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1. Introduction

The aim of this paper is to discuss and improve on three recent generalizations of
Hilbert’s Nullstellensatz. The first and the second one extend it from complex polynomi-
als to central quaternionic polynomials (see the Strong Nullstellensatz [1, Theorem 1.2]
by G. Alon and E. Paran and the Explicit Hilbert’s Nullstellensatz over quaternions [4,
Theorem 1.5] by M. Aryapoor; i.e. claims (1) and (2) of Theorem 1.2 below) while the
third one extends it to matrix polynomials (see the one-sided Hilbert’s Nullstellensatz for
matrix polynomials [5, Theorem 4] by the author; i.e. claims (3) and (4) of Theorem 1.4
below).

It is interesting to note that these results went into completely different directions.
The results about quaternionic polynomials are about an explicit version and about com-
pletely prime left ideals while the results about matrix polynomials are about prime and
semiprime left ideals. For quaternionic polynomials we will complement these results
with results about prime and semiprime left ideals (see claims (3) and (4) of Theo-
rem 1.2) while for matrix polynomials we will complement them with an explicit version
and results about completely prime ideals (see claims (1) and (2) of Theorem 1.4). In
summary, we will show that the results about quaternionic and matrix polynomials are
entirely parallel which suggests a possible existence of a deeper theory.

We start with some notation. Let H[z1, .. ., z4] be the ring of quaternionic polynomials
in d central variables. For every quaternionic polynomial

f=> cigatt -l € Hlzy,. .. 24 (1)
ilw--;id

and every point a = (a1, ...,aq) € H?, we define the value f(a) by

fla)= " ci, a0 - -ay € H. (2)
i1, 0sld

A point a = (a1, ...,aq) € H? is central iff a;a; = aja; for all i and j. (This terminology
is from [3]. In [4], such a point is “good”.) The set of all central points will be denoted by
H¢. Pick a central point a and quaternionic polynomials f = 3" c,2® and g = PP dgxP
(in multiindex notation) and note that

(f9)a) =D cadsa®P =" cadga’a® =) cag(a)a® (3)
a B a a
which implies that the set

I, :={g € H[z1,...,24] | g(a) = 0} (4)

is a left ideal for every central point a.
Theorem 1.1 is the Weak Nullstellensatz from [1, Theorem 1.1].
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Theorem 1.1. For every a € H? the left ideal 1, is maximal. Moreover, every mazimal
left ideal of H[xy,...,x4] is of this form. In particular, for every proper left ideal of
Hz1,...,z4) there exists a central point annihilating all of its elements.

For every left ideal I of H[zy,...,24] we write Z(I) for the set of all central points
that are annihilated by all elements of I. For every subset Z of H¢ we write Z(Z) for
the set of all quaternionic polynomials that annihilate all central points from Z. The left
ideal

VI = TI(2(I)) (5)

will be called the radical of a given left ideal I. Our aim is to give several characterizations
of the radical. We start with two trivial ones, then we recall two recent ones and finally
we give two new characterizations.

As Z(I) ={a € H¢ | I C 1,} for every left ideal I and Z(Z) = (e la for every set
of central points Z, we have VI = ﬂICIa I,. Theorem 1.1 now implies that /I is the
intersection of all maximal left ideals that contain I.

Recall that the ring H[zq,...,24] is left Noetherian; see [9, §1.2.9]. If a left ideal I
of H[z1,...,x4] is generated by g1,. .., gm then v/T consists of all f such that for every
a € H? satisfying g1(a) = ... = gm(a) = 0 we have f(a) = 0.

In 2021, G. Alon and E. Paran proved that /T is equal to the intersection of all
completely prime left ideals that contain I; see [1, Theorem 1.2]. We recall their result
in claim (2) of Theorem 1.2. They used the definition of a completely prime left ideal by
M. L. Reyes [10]; we will recall it in Section 4.

In 2024, M. Aryapoor gave an explicit characterization of v/T; see [4, Theorem 1.5].
We will recall his result in claim (1) of Theorem 1.2.

We will give two new characterizations of v/I. By Theorem 3.1, /T is equal to the
intersection of all prime left ideals that contain I. By Theorems 2.1 and 3.1, /I is the
smallest semiprime left ideal containing 7. These characterizations also appear as claims
(3) and (4) of Theorem 1.2. We use the definitions of a prime and a semiprime left ideal
by F. Hansen [8]; we recall them in Section 2.

Theorem 1.2. For every left ideal I of H[zy, ..., x4, VI is equal to

(1) the set of all f € Hlxzy,...,zq] such that for every b € H there exists N € Ny
satisfying (bf)N € I+ I(bf)+ ...+ I(bf)N.

