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1. Introduction

The graph fn has a long history of study: see for example the books [45, Chapter 5],
[9, Subsection 9.5 D] and the references therein for some research related to linear al-
gebra/geometry and combinatorics, respectively. On the other hand, the graph I',, was
introduced fairly recently by the first author in [33], and studied further by both authors
in [35]. There are multiple reasons to investigate I',,.

Firstly, it is a natural generalization of the Coxeter graph I's, which is one of the four
(currently) known vertex-transitive graphs of order at least three that do not have a
Hamilton cycle (cf. [15, Section 3.3]). For odd n, the graph I, is vertex-transitive, and
it is still not known if it has a Hamilton cycle for each n > 3 [33, Open Problem 16].

The second reason to study the graph I',,, which is also the main motivation for
the research presented in this paper, is its recently discovered connection with binary
self-dual codes [35]. In fact, for odd n > 3, each linear self-dual code C' in Fy*! is
identified with a certain subset F¢ of matrices A in SGL, (F2) that are characterized
by the graph distances dr, (4, I) and dy (A, I). Here, I is the identity matrix and Fo+
is the vector space formed by all column vectors x = (z1,...,2p4+1) with z; € Fa,
which has the standard basis {e; = (1,0,...,0)7,...,ep+1 = (0,...,0,1)T}. Self-dual
codes are important because many codes with the best parameters are self-dual (cf. [39]).
The characterization of permutation inequivalent binary self-dual codes was investigated
by Conway, Pless and Sloane [12,13,37,38] who succeeded for lengths < 30. Later, such
characterization was improved to n + 1 < 40 [1,2,4-8,19] (see also the database [20]).
The asymptotic behavior of the number of permutation inequivalent binary self-dual
codes was discovered by Hou [21]. By considering ‘classical” automorphisms of the graph
T, that fix the identity matrix, we were able to strengthen a result of Janusz [26] and
showed that the group of all n x n binary orthogonal matrices acts transitively on the
set of all self-dual codes in F5** [35, Theorem 8.10]. We expect that a characterization
of all graph homomorphisms ® : I';, — fm will provide us additional information and a
deeper understanding of binary self-dual codes.

Lastly, we mention that the characterization of graph homomorphisms ® : I';, — fm
is valuable in the research area of preserver problems as it generalizes the fundamen-
tal theorem of geometry of symmetric matrices in the case of a binary field. Namely,
the fundamental theorem characterizes all automorphisms of the graph fn (for cor-
responding results on rectangular, alternate, hermitian, and symmetric matrices over
general fields see the book [45]). Fundamental theorems of geometry were applied nu-
merous times in the past to solve other preserver problems (see for example [41-43]). To
increase the applicability, in the last decades a lot of effort was made in order to gen-
eralize fundamental theorems either by characterizing all endomorphisms of the graphs
involved [14,22-25,28,31,44] or by replacing matrices with tensors (cf. [10,11,27]). Pa-
pers [29,30] contain the characterization of all endomorphisms of the graph with the
vertex set formed by all n x n invertible hermitian matrices over a finite field Fj» with
q > 4 where edges are defined in the same way as in the graph I';,. In comparison with the
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result in [29,30], the problem of characterizing all graph homomorphisms @ : T, — fm
has an additional difficulty because the codomain graph can be much ‘larger’ than the
domain graph. This obstacle turned out to be nontrivial in some related results [36],
despite a much stronger condition, which includes the injectivity of maps, was assumed.
Finally, we mention that the usual approach to prove a (generalization of a) fundamental
theorem of geometry of some matrices is to characterize maximal cliques first (a.k.a. maz-
imal adjacent sets [11] or mazimal coherent sets [10]), and then benefit from the fact that
maximal cliques are mapped inside maximal cliques by graph homomorphisms. This ap-
proach does not work for the characterization of the graph homomorphisms ® : '), — fm
because neither I';, nor fm has triangles (i.e. maximal cliques are just edges). Instead,
we focus on the shortest odd cycles in I';, and fm (see Lemma 6.1, Corollary 6.2 and
Corollary 6.3).

The rest of the paper is organized as follows. In Section 2, we recall prerequisites
needed to understand the main result of this paper, which is stated in Theorem 2.1. In
Section 3, we recall and develop some elementary tools from linear algebra. Section 4
is dedicated to vanishing sums of rank-one matrices in S, (F3), which provide a lot of
information on small cycles in graphs I';, and fm. In Section 5, the 7-cycles in the graph
I',, are investigated. The final part of the proof of Theorem 2.1 is presented in Section 6.

2. Prerequisites and the statement of the main result

All graphs in this paper are simple, and finite (except in Lemma 6.1 and Corollary 6.2).
Given a graph G = (V, E) with the vertex set V' and the edge set E, a subgraph G’ =
(V/,E') in G is induced by a set U CV if V! = U and E' = {{u,v} € E: u,v € U}.
Given graphs G1 = (V1, E1) and Gy = (Va, Es), a graph homomorphism ® : G; — Gs is
amap ®: Vi — V5 such that {®(u), &(v)} € E; whenever {u,v} € E;. If it is bijective
and {®(u),®(v)} € E2 < {u,v} € Ey, then it is a graph isomorphism. If G1 = Ga,
then a graph homomorphism and a graph isomorphism are a graph endomorphism and a
graph automorphism, respectively. We often name these objects just as homomorphism,
isomorphism, endomorphism, and automorphism, without mentioning the word ‘graph’.

In the literature, a homomorphism ¢ : T",, — fm is referred also as an adjacency
preserving map. It is a map ® : SGL,,(F2) — S,,(F3) that obeys the implication

rank(A — B) = 1 = rank (®(4) — ®(B)) =1

for all A, B € SGL,(Fs). Similarly, an automorphism ¥ of the graph fm is often referred
as a bijection on S,,(F2) that preserves the adjacency in both directions. It obeys the
equivalence

rank(A — B) = 1 <= rank (¥(A) — ¥(B)) =1



132 M. Orel, D. Visnji¢ / Linear Algebra and its Applications 727 (2025) 129-162

for all A, B € Sp,(F5). Automorphisms of I',, were characterized in [46] for m > 3 and
in [16] for m = 2 (see also [45, Theorem 5.4] and [47]). If m # 3, then each automorphism
is of the form

U(A)=PAPT +B (A€ S, (F)) (1)

for some fixed P € GL,,(F3) and B € S,,,(F2) where GL,,(F2) denotes the set of all
m X m invertible matrices over Fs. If m = 3, then the automorphism group of I',, has
an additional generator, which can be the map V., defined by

ailp a2 ais a11 + as3 a2+ asz aisz + asg
a2 aze azs | — | a2+ ags ag ass3 (2)
a13 a23 Aa33 a13 + a3 a23 as3s3

on S3(Fy). In [31, Theorem 1.1] it was shown that each endomorphism of T, is an
automorphism if m > 3. The same claim is true for the graph I',, if n > 3 [33, Theorem §]
despite the characterization of its endomorphisms = automorphisms is not yet known
if n > 3.! In the next paragraph, we briefly present a different characterization of the
automorphisms of fg, which is fully described in [32, pp. 395-396] and implicitly indicated
in [48, p. 512].

Observe that the map U, is additive, i.e. ¥.(A+ B) =¥, (A)+ V. (B) forall A,B €
S3(Fy). If ¥ is any automorphism of T, then the automorphism U’ : A U(A) —¥(0)
fixes the zero matrix. Since it is a composition of affine maps of the forms (1) and (2),
it must be additive. Moreover, the map ¥’ permutes the set

Rl = {eia e%? ega (el + 62)2, (91 + 93)27 (92 + 83)27 (el +ex+ 93)2}7 (3)

which consists of all seven rank-one matrices in S3(FF3). Here, we use the abbreviation
x2 1= xx T for a column vector x. Observe that the sum of the seven matrices in Rq is
zero and each six of them form a basis of the vector space S3(IF3) (in the language of finite
geometry, the rank-one matrices form an arc of size seven). Hence, if o is any permutation
of the set Rq, then o is uniquely extendable to an additive (= linear) automorphism of
fg that we denote by ¥,. Therefore, the automorphisms (= endomorphisms) of fg are

precisely the maps
A— T, (A)+B (A € S3(Fy))

where o ranges over all permutations of the set Ry and B ranges over all matrices in
S3(F2). In this way, the index 7 in the map ¥, is the transposition permutation that
swaps matrices (e +e3)?, (e; +es+e3)? and fixes all other rank-one matrices in R. For
more information related to the automorphism group of fg we refer to [32, pp. 395-396].

L It will be included as a research topic in our subsequent paper.
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In this and in the subsequent paper, the aim is to characterize all homomorphisms
® : T, — I',,. It is clear that the case n = 3 needs a special treatment because such
homomorphisms include those that can be factorized as

I's — fg — fm (4)

Hence, the characterization must involve maps ¥,. Another difficulty is the involvement
of the inverting map A — A~'. This map is nonlinear and preserves the adjacency rela-
tion (and many other rank-related relations) whenever it is defined as already observed
in the solutions of many preserver problems [14,25,29,30,33,44]. In fact, the property
rank(A~!— B~!) = rank(A— B) follows from the equality A~!—B~! = B~1(B—A)A~1,
which holds for arbitrary invertible matrices A, B that are of the same size and have co-
efficients in a field. In this paper we treat the case n = 3 and leave the case n > 3
for a subsequent paper. As it follows from Theorem 2.1, the factorization (4) is always
possible (if m > 3).
We now state the main result of this paper.

