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Spatial encoding in MRI is usually performed using gradient coils that produce a linearly increasing magnetic
field B, in a desired spatial direction such that its gradient is constant. However, it has been shown that spatial
encoding in MRI can also be performed with coils that produce nonlinear magnetic fields. In this study, the
performance of different types of nonlinear encoding coils, which have a simple design based on the use of a
straight wire segment as a building block and a source of a highly nonlinear magnetic field, was experimentally
tested in 2D and by simulation in 3D on coils with a nonsymmetric and a symmetric arrangement of these wire
segments. All images were reconstructed using our newly presented method, in which the signals are first
transformed from the time- to the frequency-domain, yielding a distorted image (spectrum), which is then
geometrically and intensity corrected. The quality of the reconstructed images was quantified by comparing
them with corresponding reference images obtained with conventional gradient coils. The reconstruction method
was accurate for all tested encoding coils and showed that the symmetric coil type produced results that required
significantly less corrections compared to the nonsymmetric coil type. Quantitative image quality measurements
showed that all encoding coils, despite large differences in the magnetic field of the encoding coils, produce
images of similar quality. The results of the study may help advance the design of “gradient” coils towards freer
geometries, higher magnetic field gradients or lower inductance and thus faster switching times.

1. Introduction

The first successful MRI experiment was conducted in 1973 by P.C.
Lauterbur [1]. This was an image of liquid-filled tubes reconstructed
from a set of 1D profiles recorded by increasing the projection angle. In
the MRI, this imaging has since been largely replaced by more efficient
imaging methods based on multidimensional Fourier transformation
reconstruction [2]. Along with these methods, the concept of k-space
was also introduced, i.e., the spatial-frequency space that is proportional
to the temporal integral of the magnetic field gradient. From the analysis

presented in [2], it follows that the MR signal as a function of k and the

MR image as a function of 7 are interconnected by the Fourier transform

while forming the k and 7 Fourier conjugated pair. This pair in MR
imaging replaces an equivalent pair of t and w in NMR spectroscopy.

Parallel imaging accelerates the imaging speed or increases its spatial
resolution by combining RF and gradient signal encoding [3-5]. There
were also efforts to perform MRI using alternative encoding methods,
such as the use of nonlinear magnetic fields generated by special coils, in
contrast to the linear magnetic fields produced by conventional gradient
coils. Many of such methods, e.g., PatLoc, O-Space, Fronsac and similar
[6-9], rely on the use of nonlinear encoding magnetic fields in combi-
nation with localized RF receiver sensitivities to deploy additional de-
grees of freedom from nonlinear magnetic fields for parallel imaging.
Important contribution to the understanding of imaging with nonlinear
encoding magnetic fields is also provided by the methods for removing
image artifacts due to the magnetic field gradient nonuniformity
[10-12]. Besides alternative gradient coil designs or no use of gradient
coils at all [13], alternative designs of By field magnets are also discussed
[14].

* Corresponding author at: Jozef Stefan Institute, Jamova 39, 1000 Ljubljana, Slovenia.

E-mail address: igor.sersa@ijs.si (I. Sersa).

https://doi.org/10.1016/j.jmr.2025.107990

Received 22 June 2025; Received in revised form 27 September 2025; Accepted 27 October 2025

Available online 30 October 2025

1090-7807/© 2025 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


mailto:igor.sersa@ijs.si
www.sciencedirect.com/science/journal/10907807
https://www.elsevier.com/locate/jmr
https://doi.org/10.1016/j.jmr.2025.107990
https://doi.org/10.1016/j.jmr.2025.107990
http://creativecommons.org/licenses/by/4.0/

K. Tusar and L. Sersa

Nonlinear magnetic field coils have been employed to enhance 3D
imaging in several innovative ways. These coils can be used to enable
generating specialized shapes, such as cylindrical regions, which help
reduce scan time in 3D imaging [15]. They also facilitate organ-targeted
diffusion measurements [16] and enable the excitation of curved slices
that conform to specific anatomical structures [17,18]. Additionally,
nonlinear coils have been used in MR imaging with unique encoding
methods. For instance, fields that are periodic in the x-direction and
linear in the y-direction (PERL) allow for imaging that requires a com-
bination of Bessel function-based and Fourier transform operations
[19,20]. Using a Z, spherical harmonic magnetic field in conjunction
with conventional x and y gradients permits signal acquisition from O-
shaped rings with varying radii and adjustable centers, which can be
utilized for parallel imaging without phase encoding (O-space imaging)
[8]. A monoplanar gradient system with nonlinear magnetic fields has
also been developed as an insert for a 3 T human scanner [21].
Furthermore, nonlinear magnetic field coils play a role in parallel im-
aging by performing phase scrambling, which speeds up the sensitivity
calibration of RF coils [22] and addresses RF coil isosensitivity issues
(null-space imaging) [23]. The potential of using nonlinear magnetic
field coils alongside conventional gradient coils was also explored to
achieve focused imaging in specific regions of the sample (4D-RIO) [24].
In the FRONSAC method, nonlinear coils enhance encoding efficiency by
adding a rapidly rotating, moderate-amplitude nonlinear spatial
encoding magnetic field to standard linear gradient trajectories [9,25]
and can be also used for 3D imaging [26].

Recently we presented a novel method of MR imaging with nonlinear
magnetic fields [27]. The general idea of this method stems from the
realization that the k-space concept has severe limitations if used to
reconstruct images from signals encoded with nonlinear coils. These
limitations do not exist when the signal is considered as a function of
time and the corresponding “image” as the signal’s spectrum. However,
this “image” is distorted due to nonlinear relationships between the
frequency and space of these encoding coils. Therefore, in the second
reconstruction step, the “image” needs unwarping using this frequency-
to-space relationship to obtain true (undistorted) image. In that study,
the proposed reconstruction method was verified with 2D experiments
on encoding coils that consisted of a single straight wire segment for
each encoding channel.