(2) the intersection of all completely prime left ideals that contain I.

(3) the intersection of all prime left ideals that contain I.

(4) the smallest semiprime left ideal that contains I.

We will also discuss the analogues of Theorems 1.1 and 1.2 for matrix polynomials.
Let k be an algebraically closed field, k[z1,...,z4] the usual ring of polynomials and
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M, (k[z1,...,24]) the ring of n X n matrix polynomials. A directional point is a pair
(a,v) where a € k? is a usual point and v € k™ is a direction (i.e. a nonzero vector). The
value of a n x n matrix polynomial F' in a directional point (a, v) is defined as the vector
F(a)v € k™. For every directional point (a,v), the set

D(a,v) :={F € M, (k[z1,...,z4]) | F(a)v =0} (6)

of all matrix polynomials whose value at (a,v) is zero is a left ideal.
Theorem 1.3 is a weak Nullstellensatz for matrix polynomials. It is a special case of
[11, Theorem 1.2]. For an alternative proof see [5, Proposition 2 and Remark 1].

Theorem 1.3. For every directional point (a,v), the left ideal D(a,v) is mazimal. More-
over, every mazimal left ideal of My (K[z1,...,24]) is of this form. In particular, for
every proper left ideal I of M, (k[z1,...,xq4]) there exists a directional point (a,v) such
that F'(a)v =0 for all F € I.

For every left ideal I of M, (k[zy,...,x4]) we define its radical /T as the set of all
F € M, (k[z1,...,z4]) which annihilate all directional points that are annihilated by all
elements of I.

By definition, v/T is equal to the intersection of all left ideals of the form D(a,v) which
contain I. By Theorem 1.3 it follows that /T is the intersection of all maximal left ideals
that contain I.

As M, (k[z1,...,z4]) is left Noetherian by [9, §1.1.2], every left ideal I of M,, (k[x1, ...
x4)) is generated by some Gy, ...,G,,. An element F belongs to /T iff for every (a,v)
satisfying G1(a)v = ... = Gy, (a)v = 0 we have F'(a)v = 0.

In 2022 we proved that for every left ideal T of M, (k[z1,...,zq4]), VI is equal to the
intersection of all prime left ideals that contain I and it is also equal to the smallest

)

semiprime left ideal containing I; see [5, Theorem 3]. We recall these results as claims
(3) and (4) of Theorem 1.4.

We will also give two new characterizations of v/T for matrix polynomials. By Corol-
lary 4.4, /T is the intersection of all completely prime left ideals containing I. Theo-
rem 5.1 gives an explicit characterization of v/T which is similar to the result [4, Theorem
1.5] of M. Aryapoor for quaternionic polynomials. These characterizations also appear
as claims (2) and (1) of Theorem 1.4.

Theorem 1.4. For cvery left ideal I of M, (k[zy,...,x4]), VI is equal to

(1) the set of all F € M, (k[z1,...,xq]) such that for every A € M, (k) there is N € Ny
satisfying (AF)N € I + I(AF) + ...+ I(AF)N.

(2) the intersection of all completely prime left ideals that contain I.

(3) the intersection of all prime left ideals that contain I.

(4) the smallest semiprime left ideal that contains I.
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Another description of the radical of a left ideal I in H[z1,...,24] is discussed in [7],
2], [3]. They show that /T consists of all quaternionic polynomials that annihilate all
points from H? (not just H?!) that are annihilated by all elements of I. We do not know
if this result has a parallel for matrix polynomials.

2. Prime and semiprime left ideals and submodules

Let A be an associative unital ring and let I be a left ideal of A. We say that [ is
prime iff for every a,b € A such that aAb C I we have a € A or b € A. We say that I
is semiprime if for every a € A such that aAa C I we have a € I. Both definitions are
from [8]. For two-sided ideals they coincide with the usual definitions.

Let R be a commutative ring and let Hg be the standard quaternion R-algebra, i.e.

Hp = {ro +rii+raj +r3k | ro,r1,72,73 € R}
where i? = j? = k? = ijk = —1 and i, j,k commute with R. For every a = ag + a;i +
asj+ ask € Hp we write @ = ag — a1i — asj — ask. Note that Hr = R* as an R-module.
Note also that Hgy, ... 2,0 = H[z1,.. ., 24].

The aim of this section is to prove the following result.

Theorem 2.1. Suppose that % € R. A left ideal of Hp is semiprime iff it is an intersection
of prime left ideals.

Remark 2.2. We need % € R because we use the well-known identities
1 s e
ag = Z(a —iai — jaj — kak)
1. . .
ay = Z(Jak —ai — ia — kaj)
1. . .. .
ag = Z(kal —aj — ja — iak)
1.. . .
ag = Z(la.] — ak — ka — jai)
where a = ag + a1i + asj + ask.

