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1. Introduction

The graph ˆ︁Γn has a long history of study: see for example the books [45, Chapter 5], 
[9, Subsection 9.5 D] and the references therein for some research related to linear al
gebra/geometry and combinatorics, respectively. On the other hand, the graph Γn was 
introduced fairly recently by the first author in [33], and studied further by both authors 
in [35]. There are multiple reasons to investigate Γn.

Firstly, it is a natural generalization of the Coxeter graph Γ3, which is one of the four 
(currently) known vertex-transitive graphs of order at least three that do not have a 
Hamilton cycle (cf. [15, Section 3.3]). For odd n, the graph Γn is vertex-transitive, and 
it is still not known if it has a Hamilton cycle for each n > 3 [33, Open Problem 16].

The second reason to study the graph Γn, which is also the main motivation for 
the research presented in this paper, is its recently discovered connection with binary 
self-dual codes [35]. In fact, for odd n ≥ 3, each linear self-dual code C in Fn+1

2 is 
identified with a certain subset ℱC of matrices A in SGLn(F2) that are characterized 
by the graph distances dΓn

(A, I) and dˆ︁Γn
(A, I). Here, I is the identity matrix and Fn+1

2
is the vector space formed by all column vectors x = (x1, . . . , xn+1)⊤ with xi ∈ F2, 
which has the standard basis {e1 = (1, 0, . . . , 0)⊤, . . . , en+1 = (0, . . . , 0, 1)⊤}. Self-dual 
codes are important because many codes with the best parameters are self-dual (cf. [39]). 
The characterization of permutation inequivalent binary self-dual codes was investigated 
by Conway, Pless and Sloane [12,13,37,38] who succeeded for lengths ≤ 30. Later, such 
characterization was improved to n + 1 ≤ 40 [1,2,4--8,19] (see also the database [20]). 
The asymptotic behavior of the number of permutation inequivalent binary self-dual 
codes was discovered by Hou [21]. By considering ‘classical’ automorphisms of the graph 
Γn that fix the identity matrix, we were able to strengthen a result of Janusz [26] and 
showed that the group of all n × n binary orthogonal matrices acts transitively on the 
set of all self-dual codes in Fn+1

2 [35, Theorem 8.10]. We expect that a characterization 
of all graph homomorphisms Φ : Γn → ˆ︁Γm will provide us additional information and a 
deeper understanding of binary self-dual codes.

Lastly, we mention that the characterization of graph homomorphisms Φ : Γn → ˆ︁Γm

is valuable in the research area of preserver problems as it generalizes the fundamen
tal theorem of geometry of symmetric matrices in the case of a binary field. Namely, 
the fundamental theorem characterizes all automorphisms of the graph ˆ︁Γn (for cor
responding results on rectangular, alternate, hermitian, and symmetric matrices over 
general fields see the book [45]). Fundamental theorems of geometry were applied nu
merous times in the past to solve other preserver problems (see for example [41--43]). To 
increase the applicability, in the last decades a lot of effort was made in order to gen
eralize fundamental theorems either by characterizing all endomorphisms of the graphs 
involved [14,22--25,28,31,44] or by replacing matrices with tensors (cf. [10,11,27]). Pa
pers [29,30] contain the characterization of all endomorphisms of the graph with the 
vertex set formed by all n × n invertible hermitian matrices over a finite field Fq2 with 
q ≥ 4 where edges are defined in the same way as in the graph Γn. In comparison with the 
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result in [29,30], the problem of characterizing all graph homomorphisms Φ : Γn → ˆ︁Γm

has an additional difficulty because the codomain graph can be much ‘larger’ than the 
domain graph. This obstacle turned out to be nontrivial in some related results [36], 
despite a much stronger condition, which includes the injectivity of maps, was assumed. 
Finally, we mention that the usual approach to prove a (generalization of a) fundamental 
theorem of geometry of some matrices is to characterize maximal cliques first (a.k.a. max
imal adjacent sets [11] or maximal coherent sets [10]), and then benefit from the fact that 
maximal cliques are mapped inside maximal cliques by graph homomorphisms. This ap
proach does not work for the characterization of the graph homomorphisms Φ : Γn → ˆ︁Γm

because neither Γn nor ˆ︁Γm has triangles (i.e. maximal cliques are just edges). Instead, 
we focus on the shortest odd cycles in Γn and ˆ︁Γm (see Lemma 6.1, Corollary 6.2 and 
Corollary 6.3).

The rest of the paper is organized as follows. In Section 2, we recall prerequisites 
needed to understand the main result of this paper, which is stated in Theorem 2.1. In 
Section 3, we recall and develop some elementary tools from linear algebra. Section 4
is dedicated to vanishing sums of rank-one matrices in Sn(F2), which provide a lot of 
information on small cycles in graphs Γn and ˆ︁Γm. In Section 5, the 7-cycles in the graph 
Γn are investigated. The final part of the proof of Theorem 2.1 is presented in Section 6.

2. Prerequisites and the statement of the main result

All graphs in this paper are simple, and finite (except in Lemma 6.1 and Corollary 6.2). 
Given a graph G = (V,E) with the vertex set V and the edge set E, a subgraph G′ =
(V ′, E′) in G is induced by a set U ⊆ V if V ′ = U and E′ =

{︁{u, v} ∈ E : u, v ∈ U
}︁
. 

Given graphs G1 = (V1, E1) and G2 = (V2, E2), a graph homomorphism Φ : G1 → G2 is 
a map Φ : V1 → V2 such that {Φ(u),Φ(v)} ∈ E2 whenever {u, v} ∈ E1. If it is bijective 
and {Φ(u),Φ(v)} ∈ E2 ⇔ {u, v} ∈ E1, then it is a graph isomorphism. If G1 = G2, 
then a graph homomorphism and a graph isomorphism are a graph endomorphism and a 
graph automorphism, respectively. We often name these objects just as homomorphism, 
isomorphism, endomorphism, and automorphism, without mentioning the word ‘graph’.

In the literature, a homomorphism Φ : Γn → ˆ︁Γm is referred also as an adjacency 
preserving map. It is a map Φ : SGLn(F2) → Sm(F2) that obeys the implication

rank(A−B) = 1 =⇒ rank
(︁
Φ(A) − Φ(B)

)︁
= 1

for all A,B ∈ SGLn(F2). Similarly, an automorphism Ψ of the graph ˆ︁Γm is often referred 
as a bijection on Sm(F2) that preserves the adjacency in both directions. It obeys the 
equivalence

rank(A−B) = 1 ⇐⇒ rank
(︁
Ψ(A) − Ψ(B)

)︁
= 1



132 M. Orel, D. Višnjić / Linear Algebra and its Applications 727 (2025) 129--162 

for all A,B ∈ Sm(F2). Automorphisms of ˆ︁Γm were characterized in [46] for m ≥ 3 and 
in [16] for m = 2 (see also [45, Theorem 5.4] and [47]). If m ̸= 3, then each automorphism 
is of the form

Ψ(A) = PAP⊤ + B (A ∈ Sm(F2)) (1)

for some fixed P ∈ GLm(F2) and B ∈ Sm(F2) where GLm(F2) denotes the set of all 
m ×m invertible matrices over F2. If m = 3, then the automorphism group of ˆ︁Γm has 
an additional generator, which can be the map Ψτ , defined by⎛⎜⎝ a11 a12 a13

a12 a22 a23
a13 a23 a33

⎞⎟⎠ ↦−→

⎛⎜⎝ a11 + a23 a12 + a23 a13 + a23
a12 + a23 a22 a23
a13 + a23 a23 a33

⎞⎟⎠ (2)

on S3(F2). In [31, Theorem 1.1] it was shown that each endomorphism of ˆ︁Γm is an 
automorphism if m ≥ 3. The same claim is true for the graph Γn if n ≥ 3 [33, Theorem 8] 
despite the characterization of its endomorphisms = automorphisms is not yet known 
if n > 3.1 In the next paragraph, we briefly present a different characterization of the 
automorphisms of ˆ︁Γ3, which is fully described in [32, pp. 395-396] and implicitly indicated 
in [48, p. 512].

Observe that the map Ψτ is additive, i.e. Ψτ (A+B) = Ψτ (A) + Ψτ (B) for all A,B ∈
S3(F2). If Ψ is any automorphism of ˆ︁Γ3, then the automorphism Ψ′ : A ↦→ Ψ(A) − Ψ(0)
fixes the zero matrix. Since it is a composition of a�ine maps of the forms (1) and (2), 
it must be additive. Moreover, the map Ψ′ permutes the set

ℛ1 := {e2
1, e2

2, e2
3, (e1 + e2)2, (e1 + e3)2, (e2 + e3)2, (e1 + e2 + e3)2}, (3)

which consists of all seven rank-one matrices in S3(F2). Here, we use the abbreviation 
x2 := xx⊤ for a column vector x. Observe that the sum of the seven matrices in ℛ1 is 
zero and each six of them form a basis of the vector space S3(F2) (in the language of finite 
geometry, the rank-one matrices form an arc of size seven). Hence, if σ is any permutation 
of the set ℛ1, then σ is uniquely extendable to an additive (= linear) automorphism of ˆ︁Γ3 that we denote by Ψσ. Therefore, the automorphisms (= endomorphisms) of ˆ︁Γ3 are 
precisely the maps

A ↦→ Ψσ(A) + B (A ∈ S3(F2))

where σ ranges over all permutations of the set ℛ1 and B ranges over all matrices in 
S3(F2). In this way, the index τ in the map Ψτ is the transposition permutation that 
swaps matrices (e2 +e3)2, (e1 +e2 +e3)2 and fixes all other rank-one matrices in ℛ1. For 
more information related to the automorphism group of ˆ︁Γ3 we refer to [32, pp. 395-396].

1 It will be included as a research topic in our subsequent paper.
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In this and in the subsequent paper, the aim is to characterize all homomorphisms 
Φ : Γn → ˆ︁Γm. It is clear that the case n = 3 needs a special treatment because such 
homomorphisms include those that can be factorized as

Γ3 → ˆ︁Γ3 → ˆ︁Γm. (4)

Hence, the characterization must involve maps Ψσ. Another difficulty is the involvement 
of the inverting map A ↦→ A−1. This map is nonlinear and preserves the adjacency rela
tion (and many other rank-related relations) whenever it is defined as already observed 
in the solutions of many preserver problems [14,25,29,30,33,44]. In fact, the property 
rank(A−1−B−1) = rank(A−B) follows from the equality A−1−B−1 = B−1(B−A)A−1, 
which holds for arbitrary invertible matrices A,B that are of the same size and have co
efficients in a field. In this paper we treat the case n = 3 and leave the case n > 3
for a subsequent paper. As it follows from Theorem 2.1, the factorization (4) is always 
possible (if m ≥ 3).

We now state the main result of this paper.

Theorem 2.1. Let m ≥ 3 be an integer and let Φ : Γ3 → ˆ︁Γm be a graph homomorphism. 
Then there exist P ∈ GLm(F2), B ∈ Sm(F2), and a permutation σ of the set ℛ1 such 
that either

Φ(A) = P

(︄
Ψσ(A) 0

0 0

)︄
P⊤ + B for all A ∈ SGL3(F2) (5)

or

Φ(A) = P

(︄
Ψσ(A−1) 0

0 0

)︄
P⊤ + B for all A ∈ SGL3(F2). (6)

Remark 2.2. The converse statement is clear from the discussion above, i.e. maps (5)
and (6) are always graph homomorphisms Γ3 → ˆ︁Γm.

