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We prove a new quaternionic and a new matrix Nullstellensatz. 
We also show that both theories are intertwined. For every 
g1, . . . , gm, f ∈ H[x1, . . . , xd] (where x1, . . . , xd are central) we 
show that the following are equivalent: (a) For every a ∈ Hd

whose components pairwise commute and which satisfies 
g1(a) = . . . = gm(a) = 0 we have f(a) = 0. (b) f belongs 
to the smallest semiprime left ideal containing g1, . . . , gm. On 
the other hand, for every G1, . . . , Gm, F ∈ Mn(k[x1, . . . , xd]), 
where k is an algebraically closed field, we show that the 
following are equivalent (where I is the left ideal generated 
by G1, . . . , Gm): (a) For every a ∈ k

d and v ∈ k
n such 

that G1(a)v = . . . = Gm(a)v = 0, we have F (a)v = 0. 
(b) For every A ∈ Mn(k) there exists N ∈ N0 such that 
(AF )N ∈ I + I(AF ) + . . . + I(AF )N .
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1. Introduction

The aim of this paper is to discuss and improve on three recent generalizations of 
Hilbert’s Nullstellensatz. The first and the second one extend it from complex polynomi
als to central quaternionic polynomials (see the Strong Nullstellensatz [1, Theorem 1.2] 
by G. Alon and E. Paran and the Explicit Hilbert’s Nullstellensatz over quaternions [4, 
Theorem 1.5] by M. Aryapoor; i.e. claims (1) and (2) of Theorem 1.2 below) while the 
third one extends it to matrix polynomials (see the one-sided Hilbert’s Nullstellensatz for 
matrix polynomials [5, Theorem 4] by the author; i.e. claims (3) and (4) of Theorem 1.4
below).

It is interesting to note that these results went into completely different directions. 
The results about quaternionic polynomials are about an explicit version and about com
pletely prime left ideals while the results about matrix polynomials are about prime and 
semiprime left ideals. For quaternionic polynomials we will complement these results 
with results about prime and semiprime left ideals (see claims (3) and (4) of Theo
rem 1.2) while for matrix polynomials we will complement them with an explicit version 
and results about completely prime ideals (see claims (1) and (2) of Theorem 1.4). In 
summary, we will show that the results about quaternionic and matrix polynomials are 
entirely parallel which suggests a possible existence of a deeper theory.

We start with some notation. Let H[x1, . . . , xd] be the ring of quaternionic polynomials 
in d central variables. For every quaternionic polynomial

f =
∑

i1,...,id

ci1,...,idx
i1
1 · · ·xid

d ∈ H[x1, . . . , xd] (1)

and every point a = (a1, . . . , ad) ∈ Hd, we define the value f(a) by

f(a) =
∑

i1,...,id

ci1,...,ida
i1
1 · · · aidd ∈ H. (2)

A point a = (a1, . . . , ad) ∈ Hd is central iff aiaj = ajai for all i and j. (This terminology 
is from [3]. In [4], such a point is ``good''.) The set of all central points will be denoted by 
Hd

c . Pick a central point a and quaternionic polynomials f =
∑

α cαx
α and g =

∑
β dβx

β

(in multiindex notation) and note that

(fg)(a) =
∑
α 

∑
β

cαdβa
α+β =

∑
α 

∑
β

cαdβa
βaα =

∑
α 

cαg(a)aα (3)

which implies that the set

Ia := {g ∈ H[x1, . . . , xd] | g(a) = 0} (4)

is a left ideal for every central point a.
Theorem 1.1 is the Weak Nullstellensatz from [1, Theorem 1.1].
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Theorem 1.1. For every a ∈ Hd
c the left ideal Ia is maximal. Moreover, every maximal 

left ideal of H[x1, . . . , xd] is of this form. In particular, for every proper left ideal of 
H[x1, . . . , xd] there exists a central point annihilating all of its elements.

For every left ideal I of H[x1, . . . , xd] we write Z(I) for the set of all central points 
that are annihilated by all elements of I. For every subset Z of Hd

c we write I(Z) for 
the set of all quaternionic polynomials that annihilate all central points from Z. The left 
ideal

√
I := I(Z(I)) (5)

will be called the radical of a given left ideal I. Our aim is to give several characterizations 
of the radical. We start with two trivial ones, then we recall two recent ones and finally 
we give two new characterizations.

As Z(I) = {a ∈ Hd
c | I ⊆ Ia} for every left ideal I and I(Z) =

⋂
a∈Z Ia for every set 

of central points Z, we have 
√
I =

⋂
I⊆Ia

Ia. Theorem 1.1 now implies that 
√
I is the 

intersection of all maximal left ideals that contain I.
Recall that the ring H[x1, . . . , xd] is left Noetherian; see [9, §1.2.9]. If a left ideal I

of H[x1, . . . , xd] is generated by g1, . . . , gm then 
√
I consists of all f such that for every 

a ∈ Hd
c satisfying g1(a) = . . . = gm(a) = 0 we have f(a) = 0.