Theorem 2.1. Let m > 3 be an integer and let ® : T's — fm be a graph homomorphism.
Then there exist P € GLy,(F2), B € Sp(F2), and a permutation o of the set Ry such
that either

B(A) = P (‘I’UéA) 8) PT+B  forall A€ SGLy(Fy) (5)
®(A) =P (‘I"’(gll) 8) PT+B  forall Ae SGL3(Fy). (6)

Remark 2.2. The converse statement is clear from the discussion above, i.e. maps (5)
and (6) are always graph homomorphisms I's — T',,.

Remark 2.3. Regarding the characterization of all homomorphisms ® : I';, — fm where
2 € {n,m}, note that the graph I's is just the complete bipartite graph K7 3. Hence for
each induced subgraph I'V in fm, which is either isomorphic to K 3 or to a path on three
or two vertices, there exists a homomorphism & : I's — fm with V(IV) as its image. On
the other hand, there do not exist homomorphisms & : I',, — fg if n > 3. In fact, for
n > 3, I'), contains a 7-cycle (see [33]) and therefore its chromatic number is at least
three. However, fg is the cube graph, which has the chromatic number two. Hence, the
existence of such a homomorphism is neglected by [18, Proposition 2.10].
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3. Auxiliary results from linear algebra

Recall that a n x n matrix A over a field F is alternate if x" Ax = 0 for all x €
F". Equivalently, A is alternate if and only if it AT = —A and the diagonal of A is
zero. Alternate matrices have even rank [45, Proposition 1.34]. The next result follows
immediately from [45, Corollary 1.36].

Lemma 3.1. Let A € SGL, (Fq). If A is nonalternate, then there exists P € GLp(F2)
such that A= PPT.

The following result is well known (cf. [40, pp. 16-12, 16-16]).

Lemma 3.2. Let F be a field and A € GL,(F). If x,y € F", then A+ xy" is invertible
if and only if yT A~'x # —1 in which case

1

- AlxyTA™L
1+yTA 1x s

(A+xy ) t=4""1
Corollary 3.3. Let x,y,z € FJ.

(i) The matriz [+x2 is in SGL,(Fs) if and only if x"x = 0 in which case (I+x%)~! =
I+x2

(ii) Suppose that I + x> € SGL,(F2). Then I + x> + y? € SGL,(F2) if and only if
y ' (x+Yy) =0 in which case

I+x>+y? if yly=0,

I+x*+y*)~ ' = )
( ) I+x*+(x+y)? if yly=1.

(iii) Suppose that I + x>, 1 +x%+y? € SGL,(Fs). Then I +x2 +y? + 2% € SGL,(F2)
if and only if

2 (I+y'y) (x+y+2)+y'y (y+2) =0

Proof. Part (i) follows directly from Lemma 3.2. If the assumption in (ii) is satisfied,
then (i) and the equality y"x = x Ty in the binary field imply that

yI+x)ly=y'y+y'x-x"y=y (x+y).

Since Fo\{—1} = {0}, Lemma 3.2 implies that I + x2 + y? is invertible if and only if
y'(x+y) = 0. Moreover, in this case,

T+x+y) ' =T+ + T +x) 'y T +x°)!
=I+x*+(y +x'y -xy ") +x?)
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Table 1

Possible selections of vectors x,y,z in Lemma 3.4.

x;xZ x;rx;; x;x;; x y z
0 0 0 X1 +X2 X1 +X2+X3 X1+ X3
0 0 1 X1+ X2 X1 +X2+X3 X2+ X3
0 1 0 X1 +X3 X1+ X2 X2 + X3
0 1 1 X1+ X2 X1+ X2+ X3 X1+ X3
1 0 0 X1 +X3 X1 +X2+X3 X1+ X2
1 0 1 X2 +X3 X1+ X2 X1 + X2 + X3
1 1 0 X1+ X3 X1+ X2+ X3 X2+ X3
1 1 1 X2 + X3 X1 +X2+X3 X1+ X2

:I—i—x2—|—y2—|—)<Ty-xyT—&—yTX-yXT—&—xTy-yTX-XXT

=I+x*+y* +y'y-(xy| +yx' +xx")
=I+x*+(1+yTy) ¥ +yTy- (x+y)%

which completes the proof (ii).
Suppose the assumptions in (iii) are satisfied. Then, by considering both possibilities
y'y € {0,1}, we deduce that in the binary field

2 (I+xX*+y) 'z=2" (I1+y'y) (x+y+2)+y'y - (y+2).
The claim now follows from Lemma 3.2. O

Lemma 3.4. Let n > 3 and suppose that X1,X2,%x3 € F3' are linearly independent vectors
such that

x{x1 =0, X5 (x1+x2)=0,

(7)

x3 ((1+x]%2) - (X1 + X2 +X3) +Xg X2 - (X2 +x3)) =0.

Then there exist pairwise distinct X,y,z € {x1 +Xa,X1 + X3,X2 + X3,X1 + X2 + X3} such
that

x'x=0, y'(x+y)=0, z' (I1+y'y)-(x+y+2)+y'y-(y+2) =0 (8
Moreover, if X;—XQ =0 and X:;I—X3 =1, then we can select x = X1 + Xs.

Proof. In principle there are 26 possibilities for the six values X;er (1<i<j<3).
However, only 2% = 8 of them can satisfy the conditions (7). These are described by
the values x5 X2, X{ X3, X3 X3 in the first three columns of Table 1. In fact, together
with (7) they determine the other three values x| x1, X{ X2, X5 X3. We now select x,y, z
as described in the last three columns of Table 1. In particular, if xJ x2 = 0 and x;; x3 =1,
then we can select x = x1 + x2. O
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Lemma 3.5. Let x1,x2 € F3 be linearly independent column-vectors such that 0 =

xfxl = X;—XQ = XIXQ. Then there exist x3 € F3 such that x1,%X2,%x3 are linearly

independent, and either

x/x3=0, X9x3=1=x3x3 (9)
or

xgx3 =0, x{x3=1=x3x3. (10)
Proof. Observe that the assumptions imply that n > 3. Given x = (z1,...,%,)" in

FZ let supp(x) := {i € {1,...,n} : ; = 1} be its support. Since x1,x2 are linearly
independent, it follows that supp(x1) # supp(x2). In particular,

supp(x1) 2 supp(x2) (11)

or

supp(x2) 2 supp(x1). (12)

If (11) holds, then we select ¢ € supp(xsz)\supp(xi). Otherwise, we select i €
supp(x1)\supp(x2). The column vector x3 := e; satisfies either (9) or (10), depending
on the two choices for i.

Since x{ x; = 0 = X, X2, the numbers [supp(x1)|, [supp(x2)| are both even. Hence,
X3 # X1,X2. From x/xs = 0 we further deduce that |supp(x;) N supp(xz)| is even.
Therefore,

|supp(x1 + x2)| = |supp(x1)\supp(x2)| + [supp(x2) \supp(x1)|
= |supp(x1)\ (supp(x1) N supp(x2)) | + [supp(x2)\ (supp(x1) N supp(xz))|
is even. Hence, x3 # x1 + X9 and X1, X2, X3 are linearly independent. 0O
4. Vanishing sums of rank-one matrices and small cycles in f‘n
In this paper, we denote a k-cycle in a graph G = (V, E) as [v1, va,...,vg]. That is,
v1,...,0, € V are distinct vertices such that {vy,va}, {ve,vs}, ..., {vk—1,vx}, {vk,v1}
are edges in F. By rotating the vertices or by reversing their order we get the same cycle.
Clearly, if [X7, Xs,..., X] is a k-cycle in T',, or in T',, then matrices

My =X — X1, Mo=X3—Xo, ..., M 1=Xp—Xp1, M =X; — Xy,

are of rank one and satisfy
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My + My +---4+ M, =0. (13)

The aim of Section 4 is to describe rank-one matrices in S, (F2) that satisfy (13) for
small k. In what follows, (x1,...,X,,) denotes the vector space that is spanned by vectors

X1yeoo sy Xm-
Lemma 4.1.

(i) There do not exist rank-one matrices My, My, M3 € S, (F2) such that My + My +
M3 =0.

(ii) There do not exist rank-one matrices My, My, My, My, M5 € S,,(F2) such that M+
My + M3z + My + Ms = 0.

Proof. Any rank-one matrix can be written as M; = x? for some x; € F2\{0}.
To prove (ii), choose any rank-one matrices My,..., M5 € S,(F2). Let D be the

dimension of the vector space, which is spanned by vectors x1,...,x5. If D = 1, then
M1 = - = M5 and M1—|—M2+M3—|—M4+M5 = Ml ;é 0. If D Z 3, then there
are distinct a,b,¢c € {1,...,5} such that x,,xp,X. are linearly independent. Hence,

rank(M; + --- + Ms) > rank(M, + My + M) — rank(Mg + M,) >3 -2 =1> 0
where {d,e} = {1,...,5}\{a,b,c}. If D = 2, then there are a,b € {1,...,5} such that
Xq, Xp are linearly independent and x.,Xq,Xe € (Xq,Xp)\{0} = {Xa, Xp, Xq + Xp} where
{e,d,e} ={1,...,5}\{a,b}. Hence, M. + My + M, = ax2 + x} + v(xq + x)? for some
nonnegative integers «, 3,7 with a + 5 + v = 3. Consequently,

Mg + My + Me+ Mg+ M = (1+ a+7)xg + (L+ 8 +7)x5 +7(xax) +x0%g ). (14)
Clearly, (14) is nonzero if v # 0. For v =0,
(I+a+v)+(1+B8+7)=a+p=1(mod 2)

whence (1 4+ a+7v) #0or (1 + S ++) # 0. Therefore, (14) is nonzero.
Statement (i) follows from (ii) by selecting My = M5. O

By Lemma 4.1, there are neither 3-cycles nor 5-cycles in graphs fn and I[',,. It was
observed already in [33] that there exist 7-cycles in I';, for n > 3. Hence, the same is true
for graph fn with n > 3. To summarize, the odd girth (i.e. the length of the shortest odd
cycle) of '), and fn is 7 whenever n > 3.