Remark 2.3. Regarding the characterization of all homomorphisms Φ : Γn → ˆ︁Γm where 
2 ∈ {n,m}, note that the graph Γ2 is just the complete bipartite graph K1,3. Hence for 
each induced subgraph Γ′ in ˆ︁Γm, which is either isomorphic to K1,3 or to a path on three 
or two vertices, there exists a homomorphism Φ : Γ2 → ˆ︁Γm with V (Γ′) as its image. On 
the other hand, there do not exist homomorphisms Φ : Γn → ˆ︁Γ2 if n ≥ 3. In fact, for 
n ≥ 3, Γn contains a 7-cycle (see [33]) and therefore its chromatic number is at least 
three. However, ˆ︁Γ2 is the cube graph, which has the chromatic number two. Hence, the 
existence of such a homomorphism is neglected by [18, Proposition 2.10].
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3. Auxiliary results from linear algebra

Recall that a n × n matrix A over a field F is alternate if x⊤Ax = 0 for all x ∈
Fn. Equivalently, A is alternate if and only if it A⊤ = −A and the diagonal of A is 
zero. Alternate matrices have even rank [45, Proposition 1.34]. The next result follows 
immediately from [45, Corollary 1.36].

Lemma 3.1. Let A ∈ SGLn(F2). If A is nonalternate, then there exists P ∈ GLn(F2)
such that A = PP⊤.

The following result is well known (cf. [40, pp. 16-12, 16-16]).

Lemma 3.2. Let F be a field and A ∈ GLn(F). If x,y ∈ Fn, then A + xy⊤ is invertible 
if and only if y⊤A−1x ̸= −1 in which case

(A + xy⊤)−1 = A−1 − 1 
1 + y⊤A−1xA−1xy⊤A−1.

Corollary 3.3. Let x,y, z ∈ Fn
2 .

(i) The matrix I+x2 is in SGLn(F2) if and only if x⊤x = 0 in which case (I+x2)−1 =
I + x2.

(ii) Suppose that I + x2 ∈ SGLn(F2). Then I + x2 + y2 ∈ SGLn(F2) if and only if 
y⊤(x + y) = 0 in which case

(I + x2 + y2)−1 =
{︄

I + x2 + y2 if y⊤y = 0,
I + x2 + (x + y)2 if y⊤y = 1.

(iii) Suppose that I + x2, I + x2 + y2 ∈ SGLn(F2). Then I + x2 + y2 + z2 ∈ SGLn(F2)
if and only if

z⊤
(︁
(1 + y⊤y) · (x + y + z) + y⊤y · (y + z)

)︁
= 0.

Proof. Part (i) follows directly from Lemma 3.2. If the assumption in (ii) is satisfied, 
then (i) and the equality y⊤x = x⊤y in the binary field imply that

y⊤(I + x2)−1y = y⊤y + y⊤x · x⊤y = y⊤(x + y).

Since F2\{−1} = {0}, Lemma 3.2 implies that I + x2 + y2 is invertible if and only if 
y⊤(x + y) = 0. Moreover, in this case,

(I + x2 + y2)−1 = (I + x2)−1 + (I + x2)−1y2(I + x2)−1

= I + x2 + (y2 + x⊤y · xy⊤)(I + x2)
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Table 1
Possible selections of vectors x,y, z in Lemma 3.4.

x⊤
2 x2 x⊤

1 x3 x⊤
3 x3 x y z

0 0 0 x1 + x2 x1 + x2 + x3 x1 + x3
0 0 1 x1 + x2 x1 + x2 + x3 x2 + x3
0 1 0 x1 + x3 x1 + x2 x2 + x3
0 1 1 x1 + x2 x1 + x2 + x3 x1 + x3
1 0 0 x1 + x3 x1 + x2 + x3 x1 + x2
1 0 1 x2 + x3 x1 + x2 x1 + x2 + x3
1 1 0 x1 + x3 x1 + x2 + x3 x2 + x3
1 1 1 x2 + x3 x1 + x2 + x3 x1 + x2

= I + x2 + y2 + x⊤y · xy⊤ + y⊤x · yx⊤ + x⊤y · y⊤x · xx⊤

= I + x2 + y2 + y⊤y · (xy⊤ + yx⊤ + xx⊤)

= I + x2 + (1 + y⊤y) · y2 + y⊤y · (x + y)2,

which completes the proof (ii).
Suppose the assumptions in (iii) are satisfied. Then, by considering both possibilities 

y⊤y ∈ {0, 1}, we deduce that in the binary field

z⊤(I + x2 + y2)−1z = z⊤
(︁
(1 + y⊤y) · (x + y + z) + y⊤y · (y + z)

)︁
.

The claim now follows from Lemma 3.2. □
Lemma 3.4. Let n ≥ 3 and suppose that x1,x2,x3 ∈ Fn

2 are linearly independent vectors 
such that

x⊤
1 x1 = 0, x⊤

2 (x1 + x2) = 0,

x⊤
3
(︁
(1 + x⊤

2 x2) · (x1 + x2 + x3) + x⊤
2 x2 · (x2 + x3)

)︁
= 0.

(7)

Then there exist pairwise distinct x,y, z ∈ {x1 +x2,x1 +x3,x2 +x3,x1 +x2 +x3} such 
that

x⊤x = 0, y⊤(x + y) = 0, z⊤
(︁
(1 + y⊤y) · (x + y + z) + y⊤y · (y + z)

)︁
= 0. (8)

Moreover, if x⊤
2 x2 = 0 and x⊤

3 x3 = 1, then we can select x = x1 + x2.

Proof. In principle there are 26 possibilities for the six values x⊤
i xj (1 ≤ i ≤ j ≤ 3). 

However, only 23 = 8 of them can satisfy the conditions (7). These are described by 
the values x⊤

2 x2, x⊤
1 x3, x⊤

3 x3 in the first three columns of Table 1. In fact, together 
with (7) they determine the other three values x⊤

1 x1, x⊤
1 x2, x⊤

2 x3. We now select x,y, z
as described in the last three columns of Table 1. In particular, if x⊤

2 x2 = 0 and x⊤
3 x3 = 1, 

then we can select x = x1 + x2. □
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Lemma 3.5. Let x1,x2 ∈ Fn
2 be linearly independent column-vectors such that 0 =

x⊤
1 x1 = x⊤

2 x2 = x⊤
1 x2. Then there exist x3 ∈ Fn

2 such that x1,x2,x3 are linearly 
independent, and either

x⊤
1 x3 = 0, x⊤

2 x3 = 1 = x⊤
3 x3 (9)

or

x⊤
2 x3 = 0, x⊤

1 x3 = 1 = x⊤
3 x3. (10)

Proof. Observe that the assumptions imply that n ≥ 3. Given x = (x1, . . . , xn)⊤ in 
Fn

2 let supp(x) := {i ∈ {1, . . . , n} : xi = 1} be its support. Since x1,x2 are linearly 
independent, it follows that supp(x1) ̸= supp(x2). In particular,

supp(x1) ⊉ supp(x2) (11)

or

supp(x2) ⊉ supp(x1). (12)

If (11) holds, then we select i ∈ supp(x2)\supp(x1). Otherwise, we select i ∈
supp(x1)\supp(x2). The column vector x3 := ei satisfies either (9) or (10), depending 
on the two choices for i.

Since x⊤
1 x1 = 0 = x⊤

2 x2, the numbers |supp(x1)|, |supp(x2)| are both even. Hence, 
x3 ̸= x1,x2. From x⊤

1 x2 = 0 we further deduce that |supp(x1) ∩ supp(x2)| is even. 
Therefore,

|supp(x1 + x2)| = |supp(x1)\supp(x2)| + |supp(x2)\supp(x1)|
=

⃓⃓
supp(x1)\

(︁
supp(x1) ∩ supp(x2)

)︁⃓⃓
+
⃓⃓
supp(x2)\

(︁
supp(x1) ∩ supp(x2)

)︁⃓⃓
is even. Hence, x3 ̸= x1 + x2 and x1,x2,x3 are linearly independent. □
4. Vanishing sums of rank-one matrices and small cycles in ˆ︁Γ𝒏

In this paper, we denote a k-cycle in a graph G = (V,E) as [v1, v2, . . . , vk]. That is, 
v1, . . . , vk ∈ V are distinct vertices such that {v1, v2}, {v2, v3}, . . . , {vk−1, vk}, {vk, v1}
are edges in E. By rotating the vertices or by reversing their order we get the same cycle.

Clearly, if [X1, X2, . . . , Xk] is a k-cycle in ˆ︁Γn or in Γn, then matrices

M1 = X2 −X1, M2 = X3 −X2, . . . , Mk−1 = Xk −Xk−1, Mk = X1 −Xk

are of rank one and satisfy
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M1 + M2 + · · · + Mk = 0. (13)

The aim of Section 4 is to describe rank-one matrices in Sn(F2) that satisfy (13) for 
small k. In what follows, ⟨x1, . . . ,xm⟩ denotes the vector space that is spanned by vectors 
x1, . . . ,xm.

Lemma 4.1. 

(i) There do not exist rank-one matrices M1,M2,M3 ∈ Sn(F2) such that M1 + M2 +
M3 = 0.

(ii) There do not exist rank-one matrices M1,M2,M3,M4,M5 ∈ Sn(F2) such that M1+
M2 + M3 + M4 + M5 = 0.

Proof. Any rank-one matrix can be written as Mi = x2
i for some xi ∈ Fn

2 \{0}.
To prove (ii), choose any rank-one matrices M1, . . . ,M5 ∈ Sn(F2). Let D be the 

dimension of the vector space, which is spanned by vectors x1, . . . ,x5. If D = 1, then 
M1 = · · · = M5 and M1 + M2 + M3 + M4 + M5 = M1 ̸= 0. If D ≥ 3, then there 
are distinct a, b, c ∈ {1, . . . , 5} such that xa,xb,xc are linearly independent. Hence, 
rank(M1 + · · · + M5) ≥ rank(Ma + Mb + Mc) − rank(Md + Me) ≥ 3 − 2 = 1 > 0
where {d, e} = {1, . . . , 5}\{a, b, c}. If D = 2, then there are a, b ∈ {1, . . . , 5} such that 
xa,xb are linearly independent and xc,xd,xe ∈ ⟨xa,xb⟩\{0} = {xa,xb,xa + xb} where 
{c, d, e} = {1, . . . , 5}\{a, b}. Hence, Mc +Md +Me = αx2

a + βx2
b + γ(xa + xb)2 for some 

nonnegative integers α, β, γ with α + β + γ = 3. Consequently,

Ma + Mb + Mc + Md + Me = (1 + α + γ)x2
a + (1 + β + γ)x2

b + γ
(︁
xax⊤

b + xbx⊤
a

)︁
. (14)

Clearly, (14) is nonzero if γ ̸= 0. For γ = 0,

(1 + α + γ) + (1 + β + γ) = α + β = 1 (mod 2)

whence (1 + α + γ) ̸= 0 or (1 + β + γ) ̸= 0. Therefore, (14) is nonzero.
Statement (i) follows from (ii) by selecting M4 = M5. □
By Lemma 4.1, there are neither 3-cycles nor 5-cycles in graphs ˆ︁Γn and Γn. It was 

observed already in [33] that there exist 7-cycles in Γn for n ≥ 3. Hence, the same is true 
for graph ˆ︁Γn with n ≥ 3. To summarize, the odd girth (i.e. the length of the shortest odd 
cycle) of Γn and ˆ︁Γn is 7 whenever n ≥ 3.

Lemma 4.2. Suppose that M1 + · · · + M7 = 0 for some rank-one matrices M1, . . . ,M7 ∈
S3(F2). Then {M1, . . . ,M7} = ℛ1.

