recalculations 0 0 0 0 0 0 0 0
hamming6_4 n 64 a 6.6 5.5 4 4 4 2 4 4
m 1312 # vertices, edges 12,27 11,22 8,12 7,6 4,0 4,1 4,0 4,0
d 0.65 Gpost 4 4 4 4 4 4 4 4
(continued).
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Table 2. Continued.

Instance Data Value Result £=1/10 p=1/8 p=1/6 p=1/4 p=1/2 p=1 £ =10 £ =100
a(G) 4 # recalculations 994 989 923 78 88 74 1 43
johnson8_2_4 n 28 a 7.2 6 53 4 4 4 4 4
m 168 # vertices, edges 12,24 10,16 8,8 7,6 4,0 4,0 4,0 4,0
d 0.44 Qpost 4 4 4 4 4 4 4 4
a(G) 4 # recalculations 955 998 560 51 0 0 0 0
johnson8_4_4 n 70 o 16.8 14 14 14 14 14 12 1Al
m 560 # vertices, edges 22,56 19,20 14,0 14,0 14,0 14,0 12,0 12,0
d 0.23 Gpost 14 14 14 14 14 14 12 1"
a(G) 14 # recalculations 379 7 0 0 0 0 0 0
johnson16_2_4 n 120 a 14.2 12 10.33 8 7 7 7 8
m 1680 # vertices, edges 25,54 20,32 17,20 14,12 9,2 7,0 7,0 8,0
d 0.24 Qpost 8 8 8 8 8 8 7 8
a(G) 8 # recalculations 1000 1000 989 558 15 2 2 0
MANNa_9 n 45 o 30.6 27 24 20 16 16 16 16
m 72 # vertices, edges 45,72 39,48 36,36 27,14 17,1 16,0 16,0 16,0
d 0.07 Qpost 16 16 14 15 16 16 16 16
a(G) 16 # recalculations 12 31 58 454 0 0 0 0
paley61 n 61 a 8.4 7.5 6.7 6 5 5 5 5
m 915 # vertices, edges 14,28 12,18 9,7 8,4 6,1 5,0 5,0 5,0
d 0.50 Opost 5 5 5 5 5 5 5 5
a(G) 5 # recalculations 1000 991 950 361 230 39 5 15
paley73 n 73 a 8.2 8 6.3 6 5 4 5 5
m 1314 # vertices, edges 13,24 18,16 11,14 9,6 6,1 6,1 50 50
d 0.50 Qpost 5 5 5 5 5 5 5 5
a(G) 5 # recalculations 1000 1000 1000 724 151 152 55 58
paley89 n 89 a 74 5 43 4.5 3 0 5 0
m 1958 # vertices, edges 13,28 14,36 11,20 11,13 7,4 0,0 50 0,0
d 0.50 Opost 5 5 5 5 5 5 5 5
a(G) 5 # recalculations 1000 1000 1000 1000 881 999 13 512
paley97 n 97 a 8.6 7 6.3 6 2 6 4 0
m 2328 # vertices, edges 13,22 13,24 10,11 9,6 8,6 6,0 4,0 0,0
d 0.50 Qpost 6 6 6 6 6 6 5 6
a(G) 6 # recalculations 920 999 616 20 777 1 29 362
paley101 n 101 a 74 7.5 4 3 5 0 0 5
m 2525 # vertices, edges 16,40 11,14 13,27 11,16 6,1 0,0 0,0 50
d 0.50 Qpost 5 5 5 5 5 5 5 5
a(G) 5 # recalculations 1000 977 1000 1000 33 964 454 0
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Algorithm 2: Simple CH-partitioning with post-processing &gs;t (G, B, Bpost>
S, Spost)
Data: Graph G, B, Bposts Ss Spost
best < 0
Define vertex ordering v1,v3, ..., Vy
fori < 1tondo
Ci < {vi} ‘
H;i < Ng(vi) \ Up_ {vk}
if a(G[C; U H;]) > best then
[X] « S(GIC; U Hil, B)
S &post([X]: ﬁposta Spost)
if s > best then
| best < s

end

end
end
return best

6. Computational results

We now computationally explore ideas presented in Sections 4 and 5 and report computa-
tional results. We start by giving information about considered instances in Section 6.1. In
Section 6.2, we study the effects of imposing different values of the penalization parameter
f in combination with the proposed post-processing procedure outlined in Algorithm 1.
Finally, in Section 6.3, we employ the simple CH-partitioning method combined with the
post-processing procedure as presented in Algorithm 2.