The present study extends our previous study [27] by investigating
the hypothesis that a straight wire segment as a source of a highly
nonlinear magnetic field can be used as a building block for simple
encoding coils for MR imaging with nonlinear magnetic fields, which
have a simple design that allows for analytical mathematical modeling.
This hypothesis is demonstrated theoretically and experimentally in 2D
by comparing the previously used nonsymmetric arrangement of
straight wires [27,28] with a symmetric arrangement of such wires, in
which an additional wire is symmetrically placed relative to the existing
wire for each encoding channel. This comparison showed that this
seemingly very similar coil design results in quite different properties of
the encoding coils, with the nonsymmetric arrangement resulting in
extreme gradients near the wire and the symmetric arrangement
resulting in an almost perfectly uniform gradient in the middle between
the wires. In this study, our novel reconstruction method is first briefly
introduced, and then this method is applied to reconstruct 2D images of
various samples obtained using these two different types of nonlinear
encoding coils. The differences between reference images obtained with
conventional gradient coils and images obtained with these nonlinear
coils are analyzed to evaluate their performance. Finally, this method
was also tested for the first time in 3D by computer simulation of im-
aging with three straight wires arranged in an equilateral triangle,
where each of these three wires served as an independent spatial
encoding coil.
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2. Materials and methods
2.1. MRI using nonlinear pulsed magnetic fields for spatial encoding

Fourier imaging methods, most commonly used in modern MRI, are
based on the use of gradient coils for signal spatial encoding and with
them closely related concept of k-space for image reconstruction. The k-
space concept evolved from multidimensional spectroscopy by replacing
the Fourier transform conjugated pair of frequency w and time t with a
pair of space r and spatial frequency k. In Fourier transform frequency o
and time t are two independent variables and in order to preserve the
structure of the Fourier transform, these two variables must be replaced
with another pair of independent variables. In the case of gradient coils,
they are conveniently substituted by a pair of r and k, where these two
are derived from o and t using the relation

ot = (y@?) t=T- (yat) —Tk @
in which w corresponds to r and t corresponds to k

w-T , tok= yat (2)
This substitution is possible because gradient coils produce a linearly
increasing magnetic field B, = By + yé-?, which has a constant gradient

G = VB,. If gradient coils are replaced by nonlinear magnetic field coils
for spatial encoding in MRI, then such a substitution is not possible
because k and r are, in the case of these coils, not independent, i.e., the
magnetic field gradient is not constant

G(T) = VB,(7) 3)

A consequence of Eq. (3) is that k, as defined previously in Eq. (2), is
also a function of r [6; 7]

k(r) = rG(r)t C]

which precludes the use of k-space concept for image reconstruction
when the signal is spatially encoded with nonlinear magnetic field coils.
However, w and t are still independent variables even when using the
nonlinear coils for signal encoding. This reasoning leads us to consider
the encoded signal as a function of multidimensional time, and the
reconstructed image as a derivative of the corresponding multidimen-
sional spectrum. Specifically, the signal of a sample with a proton den-

sity p(7) can be written as
s(t) = / p(Pexp(ia(F)-1 ) dF ®)

relaxation and off-resonance effects are here neglected. Eq. (5) reminds
of a Fourier transform, but it is not, because of the integration over T
instead of over w. However, such integration can be performed if a
substitution of variables is applied to Eq. (5)

or

)

s(t) = /p(?(a))exp(icﬁ-t) dw (6)

Factor |07 /dw| in Eq. (6) is known as the Jacobian determinant. Eq.
(6) can now be inverted using the inverse Fourier transform

~3@) - ﬁ / S(t)exp( - ia-7) dt @

p(7@))|

0w

here §(c7)) is the multidimensional spectrum and D is the dimensionality
of the transform. The result of Eq. (7) enables the calculation of the MR
image using the relation
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p(T) = S(@(7))

— (€)]
or

In Eq. (8) the relation between Jacobian determinant and its inverse
was used |0r/dw| = 1/|0w/d7|. The calculation of the image from the
spectrum in Eq. (8) is possible when the transformation between 7 and
is bijective, so that each 7 in the sample region transforms to one @ of the
spectrum and vice versa. This is possible when for these values of 7 the
Jacobian determinant (or of @ for the inverse Jacobian determinant) is
continuously differentiable and always nonzero. Eq. (8) can also be
interpreted as an equation that defines corrections of the distorted
“image” g(cT)) to the undistorted image p(7). These corrections are the
unwarping by converting the frequency coordinates to the correspond-
ing spatial coordinates by the transformation (7) in the first factor of
Eq. (8), and the intensity corrections by the Jacobian determinant in the
second factor of Eq. (8).

The frequency vector o(7) = (w1 (7), -, @p(7)) in Egs. (5)-(8) has
components that correspond to nuclear precession frequency shifts
generated by magnetic fields of each of i = 1...D nonlinear coils

wi(?) = YIref-i(B/I)i(?) 9

Here B/I denotes magnetic field of the coil that it generates per unit
of current and I.ris the reference current through this coil. In case of the

time vector t = (t1, -+, tp) its components are defined as the time inte-
gral of the actual current through the encoding coil divided by the
corresponding reference current

1
t = / Li(t)dt
Iref.i

In Eq. (10), the integration interval corresponds to the time interval
between the excitation of the signal and the recording of the signal. If the
imaging sequence includes refocusing RF pulses, then the integral in Eq.
(10) must be split in more integrals in intervals that end before and start
after each of the refocusing pulses. These integrals are then summed
with signs of —1 to the power equal to the number of refocusing pulses to

(10)

A
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the signal recording.

2.2. Construction of nonlinear spatial encoding coils for 2D MRI

Nonsymmetric and symmetric nonlinear coil designs are based on a
coil in the form of a square loop, of which two longer segments of length
[ = 117 mm are parallel to the static magnetic field, and two shorter
segments of length 2a = 43.2 mm are perpendicular to it and have a
direction along the x or y axis (Fig. 1). One of these segments, i.e., the
active segment, lies in the imaging plane, and the other is well out of it,
so that its magnetic field in the imaging plane can be neglected. In the
case of the nonsymmetric coil design, the coil has only one such square
loop for each channel, while in case of the symmetric coil design it has
two such loops located symmetrical with respect to z-axis; the loops are
off-center by a distance r = 25.2 mm. The frame for these coils was
printed from ABS plastic using a 3D printer (Prusa, Prague, Czech Re-
public). The frame contained 2.8 x 2.8 mm? channels for square coils, in
which 50 turns of enameled copper wire with a diameter of 0.15 mm and
a total resistance of 15 Q were wound in the case of nonsymmetric coils
and 30 turns of enameled copper wire with a diameter of 0.4 mm and a
total resistance of 2.6 Q were wound in the case of symmetric coils. The
windings were fixed in the channel with a two-component epoxy ad-
hesive (UHU Plus 90 min, UHU GmbH, Biihl/Baden, Germany). These
encoding coils were designed to be compatible with existing Bruker
microimaging accessories (Bruker, Ettlingen, Germany) as seen in Fig. 2;
they could be connected directly to existing Bruker gradient micro-
imaging amplifiers, while a copper RF shield had to be installed in the
internal bore of the frame to allow the use of existing Bruker RF
microimaging coils.