Proof. By Lemma 4.1, M1, . . . ,M7 are all distinct. Eq. (3) implies the claim. □
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Lemma 4.3. Let n ≥ 3 and assume that M1 + M2 + · · · + M7 = 0 for some rank-one 
matrices M1, . . . ,M7 ∈ Sn(F2). Then there exist linearly independent vectors x1,x2,x3 ∈
Fn

2 such that

{M1, . . . ,M7} = {x2
1,x2

2,x2
3, (x1 + x2)2, (x1 + x3)2, (x2 + x3)2, (x1 + x2 + x3)2}. (15)

Proof. Write Mi = y2
i for each i. Let D be the dimension of the vector space, which 

is spanned by vectors y1, . . . ,y7. If D ≤ 2, then there are at most three possibil
ities for matrices Mi. In particular, there exist distinct i, j such that Mi = Mj . 
Hence, M1 + M2 + · · · + M7 = 0 transforms into a vanishing sum of five rank
one matrices, which is not possible by Lemma 4.1. If D ≥ 4, then there are dis
tinct a, b, c, d ∈ {1, . . . , 7} such that ya,yb,yc,yd are linearly independent. Hence, 
rank(M1+ · · ·+M7) ≥ rank(Ma+Mb+Mc+Md)−rank(Me+Mf +Mg) ≥ 4−3 = 1 > 0
where {e, f, g} = {1, . . . , 7}\{a, b, c, d}. Hence, D = 3. Let x1,x2,x3 be any linearly 
independent vectors selected among y1, . . . ,y7. Then yi ∈ ⟨x1,x2,x3⟩ for all i. If 
P ∈ GLn(F2) is any matrix with first three columns equal to x1,x2,x3, then for each i
we can write

Mi = P

(︄
Ṁi 0
0 0

)︄
P⊤

where Ṁi ∈ S3(F2) is of rank one, and Ṁ1 + · · · + Ṁ7 = 0. By Lemma 4.2, we have 
{Ṁ1, . . . , Ṁ7} = ℛ1 and consequently (15). □
Lemma 4.4. Let n ≥ 3 and assume that M1 +M2 + · · ·+M6 = 0 for some M1, . . . ,M6 ∈
Sn(F2) of rank one. Then, there exist nonzero vectors x1,x2,x3 ∈ Fn

2 such that the 
multiset {M1, . . . ,M6} equals {x2

1,x2
1,x2

2,x2
2,x2

3,x2
3}.

Proof. Write Mi = y2
i for each i. Let D be the dimension of the vector space, which 

is spanned by vectors y1, . . . ,y6. If D = 1, then y1 = · · · = y6, and we can select 
x1 = x2 = x3 = y1. If D = 2, then ⟨y1, . . . ,y6⟩ = ⟨x1,x2⟩ = {0,x1,x2,x1 + x2} for 
appropriate linearly independent column vectors x1,x2. Hence, y2

i ∈ {x2
1,x2

2, (x1 +x2)2}
for each i. Since, M1 + · · ·+M6 = 0, each of the three matrices x2

1,x2
2, (x1 +x2)2 equals 

to an even number of matrices y2
i (i = 1, . . . , 6), which ends the proof. If D ≥ 4, then 

there are distinct a, b, c, d ∈ {1, . . . , 6} such that ya,yb,yc,yd are linearly independent. 
Hence,

0 = rank(M1 + · · · + M6) ≥ rank(Ma + Mb + Mc + Md) − rank(Me + Mf ) ≥ 4 − 2 = 2

where {e, f} = {1, . . . , 6}\{a, b, c, d}, a contradiction.
Finally, assume that D = 3. Then there are distinct a, b, c ∈ {1, . . . , 6} such that 

ya,yb,yc are linearly independent. Let P ∈ GLn(F2) be such that Pya = e1, Pyb = e2, 
Pyc = e3. If Ṁi is the top-left 3×3 block of matrix PMiP⊤, then Ṁi ∈ S3(F2) is of rank 
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one and Ṁ1 + · · · + Ṁ6 = 0. Since the rank-one matrices in S3(F2) form an arc of size 
seven (in the language of finite geometry), it follows that {1, . . . , 6} = {i1, . . . , i6} where 
Ṁi1 = Ṁi2 , Ṁi3 = Ṁi4 , Ṁi5 = Ṁi6 . Consequently, Mi1 = Mi2 , Mi3 = Mi4 , Mi5 = Mi6

and we can select x1 := yi1 , x2 := yi3 , x3 := yi5 . □
Corollary 4.5. Let n ≥ 3 and assume that M1 + M2 + M3 + M4 = 0 for some rank-one 
matrices M1, . . . ,M4 ∈ Sn(F2). Then there exist nonzero vectors x1,x2 ∈ Fn

2 such that 
the multiset {M1,M2,M3,M4} equals {x2

1,x2
1,x2

2,x2
2}.

Proof. It follows directly from Lemma 4.4 if we select M5 = M6 to be an arbitrary 
rank-one matrix in Sn(F2). □
Lemma 4.6. Let n ≥ 3 and assume that M1 + M2 + · · · + M8 = 0 for some ma
trices M1, . . . ,M8 ∈ Sn(F2) of rank one. Then, either there exist nonzero vectors 
x1,x2,x3,x4 ∈ Fn

2 such that the multiset {M1, . . . ,M8} equals {x2
1,x2

1,x2
2,x2

2,x2
3,x2

3, 
x2

4,x2
4}, or n ≥ 4 and there exist linearly independent vectors y1,y2,y3,y4 ∈ Fn

2 such 
that {M1, . . . ,M8} equals

{y2
1,y2

2,y2
3,y2

4, (y1 + y2 + y3)2, (y1 + y2 + y4)2, (y1 + y3 + y4)2, (y2 + y3 + y4)2}. (16)

Proof. If Mi = Mj for some distinct i and j, then the result follows from Lemma 4.4. 
This is always the case if n = 3 because S3(F2) contains only seven distinct matrices of 
rank one. Hence we may assume that n ≥ 4, all matrices M1 =: y2

1, . . . ,M8 =: y2
8 are 

distinct, and dim⟨y1, . . . ,y8⟩ ≥ 4. If there exists linearly independent vectors yi1 , . . . ,yir

with r ≥ 5, then

0 = rank

⎛⎝ r∑︂
k=1

y2
ik

+
∑︂

j / ∈{i1,...,ir}
y2
j

⎞⎠
≥ rank

(︄
r∑︂

k=1

y2
ik

)︄
− rank

⎛⎝ ∑︂
j / ∈{i1,...,ir}

y2
j

⎞⎠ ≥ 5 − 3 = 2,

a contradiction. Hence, dim⟨y1, . . . ,y8⟩ = 4. We may assume that y1, . . . ,y4 are linearly 
independent and y5, . . . ,y8 ∈ ⟨y1, . . . ,y4⟩. Let P ∈ GLn(F2) be such that Pyi = ei for 
all i ≤ 4. Then, Py5, . . . , Py8 ∈ ⟨e1, . . . , e4⟩. Since

e2
1 + e2

2 + e2
3 + e2

4 +
8 ∑︂

i=5 
(Pyi)2 = 0,

we deduce that matrix

e2
1 + e2

2 + e2
3 + e2

4 + (Pyi)2
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Fig. 1. Graph Γ3 is the Coxeter graph. 

is of rank three for all i ∈ {5, 6, 7, 8}. Hence the determinant of its top-left 4-by-4
submatrix vanishes. If zi ∈ F4

2 denotes the vector obtained from the first four entries 
of Pyi, then by Lemma 3.2 we deduce that z⊤i I4zi = 1 for all i ∈ {5, 6, 7, 8}. That is, 
zi has odd number of nonzero entries. Since Py5, . . . , Py8 ∈ ⟨e1, . . . , e4⟩ and matrices 
PM1P⊤, . . . , PM8P⊤ are all distinct, it follows that

{Py5, . . . , Py8} = {e1 + e2 + e3, e1 + e2 + e4, e1 + e3 + e4, e2 + e3 + e4}

and consequently {M1, . . . ,M8} equals (16). □
Remark 4.7. Observe that vectors y1,y2,y3,y4 in Lemma 4.6 have the property that each 
five-element subset in {y1,y2,y3,y4,y1+y2+y3,y1+y2+y4,y1+y3+y4,y2+y3+y4}
spans the whole space ⟨y1,y2,y3,y4⟩. We apply this fact in the proof of Lemma 6.9.

5. The Coxeter graph and the Coxeter-like graphs

It was observed by the first author of this paper that Γ3 is isomorphic to the well
known Coxeter graph [33]. In Fig. 1, we provide a labeling of the vertices that is similar 
to the one in [3] but has an additional advantage to incorporate the notion of the inverse 
of a matrix. Namely, we write V (Γ3) = SGL3(F2) = {Vi, Ai, Bi, Ci : i ∈ F7} where 
F7 = {−3,−2,−1, 0, 1, 2, 3} is the field with seven elements and

V3 =
(︃

0 0 1
0 1 1
1 1 0

)︃
, A3 =

(︃
1 1 1
1 0 1
1 1 0

)︃
, B3 =

(︃
0 0 1
0 1 1
1 1 1

)︃
, C3 =

(︃
1 1 0
1 0 0
0 0 1

)︃
,
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V2 =
(︃

0 1 0
1 1 1
0 1 1

)︃
, A2 =

(︃
0 1 0
1 0 1
0 1 1

)︃
, B2 =

(︃
1 0 0
0 0 1
0 1 1

)︃
, C2 =

(︃
1 1 0
1 1 1
0 1 1

)︃
,

V1 =
(︃

1 0 1
0 0 1
1 1 1

)︃
, A1 =

(︃
1 0 1
0 1 0
1 0 0

)︃
, B1 =

(︃
1 0 1
0 1 1
1 1 1

)︃
, C1 =

(︃
1 0 1
0 0 1
1 1 0

)︃
,

V0 =
(︃

1 0 0
0 1 0
0 0 1

)︃
, A0 =

(︃
0 0 1
0 1 0
1 0 0

)︃
, B0 =

(︃
1 0 0
0 0 1
0 1 0

)︃
, C0 =

(︃
0 1 0
1 0 0
0 0 1

)︃
,

V−1 =
(︃

1 1 0
1 0 1
0 1 0

)︃
, A−1 =

(︃
0 0 1
0 1 0
1 0 1

)︃
, B−1 =

(︃
0 1 1
1 0 1
1 1 1

)︃
, C−1 =

(︃
1 1 0
1 1 1
0 1 0

)︃
,

V−2 =
(︃

0 1 1
1 0 0
1 0 1

)︃
, A−2 =

(︃
1 1 1
1 0 0
1 0 1

)︃
, B−2 =

(︃
1 0 0
0 1 1
0 1 0

)︃
, C−2 =

(︃
0 1 1
1 1 1
1 1 0

)︃
,

V−3 =
(︃

1 1 1
1 1 0
1 0 0

)︃
, A−3 =

(︃
1 1 1
1 1 0
1 0 1

)︃
, B−3 =

(︃
0 1 1
1 1 0
1 0 0

)︃
, C−3 =

(︃
0 1 0
1 1 0
0 0 1

)︃
(compare with [35, Figure 1]; see also figures in [33,34]). Observe that E(Γ3) consists 
precisely of the edges

{Vi, Ai}, {Vi, Bi}, {Vi, Ci}, {Ai, Ai+1}, {Bi, Bi+2}, {Ci, Ci+3} (17)

as i ranges over F7. Moreover,

V −1
i = V−i, A

−1
i = A−i, B

−1
i = B−i, C

−1
i = C−i

for all i ∈ F7. In particular, matrices I = V0, A0, B0, C0 are the fixed points of the 
inverting map A ↦→ A−1 on SGL3(F2).