All computations presented in this work were conducted on an Intel(R) Core(TM)
i7-9750H with 16 GB of RAM. Additionally, we used two cloud solvers from the
D-Wave Leap platform: the QPU solver Advantage_system4.1 and the hybrid
solver hybrid_binary_quadratic_model_version2. We also utilized a classi-
cal, locally run simulated annealing solver, which is part of the D-Wave’s Python library we
employed for interacting with the QPU. Finally, we note that the computations presented
in this paper were conducted at the end of 2023 and the beginning of 2024. For these com-
putations, the only hyperparameter we adjusted in the D-Wave solvers was the number of
runs; all other hyperparameters were left at their default settings.

6.1. Benchmark set
We consider several classes of instances from the literature: DIMACS instances, Paley

graphs, and several evil instances.

e DIMACS instances: We perform experiments on instances from the Second DIMACS
Implementation Challenge [17], which took place in 1992 and 1993 and which dealt
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with NP-hard problems maximum clique, graph colouring, and satisfiability. We con-
sider benchmarks for the maximum clique problem. Additionally, we perform exper-
iments on some of the ds jc graphs. These graphs are contained in the part of the
challenge dealing with graph colouring but are also interesting from the perspective
of the maximum clique problem. Since we study the stable set problem, we always
consider complements of the mentioned instances.

e Paley graphs: The maximum clique problem in Paley graphs has been considered by
several authors; see, for instance, [5,13]. We perform experiments on some small Paley
graphs that can be embedded on QPU. Since Paley graphs are self-complementary, their
clique numbers equal their stability numbers. Therefore, we do not complement these
instances.

e Evil instances: Extremely hard and versatile (evil) instances for the maximum clique
problem were recently introduced in [34]. As noted in [23], these instances stand out
for their ability to provide a wide range of difficulties, making them a valuable resource
in algorithmic research and development. The benchmark is composed of altogether 40
graphs. In this work, we consider the complements of graphs with at most 125 vertices.

6.2. Results for the post-processing procedure

In this section, we assess how the post-processing procedure presented in Section 4.3
improves the initial results from D-Wave’s solvers and explore the relationship between
result quality and different values of the parameter £.

For this purpose, we perform two sets of experiments. In the first set of experiments, we
consider 18 instances with up to 125 vertices that can be embedded on QPU. In the second
set of experiments, we deal with 7 large instances with up to 1500 vertices that cannot be
embedded on QPU and use the hybrid solver. In this case, we obtain only one solution from
the solver. Hence, to fully analyze the potential of the post-processing procedure, we solve
these instances with D-Wave’s simulated annealing solver and post-process all returned
samples.

We conduct computations as described in Section 4.3 and outlined in Algorithm 1. For
the results presented in Section 6.2.1, we use QPU as solver S, while for the results presented
in Section 6.2.2, we use hybrid solver as well as simulated annealing as initial solvers S.
Additionally, we note that for the QPU and simulated annealing computations, we run
1000 iterations. Simulated annealing is employed also as S,o5 With 100 iterations. We vary
the parameter £, including lowering it to 1—10. Note that this contradicts the assumption in
Lemma 3.2 requiring f > %, but we make this adjustment for exploratory reasons, aiming
to understand the behaviour of the QPU and evaluate its capability to generate valuable
samples for post-processing.