2.3. Test samples

Validity of the presented theory for image reconstruction from sig-
nals spatially encoded with nonlinear magnetic field coils and the per-
formance of the encoding coils were evaluated using two artificial test
samples and one biological sample. The artificial test samples were disc-
shaped with a checkerboard 2 mm by 2 mm pattern or with letters “a”

B >I2

22 mm

43.2 mm

wwt G‘9g

2a

Fig. 1. A schematic drawing of the encoding coils with the inserted test sample. The nonsymmetric encoding coil array (A) features two separate coils, each with just
one straight wire segment with current. The segments of the coils are oriented perpendicular to each other. The symmetric encoding coil array (B) also includes two
separate coils, perpendicular to each other, but each segment of the nonsymmetric coils now has its symmetrically placed opposite segment with current in the
same direction.
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Fig. 2. Nonsymmetric (A) and symmetric (B) nonlinear magnetic field coils are constructed from one off-center (nonsymmetric) or two symmetrically placed square
loops for each of the two channels. The coils are made of enameled copper wire wound into the corresponding channels on a 3D printed plastic frame. The photos
show the magnetic field encoding coils with the RF coil, both mounted in a microimaging probe holder.

and “b” recessed 2 mm in the 3 mm thick disk with 26.6 mm diameter
(Fig. 3A). The artificial test samples were 3D-printed using a UV-curable
resin printer (Prusa, Prague, Czech Republic) and the cavities of the
printed discs were then filled with a moisturizing cream (Nivea,
Hamburg, Germany), which produced an optimal NMR signal for im-
aging (Fig. 3B). The biological sample was a 4 mm thick slice of
strawberry with an approximate diameter of 25 mm. The strawberry
sample was wrapped in cellophane foil before imaging to prevent it from
drying out during imaging.

2.4. 2D MRI using nonlinear magnetic field coils for spatial signal
encoding

MR imaging was conducted using both linear (gradient) and
nonlinear magnetic field spatial encoding coils with standard MRI
equipment, which included a superconducting 2.35 T (100 MHz proton
frequency) horizontal-bore high-resolution NMR magnet (Oxford In-
struments, Abingdon, UK), a digital NMR/MRI spectrometer (Tecmag,
Houston, TX, USA), and RF and gradient accessories for MR microscopy
(Bruker, Ettlingen, Germany). The samples were scanned in a 27 mm
transmit/receive RF coil and with original 250 mT/m gradient coils or
with previously described nonsymmetric or symmetric nonlinear
encoding coils that were all connected directly to 10 A gradient
amplifiers.

Each sample was first scanned by a spin-echo imaging sequence
using conventional gradient coils and imaging parameters: field of view
(FOV) 50 mm, readout gradient (G,) 23.5 mT/m, phase gradient
amplitude (Gp max) 20 mT/m, phase gradient pulse duration (t,) 3 ms,
imaging matrix (N x N) 256 x 256, dwell time (At) 20 ps, acquisition

frequency bandwidth (BW;) 50 kHz, repetition time (TR) 530 ms, echo
time (TE) 26 ms. Then, the gradient coils were replaced with nonsym-
metric and finally with symmetric nonlinear magnetic field coils, while
the sample in the RF probe remained intact both times. For imaging with
these two coil types, all the time parameters of the spin-echo sequence
remained unchanged, while gradient amplitudes were replaced by the
corresponding current amplitudes for each of the two channels.

For each channel i must be met a condition that the acquisition fre-
quency bandwidth BW; is higher or equal to the nuclear precession
frequency range Aw; of the object when the reference current I; is
flowing through the encoding coil i

1

Note that the acquisition frequency bandwidth BW; is also equal to
reciprocal acquisition dwell time At;. For the frequency-encode channel
(channel 1), the reference current is already the actual through the
corresponding coil

L = ref.1 (12)

While for the phase-encode channel (channel 2), the dwell time
parameter At, = 1/BW, and the reference current I, can be used to
calculate the phase-encode current increase step and the phase current
amplitude. These are equal to

AL = ref 2 AtZ/tp ) L_max = AL N/2 (13)

according to Eq. (A.2).
All experiments were performed with BW; = BW; = 50 kHz and

Fig. 3. Test samples were prepared from 3D-printed plastic discs that had a checkered pattern or a pattern of the letters “a” and “b” recessed 2 mm into the disc (A).
The sample was later filled with a moisturizing cream (B), which provided the NMR signal for imaging.
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Aty = Aty = 20 ps. Due to the identical construction of coil 1 and coil 2,
which applies to both types of encoding coils, and the round shape of the
samples, Eq. (11) yielded identical reference currents for both channels.
These were equal to I, 1 = I,r2 = 70.8 A for nonsymmetric encoding
coils and were equal to I = I, 2 = 35.0 A for symmetric encoding
coils. The actual currents through the coils were then determined using
Egs. (12), (13) which yielded I; = 70.8 A, AI, = 0.472 A and I_pax =
60.4 A for nonsymmetric encoding coils and ; = 35.0 A, AI, = 0.233 A
and Iy max = 29.9 A for symmetric encoding coils. Note that these cur-
rents correspond to the total current of the wires of all coil turns, while
the actual current through an individual coil wire was 50 times and 30
times smaller for the nonsymmetric and symmetric coil, respectively.