Recall that an s-arc in a graph Γ is a sequence (u0, u1, . . . , us) of vertices such that 
ui ∼Γ ui+1 for all 0 ≤ i < s and uj−1 ̸= uj+1 for all 0 < j < s (cf. [17]). A weaker result 
than Lemma 5.1, which involves 2-arcs in Γn, is proved in [33].

Lemma 5.1. Let n ≥ 3 and let (U0, U1, U2, U3) be any 3-arc in Γn formed by pair
wise distinct matrices. If n ≥ 4, assume that U0 and U3 are not adjacent. Then 
(U0, U1, U2, U3) lies on a 7-cycle in Γn, i.e. there exist U−3, U−2, U−1 ∈ SGLn(F2) such 
that [U−3, U−2, U−1, U0, U1, U2, U3] is a 7-cycle in Γn.

Proof. The Coxeter graph Γ3 has no 4-cycles (the length of the shortest cycle in Γ3 is 
actually seven). Hence, it follows from the assumptions that rank(U0 − U3) ∈ {2, 3} for 
all n ≥ 3. Accordingly we separate two cases.

Case 1. Let rank(U0−U3) = 3. Since rank(U0−U3) is odd, at most one of the matrices U0
and U3 is alternate. We may assume that U0 is nonalternate (otherwise we consider the 
3-arc (U3, U2, U1, U0) instead). By Lemma 3.1, there exists an invertible matrix P such 
that U0 = PP⊤. Let U ′

i = P−1Ui(P−1)⊤ for i = 0, 1, 2, 3. Since the map X ↦→ PXP⊤

is an automorphism of Γn it suffices to prove that the 3-arc (U ′
0, U

′
1, U

′
2, U

′
3) lies on a 
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7-cycle in Γn. Since rank(U ′
i−1 − U ′

i) = 1 for all i and rank(U ′
0 − U ′

3) = 3, there exist 
linearly independent vectors x1,x2,x3 ∈ Fn

2 such that U ′
i = U ′

i−1 + x2
i for all i = 1, 2, 3. 

Since matrices

U ′
0 = I, U ′

1 = I + x2
1, U

′
2 = I + x2

1 + x2
2, U

′
3 = I + x2

1 + x2
2 + x2

3

are all in SGLn(F2), Corollary 3.3 implies (7). By Lemma 3.4, there exist pairwise distinct 
x,y, z ∈ {x1+x2,x1+x3,x2+x3,x1+x2+x3} that satisfy (8). By Corollary 3.3, matrices

U ′
−1 := I + x2, U ′

−2 := I + x2 + y2, U ′
−3 := I + x2 + y2 + z2

are all in SGLn(F2). Since U ′
−3 −U ′

3 = w2 for w ∈ {x1 + x2,x1 + x3,x2 + x3,x1 + x2 +
x3}\{x,y, z} it follows that rank(U ′

−3 − U3) = 1 and (U ′
0, U

′
1, U

′
2, U

′
3) lies on the 7-cycle 

[U ′
−3, U

′
−2, U

′
−1, U

′
0, U

′
1, U

′
2, U

′
3].

Case 2. Let rank(U0 −U3) = 2. Since rank(U1 −U2) is odd, at most one of the matrices 
U1 and U2 is alternate. We may assume that U1 is nonalternate (otherwise we consider 
the 3-arc (U3, U2, U1, U0) instead). By Lemma 3.1, there exists an invertible matrix P
such that U1 = PP⊤. Let U ′

i = P−1Ui(P−1)⊤ for i = 0, 1, 2, 3, in particular,

U ′
1 = I.

Since the map X ↦→ PXP⊤ is an automorphism of Γn it suffices to prove that the 3-arc 
(U ′

0, U
′
1, U

′
2, U

′
3) lies on a 7-cycle in Γn. Since rank(U ′

i−1 − U ′
i) = 1 for all i, there are 

nonzero vectors x0,x1,x2 ∈ Fn
2 such that U ′

i = U ′
i−1 + x2

i−1 for all i = 1, 2, 3. Since 
matrices U ′

0, U
′
1, U

′
2, U

′
3 are all distinct and rank(U0 − U3) = 2, it follows that x1, x2 are 

linearly independent, while x0 = x1 + x2. Since matrices

U ′
2 = I + x2

1, U ′
3 = I + x2

1 + x2
2, U ′

0 = I + (x1 + x2)2

are all invertible, we deduce from Corollary 3.3 that

0 = x⊤
1 x1,

0 = x⊤
2 (x1 + x2),

0 = (x1 + x2)⊤(x1 + x2) = x⊤
1 x1 + x⊤

2 x2.

Hence, 0 = x⊤
1 x1 = x⊤

2 x2 = x⊤
1 x2. By Lemma 3.5, there exists x3 ∈ Fn

2 such that 
x1,x2,x3 are linearly independent and either (9) or (10) is true. Consequently, equalities 
in (7) are all satisfied. In particular, Corollary 3.3 yields

U ′
−3 := I + x2

1 + x2
2 + x2

3 ∈ SGLn(F2).

Moreover, by Lemma 3.4, there exist pairwise distinct x,y, z ∈ {x1 + x2,x1 + x3,x2 +
x3,x1 + x2 + x3}, with x = x1 + x2, such that (8) is true. By Corollary 3.3, matrices
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I + x2, U ′
−1 := I + x2 + y2, U ′

−2 := I + x2 + y2 + z2

are all in SGLn(F2). Since, U ′
0 = I + x2 and U ′

−2 −U ′
−3 = w2 where w ∈ {x1 + x2,x1 +

x3,x2 +x3,x1 +x2 +x3}\{x,y, z}, we conclude that (U ′
0, U

′
1, U

′
2, U

′
3) is contained in the 

7-cycle [U ′
−3, U

′
−2, U

′
−1, U

′
0, U

′
1, U

′
2, U

′
3]. □

Proposition 5.2. There are 24 7-cycles in the Coxeter graph Γ3, namely:

[A−3, A−2, A−1, A0, A1, A2, A3], (18)

[B1, B3, B−2, B0, B2, B−3, B−1], (19)

[C−2, C1, C−3, C0, C3, C−1, C2], (20)

[Ai+1, Ai, Ai−1, Vi−1, Bi−1, Bi+1, Vi+1] i ∈ F7, (21)

[Bi+2, Bi, Bi−2, Vi−2, Ci−2, Ci+2, Vi+2] i ∈ F7, (22)

[Ci+3, Ci, Ci−3, Vi−3, Ai−3, Ai+3, Vi+3] i ∈ F7. (23)

Proof. Clearly, the above are distinct 7-cycles in Γ3 and there are 24 of them. Suppose 
now that [X0, X1, X2, X3, X4, X5, X6] is an arbitrary 7-cycle in Γ3. If it contains only 
vertices of the form Ai, or only vertices of the form Bi, or only vertices of the form Ci, 
then [X0, X1, X2, X3, X4, X5, X6] must be one of the three 7-cycles in (18)-(20). Assume 
now that [X0, X1, X2, X3, X4, X5, X6] contains a vertex Vj for some j ∈ F7. We may 
assume that X6 = Vj . Then, {X0, X5} ∈ {{Aj , Bj}, {Bj , Cj}, {Cj , Aj}}. If necessary, we 
rewrite the 7-cycle in the reversed way as [X5, X4, X3, X2, X1, X0, X6] to achieve that 
(X0, X5) ∈ {(Aj , Bj), (Bj , Cj), (Cj , Aj)}. We separate the three cases accordingly.

Case 1. Let X0 = Aj and X5 = Bj . By (17),

X1 ∈ {Aj−1, Aj+1} and X4 ∈ {Bj−2, Bj+2}.

Hence, {X2, X3} ∈ {{Vk, Ak}, {Vk, Bk}} for some k ∈ F7. In the latter case, X3 ∈
{Bj+3, Bj−3} and X2 ∈ {Vj+3, Vj−3}, which is not possible because X2 and X1 must 
be adjacent. Therefore, X3 ∈ {Vj−2, Vj+2} and X2 ∈ {Aj−2, Aj+2}, which results in two 
possibilities for the 7-cycle [X0, X1, X2, X3, X4, X5, X6]:

[Aj , Aj−1, Aj−2, Vj−2, Bj−2, Bj , Vj ] and [Aj , Aj+1, Aj+2, Vj+2, Bj+2, Bj , Vj ].

The 7-cycle on the left-hand side equals (21) for j = i + 1, while the 7-cycle on the 
right-hand side can be rewritten in the reversed way as (21) for j = i− 1.
Case 2. Let X0 = Bj and X5 = Cj . We proceed as in Case 1, to obtain two possibilities 

for [X0, X1, X2, X3, X4, X5, X6]:

[Bj , Bj−2, Bj+3, Vj+3, Cj+3, Cj , Vj ] and [Bj , Bj+2, Bj−3, Vj−3, Cj−3, Cj , Vj ].
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These are 7-cycles of the form (22) for j = i + 2 and j = i− 2, respectively.
Case 3. Let X0 = Cj and X5 = Aj . We proceed as in Case 1, to obtain two possibilities 

for [X0, X1, X2, X3, X4, X5, X6]:

[Cj , Cj−3, Cj+1, Vj+1, Aj+1, Aj , Vj ] and [Cj , Cj+3, Cj−1, Vj−1, Aj−1, Aj , Vj ].

These are 7-cycles of the form (23) for j = i + 3 and j = i− 3, respectively. □
It is well known that the Coxeter graph Γ3 is 3-arc transitive, i.e. for each 3-arcs 

(X0, X1, X2, X3) and (Y0, Y1, Y2, Y3) in Γ3 there exists an automorphism Ψ of Γ3 such 
that Ψ(Xi) = Yi for i = 0, 1, 2, 3. Actually, it is even 3-arc regular as mentioned in [17, 
Section 4.6], which means that for the 3-arcs (X0, X1, X2, X3) and (Y0, Y1, Y2, Y3) the 
automorphism Ψ with such property is unique. In the proof of Lemma 5.4, we rely on 3
arc transitivity. We provide an additional proof of this property for reader’s convenience. 
For this purpose recall that given a matrix P ∈ GL3(F2), the maps X ↦→ PXP⊤ and 
X ↦→ X−1 are both automorphisms of Γ3.2

Lemma 5.3. The Coxeter graph Γ3 is 3-arc transitive.

Proof. Let (U0, U1, U2, U3) be a 3-arc in Γ3. Since U0 is a 3 × 3 invertible symmetric 
matrix, it is not alternate. By Lemma 3.1, there exists P ∈ GL3(F2) with PU0P⊤ = I. 
Since the map Ψ0 : X ↦→ PXP⊤ is an automorphism of Γ3, we can replace matrices Ui

by Ψ0(Ui) = PUiP⊤. Hence, we may assume without loss of generality that U0 = I = V0. 
From Fig. 1 we deduce that U1 = A0 or U1 = B0 or U1 = C0. Define

Q = I or Q = C0 or Q = B0,

respectively. Since the map Ψ1 : X ↦→ QXQ⊤ is an automorphism of Γ3 such that 
Ψ1(V0) = V0 and Ψ1(U1) = A0, we may further assume without loss of generality that 
U1 = A0. In this case, U2 = A1 or U2 = A−1. Let the automorphism Ψ2 be the identity 
map or the inverting map X ↦→ X−1, respectively. Since Ψ2(V0) = V0, Ψ2(A0) = A0, and 
Ψ2(U2) = A1 we may further assume that U2 = A1. Then, U3 = A2 or U3 = V1. Let the 
automorphism Ψ3 be the identity map or the map X ↦→ A0X

−1A⊤
0 , respectively. Since 

Ψ3(V0) = V0, Ψ3(A0) = A0, Ψ3(A1) = A1, Ψ3(U3) = A2, we see that each 3-arc can 
be mapped to the 3-arc (V0, A0, A1, A2) by an automorphism of Γ3. Hence, the Coxeter 
graph is 3-arc transitive. □
Lemma 5.4. In the Coxeter graph Γ3,

(i) each 3-arc lies on the unique 7-cycle;

2 Actually, maps of these forms generate the whole automorphism group of Γ3 as proved in [33] by applying 
the counting argument.
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(ii) for each pair of 7-cycles 𝒞1 and 𝒞2 there exists an automorphism Ψ of Γ3 such that 
Ψ(𝒞1) = 𝒞2.

