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Abstract

Motivated by recent interest to F'-inverse monoids, on the one hand, and to restriction
and birestriction monoids, on the other hand, we initiate the study of F-birestriction
monoids as algebraic structures in the enriched signature (-, *, ¥, ™, 1) where the
unary operation (-)™ maps each element to the maximum element of its o-class.
We find a presentation of the free F-birestriction monoid FFBR(X) as a birestriction
monoid F over the extended set of generators X U X+ where X is a set in a bijection
with the free semigroup X and encodes the maximum elements of (non-projection)
o-classes. This enables us to show that FFBR(X) decomposes as the partial action
product E(Z) x X* of the idempotent semilattice of the universal inverse monoid Z
of F partially acted upon by the free monoid X*. Invoking Schiitzenberger graphs,
we prove that the word problem for FFBR(X) and its strong and perfect analogues
is decidable. Furthermore, we show that FFBR(X) does not admit a geometric model
based on a quotient of the Margolis-Meakin expansion M (FG(X), X U XT) over the
free group FG(X), but the free perfect X-generated F-birestriction monoid admits
such a model.
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1 Introduction

Restriction and birestriction semigroups! and monoids are perhaps the most far-
reaching and well studied non-regular generalizations of inverse semigroups. They
arise naturally and are useful far beyond semigroup theory, for example, in theoret-
ical computer science and in operator algebras, see [5, 6, 8, 13, 27]. F-birestriction
monoids® form a subclass of birestriction monoids and generalize F-inverse monoids,
which are especially useful in the theory of C*-algebras [22, 30, 35, 36] and, due to
recent advances such as the solution of the finite F-inverse cover problem [1] and the
development of geometric methods [2, 28, 38], have gained major importance within
the inverse semigroup theory.

F-birestriction monoids were introduced independently by Jones [19] and the first-
named author [24] and are birestriction monoids (for the introduction to the latter,
see Section 2) such that every o-class (where o is the minimum congruence which
identifies all the projections) has a maximum element with respect to the natural partial
order. It was shown by Kinyon [23] that F-inverse monoids in the enriched signature
G, -1 m 1) form a variety of algebras [2, Corollary 3.2] and we observe that so
do F-birestriction monoids in the enriched signature (-, *, ¥, ™, 1), see Section 6.
This raises the question to determine the structure of the free F-birestriction monoid
FFBR(X) and to solve the word problem for it. Since both the free F-inverse monoid
FFI(X) and the free birestriction monoid FBR(X) admit geometric models based on
the Cayley graph of the free group FG(X) (see [2, 12, 25, 28]), it is natural to wonder
if FFBR(X) admits a similar model. The aim of the present paper is to answer these
and some other related questions.

The first-named author showed in [25] that certain universal proper birestriction
monoids (which are analogues of the Birget-Rhodes prefix group expansion [3, 39])
have sufficient amount of left-right symmetry in that such a monoid S is isomorphic to a
partial action product of the idempotent semilattice of the universal inverse monoid of S
partially acted upon (by order isomorphisms between order ideals) by the monoid S/o.
To be able to extend the methods from [25] to the study of F-birestriction monoids, we
first find, adapting the idea from [28], the birestriction monoid presentations of the free
X-generated F-birestriction monoid and its left strong, right strong, strong and perfect
analogues. We prove in particular that FFBR(X) is isomorphic to the birestriction
monoid

F=BRestr(XUX* |Xx>x,xe€X, uv>uv, u,ve X"

over the extended set of generators X U X+, where X+ is a bijective copy of the free
semigroup Xt and encodes the maximum elements of (non-projection) o -classes (see
Theorem 7.8). Since F-birestriction monoids are proper ([24, Lemma 5]), the structure
result for proper birestriction semigroups (which is recalled in Theorem 2.11) implies
that F decomposes as a partial action product of its projection semilattice P(F),

1 Restriction and birestriction semigroups appeared in the literature as right restriction semigroups and
two-sided restriction semigroups, respectively. Here, just as in [26], we opted to change the terminology
and used what is in our opinion more compact and logical terminology, which is in addition consistent with
that used in the category theory literature, see, e.g., bisupport categories of [7].

2 F-birestriction monoids were called F-restriction in [19, 24].
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partially acted upon by the monoid X* (see Theorem 7.9). Building on the methods
of [25], we further show that P (F) is isomorphic to the idempotent semilattice of the
universal inverse monoid Z of F. This enables us to invoke the technique developed by
Stephen [37], which relies on Schiitzenberger graphs, and prove that the word problem
for 7 and then also for FFBR(X) is decidable (see Theorem 8.1). We also prove similar
results for the free (left, right) strong and perfect X -generated F-birestriction monoids
(see Theorems 9.6 and 10.2). L

Furthermore, we show that FFBR(X) can not be (X U X+)-canonically embedded,
as a birestriction monoid, into an E-unitary inverse monoid, which is a quotient of
the Margolis-Meakin expansion M (FG(X), X U X*) over the free group FG(X) (see
Theorem 11.1 and Proposition 11.2). The free strong F -birestriction monoid FFBR (X)
admits such an embedding if and only if | X| = 1 (see Theorems 11.1 and 11.3). Lastly,
Theorem 11.10 shows that for the free perfect F-birestriction monoid FFBR, (X) such
an embedding exists for any (non-empty) set X.

The paper is organized as follows. In Section 2 we collect the necessary prelim-
inaries. Section 3 provides a self-contained proof of the structure result for the free
birestriction monoid FBR(X) [12], based on the methods of [25]. This proof is used
in Section 4 to show that the projection semilattice of a birestriction monoid S given
by a presentation is isomorphic to the idempotent semilattice of its universal inverse
monoid. In Section 5 we study quotients of the Margolis-Meakin expansion M (G, X)
of an X-generated group G, whose maximum group quotient is G, via dual-closure
operators on the semilattice of connected subgraphs of the Cayley graph of G which
contain the origin. We further define and study the notion of a birestriction monoid
which has a geometric model based on an E-unitary quotient of M (G, X) over G.
Further, in Section 6 we show that F-birestriction monoids in the enriched signature
(-, *, T, ™, 1) form a variety of algebras and define the varieties of left strong, right
strong, strong and perfect F-birestriction monoids. In Sections 7 to 10 we obtain a
coordinatization of FFBR(X) and its left strong, right strong, strong and perfect ana-
logues, which is then used to show that the word problem for all these F-birestriction
monoids is decidable. Finally, Section 11 treats the questions if FFBR(X) and its left
strong, right strong, strong and perfect analogues admit geometric models based on
the Cayley graph of the free group FG(X) with respect to generators X U X+ or X UX.

For the undefined notions in inverse semigroups we refer the reader to [29, 34], in
birestriction semigroups to [16, 17], and in universal algebra to [4].

2 Preliminaries
2.1 Birestriction semigroups

We start from recalling the necessary background about birestriction semigroups. For
more information, see the survey [171.3

3 We remind the reader that we have updated the terminology and what we call restriction, corestriction and
birestriction semigroups appeared in the literature as right restriction (or weakly right ample) semigroups,
left restriction (or weakly left ample) semigroups and two-sided restriction (or weakly ample) semigroups,
respectively.

@ Springer



212 Page4of36 G. Kudryavtseva, A. Lemut Furlani

Definition 2.1 (Restriction and corestriction semigroups) A restriction semigroup is
an algebra (S; -, *) of type (2, 1) such that (S; -) is a semigroup and and the following
identities hold:

xx® = x, Tyt =y, ey = atyT, Xty =y 2.1)

Dually, a corestriction semigroups is an algebra (S; -, 7) of type (2, 1) such that
(S; -) is a semigroup and the following identities hold:

xtx=x, xtyT =yTat, Tyt =xTy Tt ot = ()T (22)

Definition 2.2 (Birestriction semigroups) A birestriction semigroup is an algebra
(S; -, *, ) of type (2, 1, 1), where (S; ., ) is a restriction semigroup, (S; -, *)isa
corestriction semigroup and the following identities, which connect the operations *
and T, hold:

@H* =xT, T = x*. (2.3)

If a birestriction semigroup has an identity element, we call it a birestriction monoid
and regard it as an algebra of signature (-, *, *, 1). Morphisms and subal gebras of such
algebras will be taken with respect to this signature. To emphasize this, we sometimes
refer to, e.g., morphisms of birestriction monoids as (2, 1, 1, 0)-morphisms.

Let X be aset, S a birestriction monoidand ts: X — S amap called the assignment
map. We say that S is X-generated via ts if S is (2, 1, 1, 0)-generated by t5(X) (in
the sense of [4, Definition 3.4]).

Let S be a birestriction semigroup. It follows from (2.3) that the sets S* = {s*: s €
S}and ST = {sT: s € S} are equal. We denote P(S) = S$* = S* and call elements
of P(S) projections. It is easy to see that P(S) is a semilattice withe A f = ef. Every
projection is an idempotent, but an idempotent does not need to be a projection. Note
thate™ = e* = eforalle € P(S).

Any inverse semigroup S is a birestriction semigroup if one puts x* = x~!x
and x* = xx~!. In particular, any semilattice E is a birestriction semigroup with
e*=et =cforalle € E.

A reduced birestriction monoid is a birestriction semigroup with only one projection
which is necessarily the identity element. Any monoid M is a reduced birestriction
monoid if one puts x* = x* = 1 forall x € M.

Let S be abirestriction semigroup. One can easily check that the following identities
hold for all s, € S and e € P(S):

(st)* = (s*0)*, (st)T = (stT)T, (2.4)
es = s(es)*, se = (se)7Ts, (2.5)
(se)* = s™e, (es)t =esT. (2.6)

The natural partial orderon S is defined by s < ¢ if and only if there existse € P(S)
such that s = et or, equivalently, there exists f € P(S) such thats = ¢f. It is easy to
see (and well known) that s < ¢ holds if and only if s = 7s*, which is equivalent to
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s = sTt. Furthermore, if s, f,u € S and s < ¢ then su < tu, us < ut, s* < t* and
sT < tT. We will use these facts throughout the paper without further mention.

The elements s,¢ € § are said to be bicompatible, denoted s < ¢, provided that
st* = ts* and t*s = s*t. The minimum congruence o which identifies all the
projections (so that S/o is the maximum reduced quotient of S) is given by s o ¢
provided that es = et for some e € P(S) or, equivalently, se = te for some e € P(S).
Equivalently, s o ¢ if and only if there is u € S such that u < s, t. We denote the
o-class of an element s € S by [s],. Note that s < ¢t implies s o ¢, forall 5,7 € S.