We will split the proof into several lemmas. We start with useful characterizations
of prime and semiprime left ideals in Hpg. Recall the following definitions of prime and
semiprime submodules of R" from [5]. We say that a submodule N of R™ is prime if for
every r € R and a € R" such that ra € N we have either rR™ C N or a € N. We say

that a submodule N of R" is semiprime if for every a = (a1,...,a,) € R™ such that
a;a € N for all ¢ we have a € N.

Lemma 2.3. For every left ideal I of Hp the following are equivalent.
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(1) I is prime as a left ideal.
(2) For every r € R and a € Hp such that ra € I we have r € I ora € I (i.e. I is
prime as a submodule of Hp).

Proof. Suppose that (1) is true and pick any » € R and a € Hp such that ra € I. It
follows that rHra C I which implies that either » € I or a € I. So (2) is true.

Conversely, suppose that (2) is true. Pick any a,b € Hpg such that aHgb C I. It
follows that (3. HpraHg)b C I. By Remark 2.2 we have a;b € I for i =0,1,2,3. If b ¢ I
then, by (2), a; € I for all 4. Since I is a left ideal, it follows that a € I. Thus, (1) is
true. 0O

A similar characterization also exists for semiprime ideals.

Lemma 2.4. For every left ideal I of Hp the following are equivalent.

(1) I is semiprime as a left ideal.
(2) For every a = ag + a1i + a2j + ask € Hg such that a;a € I for all i we have a € 1
(i.e. I is semiprime as a submodule of Hpg).

Proof. Suppose that (1) is true and pick any a € Hpg such that a;a € I for all 4. It
follows that a;Hgra C I which implies that aHga C I. By assumption, it follows that
a € I. This proves (2).

Suppose now that (2) is true. Pick any a € Hp such that aHga C I. It follows that
(3" HgaHg)a C I. By Remark 2.2, we have a;a € I for all 4. It follows by (2) that a € I.
So, (1) is true. O

We will also need the following technical lemma.

Lemma 2.5. Let I be a left ideal of Hi and let N be a prime submodule of Hp containing
1. Then the set N NiN NjN NkN is a prime left ideal of Hy containing I.

Proof. Since N is a submodule of Hpg, the sets iV, jIV and kN are also submodules of
H g. Note that the submodule

J:=NNiNNjNNkN

satisfies iJ C J, jJ C J and kJ C J which implies that J is a left ideal of Hy. Note also
that I =il = jI = kI since [ is a left ideal. Therefore, I C N implies I C J.

Suppose now that NV is a prime submodule of Hg. To show that J is prime as a left
ideal it suffices by Lemma 2.3 to show that it is prime as a submodule of Hg. Pick
r € R and a € Hpg such that ra € J and a ¢ J. We consider four cases. If a ¢ N then
ra € N implies that THgr C N by the definition of a prime submodule. In particular,
r,ri,rj,rk € N which implies r € J. If a € iN then ra € iN also implies that rHg C N
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(since ia ¢ N and r(ia) € N). So, r € J in this case, too. The remaining cases a ¢ jN
and a ¢ kN are analogous. O

We are now ready for the proof of Theorem 2.1.

Proof. Let I be a semiprime left ideal of Hg. By Lemma 2.4, T is a semiprime submodule
of Hg. By [5, Theorem 1], I is an intersection of prime submodules of Hg. For every
prime submodule N containing I there exists by Lemma 2.5 a prime left ideal between I
and N. It follows that I is an intersection of prime left ideals. The converse is clear. O

3. Maximal left ideals

We continue to assume that R is a commutative ring containing % In this section we
also assume that the ring R is Jacobson, i.e. every prime ideal of R is an intersection of
maximal ideals. We want to show that in this case the ring Hpg is “left Jacobson”, i.e.
every prime left ideal of Hy is an intersection of maximal left ideals.

Theorem 3.1. If R is a Jacobson ring containing % then every prime left ideal of Hp is
equal to an intersection of maximal left ideals.

Since the ring Rlz1,...,z4] is Jacobson by [6, Theorem 3], Theorem 3.1 implies that
the ring H[z1,...,zq] = Hgiy,,... 2, is “left Jacobson”
We will split the proof of Theorem 3.1 into several lemmas.

Lemma 3.2. Let I be a left ideal of Hyr and let m be a mazimal ideal of R such that
INR Cm. There exists a mazximal left ideal M of Hg such that I C M and MNR =m.