Proof. (i) Let (U0, U1, U2, U3) be a 3-arc in Γ3. By Lemma 5.3, there exists an auto
morphism Ψ of Γ3 such that Ψ(Ai) = Ui for i = 0, 1, 2, 3. By Proposition 5.2, the 3-arc 
(A0, A1, A2, A3) lies on the unique 7-cycle, namely (18). Its Ψ-image is the unique 7-cycle 
that contains (U0, U1, U2, U3).

(ii) Pick any 3-arcs (W0,W1,W2,W3) and (U0, U1, U2, U3) in 𝒞1 and 𝒞2, respectively. 
By Lemma 5.3, there exists an automorphism Ψ of Γ3 such that Ψ(Wi) = Ui for i =
0, 1, 2, 3. By (i), Ψ(𝒞1) = 𝒞2. □
Remark 5.5. Observe that the number of 3-arcs in each 7-cycle in the Coxeter graph 
equals 2 · 7 = 14 if we consider both directions of the 7-cycle. By Lemma 5.4, each 3-arc 
lies on the unique 7-cycle. Hence, Proposition 5.2 implies that the number of 3-arcs in 
Γ3 equals 24 · 14 = 336. There are also exactly 336 automorphisms of the Coxeter graph 
(cf. [33]). Consequently, Lemma 5.3 provides an additional proof of the fact that the 
Coxeter graph is 3-arc regular.

6. Proof of Theorem 2.1

Lemma 6.1 and Corollary 6.2 represent the first step towards the characterization of 
all graph homomorphisms Φ : Γ3 → ˆ︁Γm. They have a potential of being helpful also in 
finding solutions to other preserver problems.

Lemma 6.1. Let Λ1 and Λ2 be two (possibly infinite) simple graphs and Φ : Λ1 → Λ2
a homomorphism. If n ≥ 1 and [v1, . . . , v2n+1] is an odd cycle in Λ1, then there exist 
1 ≤ k ≤ n and distinct i1, . . . , i2k+1 ∈ {1, . . . , 2n+ 1} such that [Φ(vi1), . . . ,Φ(vi2k+1)] is 
an odd cycle in Λ2.

Proof. Let Λ′
1 and Λ′

2 be the (finite) subgraphs in Λ1 and Λ2, respectively, which are 
induced by the sets {v1, . . . , v2n+1} and {Φ(v1), . . . ,Φ(v2n+1)}, respectively. Then the 
restriction of the map Φ to the set {v1, . . . , v2n+1} is a homomorphism between Λ′

1 and 
Λ′

2. Since Λ′
1 contains an odd cycle, its chromatic number χ(Λ′

1) is at least 3. By the well 
known inequality (cf. [18, Proposition 2.10]), we deduce that 3 ≤ χ(Λ′

1) ≤ χ(Λ′
2). Hence, 

Λ′
2 is not bipartite, which means that it posses an odd cycle (cf. [18, Proposition 1.4]). □
Corollary 6.2 follows directly from Lemma 6.1.

Corollary 6.2. Let Λ1 and Λ2 be two (possibly infinite) simple graphs with the same odd 
girth g. If Φ : Λ1 → Λ2 is a homomorphism, then it maps g-cycles to g-cycles.

Corollary 6.3. Let n,m ≥ 3. If Φ : Γn → ˆ︁Γm is a homomorphism, then it maps 7-cycles 
to 7-cycles.
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Proof. Since the odd girths of Γn and ˆ︁Γm both equal seven, the claim follows from 
Corollary 6.2. □

For an edge {X,Y } in Γn or ˆ︁Γm we will slightly abuse the terminology in the proofs. 
Namely, we will refer as an ‘edge’ also the corresponding rank-one matrix X−Y = Y −X. 
By Lemma 4.3, all edges in a 7-cycle are distinct.

Lemma 6.4. Let {Ni : i ∈ F7} = ℛ1 be any enumeration of rank-one matrices in S3(F2). 
Then there are exactly two homomorphisms Φ : Γ3 → ˆ︁Γ3 that satisfy Φ(I) = I and 
Φ(Vi) − Φ(Ai) = Ni for all i ∈ F7. Namely, they are given by

Φ1(X) = Ψσ1(X) − Ψσ1(I) + I and Φ2(X) = Ψσ2(X−1) − Ψσ2(I) + I (24)

for all X ∈ SGL3(F2) where σ1, σ2 are the unique suitable permutations of ℛ1.

Proof. Observe from the definitions of Ai and Vi that {Vi − Ai : i ∈ F7} = ℛ1. If σ1 is 
the permutation of ℛ1 that maps Vi −Ai to Ni for all i ∈ F7, then

Φ1(Vi) − Φ1(Ai) = Ψσ1(Vi) − Ψσ1(Ai) = Ψσ1(Vi −Ai) = Ni (i ∈ F7).

Likewise, if σ2 is the permutation that maps Vi −Ai to N−i for all i ∈ F7, then

Φ2(Vi) − Φ2(Ai) = Ψσ2(V −1
i −A−1

i ) = Ψσ2(V−i −A−i) = Ni (i ∈ F7).

Clearly, both maps Φ1,Φ2 are homomorphisms and fix the identity. It remains to prove 
that there exist at most two homomorphisms Φ from the claim.

Let Φ : Γ3 → ˆ︁Γ3 be a homomorphism with Φ(I) = I and Φ(Vi) − Φ(Ai) = Ni for all 
i ∈ F7. In particular, the images

Φ(V0) = V0 and Φ(A0) = Φ(V0) + N0 (25)

are determined. For i ∈ F7 observe that each of the 3-arcs (Ai+1, Ai, Vi, Bi), 
(Ai+1, Ai, Ai−1, Vi−1), (Bi+1, Vi+1, Ai+1, Ai), (Vi+2, Ai+2, Ai+1, Ai) contain the edge 
Ai+1 − Ai. By Lemma 5.1, each of them lies on a 7-cycle, which is mapped into an
other 7-cycle by Corollary 6.3. Hence, all three edges of each 3-arc are mapped into 
three distinct edges. In particular,

Φ(Ai+1) − Φ(Ai) ̸= Ni, Ni−1, Ni+1, Ni+2.

Consequently,

Φ(Ai+1) − Φ(Ai) ∈ {Ni−2, Ni+3, Ni−3}. (26)

We claim that
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Φ(Ai+1) − Φ(Ai) ̸= Ni−3

for all i ∈ F7.
Suppose that Φ(Aj+1) − Φ(Aj) = Nj−3 for some j. Since the image of [A−3, A−2, 

A−1, A0, A1, A2, A3] is a 7-cycle, we deduce that

Φ(Aj−1) − Φ(Aj) ̸= Nj−3,

which by (26) implies that

Φ(Aj−1) − Φ(Aj) =: N ∈ {Nj+2, Nj+3}. (27)

Since (Aj+3, Aj+2, Aj+1, Aj) is a 3-arc, it follows as above that matrices Φ(Aj+1) −
Φ(Aj),Φ(Aj+2) − Φ(Aj+1),Φ(Aj+3) − Φ(Aj+2) are all distinct. By (26),

Φ(Aj+2) − Φ(Aj+1) ∈ {Nj−1, Nj−2},
Φ(Aj+3) − Φ(Aj+2) ∈ {Nj , Nj−1, Nj−2}.

If {Φ(Aj+2) − Φ(Aj+1),Φ(Aj+3) − Φ(Aj+2)} = {Nj−1, Nj−2}, then from the image of 
the 8-cycle [Vj+3, Aj+3, Aj+2, Aj+1, Aj , Vj , Cj , Cj+3] we deduce that

Nj+3 + Nj−1 + Nj−2 + Nj−3 + Nj +
(︁
Φ(Vj) − Φ(Cj)

)︁
+
(︁
Φ(Cj) − Φ(Cj+3)

)︁
+

(︁
Φ(Cj+3) − Φ(Vj+3)

)︁
= 0,

which contradicts Lemma 4.6 because matrices Nj+3, Nj−1, Nj−2, Nj−3, Nj are all dis
tinct. Hence,

Φ(Aj+3) − Φ(Aj+2) = Nj .

Since [A−3, A−2, A−1, A0, A1, A2, A3] is mapped into a 7-cycle, we deduce that

Φ(Aj−3) − Φ(Aj−2) ̸= Nj ,

which by (26) implies that

Φ(Aj−3) − Φ(Aj−2) =: Ṅ ∈ {Nj+1, Nj+2}. (28)

From the image of the 8-cycle [Vj−3, Aj−3, Aj−2, Aj−1, Aj , Vj , Cj , Cj−3] we get

Nj−3 + Ṅ + N̈ + N + Nj +
(︁
Φ(Vj) − Φ(Cj)

)︁
+
(︁
Φ(Cj) − Φ(Cj−3)

)︁
+
(︁
Φ(Cj−3) − Φ(Vj−3)

)︁
= 0 (29)

where
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N̈ := Φ(Aj−2) − Φ(Aj−1) ∈ {Nj+1, Nj+2, Nj+3} (30)

by (26). Since (Aj−3, Aj−2, Aj−1, Aj) is a 3-arc, we deduce as above that rank-one ma
trices N, Ṅ, N̈ are all distinct. Hence, it follows from (27), (28), (30) that matrices 
Nj−3, Ṅ , N̈ ,N,Nj are all distinct, and (29) contradicts Lemma 4.6.

We proved that Φ(Ai+1) − Φ(Ai) ̸= Ni−3 for all i ∈ F7. By (26),

Φ(Ai+1) − Φ(Ai) ∈ {Ni−2, Ni+3} (i ∈ F7)

that is

Φ(A1) − Φ(A0) ∈ {N−2, N3},
Φ(A3) − Φ(A2) ∈ {N0, N−2},
Φ(A−2) − Φ(A−3) ∈ {N2, N0},
Φ(A0) − Φ(A−1) ∈ {N−3, N2},
Φ(A2) − Φ(A1) ∈ {N−1, N−3},
Φ(A−3) − Φ(A3) ∈ {N1, N−1},
Φ(A−1) − Φ(A−2) ∈ {N3, N1}.

Since 
[︁
Φ(A−3),Φ(A−2),Φ(A−1),Φ(A0),Φ(A1),Φ(A2),Φ(A3)

]︁
is a 7-cycle, it follows that 

matrices Φ(Ai+1) − Φ(Ai) with i ∈ F7 are all distinct. Hence, there are only two possi
bilities for values Φ(Ai) with i ̸= 0. Either

Φ(Ai) = Φ(Ai−1) + Ni−3 (i ∈ F7) (31)

or

Φ(Ai) = Φ(Ai−1) + Ni+2 (i ∈ F7). (32)

Recall that values Φ(A0), Φ(V0) are already determined in (25). The values Φ(Ai) for 
i ̸= 0 are determined either by (31) or (32). To complete the proof it suffices to show 
that values Φ(Vi) for i ̸= 0 and Φ(Bi),Φ(Ci) for all i ∈ F7 are uniquely determined by 
values Φ(V0),Φ(Ai), i ∈ F7.