2.5. Simulation of 3D MRI using nonlinear magnetic field coils for spatial
signal encoding

In this imaging simulation, three independent infinitely long straight
wires were used, each serving as an independent spatial encoding coil
for MRI. The wires were arranged in an equilateral triangle in the xy
plane at z = 0, as shown in Fig. 4A. In this simulation, the side s of the
triangle was 15 cm, and the reference current through each wire was
L1 = Ler2 = I3 = 100 A. The center of this triangle was centered at
the origin of the coordinate system. The channel 1 wire was aligned with
the x axis, and the channel 2 and 3 wires were at an angle of —60° and
60° to this axis. The imaging field of view (FOV) was set to the ranges
[-FOV/2, FOV/2], [-FOV/2, FOV/2], and [0, FOV] for the x, y, and 2
axes, respectively. In the simulation, the FOV was set to 3 cm. Imaging
matrix was equal to (N x N x N) 64 x 64 x 64 and signal acquisition was
performed with a bandwidth BW; = BW; = BW3 = 12.5 kHz. Signals
of frequencies in the range from 12.5 kHz to 25 kHz were acquired for all
three frequency components.

In the first step of the simulation, a reference (test) image was
used to calculate the spectrum using the inverse equation to Eq. (8),
ie., S@(r))=p(r)/|0w/or] and in the second step Eq. (8)
(p(r) = §((3(?) )|0w/d7|) was used to calculate a reconstructed image
from the spectrum. Magnetic fields of the coils and thus their trans-
formation of spatial to frequency coordinates was calculated using
Eq. (C.2) and the corresponding Jacobian determinant using
Eq. (C.4). For the reference image was used a micro MR image of a
small walnut that was acquired on the MR system described in 2.6
using the 3D spin-echo method at the FOV 3 cm and matrix 64 x 64
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x 64.

2.6. Image reconstruction and processing

The acquired MR image signal in the time domain was first Fourier
transformed into the multidimensional spectrum using TNMR signal
acquisition and processing software (Tecmag, Houston, TX, USA). The
spectrum, that represented distorted “image”, was then reconstructed in
the undistorted image using geometrical and intensity corrections given
in Eq. (8). The most challenging part of this calculation was the
unwarping procedure, which in this study was performed by assigning
each spatial discrete coordinate the value of the closest transformed
frequency coordinate. The spatial coordinates lay on a rectangular grid,
and the frequency coordinates, transformed into the corresponding
spatial coordinates, lay on a warped grid. Image reconstruction pro-
grams were implemented as macro programs in ImageJ image process-
ing software (NIH, Bethesda, MD, USA). These macro programs were
developed by the authors of this study.

The alignment between the reconstructed and reference images was
quantified using the Cross-Correlation (CC) metric, defined as

> Aij By
7

CC = 14)

here, A and B represent the image matrices, while i and j denote the pixel
indices within the images. In addition to the Cross-Correlation metric,
the Structural Similarity Index Metric (SSIM) [29] and the Peak Signal-
to-Noise Ratio (PSNR) metric [30] were also used to evaluate the fidelity
of reconstructed images. The latter two metrics were found among the
ImageJ plugins and were used with their default parameters.

3. Results

3.1. 2D MRI using nonsymmetric and symmetric nonlinear spatial
encoding coils

The Jacobian determinant |d/dT | (the second factor in Eq. (8)) plays
a very important role in image reconstruction from signals encoded by
nonlinear coils. It is responsible for correcting the signal intensity, which
varies due to the spatially varying space-to-frequency transformation.

Fig. 4. The arrangement of three straight wires in an equilateral triangle that can serve as a system for spatial signal encoding in 3D imaging (A) and schematic of the
vectors in Eq. (C.1) for calculating the magnetic field around an infinitely long straight wire (B). The wires lie in the xy plane at z = 0. The imaging field of view (FOV)
is a cube with the bottom side in this plane and centered at FOV/2 above the center of the triangle.
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Max

0

Fig. 5. Plots of the Jacobian determinant as a function of space for nonsymmetric encoding coils (A) and symmetric encoding coils (B). These two types of coils have
a distinctly different spatial dependence of the Jacobian determinant, from which the differences in symmetry between these two coil types are also clearly evident.

Since this transformation is an inherent property of the encoding coil, so
is the corresponding Jacobian determinant. Fig. 5 depicts plots of the
Jacobian determinant as a function of space for both types of encoding
coils (nonsymmetric and symmetric). The properties of symmetric
encoding coils, such as the presence of an isocenter and a relatively
uniform magnetic field gradient in the region between wire segments are
also reflected in the corresponding Jacobian determinant (Fig. 5B),
which is also relatively uniform between the wires and begins to deviate
from this in the vicinity of the wires. In the case of nonsymmetric
encoding coils, the Jacobina determinant (Fig. 5A) is significantly
different. It is very uniform due to the fact that the magnetic field
gradient of this type of coil is nonconstant and increases sharply in the
vicinity of the wires. In this region, the Jacobian determinant is the
highest. The absence of an isocenter in these coils is reflected in the
absence of the local minimum of the Jacobian determinant. The Jaco-
bian determinants in Fig. 5 were used in the reconstructions of all the
images presented below.

The performance of three different spatial encoding coils, conven-
tional gradient coils, nonsymmetric coils, and symmetric coils, was
tested first on the checkerboard test sample. Results of imaging with
these coils are shown in Fig. 6. The reference image in Fig. 6A was ob-
tained by using conventional gradient coils. With these coils, the spec-
trum represents already an undistorted image of the sample. When using
nonlinear coils for spatial signal encoding, the spectrum represents a
distorted image of the object, which must be further processed by
unwarping and intensity corrections given in Eq. (8) to obtain an

Reference Image

High
Non-
Signal | Symmetric
Intensity Coils
Low

Symmetric
Coils

Measured Spectrum

undistorted image of the object. It can be clearly seen that the needed
corrections are considerable for nonsymmetric coils (Fig. 6B, C) and only
moderate for symmetric coils (Fig. 6D, E). It can be also seen that the
reconstructed images with both nonlinear encoding coils (Fig. 6C, E)
match well with the reference image (Fig. 6A). The spectrum obtained
using nonsymmetric encoding coils (Fig. 6B) also shows extreme dif-
ferences in the magnifications of different squares of the checkerboard
pattern. This is due to the very different magnetic field gradients at the
locations of these squares. Those in a higher magnetic field gradient
appear larger and less intense in the spectrum than those in a lower
magnetic field gradient. The spectrum obtained using symmetric
encoding coils (Fig. 6B) does not show such differences in square mag-
nifications, indicating that these coils produce a more uniform magnetic
field gradient.