Proof. If we can prove that the left ideal L := I + Hpgrm is proper then there exists a
maximal left ideal M of Hp which contains L. By definition, M also contains I and m.
Since m C M N R and m is maximal, it follows that M N R = m as required.

Suppose that L is not proper. Then there exist ¢ € I and z € Hgm such that 1 = c+z.
Write ¢ = ¢g + c1i + 2 + csk and z = z9 + 211 + 22j + 23k. By comparing coefficients,
we obtain

l=cy+29, O0=c1+21, 0=co+ 20, 0=c3+ 23. (7)
Since ¢ € I and [ is a left ideal we have cc € I implying
G+ +cs+caaelNRCm. (8)
Since z € Hrm and m is an ideal of R we have

20,21, 22, 23 € M. (9)
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By (7) and (9) we have ¢y, c2,c3 € m and 1 — ¢y € m. Now (8) implies that ¢3 € m which
implies that ¢y € m. It follows that 1 = ¢y 4+ (1 — ¢g) € m, a contradiction. Therefore L
is proper. 0O

As a trivial application of Lemma 3.2 and the Jacobson property of R we obtain
Corollary 3.3.

Corollary 3.3. Let I be a prime left ideal of Hgr and let J be the intersection of all
maximal left ideals of Hp that contain I. Then INR=J N R.

Remark 3.4. In the proofs of Lemmas 3.5 and 3.6 we will use the 1-1 correspondence
between the ideals of R and the two-sided ideals of Hp given by a — Hraand I — INR.
This correspondence follows from Remark 2.2; see Lemma 4.2 in [1]. Note also that it
sends prime ideals to prime ideals. Namely, if I N R is prime and a,b € Hp satisfy
allgb C I then a;b; € I N R for all 4,7 by Remark 2.2. Tt follows that either a; € INR
for all ¢ or b; € I N R for all j which implies that either a € I or b € I. The other
direction is clear.

Lemma 3.5 is a minor variation of [1, Lemma 4.3].

Lemma 3.5. Let I be a prime left ideal of Hr and let J be a left ideal of Hg such that
ICJand INR=JNR. If I is not a two-sided ideal then I = J.

Proof. For every a € J we have aa € JN R C I. It follows that for every b € J and
cel,eb=(b+c)(b+c)—bb—cc—bcel,ie.

IJCI. (10)

The ideal p’ := THgr N R is different from the ideal p := I N R. (By Remark 3.4,
IHpgr = Hgp'. If p’ = p then ITHir = Hgp C I which contradicts the assumption that I
is not two-sided.) Pick a € p’ \ p and note that a = a € Hgl. To prove that J C I pick
x € J. By (10) we have ax € HrIJ C I. Since I is prime and a € R\ I, it follows by
Lemma 2.3 that x € I. Therefore I =J. 0O

Lemma 3.6. Every two-sided prime ideal in Hpg is an intersection of maxzimal left ideals.

Proof. Since R is a Jacobson ring, it follows by Remark 3.4 that every two-sided prime
ideal of Hp is equal to an intersection of maximal two-sided ideals.

It remains to show that every maximal two-sided ideal M of Hpg is an intersection
of maximal left ideals. Namely, since Hr/M is a simple ring, it has a trivial Jacobson
radical. Therefore, the intersection of maximal left ideals in H /M is equal to zero which
implies the claim. O
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We are now ready for the proof of Theorem 3.1.

Proof. Let I be a prime left ideal of Hg and let J be the intersection of all maximal
left ideals of Hp that contain I. By Corollary 3.3, IN R = JN R, and clearly I C J.
If I is a two-sided ideal then I = J by Lemma 3.6. If I is not two-sided then I = J by
Lemma 3.5. O

Theorem 3.7 is our first main result. It rephrases claim (4) of Theorem 1.2. It is a
corollary of Theorems 2.1 and 3.1. An alternative proof will be given by Theorem A.3.

Theorem 3.7. For every f,g1,...,9m € H[z1,...,24], the following statements are equiv-
alent:

(1) For every a € HY, if g1(a) = ... = gm(a) = 0 then f(a) = 0.

(2) f belongs to the smallest semiprime left ideal containing g1, ..., gm.

Proof. Write I for the left ideal generated by gy, ..., gm. Clearly, claim (1) is equivalent
to f € Nicr, Iq. By Theorems 1.1, 2.1 and 3.1, Nrcy, I, is equal to the smallest semiprime
left ideal that contains I. O

4. Completely prime left ideals

The aim of this section is to extend [1, Theorem 1.2] from quaternionic to matrix
polynomials; i.e. to prove claim (2) of Theorem 1.4. See Corollary 4.4.

Let us recall from [10] the definition of a completely prime left ideal. A left ideal I of
an associative unital ring A is completely prime if for every a,b € A such that ab € [
and Ib C I we havea € Aor b e A.