6.2.1. Results for smaller instances

The results for the first set of experiments are shown in Table 2. Left of the vertical line, we
provide general information about the considered instances: name of the graph, number of
vertices n, number of edges m, edge density d, and the stability number of the graph o (G).
Right of the vertical line, we provide the raw results and results with post-processing. The
first two lines provide the raw results returned by QPU solver. The & represents the highest
value of the QUBO function, and the ‘# vertices, edges’ represents the number of vertices
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and the number of edges in the solution, which yielded this highest value. The last two lines
provide the results we got using post-processing of raw results. The &,os+ again represents
the value of the QUBO function, which is computed on the solution we got back from post-
processing. Since post-processing always returns a feasible solution, this number always
represents the cardinality of the largest stable set found. The ‘# recalculations’ denotes the
number of samples for which we have recomputed the results. If the obtained solution is a
stable set and the solution value corresponds to a.(G), we write the value in bold.

From the results presented in Table 2, we can see that post-processing did manage to
improve the results in 5 cases when f = %, 8 cases when f§ = 1, 2 cases when £ = 10 and
6 cases when f/ = 100. When S was lower than %, solutions obtained from QPU had many
edges, so post-processing was essential to extract solutions from the samples.

When g = % is used with post-processing, it outperforms larger £ values in two cases
and matches the performance of larger f values in the rest. While this may appear insignif-
icant, in situations where performance equals that of larger / values, the optimal value has
already been reached, so adjusting the parameter cannot further improve it. There was one
exception where the maximum value was not attained, and in this case, f = % did not
outperform higher f values. Despite this, we can still confirm that our intuition in f = %
being the most suitable parameter aligns with the outcomes, as it performed equally well,
and sometimes even better, than other larger § values. Furthermore, we note that parame-
ters f = 10and f# = 100 never outperformed f = 1, and in 6 instances, they yielded lower
solutions.

We observed that decreasing f < % and utilizing post-processing with S5 = % can
produce results equal to or better than those obtained with f = % Nevertheless, it might be
that this enhancement is due to the graph size, as smaller graphs with lower § values result
in post-processed samples containing more vertices than higher f values. For instance, for
graphs C125.9 and dsjc125. 9, superior solutions are achieved with lower f values.
When we examine the number of vertices in the solutions being post-processed, such as
C125.9 with f = 1—10, the initial solution contains 62 vertices, half of all vertices in the
graph. Furthermore, the initial solution may not always be the largest post-processed solu-
tion; even larger solutions may exist. Considering this, it is reasonable to expect that lower
p values may perform better for these smaller graphs by allowing larger solutions to be
post-processed.

A potential drawback of our post-processing method when using § < % is the increased

computational expense compared to f = % and f > % This higher cost arises from the
1

10°
we had to recompute stability numbers on all 1000 samples, while with § = %, recom-
putation was needed on only one sample. Additionally, the computational effort varies
between f = % and f§ > %, with f > % generally requiring less effort, as seen in instances
like dsjc125.5. However, this trend reverses for instances such as paley89 and
paley101, where § = 1 required more recalculations than f = %

Recall that we recalculate the stability numbers of samples by considering their con-
nected components. To explore the structure of the samples and evaluate the complexity of
these recalculations, the cardinalities of the largest components considered are presented
in Table 3.

need to process a larger quantity of samples. For example, with C125.9 and f =
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Table 3. Cardinalities of the largest components considered in the post-processing of results presented
in Table 2.

Instance n p=1/10 p=1/8 p=1/6 p=1/4 p=1/2 =1 =10 L=100
C125.9 125 67 60 47 18 3 1 1 2
dsjc125.5 125 26 26 19 19 21 14 1 15
dsjc125.9 125 66 59 45 24 1 1 1 1
evil_chv12x10 120 71 50 31 12 6 4 1 1
evil_myc5x24 120 108 95 50 14 4 1 1 1
evil_myc11x11 121 78 44 23 10 6 4 1 1
evil_s3m25x5 125 59 51 45 22 10 4 1 2
hamming6_2 64 1 1 1 1 1 1 1 1
hamming6_4 64 15 14 16 10 10 1" 10 9
johnson8_2_4 28 14 12 10 9 1 1 1 1
johnson8_4_4 70 29 24 1 1 1 1 1 1
johnson16_2_4 120 31 25 8 19 12 8 4 1
MANNa_9 45 45 43 13 6 1 1 1 1
paley61 61 20 15 15 12 12 10 8 9
paley73 73 19 20 16 14 11 1 10 9
paley89 89 20 22 22 19 16 16 9 14
paley97 97 18 22 17 12 18 12 11 16
paley101 101 26 18 22 19 12 18 14 1

Data presented in Table 3 indicate that when the calculations are performed with
p e {%0, %}, the components we need to consider are quite large compared to the size of
the graph. For example, for the instance MANN_a 9, the components encompassed nearly
all vertices of the graph. The largest components contained 13 vertices when the calcula-
tions were executed with f = é. For all other values of the parameters, we observe that the
component sizes were relatively small, suggesting that the recomputation can be carried

out efficiently.