Definition 2.3 (Proper birestriction semigroups) A birestriction semigroup S is called
proper, if the following two conditions hold:

(1) ifs*=¢r*and s o t thens = ¢,
(2) ifst =tTands o t thens = 1.

Proper birestriction semigroups generalize E-unitary inverse semigroups. It is
known and easy to see that S is proper if and only if o coincides with the relation <.
The following observation will be needed in the sequel.

Proposition 2.4 Let S be an X -generated birestriction monoid. Then:

(1) Sis (XU P(S))-generated as a monoid.
(2) Everyu € S can be written as u = ev = wf wheree, f € P(S) and v, w belong
to the X -generated submonoid of S.

Proof (1) We show that every element s € S can be written as a product of elements
from X U P(S). If s = 1,5 € X ors € P(S), this clearly holds. Otherwise, we can
write s = t] - f» and the statement easily follows applying inductive arguments.

(2)Letu € S. By part (1) we can write u = ugejuj - - - e,u,, where u; belong to the
X-generated submonoid of S and e¢; € P(S) for all i. In view of (2.5), the statement
follows. m]

2.2 Partial monoid actions by partial bijections and premorphisms

Here we collect the necessary preliminaries on partial actions of monoids. For a com-
prehensive survey on partial actions, the reader is referred to [10].
The following definition is taken from [25, Definition 2.2].

Definition 2.5 (Premorphisms) A premorphism from a monoid M to a birestriction
monoid S is amap ¢ : M — § such that the following conditions hold:

(PM1) (1) =1,
(PM2) p(m)p(n) < ¢(mn),forallm,n € M.

Condition (PM2) is equivalent to each of the following two conditions:

(PM2a) o(m)e(n) = (mn)(p(m)pn))*, forallm,n € M,
(PM2b) @(m)p(n) = (e(m)en))Te@mn), forall m,n € M.

For the next definition, we introduce the following conditions:
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(LPM) @o(m)p(n) = o(m)To(mn), forallm,n € M,
(RPM) ¢(m)p(n) = e(mn)en)*, forallm,n € M.

Definition 2.6 (Left strong, right strong and strong premorphisms) A premorphism
¢: M — § from a monoid M to a birestriction monoid S is called left strong (resp.
right strong), if it satisfies condition (LPM) (resp. (RPM)). If it is both left and right
strong, it is called strong.

If ¢ is a premorphism from a monoid M to the symmetric inverse monoid Z(X),
we denote ¢(m)(x) by ¢, (x), form € M and x € X. Premorphisms from M to Z(X)
are equivalent to partial actions of M on X by partial bijections, which we now define.

Definition 2.7 (Partial actions of monoids) Let M be a monoid and X a (non-empty)
set. We say that M acts partially on X (from the left) if there exists a partial map (that
is, amap defined on a subsetof M x X) M x X — X, (m, x) — m-x which satisfies
the following conditions:

(PA1l) if m-x andn- (m-x) are defined, then nm - x is defined and n- (m - x) = nm - x,
forall m,n € M and x € X;
(PA2) 1 - x is defined and equals x, for all x € X.

If for all m € M the partial map X — X, x — m - x is injective, we say that M acts
on X by partial bijections.

A partial action M x X — X by partial bijections, (m, x) +— m - x corresponds to
the premorphism ¢ : M — Z(X) such that m - x is defined if and only if x € dom(¢,;,)
in which case ¢, (x) = m - x. In fact, the premorphism ¢ determines not only the left
partial action -, but also the right partial action o such that x o m is defined if and only
if x € ran @, = dom ¢, ! in which case x om = O !(x). Each of the partial actions
- and o determines ¢ and thus each of them determines the other, see [24] for details.

Conditions (LPM) and (RPM) have the following counterparts in terms of partial
actions:

(LSPA) ifmn-x and (mn-x)om are defined, thenm - (n-x) is defined, forallm,n € M
and x € X,

(RSPA) if mn - x and n - x are defined then m - (n - x) is defined, for all m, n € M and
x € X.

Definition 2.8 (Left strong, right strong and strong partial actions by partial bijections)
We say that the partial action - of a monoid M on a set X by partial bijections is left
strong (resp. right strong or strong) if its corresponding premorphism ¢ is left strong
(resp. right strong or strong) or, equivalently, if it satisfies (LSPA) (resp. (RSPA) or
both (LSPA) and (RSPA)).

We now recall the well-known definition of a partial action of a group and compare
it with the above definitions.

Definition 2.9 (Partial group actions) Let G be a group and X a set. We say that G
acts partially on X if there exists apartialmap ¢ : G x X — X, (g, x) > g-x such
that conditions (PA1), (PA2) and the following additional condition hold:
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(PA3) if m - x is defined, then m—1 - (m - x) is defined and m ! - (m - x) = x, for all
meGandx € X.

Remark 2.10 Note that a partial action of a group G on a set X is automatically by
partial bijections. It was observed by Megrelishvili and Schroder in [33] that if the
monoid M is a group, (PA1), (PA2) and (PA3) hold if and only if (PA1), (PA2) and
(LSPA) hold. That is, a partial group action is a left strong partial monoid action (of
this group). One can show that, for a group, (LSPA) is equivalent to (RSPA), so the
notions of left strong, right strong and strong partial actions coincide. Therefore, strong
partial monoid actions by partial bijections are a generalization of usual partial group
actions.

2.3 The structure of proper birestriction semigroups in terms of partial actions

Let P be a poset. A non-empty subset / of P is said to be an order ideal, if x < y and
y € I imply that x € I, forall x,y € P. For p € Pwe put p¥ := {qg € P: ¢ < p}
to be the principal order ideal generated by p. A map f: P — O between posets is
called an order isomorphism, if x < y is equivalent to f(x) < f(y),forallx,y € P.

Let now Y be a semilattice and M a monoid. By X(Y) we denote the inverse
semigroup of all order isomorphisms between order ideals of Y. Partial actions of M
on Y by order isomorphisms between order ideals correspond to premorphisms from
M to 2(Y).Letp : M — X(Y) be such a premorphism. On the set

Y oM ={(e,m) €Y x M: e € ran g}
define the following operations:
(e,m)(f,n) = (@u(gy,' (@) A f),mn), @7

(e,m)t = (e, 1), (e,m)* = (¢, (e), 1).

Then Y x, M with the operations -, * and T is a proper birestriction semigroup with
P(Y %y M) = Y via the map (y, 1) + y. If Y has the top element 1 then ¥ x, M
is a monoid with the identity element (1, 1). The congruence o on Y X, M is given
by (e,m) o (f,n) if and only if m = n, so that (Y x, M)/o ~ M via the map
(y, m) — m. If the partial action ¢ is understood, we will denote ¥ x, M simply by
Y M.

Furthermore, each proper birestriction semigroup § arises in this way, as follows.
Define the premorphism ¢ : S/o — X (P(S)), called the underlying premorphism of
S, by setting, forallm € S/o,

dom ¢, = {e € P(S): there exists s with [s], = m such that e < s*},

¢m(e) = (se)™, where e € dom ¢, and s is such that [s], =m and e < s*.
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Theorem 2.11 [9, 24] Let S be a proper birestriction semigroup. Then the map f :
S — P(S) Xy, S/o, given by s > (s*, [sle), is a (2,1, 1)-isomorphism. If S is a
birestriction monoid then f is a (2, 1, 1, 0)-isomorphism.

For a generalization of Theorem 2.11 to proper extensions of birestriction semigroups,
see [11].

Let G be a group which acts partially (in the sense of Definition 2.9), by order
isomorphisms between order ideals, on a semilattice Y. Then Y x G has the structure
of an inverse semigroup if one defines (e, g)_l = ((pg_l (e), g‘l). This is an E-unitary
inverse semigroup with the maximum group quotient isomorphic to G. Furthermore,
for an E-unitary inverse semigroup S the statement of Theorem 2.11 specializes to a
variation, due to Kellendonk and Lawson [21], of the classical McAlister’s P-theorem
[31].

2.4 F-birestriction monoids

We recall the following definition [19, 24].

Definition 2.12 (F-birestriction monoids) A birestriction semigroup is F -birestriction
if every its o -class has a maximum element with respect to the natural partial order.

It is easy to check (or see [24]) that an F-birestriction semigroup is necessarily
proper and is a monoid. Let S be an F-birestriction monoid and s € S. Following [2],
we denote the maximum element of the o-class of s by s™.* For an F-birestriction
monoid S let the map 7 : S/o — S be given by s — t™ where ¢ € S is such that
o%(t) = 5. By [25, Lemma 5.1] T is a premorphism.

Definition 2.13 (Left strong, right strong, strong and perfect F -birestriction monoids).
We call an F-birestriction monoid

— left strong (resp. right strong or strong) if the premorphism t is left strong (resp.
right strong or strong),
— perfect if the premorphism t is a monoid morphism.

It follows from [25, Proposition 5.2] that 7 is strong (resp. left strong, right strong or
perfect) if and only if the underlying premorphism of § is strong (resp. left strong, right
strong or perfect). Remark 2.10 implies that any F-inverse monoid is automatically
strong, so that the classes of left strong, right strong and strong F-inverse monoids
coincide with the class of all F-inverse monoids. Hence, not only the class of F-
birestriction monoids, but also each of the classes of left strong, right strong and strong
F-birestriction monoids generalizes the class of F-inverse monoids. Note, however,
that perfect F-inverse monoids form a proper subclass of F-inverse monoids (each
perfect F-inverse monoid is in fact a semidirect product of a semilattice and a group,
see [2]), so that the class of perfect F-birestriction monoids generalizes the class of
perfect F-inverse monoids, but not that of all F-inverse monoids.

4 We alert the reader that the notation s™ differs from the respective notation in each of the works [19, 25,
28].
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3 The structure of the free birestriction monoid FBR(X)

Let X be a non-empty set and X! = {x~': x € X} a disjoint bijective copy of X.
By (XUX ~1)* we denote the free involutive monoid over X. The involution ()71
on (X UX H*is given by I =1and (x;---x,)" ! = xn_l ---xl_l where n > 1
andx; € XUX 'foralli.Ifu € (XU X H* and S is an X-generated inverse
monoid (in particular a group) by [u]s we denote the value of u in S. We identify
elements of the free X-generated group FG(X) with reduced words g € (X U X~1)*.
In this section we denote the value of a reduced word u € (X U X _1)* in the free
X-generated inverse monoid FI(X) and in FG(X) by the same symbol u, it will be
always clear from the context elements of which objects are considered. For reduced
words u, v € (X U X~ 1* we write (uv), for the reduced form of uv.