In Lemmas 4.1 and 4.3 we observe the following inclusions

maximal left - completely prime C prime left
ideals of M,,(R) J ~ | left ideals of M,(R) )] ~ | ideals of M, (R)
which together with [5, Theorem 3] imply Corollary 4.4.
Lemma 4.1. Every maximal left ideal of every associative unital ring is completely prime.

Proof. See [10, Corollary 2.10]. O

Lemma 4.2 is the analogue of Lemmas 2.3 and 2.4 for M,,(R). We will write id for
the identity matrix.

Lemma 4.2. Let R be a commutative unital ming, n a positive integer and I a left ideal
of M,(R).
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(a) The left ideal I is prime iff for every a € R and B € M, (R) such that aB € I we
have either aid € I or B € I.

(b) The left ideal I is semiprime iff for every A = [a; ;| € My(R) such that a; ;A € I
for all i,j we have A € I.

Proof. Suppose that I satisfies the property in claim (a). To prove that I is prime,
pick any A,B € M,(R) such that AM,(R)B C I. If A = [a,,| then q;;id =
vy ExiAE; ) for each i,j (where E,, are coordinate matrices). It follows that
a; ;B = 22:1 EyAE; B € I for each i,j. If B ¢ I, it follows by assumption that
a;jid € I for all 4, j which implies that A = 3~ . E; j(a; ;id) € I. Conversely, if I is
prime and aB € I for some a € R and B € M,(R) then (aid)M,(R)B C I implying
that aid € I or B € I. The proof of (b) is similar. 0O

Lemma 4.3. Let R be a commutative unital ring and n a positive integer. Every completely
prime left ideal of M, (R) is prime.

Proof. Suppose that I is a completely prime left ideal of M, (R). We will prove that I is
prime by verifying the property in claim (a) of Lemma 4.2. Pick a € R and B € M, (R)
such that aB € I. It follows that B(aid) € I and I(aid) C I. By the definition of a
completely prime ideal either aide I or B I. O

We are now ready for the main result of this section.

Corollary 4.4. Let R be a Jacobson ring and n a positive integer. For every left ideal T
of M,,(R) the following are equivalent:

(a) T is an intersection of mazimal left ideals,

(b) I is an intersection of completely prime left ideals,
(c) I is an intersection of prime left ideals,

(d) T is semiprime.

Proof. By Lemma 4.1, (a) implies (b). By Lemma 4.3, (b) implies (c). Since every prime
ideal is semiprime and every intersection of semiprime ideals is also semiprime, (c) implies
(d). By [5, Theorem 3], (d) implies (a). O

Lemma 4.5 is an analogue of Lemma 4.3 for Hpg.

Lemma 4.5. Every completely prime left ideal of Hg is prime. Every prime left ideal of
H g which is not two-sided is completely prime. However, a prime two-sided ideal of Hg
need not be completely prime.
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Proof. Suppose that I is a completely prime left ideal and » € R and a € Hp are such
that ra € I. Clearly, ar € I and I'r C I which implies that » € I or a € I. By Lemma 2.3,
I is prime.

Suppose now that I is a prime left ideal of H which is not two-sided. To prove that
I is completely prime, pick a,b € Hp such that ab € I and Ib C I. Write J = I + Hga,
p =JNRand p=INR. If p’ =p then, by Lemma 3.5, I = J which implies that a € I.
Otherwise pick ¢ € p’ \ p and note that ¢b € Jb C I. Since I is prime and ¢ € R\ I, it
follows by Lemma 2.3 that b € I.

If R = R[] then Hg(2? + 1) is prime by Remark 3.4 but it is not completely prime
by [1, Lemma 4.7]. O

We conclude this section by observing that our Theorems 2.1 and 3.1 imply the
following extension of [1, Theorem 1.2].

Corollary 4.6. Let R be a Jacobson ring containing % For every left ideal I of Hpg the
following are equivalent:

(a) T is an intersection of mazimal left ideals,

(b) I is an intersection of completely prime left ideals,
(c) I is an intersection of prime left ideals,

(d) T is semiprime.

Proof. By Lemma 4.1, (a) implies (b). By Lemma 4.5, (b) implies (c). Clearly, (c) implies
(d). By Theorems 2.1 and 3.1, (d) implies (a). O

5. An explicit Nullstellensatz for matrix polynomials

Theorem 5.1 is the second main result of this paper. It rephrases claim (1) of The-
orem 1.4. The proof is based on Theorem 1.3 (i.e. the weak Nullstellensatz for matrix
polynomials) and the Rabinowitsch trick. We can deduce [4, Theorem 1.5] from Theo-
rem 5.1 by embedding H|x1, ..., z4] into Ma(Clzy,...,24]); see Theorem A.3.