In the next experiment, the test sample with pattern of letters “ab”
was imaged and its results are shown in Fig. 7 with the same five types of
images as in the previous experiment. The spectrum of signals encoded
with the nonsymmetric coils in Fig. 7B reveals that the regions of the
object “ab” that are closer to the coil are mapped to the higher-frequency
parts of the spectrum at higher magnification, while the regions farther
from the coil are mapped to the lower-frequency parts of it at lower
magnification. Similar behavior, but to a lesser extent, can also be seen
in the spectrum of signals encoded with the symmetric coils in Fig. 7D.
This spectrum has both positive and negative frequencies, where the
higher frequencies correspond to the regions closer to the right and
lower segments of the coil, and the lower frequencies correspond to its

g(wpwz) p(x’Y)

Fig. 6. MR images of the checkerboard test sample: reference image (A) obtained using conventional gradient coils, spectra obtained using nonsymmetric (B) and
symmetric (D) encoding coils, and the corresponding reconstructed images for nonsymmetric (C) and symmetric (E) coils.
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g(wl’wZ)

Fig. 7. MR images of the letter “ab” test sample: reference image (A) obtained using conventional gradient coils, spectra obtained using nonsymmetric (B) and
symmetric (D) encoding coils, and the corresponding reconstructed images for nonsymmetric (C) and symmetric (E) coils. The reconstructed images have uneven
resolution and noise; regions with higher resolution have more noise, while regions with lower resolution have less noise.

left and upper segments. Again, regions of the object that are closer to
the coil are magnified more. This variation in magnification affects the
reconstructed image, leading to lower resolution in parts of the object
that are further from the coil. This effect is noticeable in Fig. 7C, where
the lower part of the letter “b” has a jagged outline, and to a lesser extent
in Fig. 7E, where the distortion is reduced due to the use of a symmet-
rical coil with a more uniform magnetic field gradient. Fig. 7C, E show
that the noise in the reconstructed images is nonuniform; it is higher in
regions with higher resolution and lower in regions with lower
resolution.

As a final test, the feasibility of imaging with nonlinear magnetic
field coils was evaluated using a slice of a strawberry as a biological
sample, with the results presented in Fig. 8. The image obtained using

Reference Image

High
Non-
Signal Symmetric
Intensity Coils
Low

Symmetric
Coils

Measured Spectrum

conventional gradient coils in Fig. 8A serves as a baseline for comparison
with images obtained using nonlinear coils (Figs. 8B-8E). The spectra in
Fig. 8B, D, which were obtained using nonsymmetric and symmetric
encoding coils, respectively, were used to reconstruct the corresponding
images in Fig. 8C, E. The reconstructed image in Fig. 8C has better
resolution in the upper left part, which is closer to the wires and thus in
the region of higher magnetic field gradient, than in the lower right part,
which is further from the wires, where the magnetic field gradient is
lower. The reconstructed image in Fig. 8E has slightly better resolution
in the outer regions than in the central ones due to the slightly larger
magnetic field gradient there, but the different is not as large as in the
case of nonsymmetric encoding coils (Fig. 8C).

It is evident that there is a strong resemblance between the reference

S(ws, wz)

Fig. 8. MR images of a strawberry slice as a biological test sample, represented by: reference image (A) obtained using conventional gradient coils, and spectra (B),
(D) and reconstructed images (C), (E) obtained using nonsymmetric (B), (C) and symmetric (D), (E) nonlinear encoding coils. The reconstructed images have uneven
resolution due to the use of nonlinear encoding coils. The differences in resolution are more obvious with nonsymmetric coils than with symmetric coils.
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images in Figs. 6A, 7A, 8A and the corresponding reconstructed images
obtained using nonsymmetric coils in Figs. 6C, 7C, 8C, and symmetric
coils in Figs. 6E, 7E, 8E. The reconstructed images closely match the
reference images in terms of size, geometry, and intensity, indicating
that the imaging process accurately preserves key features of the sample
across different experimental setups. This consistency across multiple
tests suggests that nonlinear magnetic field coils effectively complement
the conventional gradient coils, maintaining the integrity of the recon-
structed images, while allowing for the exploration of alternative coil
geometries.

Table 1 presents the results of the quantitative analysis of image
alignment between the reconstructed and corresponding reference im-
ages, as measured by the Cross-Correlation (CC) defined in Eq. (14) as
well as by the Structural Similarity Index Metric (SSIM) [29] and the
Peak Signal-to-Noise Ratio (PSNR) metric [30]. Before testing, the
colocalization (translational and rotational) between the reference and
reconstructed images was performed using ImageJ program. As can be
seen from the table, image alignment measured by CC is the best (more
than 0.95) for the letter “ab” and the strawberry test samples. No sig-
nificant difference in image alignment was found between the images
obtained using nonsymmetric and symmetric encoding coils. For the
SSIM metric, the accuracy of the reconstructed image is best for the
strawberry test sample and the lowest for the letter “ab” test sample and
symmetric coil. The latter can be explained by the sensitivity of SSIM to
localized structural differences due to slight residual geometric distor-
tions and local intensity variations, which have only a minor effect on
global measures such as CC and PSNR. The PSNR metric, it is best for the
same test sample and the symmetric coil type.

3.2. Simulation of 3D MRI using three infinite straight wires arranged in
an equilateral triangle

For the experimental setup shown in Fig. 4A, simulations of the
precession frequency shift as a function of spatial coordinate were first
performed. These are shown in Fig. 9 for all three infinitely long straight
wires used as encoding coils: in panel A for coil 1, in panel B for coil 2,
and in panel C for coil 3. The frequencies correspond to reference cur-
rents of 100 A through each of the coils and are shown in the range from
0 to 37 kHz using color-coding. Fig. 9D shows the corresponding
negative of the Jacobian determinant using color-coding. The values
shown range from 0 to 2.67-10'° m~3 573, The spatial coordinates of the
displayed maps range from —15 to 15 mm for the x and y axes and from
0 to 30 mm for the z axis. Every other slice (32 out of a 64 total) is
shown.