In 2021, G. Alon and E. Paran proved that 
√
I is equal to the intersection of all 

completely prime left ideals that contain I; see [1, Theorem 1.2]. We recall their result 
in claim (2) of Theorem 1.2. They used the definition of a completely prime left ideal by 
M. L. Reyes [10]; we will recall it in Section 4.

In 2024, M. Aryapoor gave an explicit characterization of 
√
I; see [4, Theorem 1.5]. 

We will recall his result in claim (1) of Theorem 1.2.
We will give two new characterizations of 

√
I. By Theorem 3.1, 

√
I is equal to the 

intersection of all prime left ideals that contain I. By Theorems 2.1 and 3.1, 
√
I is the 

smallest semiprime left ideal containing I. These characterizations also appear as claims 
(3) and (4) of Theorem 1.2. We use the definitions of a prime and a semiprime left ideal 
by F. Hansen [8]; we recall them in Section 2.

Theorem 1.2. For every left ideal I of H[x1, . . . , xd], 
√
I is equal to

(1) the set of all f ∈ H[x1, . . . , xd] such that for every b ∈ H there exists N ∈ N0
satisfying (bf)N ∈ I + I(bf) + . . . + I(bf)N .

(2) the intersection of all completely prime left ideals that contain I.
(3) the intersection of all prime left ideals that contain I.
(4) the smallest semiprime left ideal that contains I.

We will also discuss the analogues of Theorems 1.1 and 1.2 for matrix polynomials. 
Let k be an algebraically closed field, k[x1, . . . , xd] the usual ring of polynomials and 
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Mn(k[x1, . . . , xd]) the ring of n × n matrix polynomials. A directional point is a pair 
(a, v) where a ∈ k

d is a usual point and v ∈ k
n is a direction (i.e. a nonzero vector). The 

value of a n×n matrix polynomial F in a directional point (a, v) is defined as the vector 
F (a)v ∈ k

n. For every directional point (a, v), the set

D(a, v) := {F ∈ Mn(k[x1, . . . , xd]) | F (a)v = 0} (6)

of all matrix polynomials whose value at (a, v) is zero is a left ideal.
Theorem 1.3 is a weak Nullstellensatz for matrix polynomials. It is a special case of 

[11, Theorem 1.2]. For an alternative proof see [5, Proposition 2 and Remark 1].

Theorem 1.3. For every directional point (a, v), the left ideal D(a, v) is maximal. More
over, every maximal left ideal of Mn(k[x1, . . . , xd]) is of this form. In particular, for 
every proper left ideal I of Mn(k[x1, . . . , xd]) there exists a directional point (a, v) such 
that F (a)v = 0 for all F ∈ I.

For every left ideal I of Mn(k[x1, . . . , xd]) we define its radical 
√
I as the set of all 

F ∈ Mn(k[x1, . . . , xd]) which annihilate all directional points that are annihilated by all 
elements of I.

By definition, 
√
I is equal to the intersection of all left ideals of the form D(a, v) which 

contain I. By Theorem 1.3 it follows that 
√
I is the intersection of all maximal left ideals 

that contain I.
As Mn(k[x1, . . . , xd]) is left Noetherian by [9, §1.1.2], every left ideal I of Mn(k[x1, . . . , 

xd]) is generated by some G1, . . . , Gm. An element F belongs to 
√
I iff for every (a, v)

satisfying G1(a)v = . . . = Gm(a)v = 0 we have F (a)v = 0.
In 2022 we proved that for every left ideal I of Mn(k[x1, . . . , xd]), 

√
I is equal to the 

intersection of all prime left ideals that contain I and it is also equal to the smallest 
semiprime left ideal containing I; see [5, Theorem 3]. We recall these results as claims 
(3) and (4) of Theorem 1.4.

We will also give two new characterizations of 
√
I for matrix polynomials. By Corol

lary 4.4, 
√
I is the intersection of all completely prime left ideals containing I. Theo

rem 5.1 gives an explicit characterization of 
√
I which is similar to the result [4, Theorem 

1.5] of M. Aryapoor for quaternionic polynomials. These characterizations also appear 
as claims (2) and (1) of Theorem 1.4.

Theorem 1.4. For every left ideal I of Mn(k[x1, . . . , xd]), 
√
I is equal to

(1) the set of all F ∈ Mn(k[x1, . . . , xd]) such that for every A ∈ Mn(k) there is N ∈ N0
satisfying (AF )N ∈ I + I(AF ) + . . . + I(AF )N .