Lemma 4.2. Suppose that My + --- 4+ My = 0 for some rank-one matrices My, ..., My €
Sg(]FQ). Then {Ml, ceey M7} = Rl.

Proof. By Lemma 4.1, My, ..., M7 are all distinct. Eq. (3) implies the claim. O
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Lemma 4.3. Let n > 3 and assume that My + Ms + --- + M7 = 0 for some rank-one
matrices My, ..., M; € Sp(Fs). Then there exist linearly independent vectors x1,Xa,X3 €
5 such that

{My, ..., M7y} = {x},x3,x2, (x1 +x2)%, (x1 +x3)%, (x2 + x3)?, (x1 + X2 + x3)%}. (15)

Proof. Write M; = y? for each i. Let D be the dimension of the vector space, which
is spanned by vectors yi,...,y7. If D < 2, then there are at most three possibil-
ities for matrices M;. In particular, there exist distinct 4,7 such that M; = M;.
Hence, M; + My + --- + M; = 0 transforms into a vanishing sum of five rank-
one matrices, which is not possible by Lemma 4.1. If D > 4, then there are dis-
tinct a,b,c,d € {1,...,7} such that y.,ys, ¥, ya are linearly independent. Hence,
rank (M +- - -+ Myz) > rank(M, + My + M.+ Mg) —rank(Me+Mp+My) >4-3=1>0
where {e, f,g} = {1,...,7}\{a,b,c,d}. Hence, D = 3. Let x1,X2,x3 be any linearly
independent vectors selected among yi,...,y7. Then y; € (x1,x2,x3) for all 4. If
P € GL,(F3) is any matrix with first three columns equal to x1,x2, X3, then for each 4

Mi—P<Mi 0>PT
0 0

where M, € S3(F3) is of rank one, and My + -+ M; = 0. By Lemma 4.2, we have
{M,...,M;} = Ry and consequently (15). O

we can write

Lemma 4.4. Let n > 3 and assume that My + My + - - -+ Mg = 0 for some M, ..., Mg €
Sn(F2) of rank one. Then, there exist nonzero vectors x1,Xa,x3 € FJ such that the
multiset { My, ..., Mg} equals {x3,x3,x3,x3,x3,x3}.

Proof. Write M; = y? for each i. Let D be the dimension of the vector space, which
is spanned by vectors yi,...,y¢. If D = 1, then y; = --- = yg, and we can select
X1 =Xg =x3 =y1. f D=2, then (y1,...,y6) = (x1,%x2) = {0,X1,X2,%X1 + X2} for
appropriate linearly independent column vectors x;,Xs. Hence, y? € {x?,x3, (x1 +x2)?}
for each i. Since, My +-- -+ Mg = 0, each of the three matrices x7, x3, (x; +X2)? equals
to an even number of matrices y? (i = 1,...,6), which ends the proof. If D > 4, then
there are distinct a,b,c,d € {1,...,6} such that y,,¥s,ye, ya are linearly independent.
Hence,

0 =rank(M; + - - - + Mg) > rank(M, + My + M. + My) —rank(M. + My) >4 -2 =2

where {e, f} ={1,...,6}\{a,b,c,d}, a contradiction.

Finally, assume that D = 3. Then there are distinct a,b,c € {1,...,6} such that
Ya,¥Yb, Ye are linearly independent. Let P € GL,,(F2) be such that Py, = e;, Py, = eq,
Py, = es. If M; is the top-left 3 x 3 block of matrix PM; PT, then M; € S3(F3) is of rank
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one and M + --- + Mg = 0. Since the rank-one matrices in S3(F3) form an arc of size
seven (in the language of finite geometry), it follows that {1,...,6} = {i1,...,is} where
Mi1 = Mi27 .1'3 = Mi4, Ml = Mi6~ COHSunthly, Ml B MQ, M7,3 = Mi4, = Ml

and we can select x; :=y;,, X2 :=Yi,, X3 :=Yi;. O

5

i5

Corollary 4.5. Let n > 3 and assume that My + Ms + M3z + My = 0 for some rank-one
matrices My, ..., My € S,,(F3). Then there exist nonzero vectors x1,x2 € FY such that
the multiset {My, Mo, M3, My} equals {x3,x3,x3,x3}.

Proof. It follows directly from Lemma 4.4 if we select M5 = Mg to be an arbitrary
rank-one matrix in S, (Fz). O

Lemma 4.6. Let n > 3 and assume that My + My + --- + Mg = 0 for some ma-

trices My,...,Ms € S,(F3) of rank one. Then, either there exist nonzero vectors
X1,X2,X3,X4 € F2 such that the multiset {My, ..., Mg} equals {x3,x3,x3,%3,%3,%3,

x2,x3}, or n > 4 and there exist linearly independent vectors y1,y2,ys,ya € F& such
that {My, ..., Mg} equals

{1 y3,y3,¥5 (v1 +y2 +¥3)% (1 +y2 +y4)2, (y1 +y3 +ya)2 (y2 +y3 +y4)?}. (16)

Proof. If M; = M; for some distinct 7 and j, then the result follows from Lemma 4.4.
This is always the case if n = 3 because S3(F3) contains only seven distinct matrices of
rank one. Hence we may assume that n > 4, all matrices M; =: y2,..., Mg =: y2 are
distinct, and dim(y1, ..., ys) > 4. If there exists linearly independent vectors y;,, ..., yi,
with r > 5, then

0 = rank i y?k + Z y?

k=1 G&{i1,yiv}
T
> rank <Zyl2k> — rank Z y? >5—-3=2,
k=1 AT
a contradiction. Hence, dim(y1,...,ys) = 4. We may assume that y1,...,ys are linearly

independent and ys,...,ys € (y1,...,y4). Let P € GL,(F3) be such that Py; = e; for
all i < 4. Then, Pys,...,Pys € (e1,...,eq4). Since

8
el +e3+ejt+ei+ ) (Pyi) =0,

=5

we deduce that matrix

el + e +ej+ef + (Py;)?
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AT A,

A, A,

Fig. 1. Graph I's is the Coxeter graph.

is of rank three for all i € {5,6,7,8}. Hence the determinant of its top-left 4-by-4
submatrix vanishes. If z; € F3 denotes the vector obtained from the first four entries
of Py;, then by Lemma 3.2 we deduce that z, I4z; = 1 for all i € {5,6,7,8}. That is,
z; has odd number of nonzero entries. Since Pys, ..., Pys € (e1,...,es) and matrices
PMPT,...,PMgPT are all distinct, it follows that

{Pys,...,Pys} ={e1 +ex+es e +e+eqe +e3+eq,exte3tes)
and consequently {Mi, ..., Mg} equals (16). O

Remark 4.7. Observe that vectors y1,y2,y3,y4 in Lemma 4.6 have the property that each

five-element subset in {y1,y2,¥3,¥4,¥y1+¥2+¥3, Y1 +y2+¥4,y1 +¥3+Ya, Y2 +y3+ya}
spans the whole space (y1,y2,y3,y4). We apply this fact in the proof of Lemma 6.9.

5. The Coxeter graph and the Coxeter-like graphs

It was observed by the first author of this paper that I's is isomorphic to the well-
known Coxeter graph [33]. In Fig. 1, we provide a labeling of the vertices that is similar
to the one in [3] but has an additional advantage to incorporate the notion of the inverse
of a matrix. Namely, we write V(I's) = SGL3(F3) = {V;, 4;, B;,C; : i € F7} where
Fr ={-3,-2,—1,0,1,2,3} is the field with seven elements and

001 111 001 110
Vs3=|o011]), A3=(101), Bg3=[(o011]|, C3=(100],
110 110 111 001
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010 010 100 110
Vo=(111]), Ay=(101]), By=[o001]), Co=1[111],
011 011 011 011
101 101 101 101
Vi=(oo01), Ai=(o010]), By=(o0o11), Ci=(o001],
111 100 111 110
100 001 100 010
Vo=(o010]), Ag=(010), By={|o0o01 ]|, Cy={100],
001 100 010 001
110 001 011 110
Vi=l(101),A =010, B1=(101),Cqy=(111],
010 101 111 010
011 111 100 011
V.o=(100),Ao=(100),Bo=(011),Co=(111],
101 101 010 110
111 111 011 010
Vy=|110]),A3=(110),B.g=(110]),C_3=(110
100 101 100 001

(compare with [35, Figure 1]; see also figures in [33,34]). Observe that E(I's) consists
precisely of the edges

{‘/7/7 AZ}7 {‘/7,7 Bl}7 {‘/M Cz}a {Alv Ai-‘rl}a {Bl7 Bl-‘r?}a {CM CZ+3} (17)
as ¢ ranges over [F7. Moreover,
Vfl =V_;, Afl =A_, Bfl = B_;, Cfl =C_;

for all ¢ € Fy. In particular, matrices I = Vj, Ag, By, Cy are the fixed points of the
inverting map A — A~ on SGL3(TF>).

