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Abstract
Motivated by recent interest to F-inverse monoids, on the one hand, and to restriction
and birestriction monoids, on the other hand, we initiate the study of F-birestriction
monoids as algebraic structures in the enriched signature (·, ∗, +, m, 1) where the
unary operation (·)m maps each element to the maximum element of its σ -class.
We find a presentation of the free F-birestriction monoid FFBR(X) as a birestriction
monoidF over the extended set of generators X ∪ X+ where X+ is a set in a bijection
with the free semigroup X+ and encodes the maximum elements of (non-projection)
σ -classes. This enables us to show that FFBR(X) decomposes as the partial action
product E(I) � X∗ of the idempotent semilattice of the universal inverse monoid I
of F partially acted upon by the free monoid X∗. Invoking Schützenberger graphs,
we prove that the word problem for FFBR(X) and its strong and perfect analogues
is decidable. Furthermore, we show that FFBR(X) does not admit a geometric model
based on a quotient of the Margolis-Meakin expansion M(FG(X), X ∪ X+) over the
free group FG(X), but the free perfect X -generated F-birestriction monoid admits
such a model.
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1 Introduction

Restriction and birestriction semigroups1 and monoids are perhaps the most far-
reaching and well studied non-regular generalizations of inverse semigroups. They
arise naturally and are useful far beyond semigroup theory, for example, in theoret-
ical computer science and in operator algebras, see [5, 6, 8, 13, 27]. F-birestriction
monoids2 form a subclass of birestriction monoids and generalize F-inverse monoids,
which are especially useful in the theory of C∗-algebras [22, 30, 35, 36] and, due to
recent advances such as the solution of the finite F-inverse cover problem [1] and the
development of geometric methods [2, 28, 38], have gained major importance within
the inverse semigroup theory.

F-birestriction monoids were introduced independently by Jones [19] and the first-
named author [24] and are birestriction monoids (for the introduction to the latter,
see Section 2) such that every σ -class (where σ is the minimum congruence which
identifies all the projections) has amaximum element with respect to the natural partial
order. It was shown by Kinyon [23] that F-inverse monoids in the enriched signature
(·, −1, m, 1) form a variety of algebras [2, Corollary 3.2] and we observe that so
do F-birestriction monoids in the enriched signature (·, ∗, +, m, 1), see Section 6.
This raises the question to determine the structure of the free F-birestriction monoid
FFBR(X) and to solve the word problem for it. Since both the free F-inverse monoid
FFI(X) and the free birestriction monoid FBR(X) admit geometric models based on
the Cayley graph of the free group FG(X) (see [2, 12, 25, 28]), it is natural to wonder
if FFBR(X) admits a similar model. The aim of the present paper is to answer these
and some other related questions.

The first-named author showed in [25] that certain universal proper birestriction
monoids (which are analogues of the Birget-Rhodes prefix group expansion [3, 39])
have sufficient amount of left-right symmetry in that such amonoid S is isomorphic to a
partial action product of the idempotent semilattice of the universal inversemonoid of S
partially acted upon (by order isomorphisms between order ideals) by themonoid S/σ .
To be able to extend the methods from [25] to the study of F-birestrictionmonoids, we
first find, adapting the idea from [28], the birestrictionmonoid presentations of the free
X -generated F-birestrictionmonoid and its left strong, right strong, strong and perfect
analogues. We prove in particular that FFBR(X) is isomorphic to the birestriction
monoid

F = BRestr〈X ∪ X+ | x ≥ x, x ∈ X , uv ≥ u v, u, v ∈ X+〉
over the extended set of generators X ∪ X+, where X+ is a bijective copy of the free
semigroup X+ and encodes the maximum elements of (non-projection) σ -classes (see
Theorem 7.8). Since F-birestrictionmonoids are proper ([24, Lemma 5]), the structure
result for proper birestriction semigroups (which is recalled in Theorem 2.11) implies
that F decomposes as a partial action product of its projection semilattice P(F),

1 Restriction and birestriction semigroups appeared in the literature as right restriction semigroups and
two-sided restriction semigroups, respectively. Here, just as in [26], we opted to change the terminology
and used what is in our opinion more compact and logical terminology, which is in addition consistent with
that used in the category theory literature, see, e.g., bisupport categories of [7].
2 F-birestriction monoids were called F-restriction in [19, 24].
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partially acted upon by the monoid X∗ (see Theorem 7.9). Building on the methods
of [25], we further show that P(F) is isomorphic to the idempotent semilattice of the
universal inverse monoid I ofF. This enables us to invoke the technique developed by
Stephen [37], which relies on Schützenberger graphs, and prove that the word problem
for I and then also for FFBR(X) is decidable (see Theorem 8.1). We also prove similar
results for the free (left, right) strong and perfect X -generated F-birestriction monoids
(see Theorems 9.6 and 10.2).

Furthermore, we show that FFBR(X) can not be (X ∪ X+)-canonically embedded,
as a birestriction monoid, into an E-unitary inverse monoid, which is a quotient of
the Margolis-Meakin expansion M(FG(X), X ∪ X+) over the free group FG(X) (see
Theorem11.1 andProposition 11.2). The free strong F-birestrictionmonoid FFBRs(X)

admits such an embedding if and only if |X | = 1 (see Theorems 11.1 and 11.3). Lastly,
Theorem 11.10 shows that for the free perfect F-birestriction monoid FFBRp(X) such
an embedding exists for any (non-empty) set X .

The paper is organized as follows. In Section 2 we collect the necessary prelim-
inaries. Section 3 provides a self-contained proof of the structure result for the free
birestriction monoid FBR(X) [12], based on the methods of [25]. This proof is used
in Section 4 to show that the projection semilattice of a birestriction monoid S given
by a presentation is isomorphic to the idempotent semilattice of its universal inverse
monoid. In Section 5 we study quotients of the Margolis-Meakin expansion M(G, X)

of an X -generated group G, whose maximum group quotient is G, via dual-closure
operators on the semilattice of connected subgraphs of the Cayley graph of G which
contain the origin. We further define and study the notion of a birestriction monoid
which has a geometric model based on an E-unitary quotient of M(G, X) over G.
Further, in Section 6 we show that F-birestriction monoids in the enriched signature
(·, ∗, +, m, 1) form a variety of algebras and define the varieties of left strong, right
strong, strong and perfect F-birestriction monoids. In Sections 7 to 10 we obtain a
coordinatization of FFBR(X) and its left strong, right strong, strong and perfect ana-
logues, which is then used to show that the word problem for all these F-birestriction
monoids is decidable. Finally, Section 11 treats the questions if FFBR(X) and its left
strong, right strong, strong and perfect analogues admit geometric models based on
the Cayley graph of the free group FG(X)with respect to generators X ∪ X+ or X ∪ X .

For the undefined notions in inverse semigroups we refer the reader to [29, 34], in
birestriction semigroups to [16, 17], and in universal algebra to [4].

2 Preliminaries

2.1 Birestriction semigroups

We start from recalling the necessary background about birestriction semigroups. For
more information, see the survey [17].3

3 We remind the reader that we have updated the terminology and what we call restriction, corestriction and
birestriction semigroups appeared in the literature as right restriction (or weakly right ample) semigroups,
left restriction (or weakly left ample) semigroups and two-sided restriction (or weakly ample) semigroups,
respectively.
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Definition 2.1 (Restriction and corestriction semigroups) A restriction semigroup is
an algebra (S; ·, ∗) of type (2, 1) such that (S; ·) is a semigroup and and the following
identities hold:

xx∗ = x, x∗y∗ = y∗x∗, (xy∗)∗ = x∗y∗, x∗y = y(xy)∗. (2.1)

Dually, a corestriction semigroups is an algebra (S; ·, +) of type (2, 1) such that
(S; ·) is a semigroup and the following identities hold:

x+x = x, x+y+ = y+x+, (x+y)+ = x+y+, xy+ = (xy)+x . (2.2)

Definition 2.2 (Birestriction semigroups) A birestriction semigroup is an algebra
(S; ·, ∗, +) of type (2, 1, 1), where (S; ·,+ ) is a restriction semigroup, (S; ·, ∗) is a
corestriction semigroup and the following identities, which connect the operations ∗
and +, hold:

(x+)∗ = x+, (x∗)+ = x∗. (2.3)

If a birestriction semigroup has an identity element, we call it a birestriction monoid
and regard it as an algebra of signature (·, ∗, +, 1).Morphisms and subalgebras of such
algebras will be taken with respect to this signature. To emphasize this, we sometimes
refer to, e.g., morphisms of birestriction monoids as (2, 1, 1, 0)-morphisms.

Let X be a set, S a birestrictionmonoid and ιS : X → S amap called the assignment
map. We say that S is X-generated via ιS if S is (2, 1, 1, 0)-generated by ιS(X) (in
the sense of [4, Definition 3.4]).

Let S be a birestriction semigroup. It follows from (2.3) that the sets S∗ = {s∗ : s ∈
S} and S+ = {s+ : s ∈ S} are equal. We denote P(S) = S∗ = S+ and call elements
of P(S) projections. It is easy to see that P(S) is a semilattice with e∧ f = e f . Every
projection is an idempotent, but an idempotent does not need to be a projection. Note
that e+ = e∗ = e for all e ∈ P(S).

Any inverse semigroup S is a birestriction semigroup if one puts x∗ = x−1x
and x+ = xx−1. In particular, any semilattice E is a birestriction semigroup with
e∗ = e+ = e for all e ∈ E .

A reduced birestrictionmonoid is a birestriction semigroupwith only one projection
which is necessarily the identity element. Any monoid M is a reduced birestriction
monoid if one puts x+ = x∗ = 1 for all x ∈ M .

Let S be a birestriction semigroup. One can easily check that the following identities
hold for all s, t ∈ S and e ∈ P(S):

(st)∗ = (s∗t)∗, (st)+ = (st+)+, (2.4)

es = s(es)∗, se = (se)+s, (2.5)

(se)∗ = s∗e, (es)+ = es+. (2.6)

The natural partial order on S is defined by s ≤ t if and only if there exists e ∈ P(S)

such that s = et or, equivalently, there exists f ∈ P(S) such that s = t f . It is easy to
see (and well known) that s ≤ t holds if and only if s = ts∗, which is equivalent to
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s = s+t . Furthermore, if s, t, u ∈ S and s ≤ t then su ≤ tu, us ≤ ut , s∗ ≤ t∗ and
s+ ≤ t+. We will use these facts throughout the paper without further mention.

The elements s, t ∈ S are said to be bicompatible, denoted s � t , provided that
st∗ = ts∗ and t+s = s+t . The minimum congruence σ which identifies all the
projections (so that S/σ is the maximum reduced quotient of S) is given by s σ t
provided that es = et for some e ∈ P(S) or, equivalently, se = te for some e ∈ P(S).
Equivalently, s σ t if and only if there is u ∈ S such that u ≤ s, t . We denote the
σ -class of an element s ∈ S by [s]σ . Note that s � t implies s σ t , for all s, t ∈ S.

Definition 2.3 (Proper birestriction semigroups) A birestriction semigroup S is called
proper, if the following two conditions hold:

(1) if s∗ = t∗ and s σ t then s = t ,
(2) if s+ = t+ and s σ t then s = t .

Proper birestriction semigroups generalize E-unitary inverse semigroups. It is
known and easy to see that S is proper if and only if σ coincides with the relation �.

The following observation will be needed in the sequel.

Proposition 2.4 Let S be an X-generated birestriction monoid. Then:

(1) S is (X ∪ P(S))-generated as a monoid.
(2) Every u ∈ S can be written as u = ev = w f where e, f ∈ P(S) and v, w belong

to the X-generated submonoid of S.