(2) the intersection of all completely prime left ideals that contain I.
(3) the intersection of all prime left ideals that contain I.
(4) the smallest semiprime left ideal that contains I.
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Another description of the radical of a left ideal I in H[x1, . . . , xd] is discussed in [7], 
[2], [3]. They show that 

√
I consists of all quaternionic polynomials that annihilate all 

points from Hd (not just Hd
c !) that are annihilated by all elements of I. We do not know 

if this result has a parallel for matrix polynomials.

2. Prime and semiprime left ideals and submodules

Let A be an associative unital ring and let I be a left ideal of A. We say that I is 
prime iff for every a, b ∈ A such that aAb ⊆ I we have a ∈ A or b ∈ A. We say that I
is semiprime if for every a ∈ A such that aAa ⊆ I we have a ∈ I. Both definitions are 
from [8]. For two-sided ideals they coincide with the usual definitions.

Let R be a commutative ring and let HR be the standard quaternion R-algebra, i.e.

HR = {r0 + r1i + r2j + r3k | r0, r1, r2, r3 ∈ R}

where i2 = j2 = k2 = ijk = −1 and i, j,k commute with R. For every a = a0 + a1i +
a2j + a3k ∈ HR we write ā = a0 − a1i− a2j− a3k. Note that HR = R4 as an R-module. 
Note also that HR[x1,...,xd] = H[x1, . . . , xd].

The aim of this section is to prove the following result.

Theorem 2.1. Suppose that 12 ∈ R. A left ideal of HR is semiprime iff it is an intersection 
of prime left ideals.

Remark 2.2. We need 1
2 ∈ R because we use the well-known identities

a0 = 1
4(a− iai − jaj − kak)

a1 = 1
4(jak − ai − ia− kaj)

a2 = 1
4(kai − aj − ja− iak)

a3 = 1
4(iaj − ak − ka− jai)

where a = a0 + a1i + a2j + a3k.

We will split the proof into several lemmas. We start with useful characterizations 
of prime and semiprime left ideals in HR. Recall the following definitions of prime and 
semiprime submodules of Rn from [5]. We say that a submodule N of Rn is prime if for 
every r ∈ R and a ∈ Rn such that ra ∈ N we have either rRn ⊆ N or a ∈ N . We say 
that a submodule N of Rn is semiprime if for every a = (a1, . . . , an) ∈ Rn such that 
aia ∈ N for all i we have a ∈ N .

Lemma 2.3. For every left ideal I of HR the following are equivalent.
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(1) I is prime as a left ideal.
(2) For every r ∈ R and a ∈ HR such that ra ∈ I we have r ∈ I or a ∈ I (i.e. I is 

prime as a submodule of HR).

Proof. Suppose that (1) is true and pick any r ∈ R and a ∈ HR such that ra ∈ I. It 
follows that rHRa ⊆ I which implies that either r ∈ I or a ∈ I. So (2) is true.

Conversely, suppose that (2) is true. Pick any a, b ∈ HR such that aHRb ⊆ I. It 
follows that (

∑
HRaHR)b ⊆ I. By Remark 2.2 we have aib ∈ I for i = 0, 1, 2, 3. If b �∈ I

then, by (2), ai ∈ I for all i. Since I is a left ideal, it follows that a ∈ I. Thus, (1) is 
true. �

A similar characterization also exists for semiprime ideals.

Lemma 2.4. For every left ideal I of HR the following are equivalent.

(1) I is semiprime as a left ideal.
(2) For every a = a0 + a1i + a2j + a3k ∈ HR such that aia ∈ I for all i we have a ∈ I

(i.e. I is semiprime as a submodule of HR).

Proof. Suppose that (1) is true and pick any a ∈ HR such that aia ∈ I for all i. It 
follows that aiHRa ⊆ I which implies that aHRa ⊆ I. By assumption, it follows that 
a ∈ I. This proves (2).

Suppose now that (2) is true. Pick any a ∈ HR such that aHRa ⊆ I. It follows that 
(
∑

HRaHR)a ⊆ I. By Remark 2.2, we have aia ∈ I for all i. It follows by (2) that a ∈ I. 
So, (1) is true. �

We will also need the following technical lemma.

Lemma 2.5. Let I be a left ideal of HR and let N be a prime submodule of HR containing 
I. Then the set N ∩ iN ∩ jN ∩ kN is a prime left ideal of HR containing I.

Proof. Since N is a submodule of HR, the sets iN , jN and kN are also submodules of 
HR. Note that the submodule

J := N ∩ iN ∩ jN ∩ kN

satisfies iJ ⊆ J , jJ ⊆ J and kJ ⊆ J which implies that J is a left ideal of HR. Note also 
that I = iI = jI = kI since I is a left ideal. Therefore, I ⊆ N implies I ⊆ J .