Theorem 5.1. Let k be an algebraically closed field. Pick any matriz polynomials
F,Gy,...,Gn € Myp(K[z1,...,24]) and write I for the left ideal generated by Gy, ..., Gp,.
The following are equivalent:

(1) For every point a € k% and every vector v € k™ such that G1(a)v = ... = Gp(a)v =0
we have F(a)v = 0.

(2) For every constant matrit A € M, (k) there evists N € Ny such that (AF)N €
I+ I(AF)+ ...+ I(AF)N.
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Proof. Write R =k[z1,...,24] and R’ = R[y]. Let I’ be the left ideal in M, (R’) gener-
ated by I and yF — id where id is the identity matrix.
Firstly, we show that claim (1) of Theorem 5.1 implies that id € I’. Suppose that

id ¢ I'. By Theorem 1.3, there exist a point (a1,...,aq,b) € k%! and a nonzero vector
v € k™ such that H(aq,...,aq,b)v = 0 for every matrix polynomial H € I’. In particular,
Gi(ai,...,aq)v = 0 for all ¢ and bF(aq,...,a,)v — v = 0. By claim (1), we also have
F(ay,...,a,)v =0 which gives a contradiction —v = 0.

Secondly, we show that id € I’ implies claim (2) of Theorem 5.1. Pick Hy,...,H,, €
M, (R') and K € M, (R’) such that

Write Hy, ..., H,, and K as polynomials in y with coefficients in R; i.e.
N N N-1
Hy=Y Hiy',....,Hpn=> Hpiy' and K = > Ky’ (12)
i=0 i=0 i=0

where N € N and Hy;, K; € R for all 4, k. By inserting (12) into (11) and comparing
coefficients at the powers of y we obtain equations

H,oG1+ ...+ Hpp 0Gn + (—Ko) = id,
Hi1G1+ ...+ Hp1Gn + (KoF — Kq) = 0,
Hy2G1+ ...+ Hp oG + (K1 F — Ks) = 0,
. (13)
Hl,NflG1+...+Hm}N71Gm+(KN72F—KN71) = 0,
Hl,NGl+...+Hm’NGm+(KN,1F) = 0.
By telescoping (13) we obtain
Z(Hl,kGl +...+ H’m,ka)FNik = FN (14)
k=0
Since Gy, ...,Gy, € I, equation (14) implies that
FNel+IF+.. . +IFN. (15)

If we repeat the proof of (15) with F' replaced by AF for any A € M, (k) we see that
claim (1) of Theorem 5.1 implies claim (2).

Finally, we prove that claim (2) of Theorem 5.1 implies claim (1). Assume, for sake
of contradiction, that claim (1) is false and pick any a € k¢ and v € k™ such that
Gi(a)v=...=Gp(a)v =0 and F(a)v # 0. Choose A € M, (k) such that AF(a)v = v.
By claim (2) there exist N € N and Lg, L1, ..., Ly € I such that
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(AF)N = Lo+ Li(AF) + ...+ Ly(AF)YN. (16)

If we evaluate (16) in a and multiply it by v from the right then, by the choice of A, we
get

v=DLo(a)v+ Li(a)v+ ...+ Ly(a)v. (17)

By the choice of a and v, the left-hand side of (17) is non-zero while the right-hand side
is zero. O
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Appendix A. Another proof of Theorem 1.2

We will give an alternative proof of Theorem 3.7 by using [5, Theorem 4]. We will
also show that Theorem 5.1 implies [4, Theorem 1.5]. In other words, we will show that
Theorem 1.2 follows from Theorem 1.4.

Let R be a commutative unital ring. Its complezification is the ring

Cpr:= {T0+7‘1i|7’077°1 GR} (Al)

where i? = —1. Clearly, Cry,, .z, = Cla1,...,24). Write ro +r1i = ro — r1i. Every

.....

element of H g can be written as p 4 jq where p, g € Cg. Note that we have a homomor-

phism
@ HR — MQ((CR),
—q A2
piig o lp _q]_ (A.2)
q P

Lemma A.1 will be used in Proposition A.2 and Theorem A.3.

Lemma A.1. Let R be a commutative ring containing % Every element of My(CRr) can
be uniquely expressed as ¢(z) + ip(w) where z,w € Hpg.

a b

Proof. Note that for any A = J
c

] € M5(Cpg) we have
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It follows that (1), (i), v(j), p(k),ip(1),ip(),ip(j),ip(k) is a basis if we consider
M5(Cpg) as an R-module. This implies the claim as the mapping ¢ is an R-module
homomorphism. O

Proposition A.2 will help us prove that claim (3) of Theorem A.3 implies claim (4).