Itis well known that FI(X) is an F-inverse monoid and the maximum element of the
o-class which projects down to the reduced word g € FG(X) equals g. Furthermore,
FI(X)/o ~ FG(X) and

FI(X) ~ E(FI(X)) x FG(X).

The partial action of FG(X) on E(FI(X)) simplifies to

e € domg, if e < g* in which case g4(e) = (ge)T. 3.1
In addition,
e € domgo(;1 if e < g in which case w;l(e) = (eg)”*. 3.2)
Since
(e.u)(f.v) = (puley (€ ), (wv),) (by (2.7))
= (pu((er)* f), (uv),) (by (3.2))
= ((u(ew)* )T, (uv),) (by (3.1))
= ((euf)", (uv),) (by (2.5))
= (euf)*, (uv),) (by (2.6)),

the operations on E(FI(X)) x FG(X) are given by

(e, u)(f,v) = ()T, (uv)y), (e, )™ = ((ew)*, u™"), (3.3)
(e, )* = ((ew)*, 1), (e,u)t = (e, 1), (3.4)

and the identity element of E(FI(X)) x FG(X) is (1, 1). Since the partial action of
FG(X) on E(FI(X)) restricts to X*, the subset

EFI(X)) x X* = {(e, u) € E(FI(X)) x FG(X): u € X*}

is closed with respect to the multiplication, the unary operations * and ™ and contains
the identity element. It is thus a birestriction submonoid of E (FI(X)) x FG(X). In this
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section we show that it is isomorphic to the free birestriction monoid FBR(X). This
result was first proved in [12] and then generalized in [25] using different methods.
Here we present a direct and self-contained proof of this result based on the approach
of [25]. The constructions involved will play an important role in subsequent sections.
The next lemma is inspired by [25, Proposition 7.10].

Lemma 3.1 The birestriction monoid E (FI(X)) x X* is X-generated via the map
x> (xT, x).

Proof Let (e,u) € E(FI(X)) x X* where u = x;---x, € X*. Since (e,u) =
(e, D(ut,u) = (e, D(x;", x1) -+ (x;F, xp), it suffices to prove that (e, 1) can be writ-
ten as a term in generators. We argue by induction on the smallest length n of a word
vover XU X Lsuchthatv* = v lv=einFI(X).Ifn =0, (¢, 1) = (1, 1), and we
are done. Suppose that n > 1 and that the claim is proved for e = v* where |v| < n.
Ife = (wx)* = (w*x)*, where |[w| = n and x € X, we have:

(e, 1) = (w*x)*, 1) (by the choice of e)

= ((w*x"x)*, 1) (by (2.2))

= (W) " 0)* 1) (by (2.6))

= ((w*x)™, x)* (by (3.4))

= ((w*, DT, x)* (by (2.6) and (3.3)).
Similarly, if ¢ = (wx~!)*, where |w| = n and x € X, we have (e, 1) =
((x*, x)(w*, 1))*. The statement now follows applying the inductive assumption.

m}
The next result is similar to the well-known result about E (FI(X)) x FG(X).

Proposition 3.2 (1) Let (e, u), (f,v) € E(FI(X)) x X*. Then (e,u) o (f,v) if and
only ifu = v.

(2) E(FI(X)) x X* is an F-birestriction monoid with (u™, u) being the maximum
element in the o -class of (e, u).

Proof (1) 1t is easy to see that (e,u) < (f,v) if andonly if u = vand e < f. So
if (e, u) and (f, v) have a common lower bound, we must have u = v. On the other
hand, if u = v then (ef, u) < (e, u), (f, u).

(2) Since (e, u) € E(FI(X)) x X* ifand only if e < u™ and in view of part (1), the
element (ut, u) is the maximum element in its o -class. O

Proposition 3.3 The map ©: X* — EFI(X)) x X*, given by u — (™, u), is a
monoid morphism. Consequently, E(FI(X)) x X* is a perfect F-birestriction monoid.

Proof For any u, v € X* we have

@b, Wy, v) = @ @vH™, uv) (by (3.3))
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= (W uvH, uv) (by (2.6))
= ((uv)*, uv) (by (2.2) and (2.4)),

as needed. |

We remark, however, that there is no analogue of Proposition 3.3 for the premor-
phism 7: FG(X) — E(FI(X)) x FG(X) given by g — (g%, g). Indeed, we have

e H =0 T =T D =@t D £,
=7(1) = t((xx1),).

We now formulate the main theorem of this section.

Theorem 3.4 E(FI(X)) x X™* is canonically (2, 1, 1, 0)-isomorphic to the free bire-
striction monoid FBR(X).

To prove Theorem 3.4, we prove that E(FI(X)) x X* has the universal property
of FBR(X). Let F be an X-generated birestriction monoid. We aim to construct a
canonical (and necessarily surjective) (2, 1, 1, 0)-morphism E(FI(X)) x X* — F.

For this, we define the map D: FI(X) — P(F), which is a variation of the con-
struction from [25]. We first define the map D: (X U X~ 1)* — P(F),u — D,
recursively on the length |u| of the word u. If |u| = O then u = 1, and we put D,, = 1.
Let now |u| > 1 and write u = v where || = |u| — 1 and v € X U X~!. We then
put:

| Dgx)*,  ifv=xe€X,

= 3.5
! @Dpt, ifv=xlex 1 (3-5)

Remark 3.5 Applying induction and (2.4), it is easy to see that (3.5) remains valid if
u=idvwhereve XTU(XHL

If, for example, X = {a, b, c,d, e, f} and u = ac™'b~'def = a(bc)~'def then

Dy = (Dypey-1def)* = ((beDy) def)* = ((bea®)def)*.

The following is immediate from the definition.
Lemma 3.6 If D, = D, then Dy, = Dy, for any u, v, w € (X U X~1)*,

We aim to show that the map D factors through the defining relations of FI(X):

uu" 'y = u, uu v = v tuu™! forall u,ve (XU X_l)*.
We first prove the following auxiliary lemmas.

Lemma 3.7 Suppose u,v € (X U X~ 1)*. Then D D,D,-1.

uvv—! =
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Proof We argue by induction on |v|. If |v| = 0 we have v = 1, and there is nothing to
prove. Suppose now that v = x for # € (X U X~ 1)* with |[§| > 0Oandx € X U X!,
Suppose first that x € X. Then D,;(,5)-1 can be rewritten as

Dyygg—t-1 = (Dyp-1) " (by (3.5))
= (xDyx Dy )t (by the induction hypothesis)
= (x(Dyx)*Dy-1)* (by (3.5))
= (DyxDy-1)" (by (2.5))
= D,(xDy-1)" (by (2.6))
= DyDj-1,-1 = Dy D -1 (by (3.5)),
as needed. If x € X~!, the argument is symmetric. O

Lemma3.8 Lets, 1, u,v € (X UX Y~ Then:

(1) Dsuu*lvvflt =D
(2) Dsus =D

svv’luu’lt’

suu—lut-

Proof (1) In view of Lemma 3.6, it suffices to prove that

D, u-100-1 = Dgyp—14u-1- 3.6)
By Lemma 3.7 the left-hand side of (3.6) is equal to Dy,,,,—1 D,-1 = DgD,-1 D, -1 and
the right-hand side of (3.6) is equal to Dy D,-1D,-1. These are equal, as projections
of F commute.

(2) We argue by induction on |u|. If u = 1, there is nothing to prove. Suppose
|u| > 1 and write u = ax, withz € (X U X~DH*and x € X U X~!. We have:

Ds(ﬁx)(ﬁx)‘l(ﬁx)l = Dygxx—1i-1Gxs (since (ab)_l = b_la_l)
= Dsﬁﬁflﬂxxflxt (by part (1)
= Dgjyx—1x: (by the induction hypothesis)
= Dyijixt (by the induction hypothesis),
as needed. O

It follows that map D : (X U X~bH* > P(F) gives rise to a well defined map
D: FI(X) — P(F). The following is immediate by Lemma 3.7.

Proposition 3.9 For any v € FI(X) and e € E(FI(X)) we have:

(1) Dy-1 = Dyy-1 = Dy,
(2) Dy = D,-1, = Dy,
(3) DyD, = Dy,.

We record the following important consequence of Proposition 3.9.
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Corollary 3.10 The map D: FI(X) — P(F) restricts to the morphism of semilattices
D: E(FI(X)) — P(F).

We are now in a position to prove the universal property of E(FI(X)) x X*.

Proposition 3.11 Let F be an X-generated birestriction monoid. The map
V: EFI(X)) x X* — F, (e,u) — D.u, 3.7

is a canonical (2, 1, 1, 0)-morphism.

Proof The map W clearly respects the identity element. We show that it respects the
operations *, T and the multiplication. Let first (e, ) € E(FI(X)) x X*. We calculate:

(W(e,u))" = (Deu)* (by (3.7))
= Doy = D(ewy* (by Remark 3.5 and Proposition 3.9(2))
= W((ew)*, 1) = W((e,u)") (by (3.7) and (3.4)).

Since e € ran ¢,, we have e < u™. Then:

D, < D,+ (by Corollary 3.10)
=D, (by Proposition 3.9(1))
=u" (by Remark 3.5).

Therefore,
(W(e,u)™ = (Dou)T = Dou™ = D, = W(e, 1) = W ((e, u)™).
Let now (e, ), (f,v) € E(FI(X)) x X*. Applying (3.3) and (3.7), we have:
W((e, u)(f,v) = W(ef) ', uv) = D p+uv. (3.8)

On the other hand, we have:

Ve, )¥W(f,v) = DeuDysv (by (3.7))
= D, (uDy) uv (by (2.5))
= DeDfu—] uv (by Remark 3.5)
= DD, r)+uv (by Proposition 3.9(1))
= De(up)+uv (by Proposition 3.9(3)),

so that W preserves the multiplication. Finally, ¥ is canonical since, in view of (3.7)
and (3.5), we have W(x ™, x) = D,+x = xTx = x. O
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It follows that E(FI(X)) x X* has the universal property of the free X-generated
birestriction monoid FBR(X) and is thus canonically isomorphic to FBR(X). This
completes the proof of Theorem 3.4.

We thus have a pair of X-canonical isomorphisms

W: E(FI(X)) x X* — FBR(X), W™':FBR(X) — E(FI(X)) x X*.
It follows from (3.7) that that W (e, 1) = D,, so that W~ (D,) = (e, 1). Writing
W FBR(X) — E(FI(X)) x X* € E(FI(X)) x FG(X) ~ FI(X)
where the latter isomorphism is canonical, we obtain the canonical embedding
¥ : FBR(X) — FI(X)
satisfying ¥ (D,) = e for all e € E(FI(X)). It follows that
Y P(FBR(X)) — E(FI(X))
is an isomorphism of semilattices whose inverse isomorphism is
D: E(FI(X)) — P(FBR(X)).