Suppose now that N is a prime submodule of HR. To show that J is prime as a left 
ideal it suffices by Lemma 2.3 to show that it is prime as a submodule of HR. Pick 
r ∈ R and a ∈ HR such that ra ∈ J and a �∈ J . We consider four cases. If a �∈ N then 
ra ∈ N implies that rHR ⊆ N by the definition of a prime submodule. In particular, 
r, ri, rj, rk ∈ N which implies r ∈ J . If a �∈ iN then ra ∈ iN also implies that rHR ⊆ N
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(since ia �∈ N and r(ia) ∈ N). So, r ∈ J in this case, too. The remaining cases a �∈ jN
and a �∈ kN are analogous. �

We are now ready for the proof of Theorem 2.1.

Proof. Let I be a semiprime left ideal of HR. By Lemma 2.4, I is a semiprime submodule 
of HR. By [5, Theorem 1], I is an intersection of prime submodules of HR. For every 
prime submodule N containing I there exists by Lemma 2.5 a prime left ideal between I
and N . It follows that I is an intersection of prime left ideals. The converse is clear. �
3. Maximal left ideals

We continue to assume that R is a commutative ring containing 1
2 . In this section we 

also assume that the ring R is Jacobson, i.e. every prime ideal of R is an intersection of 
maximal ideals. We want to show that in this case the ring HR is ``left Jacobson'', i.e. 
every prime left ideal of HR is an intersection of maximal left ideals.

Theorem 3.1. If R is a Jacobson ring containing 1
2 then every prime left ideal of HR is 

equal to an intersection of maximal left ideals.

Since the ring R[x1, . . . , xd] is Jacobson by [6, Theorem 3], Theorem 3.1 implies that 
the ring H[x1, . . . , xd] = HR[x1,...,xd] is ``left Jacobson''.

We will split the proof of Theorem 3.1 into several lemmas.

Lemma 3.2. Let I be a left ideal of HR and let m be a maximal ideal of R such that 
I ∩R ⊆ m. There exists a maximal left ideal M of HR such that I ⊆ M and M ∩R = m.

Proof. If we can prove that the left ideal L := I + HRm is proper then there exists a 
maximal left ideal M of HR which contains L. By definition, M also contains I and m. 
Since m ⊆ M ∩R and m is maximal, it follows that M ∩R = m as required.

Suppose that L is not proper. Then there exist c ∈ I and z ∈ HRm such that 1 = c+z. 
Write c = c0 + c1i + c2j + c3k and z = z0 + z1i + z2j + z3k. By comparing coefficients, 
we obtain

1 = c0 + z0, 0 = c1 + z1, 0 = c2 + z2, 0 = c3 + z3. (7)

Since c ∈ I and I is a left ideal we have c̄c ∈ I implying

c20 + c21 + c22 + c23 ∈ I ∩R ⊆ m. (8)

Since z ∈ HRm and m is an ideal of R we have

z0, z1, z2, z3 ∈ m. (9)
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By (7) and (9) we have c1, c2, c3 ∈ m and 1− c0 ∈ m. Now (8) implies that c20 ∈ m which 
implies that c0 ∈ m. It follows that 1 = c0 + (1 − c0) ∈ m, a contradiction. Therefore L
is proper. �

As a trivial application of Lemma 3.2 and the Jacobson property of R we obtain 
Corollary 3.3.

Corollary 3.3. Let I be a prime left ideal of HR and let J be the intersection of all 
maximal left ideals of HR that contain I. Then I ∩R = J ∩R.

Remark 3.4. In the proofs of Lemmas 3.5 and 3.6 we will use the 1-1 correspondence 
between the ideals of R and the two-sided ideals of HR given by a �→ HRa and I �→ I∩R. 
This correspondence follows from Remark 2.2; see Lemma 4.2 in [1]. Note also that it 
sends prime ideals to prime ideals. Namely, if I ∩ R is prime and a, b ∈ HR satisfy 
aHRb ⊆ I then aibj ∈ I ∩R for all i, j by Remark 2.2. It follows that either ai ∈ I ∩ R

for all i or bj ∈ I ∩ R for all j which implies that either a ∈ I or b ∈ I. The other 
direction is clear.

Lemma 3.5 is a minor variation of [1, Lemma 4.3].

Lemma 3.5. Let I be a prime left ideal of HR and let J be a left ideal of HR such that 
I ⊆ J and I ∩R = J ∩R. If I is not a two-sided ideal then I = J .

Proof. For every a ∈ J we have āa ∈ J ∩ R ⊆ I. It follows that for every b ∈ J and 
c ∈ I, c̄b = (b + c)(b + c) − b̄b− c̄c− b̄c ∈ I, i.e.

ĪJ ⊆ I. (10)

The ideal p′ := IHR ∩ R is different from the ideal p := I ∩ R. (By Remark 3.4, 
IHR = HRp

′. If p′ = p then IHR = HRp ⊆ I which contradicts the assumption that I
is not two-sided.) Pick a ∈ p′ \ p and note that a = ā ∈ HRĪ. To prove that J ⊆ I pick 
x ∈ J . By (10) we have ax ∈ HRĪJ ⊆ I. Since I is prime and a ∈ R \ I, it follows by 
Lemma 2.3 that x ∈ I. Therefore I = J . �
Lemma 3.6. Every two-sided prime ideal in HR is an intersection of maximal left ideals.