6.2.2. Results for larger instances

We now investigate how different § values, in combination with the post-processing proce-
dure, perform on larger graphs. Since we could not do those computations on QPU, we use
the hybrid solver and simulated annealing as initial solvers S in Algorithm 1, while the post-
processing is done with simulated annealing, as explained at the beginning of Section 6.2.
Note that although the hybrid solver returns only one solution, we can still post-process
it. The results for the hybrid solver are shown in Table 4 and the results for the simulated
annealing in Table 5. These tables contain the same information as Table 2.

From the results presented in Table 4, we observe that using lower § values with the
hybrid solver generally led to worse results compared to § = %, with an exception being the
graph brock800_2 when § = }1. The results for simulated annealing shown in Table 5
are slightly better for lower f values, but still, in none of the cases did lower f values yield
superior results, even though the optimal value has not been reached yet. Interestingly, in
graphs p_hat1500_3 and p_hat1500_2 not a single lower f has matched the result
of f = % This again supports the interpretation that the reason why lower values of f
performed better than larger £ values on instances shown in Table 2 is mainly the graph size
(in Table 2 the instances are smaller, so we can afford re-computations of many relatively
larger samples), and not because the lower § values are a more appropriate choice for this
problem.



Table 4. Numerical results for the post-processing procedure for QUBO formulations with different values of penalty term S, where the hybrid solver is used as the
initial solver S in Algorithm 1.

Instance Data Value Result £ =1/10 p=1/8 p=1/6 p=1/4 p=1/2 p=1 p=10 £ =100
brock800_1 n 800 o 26.8 25 233 22 21 21 21 21
m 112,095 # vertices, edges 36,46 32,28 29,17 25,6 22,1 21,0 21,0 21,0
d 0.35 Qpost 18 18 18 19 21 21 21 21
a(G) 23 # recalculations 1 1 1 0 0 0 0 0
brock800_2 n 800 a 26.8 25.25 2333 22 21 21 21 21
m 111,434 # vertices, edges 35,41 33,31 26,8 23,2 21,0 21,0 21,0 21,0
d 0.35 Gpost 20 20 20 21 21 21 21 21
a(G) 24 # recalculations 1 1 1 0 0 0 0 0
brock800_3 n 800 o 27 25.75 24.33 215 22 22 21 21
m 112,267 # vertices, edges 33,30 31,21 28,11 24,5 22,0 22,0 21,0 21,0
d 0.35 Gpost 22 22 22 20 22 22 21 21
a(G) 25 # recalculations 1 1 1 1 0 0 0 0
brock800_4 n 800 a 26.6 24.75 23 225 21 20 21 21
m 111,957 # vertices, edges 36,47 32,29 27,12 25,5 22,1 20,0 21,0 21,0
d 035 Qpost 18 18 19 20 21 20 21 21
a(G) 26 # recalculations 1 1 1 0 0 0 0 0
p_hat1500_1 n 1500 o 14.8 13.75 13 125 12 1" 1" 1"
m 839,327 # vertices, edges 20,26 18,17 15,6 14,3 12,0 11,0 11,0 11,0
d 0.74 Gpost 10 10 " 1" 12 1" " 1"
a(G) 12 # recalculations 1 1 1 0 0 0 0 0
p_hat1500_2 n 1500 a 86.2 80.5 74.67 68.5 65 65 65 65
m 555,290 # vertices, edges 113,134 105,98 91,49 78,19 68,3 65,0 65,0 65,0
d 0.49 Qpost 63 62 63 63 65 65 65 65
a(G) 65 # recalculations 1 1 1 1 0 0 0 0
p_hat1500_3 n 1500 a 1224 114.75 107 99.5 94 94 94 94
m 277,006 # vertices, edges 162,198 146,125 128,63 112,25 97,3 94,0 94,0 94,0
d 0.25 Gpost 89 89 88 92 94 94 94 94
a(G) 94 # recalculations 1 1 1 1 0 0 0 0
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Table 5. Numerical results for the post-processing procedure for QUBO formulations with different values of penalty term f, where the simulated annealing is used
as the initial solver S in Algorithm 1.