Proof (1) We show that every element s ∈ S can be written as a product of elements
from X ∪ P(S). If s = 1, s ∈ X or s ∈ P(S), this clearly holds. Otherwise, we can
write s = t1 · t2 and the statement easily follows applying inductive arguments.

(2) Let u ∈ S. By part (1) we can write u = u0e1u1 · · · enun , where ui belong to the
X -generated submonoid of S and ei ∈ P(S) for all i . In view of (2.5), the statement
follows. �


2.2 Partial monoid actions by partial bijections and premorphisms

Here we collect the necessary preliminaries on partial actions of monoids. For a com-
prehensive survey on partial actions, the reader is referred to [10].

The following definition is taken from [25, Definition 2.2].

Definition 2.5 (Premorphisms) A premorphism from a monoid M to a birestriction
monoid S is a map ϕ : M → S such that the following conditions hold:

(PM1) ϕ(1) = 1,
(PM2) ϕ(m)ϕ(n) ≤ ϕ(mn), for all m, n ∈ M .

Condition (PM2) is equivalent to each of the following two conditions:

(PM2a) ϕ(m)ϕ(n) = ϕ(mn)(ϕ(m)ϕ(n))∗, for all m, n ∈ M ,
(PM2b) ϕ(m)ϕ(n) = (ϕ(m)ϕ(n))+ϕ(mn), for all m, n ∈ M .

For the next definition, we introduce the following conditions:
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(LPM) ϕ(m)ϕ(n) = ϕ(m)+ϕ(mn), for all m, n ∈ M ,
(RPM) ϕ(m)ϕ(n) = ϕ(mn)ϕ(n)∗, for all m, n ∈ M .

Definition 2.6 (Left strong, right strong and strong premorphisms) A premorphism
ϕ : M → S from a monoid M to a birestriction monoid S is called left strong (resp.
right strong), if it satisfies condition (LPM) (resp. (RPM)). If it is both left and right
strong, it is called strong.

If ϕ is a premorphism from a monoid M to the symmetric inverse monoid I(X),
we denote ϕ(m)(x) by ϕm(x), for m ∈ M and x ∈ X . Premorphisms from M to I(X)

are equivalent to partial actions of M on X by partial bijections, which we now define.

Definition 2.7 (Partial actions of monoids) Let M be a monoid and X a (non-empty)
set. We say that M acts partially on X (from the left) if there exists a partial map (that
is, a map defined on a subset of M× X ) M× X → X , (m, x) �→ m · x which satisfies
the following conditions:

(PA1) ifm · x and n · (m · x) are defined, then nm · x is defined and n · (m · x) = nm · x ,
for all m, n ∈ M and x ∈ X ;

(PA2) 1 · x is defined and equals x , for all x ∈ X .

If for all m ∈ M the partial map X → X , x �→ m · x is injective, we say that M acts
on X by partial bijections.

A partial action M × X → X by partial bijections, (m, x) �→ m · x corresponds to
the premorphism ϕ : M → I(X) such thatm · x is defined if and only if x ∈ dom(ϕm)

in which case ϕm(x) = m · x . In fact, the premorphism ϕ determines not only the left
partial action ·, but also the right partial action ◦ such that x ◦m is defined if and only
if x ∈ ran ϕm = dom ϕ−1

m , in which case x ◦ m = ϕ−1
m (x). Each of the partial actions

· and ◦ determines ϕ and thus each of them determines the other, see [24] for details.
Conditions (LPM) and (RPM) have the following counterparts in terms of partial

actions:

(LSPA) ifmn ·x and (mn ·x)◦m are defined, thenm ·(n ·x) is defined, for allm, n ∈ M
and x ∈ X ,

(RSPA) if mn · x and n · x are defined then m · (n · x) is defined, for all m, n ∈ M and
x ∈ X .

Definition 2.8 (Left strong, right strong and strong partial actions by partial bijections)
We say that the partial action · of a monoid M on a set X by partial bijections is left
strong (resp. right strong or strong) if its corresponding premorphism ϕ is left strong
(resp. right strong or strong) or, equivalently, if it satisfies (LSPA) (resp. (RSPA) or
both (LSPA) and (RSPA)).

We now recall the well-known definition of a partial action of a group and compare
it with the above definitions.

Definition 2.9 (Partial group actions) Let G be a group and X a set. We say that G
acts partially on X if there exists a partial map ϕ : G × X → X , (g, x) �→ g · x such
that conditions (PA1), (PA2) and the following additional condition hold:
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(PA3) if m · x is defined, then m−1 · (m · x) is defined and m−1 · (m · x) = x , for all
m ∈ G and x ∈ X .

Remark 2.10 Note that a partial action of a group G on a set X is automatically by
partial bijections. It was observed by Megrelishvili and Schröder in [33] that if the
monoid M is a group, (PA1), (PA2) and (PA3) hold if and only if (PA1), (PA2) and
(LSPA) hold. That is, a partial group action is a left strong partial monoid action (of
this group). One can show that, for a group, (LSPA) is equivalent to (RSPA), so the
notions of left strong, right strong and strong partial actions coincide. Therefore, strong
partial monoid actions by partial bijections are a generalization of usual partial group
actions.

2.3 The structure of proper birestriction semigroups in terms of partial actions

Let P be a poset. A non-empty subset I of P is said to be an order ideal, if x ≤ y and
y ∈ I imply that x ∈ I , for all x, y ∈ P. For p ∈ P we put p↓ := {q ∈ P : q ≤ p}
to be the principal order ideal generated by p. A map f : P → Q between posets is
called an order isomorphism, if x ≤ y is equivalent to f (x) ≤ f (y), for all x, y ∈ P.

Let now Y be a semilattice and M a monoid. By �(Y ) we denote the inverse
semigroup of all order isomorphisms between order ideals of Y . Partial actions of M
on Y by order isomorphisms between order ideals correspond to premorphisms from
M to �(Y ). Let ϕ : M → �(Y ) be such a premorphism. On the set

Y �ϕ M = {(e,m) ∈ Y × M : e ∈ ran ϕm}

define the following operations:

(e,m)( f , n) = (ϕm(ϕ−1
m (e) ∧ f ),mn), (2.7)

(e,m)+ = (e, 1), (e,m)∗ = (ϕ−1
m (e), 1).

Then Y �ϕ M with the operations ·, ∗ and + is a proper birestriction semigroup with
P(Y �ϕ M) � Y via the map (y, 1) �→ y. If Y has the top element 1 then Y �ϕ M
is a monoid with the identity element (1, 1). The congruence σ on Y �ϕ M is given
by (e,m) σ ( f , n) if and only if m = n, so that (Y �ϕ M)/σ � M via the map
(y,m) �→ m. If the partial action ϕ is understood, we will denote Y �ϕ M simply by
Y � M .

Furthermore, each proper birestriction semigroup S arises in this way, as follows.
Define the premorphism ϕ : S/σ → �(P(S)), called the underlying premorphism of
S, by setting, for all m ∈ S/σ ,

dom ϕm = {e ∈ P(S) : there exists s with [s]σ = m such that e ≤ s∗},

ϕm(e) = (se)+, where e ∈ dom ϕm and s is such that [s]σ = m and e ≤ s∗.
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Theorem 2.11 [9, 24] Let S be a proper birestriction semigroup. Then the map f :
S → P(S) �ϕ S/σ , given by s �→ (s+, [s]σ ), is a (2, 1, 1)-isomorphism. If S is a
birestriction monoid then f is a (2, 1, 1, 0)-isomorphism.

For a generalization of Theorem 2.11 to proper extensions of birestriction semigroups,
see [11].

Let G be a group which acts partially (in the sense of Definition 2.9), by order
isomorphisms between order ideals, on a semilattice Y . Then Y �G has the structure
of an inverse semigroup if one defines (e, g)−1 = (ϕ−1

g (e), g−1). This is an E-unitary
inverse semigroup with the maximum group quotient isomorphic to G. Furthermore,
for an E-unitary inverse semigroup S the statement of Theorem 2.11 specializes to a
variation, due to Kellendonk and Lawson [21], of the classical McAlister’s P-theorem
[31].

2.4 F-birestrictionmonoids

We recall the following definition [19, 24].

Definition 2.12 (F-birestrictionmonoids)Abirestriction semigroup is F-birestriction
if every its σ -class has a maximum element with respect to the natural partial order.

It is easy to check (or see [24]) that an F-birestriction semigroup is necessarily
proper and is a monoid. Let S be an F-birestriction monoid and s ∈ S. Following [2],
we denote the maximum element of the σ -class of s by sm.4 For an F-birestriction
monoid S let the map τ : S/σ → S be given by s �→ tm where t ∈ S is such that
σ �(t) = s. By [25, Lemma 5.1] τ is a premorphism.

Definition 2.13 (Left strong, right strong, strong and perfect F-birestrictionmonoids).
We call an F-birestriction monoid

– left strong (resp. right strong or strong) if the premorphism τ is left strong (resp.
right strong or strong),

– perfect if the premorphism τ is a monoid morphism.

It follows from [25, Proposition 5.2] that τ is strong (resp. left strong, right strong or
perfect) if and only if the underlying premorphism of S is strong (resp. left strong, right
strong or perfect). Remark 2.10 implies that any F-inverse monoid is automatically
strong, so that the classes of left strong, right strong and strong F-inverse monoids
coincide with the class of all F-inverse monoids. Hence, not only the class of F-
birestrictionmonoids, but also each of the classes of left strong, right strong and strong
F-birestriction monoids generalizes the class of F-inverse monoids. Note, however,
that perfect F-inverse monoids form a proper subclass of F-inverse monoids (each
perfect F-inverse monoid is in fact a semidirect product of a semilattice and a group,
see [2]), so that the class of perfect F-birestriction monoids generalizes the class of
perfect F-inverse monoids, but not that of all F-inverse monoids.

4 We alert the reader that the notation sm differs from the respective notation in each of the works [19, 25,
28].
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3 The structure of the free birestrictionmonoid FBR(X)

Let X be a non-empty set and X−1 = {x−1 : x ∈ X} a disjoint bijective copy of X .
By (X ∪ X−1)∗ we denote the free involutive monoid over X . The involution (·)−1

on (X ∪ X−1)∗ is given by 1−1 = 1 and (x1 · · · xn)−1 = x−1
n · · · x−1

1 where n ≥ 1
and xi ∈ X ∪ X−1 for all i . If u ∈ (X ∪ X−1)∗ and S is an X -generated inverse
monoid (in particular a group) by [u]S we denote the value of u in S. We identify
elements of the free X -generated group FG(X) with reduced words g ∈ (X ∪ X−1)∗.
In this section we denote the value of a reduced word u ∈ (X ∪ X−1)∗ in the free
X -generated inverse monoid FI(X) and in FG(X) by the same symbol u, it will be
always clear from the context elements of which objects are considered. For reduced
words u, v ∈ (X ∪ X−1)∗ we write (uv)r for the reduced form of uv.

It is well known that FI(X) is an F-inverse monoid and themaximum element of the
σ -class which projects down to the reduced word g ∈ FG(X) equals g. Furthermore,
FI(X)/σ � FG(X) and

FI(X) � E(FI(X)) � FG(X).