Proof. Since R is a Jacobson ring, it follows by Remark 3.4 that every two-sided prime 
ideal of HR is equal to an intersection of maximal two-sided ideals.

It remains to show that every maximal two-sided ideal M of HR is an intersection 
of maximal left ideals. Namely, since HR/M is a simple ring, it has a trivial Jacobson 
radical. Therefore, the intersection of maximal left ideals in HR/M is equal to zero which 
implies the claim. �
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We are now ready for the proof of Theorem 3.1.

Proof. Let I be a prime left ideal of HR and let J be the intersection of all maximal 
left ideals of HR that contain I. By Corollary 3.3, I ∩ R = J ∩ R, and clearly I ⊆ J . 
If I is a two-sided ideal then I = J by Lemma 3.6. If I is not two-sided then I = J by 
Lemma 3.5. �

Theorem 3.7 is our first main result. It rephrases claim (4) of Theorem 1.2. It is a 
corollary of Theorems 2.1 and 3.1. An alternative proof will be given by Theorem A.3.

Theorem 3.7. For every f, g1, . . . , gm ∈ H[x1, . . . , xd], the following statements are equiv
alent:

(1) For every a ∈ Hd
c , if g1(a) = . . . = gm(a) = 0 then f(a) = 0.

(2) f belongs to the smallest semiprime left ideal containing g1, . . . , gm.

Proof. Write I for the left ideal generated by g1, . . . , gm. Clearly, claim (1) is equivalent 
to f ∈ ∩I⊆IaIa. By Theorems 1.1, 2.1 and 3.1, ∩I⊆IaIa is equal to the smallest semiprime 
left ideal that contains I. �
4. Completely prime left ideals

The aim of this section is to extend [1, Theorem 1.2] from quaternionic to matrix 
polynomials; i.e. to prove claim (2) of Theorem 1.4. See Corollary 4.4.

Let us recall from [10] the definition of a completely prime left ideal. A left ideal I of 
an associative unital ring A is completely prime if for every a, b ∈ A such that ab ∈ I

and Ib ⊆ I we have a ∈ A or b ∈ A.
In Lemmas 4.1 and 4.3 we observe the following inclusions

{
maximal left

ideals of Mn(R)

}
⊆

{
completely prime

left ideals of Mn(R)

}
⊆

{
prime left

ideals of Mn(R)

}

which together with [5, Theorem 3] imply Corollary 4.4.

Lemma 4.1. Every maximal left ideal of every associative unital ring is completely prime.

Proof. See [10, Corollary 2.10]. �
Lemma 4.2 is the analogue of Lemmas 2.3 and 2.4 for Mn(R). We will write id for 

the identity matrix.

Lemma 4.2. Let R be a commutative unital ring, n a positive integer and I a left ideal 
of Mn(R).
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(a) The left ideal I is prime iff for every a ∈ R and B ∈ Mn(R) such that aB ∈ I we 
have either a id ∈ I or B ∈ I.

(b) The left ideal I is semiprime iff for every A = [ai,j ] ∈ Mn(R) such that ai,jA ∈ I

for all i, j we have A ∈ I.

Proof. Suppose that I satisfies the property in claim (a). To prove that I is prime, 
pick any A,B ∈ Mn(R) such that AMn(R)B ⊆ I. If A = [ar,s] then ai,j id =∑n

k=1 Ek,iAEj,k for each i, j (where Er,s are coordinate matrices). It follows that 
ai,jB =

∑n
k=1 Ek,iAEj,kB ∈ I for each i, j. If B �∈ I, it follows by assumption that 

ai,j id ∈ I for all i, j which implies that A =
∑

i,j Ei,j(ai,j id) ∈ I. Conversely, if I is 
prime and aB ∈ I for some a ∈ R and B ∈ Mn(R) then (a id)Mn(R)B ⊆ I implying 
that a id ∈ I or B ∈ I. The proof of (b) is similar. �

Lemma 4.3. Let R be a commutative unital ring and n a positive integer. Every completely 
prime left ideal of Mn(R) is prime.

Proof. Suppose that I is a completely prime left ideal of Mn(R). We will prove that I is 
prime by verifying the property in claim (a) of Lemma 4.2. Pick a ∈ R and B ∈ Mn(R)
such that aB ∈ I. It follows that B(a id) ∈ I and I(a id) ⊆ I. By the definition of a 
completely prime ideal either a id ∈ I or B ∈ I. �

We are now ready for the main result of this section.