Instance Information Value Result p£=1/10 p=1/8 p=1/6 p=1/4 p=1/2 p=1 p=10 £ =100
brock800_1 n 800 a 26.8 25 23 215 21 20 17 15
m 112,095 # vertices, edges 35,41 31,24 25,6 25,7 21,0 20,0 17,0 15,0
d 0.35 Qpost 21 21 21 21 21 20 17 15
a(G) 23 # recalculations 919 318 69 2 0 0 0 0
brock800_2 n 800 a 26.8 25.25 23.33 22 21 20 17 15
m 111,434 # vertices, edges 33,31 33,31 27,11 24,4 22,1 20,0 17,0 15,0
d 0.35 Gpost 20 21 21 21 21 20 17 15
a(G) 24 # recalculations 995 349 68 1 0 0 0 0
brock800_3 n 800 o 27 25.75 2433 225 22 22 17 15
m 112,267 # vertices, edges 32,25 32,25 28,11 25,5 23,1 22,0 17,0 15,0
d 0.35 Gpost 22 22 22 22 22 22 17 15
a(G) 25 # recalculations 465 29 4 1 0 0 0 0
brock800_4 n 800 a 264 24.75 233 22 21 20 17 15
m 111,957 # vertices, edges 34,38 32,29 25,5 23,2 21,0 20,21 17,0 15,0
d 0.35 Gpost 21 21 21 21 21 20 17 15
a(G) 26 # recalculations 870 362 58 0 0 0 0 0
p_hat1500_1 n 1500 a 14.8 13.75 13 125 12 1 9 9
m 839,327 # vertices, edges 21,31 19,21 16,9 14,3 12,0 11,0 9,0 9,0
d 0.74 Gpost 1" 12 " 12 12 1 9 9
a(G) 12 # recalculations 954 480 98 1 0 0 0 0
p_hat1500_2 n 1500 a 86.2 80.5 74.67 68.5 65 65 56 43
m 555,290 # vertices, edges 116, 149 104, 94 90, 46 76,15 67,2 65,0 56,0 43,0
d 0.49 Gpost 63 63 63 64 65 65 56 43
a(G) 65 # recalculations 1000 1000 1000 152 0 0 0 0
p_hat1500_3 n 1500 a 1224 114.75 107 99.5 94 94 76 59
m 277,006 # vertices, edges 158,178 144,117 134,81 110, 21 99,5 94,0 76,0 59,0
d 0.25 Gpost 91 91 91 93 94 94 76 59
a(G) 94 # recalculations 1000 1000 1000 369 0 0 0 0
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Table 6. Cardinalities of the largest components considered in the post-processing of results presented
in Table 5.

Instance n p=1/10 p=1/8 p=1/6 p=1/4 p=1/2 =1 p=10 =100
brock800_1 800 38 33 18 3 1 1 1 1
brock800_2 800 38 35 16 2 1 1 1 1
brock800_3 800 38 31 8 5 1 1 1 1
brock800_4 800 37 32 17 1 1 1 1 1
p_hat1500_1 500 22 20 14 3 1 1 1 1
p_hat1500_2 1500 112 95 34 n 1 1 1 1
p_hat1500_3 1500 156 128 34 7 1 1 1 1

When we compare results for f = % and f = 1, we note that f = % gave better results

for 2 instances when the hybrid solver was used, and 4 instances when the simulated
annealing was employed. Results for § = 10 and § = 100 show that the hybrid solver still
performs well, while simulated annealing demonstrates much worse performance, i.e. the
choice of penalty term in the QUBO formulation significantly affects the performance of
simulated annealing.