Firstly recall from the assumption that

Φ(Vi) = Φ(Ai) + Ni. (33)

Choose arbitrary i ∈ F7. Since the edges of each 7-cycles

[︁
Φ(Vi),Φ(Bi),Φ(Bi+2),Φ(Vi+2),Φ(Ai+2),Φ(Ai+1),Φ(Ai)

]︁
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and [︁
Φ(Vi),Φ(Bi),Φ(Bi−2),Φ(Vi−2),Φ(Ai−2),Φ(Ai−1),Φ(Ai)

]︁
(34)

are all distinct, it follows that

Φ(Bi) − Φ(Vi) ∈ ℛ1\
{︁
Ni+2, Ni−2, Ni,Φ(Ai+2) − Φ(Ai+1),

Φ(Ai+1) − Φ(Ai),Φ(Ai) − Φ(Ai−1),Φ(Ai−1) − Φ(Ai−2)
}︁
.

In the cases (31) and (32) we deduce that

Φ(Bi) = Φ(Vi) + Ni+1 (i ∈ F7) (35)

and

Φ(Bi) = Φ(Vi) + Ni−1 (i ∈ F7), (36)

respectively. Moreover, in cases (31), (35) and (32), (36) we deduce from the 7-cycle (34)
that

Φ(Bi) − Φ(Bi−2) ∈ ℛ1\{Ni+1, Ni−1, Ni−2, Ni+3, Ni−3, Ni}

and

Φ(Bi) − Φ(Bi−2) ∈ ℛ1\{Ni−1, Ni−3, Ni−2, Ni+1, Ni+2, Ni},

respectively. That is,

Φ(Bi) − Φ(Bi−2) = Ni+2 (i ∈ F7) (37)

and

Φ(Bi) − Φ(Bi−2) = Ni+3 (i ∈ F7), (38)

respectively. Finally, since edges in each of the 7-cycles[︁
Φ(Vi),Φ(Ci),Φ(Ci+3),Φ(Vi+3),Φ(Bi+3),Φ(Bi−2),Φ(Bi)

]︁
and [︁

Φ(Vi),Φ(Ci),Φ(Ci−3),Φ(Vi−3),Φ(Bi−3),Φ(Bi+2),Φ(Bi)
]︁

are distinct, we deduce that
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Φ(Ci) − Φ(Vi) ∈ ℛ1\
{︁
Φ(Bi+3) − Φ(Vi+3),Φ(Bi−3) − Φ(Vi−3),

Φ(Bi) − Φ(Vi),Φ(Bi−2) − Φ(Bi+3),Φ(Bi) − Φ(Bi−2),

Φ(Bi−3) − Φ(Bi+2),Φ(Bi+2) − Φ(Bi)
}︁
.

That is,

Φ(Ci) = Φ(Vi) + Ni+3 (i ∈ F7) (39)

if (31), (35), (37), and

Φ(Ci) = Φ(Vi) + Ni−3 (i ∈ F7) (40)

if (32), (36), (38). To summarize, values Φ(V0),Φ(A0) are determined in (25). Values 
Φ(Ai) with i ̸= 0 are determined in (31) or (32). If (31), then values Φ(Vi),Φ(Bi),Φ(Ci)
are determined in (33), (35), (39). If (32), then values Φ(Vi),Φ(Bi),Φ(Ci) are determined 
in (33), (36), (40). □
Corollary 6.5. A graph homomorphism Φ : Γ3 → ˆ︁Γ3 is either of the form

Φ(X) = Ψσ(X) + Y (X ∈ SGL3(F2)) (41)

or

Φ(X) = Ψσ(X−1) + Y (X ∈ SGL3(F2)) (42)

for some Y ∈ S3(F3) and some permutation σ of the set ℛ1.

Proof. Obviously, the maps (41) and (42) are both graph homomorphisms. Conversely, 
let Φ : Γ3 → ˆ︁Γ3 be any homomorphism. Then the map, defined by Φ′(X) := Φ(X) −
Φ(I) + I for all X ∈ SGL3(F2), is a homomorphism as well. Moreover, Φ′(I) = I. To 
complete the proof it suffices to show that

{Φ′(Ai) − Φ′(Vi) : i ∈ F7} = ℛ1. (43)

Namely, then Lemma 6.4 implies that Φ′ fits one of the two forms in (24) and therefore 
Φ is either of the form (41) or (42) where σ ∈ {σ1, σ2} and Y ∈ {Φ(I) − Ψσ1(I),Φ(I) −
Ψσ2(I)}.

Recall by Lemma 4.3 that the rank-one matrices, which define the edges in a 7-cycle, 
are all distinct. If i ∈ F7 is arbitrary, then[︁

Φ′(Vi),Φ′(Ai),Φ′(Ai+1),Φ′(Vi+1),Φ′(Ci+1),Φ′(Ci−3),Φ′(Ci)
]︁
, (44)[︁

Φ′(Vi),Φ′(Ai),Φ′(Ai+1),Φ′(Ai+2),Φ′(Vi+2),Φ′(Bi+2),Φ′(Bi)
]︁

(45)
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are both 7-cycles by Corollary 6.3. In particular,

Φ′(Ai) − Φ′(Vi) / ∈ {Φ′(Ai+1) − Φ′(Vi+1),Φ′(Ai+2) − Φ′(Vi+2)} (i ∈ F7). (46)

Suppose that Φ′(Aj) − Φ′(Vj) = Φ′(Aj+3) − Φ′(Vj+3) =: M1 for some j ∈ F7. Let 
M2 := Φ′(Aj) − Φ′(Aj+1), M3 := Φ′(Aj+1) − Φ′(Aj+2), M4 := Φ′(Aj+2) − Φ′(Aj+3). 
From the 7-cycle (45) with i = j we deduce that M1 ̸= M2,M3. From the 7-cycle (44)
with i = j + 2 we deduce that M1 ̸= M4. Since[︁

Φ′(A−3),Φ′(A−2),Φ′(A−1),Φ′(A0),Φ′(A1),Φ′(A2),Φ′(A3)
]︁

is a 7-cycle, we deduce that rank-one matrices M1,M2,M3,M4 are all distinct. Let 
{M5,M6,M7} := ℛ1\{M1,M2,M3,M4}. Consider the image of the 9-cycle

[Aj , Aj+1, Aj+2, Aj+3, Vj+3, Bj+3, Bj−2, Bj , Vj ].

Since Φ′(Aj) − Φ′(Vj) = Φ′(Aj+3) − Φ′(Vj+3), the edges in the image produce a van
ishing sum of seven rank-one matrices. From Lemma 4.2 and the definition of matrices 
M2,M3,M4 it follows that{︁

Φ′(Bj) − Φ′(Vj),Φ′(Bj+3) − Φ′(Vj+3),

Φ′(Bj) − Φ′(Bj−2),Φ′(Bj+3) − Φ′(Bj−2)
}︁

= {M1,M5,M6,M7}. (47)

Since (Aj , Vj , Bj) and (Aj+3, Vj+3, Bj+3) are both 2-arcs that are contained in some 3
arcs, and therefore in some 7-cycles by Lemma 5.1, it follows that Φ′(Bj) ̸= Φ′(Aj) and 
Φ′(Bj+3) ̸= Φ′(Aj+3). Consequently, (47) and the definition of matrix M1 imply that

M1 ∈ {︁
Φ′(Bj) − Φ′(Bj−2),Φ′(Bj+3) − Φ′(Bj−2)

}︁
.

However, the 7-cycle (45) with i = j − 2 and i = j + 3 imply that

M1 / ∈ {︁
Φ′(Bj) − Φ′(Bj−2),Φ′(Bj+3) − Φ′(Bj−2)

}︁
a contradiction. Therefore

Φ′(Ai) − Φ′(Vi) ̸= Φ′(Ai+3) − Φ′(Vi+3) (i ∈ F7). (48)

Since i ∈ F7 is arbitrary in both (46) and (48), it follows that the seven rank-one matrices 
Φ′(Ai) − Φ′(Vi); i ∈ F7 are all distinct, which proves (43). □

Suppose that Φ : Γ3 → ˆ︁Γm is a graph homomorphism where m ≥ 3. By Corol
lary 6.3, each 7-cycle in the Coxeter graph Γ3 is mapped into a seven cycle in ˆ︁Γm. By 
Proposition 5.2,
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[Φ(A−3),Φ(A−2),Φ(A−1),Φ(A0),Φ(A1),Φ(A2),Φ(A3)] , (49)

[Φ(B1),Φ(B3),Φ(B−2),Φ(B0),Φ(B2),Φ(B−3),Φ(B−1)] , (50)

[Φ(C−2),Φ(C1),Φ(C−3),Φ(C0),Φ(C3),Φ(C−1),Φ(C2)] , (51)

[Φ(Ai+1),Φ(Ai),Φ(Ai−1),Φ(Vi−1),Φ(Bi−1),Φ(Bi+1),Φ(Vi+1)] i ∈ F7, (52)

[Φ(Bi+2),Φ(Bi),Φ(Bi−2),Φ(Vi−2),Φ(Ci−2),Φ(Ci+2),Φ(Vi+2)] i ∈ F7, (53)

[Φ(Ci+3),Φ(Ci),Φ(Ci−3),Φ(Vi−3),Φ(Ai−3),Φ(Ai+3),Φ(Vi+3)] i ∈ F7 (54)

are 7-cycles in ˆ︁Γm. By Lemma 4.3, the seven edges in each of them (i.e. the differ
ences of consecutive vertices) are of the form (15) where x1,x2,x3 ∈ Fm

2 are linearly 
independent. Hence, we may associate a 3-dimensional vector subspace in Fm

2 , which is 
of the form ⟨x1,x2,x3⟩, to each 7-cycle in (49)-(54). We denote these vector space by 
WA(Φ),WB(Φ),WC(Φ),W i

AB(Φ),W i
BC(Φ),W i

CA(Φ), respectively. If the definition of Φ
is clear from the context, we simply write

WA,WB ,WC ,W
i
AB ,W

i
BC ,W

i
CA.

Recall that a 3-dimensional subspace in Fm
2 has seven nonzero elements, one for each 

edge of a 7-cycle. Moreover, it is spanned by any selection of its 4 distinct nonzero 
vectors. Given any vector subspace W in Fm

2 , we denote by W (2) = {w2 : w ∈ W} the 
corresponding set of rank-one matrices. Conversely, given a rank one matrix M = w2

we define M1/2 := w.

Lemma 6.6. Let m ≥ 3 be an integer and Φ : Γ3 → ˆ︁Γm a graph homomorphism. Then 
there exists a vector subspace W in Fm

2 of dimension at most 4 such that Φ(X)−Φ(Y ) ∈
W (2) whenever X,Y ∈ SGL3(F2) satisfy rank(X − Y ) = 1.

Proof. Let WA = ⟨x,y, z⟩ for some linearly independent x,y, z ∈ Fm
2 . Further denote 

Φ(Ai) − Φ(Ai−1) = z2
i for all i ∈ F7. Then, ⟨x,y, z⟩ = ⟨zi : i ∈ F7⟩. Since the 7-cycles 

(49) and (52) with i = 0 both contain edges Φ(A1) − Φ(A0) and Φ(A0) − Φ(A−1), it 
follows that W 0

AB = ⟨z0, z1,w⟩ for some w ∈ Fm
2 . We set W = ⟨x,y, z,w⟩. Clearly, 

dimW ≤ 4.
Observe from Fig. 1 that the Φ-image of each edge {X,Y } in Γ3 is contained in at 

least one of the 7-cycles that are associated to the vector spaces

W i
AB (i ∈ F7), (55)

W i
BC (i ∈ F7).