Recall that an s-arc in a graph T is a sequence (ug,u1,...,us) of vertices such that
u; ~r Uip1 forall 0 <i < sand uj_q # ujyq for all 0 < j < s (cf. [17]). A weaker result
than Lemma 5.1, which involves 2-arcs in Ty, is proved in [33].

Lemma 5.1. Let n > 3 and let (Uy,Uy,Us,Us) be any 3-arc in Ty, formed by pair-
wise distinct matrices. If n > 4, assume that Uy and Us are not adjacent. Then
(Uo, U1, Uz, Us) lies on a T-cycle in T, i.e. there exist U_3,U_o,U_1 € SGL,(F3) such
that [U—3,U_2,U_1,Uy, U1,Us,Us] is a T-cycle in Ty,.

Proof. The Coxeter graph I's has no 4-cycles (the length of the shortest cycle in T's is
actually seven). Hence, it follows from the assumptions that rank(Uy — Us) € {2, 3} for
all n > 3. Accordingly we separate two cases.

Case 1. Let rank(Uy—Us) = 3. Since rank(Uy—Us) is odd, at most one of the matrices Uy
and Us is alternate. We may assume that Uy is nonalternate (otherwise we consider the
3-arc (Us, Uz, Uy, Uy) instead). By Lemma 3.1, there exists an invertible matrix P such
that Uy = PPT. Let U/ = P7tU;(P~Y)T for i = 0,1,2,3. Since the map X ~ PXPT
is an automorphism of T, it suffices to prove that the 3-arc (Uj, Uy, U3, Uj) lies on a



142 M. Orel, D. Visnji¢ / Linear Algebra and its Applications 727 (2025) 129-162

7-cycle in I',,. Since rank(U/_; — U/) = 1 for all ¢ and rank(Uj — Uz) = 3, there exist
linearly independent vectors x1,x2,x3 € F3 such that U/ = U/_, +x? for all i = 1,2, 3.
Since matrices

Up=1, Uy =1+x7, Uy =T +xi+x5, Uy =1 +xi +x5+x}

are allin SGL,, (F3), Corollary 3.3 implies (7). By Lemma 3.4, there exist pairwise distinct
X,y,Z € {X1+X2, X1+X3, X2+X3, X1 +X2+X3} that satisfy (8). By Corollary 3.3, matrices

Ulyi=T1+x% Uy i=1+x>+y* Uy i=1+x"+y* +2°

are all in SGL,,(Fz). Since U’ 5 — U} = w? for w € {x; + X2,X1 + X3,X2 + X3,X1 + X +
x31\{x,y, 2} it follows that rank(U’ 5 — Us) = 1 and (U}, U7, U5, U}) lies on the 7-cycle
[U' 5, U ,, U U, U, U UL

Case 2. Let rank(Uy — Us) = 2. Since rank(U; — Uz) is odd, at most one of the matrices
U; and Us is alternate. We may assume that U; is nonalternate (otherwise we consider
the 3-arc (Us, U, Uy, Uy) instead). By Lemma 3.1, there exists an invertible matrix P
such that Uy = PPT. Let U/ = P~1U;(P~1)T for i = 0,1,2,3, in particular,

Ul =1.

Since the map X — PXPT is an automorphism of I',, it suffices to prove that the 3-arc
(U§,U1,U4,U35) lies on a T-cycle in I'y,. Since rank(U/_; — U}) = 1 for all ¢, there are
nonzero vectors Xo,X1,Xz € F3 such that U/ = U/_, + X?_l for all i = 1,2,3. Since
matrices U}, U7, Us, Ug are all distinct and rank(Uy — Us) = 2, it follows that x;, x3 are
linearly independent, while xg = x; + x5. Since matrices

Uy=1+x3, Ujy=T+x3+x3 Uj=TI+(x1+x2)?
are all invertible, we deduce from Corollary 3.3 that

0= xi'—xl,

0 =x, (x1 + x2),

0= (x1 +x2) " (x1 +x2) = %] X1 + X Xa.
Hence, 0 = xi'_xl = x;xz = XIXQ. By Lemma 3.5, there exists x3 € F3 such that
X1, X2, X3 are linearly independent and either (9) or (10) is true. Consequently, equalities
in (7) are all satisfied. In particular, Corollary 3.3 yields

Uy =1+x4+x2+x32€SGL,(Fy).

Moreover, by Lemma 3.4, there exist pairwise distinct x,y,z € {x1 + X2,%X1 + X3,X2 +
X3,X1 + X2 + X3}, with x = x; + X2, such that (8) is true. By Corollary 3.3, matrices
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T+ Ul i=T14+x" 4y, Uy i=1+x"+y* +2°

are all in SGL,,(Fs). Since, U} = I +x2 and U’ , — U’ ; = w? where w € {x1 + X2, X1 +
X3, X2 + X3, X1 + X2 + X3 }\{X, ¥, 2}, we conclude that (U}, U;, Uj, U}) is contained in the
7—CyC1€ [U/—BaUl—QaUl—laUéanvUé’Ué}' u

Proposition 5.2. There are 24 7-cycles in the Cozxeter graph I's, namely:

[A_3,A_o, A1, Ag, A1, Ag, A3], (18)
[B1, B3, B_2, Bo, B2, B_3, B_1], (19)
[C_2,C1,C_3,C,C3,C_1,Cy), (20)
[Aip1, Aiy A1, Vie1, Bi1, Big1, Viq1]) i€ Fry, (21)
[Bit2, Bi, Bi—2,Vi—2,Ci—2,Ciy2,Viya] i€ Fr, (22)
[Ciy3,Ci,Ci3, Vi3, Ai—3, Ait3, Viys] i€ 7. (23)

Proof. Clearly, the above are distinct 7-cycles in I's and there are 24 of them. Suppose
now that [Xo, X1, Xa2, X3, X4, X5, Xg] is an arbitrary 7-cycle in I's. If it contains only
vertices of the form A;, or only vertices of the form B;, or only vertices of the form C;,
then [Xo, X1, X2, X3, X4, X5, X6] must be one of the three 7-cycles in (18)-(20). Assume
now that [Xo, X1, X2, X3, X4, X5, X contains a vertex V; for some j € F7. We may
assume that X¢ = V. Then, {Xo, X5} € {{4;,B;},{B;,C;},{C;, A;}}. If necessary, we
rewrite the 7-cycle in the reversed way as [X5, X4, X3, X, X1, X0, Xg] to achieve that
(X0, X5) € {(4;,B;),(B;,C;),(C;j,A;)}. We separate the three cases accordingly.

Case 1. Let Xy = A; and X5 = B;. By (17),

X1 € {Aj—lij-&-l} and X4 S {Bj_Q,Bj+2}.
Hence, {X2, X3} € {{Vi, Ak}, {Vk, Br}} for some k € F7. In the latter case, X5 €
{Bj+3,Bj_3} and Xy € {V;43,V;_3}, which is not possible because Xo and X; must
be adjacent. Therefore, X3 € {V,_2,Vj12} and Xy € {A4,_2, A;12}, which results in two
possibilities for the 7—cycle [Xo,Xl,X27 X3,X4,X5,X6]Z

[Aj,Aj1,A; 9, V;_2,Bj_5,B;,V;] and [Aj, Aji1,A 12, Vjt2, Bjya, B;, Vj].

The 7-cycle on the left-hand side equals (21) for j = ¢ + 1, while the 7-cycle on the
right-hand side can be rewritten in the reversed way as (21) for j =i — 1.

Case 2. Let Xg = B; and X5 = C;. We proceed as in Case 1, to obtain two possibilities
for [Xo, X1, X2, X3, X4, X5, Xg]:

[Bj, Bj—2, Bj+3,Vj+3,Cj+3,C;, V;| and  [Bj, Bjy2, Bj_3,Vj—3,Cj—3,C;, Vj].
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These are T-cycles of the form (22) for j =i+ 2 and j =i — 2, respectively.
Case 3. Let Xg = C; and X5 = A;. We proceed as in Case 1, to obtain two possibilities
for [Xo, X1, X2, X3, X4, X5, X¢]:

(C5, Ci-3,Ciy1, Vinr, Ajr, A, Vil and G, Clgs, Oy, Viea, A1, Aj, V)
These are T-cycles of the form (23) for j =i+ 3 and j =i — 3, respectively. O

It is well known that the Coxeter graph I's is $-arc transitive, i.e. for each 3-arcs
(X0, X1, X5, X3) and (Yp,Y7,Y5,Y3) in I's there exists an automorphism ¥ of I's such
that ¥(X;) =Y; for i = 0,1,2,3. Actually, it is even 3-arc regular as mentioned in [17,
Section 4.6], which means that for the 3-arcs (Xo, X1, X2, X3) and (Yo, Y1, Ys,Y3) the
automorphism ¥ with such property is unique. In the proof of Lemma 5.4, we rely on 3-
arc transitivity. We provide an additional proof of this property for reader’s convenience.
For this purpose recall that given a matrix P € GL3(F2), the maps X + PXPT and
X — X! are both automorphisms of I's.?