Fig. 10 shows the results of the simulated 3D spectrum and the 3D
image of the digital test sample (reference image). The latter is shown in
Fig. 10A and represents an image of a small walnut, scanned at a 30 mm
FOV with an isotropic spatial resolution of 470 pm. Fig. 10B shows the
corresponding calculated spectrum of the test sample, shown with color
coding. As could be expected from the frequency maps of the encoding
coils in Fig. 9A-C, the frequencies of the test sample are in the range
between 12.5 and 25 kHz for all three encoding directions. A similar
effect as in 2D can be observed here, namely, the areas of the sample that

Table 1

Results of the cross-correlation (CC), structural similarity index metric (SSIM)
and peak signal-to-noise ratio (PSNR) measures to test the similarity between
reconstructed images and the corresponding reference images.

Test sample Coil type Compared image CcC SSIM PSNR
pair
Nonsymmetric ~ 6A vs. 6C 0.842 0.712 1838
Checkerboard ¢ etric 6A vs. 6E 0.934 0737 229
Letters “ab” Nonsymmetric 7A vs. 7C 0.957 0.806 23.9
Symmetric 7A vs. 7E 0.955 0.688 26.8
Nonsymmetric ~ 8A vs. 8C 0953 0.853 17.7
Strawberry

Symmetric 8A vs. 8E 0.954 0.868 17.5
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are closer to the wire are transformed to higher frequency coordinates
and are visible in the spectrum as magnified and less intense than the
areas of the sample that are further away from the wire, which are
transformed to lower frequency coordinates and are visible in the
spectrum as less magnified and brighter areas. Fig. 10C shows the
reconstructed image from the spectrum. This image no longer has the
geometric and intensity distortions that were visible in the spectrum and
is very similar to the reference image. A closer inspection would reveal
small deviations from the reference image, especially in the regions
reconstructed from the lower frequency parts of the spectrum, where the
sample depicted in the spectrum does not have sufficient resolution.

4. Discussion

A current flowing through an infinitely long straight wire creates a
magnetic field and its gradient of 1/p and of —1/p? spatial dependencies,
where p is the radial distance from the wire. In this study, this type of
magnetic field was used as a building block in the construction of spatial
encoding coils, with the nonsymmetric coil having one such segment
and the symmetric coil having two. This type of magnetic field has
singularity at the point of the wire p—0 where the magnetic field and its
gradient go to infinity. This effect is common to both types of coils and is
visible in the spectra as regions of high magnification and lower in-
tensity of the sample image, while these regions have transformed into
regions of higher resolution and lower SNR in the corresponding
reconstructed images. Sample regions further from the coil have the
opposite effect, i.e., lower magnifications and higher signal in the
spectra and lower resolution and higher SNR in the reconstructed im-
ages. This effect is particularly evident in spectra and reconstructed
images obtained using nonsymmetric coils, while it is largely reduced in
images obtained with symmetric coils. This is because in symmetric
coils, a decrease in the magnetic field of one segment of wire is
compensated by an increase in the magnetic field of the opposite
segment of wire. Symmetric coils have a magnetic field of zero at the
center, so these coils have an isocenter just like conventional gradient
coils. Furthermore, their magnetic field in the central region is quite well
linear; it is proportional to 1/(p+71)+1/(p —r) =~ —2p/r? so that its
gradient is there constant (proportional to — 2/r?), where 2r is the
distance between the wire segments.

Experiments with all three different test samples showed that both
tested nonlinear magnetic field coils, which were used for spatial
encoding of image signals, yielded reconstructed images of similar
quality. This can be determined by visually inspection of the images in
Figs. 6, 7, 8 and is also indicated by the results of the quantitative cross-
correlation test in Table 1. These results prove that the presented theory
for image reconstruction of signals encoded with nonlinear coils is
correct and also that such imaging can be performed with a wide range
of different nonlinear encoding coils. The latter is especially important,
as it enables MRI with nonlinear encoding coils optimized for specific
needs, e.g., coils of special geometry in cases of limited space, which can
also allow for a different design of MRI magnets with more patient-
friendly access or optimization of these coils for lower inductance and
thus faster switching times and consequently faster imaging.

In the case of nonlinear encoding coils, in the generally accepted k-
space formalism, k would become a function of space. This is because
nonlinear encoding coils general have a nonconstant gradient of their
magnetic field. This precludes the use of the standard Fourier transform
for image reconstruction. In the proposed method, however, a substi-
tution is used in the general equation for the signal Eq. (5), namely, the
spatial coordinate is replaced by frequency and the k-coordinate by
generalized time [27]. This substitution simplifies the phase factor to
exp (icTr?) and thus enables the use of standard Fourier transformation to
reconstruct the spectrum from time-domain data, which is the first step

of reconstruction. This spectrum can be considered a distorted image
and is transformed to reconstructed (undistorted) image in the second
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Fig. 9. Precession frequency shift due to 100 A current through encoding coil 1 (A), coil 2 (B), and coil 3 (C) for 3D imaging (Fig. 2B) as a function of position within
a 30 mm field of view (FOV) and the corresponding negative of the Jacobian determinant for these frequency shift maps (D).
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Fig. 10. Computer simulation of 3D imaging with spatial encoding coils in Fig. 2B, shown with the reference image (A), its spectrum (B), and the corresponding
reconstructed image (C). The refence image is a 3D image of a walnut that was acquired prior to this study using conventional gradient coils. The spectrum represents
the simulated Fourier transformed time-domain signals of the reference sample. It was calculated from the reference image using the inverse of Eq. (8). The final
image is reconstructed from the spectrum using Eq. (8).

reconstruction step, which includes geometric and intensity corrections
of the spectrum in Eq. (8). Geometric corrections are based on image
unwarping, which is given by the transformation of frequency co-

ordinates into spatial coordinates a(7), while intensity corrections are

given by the Jacobian determinant |dw/d7|. Commercial use of Jacobian-
based approaches to correct distortions due to gradient imperfections
works mainly for small deviations of the magnetic field from a constant
gradient [10]. The method of imaging with nonlinear encoding coils
presented in this study overcomes this limitation and enables the use of
all nonlinear magnetic fields that bijectively map spatial coordinates to
corresponding frequency coordinates. Furthermore, the corrections are
mathematically calculated from analytical expressions for magnetic
fields, rather than measured [11,12].