The partial action of FG(X) on E(FI(X)) simplifies to

e ∈ domϕg if e ≤ g∗ in which case ϕg(e) = (ge)+. (3.1)

In addition,

e ∈ domϕ−1
g if e ≤ g+ in which case ϕ−1

g (e) = (eg)∗. (3.2)

Since

(e, u)( f , v) = (ϕu(ϕ
−1
u (e) f ), (uv)r ) (by (2.7))

= (ϕu((eu)∗ f ), (uv)r ) (by (3.2))

= ((u(eu)∗ f )+, (uv)r ) (by (3.1))

= ((eu f )+, (uv)r ) (by (2.5))

= (e(u f )+, (uv)r ) (by (2.6)),

the operations on E(FI(X)) � FG(X) are given by

(e, u)( f , v) = (e(u f )+, (uv)r ), (e, u)−1 = ((eu)∗, u−1), (3.3)

(e, u)∗ = ((eu)∗, 1), (e, u)+ = (e, 1), (3.4)

and the identity element of E(FI(X)) � FG(X) is (1, 1). Since the partial action of
FG(X) on E(FI(X)) restricts to X∗, the subset

E(FI(X)) � X∗ = {(e, u) ∈ E(FI(X)) � FG(X) : u ∈ X∗}

is closed with respect to the multiplication, the unary operations ∗ and + and contains
the identity element. It is thus a birestriction submonoid of E(FI(X))� FG(X). In this
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section we show that it is isomorphic to the free birestriction monoid FBR(X). This
result was first proved in [12] and then generalized in [25] using different methods.
Here we present a direct and self-contained proof of this result based on the approach
of [25]. The constructions involved will play an important role in subsequent sections.
The next lemma is inspired by [25, Proposition 7.10].

Lemma 3.1 The birestriction monoid E(FI(X)) � X∗ is X-generated via the map

x �→ (x+, x).

Proof Let (e, u) ∈ E(FI(X)) � X∗ where u = x1 · · · xn ∈ X∗. Since (e, u) =
(e, 1)(u+, u) = (e, 1)(x+

1 , x1) · · · (x+
n , xn), it suffices to prove that (e, 1) can be writ-

ten as a term in generators. We argue by induction on the smallest length n of a word
v over X ∪ X−1 such that v∗ = v−1v = e in FI(X). If n = 0, (e, 1) = (1, 1), and we
are done. Suppose that n ≥ 1 and that the claim is proved for e = v∗ where |v| ≤ n.
If e = (wx)∗ = (w∗x)∗, where |w| = n and x ∈ X , we have:

(e, 1) = ((w∗x)∗, 1) (by the choice of e)

= ((w∗x+x)∗, 1) (by (2.2))

= (((w∗x)+x)∗, 1) (by (2.6))

= ((w∗x)+, x)∗ (by (3.4))

= ((w∗, 1)(x+, x))∗ (by (2.6) and (3.3)).

Similarly, if e = (wx−1)∗, where |w| = n and x ∈ X , we have (e, 1) =
((x+, x)(w∗, 1))+. The statement now follows applying the inductive assumption.

�

The next result is similar to the well-known result about E(FI(X)) � FG(X).

Proposition 3.2 (1) Let (e, u), ( f , v) ∈ E(FI(X)) � X∗. Then (e, u) σ ( f , v) if and
only if u = v.

(2) E(FI(X)) � X∗ is an F-birestriction monoid with (u+, u) being the maximum
element in the σ -class of (e, u).

Proof (1) It is easy to see that (e, u) ≤ ( f , v) if and only if u = v and e ≤ f . So
if (e, u) and ( f , v) have a common lower bound, we must have u = v. On the other
hand, if u = v then (e f , u) ≤ (e, u), ( f , u).

(2) Since (e, u) ∈ E(FI(X)) � X∗ if and only if e ≤ u+ and in view of part (1), the
element (u+, u) is the maximum element in its σ -class. �

Proposition 3.3 The map τ : X∗ → E(FI(X)) � X∗, given by u �→ (u+, u), is a
monoid morphism. Consequently, E(FI(X))� X∗ is a perfect F-birestriction monoid.

Proof For any u, v ∈ X∗ we have

(u+, u)(v+, v) = (u+(uv+)+, uv) (by (3.3))
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= ((u+uv+)+, uv) (by (2.6))

= ((uv)+, uv) (by (2.2) and (2.4)),

as needed. �

We remark, however, that there is no analogue of Proposition 3.3 for the premor-

phism τ : FG(X) → E(FI(X)) � FG(X) given by g �→ (g+, g). Indeed, we have

τ(x)τ (x−1) = (x+, x)(x∗, x−1) = ((xx−1)+, 1) = (x+, 1) �= (1, 1)

= τ(1) = τ((xx−1)r ).

We now formulate the main theorem of this section.

Theorem 3.4 E(FI(X)) � X∗ is canonically (2, 1, 1, 0)-isomorphic to the free bire-
striction monoid FBR(X).

To prove Theorem 3.4, we prove that E(FI(X)) � X∗ has the universal property
of FBR(X). Let F be an X -generated birestriction monoid. We aim to construct a
canonical (and necessarily surjective) (2, 1, 1, 0)-morphism E(FI(X)) � X∗ → F .

For this, we define the map D : FI(X) → P(F), which is a variation of the con-
struction from [25]. We first define the map D : (X ∪ X−1)∗ → P(F), u �→ Du

recursively on the length |u| of the word u. If |u| = 0 then u = 1, and we put Du = 1.
Let now |u| ≥ 1 and write u = ũv where |ũ| = |u| − 1 and v ∈ X ∪ X−1. We then
put:

Du =
{

(Dũx)∗, if v = x ∈ X ,

(xDũ)
+, if v = x−1 ∈ X−1.

(3.5)

Remark 3.5 Applying induction and (2.4), it is easy to see that (3.5) remains valid if
u = ũv where v ∈ X+ ∪ (X+)−1.

If, for example, X = {a, b, c, d, e, f } and u = ac−1b−1de f = a(bc)−1de f then

Du = (Da(bc)−1de f )∗ = ((bcDa)
+de f )∗ = ((bca∗)+de f )∗.

The following is immediate from the definition.

Lemma 3.6 If Du = Dv then Duw = Dvw, for any u, v, w ∈ (X ∪ X−1)∗.

We aim to show that the map D factors through the defining relations of FI(X):

uu−1u = u, uu−1vv−1 = vv−1uu−1 for all u, v ∈ (X ∪ X−1)∗.

We first prove the following auxiliary lemmas.

Lemma 3.7 Suppose u, v ∈ (X ∪ X−1)∗. Then Duvv−1 = DuDv−1 .
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Proof We argue by induction on |v|. If |v| = 0 we have v = 1, and there is nothing to
prove. Suppose now that v = x ṽ for ṽ ∈ (X ∪ X−1)∗ with |ṽ| ≥ 0 and x ∈ X ∪ X−1.
Suppose first that x ∈ X . Then Dux ṽ(x ṽ)−1 can be rewritten as

Dux ṽṽ−1x−1 = (xDux ṽṽ−1)+ (by (3.5))

= (xDux Dṽ−1)+ (by the induction hypothesis)

= (x(Dux)
∗Dṽ−1)+ (by (3.5))

= (DuxDṽ−1)+ (by (2.5))

= Du(xDṽ−1)+ (by (2.6))

= DuDṽ−1x−1 = DuD(x ṽ)−1 (by (3.5)),

as needed. If x ∈ X−1, the argument is symmetric. �

Lemma 3.8 Let s, t, u, v ∈ (X ∪ X−1)∗. Then:

(1) Dsuu−1vv−1t = Dsvv−1uu−1t ,
(2) Dsut = Dsuu−1ut .

Proof (1) In view of Lemma 3.6, it suffices to prove that

Dsuu−1vv−1 = Dsvv−1uu−1 . (3.6)

By Lemma 3.7 the left-hand side of (3.6) is equal to Dsuu−1Dv−1 = DsDu−1Dv−1 and
the right-hand side of (3.6) is equal to DsDv−1Du−1 . These are equal, as projections
of F commute.

(2) We argue by induction on |u|. If u = 1, there is nothing to prove. Suppose
|u| ≥ 1 and write u = ũx , with ũ ∈ (X ∪ X−1)∗ and x ∈ X ∪ X−1. We have:

Ds(ũx)(ũx)−1(ũx)t = Dsũxx−1ũ−1ũxt (since (ab)−1 = b−1a−1)

= Dsũũ−1ũxx−1xt (by part (1))

= Dsũxx−1xt (by the induction hypothesis)

= Dsũxt (by the induction hypothesis),

as needed. �

It follows that map D : (X ∪ X−1)∗ → P(F) gives rise to a well defined map

D : FI(X) → P(F). The following is immediate by Lemma 3.7.

Proposition 3.9 For any v ∈ FI(X) and e ∈ E(FI(X)) we have:

(1) Dv−1 = Dvv−1 = Dv+ ,
(2) Dv = Dv−1v = Dv∗ ,
(3) DvDe = Dve.

We record the following important consequence of Proposition 3.9.
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Corollary 3.10 The map D : FI(X) → P(F) restricts to the morphism of semilattices
D : E(FI(X)) → P(F).

We are now in a position to prove the universal property of E(FI(X)) � X∗.

Proposition 3.11 Let F be an X-generated birestriction monoid. The map

� : E(FI(X)) � X∗ → F, (e, u) �→ Deu, (3.7)

is a canonical (2, 1, 1, 0)-morphism.

Proof The map � clearly respects the identity element. We show that it respects the
operations ∗, + and the multiplication. Let first (e, u) ∈ E(FI(X))�X∗. We calculate:

(�(e, u))∗ = (Deu)∗ (by (3.7))

= Deu = D(eu)∗ (by Remark 3.5 and Proposition 3.9(2))

= �((eu)∗, 1) = �((e, u)∗) (by (3.7) and (3.4)).

Since e ∈ ran ϕu , we have e ≤ u+. Then:

De ≤ Du+ (by Corollary 3.10)

= Du−1 (by Proposition 3.9(1))

= u+ (by Remark 3.5).

Therefore,

(�(e, u))+ = (Deu)+ = Deu
+ = De = �(e, 1) = �((e, u)+).

Let now (e, u), ( f , v) ∈ E(FI(X)) � X∗. Applying (3.3) and (3.7), we have:

�((e, u)( f , v)) = �(e(u f )+, uv) = De(u f )+uv. (3.8)

On the other hand, we have:

�(e, u)�( f , v) = DeuD f v (by (3.7))

= De(uD f )
+uv (by (2.5))

= DeD f u−1uv (by Remark 3.5)

= DeD(u f )+uv (by Proposition 3.9(1))

= De(u f )+uv (by Proposition 3.9(3)),

so that � preserves the multiplication. Finally, � is canonical since, in view of (3.7)
and (3.5), we have �(x+, x) = Dx+x = x+x = x . �
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It follows that E(FI(X)) � X∗ has the universal property of the free X -generated
birestriction monoid FBR(X) and is thus canonically isomorphic to FBR(X). This
completes the proof of Theorem 3.4.

We thus have a pair of X -canonical isomorphisms

� : E(FI(X)) � X∗ → FBR(X), �−1 : FBR(X) → E(FI(X)) � X∗.

It follows from (3.7) that that �(e, 1) = De, so that �−1(De) = (e, 1). Writing

�−1 : FBR(X) → E(FI(X)) � X∗ ⊆ E(FI(X)) � FG(X) � FI(X)

where the latter isomorphism is canonical, we obtain the canonical embedding

ψ : FBR(X) → FI(X)

satisfying ψ(De) = e for all e ∈ E(FI(X)). It follows that

ψ : P(FBR(X)) → E(FI(X))

is an isomorphism of semilattices whose inverse isomorphism is

D : E(FI(X)) → P(FBR(X)).

We now summarize the results of this section.

Theorem 3.12 (1) The birestriction monoid E(FI(X)) � X∗ is X-generated via the
map x �→ (x+, x).