Lemma 5.3. The Cozeter graph I's is 3-arc transitive.

Proof. Let (Uy, Uy, Us,Us) be a 3-arc in I's. Since Uy is a 3 x 3 invertible symmetric
matrix, it is not alternate. By Lemma 3.1, there exists P € GL3(FF2) with PUyPT = I.
Since the map ¥g : X — PXPT is an automorphism of I's, we can replace matrices U;
by ¥o(U;) = PU;PT. Hence, we may assume without loss of generality that Uy = I = Vj.
From Fig. 1 we deduce that U; = Ag or Uy = By or Uy = Cy. Define

QRQ=I or Q=Cy or Q= By,

respectively. Since the map ¥; : X — QXQT is an automorphism of I's such that
Uy (Vo) = Vo and U1 (Uy) = Ag, we may further assume without loss of generality that
Uy = Ag. In this case, Uy = A; or Uy = A_1. Let the automorphism ¥y be the identity
map or the inverting map X — X1, respectively. Since Wo(Vy) = Vo, Wa(4g) = A, and
Uy(Us) = Ay we may further assume that Uy = A;. Then, Us = A or Us = V5. Let the
automorphism W3 be the identity map or the map X — AgX 'A], respectively. Since
U3(Vo) = Vo, U3(A4o) = Ao, P3(A41) = Ay, P3(Us) = Ay, we see that each 3-arc can
be mapped to the 3-arc (Vp, Ag, A1, A3) by an automorphism of T's. Hence, the Coxeter
graph is 3-arc transitive. O

Lemma 5.4. In the Cozeter graph I's,

(i) each 8-arc lies on the unique 7-cycle;

2 Actually, maps of these forms generate the whole automorphism group of I's as proved in [33] by applying
the counting argument.
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(ii) for each pair of 7-cycles C1 and Cy there exists an automorphism ¥ of I's such that

U(Cy) = Co.

Proof. (i) Let (Uy,Uy,Us,Us) be a 3-arc in I's. By Lemma 5.3, there exists an auto-
morphism ¥ of '3 such that W(A;) = U; for i = 0,1,2,3. By Proposition 5.2, the 3-arc
(Ag, Ay, As, A3) lies on the unique 7-cycle, namely (18). Its U-image is the unique 7-cycle
that contains (U, Uy, Us, Us).

(ii) Pick any 3-arcs (W, Wy, Wa, W3) and (Up, Uy, Us, Us) in C; and Cs, respectively.
By Lemma 5.3, there exists an automorphism ¥ of I's such that ¥(W;) = U; for i =
0,1,2,3. By (i), ¥(C;) =C2. O

Remark 5.5. Observe that the number of 3-arcs in each 7-cycle in the Coxeter graph
equals 2 -7 = 14 if we consider both directions of the 7-cycle. By Lemma 5.4, each 3-arc
lies on the unique 7-cycle. Hence, Proposition 5.2 implies that the number of 3-arcs in
I'3 equals 24 - 14 = 336. There are also exactly 336 automorphisms of the Coxeter graph
(cf. [33]). Consequently, Lemma 5.3 provides an additional proof of the fact that the
Coxeter graph is 3-arc regular.

6. Proof of Theorem 2.1

Lemma 6.1 and Corollary 6.2 represent the first step towards the characterization of
all graph homomorphisms ® : I's — I',,. They have a potential of being helpful also in
finding solutions to other preserver problems.

Lemma 6.1. Let A; and Az be two (possibly infinite) simple graphs and ® : Ay — Ay
a homomorphism. If n > 1 and [vy,...,v2n41] is an odd cycle in Ay, then there exist
1 <k <n and distinct iy, ... igpq1 € {1,...,2n+ 1} such that [ (vy, ), ..., P(viy,.,)] is
an odd cycle in Ag.

Proof. Let A} and A} be the (finite) subgraphs in A; and Ag, respectively, which are
induced by the sets {v1,...,va,41} and {®(v1),..., ®P(vayt1)}, respectively. Then the
restriction of the map ® to the set {vy,...,va,41} is & homomorphism between A} and
AL. Since A} contains an odd cycle, its chromatic number x(A}) is at least 3. By the well
known inequality (cf. [18, Proposition 2.10]), we deduce that 3 < x(A}) < x(A%). Hence,
A, is not bipartite, which means that it posses an odd cycle (cf. [18, Proposition 1.4]). O

Corollary 6.2 follows directly from Lemma 6.1.

Corollary 6.2. Let Ay and As be two (possibly infinite) simple graphs with the same odd
girth g. If ® : Ay — As is a homomorphism, then it maps g-cycles to g-cycles.

Corollary 6.3. Let n,m > 3. If & : T, — fm 1s a homomorphism, then it maps 7-cycles
to T-cycles.
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Proof. Since the odd girths of I';, and fm both equal seven, the claim follows from
Corollary 6.2. O

For an edge {X,Y} in T, or T,, we will slightly abuse the terminology in the proofs.
Namely, we will refer as an ‘edge’ also the corresponding rank-one matrix X —Y =Y —X.
By Lemma 4.3, all edges in a 7-cycle are distinct.

Lemma 6.4. Let {N, : i € F;} = Ry be any enumeration of rank-one matrices in S3(F).
Then there are exactly two homomorphisms ® : I's — I's that satisfy ®(I) = I and
O(V;) — ®(A;) = N; for all i € F7. Namely, they are given by

O(X) =Ty (X) =Ty, (I)+T and (X)) =To (X 1) =V, (1) + 1 (24)
for all X € SGL3(IFy) where 01,09 are the unique suitable permutations of R1.

Proof. Observe from the definitions of A; and V; that {V; — A; : i € F;} = Ry. If 0y is
the permutation of Ry that maps V; — A; to IV, for all ¢ € F7, then

D1 (V;) — @1(Ai) = Vo, (Vi) = Vo (Ai) = Vo (Vi — Aj) = N; (i €Fp).
Likewise, if 05 is the permutation that maps V; — A; to N_; for all ¢ € F7, then

Dy(Vi) = @o(A) = Vo (V' = A7) = W, (Vo = A) = N (i € F).

7

Clearly, both maps ®1, ®5 are homomorphisms and fix the identity. It remains to prove
that there exist at most two homomorphisms ® from the claim.

Let @ : T'5 — fg be a homomorphism with ®(I) = I and ®(V;) — ®(A;) = N; for all
i € F7. In particular, the images

®(Vo) =Vo and ®(A4g) =2(Vo) + No (25)

are determined. For ¢ € [F; observe that each of the 3-arcs (A;11,4:, Vi, B;),
(AiJrl, Ai, AZ',h ‘/;',1), (BH»I» V;+1; Ai+1, AZ), (‘/iJrg, Ai+2, Ai+1, Az) contain the edge
Air1 — A;. By Lemma 5.1, each of them lies on a 7-cycle, which is mapped into an-
other 7-cycle by Corollary 6.3. Hence, all three edges of each 3-arc are mapped into
three distinct edges. In particular,

D(Ajr1) — ©(A;) # Niy Ni—1, Niy1, Nijo.
Consequently,
P(Aip1) — P(A4;) € {Ni—2, Niy3, N;_3}. (26)

We claim that
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P(Ai1) — P(Ai) # Nis
for all 7 € [F5.
Suppose that ®(A;41) — ®(A4;) = N,j_3 for some j. Since the image of [A_3, A_o,
A_1,Ag, A1, Ag, As] is a T-cycle, we deduce that
(A;j-1) — B(4;) # Nj-s,
which by (26) implies that

®(Aj—1) — ®(A;) = N € {Nj42, Njis}. (27)

Since (Aji3, Ajt2,Aj41,4;) is a 3-arc, it follows as above that matrices ®(A;j41) —
(I)(AJ), (I)(AJ+2> — @(Aj+1), qD(AJ-H’)) — @(AJ+2) are all distinct. By (2()),

P(Aj12) — P(Aj11) € {Nj—1,Nj_2},
D(Aj43) — P(Aj42) € {N;j, Nj_1,Nj2}.

If {(I)(Aj+2) — (I)(Aj+1),¢)(14j+3) — (I)(Aj+2)} = {Nj_l,Nj_Q}, then from the image of
the 8—cycle [‘/34_3, Aj+3, Aj+2, Aj+1, Aj, Vj, Oj, Cj+3] we deduce that

Njt3+ Nj_1 +Nj_o+ Nj_3+ N; + ((I)(VJ) - (I)(Cj))
+(2(C)) = 2(Cj13)) + (2(Cjr3) — 2(Vjys)) =0,

which contradicts Lemma 4.6 because matrices N;y3, N;_1, N;j_o, N;_3, N; are all dis-
tinct. Hence,

D(Aj43) — (Ajp2) = N;.
Since [A_3, A_q, A_1, Ag, A1, Aa, A3] is mapped into a 7-cycle, we deduce that
(Aj-3) — ®(A;-2) # N,
which by (26) implies that
B(Aj-3) — P(Aj-2) =t N € {Njy1, Njyo}. (28)
From the image of the 8-cycle [V;_3, Aj_3, A, 2, A;_1,4;,V;,C;,C;_3] we get

Nj_3+ N+ N+ N+ N; + (2(V;) — ®(C)))
+(®(Cj) — ®(Cj—3)) + (®(Cj_3) — ®(Vj_3)) =0 (29)

where
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N = ®(A;j_2) = ®(A;-1) € {Njs+1, Njs2, Nj1s} (30)

by (26). Since (Aj_3,A;_2,A;_1,A;) is a 3-arc, we deduce as above that rank-one ma-
trices N,N, N are all distinct. Hence, it follows from (27), (28), (30) that matrices
N;_s, N,N,N, N; are all distinct, and (29) contradicts Lemma 4.6.