‘We now summarize the results of this section.

Theorem 3.12 (1) The birestriction monoid E(FI(X)) x X* is X-generated via the
map x +— (xT, x).

(2) EFI(X)) x X* (and thus also FBR(X)) is perfect F-birestriction with (u™, u)
being the maximum element in its o -class.

(3) The map X* — E(FI(X)) x X*, given by u — (u™, u), is a monoid morphism.

(4) The canonical morphism FBR(X) — E(FI(X)) x X* is an isomorphism with the
inverse ¥ : E(FI(X)) x X* — FBR(X) given in (3.7).

(5) The canonical (2,1, 1, 0)-morphism

¥ FBR(X) — FI(X)

restricts to the isomorphism of semilattices ¥ : P(FBR(X)) — E(FI(X)) with the
inverse isomorphism D: E(FI(X)) — P(FBR(X)).

4 Projections of an X-generated birestriction monoid

As usual, we denote presentations of inverse monoids, monoids and groups by Inv(X |

R), Mon(X | R) and Gr(X | R). By BRestr(X | R) we will similarly denote the
birestriction monoid generated by a set X subject to a set of relations R of the form
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u = v where u and v are elements of FBR(X). By definition BRestr(X | R) is the
canonical quotient of FBR(X) by the congruence generated by the set

{(u,v): u = visarelation in R}.

Lemma4.1 (1) BRestr(X | R)/o ~ Mon(X | 6%(R)), where c": FBR(X) — X* is
the quotient morphism.

(2) Inv(X | R)/o =~ Gr{X | 6°(R)) where o%: FI(X) — FG(X) is the quotient
morphism.

Proof Since BRestr(X | R) satisfies relations R, any its X-canonical monoid quo-
tient must satisfy relations o%(R), which implies (1). The second statement follows
similarly. O

Let S be a birestriction monoid given by the presentation
S = BRestr(X | R).

The X-canonical morphism v : FBR(X) — FI(X) maps the relations R to the relations
¥ (R) on FI(X). By S we denote the universal inverse monoid of S which is given by
the presentation

S =Inv(X | ¥(R)). 4.1
By the definition, the identical map on X extends to an X-canonical (2,1, 1, 0)-
morphism ¢: § — S and every X-canonical (2, 1, 1, 0)-morphism from S to an
X-generated inverse monoid canonically factors through S. The morphism ¢ : § — §
restricts to the morphism of semilattices | p(sy: P(S) — E(S‘).

Lemma4.2 The map D: FI(X) — P(FBR(X)) induces a well defined map D : S —
P(S).

Proof Letu = v be arelation from R and s, ¢ € FI(X). We show that the map D takes
sy (u)t and sy (v)t to the same element of P(S).

By Proposition 2.4 every u € FBR(X) can be written as u = ea where e is a
projection and a is a product (possibly empty) of elements of X. So we work with a
relation ea = fb, where e, f are projections and a, b € X*, and aim to show that

Dyy eayr = Dsy (b 4.2)

In view of Lemma 3.6, we can assume that + = 1. Since a,b € X* and ¥ acts
identically on X, we have that ¢ (X*) is canonically isomorphic to X*. We have:

Dsw(w) = Dﬂp(e),/,(a) = (Dsw(g)a)* (by Remark 3.5)
= (Ds Dy (0ya)* (by Proposition 3.9(3))
= (Dysea)* (by Theorem 3.12(5))
and similarly Dyy(rp) = (D fb)*. Since ea = fb holds in S, (4.2) follows. O
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The diagram below illustrates the maps v and D, along with the canonical quotient
maps which are presented by vertical arrows.

v
PFBR(X))  E(FIX))

M/

D
oy
P) T P E®
\/

D

Applying Theorem 3.12(5), we obtain the following statement.

Proposition 4.3 The maps y: P(S) — E(S)and D: E(S) — P(S) are well defined
and are mutually inverse isomorphisms of semilattices.

5 Geometric models of birestriction monoids

5.1 E-unitary inverse monoids via dual-closure operators on Cayley graphs of
groups

Let G be an X-generated group. The edge of the Cayley graph Cay(G, X) from the
vertex g to the vertex h = g[x]g labeledby x € XU X! will be denoted by (g, x, h).
Let Xy be the set of all finite and connected subgraphs of Cay(G, X) containing the
origin. This is a semilattice with A < B if and only if A © B, its top element is the
graph I'; with only one vertex, 1, and no edges. The Margolis-Meakin expansion [32]
M (G, X) of G is the inverse monoid

M(G,X)={T,g): T € Xx, gisavertex of '}

with the identity element (I"{, 1) and the operations of the multiplication and inversion
given by
(A, g)(B.h)=(AUgB,gh), (A,9)"'=(g'A.g7").

It is well known (see, e.g., [28, Proposition 2.1(6)]) that M (G, X) decomposes as a
partial action product
M(G,X)=Xx xG, (GR))

—1 s a vertex of

where G act partially on X’y so that g o I' is defined if and only if g
I in which case g o I is the left translation gI" of T by g.

The underlying premorphism ¢: G — X(E(M (G, X))) of M(G, X) is given as
follows. For g € G we have that dom(¢gg) consists of all (I', 1) for which there is
(I, 8) € M(G, X) such that (I, 1) < (I, 9)* = (¢7'T", g H(I", 9) = (¢7'T", ),
which holds if and only if I € gT'. Since I'” must contain the origin, I’ must contain
g~ ! as a vertex. If the latter holds one can put I'' = gI'. So dom(gp,) consists of all

(T, 1) € E(M(G, X)) where I has g~ ! as a vertex. For such a pair (T", 1) we have that
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@e(I, 1) = (gL, o)(T, )T = (gI, ) = (gT", 1). So ¢, just performs the partial
action by left translation by g on the first component of (T, 1), described just after (5.1).
This means that the underlying partial action of M (G, X) is equivalent to the partial
action of G on Xx by left translations via the isomorphism E(M (G, X)) — Xy,
T, 1)—T.

Furthermore, M (G, X) is X-generated via the assignment map x +— (I'y, [x]g)
where I', is the graph which has two vertices, 1 and [x]g, and one positive edge
(1, x, [x]g). The universal property of M (G, X) says that for any X-generated E-
unitary inverse monoid S such that S /o is canonically isomorphic to G, we have that
S is a canonical quotient of M (G, X). The defining relations of M (G, X) (see [32,
Corollary 2.9]) are

[u]%l/I(G,X) = [ulm(G,x) whenever [u]lg =1, (5.2)

where u runs through (X U X ~1)*,
For a congruence p on M (G, X) which satisfies the condition

lmG.x) o Wine.x) = [ule = [vlg, forallu,v e (X UX~H*, (5.3)

weput M, (G, X) = M(G, X)/p.Since the canonical quotient morphism M (G, X) —
G factors through M, (G, X), we have M, (G, X)/o =~ G. We obtain the following.

Proposition 5.1 Let G be an X-generated group. For an X -generated inverse monoid
S the following statements are equivalent:

(1) S is a canonical quotient of M(G, X) and S/o is canonically isomorphic to G.
(2) S ~ M, (G, X) for some congruence p on M(G, X) satisfying (5.3).
(3) S is E-unitary and S /o is canonically isomorphic to G.

Let XS, be the semilattice of all connected (and not necessarily finite) subgraphs of
the Cayley graph Cay(G, X) which contain the origin with the order givenby A < B
if and only if A D B. A dual-closure operator j: X5, — XY is a function which is:

e contracting, thatis, j(I') < T, forall T € A%,
e monotone, that is, 'y < 'y implies j(I'1) < j(I'2), forall 'y, 'y € A%,
e idempotent, that is, j2(I') = j(I'), forall T e A%
We say that a graph I" € X% is p-closed if whenever [uly (G, x) p [VIm(G,x), where

u,v € (X UXYH* we have that for any two vertices «, 8 of I', the graph I" has a
path from « to g labeled by u if and only if it has a path from « to § labeled by v.

Lemma5.2 Let p be a congruence on M(G, X) satisfying (5.3) and T' € X Then
there is a unique minimal p-closed graph T, € X, which contains T.

Proof Note that Cay(G, X) has a path from a vertex « to a vertex 8 labeledby u € (XU
X_l)* precisely when 8 = afulg. If [ulm:G.x) o [VIlmG x) then aulc = afvlg,
so that Cay(G, X) is p-closed and contains I'. Furthermore, if I'; € A%, i € I, is the
list of all p-closed subgraphs of A% which contain I', then the connected component
Iy of N;eI'; which contains I' is a p-closed connected subgraph, so there is i such
that I', = I';, and the statement follows. O
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It is routine to verify that the assignment I' — I, defines a dual-closure operator
on Xg(, which we denote by p. Moreover, we have that

T1,81) p I'2,82) < g1 =g and p(I') = p(I'2).

It is easy to see that p(Xx) is a semilattice and that G acts partially on it by left
translations. This implies that the map M (G, X) — p(Xx) x G, given by (I, g) —
(p(I'), g), is a monoid morphism with kernel p. It follows that

M,(G, X) >~ p(Xx) ¥ G. 5.4

A slightly different, but equivalent, approach to the construction of M, (G, X) was
recently suggested by Szakdcs in [38].

5.2 Birestriction monoids which admit a geometric model

Let S be an X-generated birestriction monoid given by the presentation § =
BRestr(X | R) and S be its universal inverse monoid (see (4.1)). It follows from
Lemma 4.1 that the group S/o is the universal group of the X-generated monoid
S/o. That is, the identical map on X extends to an X-canonical monoid morphism
v:S/o — S /o and every X-canonical morphism from S /o to an X-generated group
canonically factors through S/o.

The following statements deal with proper birestriction semigroups, see Definition
2.3.

Lemma 5.3 If S is proper, the morphism r: S — § is injective on o-classes of S.

Proof Suppose a o b and v (a) = ¥ (b). Then ¥ (a)™ = ¥ (b)* and by Proposition
4.3 we have a™ = b™. Since § is proper, we conclude that a = b. |

Proposition 5.4 (1) If the morphism yr: S — S is injective then so is the morphism
Vv:S/o — S)o.

(2) Suppose S is proper. If the morphism V= S/o — S/o is injective then so is the
morphism ¥ : S — §.