(2) E(FI(X)) � X∗ (and thus also FBR(X)) is perfect F-birestriction with (u+, u)

being the maximum element in its σ -class.
(3) The map X∗ → E(FI(X)) � X∗, given by u �→ (u+, u), is a monoid morphism.
(4) The canonical morphism FBR(X) → E(FI(X)) � X∗ is an isomorphism with the

inverse � : E(FI(X)) � X∗ → FBR(X) given in (3.7).
(5) The canonical (2, 1, 1, 0)-morphism

ψ : FBR(X) → FI(X)

restricts to the isomorphism of semilattices ψ : P(FBR(X)) → E(FI(X)) with the
inverse isomorphism D : E(FI(X)) → P(FBR(X)).

4 Projections of an X-generated birestrictionmonoid

As usual, we denote presentations of inverse monoids, monoids and groups by Inv〈X |
R〉, Mon〈X | R〉 and Gr〈X | R〉. By BRestr〈X | R〉 we will similarly denote the
birestriction monoid generated by a set X subject to a set of relations R of the form
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u = v where u and v are elements of FBR(X). By definition BRestr〈X | R〉 is the
canonical quotient of FBR(X) by the congruence generated by the set

{(u, v) : u = v is a relation in R}.

Lemma 4.1 (1) BRestr〈X | R〉/σ � Mon〈X | σ �(R)〉, where σ � : FBR(X) → X∗ is
the quotient morphism.

(2) Inv〈X | R〉/σ � Gr〈X | σ �(R)〉 where σ � : FI(X) → FG(X) is the quotient
morphism.

Proof Since BRestr〈X | R〉 satisfies relations R, any its X -canonical monoid quo-
tient must satisfy relations σ �(R), which implies (1). The second statement follows
similarly. �


Let S be a birestriction monoid given by the presentation

S = BRestr〈X | R〉.

The X -canonical morphismψ : FBR(X) → FI(X)maps the relations R to the relations
ψ(R) on FI(X). By S̃ we denote the universal inverse monoid of S which is given by
the presentation

S̃ = Inv〈X | ψ(R)〉. (4.1)

By the definition, the identical map on X extends to an X -canonical (2, 1, 1, 0)-
morphism ψ : S → S̃ and every X -canonical (2, 1, 1, 0)-morphism from S to an
X -generated inverse monoid canonically factors through S̃. The morphismψ : S → S̃
restricts to the morphism of semilattices ψ |P(S) : P(S) → E(S̃).

Lemma 4.2 The map D : FI(X) → P(FBR(X)) induces a well defined map D : S̃ →
P(S).

Proof Let u = v be a relation from R and s, t ∈ FI(X). We show that the map D takes
sψ(u)t and sψ(v)t to the same element of P(S).

By Proposition 2.4 every u ∈ FBR(X) can be written as u = ea where e is a
projection and a is a product (possibly empty) of elements of X . So we work with a
relation ea = f b, where e, f are projections and a, b ∈ X∗, and aim to show that

Dsψ(ea)t = Dsψ( f b)t . (4.2)

In view of Lemma 3.6, we can assume that t = 1. Since a, b ∈ X∗ and ψ acts
identically on X , we have that ψ(X∗) is canonically isomorphic to X∗. We have:

Dsψ(ea) = Dsψ(e)ψ(a) = (Dsψ(e)a)∗ (by Remark 3.5)

= (DsDψ(e)a)∗ (by Proposition 3.9(3))

= (Dsea)∗ (by Theorem 3.12(5))

and similarly Dsψ( f b) = (Ds f b)∗. Since ea = f b holds in S, (4.2) follows. �
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The diagram below illustrates the mapsψ and D, along with the canonical quotient
maps which are presented by vertical arrows.

P(FBR(X)) E(FI(X))

P(S) E(S̃)

ψ

ψ

D

D

Applying Theorem 3.12(5), we obtain the following statement.

Proposition 4.3 The maps ψ : P(S) → E(S̃) and D : E(S̃) → P(S) are well defined
and are mutually inverse isomorphisms of semilattices.

5 Geometric models of birestrictionmonoids

5.1 E-unitary inverse monoids via dual-closure operators on Cayley graphs of
groups

Let G be an X -generated group. The edge of the Cayley graph Cay(G, X) from the
vertex g to the vertex h = g[x]G labeled by x ∈ X ∪ X−1 will be denoted by (g, x, h).
Let XX be the set of all finite and connected subgraphs of Cay(G, X) containing the
origin. This is a semilattice with A ≤ B if and only if A ⊇ B, its top element is the
graph 
1 with only one vertex, 1, and no edges. TheMargolis-Meakin expansion [32]
M(G, X) of G is the inverse monoid

M(G, X) = {(
, g) : 
 ∈ XX , g is a vertex of 
}

with the identity element (
1, 1) and the operations of the multiplication and inversion
given by

(A, g)(B, h) = (A ∪ gB, gh), (A, g)−1 = (g−1A, g−1).

It is well known (see, e.g., [28, Proposition 2.1(6)]) that M(G, X) decomposes as a
partial action product

M(G, X) = XX � G, (5.1)

where G act partially on XX so that g ◦ 
 is defined if and only if g−1 is a vertex of

 in which case g ◦ 
 is the left translation g
 of 
 by g.

The underlying premorphism ϕ : G → �(E(M(G, X))) of M(G, X) is given as
follows. For g ∈ G we have that dom(ϕg) consists of all (
, 1) for which there is
(
′, g) ∈ M(G, X) such that (
, 1) ≤ (
′, g)∗ = (g−1
′, g−1)(
′, g) = (g−1
′, 1),
which holds if and only if 
′ ⊆ g
. Since 
′ must contain the origin, 
 must contain
g−1 as a vertex. If the latter holds one can put 
′ = g
. So dom(ϕg) consists of all
(
, 1) ∈ E(M(G, X))where
 has g−1 as a vertex. For such a pair (
, 1)we have that
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ϕg(
, 1) = ((g
, g)(
, 1))+ = (g
, g)+ = (g
, 1). So ϕg just performs the partial
action by left translation by g on the first component of (
, 1), described just after (5.1).
This means that the underlying partial action of M(G, X) is equivalent to the partial
action of G on XX by left translations via the isomorphism E(M(G, X)) → XX ,
(
, 1) �→ 
.

Furthermore, M(G, X) is X -generated via the assignment map x �→ (
x , [x]G)

where 
x is the graph which has two vertices, 1 and [x]G , and one positive edge
(1, x, [x]G). The universal property of M(G, X) says that for any X -generated E-
unitary inverse monoid S such that S/σ is canonically isomorphic to G, we have that
S is a canonical quotient of M(G, X). The defining relations of M(G, X) (see [32,
Corollary 2.9]) are

[u]2M(G,X) = [u]M(G,X) whenever [u]G = 1, (5.2)

where u runs through (X ∪ X−1)∗.
For a congruence ρ on M(G, X) which satisfies the condition

[u]M(G,X) ρ [v]M(G,X) �⇒ [u]G = [v]G, for all u, v ∈ (X ∪ X−1)∗, (5.3)

weputMρ(G, X) = M(G, X)/ρ. Since the canonical quotientmorphismM(G, X) →
G factors through Mρ(G, X), we have Mρ(G, X)/σ � G. We obtain the following.

Proposition 5.1 Let G be an X-generated group. For an X-generated inverse monoid
S the following statements are equivalent:

(1) S is a canonical quotient of M(G, X) and S/σ is canonically isomorphic to G.
(2) S � Mρ(G, X) for some congruence ρ on M(G, X) satisfying (5.3).
(3) S is E-unitary and S/σ is canonically isomorphic to G.

Let Xc
X be the semilattice of all connected (and not necessarily finite) subgraphs of

the Cayley graph Cay(G, X) which contain the origin with the order given by A ≤ B
if and only if A ⊇ B. A dual-closure operator j : Xc

X → Xc
X is a function which is:

• contracting, that is, j(
) ≤ 
, for all 
 ∈ Xc
X ,• monotone, that is, 
1 ≤ 
2 implies j(
1) ≤ j(
2), for all 
1, 
2 ∈ Xc

X ,• idempotent, that is, j2(
) = j(
), for all 
 ∈ Xc
X .

We say that a graph
 ∈ Xc
X is ρ-closed if whenever [u]M(G,X) ρ [v]M(G,X), where

u, v ∈ (X ∪ X−1)∗, we have that for any two vertices α, β of 
, the graph 
 has a
path from α to β labeled by u if and only if it has a path from α to β labeled by v.

Lemma 5.2 Let ρ be a congruence on M(G, X) satisfying (5.3) and 
 ∈ Xc
X . Then

there is a unique minimal ρ-closed graph 
ρ ∈ Xc
X which contains 
.

Proof Note that Cay(G, X) has a path from a vertexα to a vertexβ labeled by u ∈ (X∪
X−1)∗ precisely when β = α[u]G . If [u]M(G,X) ρ [v]M(G,X) then α[u]G = α[v]G ,
so that Cay(G, X) is ρ-closed and contains 
. Furthermore, if 
i ∈ Xc

X , i ∈ I , is the
list of all ρ-closed subgraphs of Xc

X which contain 
, then the connected component

ρ of ∩i∈I
i which contains 
 is a ρ-closed connected subgraph, so there is i such
that 
ρ = 
i , and the statement follows. �
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It is routine to verify that the assignment 
 �→ 
ρ defines a dual-closure operator
on Xc

X , which we denote by ρ̄. Moreover, we have that

(
1, g1) ρ (
2, g2) ⇐⇒ g1 = g2 and ρ̄(
1) = ρ̄(
2).

It is easy to see that ρ̄(XX ) is a semilattice and that G acts partially on it by left
translations. This implies that the map M(G, X) → ρ̄(XX ) � G, given by (
, g) �→
(ρ̄(
), g), is a monoid morphism with kernel ρ. It follows that

Mρ(G, X) � ρ̄(XX ) � G. (5.4)

A slightly different, but equivalent, approach to the construction of Mρ(G, X) was
recently suggested by Szakács in [38].

5.2 Birestrictionmonoids which admit a geometric model

Let S be an X -generated birestriction monoid given by the presentation S =
BRestr〈X | R〉 and S̃ be its universal inverse monoid (see (4.1)). It follows from
Lemma 4.1 that the group S̃/σ is the universal group of the X -generated monoid
S/σ . That is, the identical map on X extends to an X -canonical monoid morphism
ψ : S/σ → S̃/σ and every X -canonical morphism from S/σ to an X -generated group
canonically factors through S̃/σ .

The following statements deal with proper birestriction semigroups, see Definition
2.3.

Lemma 5.3 If S is proper, the morphism ψ : S → S̃ is injective on σ -classes of S.

Proof Suppose a σ b and ψ(a) = ψ(b). Then ψ(a)+ = ψ(b)+ and by Proposition
4.3 we have a+ = b+. Since S is proper, we conclude that a = b. �

Proposition 5.4 (1) If the morphism ψ : S → S̃ is injective then so is the morphism

ψ : S/σ → S̃/σ .
(2) Suppose S is proper. If the morphism ψ : S/σ → S̃/σ is injective then so is the

morphism ψ : S → S̃.

Proof (1) Suppose ψ : S → S̃ is injective and let a, b ∈ S be such that ψ(a) σ ψ(b).
This means thatψ(a)e = ψ(b)e for some e ∈ E(S̃). Since e = ψ(De) by Proposition
4.3, it follows that ψ(a)ψ(De) = ψ(b)ψ(De) which is equivalent to ψ(aDe) =
ψ(bDe). Since ψ is injective, it follows that aDe = bDe, so that a σ b, as needed.

(2) Since ψ : S/σ → S̃/σ is injective, it takes elements from distinct σ -classes to
distinct σ -classes. This and Lemma 5.3 imply that ψ : S → S̃ is injective. �

Proposition 5.5 A birestriction semigroup, which (2, 1, 1)-embeds into an E-unitary
inverse semigroup, is proper.