We proved that ®(A;41) — P(A;) # N,;_3 for all i € F7. By (26),

®(Ait1) — ©(A4i) € {Ni—2,Nixs} (i €Fr)

that is
D(A)) — P(Ag) € {N_2, N3},
®(A3) — ©(Az) €{No, N_2},
P(A_2) — (A_3) € {N2, No},
B(Ag) — B(A_1) € {N_g, No},
D(Ay) — P(4) € {N_1, N_3},
D(A_3) — P(A3) € {N1, N_1},
B(A_1) — D(A_y) € {Ns, Ni}.

Since [@(A_g), (D(A_Q)’ (P(A_l), (D(Ao), (D(Al), @(Ag), (I)(A3)} is a 7—cycle, it follows that
matrices ®(A4;11) — P(A;) with i € Fy are all distinct. Hence, there are only two possi-
bilities for values ®(A4;) with ¢ # 0. Either

@(Az) = ‘I)(Ai_l) + N;_3 (Z € ]F7) (31)
or
Recall that values ®(Ay), ®(Vp) are already determined in (25). The values ®(A;) for
i # 0 are determined either by (31) or (32). To complete the proof it suffices to show
that values ®(V;) for i # 0 and ®(B;), ®(C;) for all ¢ € F7 are uniquely determined by
values ®(Vp), ®(A;), i € Fr.
Firstly recall from the assumption that
(Vi) = ®(Ai) + Ni. (33)

Choose arbitrary i € F7. Since the edges of each 7-cycles

[B(V;), ®(B;), ®(Bit2), 2(Vit2), ®(Ait2), ®(Ait1), P(4;)]
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and
[®(Vi), ®(B;), ®(Bi—2), ®(Vi—a), ®(Ai_2), ®(A;_1), P(A;)] (34)
are all distinct, it follows that

(B;) — ®(Vi) € Ri\{Niy2, Ni_a, Ni, ®(Ai12) — ®(Aiy1),
B(Ars1) — B(A), B(A) — B(Ar1), B(Ai_1) — B(A;0)).

In the cases (31) and (32) we deduce that

®(B;) = (Vi) + Nip1 (i €F7) (35)
and

D(B;) = (Vi) + Ni1 (i € Fr), (36)

respectively. Moreover, in cases (31), (35) and (32), (36) we deduce from the 7-cycle (34)
that

®(B;) — ®(Bi—2) € Ri\{Nit1, Ni—1, Ni—2, Niy3, Ni—3, N;}
and
®(B;) — ®(Bi—2) € Ri\{Ni—1, Ni—3, Ni—2, Ni11, Niy2, Ni},
respectively. That is,
O(B;) — P(B;—2) = Nit2 (1 € F7) (37)
and
®(B;) — ®(B;_s) = Nip3 (i € Fy), (38)
respectively. Finally, since edges in each of the 7-cycles
[2(Vi), 2(Ci), @(Ciss), ®(Vigs), ®(Bits), ®(Bi-2), ®(By)]
and
[B(V;), ®(Ci), ®(Ci-3), ®(Vi-3), P(Bi-3), ®(Bi2), ®(Bi)]

are distinct, we deduce that



150 M. Orel, D. Visnji¢ / Linear Algebra and its Applications 727 (2025) 129-162

(C;) — (V;) € Ri\{®(Biss) — ®(Vigs), ®(Bi—3) — ®(Vi_3),
O(B;) — ©(Vi), ®(Bi—2) — ®(Big3), ®(B;) — ®(Bi—2),
®(B;—3) — ®(Bit2), ®(Bit2) — ®(Bi)}.

That is,

if (31), (35), (37), and
if (32), (36), (38). To summarize, values ®(Vp), ®(Ap) are determined in (25). Values
®(A;) with ¢ # 0 are determined in (31) or (32). If (31), then values ®(V;), ®(B;), ®(C;)
are determined in (33), (35), (39). If (32), then values ®(V;), ®(B;), ®(C;) are determined
in (33), (36), (40). O
Corollary 6.5. A graph homomorphism ® : I's — fg, is either of the form
P(X)=9,(X)+Y (X € SGL3(Fy)) (41)

or

PX)=V, (X H+Y (X € SGL3(Fy)) (42)

for some Y € S5(F3) and some permutation o of the set Rq.

Proof. Obviously, the maps (41) and (42) are both graph homomorphisms. Conversely,
let ® : 'y — I's be any homomorphism. Then the map, defined by (X)) := (X)) —
O(I) + I for all X € SGL3(F3), is a homomorphism as well. Moreover, ®'(I) = I. To
complete the proof it suffices to show that

Namely, then Lemma 6.4 implies that @' fits one of the two forms in (24) and therefore
® is either of the form (41) or (42) where o € {01,02} and Y € {®(I) — ¥, (1), ®(I) —
U, (1)}

Recall by Lemma 4.3 that the rank-one matrices, which define the edges in a 7-cycle,
are all distinct. If ¢ € F7 is arbitrary, then
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are both 7-cycles by Corollary 6.3. In particular,
O'(A;) — ¥'(Vi) ¢ {®(Ais1) — ' (Vig1), @' (Aiy2) — @' (Vis2)}  (i€Fr).  (46)
Suppose that ®'(A;) — ®'(V;) = ®'(Aj4+3) — ®'(Vjy3) =: My for some j € Fr. Let
My = @'(A;) — ®(Aj11), Mz := P'(Aj41) — '(Ajy2), My := P'(Aj42) — P'(4j43).
From the 7-cycle (45) with ¢ = j we deduce that M; # Ms, M5. From the 7-cycle (44)
with ¢ = j + 2 we deduce that M; # M. Since
[(I)/(A—S)v (I)/(A—Q)’ (b,(A—l)v (I)/(Ao)v (I)/(Al)’ CDI(A?)a (I)/(A3)]

is a T-cycle, we deduce that rank-one matrices My, Mo, M3, My are all distinct. Let
{Ms, Mg, M7} := Ri\{ M1, Ms, M3, My}. Consider the image of the 9-cycle

[Aj, Aji1, Ajyo, Ajis, Vigs, B, Bi—a, By, V).
Since ®'(A;) — @' (V;) = ®'(Aj43) — ®'(Vj13), the edges in the image produce a van-
ishing sum of seven rank-one matrices. From Lemma 4.2 and the definition of matrices

Moy, M3, M, it follows that

{2/(B;) — @'(V;), ¥ (Bj+3) — @' (Vja),
P'(B)) — ¥'(Bj-2), ®'(Bj43) — ®'(Bj—2)} = {M1, M5, Mg, My} (47)
Since (A;,V;, B;) and (Aj+3,Vjts, Bj+3) are both 2-arcs that are contained in some 3-
arcs, and therefore in some 7-cycles by Lemma 5.1, it follows that ®'(B;) # ®'(A4,) and
®'(Bjt3) # D'(Aj43). Consequently, (47) and the definition of matrix M; imply that
My € {@(B)) — '(Bj—2), ®'(Bj43) — '(Bj-2)}.
However, the 7-cycle (45) with i = j — 2 and i = j + 3 imply that
My ¢ {®'(B;) — @'(Bj-2), ®'(Bj+3) — ¥'(Bj-2) }
a contradiction. Therefore
'(A;) — (Vi) # @' (Aigs) — @' (Vizs) (i € Fr). (48)

Since i € F7 is arbitrary in both (46) and (48), it follows that the seven rank-one matrices
D'(A;) — ®'(V;);4 € Fr are all distinct, which proves (43). O

Suppose that & : I's — fm is a graph homomorphism where m > 3. By Corol-
lary 6.3, each 7-cycle in the Coxeter graph I's is mapped into a seven cycle in I'),. By
Proposition 5.2,
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are 7-cycles in fm. By Lemma 4.3, the seven edges in each of them (i.e. the differ-
ences of consecutive vertices) are of the form (15) where x1,%2,x3 € FJ" are linearly
independent. Hence, we may associate a 3-dimensional vector subspace in 3", which is
of the form (x1,x3,X3), to each 7-cycle in (49)-(54). We denote these vector space by
Wa(®), Wg(®), Wa (), Wi 5(®), Wh(P), Wi ,(®), respectively. If the definition of ®
is clear from the context, we simply write

Wa, Wi, We,Whp, Wha, W 4.

Recall that a 3-dimensional subspace in Fj" has seven nonzero elements, one for each
edge of a 7-cycle. Moreover, it is spanned by any selection of its 4 distinct nonzero
vectors. Given any vector subspace W in Fj*, we denote by W = {w?:w € W} the
corresponding set of rank-one matrices. Conversely, given a rank one matrix M = w?

we define MY2 := w.

Lemma 6.6. Let m > 3 be an integer and ® : I's — fm a graph homomorphism. Then
there exists a vector subspace W in FJ" of dimension at most 4 such that ®(X)—-®(Y) €
W®) whenever X,Y € SGL3(Fy) satisfy rank(X —Y) = 1.