Regarding the complexity of the post-processing procedure, when using the hybrid
solver, only one solution is obtained, making post-processing a less intensive task. For
computations done with simulated annealing, we analyze the sizes of the largest connected
components of post-processed samples and present this information in Table 6.

From Table 6, we can see that the sizes of connected components are larger when lower
values of f§ are used. However, for f € {%, }1}, the sizes of components are relatively small.
This observation has also been seen in smaller instances, as shown in Table 3. It is interest-
ing to note this pattern considering that the graphs now are significantly larger compared
to those in Table 3. Despite working with graphs with over 800 vertices, the largest com-
ponents we recalculated stability numbers for had a maximum of 34 vertices. Finally, we

1

note that for # > 5, there were no instances where improved solutions could be obtained,

leading us to skip the recalculation of the stability numbers for all returned samples.

6.3. Solving larger instances with partitioning

As the final set of experiments, we consider large graphs that cannot be embedded on QPU
and employ the method of the simple CH-partitioning as explained in Section 5 and out-
lined in Algorithm 2. Hence, we first partition the graph into subproblems that can be
embedded on QPU, run 100 iterations on QPU, and then post-process the samples with
simulated annealing, where the number of runs is also set to 100. Since our previous com-
putational investigation suggests that the best choice for the penalty parameter is %, we set
B = Bpost = % The vertices are ordered such that d(v;) < d(v2) < --- < d(vy), allowing
us to reduce the size of partitions. To evaluate the results, we compare them with those
obtained using the hybrid solver.

The results are presented in Table 7. Columns 1—5 contain the basic information about
the considered instances: name of the instance, number of vertices #, number of edges m,
edge density d and the stability number a (G). In columns 6—9, the results for the hybrid
solver and the simple partitioning are presented. The results for the hybrid solver contain
information about the solution that was post-processed and the number of vertices and

edges in the solution before it was post-processed. The simple partitioning results contain
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Table 7. Results for the computations with simple graph partitioning method combined with the post-
processing procedure.

Instance n m d a(G) Hybrid solver Simple CH-partitioning
keller4 171 5100 035 11 Apost 1 abost 1

# vertices, edges 13,2 # partitions 147/171
brock200_1 200 5066 0.25 21 Oipost 21 abost 19

# vertices, edges 21,0 # partitions 161/200
brock200_2 200 10,024 0.50 12 Bpost 12 abost 10

# vertices, edges 12,0 # partitions 170/200
brock200_3 200 7852 0.39 15 dpost 14 abost 13

# vertices, edges 14,0 # partitions 166/200
brock200_4 200 6811 0.34 17 dpost 16 abost 14

# vertices, edges 16,0 # partitions 170/200
$an200_0_7_1 200 5970 0.30 30 Apost 16 abost 16

# vertices, edges 24,8 # partitions 174/200
san200_0_7.2 200 5970 0.30 18 dlpost 13 abost 13

# vertices, edges 20,7 # partitions 182/200
sanr200_0_7 200 6032 030 18 Bpost 18 abost 17

# vertices, edges 18,0 # partitions 166/200
c-fat200-1 200 18,366 0.92 12 Opost 12 abost 12

# vertices, edges 12,0 # partitions 3/200
c-fat200-2 200 16,665 0.84 24 Blpost 24 abost 24

# vertices, edges 24,0 # partitions 3/200
c-fat200-5 200 11,427 0.57 58 Opost 58 abost 58

# vertices, edges 58,0 # partitions 3/200
c-fat500-1 500 120,291 0.96 14 Blpost 14 ag;’;ﬁ 14

# vertices, edges 58,0 # partitions 3/500
c-fat500-2 500 115611 0.93 26 Bpost 26 abost 26

# vertices, edges 26,0 # partitions 3/500
c-fat500-5 500 101559 0.81 64 dpost 64 abost 64

# vertices, edges 64,0 # partitions 3/500
p_hat500_1 500 93,181 0.75 9 Bpost 9 abast 9

# vertices, edges 9,0 # partitions 470/500

the best result from all post-processed partitions and the number of partitions we consid-
ered. We write the value in bold if the optimum was achieved by either the hybrid solver
or the simple partitioning method.