Proof Let T be a birestriction semigroup, T ′ an E-unitary inverse semigroup and
f : T → T ′ a (2, 1, 1)-embedding. Suppose that s σ t in T and s∗ = t∗. Then there
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is u ∈ T such that u ≤ s, t . It follows that f (u) ≤ f (s), f (t) so that f (s) σ f (t).
Since, moreover, f (s)∗ = f (t)∗, it follows that f (s) = f (t) as T ′ is E-unitary. Then
also s = t as f is injective. Similarly, if s σ t in T and s+ = t+, we also get s = t . It
follows that T is proper. �


Since S̃ is an X -generated inverse monoid with the maximal group image (isomor-
phic to) the X -generated group S̃/σ , the universal property of M(S̃/σ, X) implies that
S̃ is E-unitary if and only if it is a quotient of M(S̃/σ, X). If this is the case, (5.4)
implies that

S̃ � ρ̄(XX ) � S̃/σ, (5.5)

whereXX is the semilattice of all connected subgraphs of Cay(S̃/σ, X)which contain
the origin and ρ is the congruence on M(S̃/σ, X) such that M(S̃/σ, X)/ρ � S̃. Note
that

ρ̄(XX ) � E(S̃). (5.6)

Suppose that S̃ is E-unitary and the morphism ψ : S → S̃ is injective. By Proposi-
tion 5.4 we have thatψ : S/σ → S̃/σ is injective so that S/σ � ψ(S/σ). Proposition
5.5 implies that S is proper, so that ψ(S) is a proper birestriction submonoid of S̃
which is isomorphic to S. The isomorphism ψ : S → ψ(S) restricts to the isomor-
phism P(S) → P(ψ(S)). On the other hand, Proposition 4.3 gives us thatψ restricts to
the isomorphism P(S) → E(S̃). Hence P(ψ(S)) = E(S̃). It follows from Subsection
2.3 that the underlying premorphism ϕ of ψ(S) is given as follows. For t ∈ ψ(S/σ)

we have that

dom(ϕt ) = {e ∈ E(S̃) : there is s ∈ ψ(S) such that σ �(s) = t and e ≤ s∗}. (5.7)

If e ∈ dom(ϕt ) then ϕt (e) = (se)+ where s ∈ ψ(S) is any element such that σ �(s) = t
and e ≤ s∗. By Theorem 2.11 we have that ψ(S) � E(S̃) �ϕ ψ(S/σ). Further, the
underlying premorphism ϕ̃ of S̃ is given as follows. For g ∈ S̃/σ and e ∈ E(S̃) we
have that

dom(ϕ̃g) = {e ∈ E(S̃) : there is h ∈ S̃ such that σ �(h) = g and e ≤ h∗}. (5.8)

If e ∈ dom(ϕ̃t ) then ϕ̃t (e) = (he)+ where h ∈ S̃ is any element such that σ �(h) = g
and e ≤ h∗. By Theorem 2.11 we have that S̃ � E(S̃) �ϕ̃ S̃/σ . Comparing the
definitions of ϕ and ϕ̃, we see that if t ∈ ψ(S/σ) then

dom(ϕt ) ⊆ dom(ϕ̃t ) (5.9)

and for all e ∈ dom(ϕt ) we have that ϕt (e) = ϕ̃t (e). Restricting ϕ̃ from S̃/σ to
ψ(S/σ), we obtain a partial action product E(S̃) �ϕ̃ ψ(S/σ). Our considerations
imply the following.

Lemma 5.6 ψ(S) � E(S̃) �ϕ ψ(S/σ) which is a (2, 1, 1, 0)-subalgebra of E(S̃) �ϕ̃

ψ(S/σ). Moreover, E(S̃) �ϕ ψ(S/σ) = E(S̃) �ϕ̃ ψ(S/σ) if and only if for every
t ∈ ψ(S/σ) we have that dom(ϕt ) = dom(ϕ̃t ).
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Since the partial actions of S̃/σ on ρ̄(XX ) and on E(S̃) are equivalent (see Sub-
section 5.1), Lemma 5.6 captures the embedding of S into S̃ geometrically. We have
motivated the following definition.

Definition 5.7 (Geometric model) Let S be an X -generated birestriction monoid. We
say that S admits a geometric model if S canonically (2, 1, 1, 0)-embeds into an X -
generated E-unitary inverse monoid.5

Theorem 3.4 implies that FBR(X) admits a geometric model. In view of Proposition
5.5, if S admits a geometric model, it is necessarily proper.

Proposition 5.8 Let S be an X-generated birestriction monoid.

(1) S admits a geometricmodel if and only ifψ : S → S̃ is injective and S̃ is E-unitary.
(2) If S is proper then it admits a geometric model if and only if the inverse monoid

S̃ is E-unitary and the morphism ψ : S/σ → S̃/σ is injective.

Proof (1) Suppose S admits a geometric model and canonically embeds into an X -
generated E-unitary inverse monoid U . The universal property of S̃ implies that the
embedding of S into U factors through S̃, so that S embeds into S̃ and S̃ embeds into
U . SinceU is E-unitary, so is S̃. (Indeed, an inverse monoid S is E-unitary if and only
if s ≥ e ∈ E(S) implies s ∈ E(S). Hence, inverse submonoids of E-unitary inverse
monoids are E-unitary.) The reverse implication is immediate.

(2) If S is proper and admits a geometric model, (1) implies that S̃ is E-unitary
and ψ : S/σ → S̃/σ is injective by Proposition 5.4. Conversely, suppose that S̃ is
E-unitary and the morphism ψ : S/σ → S̃/σ is injective. By Proposition 5.4 the
morphism ψ : S → S̃ is injective, so that S admits a geometric model. �


6 Varieties of F-birestrictionmonoids

The following statement is inspired by and similar to [2, Proposition 3.1].

Lemma 6.1 An algebra (S; ·, ∗, +, m, 1) is an F-birestriction monoid if and only
if (S; ·, ∗, +, 1) is a birestriction monoid and the following conditions hold:

(M1) am ≥ a, for all a ∈ S,
(M2) am = (ae)m, for all a ∈ S and e ∈ P(S).

Proof Let S be an F-birestriction monoid. Then (M1) holds by the definition of the
operation (·)m. Since 1 σ e for all e ∈ P(S), it follows that a σ ae for all a ∈ S in
e ∈ P(S), so that (M2) holds as well.

Let now (S; ·, ∗, +, m, 1) be an algebra forwhich (S; ·, ∗, +, 1) is a birestriction
monoid and axioms (M1) and (M2) hold. If a σ b, there is e ∈ P(S) such that ae = be.
Using (M2), we have am = (ae)m = (be)m = bm. In view of (M1), this yields
am ≥ b, showing that am is the maximum element in its σ -class. This completes the
proof. �

5 While our notion of a geometric model is natural for birestriction monoids, there are instances of other
classes of unary and biunary semigroups in the literature which admit geometrically arising models of
different kinds (see, e.g., [14, 15, 18, 20]).
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It is now easy to deduce the following statement.

Proposition 6.2 (Varieties of F-birestriction monoids)

(1) F-birestriction monoids in the signature (·, ∗, +, m, 1) form a variety, which
we denote by FBR, of type (2, 1, 1, 1, 0). It is defined by all the identities which
define the variety of birestriction monoids, along with the identities

xmx∗ = x, (xy∗)m = xm. (6.1)

(2) Left strong and right strong F-birestriction monoids form the subvarieties FBRls
and FBRrs of the variety FBR, defined by the identities which define the variety
FBR along with the identities

xmym = (xm)+(xy)m and (6.2)

xmym = (xy)m(ym)∗, (6.3)

respectively.
(3) Strong F-birestriction monoids form the subvariety FBRs = FBRls ∩ FBRrs of

the variety FBR.
(4) Perfect F-birestriction monoids form the subvariety FBRp of the variety FBR,

defined by the identities which define the variety FBR along with the identity

xmym = (xy)m. (6.4)

From now on, unless explicitly stated otherwise, we will consider F-birestriction
monoids as (2, 1, 1, 1, 0)-algebras. Morphisms, congruences and subalgebras of such
algebras will be takenwith respect to the signature (·, ∗, +, m, 1). To emphasize this,
we sometimes refer, e.g., to morphisms of F-birestriction monoids as (2, 1, 1, 1, 0)-
morphisms.

We define a reduced F-birestrictionmonoid as an F-birestrictionmonoidwhich has
only one projection, 1. It is a reduced birestriction monoid, so that a∗ = a+ = 1 holds
for all its elements and the natural partial order on it is trivial. Hence am = a holds
for all of its elements. It follows that a reduced F-birestriction monoid is a reduced
birestriction monoid with the operation (·)m given by am = a for all elements a.

Let S be an F-birestriction monoid and σ be the minimum (2, 1, 1, 0)-congruence
on S which identifies all the projections. It is easy to see that a σ b if and only if
am = bm. Thus the (2, 1, 1, 0)-quotient map S → S/σ preserves the operation (·)m,
so that σ is in fact a (2, 1, 1, 1, 0)-congruence on S and the quotient map S → S/σ is
a (2, 1, 1, 1, 0)-morphism. We will use this fact throughout the paper without further
mention.

123



  212 Page 22 of 36 G. Kudryavtseva, A. Lemut Furlani

7 The structure of the free F-birestrictionmonoid FFBR(X)

7.1 The coordinatization of FFBR(X)

Let X be a non-empty set and FFBR(X) the free X -generated F-birestriction monoid.
Since F-birestriction monoids are proper (see [24, Lemma 5]), Theorem 2.11 implies
that

FFBR(X) � P(FFBR(X)) � FFBR(X)/σ.

We first determine the structure of FFBR(X)/σ .

Lemma 7.1 FFBR(X)/σ is canonically isomorphic to X∗.

Proof Since X∗ is an X -generated F-birestrictionmonoid (where um = u, u+ = u∗ =
1 for all u ∈ X∗), the universal property of FFBR(X) implies that X∗ is a canonical
(2, 1, 1, 1, 0)-quotient of FFBR(X), so it is a (2, 1, 1, 0)-quotient of FFBR(X) as well.
But any monoid (2, 1, 1, 0)-quotient of FFBR(X) is an X -generated monoid and so is
a quotient of X∗. �


Since the free monoid X∗ is cancellative, it follows from [25, Theorem 2.9] that
FFBR(X) is ample (for the definition of an ample birestriction monoid, see, e.g., [25]).
Lemma 9.1 shows that a similar comment applies to the F-birestriction monoids
considered therein.

7.2 FFBR(X) as a birestrictionmonoid over extended generators X ∪ X+

We start from the following observation.

Proposition 7.2 Let F be an X-generated F-birestriction monoid and put M = F/σ .
For every m ∈ M let m be the maximum element of the σ -class of F which projects
onto m. We put M = {m : m ∈ M}.
(1) F is (2, 1, 1, 0)-generated by X ∪ M.
(2) Every element a ∈ F can be written as a = em for some e ∈ P(F) and m ∈ M.
(3) Let T be the X-generated submonoid of F. Then M is a quotient of T . Conse-

quently, if M � X∗ then T � X∗, too.

Proof (1) This is clear, as for every a ∈ F there is m ∈ M such that am = m.
(2) For each a ∈ F we have a = a+m where m = am.
(3) Let T be the X -generated submonoid of F . Then σ � : F → M restricts to a

surjective morphism from T onto M , so that M is a quotient of T . �

Remark 7.3 Since 1 = 1, the generator 1 in Proposition 7.2(1) can be omitted, so that
F is (2, 1, 1, 0)-generated by X ∪ (M \ 1).
Corollary 7.4 FFBR(X) is (X∪X+)-generated as a birestrictionmonoid via the assign-
ment map x �→ x, where x ∈ X, and u �→ um, where u ∈ X+.