Proof. Let W4 = (x,y,z) for some linearly independent x,y,z € FJ*. Further denote
®(A;) — ®(A;_1) = z7 for all i € F7. Then, (x,y,z) = (z; : i € F;). Since the 7-cycles
(49) and (52) with ¢ = 0 both contain edges ®(A4;) — ®(Ap) and P(Ag) — P(A_4), it
follows that W95 = (20,21, w) for some w € F". We set W = (x,y,z,w). Clearly,
dim W < 4.

Observe from Fig. 1 that the ®-image of each edge {X,Y} in I's is contained in at
least one of the 7-cycles that are associated to the vector spaces

Wap (i €Fr), (55)
Whe (i €Fy).
We need to show that all of them are contained in W. Obviously, W4, C W. Given

i € 7, consider the subspace Wﬂf and its associated 7-cycle. It shares two edges,
D(A;j11) — ®(Vig1) := u? and ®(V;41) — ®(Biy1) := v7, with the 7-cycle associated to
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WAB. By the recursion, we may assume that u;,w; € W. Since z;,2,2;13 € W and
W;, Wy, Z; 12, %Z;+3 correspond to four distinct edges of the 7-cycle associated to WE%?, it
follows that WZ; C W. Since 7 and 2 are coprime, it follows that all subspaces in (55)
are contained in W. In particular, Wp C W. For general i € 7, the 7-cycle associated
to W5 has four edges

P(Bit2) — ®(Bi), ®(Bi) — (Bi—2), ®(Bi—2) — ®(Vi—2), ®(Viy2) — ®(Biy2)  (56)

contained already in the 7-cycles that are associated to the spaces in (55). Consequently,
matrices (56) are in W2 and therefore W, CW. O

The dimension 4 in Lemma 6.6 actually drops to 3 as we eventually prove in
Lemma 6.9. For the proof we require two additional lemmas.

Lemma 6.7. Let W be a vector space over Fo of dimension three, and let

WA\{0} = {z_3,2_2,2_1,20,21,22, 23}
be any enumeration of nonzero vectors. Then, there exists i € F7 such that
(Zi,Zi—1) N (Zi—2,2;—3) N (Zi_q,2;—5) = {0}. (57)
Proof. Suppose the claim is false. Consider the vector spaces

Wi = (z3,22), Wy = (2z1,20), Wiz =(z_1,2_9),
Wy =(z_3,23), Ws=(22,21), Ws = (20,2-1).

They are all of dimension two, and Wj, W1, W, o are pairwise distinct for j €
{1,2,3,4}. Since the vector space W; N W11 N Wj is not trivial by the assumption, it
follows that

dlm(W] n Wj+1 M Wj+2) =1
and (58)
Win Wit N Wite = WO Wi = WiNWjpo = Wita N Wy

for all j € {1,2,3,4}. Let w be the nonzero vector in W7 N Wy N W3. Note that W
contains exactly three vector subspaces of dimension two, which contain a fixed nonzero
vector. In the case of vector w, these are Wy, Wo, W3. If j = 2, then (58) implies that
Wo N W3 N W, = (w). Hence, w € Wy and Wy € {Wy, Wy, W5}, Since Wy, W3, Wy are
pairwise distinct it follows that Wy = Wi. If we select j = 3 and j = 4, we observe in
the same way that W5 = W5 and Wg = W3, consecutively. The last two equalities imply
that
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Fig. 2. Graph I from Lemma 6.8.

Zo = Zo + Zy, (59)
Zg =Z_1+Z_9, (60)

respectively. Equality (59) implies that
Zo EWINWe=W1NWyNW3 C W3 = {O,Z_l,Z_Q,Z_l + Z_g}.

Since z9 is nonzero and different from z_1,z_o, it follows that zo = z_; + z_». By (60),
Zy = Zg, a contradiction. 0O

Lemma 6.8. Let I" be the graph in Fig. 2 and let & : T — fm be a homomorphism where
1
m > 3. Denote z; = (<I>(z) —o(i+ 1)) 2 forie{1,2,3,4,5,6}. Suppose that there exists
— 1 —
a vector subspace W C F3* of dimension three such that (®(i) — ®(i 4+ 1))? € W for
i €{12,13,14} and

(®(j) — @(k))% ew (61)

for at least four edges {j,k} in the 7-cycle [1,2,3,4,5,6,7]. Then, (61) holds for all edges
{j,k} inT or

dim ((z1, z2) N (z3,24) N (25,26)) = 1.

Proof. By Corollary 6.2, & maps 7-cycles into 7-cycles. By Lemma 4.3, vectors (<I>( j)—

@(k))% form a vector space of dimension three (without the zero vector) as {j, k} runs
over the edges in the cycle [1,2,3,4,5,6,7]. By the assumption, four of these vectors are
in W. Hence, all seven of them are in W.

Suppose now that there exists an edge {j,k} in T' such that (61) is not true. Then
one of its endpoints is in the set {8,9,10,11}. We may assume that j € {8,9,10,11}. We
claim that
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(®(12) — @(13))% =71 + 22, (62)
(@(13) — B(14))? = 25 + 24, (63)
(@(14) — B(15))* = 25 + 2 (64)

and vectors

[SIEA
—~
D
ot
~

(B(8) — 2(1))F, (B(8) — 2(12)), (9(9) — 8(3))*, (2(9) — B(13))

[N
o= -
[N

(2(10) - (5))*,(2(10) - 2(14)) },(2(11) - &(7) *,(8(1) - ©(15))

are not in W. To prove this claim we separate two cases.

Case 1. Let j = 8. Consider the image of the 7-cycle [1,2,3,9,13,12,8]. By Lemma 4.3,
the edges of the image correspond to nonzero elements of a vector space of dimension
three, three of them being the vectors z1,zs, (®(12) — @(13))% € W while either (®(8)—
@(1))% or (®(8) — @(12))% is not in W. Denote this vector by v. Then, the image of the
7-cycle is associated to vectors

Z1,Z2,21 + Z2,V,V + 21,V + 22,V + 2 + Z.

Consequently, (62) holds and vectors (65) are not in W. To prove (63), (64), (66), it
remains to repeat the procedure above, firstly with the 7-cycle [3,4,5,10,14,13,9] and
then with the 7-cycle [5,6,7,11, 15,14, 10].

Case 2. Let j € {9,10,11}. We proceed as in Case 1 where the order of the 7-cycles
[1,2,3,9,13,12,8], [3,4,5,10,14,13,9], and [5,6,7,11,15,14,10] is suitably adjusted.

1 —~
To continue, denote u = (®(9) — ®(3)) 2. By (65), u ¢ W. Since vectors z1, 22, 23,24
correspond to four edges on a 7-cycle, it follows that

dim ((Zl,z2> N <Z3,Z4>) = dim(z1, z2) + dim(z3, z4) — dim(z1, z2, Z3, Z4)
=2+2-3=1. (67)
Let x be the nonzero vector in (z1,z2) N (z3,24) and fix y € (z3,24)\(x). Then, (x,y) =

(z3,24). By considering the image of the 7-cycle [3,4,5,10,14,13,9], the equality (63),
and Lemma 4.3 we can conclude that

N
M
o=

{(®(9)—®(13))2, (2(10) - ®(5)) *, (®(10) —®(14)) *} = {u+x,u+y,u+x+y}. (68)

Similarly, by considering the image of the 7-cycle [1,2,3,9,13,12, 8], the equality (62),
and Lemma 4.3 we can conclude that

N
N
N

{(®(9)—2(13)) 2, (®(8) —®(1)) 2, (®(8) —P(12)) *} = {u+21, u+22, u+2z1 +22}. (69)
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Observe that u + y is not a member of the set (69) because the opposite would imply
that y € (z1,22) and hence y € (z1,22) N (z3,24) = (X), i.e. y = X, a contradiction.
Similarly, u + x 4+ y is not a member of (69) because the opposite would imply that
x+Yy € (z1,22) and thus y € (z1,22). Hence, the intersection of (68) and (69) consists
of a single vector (®(9) — @(13))% = u + x. Therefore,

=

{(@(10) — &(5))?, (®(10) — ®(14))*} = {u+y, u+ x + y}.

Consequently, by applying (64), we see that five edges in the image of the 7-cycle
[5,6,7,11,15,14, 10] are associated to vectors

Z5,%6,Z5 T Ze, U+ Yy, U+ X+Yy.

Recall from (68), (65), (66) that u+y ¢ W D {zs, 26, z5 + z¢}. Therefore, z5,z¢,u +y
are linearly independent, and by Lemma 4.3, the seven vectors associated to the edges
in the image of the 7-cycle [5,6,7,11,15,14,10] are

Z5,26,25 + Zg, U+ Yy, U+y+2Z5,ut+y+2zZs,uty—+2z5 + Zg. (70)

Consequently, u + x + y is among the three vectors at the end of (70), i.e. x € (z5, zg).
Therefore, x € (z1,22) N (z3,24) N (z5,2¢) and (67) implies that

1 < dim ((z1,22) N (z3,24) N (25, 26)) < dim ((z1,22) N (z3,24)) = 1.
Hence, dim ((z1,22) N (z3,24) N (25,26)) = 1. O
Lemma 6.9. In Lemma 6.6, we can select W such that dim W = 3.