We need to show that all of them are contained in W . Obviously, W 0
AB ⊆ W . Given 

i ∈ F7, consider the subspace W i+2
AB and its associated 7-cycle. It shares two edges, 

Φ(Ai+1) − Φ(Vi+1) := u2
i and Φ(Vi+1) − Φ(Bi+1) := v2

i , with the 7-cycle associated to 
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W i
AB . By the recursion, we may assume that ui,wi ∈ W . Since zi+2, zi+3 ∈ W and 

ui,wi, zi+2, zi+3 correspond to four distinct edges of the 7-cycle associated to W i+2
AB , it 

follows that W i+2
AB ⊆ W . Since 7 and 2 are coprime, it follows that all subspaces in (55)

are contained in W . In particular, WB ⊆ W . For general i ∈ F7, the 7-cycle associated 
to W i

BC has four edges

Φ(Bi+2) − Φ(Bi),Φ(Bi) − Φ(Bi−2),Φ(Bi−2) − Φ(Vi−2),Φ(Vi+2) − Φ(Bi+2) (56)

contained already in the 7-cycles that are associated to the spaces in (55). Consequently, 
matrices (56) are in W (2) and therefore W i

BC ⊆ W . □
The dimension 4 in Lemma 6.6 actually drops to 3 as we eventually prove in 

Lemma 6.9. For the proof we require two additional lemmas.

Lemma 6.7. Let W be a vector space over F2 of dimension three, and let

W\{0} = {z−3, z−2, z−1, z0, z1, z2, z3}

be any enumeration of nonzero vectors. Then, there exists i ∈ F7 such that

⟨zi, zi−1⟩ ∩ ⟨zi−2, zi−3⟩ ∩ ⟨zi−4, zi−5⟩ = {0}. (57)

Proof. Suppose the claim is false. Consider the vector spaces

W1 = ⟨z3, z2⟩, W2 = ⟨z1, z0⟩, W3 = ⟨z−1, z−2⟩,
W4 = ⟨z−3, z3⟩, W5 = ⟨z2, z1⟩, W6 = ⟨z0, z−1⟩.

They are all of dimension two, and Wj ,Wj+1,Wj+2 are pairwise distinct for j ∈
{1, 2, 3, 4}. Since the vector space Wj ∩Wj+1 ∩Wj+2 is not trivial by the assumption, it 
follows that

dim(Wj ∩Wj+1 ∩Wj+2) = 1

and (58)

Wj ∩Wj+1 ∩Wj+2 = Wj ∩Wj+1 = Wj ∩Wj+2 = Wj+1 ∩Wj+2

for all j ∈ {1, 2, 3, 4}. Let w be the nonzero vector in W1 ∩ W2 ∩ W3. Note that W
contains exactly three vector subspaces of dimension two, which contain a fixed nonzero 
vector. In the case of vector w, these are W1, W2, W3. If j = 2, then (58) implies that 
W2 ∩W3 ∩W4 = ⟨w⟩. Hence, w ∈ W4 and W4 ∈ {W1,W2,W3}. Since W2,W3,W4 are 
pairwise distinct it follows that W4 = W1. If we select j = 3 and j = 4, we observe in 
the same way that W5 = W2 and W6 = W3, consecutively. The last two equalities imply 
that
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Fig. 2. Graph Γ from Lemma 6.8. 

z2 = z0 + z1, (59)

z0 = z−1 + z−2, (60)

respectively. Equality (59) implies that

z2 ∈ W1 ∩W2 = W1 ∩W2 ∩W3 ⊆ W3 = {0, z−1, z−2, z−1 + z−2}.

Since z2 is nonzero and different from z−1, z−2, it follows that z2 = z−1 + z−2. By (60), 
z2 = z0, a contradiction. □

Lemma 6.8. Let Γ be the graph in Fig. 2 and let Φ : Γ → ˆ︁Γm be a homomorphism where 

m ≥ 3. Denote zi =
(︁
Φ(i) − Φ(i + 1)

)︁ 1
2 for i ∈ {1, 2, 3, 4, 5, 6}. Suppose that there exists 

a vector subspace ˜︂W ⊆ Fm
2 of dimension three such that 

(︁
Φ(i) − Φ(i + 1)

)︁ 1
2 ∈ ˜︂W for 

i ∈ {12, 13, 14} and

(︁
Φ(j) − Φ(k)

)︁ 1
2 ∈ ˜︂W (61)

for at least four edges {j, k} in the 7-cycle [1, 2, 3, 4, 5, 6, 7]. Then, (61) holds for all edges 
{j, k} in Γ or

dim
(︁⟨z1, z2⟩ ∩ ⟨z3, z4⟩ ∩ ⟨z5, z6⟩

)︁
= 1.

Proof. By Corollary 6.2, Φ maps 7-cycles into 7-cycles. By Lemma 4.3, vectors 
(︁
Φ(j) −

Φ(k)
)︁ 1

2 form a vector space of dimension three (without the zero vector) as {j, k} runs 
over the edges in the cycle [1, 2, 3, 4, 5, 6, 7]. By the assumption, four of these vectors are 
in ˜︂W . Hence, all seven of them are in ˜︂W .

Suppose now that there exists an edge {j, k} in Γ such that (61) is not true. Then 
one of its endpoints is in the set {8, 9, 10, 11}. We may assume that j ∈ {8, 9, 10, 11}. We 
claim that
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(︁
Φ(12) − Φ(13)

)︁ 1
2 = z1 + z2, (62)(︁

Φ(13) − Φ(14)
)︁ 1

2 = z3 + z4, (63)(︁
Φ(14) − Φ(15)

)︁ 1
2 = z5 + z6 (64)

and vectors(︁
Φ(8) − Φ(1)

)︁ 1
2 ,

(︁
Φ(8) − Φ(12)

)︁ 1
2 ,

(︁
Φ(9) − Φ(3)

)︁ 1
2 ,

(︁
Φ(9) − Φ(13)

)︁ 1
2 , (65)(︁

Φ(10) − Φ(5)
)︁ 1

2 ,
(︁
Φ(10) − Φ(14)

)︁ 1
2 ,
(︁
Φ(11) − Φ(7)

)︁ 1
2 ,
(︁
Φ(11) − Φ(15)

)︁ 1
2 (66)

are not in ˜︂W . To prove this claim we separate two cases.

Case 1. Let j = 8. Consider the image of the 7-cycle [1, 2, 3, 9, 13, 12, 8]. By Lemma 4.3, 
the edges of the image correspond to nonzero elements of a vector space of dimension 

three, three of them being the vectors z1, z2,
(︁
Φ(12)−Φ(13)

)︁ 1
2 ∈ ˜︂W while either 

(︁
Φ(8)−

Φ(1)
)︁ 1

2 or 
(︁
Φ(8)−Φ(12)

)︁ 1
2 is not in ˜︂W . Denote this vector by v. Then, the image of the 

7-cycle is associated to vectors

z1, z2, z1 + z2,v,v + z1,v + z2,v + z1 + z2.

Consequently, (62) holds and vectors (65) are not in ˜︂W . To prove (63), (64), (66), it 
remains to repeat the procedure above, firstly with the 7-cycle [3, 4, 5, 10, 14, 13, 9] and 
then with the 7-cycle [5, 6, 7, 11, 15, 14, 10].
Case 2. Let j ∈ {9, 10, 11}. We proceed as in Case 1 where the order of the 7-cycles 

[1, 2, 3, 9, 13, 12, 8], [3, 4, 5, 10, 14, 13, 9], and [5, 6, 7, 11, 15, 14, 10] is suitably adjusted.

To continue, denote u =
(︁
Φ(9) − Φ(3)

)︁ 1
2 . By (65), u / ∈ ˜︂W . Since vectors z1, z2, z3, z4

correspond to four edges on a 7-cycle, it follows that

dim
(︁⟨z1, z2⟩ ∩ ⟨z3, z4⟩

)︁
= dim⟨z1, z2⟩ + dim⟨z3, z4⟩ − dim⟨z1, z2, z3, z4⟩
= 2 + 2 − 3 = 1. (67)

Let x be the nonzero vector in ⟨z1, z2⟩ ∩ ⟨z3, z4⟩ and fix y ∈ ⟨z3, z4⟩\⟨x⟩. Then, ⟨x,y⟩ =
⟨z3, z4⟩. By considering the image of the 7-cycle [3, 4, 5, 10, 14, 13, 9], the equality (63), 
and Lemma 4.3 we can conclude that

{(︁Φ(9)−Φ(13)
)︁ 1

2 ,
(︁
Φ(10)−Φ(5)

)︁ 1
2 ,
(︁
Φ(10)−Φ(14)

)︁ 1
2 } = {u+x,u+y,u+x+y}. (68)

Similarly, by considering the image of the 7-cycle [1, 2, 3, 9, 13, 12, 8], the equality (62), 
and Lemma 4.3 we can conclude that

{(︁Φ(9)−Φ(13)
)︁ 1

2 ,
(︁
Φ(8)−Φ(1)

)︁ 1
2 ,
(︁
Φ(8)−Φ(12)

)︁ 1
2 } = {u+z1,u+z2,u+z1+z2}. (69)
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Observe that u + y is not a member of the set (69) because the opposite would imply 
that y ∈ ⟨z1, z2⟩ and hence y ∈ ⟨z1, z2⟩ ∩ ⟨z3, z4⟩ = ⟨x⟩, i.e. y = x, a contradiction. 
Similarly, u + x + y is not a member of (69) because the opposite would imply that 
x + y ∈ ⟨z1, z2⟩ and thus y ∈ ⟨z1, z2⟩. Hence, the intersection of (68) and (69) consists 
of a single vector 

(︁
Φ(9) − Φ(13)

)︁ 1
2 = u + x. Therefore,

{(︁Φ(10) − Φ(5)
)︁ 1

2 ,
(︁
Φ(10) − Φ(14)

)︁ 1
2 } = {u + y,u + x + y}.

Consequently, by applying (64), we see that five edges in the image of the 7-cycle 
[5, 6, 7, 11, 15, 14, 10] are associated to vectors

z5, z6, z5 + z6,u + y,u + x + y.

Recall from (68), (65), (66) that u + y / ∈ ˜︂W ⊇ {z5, z6, z5 + z6}. Therefore, z5, z6,u + y
are linearly independent, and by Lemma 4.3, the seven vectors associated to the edges 
in the image of the 7-cycle [5, 6, 7, 11, 15, 14, 10] are

z5, z6, z5 + z6,u + y,u + y + z5,u + y + z6,u + y + z5 + z6. (70)

Consequently, u + x + y is among the three vectors at the end of (70), i.e. x ∈ ⟨z5, z6⟩. 
Therefore, x ∈ ⟨z1, z2⟩ ∩ ⟨z3, z4⟩ ∩ ⟨z5, z6⟩ and (67) implies that

1 ≤ dim
(︁⟨z1, z2⟩ ∩ ⟨z3, z4⟩ ∩ ⟨z5, z6⟩

)︁ ≤ dim
(︁⟨z1, z2⟩ ∩ ⟨z3, z4⟩

)︁
= 1.

Hence, dim
(︁⟨z1, z2⟩ ∩ ⟨z3, z4⟩ ∩ ⟨z5, z6⟩

)︁
= 1. □

Lemma 6.9. In Lemma 6.6, we can select W such that dimW = 3.

Proof. It is clear from (17) and Proposition 5.2 that each edge in Γ3 lies on some 7-cycle. 
Moreover, if rank(X − Y ) = 1 for some X,Y ∈ SGL3(F2), then 

(︁
Φ(X)−Φ(Y )

)︁ 1
2 lies in 

at least one of the 3-dimensional vectors spaces

WA(Φ),WB(Φ),WC(Φ),W i
AB(Φ),W i

BC(Φ),W i
CA(Φ) (i ∈ F7) (71)

that are associated to the 7-cycles (49)-(54). There are 24 vectors spaces in (71), and by 
Lemma 6.6 all of them are contained in a vector space W of dimension dimW ∈ {3, 4}. 
We will prove that we can select W of dimension dimW = 3.