Experimental verification of the reconstruction method for imaging
with nonlinear encoding coils was performed only in two dimensions (D
= 2), while it was also performed in three dimensions (D = 3) as a
simulation. All three experimental test samples used were also

10

optimized for two-dimensional imaging. They had a thin disk shape, so
there was no need to select an imaging slice. This restriction to disk-
shaped samples could be overcome by exciting the signal in slices that
have the orientation of this disk. This could be done by adding a Maxwell
z-gradient coil over the existing nonlinear coils for signal encoding in the
xy plane, and in the spin-echo pulse sequence, all hard RF pulses would
have to be replaced by shaped soft RF pulses. In general, the use of
nonlinear encoding coils for slice selection would result in curved slices
of uneven thickness, which is usually undesirable except in special cases.
When using nonlinear encoding coils, 3D imaging is more practical than
2D imaging with slice selection.

The simulation of imaging with nonlinear encoding coils in 3D was
performed for a very simple set of nonlinear encoding coils. Each of
these coils was an infinitely long straight wire, but with a different
orientation and position. These wires were arranged in an equilateral
triangle, thus forming a logical 3D extension of the experimentally
tested 2D nonsymmetric set of encoding coils. For 2D imaging in the
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plane of the coils, these coils form an overdetermined system (three
frequency components for two spatial coordinates), while in the simu-
lation it was shown that these coils produce magnetic fields that enable
relatively efficient imaging in the space above or below this plane. In the
simulation, extremely high magnetic field gradients in the imaging re-
gion were avoided by choosing an imaging FOV away from the wires,
while extremely low magnetic field gradients were avoided by choosing
an imaging FOV not too far away from the plane of the wires. In this
simulation, the ratio of the FOV to the side of the triangle s was 1:5. This
choice also resulted in a Jacobian determinant with the same (negative)
sign throughout the FOV, and thus a bijective transformation between
the spatial and frequency coordinates. The exception is the plane z = 0,
where this determinant is zero. For example, if the FOV was shifted
along the z axis by —FOV/2, the condition of bijectivity of the space-to-
frequency transformation would be violated; namely, the spatial co-
ordinates (x,y,z) and (x,y,—z,) would have the same frequency
coordinates.

One of our future projects will be an experimental demonstration of
the 3D imaging setup in Fig. 4A. This may seem simple and straight-
forward, but it may not be. The wires (coils) for this experiment should
not be infinitely long, but finitely long. This would result in more
complex models for the magnetic fields, not to mention the expression
for the Jacobian determinant, which is already very complex for infi-
nitely long wires (Eq. (C.4)). Therefore, a completely different approach
to modeling will be required. Instead of an analytical approach, nu-
merical modeling will be required. An alternative, perhaps better solu-
tion to this problem, would be to map the magnetic fields generated by
the encoding coils and wuse these measurements in image
reconstructions.

The Jacobian determinant near zero (the second factor in Eq. (8))
corresponds to regions from where the spatial volume element is
transformed into a volume element near zero in the frequency domain.
The unwarping procedure for the corresponding regions (the first factor
in Eq. (8)) is therefore particularly difficult, since the spatial distribution
of the signal has to be reconstructed from a very small spectral element.
Unless the spectrum is measured with extremely high resolution, much
image resolution is lost, but the SNR is increased. For regions with a high
Jacobian determinant, the situation is reversed. The spatial volume
element of a such region is transformed into a large volume element in
the frequency domain, so that much spatial resolution is gained in the

Fig. 11. Improved symmetric nonlinear coil design with square loops with one
winding (A) and three windings (B). The coils have better uniformity of mag-
netic field profile B,(x,y) along the z-axis and are torque-free during application
of current pulses.
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unwarping procedure, but the SNR is decreased. Mathematically, this
topic is addressed by the inverse function theorem [31]. Possible ways to
overcome the problem of coil non-bijectivity in the space-to-frequency
transformation include oversampling by using an additional spatial
encoding coil or by using multiple receive coils. An example of the
former is the signal acquisition in 4-dimensinal time space, followed by
Fourier transformation into a 4-dimensional spectrum and subsequent
projection of this along with an unwarping procedure into a 3-dimen-
sional spatial image. Due to the additional dimension, this method can
be very time-consuming. From this perspective, a better solution is the
second option, i.e., the use of multiple receive coils which is not asso-
ciated with an increase in scan time.

A problem encountered in the experiments was the vibration of the
encoding coils due to a significant torque on them when applying cur-
rents. Preliminary measurements of the vibration amplitudes using a
projected laser beam reflected from a small mirror attached to the coil
showed that the active wire segment displaced by approximately 300 pm
at current pulses of 70 A in the case of the nonsymmetric encoding coil
[27]. These amplitudes were significantly reduced in further experi-
ments by better fixation of the coil to its holder and also by using a
heavier plastic frame in the case of the symmetric coil. The displace-
ments of the encoding coil have the same effect on the image quality as if
the coil were stationary and the sample were vibrating with the same
amplitude, i.e., motion artifacts are present.

The coil vibration problem could best be solved by designing
encoding coils with balanced torque. A simple example of this by
modifying existing symmetric encoding coils is shown in Fig. 11A. In the
modified design, two additional loops are added to the existing loops at
the front. In the added two loops, the direction of the current is the
opposite to that the original loops. This has dual effect: first, the desired
magnetic field profile B,(x,y) of the original coil has been extended to a
wider area along the z-axis, and second, the torque on the second set of
loops is exactly opposite to the torque on the original loops, so that these
coils have balanced torque. The coil design in Fig. 11B is an improved
version of that in Fig. 11A with three turns of wire, each of slightly larger
width. These coils, which resemble the Golay coil in design, have batter
uniformity of the magnetic field profile B,(x,y) along the z-axis than the
design in Fig. 11A.