Proof (1) Suppose ¥: S — Sis injective and let a, b € S be such that ¥ (a) o ¥ (b).
This means that { (a)e = 1 (b)e for some e € E(S‘). Since e = ¥ (D,) by Proposition
4.3, it follows that ¢ (a)y¥(D.) = ¥ (b)¥(D,) which is equivalent to ¥ (aD,) =
Y (bD,). Since ¥ is injective, it follows that aD, = bD,, so that a ¢ b, as needed.
(2) Since ¥ : S/o — S/o is injective, it takes elements from distinct o -classes to
distinct o'-classes. This and Lemma 5.3 imply that v : § — S is injective. O

Proposition 5.5 A birestriction semigroup, which (2, 1, 1)-embeds into an E-unitary
inverse semigroup, is proper.

Proof Let T be a birestriction semigroup, T’ an E-unitary inverse semigroup and
f: T — T a(2,1, 1)-embedding. Suppose that s o ¢ in T and s* = r*. Then there
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isu € T such that u < s, t. It follows that f(u) < f(s), f(¢) so that f(s) o f(¢).
Since, moreover, f(s)* = f(¢)*, it follows that f(s) = f(¢t) as T' is E-unitary. Then
also s =t as f is injective. Similarly, if s o tin T and s = ¢t™, we also get s = ¢. It
follows that T is proper. O

Since S is an X-generated inverse monoid with the maximal group image (isomor-
phic to) the X-generated group S/, the universal property of M (S/o, X) implies that
S is E-unitary if and only if it is a quotient of M (S/c, X). If this is the case, (5.4)
implies that

S~ p(Xx) % §/o, (5.5)

where Xy is the semilattice of all connected subgraphs of Cay(S /o, X) which contain
the origin and p is the congruence on M(S‘/a, X)) such that M(S‘/a, X)/p ~ S. Note
that 3

p(Xx) = E(S). (5.6)

Suppose that Sis E -unitary and the morphism ¢ : S — Sis injective. By Proposi-
tion 5.4 we have that: S/o — S’/o is injective so that S /o >~ v (S/0). Proposition
5.5 implies that S is proper, so that 1 (S) is a proper birestriction submonoid of §
which is isomorphic to S. The isomorphism ¢ : S — ¥ (S) restricts to the isomor-
phism P(S) — P (¥ (S)). Onthe other hand, Proposition 4.3 gives us that i restricts to
the isomorphism P (S) — E(S‘). Hence P(y(S)) = E(S‘). It follows from Subsection
2.3 that the underlying premorphism ¢ of () is given as follows. For ¢t € ¥/ (S/o)
we have that

dom(g;) = {e € E(S): there is s € ¥ (S) such that o’(s) =t and e < s*}. (5.7)

Ife € dom(g,) then ¢;(e) = (se)™ where s € ¥ (S) is any element such thatcru(s) =t
and e < s*. By Theorem 2.11 we have that {(S) =~ E(S’) Xy ¥ (S/0). Further, the
underlying premorphism ¢ of S is given as follows. For g € §/o and e € E(S) we
have that

dom(@,) = {e € E(S): there is € S such that 0*(h) = g and e < h*}.  (5.8)

If e € dom(@;) then @, (e) = (he)™ where h € S:is any element such that oih) =g
and e < h*. By Theorem 2.11 we have that § >~ E(S) x5 S/o. Comparing the
definitions of ¢ and ¢, we see that if t € ¥ (S/0) then

dom(¢) < dom(g;) (5.9

and for all e € dom(g;) we have that ¢/(e) = ¢ (e). Restricting ¢ from S /o to
¥ (S/0), we obtain a partial action product E(S) xg ¥ (S/0). Our considerations
imply the following.

Lemma5.6 ¥ (S) =~ E(S) x, ¥(S/0) whichis a (2, 1, 1, 0)-subalgebra of E(S) x
V¥ (S/o). Moreover, E(S) X W (S/o) = E(S) Xg ¥ (S/o) if and only if for every
t € Y (S/o) we have that dom(g;) = dom(¢;).
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Since the partial actions of S /o on p(Xx) and on E(S‘)~are equivalent (see Sub-
section 5.1), Lemma 5.6 captures the embedding of S into § geometrically. We have
motivated the following definition.

Definition 5.7 (Geometric model) Let S be an X-generated birestriction monoid. We
say that S admits a geometric model if S canonically (2, 1, 1, 0)-embeds into an X-
generated E-unitary inverse monoid.’

Theorem 3.4 implies that FBR(X) admits a geometric model. In view of Proposition
5.5, if § admits a geometric model, it is necessarily proper.

Proposition 5.8 Ler S be an X -generated birestriction monoid.

(1) S admits a geometric modelifandonlyify: S — Sisinjective and S is E-unitary.
(2) If S is proper then it admits a geometric model if and only if the inverse monoid
Sis E- -unitary and the morphism : S/o — S/o is injective.

Proof (1) Suppose S admits a geometric model and canonically embeds into an X-
generated E-unitary inverse monoid U. The universal property of S implies that the
embedding of S into U factors through S, so that § embeds into S and S embeds into
U. Since U is E-unitary, so is S. (Indeed, an inverse monoid S is E-unitary if and only
if s > e € E(S) implies s € E(S). Hence, inverse submonoids of E-unitary inverse
monoids are E-unitary.) The reverse implication is immediate.

(2) If S is proper and admits a geometric model, (1) implies that § is E-unitary
and ¥ : S/ — S/o is injective by Proposition 5.4. Conversely, suppose that S is
E-unitary and the morphism ¥ : S/o — S/o is injective. By Proposition 5.4 the
morphism ¥ : § — S is injective, so that S admits a geometric model. O

6 Varieties of F-birestriction monoids

The following statement is inspired by and similar to [2, Proposition 3.1].

Lemma 6.1 An algebra (S; -, *, T, ™, 1) is an F-birestriction monoid if and only
if(S; -, %, T, Disa bzrestrlctlon monoid and the following conditions hold:

(M1) a™ > a, forall a € S,
(M2) a™ = (ae)m,for alla € Sand e € P(S).

Proof Let S be an F-birestriction monoid. Then (M1) holds by the definition of the
operation (-)™. Since 1 o e for all e € P(S), it follows that a o ae for alla € S in
e € P(S), so that (M2) holds as well.

Letnow (S; -, *, 7, ™, 1) beanalgebrafor which (S; -, *, T, 1)isabirestriction
monoid and axioms (Ml) and (M2) hold.Ifa o b,therecise € P(S) suchthatae = be.
Using (M2), we have a™ = (ae)™ = (be)™ = b™. In view of (M1), this yields

™ > p, showing that a™ is the maximum element in its o -class. This completes the
proof. O

5 While our notion of a geometric model is natural for birestriction monoids, there are instances of other
classes of unary and biunary semigroups in the literature which admit geometrically arising models of
different kinds (see, e.g., [14, 15, 18, 20]).
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It is now easy to deduce the following statement.

Proposition 6.2 (Varieties of F-birestriction monoids)

(1) F-birestriction monoids in the signature (-, *, ¥, ™, 1) form a variety, which
we denote by FBR, of type (2, 1, 1, 1, 0). It is defined by all the identities which
define the variety of birestriction monoids, along with the identities

x™x* = x, (xy*)m — 6.1)

(2) Left strong and right strong F -birestriction monoids form the subvarieties FBRg
and FBRy of the variety FBR, defined by the identities which define the variety
FBR along with the identities

x™y™ = ™) (xy)™ and (6.2)

xTy™ = ()T O™F, (6.3)

respectively.

(3) Strong F-birestriction monoids form the subvariety FBRgy = FBR|s N FBR of
the variety FBR.

(4) Perfect F-birestriction monoids form the subvariety FBRy, of the variety FBR,
defined by the identities which define the variety FBR along with the identity

xMy™ = (xy)™. (6.4)

From now on, unless explicitly stated otherwise, we will consider F-birestriction
monoids as (2, 1, 1, 1, 0)-algebras. Morphisms, congruences and subalgebras of such
algebras will be taken with respect to the signature (-, *, o™ D). To emphasize this,
we sometimes refer, e.g., to morphisms of F-birestriction monoids as (2, 1, 1, 1, 0)-
morphisms.

We define a reduced F -birestriction monoid as an F-birestriction monoid which has
only one projection, 1. It is a reduced birestriction monoid, so that a* = a™ = 1 holds
for all its elements and the natural partial order on it is trivial. Hence a™ = a holds
for all of its elements. It follows that a reduced F-birestriction monoid is a reduced
birestriction monoid with the operation ()™ given by a™ = a for all elements a.

Let S be an F-birestriction monoid and o be the minimum (2, 1, 1, 0)-congruence
on S which identifies all the projections. It is easy to see that a o b if and only if
a™ = b™. Thus the (2, 1, 1, 0)-quotient map S — S/o preserves the operation (-)™,
sothato isinfacta (2, 1, 1, 1, 0)-congruence on S and the quotient map § — S/o is
a (2,1, 1, 1, 0)-morphism. We will use this fact throughout the paper without further
mention.
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7 The structure of the free F-birestriction monoid FFBR(X)
7.1 The coordinatization of FFBR(X)

Let X be a non-empty set and FFBR(X) the free X-generated F-birestriction monoid.
Since F-birestriction monoids are proper (see [24, Lemma 5]), Theorem 2.11 implies
that

FFBR(X) >~ P(FFBR(X)) x FFBR(X)/o.

We first determine the structure of FFBR(X)/o.
Lemma 7.1 FFBR(X)/o is canonically isomorphic to X*.

Proof Since X*isan X-generated F-birestriction monoid (where u™ = u,u* = u* =
1 for all u € X*), the universal property of FFBR(X) implies that X* is a canonical
(2,1, 1, 1, 0)-quotient of FFBR(X), soitis a (2, 1, 1, 0)-quotient of FFBR(X) as well.
But any monoid (2, 1, 1, 0)-quotient of FFBR(X) is an X-generated monoid and so is
a quotient of X*. O

Since the free monoid X™* is cancellative, it follows from [25, Theorem 2.9] that
FFBR(X) is ample (for the definition of an ample birestriction monoid, see, e.g., [25]).
Lemma 9.1 shows that a similar comment applies to the F-birestriction monoids
considered therein.

7.2 FFBR(X) as a birestriction monoid over extended generators X U Xt

We start from the following observation.

Proposition 7.2 Let F be an X-generated F-birestriction monoid andput M = F /o.
For every m € M let m be the maximum element of the o -class of F which projects
ontom. Weput M = {m: m € M}.

(1) Fis(2,1,1,0)-generated by X U M.

(2) Every element a € F can be written as a = em for some e € P(F) andm € M.

(3) Let T be the X-generated submonoid of F. Then M is a quotient of T. Conse-
quently, if M >~ X* then T ~ X*, too.

Proof (1) This is clear, as for every a € F there is m € M such that a™ = m.