Proof By Lemma 7.1 we have that FFBR(X)/σ � X∗, so that the statement follows
applying Remark 7.3. �
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We define the set of relations

N = {x ≥ x, uv ≥ u v : x ∈ X , u, v ∈ X+}, (7.1)

where x ≥ x is the abbreviation for the relation x = xx∗, which is equivalent to
the relation x = x+x . Similarly, uv ≥ u v is the abbreviation for the relation u v =
uv(u v)∗ or its equivalent relation u v = (u v)+uv. We put

F = BRestr〈X ∪ X+ | N 〉.

Applying induction, it is easy to see that u1 · · · un ≥ u1 · · · un holds in F for all
n ≥ 2 and u1, . . . , un ∈ X+. Observe that for any u = x1 · · · xn ∈ X+ (where xi ∈ X
for all i) we have that u = x1 · · · xn ≥ x1 · · · xn ≥ x1 · · · xn = u. We have proved the
following.

Lemma 7.5 The inequality u ≥ u holds in F for any u ∈ X+.

Lemma 7.6 FFBR(X) is an (X ∪ X+)-canonical (2, 1, 1, 0)-quotient of F.
Proof Since the defining relations ofF hold in FFBR(X) (with respect to the assignment
map of Corollary 7.4), the claim follows. �


We now aim to show that FFBR(X) is in fact isomorphic to F.
Lemma 7.7 F is an F-birestriction monoid with F/σ � X∗. The maximum element
of the σ -class which projects onto w ∈ X∗ equals w, if w ∈ X+, and 1, if w = 1.
Furthermore, F is X-generated as an F-birestriction monoid.

Proof Note that X∗ is an (X ∪ X+)-generated monoid under the assignment map
x �→ x , x ∈ X and w �→ w, w ∈ X+, and is an (X ∪ X+)-generated reduced
birestriction monoid which satisfies relations N . It follows that X∗ is an (X ∪ X+)-
canonical quotient of F. Note that in any reduced quotient of F the relations N hold,
in particular w = w holds for all w ∈ X+. It follows that any monoid quotient of F
is in fact X -generated, so that it is a quotient of X∗. We have shown that F/σ � X∗.

Let u ∈ F. Applying Proposition 2.4 we write u = ev where e is a projection
and v ∈ (X ∪ X+)∗. If v = 1, we have um = em = 1. Otherwise, write v =
a0b1a1b2 · · · an−1bnan where n ≥ 0, bi ∈ X+ and ai ∈ X∗ for all i . Applying the
defining relations of F and Lemma 7.5, we have

u ≤ v ≤ a0 b1 · · · bn an ≤ a0b1 · · · bnan = σ �(u), (7.2)

which shows that the σ -class of u has a maximal element, namely, the element σ �(u).
Finally, F is X -generated as an F-birestriction monoid since it is (X ∪ X+)-

generated as a birestriction monoid and w = wm for all w ∈ X+. �

Theorem 7.8 FFBR(X) and F are (X ∪ X+)-canonically (2, 1, 1, 0)-isomorphic and
X-canonically (2, 1, 1, 1, 0)-isomorphic.
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Proof By the universal property of FFBR(X) and by Lemma 7.7 F is an X -canonical
(2, 1, 1, 1, 0)-quotient and an (X ∪ X+)-canonical (2, 1, 1, 0)-quotient of FFBR(X).
Combining this with Lemma 7.6, the first claim follows. Since the canonical quotient
map of Lemma 7.6 respects the maximum elements of σ -classes, the second claim
follows, too. �


7.3 The inverse monoidI and the projection semilattice of FFBR(X)

From now on let ψ denote the (2, 1, 1, 0)-morphism

ψ : FBR(X ∪ X+) → FI(X ∪ X+),

which is identical on X ∪ X+. We put

I = Inv〈X ∪ X+ | ψ(N )〉 (7.3)

to be the universal inverse monoid of the birestriction monoid F. That is, the identical
map on X ∪ X+ extends to a (X ∪ X+)-canonical morphism of birestriction monoids
F → I and every such a morphism fromF to an (X ∪ X+)-generated inverse monoid
factors canonically through I.

It follows from Proposition 4.3 that the isomorphisms

D : E(FI(X ∪ X+)) → P(FBR(X ∪ X+))

and
ψ : P(FBR(X ∪ X+)) → E(FI(X ∪ X+))

induce isomorphisms D : E(I) → P(F) and ψ : P(F) → E(I). Bearing in mind
Theorem 7.8, we have P(FFBR(X)) � E(I). Combining this with Theorem 2.11,
Lemma 7.1 and Lemma 7.7, we obtain the following result.

Theorem 7.9 Let X be a non-empty set. The map x �→ (x+, x) extends to an X-
canonical (2, 1, 1, 1, 0)-isomorphism

FFBR(X) � E(I) � X∗.

In detail, we have

E(I) � X∗ = {(e, u) ∈ E(I) × X∗ : e ≤ u+}

with the identity element (1, 1) and the remaining operations given by

(e, u)( f , v) = (e(u f )+, uv),

(e, u)∗ = ((eu)∗, 1), (e, u)+ = (e, 1),

(e, u)m = (u+, u).
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Fig. 1 Illustration of Case 1

8 The word problem for FFBR(X) is decidable

Theorem 7.9 reduces the word problem for FFBR(X) to that for the inverse monoid
I, so that we can apply the techniques developed by Stephen [37] to tackle it. For the
undefined terminology used below we refer the reader to [37].

Theorem 8.1 Schützenberger graphs of elements of I are finite and effectively con-
structed. Consequently, the word problem for I and for FFBR(X) is decidable.

Proof Let u ∈ (Y ∪ Y−1)∗ where Y = X ∪ X+. We aim to construct a finite series of
elementary P-expansions and determinizations of the linear graph of u which termi-
nates in a finite closed graph. This graph is then (V -isomorphic) to the Schützenberger
graph of [u]I [37, Theorem 5.10].

We start from the linear graph of u and apply several determinizations to obtain its
determinized form which is necessarily a tree. If it is closed, we are done. Otherwise,
we apply to it a series of elementary P-expansions and determinizations, as follows.
We consider two possible cases of an elementary P-expansion which can be applied.

Case 1. Suppose that the elementary P-expansion stems from the relation x ≥ x ,
that is, x = xx−1x , where x ∈ X . The only possibility when this causes attaching
a new path is when there is some edge (α, x, β) in the graph, but there is no edge
(α, x, β). Then after performing an elementary P-expansion (attaching the path from
α to β labeled by xx−1x) and several determinizations, we come to the graph obtained
from the initial graph by adding the edge (α, x, β), see Figure 16. If this graph is not
determinized, which is the case when the initial graph contains an edge of the form
(α, x, γ ) or (γ, x, β), we determinize it and obtain a determinized graph with at most
the same number of vertices as the initial graph and a fewer number of edges of the
form (α, x, β) such that the edge (α, x, β) is not in the graph.

Case 2. Suppose that the elementary P-expansion stems from the relation uv ≥ u v

where u, v ∈ X+, that is, u v = u v(u v)−1uv. The only possibility when this causes
attaching a path is when there are edges (α, u, β) and (β, v, γ ) in the graph, but there
is no edge (α, uv, γ ). After performing an elementary P-expansion (attaching a path
from α to β labeled by u v(u v)−1uv) and several determinizations, we come to the

6 On pictures, we draw the edges labeled by X as solid lines and those labeled by X+ as dashed lines.
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Fig. 2 Illustration of Case 2

graph obtained from the initial graph by adding the edge (α, uv, γ ), see Figure 2.
Similarly as in the previous case, we determinize the obtained graph (if applicable)
and obtain a graph with at most the same number of vertices as the initial graph and
with fewer number of pairs of edges of the form (α, u, β) and (β, v, γ ) such that the
edge (α, uv, γ ) is not in the graph.

It follows that in a finite number of steps we obtain a closed graph with at most the
same number of vertices as the initial graph. This completes the proof. �


9 The structure of the free (left, right) strong and perfect
F-birestrictionmonoids

Denote by FFBRls(X), FFBRrs(X), FFBRs(X) and FFBRp(X) the free objects of the
varieties FBRls , FBRrs , FBRs , FBRp, respectively. In this section we prove an ana-
logue of Theorem 7.9 for these objects.

Lemma 9.1 FFBRi (X)/σ � X∗, for each i ∈ {ls, rs, s, p}.
Proof The proof is similar to the proof of Lemma 7.1. �


By FBRestr〈X | R〉 we denote the F-birestriction monoid generated by a set X
subject to the set of relations R of the form u = v where u, v ∈ FFBR(X).

Proposition 9.2 (1) FFBRls(X) = FBRestr〈X | umvm = (um)+(uv)m, u, v ∈ X+〉.
(2) FFBRrs(X) = FBRestr〈X | umvm = (uv)m(vm)∗, u, v ∈ X+〉.
(3) FFBRs(X) = FBRestr〈X | umvm = (um)+(uv)m = (uv)m(vm)∗, u, v ∈ X+〉.
(4) FFBRp(X) = FBRestr〈X | umvm = (uv)m, u, v ∈ X+〉.
Proof (1) Put F = FBRestr〈X | umvm = (um)+(uv)m, u, v ∈ X+〉. It suffices to
show that the identity (6.2) is satisfied in F . Since the defining relations of F hold
in X∗, the identity map on X extends to the (2, 1, 1, 1, 0)-morphism F → X∗. Since
any monoid quotient of F is an X -generated monoid, we have that F/σ � X∗. By
Proposition 7.2(3) the X -generated submonoid of F coincides with X∗. Let u, v ∈ F
and put u′ = σ �(u) ∈ X∗ and v′ = σ �(v) ∈ X∗. Since u σ u′, v σ v′ and uv σ u′v′,
it follows that um = (u′)m, vm = (v′)m and (uv)m = (u′v′)m. Then umvm =
(u′)m(v′)m = ((u′)m)+(u′v′)m = (um)+(uv)m, where for the second equality we
used a defining relation of F , so F satisfies the identity (6.2) and the statement follows.
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(2) and (4) are proved similarly, and (3) follows from (1) and (2). �

Lemma 9.3 Let F be an F-birestriction monoid and let ρ be a (2, 1, 1, 0)-congruence
on F such that ρ ⊆ σ . Then ρ is in fact a (2, 1, 1, 1, 0)-congruence.

Proof For a ∈ F let [a]ρ = {b ∈ F : a ρ b} ∈ F/ρ be the ρ-class of a and
[a]σ = {b ∈ F : b σ a} ∈ F/σ be the σ -class of a. By assumption we have
[a]ρ ⊆ [a]σ . For any b ∈ [a]σ we have am ≥ b, so that b = amb∗, which implies
[b]ρ = [am]ρ[b]∗ρ , so that [am]ρ ≥ [b]ρ . Since any element which is σ -related with
[am]ρ in F/ρ has the form [b]ρ where b ∈ [a]σ , it follows that [am]ρ = [a]mρ , so that
ρ respects the operation u �→ um and is thus a (2, 1, 1, 1, 0)-congruence. �

Lemma 9.4 Let F be an F-birestriction monoid and R ⊆ F × F a relation on F such
that R ⊆ σ . Then the (2, 1, 1, 0)-congruence on F generated by R coincides with the
(2, 1, 1, 1, 0)-congruence on F generated by R.