Suppose that this is not true. Then, (at least) two of the vector spaces in (71) are 
distinct and dimW = 4. Consequently, W contains 

[︁4
3
]︁
2 = 15 distinct 3-dimensional 

vector subspaces. Since 24 > 15, two of the vector spaces in (71) must be equal. Let 𝒞1
and 𝒞2 be the two 7-cycles in the Coxeter graph Γ3 whose images correspond to these 
two vector spaces. Similarly, let 𝒞A be the 7-cycle [A−3, A−2, A−1, A0, A1, A2, A3]. By 
Lemma 5.4, there exists an automorphism Ψ of Γ3 such that Ψ(𝒞A) = 𝒞1. Let
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Fig. 3. Two subgraphs of the Coxeter graph. 

WA = WA(Φ ◦ Ψ), WB = WB(Φ ◦ Ψ), WC = WC(Φ ◦ Ψ), (72)

W i
AB = W i

AB(Φ ◦ Ψ), W i
BC = W i

BC(Φ ◦ Ψ), W i
CA = W i

CA(Φ ◦ Ψ) (i ∈ F7). (73)

From Proposition 5.2 it follows that WA is equal to one of the other spaces in (72)-(73). 
We separate the five cases accordingly, and show that all of them lead to a contradiction. 
We denote zi :=

(︁
(Φ ◦Ψ)(Ai)− (Φ ◦Ψ)(Ai−1)

)︁1/2 for all i ∈ F7, that is, WA\{0} = {zi :
i ∈ F7}.

Case 1. Let WA = W i0
AB for some i0 ∈ F7. Firstly suppose that WA = W i

AB for all i. 
Then observe from Fig. 1 that sets (W i

AB)(2) cover all edges in the image of Φ ◦ Ψ with 
the exception of the edges of the form (Φ◦Ψ)(Cj+3)−(Φ◦Ψ)(Cj) and (Φ◦Ψ)(Vj+3)−(Φ◦
Ψ)(Cj+3). However, both these edges are part of the 7-cycle associated to W j−2

BC , which 
has four edges covered by sets (W i

AB)(2). Hence, W j−2
BC = W i

AB = WA. This contradicts 
the assumption that two spaces in (71) are distinct. Therefore there exists i1 ∈ F7 such 
that WA ̸= W i1

AB . In particular, (at least) four edges in (W i1
AB)(2) are not in (WA)(2). 

Since (Φ ◦ Ψ)(Ai1+1) − (Φ ◦ Ψ)(Ai1) and (Φ ◦ Ψ)(Ai1) − (Φ ◦ Ψ)(Ai1−1) are both in 
(WA)(2), it follows that (Φ ◦ Ψ)(Ai1+1) − (Φ ◦ Ψ)(Vi1+1) / ∈ (WA)(2) or (Φ ◦ Ψ)(Vi1+1) −
(Φ ◦ Ψ)(Bi1+1) / ∈ (WA)(2), that is, WA ̸= W i1+2

AB . If we repeat the process we deduce 
that spaces W i1+4

AB ,W i1+6
AB , . . . are all different from WA. In particular, WA ̸= W i0

AB , a 
contradiction.
Case 2. Let WA = WB . By Lemma 6.7, there exists i ∈ F7 such that (57) holds. Consider 

the subgraph Γ′ of the Coxeter graph Γ3 in the left part of Fig. 3. There exist an obvious 
isomorphism Ψ′ : Γ → Γ′ where Γ is the graph in Fig. 2/Lemma 6.8. By Case 1,
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W i−1
AB ̸= WA. (74)

If we apply Lemma 6.8 to the homomorphism Φ ◦Ψ ◦Ψ′ : Γ → ˆ︁Γm and ˜︂W := WA = WB

we get a contradiction with (74).
Case 3. Let WA = WC . Then, for each i ∈ F7 there exists ji ∈ F7 such that zji :=(︁
(Φ ◦ Ψ)(Ci) − (Φ ◦ Ψ)(Ci−3)

)︁1/2 and {ji : i ∈ F7} = F7. By Lemma 6.7, there exists 
i ∈ F7 such that

⟨zji , zji−3⟩ ∩ ⟨zji+1 , zji−2⟩ ∩ ⟨zji+2 , zji−1⟩ = {0}.

Consider the subgraph Γ′ of the Coxeter graph Γ3 in the right part of Fig. 3. There exist 
an obvious isomorphism Ψ′ : Γ → Γ′ where Γ is the graph in Fig. 2/Lemma 6.8. If we 
apply Lemma 6.8 to the homomorphism Φ ◦ Ψ ◦ Ψ′ : Γ → ˆ︁Γm and ˜︂W := WA = WC , we 
deduce that Φ ◦ Ψ ◦ Ψ′ maps all edges of Γ into ˜︂W (2). Since four edges in the 7-cycle 
[Ai+2, Ai+1, Ai, Vi, Bi, Bi+2, Vi+2], which corresponds to W i+1

AB , lie in Γ′, we deduce that 
W i+1

AB = ˜︂W = WA, a contradiction by Case 1.
Case 4. Let WA = W i0

BC for some i0 ∈ F7. For each i ∈ F7, observe that {0, zi, zi+1, zi +
zi+1} ⊆ W i

AB ∩WA. Since W i
AB ̸= WA by Case 1 for all i ∈ F7, Lemma 4.3 implies that

W i
AB\{0} = {zi, zi+1, zi + zi+1,wi,wi + zi,wi + zi+1,wi + zi + zi+1}

for some wi / ∈ WA. Consequently, 
(︁
(Φ◦Ψ)(Bi+1)−(Φ◦Ψ)(Bi−1)

)︁1/2 or 
(︁
(Φ◦Ψ)(Bi−1)−

(Φ◦Ψ)(Vi−1)
)︁1/2 is different from zi+zi+1, and is therefore not a member of WA. Hence, 

W i+1
BC ̸= WA. Since i is arbitrary, we deduce that W i

BC ̸= WA for all i ∈ F7, which 
contradicts the assumption WA = W i0

BC .
Case 5. Let WA = W i0

CA for some i0 ∈ F7. By Case 3, WC ̸= WA, which means that 
the 7-cycle associated to WC has (at least) four edges not in W (2)

A . In particular, WA ̸=
W i0+1

CA . Consequently, the four edges of the 7-cycles associated to W i0+1
CA that are not 

covered by the 7-cycles associated by WA and W i0
CA, are not in W (2)

A . In particular,

(Φ ◦ Ψ)(Ci0−3) − (Φ ◦ Ψ)(Ci0+1) / ∈ W
(2)
A . (75)

Consider the 8-cycle [Ai0+1, Ai0+2, Ai0+3, Ai0−3, Vi0−3, Ci0−3, Ci0+1, Vi0+1]. Then,(︁
(Φ ◦ Ψ)(Ai0+1) − (Φ ◦ Ψ)(Ai0+2)

)︁
+

(︁
(Φ ◦ Ψ)(Ai0+2) − (Φ ◦ Ψ)(Ai0+3)

)︁
+
(︁
(Φ ◦ Ψ)(Ai0+3) − (Φ ◦ Ψ)(Ai0−3)

)︁
+

(︁
(Φ ◦ Ψ)(Ai0−3) − (Φ ◦ Ψ)(Vi0−3)

)︁
+
(︁
(Φ ◦ Ψ)(Vi0−3) − (Φ ◦ Ψ)(Ci0−3)

)︁
+

(︁
(Φ ◦ Ψ)(Ci0−3) − (Φ ◦ Ψ)(Ci0+1)

)︁
+
(︁
(Φ ◦ Ψ)(Ci0+1) − (Φ ◦ Ψ)(Vi0+1)

)︁
+

(︁
(Φ ◦ Ψ)(Vi0+1) − (Φ ◦ Ψ)(Ai0+1)

)︁
= 0

where the first five rank-one matrices are contained in W (2)
A = (W i0

CA)(2). Since dimWA <

4, it follows from Lemma 4.6, Remark 4.7, and (75) that (Φ◦Ψ)(Ci0−3)− (Φ◦Ψ)(Ci0+1)
is equal to a matrix in the last line above, i.e.
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(︁
(Φ ◦ Ψ)(Ci0+1) − (Φ ◦ Ψ)(Vi0+1)

)︁
or

(︁
(Φ ◦ Ψ)(Vi0+1) − (Φ ◦ Ψ)(Ai0+1)

)︁
.

Since these three rank-one matrices correspond to three edges in the (Φ ◦ Ψ)
image of the 7-cycle [Ci0−3, Ci0+1, Vi0+1, Ai0+1, Ai0 , Vi0 , Ci0 ], we get a contradiction by 
Lemma 4.3/Lemma 4.1 (ii). □

Let m ≤ n. Given X = [xij ] ∈ Sm(F2) and distinct indices s1, s2, . . . , sm ∈ {1, . . . , n}
let {s(1), . . . , s(m)} = {s1, . . . , sm} where s(1) < s(2) < · · · < s(m), and define the matrix 

X
(n)
{s1,s2,...,sm} =: [˜︁xij ] ∈ Sn(F2) by

˜︁xij :=
{︄

0 if {i, j} ⊈ {s1, s2, . . . , sm},
xkl if {i, j} = {s(k), s(l)}.

Example 6.10. If X ∈ S3(F2), then

X
(4)
{1,2,3} = X

(4)
{3,1,2} =

(︄
X 0
0 0

)︄
and X

(4)
{2,3,4} =

(︄
0 0
0 X

)︄

where zeros are of appropriate size.

The proof of Theorem 2.1 follows easily from Lemma 6.11. We plan to apply this 
lemma also in the characterization of graph homomorphisms Γn → ˆ︁Γm for general n in 
the future paper.

Lemma 6.11. Let m ≥ 3 be an integer, Φ : Γ3 → ˆ︁Γm a graph homomorphism, and W
the vector space of dimension three from Lemma 6.9. If Y ∈ Sm(F2) is any matrix in 
the image of Φ, 1 ≤ s < t < u ≤ m are integers, {xs,xt,xu} is any basis of W , and 
Q ∈ GLm(F2) is any invertible matrix with i-th column equal to xi for all i ∈ {s, t, u}, 
then there exists a graph homomorphism ˆ︁Φ : Γ3 → ˆ︁Γ3 such that

Φ(X) = Qˆ︁Φ(X)(m)
{s,t,u}Q

⊤ + Y (X ∈ SGL3(F2)). (76)

Proof. By the assumption, there exists X ∈ SGL3(F2) such that Y = Φ(X). If ˜︁X ∈
SGL3(F2) is any matrix, then we can find matrices X0 = X, X1, . . . , Xd−1, Xd = ˜︁X
in SGL3(F2) such that rank(Xi+1 −Xi) = 1 for all i. Then Φ(Xi+1) − Φ(Xi) =: Mi ∈
W (2) and Φ( ˜︁X) − Φ(X) =

∑︁d−1
i=0 Mi. Hence, Φ( ˜︁X) = QZQ⊤ + Y where matrix Z =

[zij ] satisfies zij = 0 whenever {i, j} ⊈ {s, t, u}. If we define ˆ︁Φ : SGL3(F2) → S3(F2)
by

ˆ︁Φ( ˜︁X) =:

⎛⎜⎝ zss zst zsu
zst ztt ztu
zsu ztu zuu

⎞⎟⎠ ,
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then we deduce (76). Since Φ is a graph homomorphism, so is ˆ︁Φ. □
Proof of Theorem 2.1. It follows directly from Corollary 6.5 and Lemma 6.11 where we 
select (s, t, u) = (1, 2, 3). □
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