(2) For each a € F we have a = a*m where m = a™.

(3) Let T be the X-generated submonoid of F. Then %: F — M restricts to a
surjective morphism from 7 onto M, so that M is a quotient of 7. O

Remark 7.3 Since 1 = 1, the generator Tin Proposition 7.2(1) can be omitted, so that
Fis (2,1, 1,0)-generated by X U (M \ 1).

Corollary 7.4 FFBR(X) is (X UF)-genemted as a birestriction monoid via the assign-
ment map x +— x, where x € X, andu — u™, whereu € X+.

Proof By Lemma 7.1 we have that FFBR(X)/o >~ X™, so that the statement follows
applying Remark 7.3. O
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We define the set of relations

N={x>x,uv>uv:xeX, uveX"}, (7.1

v

where X > x is the abbreviation for the relation x = Xx*, which is equivalent to
the relation x = x*x. Similarly, v > u v is the abbreviation for the relation u v =
uv(uv)* or its equivalent relation # v = (# v)Tuwv. We put

F =BRestr(X U X+ | N).

Applying induction, it is easy to see that uy ---u, > ujy ---u, holds in F for all
n>2andui,...,u, € XT.Observe that forany u = x1 ---x, € X* (where x; € X
for all i) we have thatu = x7---x,, > X1 --- X, > X1 - - - X, = u. We have proved the
following.

Lemma 7.5 The inequality @ > u holds in F for any u € X.
Lemma 7.6 FFBR(X) isan (X U F)—canonical (2,1, 1, 0)-quotient of F.

Proof Since the defining relations of Fhold in FFBR(X) (with respect to the assignment
map of Corollary 7.4), the claim follows. O

We now aim to show that FFBR(X) is in fact isomorphic to F.

Lemma 7.7 Fis an F-birestriction monoid with F/o ~ X*. The maximum element
of the o-class which projects onto w € X* equals w, ifw € X¥, and 1, ifw = 1.
Furthermore, F is X-generated as an F-birestriction monoid.

Proof Note that X* is an (X U X+)-generated monoid under the assignment map
Xt x,x € Xandw — w, w € XT, and is an (X U X*)-generated reduced
birestriction monoid which satisfies relations N. It follows that X* is an (X U X1)-
canonical quotient of . Note that in any reduced quotient of F the relations N hold,
in particular w = w holds for all w € X ™. It follows that any monoid quotient of F
is in fact X-generated, so that it is a quotient of X*. We have shown that /o ~ X*,

Let u € F. Applying Proposition 2.4 we write u = ev where e is a projection
andv € (X UXH)* If v = 1, we have u™ = e™ = 1. Otherwise, write v =
apbia1by - - - ay_1bpa, where n > 0, b € X+ and q; € X* for all i. Applying the
defining relations of F and Lemma 7.5, we have

u=<v < aby - byay <aoby - bya, =o' u), (7.2)
which shows that the o-class of u has a maximal element, namely, the element o ().

Finally, F is X-generated as an F-birestriction monoid since it is (X U XH)-
generated as a birestriction monoid and w = w™ forall w € X ™. O

Theorem 7.8 FFBR(X) and F are (X U X+)-canonically (2, 1, 1, 0)-isomorphic and
X-canonically (2,1, 1, 1, 0)-isomorphic.
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Proof By the universal property of FFBR(X) and by Lemma 7.7 F'is an X-canonical
(2,1,1, 1, 0)-quotient and an (X U X1)-canonical (2, 1, 1, 0)-quotient of FFBR(X).
Combining this with Lemma 7.6, the first claim follows. Since the canonical quotient
map of Lemma 7.6 respects the maximum elements of o-classes, the second claim
follows, too. O

7.3 The inverse monoid Z and the projection semilattice of FFBR(X)
From now on let ¢ denote the (2, 1, 1, 0)-morphism
¥: FBR(X UXT) - FI(X UXT),
which is identical on X U X+. We put
Z=Inv(X UX+ | Y (N)) (7.3)

to be the universal inverse monoid ﬂhe birestriction monoid F. That is, the identical
map on X U X+ extends to a (X U X*)-canonical morphism of birestriction monoids
F — T and every such a morphism from JF to an (X U X T)-generated inverse monoid
factors canonically through Z.

It follows from Proposition 4.3 that the isomorphisms

D: E(FI(XUXT)) — P(FBR(X UXT))

and L L
¥: P(FBR(XU X)) > EFI(XUXT))

induce isomorphisms D: E(Z) — P(F) and : P(F) — E(Z). Bearing in mind
Theorem 7.8, we have P(FFBR(X)) ~ E(Z). Combining this with Theorem 2.11,
Lemma 7.1 and Lemma 7.7, we obtain the following result.

Theorem7.9 Let X be a non-empty set. The map x — (x*,x) extends to an X-
canonical (2,1, 1, 1, 0)-isomorphism

FFBR(X) ~ E(Z) x X*.
In detail, we have
E@D) xX*={(e,u) e ED) x X*:e<u'}
with the identity element (1, 1) and the remaining operations given by
(e,u)(f,v) = (@), uv),

(e,)* = ((em)*, 1), (e,u)" = (e, 1),

(e, )™ = @™, u).
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Fig. 1 Illustration of Case 1

8 The word problem for FFBR(X) is decidable

Theorem 7.9 reduces the word problem for FFBR(X) to that for the inverse monoid
7, so that we can apply the techniques developed by Stephen [37] to tackle it. For the
undefined terminology used below we refer the reader to [37].

Theorem 8.1 Schiitzenberger graphs of elements of T are finite and effectively con-
structed. Consequently, the word problem for 1 and for FFBR(X) is decidable.

Proof Letu € (Y UY1)* where Y = X U X+. We aim to construct a finite series of
elementary P-expansions and determinizations of the linear graph of # which termi-
nates in a finite closed graph. This graph is then (V -isomorphic) to the Schiitzenberger
graph of [u]7 [37, Theorem 5.10].

We start from the linear graph of u# and apply several determinizations to obtain its
determinized form which is necessarily a tree. If it is closed, we are done. Otherwise,
we apply to it a series of elementary P-expansions and determinizations, as follows.
We consider two possible cases of an elementary P-expansion which can be applied.

Case 1. Suppose that the elementary P-expansion stems from the relation X > x,
that is, x = xx~!X, where x € X. The only possibility when this causes attaching
a new path is when there is some edge («, x, 8) in the graph, but there is no edge
(o, X, B). Then after performing an elementary P-expansion (attaching the path from
o to B labeled by xx ~'¥) and several determinizations, we come to the graph obtained
from the initial graph by adding the edge (c, X, ), see Figure 1°. If this graph is not
determinized, which is the case when the initial graph contains an edge of the form
(o, X, y) or (v, x, B), we determinize it and obtain a determinized graph with at most
the same number of vertices as the initial graph and a fewer number of edges of the
form («, x, B) such that the edge («, x, B) is not in the graph.

Case 2. Suppose that the elementary P-expansion stems from the relation uv > uv
where u, v € X7, that is, v = uv(u v) ~'wv. The only possibility when this causes
attaching a path is when there are edges (o, u, 8) and (8, v, y) in the graph, but there
is no edge («, uv, y). After performing an elementary P-expansion (attaching a path
from « to B labeled by wv(wv)~'uv) and several determinizations, we come to the

6 On pictures, we draw the edges labeled by X as solid lines and those labeled by X7 as dashed lines.
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Fig.2 Illustration of Case 2

graph obtained from the initial graph by adding the edge («, uv, y), see Figure 2.
Similarly as in the previous case, we determinize the obtained graph (if applicable)
and obtain a graph with at most the same number of vertices as the initial graph and
with fewer number of pairs of edges of the form («, %, 8) and (B, v, y) such that the
edge («, uv, y) is not in the graph.

It follows that in a finite number of steps we obtain a closed graph with at most the
same number of vertices as the initial graph. This completes the proof. O

9 The structure of the free (left, right) strong and perfect
F-birestriction monoids

Denote by FFBR;s(X), FFBR,s(X), FFBRs(X) and FFBR,(X) the free objects of the
varieties FBR;;, FBR,;, FBR, FBR ,, respectively. In this section we prove an ana-
logue of Theorem 7.9 for these objects.

Lemma 9.1 FFBR;(X)/o >~ X*, for eachi € {is,rs, s, p}.
Proof The proof is similar to the proof of Lemma 7.1. O

By FBRestr(X | R) we denote the F-birestriction monoid generated by a set X
subject to the set of relations R of the form u = v where u, v € FFBR(X).

Proposition 9.2 (1) FFBR;,(X) = FBRestr(X | u™v™ = (™) (uv)™, u,v e XT).
(2) FFBR,(X) = FBRestr(X | u™v™ = (uv)™(v™)*, u, v € XT).

(3) FFBRy(X) = FBRestr(X | u™v™ = (™) (uv)™ = uv)™(w™)*, u,v e X+).
(4) FFBR,(X) = FBRestr(X | u™v™ = (uv)™, u,v € XT).

Proof (1) Put F = FBRestr(X | u™v™ = (u™)T(uv)™, u, v € XT). It suffices to
show that the identity (6.2) is satisfied in F. Since the defining relations of F hold
in X*, the identity map on X extends to the (2, 1, 1, 1, 0)-morphism F — X*. Since
any monoid quotient of F is an X-generated monoid, we have that F /o >~ X*. By
Proposition 7.2(3) the X-generated submonoid of F coincides with X*. Letu, v € F
and put ' = o’(u) € X* and v/ = o%(v) € X*. Since u o u’, v o v/ and uv o u'v’,
it follows that u™ = ()™, v™ = (V)™ and (uv)™ = (W'v")™. Then u™v™ =
@H™H™ = (W)™ W'v)™ = ™))" (uv)™, where for the second equality we
used a defining relation of F', so F satisfies the identity (6.2) and the statement follows.
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(2) and (4) are proved similarly, and (3) follows from (1) and (2). m]

Lemma 9.3 Let F be an F-birestriction monoid and let p be a (2, 1, 1, 0)-congruence
on F such that p C o. Then p is in fact a (2,1, 1, 1, 0)-congruence.

Proof For a € F let[al, = {b € F:a p b} € F/p be the p-class of a and
[ale = {b € F: b 0 a} € F/o be the o-class of a. By assumption we have
[al, C [als. For any b € [a]l, we have a™ > b, so that b = a™b*, which implies
(6], = [a™] p[b];, so that [a™], > [b],. Since any element which is o-related with
[a™], in F/p has the form [b], where b € [a],, it follows that [a™], = [a]}}, so that
p respects the operation u — u™ and is thus a (2, 1, 1, 1, 0)-congruence. O

Lemma 9.4 Let F be an F-birestriction monoid and R C F x F a relation on F such
that R C 0. Then the (2, 1, 1, 0)-congruence on F generated by R coincides with the
2, 1,1, 1,0)-congruence on F generated by R.