Proof Let ρ1 be the (2, 1, 1, 1, 0)-congruence on F generated by R and ρ2 the
(2, 1, 1, 0)-congruence on F generated by R. It is clear that ρ2 ⊆ ρ1. Since σ is
a (2, 1, 1, 1, 0)-congruence, we have R ⊆ ρ2 ⊆ ρ1 ⊆ σ . By Lemma 9.3 it follows
that ρ2 is a (2, 1, 1, 1, 0)-congruence, so that ρ2 = ρ1 by the minimality of ρ1. �


We remind the reader that the set of relations N is defined in (7.1) as

N = {x ≥ x, uv ≥ u v : x ∈ X , u, v ∈ X+}.

We also recall that the birestriction monoidF and the inverse monoid I are defined by

F = BRestr〈X ∪ X+ | N 〉, I = Inv〈X ∪ X+ | ψ(N )〉,

where ψ : FBR(X ∪ X+) → FI(X ∪ X+) is the (X ∪ X+)-canonical (2, 1, 1, 0)-
morphism.

We now define the following sets of relations on FBR(X ∪ X+):

Nls = {x ≥ x, u v = u+uv : x ∈ X , u, v ∈ X+}, (9.1)

Nrs = {x ≥ x, u v = uv v∗ : x ∈ X , u, v ∈ X+}, (9.2)

Np = {x ≥ x, uv = u v : x ∈ X , u, v ∈ X+}, (9.3)

Ns = Nls ∪ Nrs and N∅ = N . We further put

Fi = BRestr〈X ∪ X+ | Ni 〉, i ∈ {ls, rs, s, p, ∅}.

Note thatF∅ = F. LetρN be the (2, 1, 1, 0)-congruence onFBR(X∪X+)generated
by N and ρNi the (2, 1, 1, 1, 0)-congruence on FBR(X ∪ X+) generated by Ni , for
each i ∈ {ls, rs, s, p}. Since relations Ni imply relations N , we have ρN ⊆ ρNi for
each i ∈ {ls, rs, s, p}. From [4, Theorem 6.15] it follows that Fi is a (2, 1, 1, 0)-
quotient of F by the congruence ρNi /ρN . Since F/σ � Fi/σ � X∗, the congruence
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ρNi /ρN onF is contained in σ , so that it is a (2, 1, 1, 1, 0)-congruence by Lemma 9.3.
Since the image of the (2, 1, 1, 1, 0)-congruence ρNi /ρN under the isomorphism ofF
and FFBR(X) coincides with the (2, 1, 1, 1, 0)-congruence generated by the defining
relations of FFBRi (X) given in Proposition 9.2(1), we have proved the following.

Theorem 9.5 For each i ∈ {ls, rs, s, p} the F-birestrictionmonoids FFBRi (X) andFi

are X-canonically (2, 1, 1, 1, 0)-isomorphic and (X ∪ X+)-canonically (2, 1, 1, 0)-
isomorphic.

Towards the coordinatization of FFBRi (X), we further put

Ii = Inv〈X ∪ X+ | ψ(Ni )〉, (9.4)

for each i ∈ {ls, rs, s, p, ∅} to be the universal inverse monoid of the (X ∪ X+)-
generated birestriction monoidFi . Note that I∅ = I. By Proposition 4.3 we have that
P(Fi ) � E(Ii ). Since Fi is F-birestriction, it is proper and thus decomposes into the
partial action product

Fi � P(Fi ) � Fi/σ � E(Ii ) � X∗, i ∈ {ls, rs, s, p, ∅}. (9.5)

We have proved the following analogue of Theorem 7.9.

Theorem 9.6 Let X be a non-empty set and i ∈ {ls, rs, s, p}. The map x �→ (x+, x)
extends to an X-canonical (2, 1, 1, 1, 0)-isomorphism

FFBRi (X) � E(Ii ) � X∗.

10 The word problem for the free (left, right) strong F-birestriction
monoids is decidable

By Theorem 9.5 and (9.5), the word problem for each of FFBRi (X), i ∈ {ls, rs, s, p},
reduces to the word problem for the inverse monoid Ii .
Proposition 10.1 For each i ∈ {ls, rs, s} the Schützenberger graphs of elements of
Ii are finite and effectively constructed. Consequently, the word problem for Ii is
decidable.

Proof We argue similarly as in the proof of Theorem 8.1 and start from the deter-
minized form of the linear graph of u ∈ (Y ∪ Y−1)∗ where Y = X ∪ X+. If it is
closed, we are done. Otherwise, we apply to it a series of elementary P-expansions
and determinizations. These include the ones considered in Cases 1 and 2 of the proof
of Theorem 8.1 and possibly other elementary P-expansions which we now describe.

Let us consider the case of Ils . It remains only to treat the relations u v = u u−1 uv,
where u, v ∈ X+. The only possibility when such a relation causes attaching a path
is when there are edges (α, u, β) and (α, uv, γ ) in the graph, but there is no edge
(β, v, γ ). Then after applying an elementary P-expansion (attaching a path from α
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Fig. 3 Illustration of a P-expansion: the case of Ils

to γ labeled by u v) and several determinizations, we arrive at the graph obtained
from the initial graph by adding the edge (β, v, γ ), see Figure 3. If applicable, we
determinize this graph and obtain a determinized graph with at most the same number
of vertices as the initial graph and with fewer number of pairs of edges of the form
(α, u, β) and (α, uv, γ ) such that the there is no edge (β, v, γ ) in the graph. It follows
that in a finite number of steps we obtain a closed graph with at most the same number
of vertices as the initial graph. This completes the proof in this case.

The case of Irs is symmetric and that of Is is a combination of the cases of Ils and
Irs .

�

We have proved following.

Theorem 10.2 The word problem for FFBRls(X), FFBRrs(X) and FFBRs(X) is decid-
able.

The word problem for FFBRp(X) could be treated quite similarly, though additional
attention is required since an elementary P-expansion based on the relation uv =
u v may cause adding new vertices to the approximate graphs of the Schützenberger
graphs. We opted to postpone treating the word problem in FFBRp(X) till Subsection
11.2, where we provide a transparent geometric model for FFBRp(X) based on the
Cayley graph of FG(X)with respect to generators X ∪ X which yields the decidability
of the word problem.

11 Geometric models of F-birestrictionmonoids

In what follows by (FG(X), X ∪ X) we denote the group FG(X) considered as an
(X ∪ X)-generated group via the assignment map x �→ x and x �→ x where x ∈ X .
Furthermore, by (FG(X), X ∪ X+) we denote the group FG(X) considered as an
(X ∪ X+)-generated group via the assignment map x �→ x and u �→ u where x ∈ X
and u ∈ X+.
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Fig. 4 The Schützenberger graph of a

Fig. 5 The Schützenberger

graph of xx2
−1

x

In this section we explore if the free X -generated F-birestriction monoids can be
embedded into quotients of the Margolis-Meakin expansions M(FG(X), X ∪ X+) and
M(FG(X), X ∪X) constructed via dual-closure operators described in Subsection 5.1.

11.1 The cases of FFBR(X), FFBRls(X), FFBRrs(X) and FFBRs(X)

We first treat the case where |X | ≥ 2 and then that where |X | = 1.

Theorem 11.1 Let |X | ≥ 2 and i ∈ {∅, ls, rs, s}. ThenFi does not admit a geometric
model.

Proof Weshow thatIi is not E-unitary for each i ∈ {∅, ls, rs, s}. For distinct elements
x, y ∈ X we put a = xy(y2)−1yx(x2)−1 and observe that [a]FG(X) = xyy−2yxx−2 =
1. If Ii were E-unitary, (5.2) would yield that the value of a inM(G, X∪X+) and thus
also in its quotient Ii would be an idempotent. However, drawing the linear graph of
a it is easy to see that it does not admit determinizations or elementary P-expansions
and is thus the Schützenberger graph of a, see Figure 4. For example, in the case of
I∅ no elementary P-expansions in the linear graph of a are possible based on its
defining relations ψ(N∅). Since the graph does not accept a2, [37, Corollary 3.2]
implies that a is not an idempotent in Ii , so that the latter is not E-unitary. It follows
from Proposition 5.8 that Fi does not admit a geometric model.

�

Proposition 11.2 Let X = {x}. Then F∅ does not admit a geometric model.

Proof Similarly as in the proof of Proposition 11.1, we see that the element xx2
−1

x
has value 1 in FG(X), but is not an idempotent in I∅ since the Schützenberger graph

of xx2
−1

x presented on Figure 5 does not accept (xx2
−1

x)2. The statement follows
applying Proposition 5.8.

�

In contrast to the previous statement, we have the following.

Theorem 11.3 Let X = {x} and i ∈ {ls, rs, s}. Then Fi admits a geometric model.
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Proof Observe that the morphismψ : Fi/σ → Ii/σ is injective since it is the embed-
ding X∗ → FG(X). Since in addition Fi is proper, Proposition 5.8(2) implies that
it suffices to show that the inverse monoid Ii is E-unitary. Putting Y = X ∪ X+ =
{x} ∪ {xk : k ∈ N}, let u ∈ (Y ∪ Y−1)∗ be such that [u]FG(X) = 1. We show that
[u]Ii is an idempotent. From now till the end of this proof we sometimes use the same
notation for words in (Y ∪ Y−1)∗ and their values in Ii . It will be always clear from
the context which objects we work with. For example, we will denote [u]Ii simply by
u.

Proposition 2.4 implies that there exist v, e ∈ (Y ∪ Y−1)∗ such that u = ve and
[e]Ii is an idempotent. We show that v can be chosen so that it does not contain
the letters x and x−1. Suppose v contains x and write v = w1xw2. Since in Ii we
have x ≥ x , it follows that x = xx∗ so that u = w1xx∗w2e = w1xw2 f e where
f = (x∗w2)

∗ ∈ E(Ii ). If v = w1x−1w2 then v−1 = w−1
2 xw−1

1 and we can similarly
rewrite u−1 = e(w−1

2 x+)+w−1
2 xw−1

1 so that u = w1x−1w2 f e with f = (w−1
2 x+)+.

Arguing by induction, the claim follows.
Therefore, we have u = y1 · · · yne where n ≥ 0, all yi are from {xk : k ∈ N} or

{xk −1 : k ∈ N} and [e]Ii is an idempotent. Since [u]FG(X) = 1 and [e]FG(X) = 1, we
have that [y1 · · · yn]FG(X) = 1 aswell. It suffices to show that y1 · · · yn is an idempotent
in Ii (then also u is an idempotent as a product of idempotents). We apply induction
on n. If n = 0, y1 · · · yn = 1, and we are done. Let n ≥ 1. We show that u can be
rewritten as a product u = z1 · · · zmgwhere 0 ≤ m ≤ n−1 and [g]Ii is an idempotent.

Case 1. Suppose that y1 · · · yn has a subword yi yi+1 = xk xm . Since xk xm =
xk+m f where f = (xkxm)∗, applying (2.5) we canwrite u = y1 · · · yi−1xk+m yi+2 · · ·
yng where [g]Ii is an idempotent.

Case 2. Suppose that y1 · · · yn has a subword yi yi+1 = xk
−1

xm
−1

. Then u−1

contains a subword xm xk , so we can write u−1 = z1 · · · zn−1g where [g]Ii is an idem-
potent. Then u = g−1z−1

n−1 · · · z−1
1 = z−1

n−1 · · · z−1
1 h where h = (g−1z−1

n−1 · · · z−1
1 )∗.

The claim follows.
Case 3. Suppose that y1 · · · yn has a subword yi yi+1 where yi+1 = y−1

i . Then
yi yi+1 is an idempotent, and using (2.5) we can write u = y1 · · · yi−1yi+2 · · · yng
where [g]Ii is an idempotent, as needed.