Corollary 4.4. Let R be a Jacobson ring and n a positive integer. For every left ideal I
of Mn(R) the following are equivalent:

(a) I is an intersection of maximal left ideals,
(b) I is an intersection of completely prime left ideals,
(c) I is an intersection of prime left ideals,
(d) I is semiprime.

Proof. By Lemma 4.1, (a) implies (b). By Lemma 4.3, (b) implies (c). Since every prime 
ideal is semiprime and every intersection of semiprime ideals is also semiprime, (c) implies 
(d). By [5, Theorem 3], (d) implies (a). �

Lemma 4.5 is an analogue of Lemma 4.3 for HR.

Lemma 4.5. Every completely prime left ideal of HR is prime. Every prime left ideal of 
HR which is not two-sided is completely prime. However, a prime two-sided ideal of HR

need not be completely prime.
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Proof. Suppose that I is a completely prime left ideal and r ∈ R and a ∈ HR are such 
that ra ∈ I. Clearly, ar ∈ I and Ir ⊆ I which implies that r ∈ I or a ∈ I. By Lemma 2.3, 
I is prime.

Suppose now that I is a prime left ideal of HR which is not two-sided. To prove that 
I is completely prime, pick a, b ∈ HR such that ab ∈ I and Ib ⊆ I. Write J = I + HRa, 
p′ = J ∩R and p = I ∩R. If p′ = p then, by Lemma 3.5, I = J which implies that a ∈ I. 
Otherwise pick c ∈ p′ \ p and note that cb ∈ Jb ⊆ I. Since I is prime and c ∈ R \ I, it 
follows by Lemma 2.3 that b ∈ I.

If R = R[x] then HR(x2 + 1) is prime by Remark 3.4 but it is not completely prime 
by [1, Lemma 4.7]. �

We conclude this section by observing that our Theorems 2.1 and 3.1 imply the 
following extension of [1, Theorem 1.2].

Corollary 4.6. Let R be a Jacobson ring containing 1
2 . For every left ideal I of HR the 

following are equivalent:

(a) I is an intersection of maximal left ideals,
(b) I is an intersection of completely prime left ideals,
(c) I is an intersection of prime left ideals,
(d) I is semiprime.

Proof. By Lemma 4.1, (a) implies (b). By Lemma 4.5, (b) implies (c). Clearly, (c) implies 
(d). By Theorems 2.1 and 3.1, (d) implies (a). �

5. An explicit Nullstellensatz for matrix polynomials

Theorem 5.1 is the second main result of this paper. It rephrases claim (1) of The
orem 1.4. The proof is based on Theorem 1.3 (i.e. the weak Nullstellensatz for matrix 
polynomials) and the Rabinowitsch trick. We can deduce [4, Theorem 1.5] from Theo
rem 5.1 by embedding H[x1, . . . , xd] into M2(C[x1, . . . , xd]); see Theorem A.3.

Theorem 5.1. Let k be an algebraically closed field. Pick any matrix polynomials 
F,G1, . . . , Gm ∈ Mn(k[x1, . . . , xd]) and write I for the left ideal generated by G1, . . . , Gm. 
The following are equivalent:

(1) For every point a ∈ k
d and every vector v ∈ k

n such that G1(a)v = . . . = Gm(a)v = 0
we have F (a)v = 0.

(2) For every constant matrix A ∈ Mn(k) there exists N ∈ N0 such that (AF )N ∈
I + I(AF ) + . . . + I(AF )N .
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Proof. Write R = k[x1, . . . , xd] and R′ = R[y]. Let I ′ be the left ideal in Mn(R′) gener
ated by I and yF − id where id is the identity matrix.

Firstly, we show that claim (1) of Theorem 5.1 implies that id ∈ I ′. Suppose that 
id �∈ I ′. By Theorem 1.3, there exist a point (a1, . . . , ad, b) ∈ k

d+1 and a nonzero vector 
v ∈ k

n such that H(a1, . . . , ad, b)v = 0 for every matrix polynomial H ∈ I ′. In particular, 
Gi(a1, . . . , ad)v = 0 for all i and bF (a1, . . . , an)v − v = 0. By claim (1), we also have 
F (a1, . . . , an)v = 0 which gives a contradiction −v = 0.

Secondly, we show that id ∈ I ′ implies claim (2) of Theorem 5.1. Pick H1, . . . , Hm ∈
Mn(R′) and K ∈ Mn(R′) such that

H1G1 + . . . + HmGm + K(yF − id) = id. (11)

Write H1, . . . , Hm and K as polynomials in y with coefficients in R; i.e.

H1 =
N∑
i=0 

H1,iy
i, . . . , Hm =

N∑
i=0 

Hm,iy
i and K =

N−1∑
i=0 

Kiy
i (12)

where N ∈ N and Hk,i,Ki ∈ R for all i, k. By inserting (12) into (11) and comparing 
coefficients at the powers of y we obtain equations

H1,0G1 + . . . + Hm,0Gm + (−K0) = id,
H1,1G1 + . . . + Hm,1Gm + (K0F −K1) = 0,
H1,2G1 + . . . + Hm,2Gm + (K1F −K2) = 0,

...
H1,N−1G1 + . . . + Hm,N−1Gm + (KN−2F −KN−1) = 0,

H1,NG1 + . . . + Hm,NGm + (KN−1F ) = 0.