Proof Let p; be the (2,1, 1,1, 0)-congruence on F generated by R and p; the
(2,1, 1, 0)-congruence on F generated by R. It is clear that pp € p;. Since o is
a(2,1,1,1,0)-congruence, we have R C p» € p; C o. By Lemma 9.3 it follows
that pp is a (2, 1, 1, 1, 0)-congruence, so that p» = p; by the minimality of p;. O

We remind the reader that the set of relations N is defined in (7.1) as

N={x>xuv>uv:xeX,u,ve X"}

We also recall that the birestriction monoid F and the inverse monoid 7 are defined by
F=BRestr(XUXT | N), T=Inv(X UXT | ¥(N)),

where ¥ : FBR(X U XT) — FI(X U X¥) is the (X U X*)-canonical (2, 1, 1, 0)-

morphism. _
We now define the following sets of relations on FBR(X U X):

Ny={x>x,uv=u'uv:xe X, u,ve X"}, 9.1)
Nyy={x>x,uv=uvv*:xe X, u,ve X"} 9.2)
Ny={x>x,uv=uv:xe€X, u,ve X"}, 9.3)

Ns = Njg U N,y and N = N. We further put
Fi = BRestr({X uXxt+ | Ni), i €f{ls,rs,s, p, J}.

Notethat F = F.Let py bethe (2, 1, 1, 0)-congruence on FBR(X UF) generated
by N and py, the (2,1, 1, 1, 0)-congruence on FBR(X U F) generated by N;, for
eachi € {Is,rs,s, p}. Since relations N; imply relations N, we have py C py, for
each i € {ls,rs,s, p}. From [4, Theorem 6.15] it follows that F; is a (2,1, 1, 0)-
quotient of F by the congruence py; /oy . Since F/o >~ F; /o =~ X*, the congruence
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on,;/pn on Fis contained in o, so thatitisa (2, 1, 1, 1, 0)-congruence by Lemma 9.3.
Since the image of the (2, 1, 1, 1, 0)-congruence py; / oy under the isomorphism of F
and FFBR(X) coincides with the (2, 1, 1, 1, 0)-congruence generated by the defining
relations of FFBR; (X)) given in Proposition 9.2(1), we have proved the following.

Theorem 9.5 Foreachi € {ls, rs, s, p}the F-birestriction monoids FFBR; (X) and F;
are X-canonically (2,1, 1, 1, 0)-isomorphic and (X U XT)-canonically (2,1, 1, 0)-
isomorphic.

Towards the coordinatization of FFBR; (X), we further put
Z; =Inv(X U X+ | ¥ (N)), 9.4)

for each i € {ls,rs, s, p, I} to be the universal inverse monoid of the (X U F)-
generated birestriction monoid F;. Note that 75 = 7. By Proposition 4.3 we have that
P(F;) ~ E(Z;). Since F; is F-birestriction, it is proper and thus decomposes into the
partial action product

Fi~ P(F) xFiJo ~ ET;) x X* iells,rs,s, p, ). 9.5)

We have proved the following analogue of Theorem 7.9.

Theorem 9.6 Let X be a non-empty set and i € {Is,rs,s, p}. The map x > (x*, x)
extends to an X-canonical (2, 1, 1, 1, 0)-isomorphism

FFBR:(X) ~ E(Z;) x X*.

10 The word problem for the free (left, right) strong F-birestriction
monoids is decidable

By Theorem 9.5 and (9.5), the word problem for each of FFBR; (X), i € {Is, rs, s, p},
reduces to the word problem for the inverse monoid Z;.

Proposition 10.1 For each i € {ls,rs, s} the Schiitzenberger graphs of elements of
1; are finite and effectively constructed. Consequently, the word problem for 1L; is
decidable.

Proof We argue similarly as in the proof of Theorem 8.1 and start from the deter-
minized form of the linear graph of u € (Y U Y~1)* where ¥ = X U X+. If it is
closed, we are done. Otherwise, we apply to it a series of elementary P-expansions
and determinizations. These include the ones considered in Cases 1 and 2 of the proof
of Theorem 8.1 and possibly other elementary P-expansions which we now describe.

Let us consider the case of Z;;. It remains only to treat the relations u v = TATRRRTIR
where u, v € X ™. The only possibility when such a relation causes attaching a path
is when there are edges (o, u, 8) and (o, uv, y) in the graph, but there is no edge
(B, v, y). Then after applying an elementary P-expansion (attaching a path from «

@ Springer



F-birestriction monoids in enriched signature Page290f36 212

a u B g a, a f “J
----a ---
o<’ ° _»® ~————> e P _»®

- — - —

- —

Fig.3 Illustration of a P-expansion: the case of Z;¢

to y labeled by uv) and several determinizations, we arrive at the graph obtained
from the initial graph by adding the edge (B, v, y), see Figure 3. If applicable, we
determinize this graph and obtain a determinized graph with at most the same number
of vertices as the initial graph and with fewer number of pairs of edges of the form
(e, u, B) and (o, uv, y) such that the there is no edge (8, v, y) in the graph. It follows
that in a finite number of steps we obtain a closed graph with at most the same number
of vertices as the initial graph. This completes the proof in this case.
The case of Z, is symmetric and that of Z; is a combination of the cases of Z;; and
Lys.
O

We have proved following.

Theorem 10.2 The word problem for FFBR;s(X), FFBR,(X) and FFBRy(X) is decid-
able.

The word problem for FFBR, (X) could be treated quite similarly, though additional
attention is required since an elementary P-expansion based on the relation uv =
u v may cause adding new vertices to the approximate graphs of the Schiitzenberger
graphs. We opted to postpone treating the word problem in FFBR, (X) till Subsection
11.2, where we provide a transparent geometric model for FFBR,(X) based on the
Cayley graph of FG(X) with respect to generators X U X which yields the decidability
of the word problem.

11 Geometric models of F-birestriction monoids

In what follows by (FG(X), X U X) we denote the group FG(X) considered as an
(X U X)-generated group via the assignment map x +— x and X > x where x € X.
Furthermore, by (FG(X), X U X*) we denote the group FG(X) considered as an
(X U X*)-generated group via the assignment map x + x and u > u where x € X
andu € XT.
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In this section we explore if the free X-generated F-birestriction monoids can be

embedded into (Llotients of the Margolis-Meakin expansions M (FG(X), X UF) and
M (FG(X), X U X) constructed via dual-closure operators described in Subsection 5.1.

11.1 The cases of FFBR(X), FFBR(X), FFBR,s(X) and FFBR, (X)

We first treat the case where | X| > 2 and then that where | X| = 1.

Theorem 11.1 Let |X| > 2andi € {@, s, rs, s}. Then F; does not admit a geometric
model.

Proof We show thatZ; is not E-unitary foreachi € {&, Is, rs, s}. For distinct elements
x,y € Xweputa = xy(y2) ~'yx(x2)~! and observe that [alrg(x) = xyy Zyxx 2 =
1.If Z; were E-unitary, (5.2) would yield that the value of a in M (G, X UF) and thus
also in its quotient Z; would be an idempotent. However, drawing the linear graph of
a it is easy to see that it does not admit determinizations or elementary P-expansions
and is thus the Schiitzenberger graph of a, see Figure 4. For example, in the case of
I no elementary P-expansions in the linear graph of a are possible based on its
defining relations v (Ng). Since the graph does not accept a2, [37, Corollary 3.2]
implies that @ is not an idempotent in Z;, so that the latter is not E-unitary. It follows
from Proposition 5.8 that F; does not admit a geometric model.

O

Proposition 11.2 Let X = {x}. Then F does not admit a geometric model.

——1
Proof Similarly as in the proof of Proposition 11.1, we see that the element Xx2 X
has value 1 in FG(X), but is not an idempotent in Z since the Schiitzenberger graph

——1 ——1
of xx2 X presented on Figure 5 does not accept (xx2 x)2. The statement follows
applying Proposition 5.8.
]

In contrast to the previous statement, we have the following.

Theorem 11.3 Let X = {x} and i € {ls, rs, s}. Then F; admits a geometric model.
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Proof Observe that the morphism ¢ : F; /o — Z; /o is injective since it is the embed-
ding X* — FG(X). Since in addition J; is proper, Proposition 5.8(2) implies that
it suffices to show that the inverse monoid Z; is E-unitary. Putting ¥ = X U X+ =
{(x}U{xk: k e N}, letu € (Y U Y~ 1* be such that [ulrgxy = 1. We show that
[1]z; is an idempotent. From now till the end of this proof we sometimes use the same
notation for words in (¥ U ¥ ~1)* and their values in Z;. It will be always clear from
the context which objects we work with. For example, we will denote [u]7, simply by
u.

Proposition 2.4 implies that there exist v, e € (Y U Y~!)* such that u = ve and
[e]z; is an idempotent. We show that v can be chosen so that it does not contain
the letters x and x L. Suppose v contains x and write v = wixwj. Since in Z; we
have X > x, it follows that x = xx™ so that u = wixx*wye = wi;xw, fe where
f=@*w)* € E(Z). Ifv=wx 'wythenv! = wglxwfl and we can similarly
rewrite u ! = e(wz_lx*)*wz_lfwl_1 sothatu = w1 x 'w fe with f = (w;1x+)+.
Arguing by induction, the claim follows.

Therefore, we have u = y| - - - y,e where n > 0, all y; are from {x*: k € N} or

{xk - : k € N} and [e]z; is an idempotent. Since [u]rg(x) = 1 and [e]rgx) = 1, we
have that [y; - - - y,]rG(x) = 1 as well. It suffices to show that y; - - - y, is an idempotent
in Z; (then also u is an idempotent as a product of idempotents). We apply induction
onn.Ifn =0, y;---y, = 1, and we are done. Let n > 1. We show that u can be
rewritten as a productu =z - - - 7, g where 0 < m < n—1and[g]z, is an idempotent.

Case 1. Suppose that y; - - -y, has a subword y;y;y1 = xk x™. Since xk x" =

xk+m f where f = (xkx™)*, applying (2.5) we can write u = yy - - - y; _1xktmy; 5. ..
Yyng Where [g]z; is an idempotent.

—1——1

Case 2. Suppose that y; -- -y, has a subword y;yi+1 = xk " X™" Then u~!

contains a subword x™ x*, so we can write 1!

potent. Then u = gilz;_ll ~~zf1 = z;_ll : '-zf]h where h = (8711,17_]1 o 'Zfl)*'
The claim follows.