Case 4. Suppose that the letters from {xk : k ∈ N} and {xk −1 : k ∈ N} in y1 · · · yn
alternate and yi+1 �= y−1

i for all i . From now on we work with the case of Fls so that
Ils is left strong and satisfies

xk xl−k = xk
+
xl , (11.1)

for all l > k. We show that we necessarily have n ≥ 3. Indeed, if n = 1 then
y1 · · · yn = y1 = xk for k ∈ N which can not have value 1 in FG(X) so this case is
impossible. If n = 2, the only possibility for y1y2 to have value 1 in FG(X) is that
y2 = y−1

1 , which is excluded. It follows that n ≥ 3 and one of the products y1y2 or

y2y3 is of the form xk
−1

xl where k �= l. We consider two subcases.
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Subcase 1. Suppose that k < l. Then

xk
−1

xl = xk
−1

xk xk
−1

xl = xk
−1

xk
+
xl = xk

−1
xk xl−k = xk

∗
xl−k,

where for the third equality we used (11.1). Applying (2.5), we can move xk
∗
to the

right-hand side of the product. The claim follows.

Subcase 2. Suppose that k > l. Then u−1 contains the subword xl
−1

xk and
by the previous subcase we can write u−1 = z1 · · · zmg where 0 ≤ m ≤ n − 1
and g is an idempotent. But then u = gz−1

m · · · z−1
1 and applying (2.5) this equals

z−1
m · · · z−1

1 (gz−1
m · · · z−1

1 )∗, as needed.
The case of Frs follows by symmetry, and that of Fs by combining the cases of

Fls and Frs . �

Remark 11.4 One can show that the inverse monoids Ils , Irs and Is are in fact F-
inverse. The maximum element of the σ -class of projections is 1, and the maximum
element of the σ -class which projects down to g = xk , where k ∈ Z \ {0}, is xk , if
k > 0, and x−k

−1
, if k < 0. Since we do not use this fact in the sequel, we omit the

proof.

Remark 11.5 Let X = {x} and i ∈ {ls, rs, s}. Let ϕ and ϕ̃ be the underlying pre-
morphisms of ψ(Fi ) and Ii , respectively. By (5.9) for every t ∈ ψ(Fi ) we have
dom(ϕt ) ⊆ dom(ϕ̃t ). Let us show that the reverse inclusion also holds. Suppose that
e ∈ domϕ̃t where t ∈ X∗. If t = 1, e ∈ E(Ii ) = P(ψ(Fi )) so that e ∈ domϕ1. If
t ∈ X+ it is easy to see that the σ -class of Ii which projects onto t has a maximum
element which is the element t . It follows that e ∈ dom(ϕ̃t ) if and only if e ≤ t∗ in
which case also e ∈ dom(ϕt ). It follows from Lemma 5.6 that ψ(Fi ) is isomorphic to
E(Ii ) �ϕ̃ X∗.

Let i ∈ {ls, rs, s, ∅} and put FFBR∅(X) = FFBR(X). The results of this subsec-
tion imply that FFBRi (X) can be (X ∪ X+)-canonically (2, 1, 1, 0)-embedded into a
quotient of M(FG(X), X ∪ X+) constructed via dual-closure operators described in
Subsection 5.1 if and only if |X | = 1 and i ∈ {ls, rs, s}.

11.2 FFBRp(X) admits a geometric model and has decidable word problem

We first observe that, due to the relation uv = u v, u, v ∈ X+, Fp is in fact (X ∪ X)-
generated. Put

Fp = BRestr〈X ∪ X | x ≥ x, x ∈ X〉.
For u = x1 · · · xn ∈ X+, where xi ∈ X for all i , put u = x1 · · · xn ∈ Fp. Then Fp

is (X ∪ X+)-generated and uv = u v holds in Fp for all u, v ∈ X+. We obtain the
following.

Lemma 11.6 Fp and FFBRp(X) are (2, 1, 1, 0)-generated by (X ∪ X). They are (X ∪
X)-canonically and (X ∪ X+)-canonically (2, 1, 1, 0)-isomorphic to Fp.
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It follows that Ip is (X ∪ X)-generated and is (X ∪ X+)-canonically isomorphic to

Ip = Inv〈X ∪ X | x ≥ x, x ∈ X〉. (11.2)

Proposition 11.7 The inverse monoid Ip is E-unitary.

For the proof we will need the following lemma.

Lemma 11.8 Let u ∈ (X ∪ X−1)∗ be such that [u]FG(X) = 1. Then u is either empty
or can be written as a product

u = x1v1x
−1
1 x2v2x

−1
2 · · · xnvnx−1

n ,

where n ≥ 1 and for all i ∈ {1, . . . , n}we have that xi ∈ X∪X−1 and vi ∈ (X∪X−1)∗
with [vi ]FG(X) = 1.

Proof Suppose that u �= 1. By assumption, there is a sequence u = u0, u1, . . . , uk = 1
where k ≥ 1 and ui ∈ (X ∪ X−1)∗, 1 ≤ i ≤ k, are such that every ui+1 is obtained
from ui by removing from it a factor of the form xx−1, where x ∈ X ∪ X−1. Let
x ∈ X ∪ X−1 be the first letter of u. Then u has the letter x−1, at some position l, and
there is i ∈ {0, . . . , k − 1} such that the first letter x of u and the l-th letter x−1 of
u were not removed during the passage from u to ui , appear in ui as the factor xx−1

which is removed at the passage to ui+1. This means that we can write u = xv1x−1u′
where v1 ∈ (X ∪ X−1)∗ and [v1]FG(X) = 1. But then [xv1x−1]FG(X) = 1, so that
[u′]FG(X) = 1 as well. The statement now follows applying induction. �

Proof of Proposition 11.7 Let Y = X ∪ X . We consider Gp = Ip/σ as a Y -generated
group that is canonically isomorphic to the Y -generated group (FG(X),Y ). From
(11.2) and Lemma 4.1(2) we have that Gp = Gr〈X ∪ X | x = x, x ∈ X〉.

Let u ∈ (Y ∪Y−1)∗ be such that [u]Gp = 1.We show that [u]Ip is an idempotent. If
u = 1, this is clear, so we assume that |u| ≥ 1. The map Y → Y , given by x, x �→ x ,
extends to amorphism f : (Y∪Y−1)∗ → (X∪X−1)∗ andwe have [u]Gp = [ f (u)]Gp .
Hence f (u) ∈ (X ∪ X−1)∗ and [ f (u)]FG(X) = 1. In view of Lemma 11.8, we can
write

u = x1v1z
−1
1 x2v2z

−1
2 · · · xnvnz−1

n ,

for some n ≥ 1 where for all i ∈ {1, . . . , n} we have that xi , zi ∈ Y ∪ Y−1 are such
that f (xi ) = f (zi ) and vi ∈ (Y ∪ Y−1)∗ satisfy [vi ]Gp = 1. Arguing by induction on
the length of u, we can assume that [vi ]Ip are idempotents for all i . Since idempotents

are closed with respect to the multiplication, it suffices to prove that each [xivi z−1
i ]Ip

is an idempotent.
If xi = zi this follows from the fact that in an inverse semigroup a conjugate aea−1

of an idempotent e is itself an idempotent.
If xi = x ∈ X and zi = x , then [xivi z−1

i ]Ip = [xvi x−1]Ip = [x+xvi x−1]Ip =
[x+]Ip [xvi x−1]Ip , which is an idempotent.

If xi = x−1 ∈ X−1 and zi = x−1, then [xivi z−1
i ]Ip = [x−1vi x]Ip =

[x∗x−1vi x]Ip = [x∗]Ip [x−1vi x]Ip , which is also an idempotent.
The remaining two cases follow by symmetry. �
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Remark 11.9 One can prove that in fact Ip is F-inverse. If g = aε1
1 · · · aεn

n , ai ∈ X ,
εi ∈ {1,−1}, is a reduced word then the maximum element of the σ -class which
projects down to [g]FG(X) is [a1 ε1 · · · an εn ]Ip . We remark, however, that Ip is not
perfect F-inverse, since, for example, a a−1 �= 1 for any a ∈ X (this follows from the
description of the model of Ip, which is given below).

Theorem 11.10 Fp and Fp admit geometric models.

Proof ByProposition 11.7we have that Ip is E-unitary.Moreover, Fp/σ is isomorphic
to the free monoid X∗ and it easily follows that Ip/σ is isomorphic to the free group
FG(X). Hence the canonical morphism ψ : Fp/σ → Ip/σ is injective. Since, in
addition Fp is proper, Proposition 5.8 implies that Fp admits a geometric model. For
Fp the arguments are similar. �


Theorem 11.10 implies that FFBRp(X) can be (X ∪ X)-canonically (2, 1, 1, 0)-
embedded into a quotient of M(FG(X), X∪X) and (X∪X+)-canonically (2, 1, 1, 0)-
embedded into a quotient ofM(FG(X), X∪X+) constructed via dual-closure operators
described in Subsection 5.1.

We now describe the geometric model for Fp based on Cay(FG(X), X ∪ X). Recall
that the assignment map X ∪ X → FG(X) is given by x, x �→ x for all x ∈ X .
Similarly as in Remark 11.5 one can show that ψ(Fp) is isomorphic to E(Ip) �ϕ̄ X∗
where ϕ̄ is the underlying premorphism of Ip. The results of Subsection 5.1 imply that
E(Ip) � ρ̄(XX∪X ),whereXX∪X is the semilattice of finite and connected subgraphs of
the Cayley graph Cay(FG(X), X∪X)which contain the origin and ρ is the congruence
on M(FG(X), X ∪ X), such that M(FG(X), X ∪ X)/ρ � Ip. It follows that Fp and
thus also FFBRp(X) is (X ∪ X)-canonically (2, 1, 1, 0)-isomorphic and X -canonically
(2, 1, 1, 1, 0)-isomorphic to the partial action product

ρ̄(XX∪X ) � X∗, (11.3)

where the partial action of X∗ on ρ̄(XX∪X ) is by left translations (defined in
Subsection 5.1). To describe the semilattice ρ̄(XX∪X ), we observe that the ver-
tices of Cay(FG(X), X ∪ X) coincide with those of Cay(FG(X), X), and to each
edge (α, x, β) of Cay(FG(X), X) correspond two edges (α, x, β) and (α, x, β) of
Cay(FG(X), X ∪ X). The congruence ρ on M(FG(X), X ∪ X) is generated by the
defining relations x ≥ x , x ∈ X , of Ip. A graph 
 ∈ Xc

X∪X
is thus ρ-closed if it

satisfies the condition

if (α, x, β) is an edge of 
, then so is (α, x, β). (11.4)

It follows that the closure ρ̄(
) of 
 ∈ Xc
X∪X

is the graph obtained from 
 by adding
to it all the missing ‘twin copies’ (α, x, β) of all its edges (α, x, β) labeled by X (and
their inverse negative edges). (Remark, however, that a ρ-closed graph may contain
an edge (α, x, β) but no edge (α, x, β).) In particular, ρ̄(
) has the same vertices as

 and if 
 is finite then so is ρ̄(
). It follows that ρ̄(XX∪X ) is the semilattice of all
finite and connected subgraphs of Cay(FG(X), X ∪ X) which contain the origin and
satisfy condition (11.4).
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Corollary 11.11 The word problem for FFBRp(X) is decidable.

Proof We use the X -canonical (2, 1, 1, 1, 0)-isomorphism between FFBRp(X) and the
partial actionproduct of (11.3). Twoelements (ρ̄(
1), u), (ρ̄(
2), v) ∈ ρ̄(XX∪X )�X∗
are equal if and only if u = v and ρ̄(
1) = ρ̄(
2). Since, for 
 ∈ XX∪X , ρ̄(
) is
obtained from 
 by adding to it finitely many edges (and no vertices), it is decidable
if ρ̄(
1) = ρ̄(
2). �
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