Proposition A.2. Let R be a commutative ring containing % and let J be a left ideal of
Hpg. The set

J' = o(J) +ip(J)

is the smallest left ideal of My(CR) that contains the set ¢(J) and o= *(J') = J. If J is
semiprime then J' is also semiprime.

Proof. Pick a left ideal J of Hp and write J' := ¢(J) +ip(J). By the existence part of
Lemma A.1 and the fact that ¢ is a homomorphism, it follows that .J’ is a left ideal of
M5(CR). By the uniqueness part of Lemma A.1 we have p~1(J’) = J. Every left ideal
of M5(Cgr) that contains p(J) must also contain ip(J) and J'.

Suppose now that J is semiprime. To show that J’ is also semiprime pick A € M5(Cg)
such that for every X € M3(Cpr) we have

AXAeJ. (A.4)

By the existence part of Lemma A.1, we can write A = p(u) +ip(v) for some u,v € Hp.
Therefore, for every = € Hg,

(p(u) +ip(v)p(@)(p(u) +ip(v) € ¢(J) +ip(J) (A.5)
which, by the uniqueness part of Lemma A.1, implies that
uzu —vzv € J  and wvzu+uzv € J (A.6)
for every x € Hgr. By Remark 2.2 and (A.6) we have
upu —vpv € J  and  vpu+ugv € J (A7)

for every k. It follows that for all £ and [

(upu; + vpv)u = ug(wu — vw) + vy (vgu + ugv) € J, (A8)
(ugu; +vpv)v = —vp(wu — o) + u(vpu + ugv) € J. '
From (A.8) it follows that for every z € Hg and every k
(upu + vpv)zu = z(ukug + vpve)u + iz(upuy + vyl )ut (A.9)

+jz(ugug + veve)u + kz(ugug + vgvs)u € J
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and by the same argument
(upu + vgv)zv € J. (A.10)
Equations (A.9) and (A.10) imply that for each k and z
(upu + vpv)z(ugu + vgv) € J. (A.11)
Since J is semiprime, it follows that for each k
upu + vEv € J. (A.12)
Equations (A.7) and (A.12) imply that for each k
ugu € J and  wviv € J (A.13)

Since J is semiprime, equations (A.13) imply that v € J and v € J by Lemma 2.4. It
follows that A = p(u) +ip(v) € J' as claimed. O

Theorem A.3 explains how Theorem 1.2 can be deduced from Theorem 1.4. The plan
of the proof is to show (1) = (2) = (3) = (4) = (1) and (1) = (2) = (5) = (6) = (1).
Implications (2) = (3) and (2) = (5) are provided by Theorem 1.4.

Theorem A.3. Let I be a left ideal of H[x1,...,xq] and let I' = o(I) +ip(I). For every
f € H[zy,...,xq] the following are equivalent.

(1) fevI,

(2) o(f) e VT,

(3) o(f) belongs to the smallest semiprime left ideal containing I'.
(4) [ belongs to the smallest semiprime left ideal containing I.

(5) For every matriz A € My(C) there exists N € Ny such that

(Ap(fN e I' + T'(Ap(f)) + ...+ I'(Ap(f))N.

(6) For every b € H there exists N € Ny such that
AN e T+ Ibf)+...+ TN,

Proof. Assume that claim (1) is true. To prove claim (2) pick any ¢ € C? and 0 # w € C2
such that I’ C D(c, w). We must show that ¢(f) € D(c,w).

For every g € I we have ¢(g)(c)w = 0. Write g = h + jk where k,h € Clxy,...,24]
and w = [u v]T where u,v € C are not both zero. By (A.2) we get

h(c)u —k(c)v =0 and k(c)u+ h(c)v = 0. (A.14)
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Write b = u + jv and a = beb~! and note that a € HY. By (A.14),
g(a)b = (gb)(c) = ((h+ jk)(u+ jv))(c) = (hu — kv + j(ku + hv))(c) =0 (A.15)

As b # 0 we have g(a) = 0. This proves that I C I,. Therefore, f € I,. If we reverse the
computation above, we see that f(a)b = 0 implies ¢(f)(c)w = 0.

By [5, Theorem 4], claim (2) implies claim (3).

To prove that claim (3) implies claim (4) pick f € H[zy,...,24] such that ¢(f)
belongs to the smallest semiprime left ideal of My (C[zy,...,2z4]) that contains I’. Write
J for the smallest semiprime left ideal of H[zy,...,z4] that contains I. The left ideal
J' = p(J) + ip(J) is semiprime by the second part of Proposition A.2 and it clearly
contains I’. Therefore ¢(f) belongs to J' by the choice of f. It follows that f belongs to
J by the first part of Proposition A.2.