(13)

By telescoping (13) we obtain

n ∑
k=0

(H1,kG1 + . . . + Hm,kGm)FN−k = FN . (14)

Since G1, . . . , Gm ∈ I, equation (14) implies that

FN ∈ I + IF + . . . + IFN . (15)

If we repeat the proof of (15) with F replaced by AF for any A ∈ Mn(k) we see that 
claim (1) of Theorem 5.1 implies claim (2).

Finally, we prove that claim (2) of Theorem 5.1 implies claim (1). Assume, for sake 
of contradiction, that claim (1) is false and pick any a ∈ k

d and v ∈ k
n such that 

G1(a)v = . . . = Gm(a)v = 0 and F (a)v �= 0. Choose A ∈ Mn(k) such that AF (a)v = v. 
By claim (2) there exist N ∈ N and L0, L1, . . . , LN ∈ I such that
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(AF )N = L0 + L1(AF ) + . . . + LN (AF )N . (16)

If we evaluate (16) in a and multiply it by v from the right then, by the choice of A, we 
get

v = L0(a)v + L1(a)v + . . . + LN (a)v. (17)

By the choice of a and v, the left-hand side of (17) is non-zero while the right-hand side 
is zero. �
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Appendix A. Another proof of Theorem 1.2

We will give an alternative proof of Theorem 3.7 by using [5, Theorem 4]. We will 
also show that Theorem 5.1 implies [4, Theorem 1.5]. In other words, we will show that 
Theorem 1.2 follows from Theorem 1.4.

Let R be a commutative unital ring. Its complexification is the ring

CR := {r0 + r1i | r0, r1 ∈ R} (A.1)

where i2 = −1. Clearly, CR[x1,...,xd] = C[x1, . . . , xd]. Write r0 + r1i = r0 − r1i. Every 
element of HR can be written as p+ jq where p, q ∈ CR. Note that we have a homomor
phism

ϕ : HR → M2(CR),

p + jq �→
[
p −q̄

q p̄

]
.

(A.2)

Lemma A.1 will be used in Proposition A.2 and Theorem A.3.

Lemma A.1. Let R be a commutative ring containing 1
2 . Every element of M2(CR) can 

be uniquely expressed as ϕ(z) + iϕ(w) where z, w ∈ HR.

Proof. Note that for any A =
[
a b

c d

]
∈ M2(CR) we have

A = 1
2 ((a + d)ϕ(1) + i(d− a)ϕ(i) + (c− b)ϕ(j) + i(b + c)ϕ(k)) . (A.3)
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It follows that ϕ(1), ϕ(i), ϕ(j), ϕ(k), iϕ(1), iϕ(i), iϕ(j), iϕ(k) is a basis if we consider 
M2(CR) as an R-module. This implies the claim as the mapping ϕ is an R-module 
homomorphism. �

Proposition A.2 will help us prove that claim (3) of Theorem A.3 implies claim (4).

Proposition A.2. Let R be a commutative ring containing 1
2 and let J be a left ideal of 

HR. The set

J ′ := ϕ(J) + iϕ(J)

is the smallest left ideal of M2(CR) that contains the set ϕ(J) and ϕ−1(J ′) = J . If J is 
semiprime then J ′ is also semiprime.

Proof. Pick a left ideal J of HR and write J ′ := ϕ(J) + iϕ(J). By the existence part of 
Lemma A.1 and the fact that ϕ is a homomorphism, it follows that J ′ is a left ideal of 
M2(CR). By the uniqueness part of Lemma A.1 we have ϕ−1(J ′) = J . Every left ideal 
of M2(CR) that contains ϕ(J) must also contain iϕ(J) and J ′.

Suppose now that J is semiprime. To show that J ′ is also semiprime pick A ∈ M2(CR)
such that for every X ∈ M2(CR) we have

AXA ∈ J ′. (A.4)

By the existence part of Lemma A.1, we can write A = ϕ(u)+ iϕ(v) for some u, v ∈ HR. 
Therefore, for every x ∈ HR,

(ϕ(u) + iϕ(v))ϕ(x)(ϕ(u) + iϕ(v)) ∈ ϕ(J) + iϕ(J) (A.5)

which, by the uniqueness part of Lemma A.1, implies that

uxu− vxv ∈ J and vxu + uxv ∈ J (A.6)

for every x ∈ HR. By Remark 2.2 and (A.6) we have

uku− vkv ∈ J and vku + ukv ∈ J (A.7)

for every k. It follows that for all k and l

(ukul + vkvl)u = uk(ulu− vlv) + vl(vku + ukv) ∈ J,

(ukul + vkvl)v = −vk(ulu− vlv) + ul(vku + ukv) ∈ J.
(A.8)