Proof. Tt is clear from (17) and Proposition 5.2 that each edge in T's lies on some 7-cycle.
Moreover, if rank(X —Y) = 1 for some X,Y € SGL3(F;), then (®(X)— ®(Y))? lies in
at least one of the 3-dimensional vectors spaces

Wa(®), Wp(®), We(®), Whp(®), Who(®), Wha(®) (i € Fr) (71)

that are associated to the 7-cycles (49)-(54). There are 24 vectors spaces in (71), and by
Lemma 6.6 all of them are contained in a vector space W of dimension dim W € {3,4}.
We will prove that we can select W of dimension dim W = 3.

Suppose that this is not true. Then, (at least) two of the vector spaces in (71) are
distinct and dim W = 4. Consequently, W contains [g]Q = 15 distinct 3-dimensional
vector subspaces. Since 24 > 15, two of the vector spaces in (71) must be equal. Let C;
and Co be the two 7-cycles in the Coxeter graph I's whose images correspond to these
two vector spaces. Similarly, let C4 be the 7-cycle [A_3, A_o, A_1, Ao, A1, Aa, A3]. By

Lemma 5.4, there exists an automorphism ¥ of I's such that W(C4) = C;. Let
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Fig. 3. Two subgraphs of the Coxeter graph.

Wa=Wa(®oW), Wg=Wg(®oW), We =We(dol), (72)

W};XB = WAB((I) o), Wféc = ngc(‘b o), Wé’A = Wé’A((I) oW) (i € Fr). (73)

From Proposition 5.2 it follows that W4 is equal to one of the other spaces in (72)-(73).
We separate the five cases accordingly, and show that all of them lead to a contradiction.
We denote z; := ((® o ¥)(A4;) — (Po \Il)(Alv_l))l/2 for all i € Fr, that is, Wa\{0} = {z; :
1€ F7}

Case 1. Let Wy = Wi"B for some iy € Fy. Firstly suppose that W4 = W for all i.
Then observe from Fig. 1 that sets (leB)(Q) cover all edges in the image of ® o U with
the exception of the edges of the form (®oW)(Cj43)—(Po¥)(C;) and (PoW)(Vj43)—(Po
U)(Cj43). However, both these edges are part of the 7-cycle associated to W3, which
has four edges covered by sets (W} 5)®). Hence, W{;CQ = Wiz = Wa. This contradicts
the assumption that two spaces in (71) are distinct. Therefore there exists i; € F7 such
that Wa # Wiy. In particular, (at least) four edges in (W) are not in (Wa)®.
Since (@ o U)(A;,41) — (@ o U)(4;,) and (P o U)(A;,) — (P o U)(A;,—1) are both in
(W4)@), it follows that (® o W)(As 1) — (P o ¥)(Vi,11) & (Wa)P or (o W)(Vi,41) —
(® 0 U)(Biy,41) ¢ (Wa)P), that is, Wa # Wit? If we repeat the process we deduce
that spaces WQ; 4 W;{g 6 ... are all different from Wy4. In particular, W4 #+ W;{’B, a
contradiction.

Case 2. Let W4 = Wp. By Lemma 6.7, there exists ¢ € F7 such that (57) holds. Consider
the subgraph IV of the Coxeter graph I's in the left part of Fig. 3. There exist an obvious
isomorphism ¥’ : ' — T where T is the graph in Fig. 2/Lemma 6.8. By Case 1,
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Wi #Wa. (74)

If we apply Lemma 6.8 to the homomorphism ® oW o ¥’ : ' — fm and W := Wyq=Wp
we get a contradiction with (74).

Case 3. Let W4 = W¢. Then, for each i € F; there exists j; € F7; such that z;, :=
(® 0 W)(Cy) — (@ 0 W)(Ci_3))"/* and {ji : i € Fy} = Fr. By Lemma 6.7, there exists
i € F7 such that

<Zji7zji—3> N <Zji+17zji—2> N <Zji+27 zji—1> = {0}

Consider the subgraph I'” of the Coxeter graph I's in the right part of Fig. 3. There exist
an obvious isomorphism ¥’ : T' — I where T is the graph in Fig. 2 / Lemma 6.8. If we
apply Lemma 6.8 to the homomorphism ® o U o ¥’ : ' — Fm and W := Wa = We, we
deduce that ® o ¥ o ¥’ maps all edges of I" into W®. Since four edges in the 7-cycle
[Aita, AZ_H, A;, Vi, Bi, Bi1a, Vit2], which corresponds to W?E, lie in T, we deduce that
W/ﬁ} =W = Wa, a contradlctlon by Case 1.

Case 4. Let Wy = BC for some i € F7. For each i € F;, observe that {0,2;,2;11,2; +
Zit1} C W};‘B N W 4. Since WAB # W, by Case 1 for all ¢+ € F7, Lemma 4.3 implies that

Was\MO0} = {2, 2i41,2i + Ziy1, Wi, Wi + 2, Wi + Zi11, W +2; +Zi41}

for some w; ¢ W4. Consequently, ((®oW)(B;11)— (<I>o\I/)(Bi,1))1/2 or (PoW)(B;—1)—
(<I>o\I/)(Vi_1))1/2 is different from z; +z;41, and is therefore not a member of W 4. Hence,
Wit # Wa. Since i is arbitrary, we deduce that Who # Wy for all ¢ € Fr, which
contradicts the assumption Wy = Wg’c

Case 5. Let W4 = ', for some iy € F7. By Case 3, W¢ # WA, which means that
the 7-cycle associated to WC has (at least) four edges not in WA Y In particular, W4 #
Wé?:{l. Consequently, the four edges of the 7-cycles associated to Wé?jl that are not
covered by the 7-cycles associated by W4 and Wé? 4, are not in Wf). In particular,

(@0 W)(Cig—s) — (@0 V) (Ciop1) ¢ WS- (75)

Consider the 8-cycle [Ajy 1, Aigt2, Aig+3, Aig—3, Vig—3, Cig—3, Cig+1, Vig+1]. Then,

(@ 0 ®) (A1) — (B0 )(Aip12)) + ((@OW)(AWH@O@ Aigts))
+((@ 0 W) (Aigra) = (D0 W)(Aiy-3)) + (@0 ¥)(Aig—3) — (B0 ¥)(V;y—3))
+((® 0 ¥)(Vig—3) — (20 ¥)(Cip—3)) + ((® 0 ¥)(Ciy—3) — (20 ¥)(Cig41))
+((® 0 W) (Cipp1) — (B 0 W) (Vipi1)) + (cbom (Vig41) = (® 0 W) (Ajp11)) =

where the first five rank-one matrices are contained in W(Q) (WZ0 )(2). Since dim W, <
4, it follows from Lemma 4.6, Remark 4.7, and (75) that (®oW)(Cy,—3) — (Po¥)(Ci +1)
is equal to a matrix in the last line above, i.e.
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((@ © \Ij)(oio+1) - ((I) o \IJ)(V;0+1)) or (((I) o \I])(‘/;0+1) - ((I) © \I/)(Alo+1))

Since these three rank-one matrices correspond to three edges in the (® o U)-
image of the 7-cycle [Cy,—3, Cig+1, Vig+1s Aig+15 Aigs Vig> Ciy], We get a contradiction by
Lemma 4.3/Lemma 4.1 (ii). O

Let m < n. Given X = [z;;] € S,,(F2) and distinct indices s1, S2,...,5m € {1,...,n}
let {s(1y,.--,8(m)} = {51,.--,8m} Where 5(1) < 8(2) < -+ < 8(), and define the matrix
XEZE,SQ,...,SW} =: [T;5] € Sn(F2) by

Ty =

0 if {i7j}g{51a82a"'78m}7
wr i {i, 5} = {5y, s }-

Example 6.10. If X € S3(F2), then

M _xw (X0 9 _ (00
X{1,2,3}X{3,1,2}<0 0) and X{2,3,4}<0 X

where zeros are of appropriate size.

The proof of Theorem 2.1 follows easily from Lemma 6.11. We plan to apply this
lemma also in the characterization of graph homomorphisms I';, — T';,, for general n in
the future paper.

Lemma 6.11. Let m > 3 be an integer, ® : I's — fm a graph homomorphism, and W
the vector space of dimension three from Lemma 6.9. If Y € S,,(F2) is any matriz in
the image of ®, 1 < s <t < u < m are integers, {Xs,X¢, Xy} i any basis of W, and
Q € GL,,(F3) is any invertible matriz with i-th column equal to x; for all i € {s,t,u},
then there exists a graph homomorphism 3 I's — fg such that

B(X) = QB(X)(") ,QT+Y (X € SGL3(F2)). (76)

Proof. By the assumption, there exists X € SGL3(Fy) such that Y = ®&(X). If X €
SGL3(F2) is any matrix, then we can find matrices Xo = X, X1,...,X4-1, Xg = X
in SGL3(F2) such that rank(X;11 — X;) = 1 for all . Then ®(X,11) — ®(X;) = M; €
W® and ®(X) — ®(X) = 3271 M;. Hence, ®(X) = QZQT + Y where matrix Z =
[2;7] satisfies z;; = 0 whenever {i,j} ¢ {s,t,u}. If we define ® : SGL3(Fy) — S3(Fy)
by
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then we deduce (76). Since ® is a graph homomorphism, so is 3. O

Proof of Theorem 2.1. It follows directly from Corollary 6.5 and Lemma 6.11 where we
select (s,t,u) =(1,2,3). O
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