Encoding coils with nonlinear magnetic fields are not yet used in
clinical MRI. This could be explained by the underpowered computers in
the early days of MRI and much simpler image reconstruction offered by
signals encoded with conventional gradient coils than with nonlinear
magnetic field coils. Another reason is probably the persistence and
convenience of using established technology; in most applications,
conventional gradient coils work well and are sufficiently efficient.
Conventional gradient coils can be considered a special case of nonlinear
gradient coils, so that all the theory presented here also applies to them.
Conventional gradient coils are considered the most efficient with
respect to the criterion of spatial linearity of the magnetic field (constant
gradient).

Integration of the proposed coil design into clinical MRI systems is
the ultimate goal, but there are challenges related to By homogeneity,
concomitant fields, intravoxel dephasing, local gradients, real-time
image reconstruction, and the potential need for new pulse sequences
optimized for nonlinear encoding coils. By homogeneity could be
affected if the coils are made of magnetic materials or have geometries
that locally distort the homogeneity. The other three effects of magnetic
field spoiling mentioned above can also degrade the performance of
nonlinear encoding coils, especially if these coils are operated with
extreme slew rates and gradient amplitudes. Each of these effects re-
quires a more detailed consideration. The image reconstruction burden
is expected to be at the level of a typical image reconstruction in parallel
imaging. This is because a standard Fourier transform (first step) is
followed by image unwarping and intensity corrections (second step).
The latter can be performed using a stored space-to-frequency trans-
formation map that is intrinsic to the coil. This map can be measured in
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some sort of coil calibration process and then used in all subsequent advanced MRI systems designed for specific needs, e.g., for faster im-

reconstructions in a similar way to how RF coil sensitivity maps are used aging using nonlinear encoding coils with lower inductance than stan-

in parallel imaging. Regarding pulse sequences, practically all existing dard gradient coils, or in new, more patient-friendly MRI systems with

pulse sequences can be used with nonlinear encoding coils, but their less noise or with easier placement or access to the patient.

optimization is needed to optimize the operation of the encoding coils, e.

g., shorter gradient pulses in longer acquisition loops could be used with CRediT authorship contribution statement

encoding coils with low inductance and thus faster gradient switching
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Appendix A. Implementation in a spin-echo imaging sequence

The interpretation of Eq. (10) depends on the imaging sequence used. For example, in the case of a standard slice-selective spin-echo imaging
sequence, the imaging dimensionality is equal to D = 2, where frequency encoding of the signal is used in one dimension and phase encoding of the
signal is used in the other dimension. For the frequency-encoding dimension (e.g., the first dimension) the current through the readout coil is constant
and equal to the reference current I (t) = I,s; so that the corresponding time component is equal to the actual time

=t (A.1)

and t = 0 corresponds to the point of the gradient-echo. In the spin-echo imaging sequence, the gradient-echo coincides with the spin-echo of the 90° -
180° RF pulses, so that the signal maximum at the echo time is due to both gradient and spin refocusing. For the phase-encoding dimension (the second
dimension), the current I, through the coil is applied in a rectangular pulse of duration t, before the refocusing RF pulse so that the corresponding time
component is equal to

I, tp

t2 = (A.2)

Iref‘2

Note that the negative sign in Eq. (A.2) is due to the application of a current pulse for phase-encoding before the refocusing RF pulse.
Appendix B. Nonlinear spatial encoding coils for 2D MRI based on single (nonsymmetric) or double (symmetric) straight wire segments

The theory of MR imaging with nonlinear magnetic field coils in Egs. (5)-(8) was verified with two different types of such coils, namely with
nonsymmetric and symmetric coils. Both types of coils create magnetic fields B, by straight wire segments of length 2a, which are perpendicular to the
static magnetic field, have directions along the x or y axis, and are displaced by a distance r from the center of the coordinate system. Nonsymmetric
encoding coils have one such segment, while symmetric encoding coils have two such segments placed symmetrically with respect to the center of the
coordinate system (Fig. 1). For each type, there are two coils, one with segments along the y axis and the other with the segments along the x axis,
which encode signals in the first and second dimension and serve as a replacement for the standard x and y gradient coils, respectively.

The magnetic field per unit current can be calculated using the Biot-Savart law for both types of the encoding nonlinear magnetic field coils and
their geometry as given in Fig. 1. For the nonsymmetric encoding coils this is equal to

12
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for nonsymmetric encoding coils and are equal to
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for symmetric encoding coils.

Appendix C. Nonlinear spatial encoding coils for 3D MRI based on three infinitely long straight wires

According to the presented theory in subsection 2.1, MR imaging with nonlinear spatial encoding coils is possible by using three different such
coils, when a non-zero Jacobian determinant belongs to the conversion of these coils from spatial coordinate to frequency in the imaging region. A
direct consequence of this is that this determinant has the same sign in this region. For an example of such imaging, let us take three infinitely long
straight wires as sources of nonlinear encoding fields. The z-component of the magnetic field per unit current of an infinitely long straight wire at a

spatial point 7 is given by

o (A « A) %,
Bhi=— ) Fi=Fod- ((—) @ )A .1

2r|7

ri

Here 7 ; is the perpendicular vector to the wire to the point T, a; is the vector from the origin of the coordinate system to the i-th wire and e; is the
unit vector with the direction of the wire and the current through it. An illustration of these vectors relative to a straight wire is shown in Fig. 4B.
In this study, a simple case is considered where the wires are all in the same plane, namely the xy plane at z = 0. The wires form an equilateral
triangle with side s, centered at the origin of the coordinate system, and the currents through the wires flow in a counterclockwise direction (Fig. 4A).

The corresponding parameters of the model in Eq. (C.1) for these wires are e = (1,0,0), ey = <7 %, @, 0), 3 = (7 %, 79, O>, and @; =

(0, 575, o) = ( TS 0) a; = <—%s,ﬁs,o>,whichyield
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For the encoding magnetic fields in Eq. (C.2) for three-dimensional imaging, the corresponding Jacobian determinant can also be calculated
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The Jacobian determinant in Eq. (C.4) was calculated using Wolfram Mathematica analytical solver (Wolfram Research, Champaign, IL, USA).
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