Since every evaluation ideal I, defined by formula (4) is semiprime, claim (4) implies
claim (1).

By Theorem 5.1, claim (2) implies claim (5).

Assume that claim (5) is true. To prove claim (6) pick any b € H and apply claim (5)
with A = ¢(b). Since I’ = p(I) + ip(I) by the first part of Proposition A.2, there exist
N € N and ug, v, € I for k=0,1,..., N such that

(@)Y = ((ur) +ip(or)) (p(b)e(f)"- (A.16)

k=0

By the uniqueness part of Lemma A.1,

N
(P®)(NY =D wlur) (p(B)e ()", (A.17)

k=0

which implies claim (6) since ¢ is one-to-one.
It was already proved in [4, Theorem 1.5] that claim (6) implies claim (1). O

Data availability
No data was used for the research described in the article.

References

[1] G. Alon, E. Paran, A central quaternionic Nullstellensatz, J. Algebra 574 (2021) 252-261.

[2] G. Alon, E. Paran, On the geometry of zero sets of central quaternionic polynomials, J. Algebra
659 (2024) 780-788.

[3] G. Alon, A. Chapman, E. Paran, On the geometry of zero sets of central quaternionic polynomials
II, arXiv:2408.08246.

[4] M. Aryapoor, Explicit Hilbert’s Nullstellensatz over the division ring of quaternions, J. Algebra 657
(2024) 26-36.


http://refhub.elsevier.com/S0021-8693(25)00327-8/bibD87AFDA285DDDC3FEF93F3F9B9121368s1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib89FEEA862A4B29A3D613E56F7F83DE8Bs1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib89FEEA862A4B29A3D613E56F7F83DE8Bs1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bibF0B199DA10059B3EE05FC75EB9D0B6BCs1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bibF0B199DA10059B3EE05FC75EB9D0B6BCs1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib80A095A2DA9695CCF95662827E02C5C0s1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib80A095A2DA9695CCF95662827E02C5C0s1

108 J. Cimpri¢ / Journal of Algebra 682 (2025) 92-108

[5] J. Cimpri¢, Prime and semiprime submodules of R™ and a related Nullstellensatz for M, (R), J.
Algebra Appl. 21 (11) (2022) 2250217.

[6] O. Goldman, Hilbert rings and the Hilbert Nullstellensatz, Math. Z. 54 (1951) 136-140.

[7] A. Gori, G. Sarfatti, F. Vlacci, Zero sets and Nullstellensatz type theorems for slice regular quater-
nionic polynomials, Linear Algebra Appl. 685 (2024) 162-181.

[8] F. Hansen, On one-sided prime ideals, Pac. J. Math. 58 (1) (1975) 79-85.

[9] J.C. Robson, J.C. McConnell, Noncommutative Noetherian Rings, Grad. Stud. Math., vol. 30,
American Mathematical Society, Providence, RI, 2001, xx+636 pp.

[10] M.L. Reyes, A one-sided prime ideal principle for noncommutative rings, J. Algebra Appl. 9 (6)
(2010) 877-919.

[11] D.R. Stone, Maximal left ideals and idealizers in matrix rings, Can. J. Math. 32 (6) (1980)
1397-1410.


http://refhub.elsevier.com/S0021-8693(25)00327-8/bibA009EDE3A3B3526999A3A85877EF6786s1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bibA009EDE3A3B3526999A3A85877EF6786s1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib7F2051B35E0FD7BB9DC9945B836E63BEs1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib6D52012DCA4FC77AA554F25430AEF501s1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib6D52012DCA4FC77AA554F25430AEF501s1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib6C5B77BC23A2BCAA5EE5AF7EB4938D5As1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bibD9394066970E44AE252FD0347E58C03Es1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bibD9394066970E44AE252FD0347E58C03Es1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib958A74A4695EC722416C949165FD7C50s1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib958A74A4695EC722416C949165FD7C50s1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib0A840EF45467FB3932DBF2C2896C5CBFs1
http://refhub.elsevier.com/S0021-8693(25)00327-8/bib0A840EF45467FB3932DBF2C2896C5CBFs1

	Parallels between quaternionic and matrix Nullstellensätze
	1 Introduction
	2 Prime and semiprime left ideals and submodules
	3 Maximal left ideals
	4 Completely prime left ideals
	5 An explicit Nullstellensatz for matrix polynomials
	Acknowledgment
	Appendix A Another proof of Theorem 1.2
	Data availability
	References