From the results presented in Table 7, we note that for instances with densities up to
0.50, the hybrid solver performed better than the simple partitioning. More precisely, the
hybrid solver gave better solutions for 5 of 8 instances. However, the optimal value was
not always attained. In contrast, both methods yielded optimal results for 7 instances with
densities higher than 0.50.

We note that instances san200_0_7_1 and san200_0_7_2 appear to be the most
challenging for both methods. Despite producing identical results, the deviation from the
optimal values for these instances is substantial. Other challenging instances are brock
graphs. For 4 considered instances, the hybrid solver found 2 optimal solutions, while the
partitioning method yielded suboptimal results.

Nevertheless, the simple partitioning method performed extremely well on c-fat
instances. The proposed bounding procedure significantly reduced the number of parti-
tions, and we obtained optimal solutions for all 6 instances by considering only 3 partitions
for each instance.
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Altogether, the presented initial results demonstrate the potential of the proposed sim-
ple partitioning. While the hybrid solver gave better solutions for certain instances, the
differences in results were no more than 2 vertices. Overall, by employing a few simple
techniques, we attained results similar to those obtained by the hybrid solver.

7. Conclusion

This paper presents a detailed analysis of solutions for the stable set problem generated by
the D-Wave’s quantum annealer, providing both theoretical insights and computational
findings. We formulated the stable set problem as a QUBO problem with quadratic con-
straints weighted by a penalty parameter . We showed that with an exact QUBO solver,
the optimal value for § > % is the stability number of the graph. However, due to the
heuristic nature of quantum annealing, solutions from the D-Wave’s QPU are often far
from optimal values and may not even represent stable sets, as indicated by our com-
putational results for instances with up to 125 vertices. To address these challenges, we
proposed a post-processing procedure that enables us to detect samples that could lead
to improved solutions and to extract solutions that are stable sets. Also, we provided
theoretical guarantees about the quality of the extracted solutions.

We have employed the post-processing procedure on graphs that can be embedded on
QPU but also on larger instances, for which we used the D-Wave hybrid solver and the
classical simulated annealing solver from the D-Wave’s library for interacting with QPU.
A comparison of the results for large instances revealed that the solutions obtained using
the hybrid solver and simulated annealing are very similar. This may partially explain how
the hybrid solver is running.

Computational results showed that the post-processing procedure greatly improved
solution quality. Currently, selected samples are post-processed using simulated anneal-
ing, but alternative approaches could further enhance outcomes. Due to the small and
sparse nature of the post-processed samples, an exact method may yield superior results in
a shorter time.

Since not all instances can be embedded on the D-Wave’s QPU, we explored methods
to address this issue. We used the simple CH-partitioning method as an alternative to the
D-Wave’s hybrid solver for certain instances. In this approach, we break down the original
problem into smaller subproblems, solve them using the QPU, and then take the largest
stable set across the subproblems as the final solution. To improve the quality of results,
we combined the proposed partitioning method with the post-processing procedure and
obtained promising results. Future research should concentrate on creating techniques to
break down partitions further, recognizing partitions that could lead to optimal solutions,
and investigating additional efficient reduction strategies to decrease computational costs.
In particular, it would be valuable to investigate the impact of different vertex orderings.

Furthermore, in order to assess the impact of different S values on the quality of solu-
tions, we conducted thorough numerical experiments with various values of the penalty
term f ranging from % to 100. Our computational results indicated that § = % produced
the best quality solutions, which is in accordance with the given theoretical guaran-
tees. Nevertheless, it would be valuable to conduct further computational experiments by
exploring values of § in the form § = % =+ €, where € is small.
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Finally, the only hyperparameter we adjusted in the D-Wave solvers for the computa-
tions presented in this work was the number of runs, while all other hyperparameters were
left at their default settings. Future research should explore varying additional parameters
of the QPU, such as annealing time, spin reversal transforms, and chain strength. Opti-
mizing these parameters could enhance the performance of the QPU before applying the
post-processing procedure.
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