From (A.8) it follows that for every z ∈ HR and every k

(uku + vkv)zu = z(uku0 + vkv0)u + iz(uku1 + vkv1)u+
+jz(uku2 + vkv2)u + kz(uku3 + vkv3)u ∈ J

(A.9)
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and by the same argument

(uku + vkv)zv ∈ J. (A.10)

Equations (A.9) and (A.10) imply that for each k and z

(uku + vkv)z(uku + vkv) ∈ J. (A.11)

Since J is semiprime, it follows that for each k

uku + vkv ∈ J. (A.12)

Equations (A.7) and (A.12) imply that for each k

uku ∈ J and vkv ∈ J. (A.13)

Since J is semiprime, equations (A.13) imply that u ∈ J and v ∈ J by Lemma 2.4. It 
follows that A = ϕ(u) + iϕ(v) ∈ J ′ as claimed. �

Theorem A.3 explains how Theorem 1.2 can be deduced from Theorem 1.4. The plan 
of the proof is to show (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (1) and (1) ⇒ (2) ⇒ (5) ⇒ (6) ⇒ (1). 
Implications (2) ⇒ (3) and (2) ⇒ (5) are provided by Theorem 1.4.

Theorem A.3. Let I be a left ideal of H[x1, . . . , xd] and let I ′ = ϕ(I) + iϕ(I). For every 
f ∈ H[x1, . . . , xd] the following are equivalent.

(1) f ∈
√
I,

(2) ϕ(f) ∈
√
I ′,

(3) ϕ(f) belongs to the smallest semiprime left ideal containing I ′.
(4) f belongs to the smallest semiprime left ideal containing I.
(5) For every matrix A ∈ M2(C) there exists N ∈ N0 such that

(Aϕ(f))N ∈ I ′ + I ′(Aϕ(f)) + . . . + I ′(Aϕ(f))N .

(6) For every b ∈ H there exists N ∈ N0 such that

(bf)N ∈ I + I(bf) + . . . + I(bf)N .

Proof. Assume that claim (1) is true. To prove claim (2) pick any c ∈ Cd and 0 �= w ∈ C2

such that I ′ ⊆ D(c, w). We must show that ϕ(f) ∈ D(c, w).
For every g ∈ I we have ϕ(g)(c)w = 0. Write g = h + jk where k, h ∈ C[x1, . . . , xd]

and w = [u v]T where u, v ∈ C are not both zero. By (A.2) we get

h(c)u− k̄(c)v = 0 and k(c)u + h̄(c)v = 0. (A.14)
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Write b = u + jv and a = bcb−1 and note that a ∈ Hd
c . By (A.14),

g(a)b = (gb)(c) = ((h + jk)(u + jv))(c) =
(
hu− k̄v + j(ku + h̄v)

)
(c) = 0 (A.15)

As b �= 0 we have g(a) = 0. This proves that I ⊆ Ia. Therefore, f ∈ Ia. If we reverse the 
computation above, we see that f(a)b = 0 implies ϕ(f)(c)w = 0.

By [5, Theorem 4], claim (2) implies claim (3).
To prove that claim (3) implies claim (4) pick f ∈ H[x1, . . . , xd] such that ϕ(f)

belongs to the smallest semiprime left ideal of M2(C[x1, . . . , xd]) that contains I ′. Write 
J for the smallest semiprime left ideal of H[x1, . . . , xd] that contains I. The left ideal 
J ′ := ϕ(J) + iϕ(J) is semiprime by the second part of Proposition A.2 and it clearly 
contains I ′. Therefore ϕ(f) belongs to J ′ by the choice of f . It follows that f belongs to 
J by the first part of Proposition A.2.

Since every evaluation ideal Ia defined by formula (4) is semiprime, claim (4) implies 
claim (1).

By Theorem 5.1, claim (2) implies claim (5).
Assume that claim (5) is true. To prove claim (6) pick any b ∈ H and apply claim (5) 

with A = ϕ(b). Since I ′ = ϕ(I) + iϕ(I) by the first part of Proposition A.2, there exist 
N ∈ N and uk, vk ∈ I for k = 0, 1, . . . , N such that

(ϕ(b)ϕ(f))N =
N∑

k=0

(ϕ(uk) + iϕ(vk))(ϕ(b)ϕ(f))k. (A.16)

By the uniqueness part of Lemma A.1,

(ϕ(b)ϕ(f))N =
N∑

k=0

ϕ(uk)(ϕ(b)ϕ(f))k, (A.17)

which implies claim (6) since ϕ is one-to-one.
It was already proved in [4, Theorem 1.5] that claim (6) implies claim (1). �
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