Case 3. Suppose that y; - - - y, has a subword y;y;11 where y; 11 = yi_l. Then
Yivi+1 is an idempotent, and using (2.5) we can write u = y1---Yi_1YVi42 - Yn&

where [g]7; is an idempotent, as needed.

=71 - Zy—18 Where [g]z; is an idem-

— —1
Case 4. Suppose that the letters from {x¥: k € N} and {x* :k € N}iny;---y,
alternate and y; 11 # y; ! for all i. From now on we work with the case of Fis so that
75 is left strong and satisfies

— — _+_
xk xl=k = xk = (11.1)

for all I > k. We show that we necessarily have n > 3. Indeed, if n = 1 then
y1--+-yn = y1 = x* for k € N which can not have value 1 in FG(X) so this case is
impossible. If n = 2, the only possibility for y;y> to have value 1 in FG(X) is that
2=y ! which is excluded. It follows that n > 3 and one of the products y;y> or

y23 is of the form xk x! where k # [. We consider two subcases.
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Subcase 1. Suppose that k < [. Then

= 1= ——1—

— B [ —
WKl =k xkxk ol =k kol — kK ok — xk K

where for the third equality we used (11.1). Applying (2.5), we can move XK to the

right-hand side of the product. The claim follows.

Subcase 2. Suppose that k > [. Then u~!

contains the subword %/ x* and
by the previous subcase we can write u~' = z;---z,g where 0 < m < n — 1
and g is an idempotent. But then u = gznjl e zfl and applying (2.5) this equals
1 -~z171(gz;1 ~-~zf1)*, as needed.
The case of F,s follows by symmetry, and that of F; by combining the cases of
Fis and F. O

Zm

Remark 11.4 One can show that the inverse monoids Z;s, Z,, and Zg are in fact F-
inverse. The maximum element of the o-class of projections is 1, and the maximum

element of the o-class which projects down to g = xk, where k € Z \ {0}, is k if

— 1
k> 0,and x—* ,if k < 0. Since we do not use this fact in the sequel, we omit the
proof.

Remark 11.5 Let X = {x} and i € {ls,rs, s}. Let ¢ and ¢ be the underlying pre-
morphisms of ¥ (F;) and Z;, respectively. By (5.9) for every t € (F;) we have
dom(g;) € dom(¢;). Let us show that the reverse inclusion also holds. Suppose that
e € dom@; where t € X*.If t = 1,e € E(Z;) = P(¥(F;)) so that e € dome;. If
t € X1 itis easy to see that the o-class of Z; which projects onto ¢ has a maximum
element which is the element 7. It follows that ¢ € dom(g;) if and only if e < 7" in
which case also e € dom(g;). It follows from Lemma 5.6 that 1 (F;) is isomorphic to
E(Z) »g X*.

Leti € {ls,rs, s, @} and put FFBRz (X) = FFBR(X). The results of this subsec-
tion imply that FFBR; (X) can be (X U F)-canonically (2,1, 1, 0)-embedded into a
quotient of M (FG(X), X U X*) constructed via dual-closure operators described in
Subsection 5.1 if and only if | X| = 1 and i € {Is, rs, s}.

11.2 FFBR, (X) admits a geometric model and has decidable word problem

We first observe that, due to the relation wv = u v, u,v € X7, Fp isinfact (X U 7)—
generated. Put B

Fp =BRestr(XUX | X > x,x € X).
Foru = x;---x, € X7, where x; € X foralli,putu =Xy --- X, € Fp. Then F,

is (XU F)—generated and uv = uv holds in F), for all u, v € X1. We obtain the
following.

Lemma 11.6 F, and FFBR,(X) are (2, 1, 1, 0)-generated by (X UX). They are (X U
7)-can0nically and (X U F)-canonically (2, 1, 1, 0)-isomorphic to F),.
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It follows that Z, is (X U X)-generated and is (X U F)-canonically isomorphic to
I,=Inv(XUX |X¥>x,x € X). (11.2)

Proposition 11.7 The inverse monoid 1, is E-unitary.
For the proof we will need the following lemma.

Lemma 11.8 Letu € (X U X—Y* be such that [ulr(x) = 1. Then u is either empty
or can be written as a product

u= x1v]xf1x2v2x{1 ~~~xnvnxn_1,

wheren > 1andforalli € {1, ..., n}wehavethatx; € XUX andv; € (XUX™1)*
with [vilrex) = 1.

Proof Supposethatu # 1.By assumption, thereis asequenceu = ug, uy, ..., ux = 1
where k > land u; € (X U X~ 1* 1 < <k, are such that every u;4] is obtained
from u; by removing from it a factor of the form xx~!, where x € X U X~!. Let
x € X U X! be the first letter of u. Then u has the letter x !, at some position /, and
there isi € {0, ..., k — 1} such that the first letter x of u and the [-th letter xLof
u were not removed during the passage from u to u;, appear in u; as the factor xx~!
which is removed at the passage to ;1. This means that we can write u = xvix~'u’
where v; € (X U X~ 1* and [vilrgx) = 1. But then [xle_l]FG(X) = 1, so that
[4'lr6(x) = | as well. The statement now follows applying induction. O

Proof of Proposition 11.7 Let Y = X U X. We consider G p = Ip/0 as a Y-generated
group that is canonically isomorphic to the Y-generated group (FG(X), Y). From
(11.2) and Lemma 4.1(2) we have that G, = Gr(X UX |X=ux,x € X).

Letu € (YUY ~1)* be such that [u]Gp = 1. We show that [u];p is an idempotent. If
u = 1, this is clear, so we assume that |u| > 1. The map ¥ — Y, given by x, X — x,
extends to amorphism f: (YUY ~1)* — (XUX~!)* and we have ulg, = [fW]G,-
Hence f(u) € (XU X—1H* and [f)]rex)y = 1. In view of Lemma 11.8, we can
write

u= xlvlzl_lxgvzzz_l ---xnvnzn_l,

for some n > 1 where for alli € {1,...,n} we have that x;,z; € Y U Y~ are such
that f(x;) = f(z;) and v; € (Y UY~1)* satisfy [vilg, = 1. Arguing by induction on
the length of u, we can assume that [v; ] 1, are idempotents for all i. Since idempotents
are closed with respect to the multiplication, it suffices to prove that each [x;v;z;” 1] I
is an idempotent.

If x; = z; this follows from the fact that in an inverse semigroup a conjugate aea
of an idempotent e is itself an idempotent.

If x;, = x € X and z; = X, then [x; vizi_l]lp = [xvif_l]Ip = [x+)_cvif_1]1p =

1

[x*1s, [xvix 1 1,» which is an idempotent.

1 1

Ifx, = x7" € X! and zi = x , then [xivizi_l]1p = [x_lvi)_c]1p =
[x*f_lv,-)_c]Ip = [x*1s, [)T_lv,-)_c]Ip, which is also an idempotent.

The remaining two cases follow by symmetry. O
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Remark 11.9 One can prove that in fact I, is F-inverse. If ¢ = a}' ---a,", a; € X,
g € {1, —1}, is a reduced word then the maximum element of the o-class which
projects down to [glrG(x) is [ag®! ~--@8"]1P. We remark, however, that I, is not
perfect F-inverse, since, for example, aa! # 1 for any a € X (this follows from the
description of the model of I,, which is given below).

Theorem 11.10 F), and F, admit geometric models.

Proof By Proposition 11.7 we have that I, is E-unitary. Moreover, F, /o is isomorphic
to the free monoid X* and it easily follows that I, /o is isomorphic to the free group
FG(X). Hence the canonical morphism ¢ : F,/oc — [,/o is injective. Since, in
addition F), is proper, Proposition 5.8 implies that F,, admits a geometric model. For
Fp the arguments are similar. o

Theorem 11.10 implies that FFBR,(X) can be (X U X)-canonically (2, 1, 1, 0)-
embedded into a quotient of M (FG(X), Xuz) and (X UF)—canonically 2,1,1,0)-
embedded into a quotient of M (FG(X), XUX ™) constructed via dual-closure operators
described in Subsection 5.1.

We now describe the geometric model for F;, based on Cay(FG(X), X UX). Recall
that the assignment map X U X — FG(X) is given by x, ¥ + x for all x € X.
Similarly as in Remark 11.5 one can show that ¥ (F,) is isomorphic to E(I,) xg X*
where ¢ is the underlying premorphism of /. The results of Subsection 5.1 imply that
E(1,) = p(Xy x), where Xy % is the semilattice of finite and connected subgraphs of
the Cayley graph Cay(FG(X), X UX) which contain the origin and p is the congruence
on M(FG(X), X U X), such that M(FG(X), X U X)/p = I,. It follows that F,, and
thus also FFBR, (X) is (X UY)-canonically (2,1, 1, 0)-isomorphic and X-canonically
(2,1, 1, 1, 0)-isomorphic to the partial action product

p( Xy ) X X*, (11.3)

where the partial action of X* on p(Xy %) is by left translations (defined in
Subsection 5.1). To describe the semilattice o(Xy x), we observe that the ver-
tices of Cay(FG(X), X U X) coincide with those of Cay(FG(X), X), and to each
edge (o, x, B) of Cay(FG(X), X) correspond two edges (o, x, 8) and («, X, B) of
Cay(FG(X), X U X). The congruence p on M(FG(X), X U X) is generated by the
defining relations X > x,x € X, of I,. A graph I € X‘;(U? is thus p-closed if it
satisfies the condition

if (o, x, B) isanedge of I, thensois («, X, §). (11.4)

It follows that the closure p(I") of I € X;(UY is the graph obtained from I" by adding
to it all the missing ‘twin copies’ («, X, B) of all its edges («, x, ) labeled by X (and
their inverse negative edges). (Remark, however, that a p-closed graph may contain
an edge («, X, B) but no edge (¢, x, B).) In particular, o(I") has the same vertices as
" and if I' is finite then so is o(I"). It follows that o(X'y ;%) is the semilattice of all
finite and connected subgraphs of Cay(FG(X), X U X) which contain the origin and
satisfy condition (11.4).
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Corollary 11.11 The word problem for FFBR,(X) is decidable.

Proof We use the X-canonical (2, 1, 1, 1, 0)-isomorphism between FFBR, (X) and the
partial action product of (11.3). Twoelements (o(I'1), u), (0(I'2), v) € p(Xy 5) X X*
are equal if and only if u = v and p(I'1) = p(I'2). Since, for I' € Xy %, p(I') is
obtained from I'" by adding to it finitely many edges (and no vertices), it is decidable
if p(I'1) = p(I'2). |
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