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Abstract

We consider a positive operator A on a Hilbert lattice such that its self-commutator
C = A*A— AA*ispositive. If A is also idempotent, then it is an orthogonal projection,
and so C = 0. Similarly, if A is power compact, then C = 0 as well. We prove that
every positive compact central operator on a separable infinite-dimensional Hilbert
lattice H is a self-commutator of a positive operator. We also show that every positive
central operator on H is a sum of two positive self-commutators of positive operators.
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1 Introduction and Preliminaries

Positive commutators of positive operators on Banach lattices have been the subject
of extensive research across various contexts. A systematic investigation into their
properties began with [5], where the authors examined the spectral properties of the
positive commutator [A, B] := AB — BA formed by positive compact operators A
and B. They established that such a commutator is always quasinilpotent, and it is
contained in the radical of the Banach algebra generated by A and B.

Further developments were seen in [10], where positive commutators of either
positive nilpotent or positive power compact operators were explored. Independently,
Drnovsek [8] and Gao [14] proved that a positive commutator of positive operators,
provided one of them is compact, is necessarily quasinilpotent. Kandi¢ and Sivic
proved in [16] that such commutator necessarily belongs to the radical of the Banach
algebra generated by A and B. In [17] they were investigating the dimension of
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the algebra generated by two positive n x n matrices. The most interesting result
yields that, under some technical conditions, the unital algebra generated by two pos-
itive idempotent operators with a positive commutator is at most nine dimensional.
Drnovsek obtained the same result in [9] under different assumptions. In [11] the
authors proved that every positive compact operator on a separable Banach lattice
LP(n) (1 < p < 00) is a commutator of positive operators. Lastly, in [12] authors
studied commutators greater than a perturbation of the identity in ordered normed
algebras.

In this paper, we explore positive self-commutators of positive operators on Hilbert
lattices. Our results are motivated by Radjavi’s work [18], which essentially proves
that a self-adjoint operator A on a separable Hilbert space is a self-commutator if
and only if zero lies within the convex hull of the essential spectrum of A. Notably,
Sourour [24] provided a concise proof of this result. According to [7, Theorem 11.5],
for every normal operator N on a Hilbert space, there exists a measure space (€2, X, 1)
and a function ¢ € L°(p) such that N is unitarily equivalent to the multiplication
operator My acting on L?(11). Furthermore, if 4 is o-finite, then by [2, Example
2.67], multiplication operators of the form My, where ¢ € L°°(u), are precisely
orthomorphisms, or equivalently, central operators on the Banach lattice L?(u) for
1 < p < oo. Therefore, the main goal of the paper is to study which positive central
operators are self-commutators of positive operators.

The paper is organized as follows. In Section 2, we establish that a positive idem-
potent operator on a Hilbert lattice with a positive self-commutator is an orthogonal
projection. Additionally, we show that the zero operator is the only positive operator
on a Hilbert lattice that is a self-commutator of a positive power compact operator.
In Section 3, we prove that every positive bounded diagonal operator on a Hilbert
lattice H € {62, E%} factors through L2[0, 1] as a self-product of the form X*X for
some positive linear operator X : H — L?[0, 1]. Furthermore, there exists a posi-
tive self-adjoint operator Y : L2[0,1] — L2[0, 1] such that Y2 = X X*. This result
proves to be particularly useful in Section 4, where we prove the order analog of
[18, Theorem 5] stating that every positive compact central operator on a separable
infinite-dimensional Hilbert space is a self-commutator of a positive operator. Finally,
in Section 5, we establish that every positive central operator on a separable Hilbert
lattice can be expressed as a sum of two positive self-commutators of positive opera-
tors.

Before we proceed to the results, we briefly recall some facts about Banach and
Hilbert lattices and operators acting on them. Let L be a vector lattice with the positive
cone L. The band

S?:={xeL: |x|A|y]=0forall y € S}

is called the disjoint complement of aset S of L. A band B of L is said to be a projection
band if L = B @ B“. An operator A on L is called positive if it maps the cone LT
into itself. An operator A on L is called negative if the operator — A is positive.

Let A be a positive operator on a vector lattice L. The null ideal N'(A) is the ideal
in L defined by
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NA)={xeL:Alx| =0}

When N (A) = {0}, we say that the operator A is strictly positive. The range ideal
R(A) of A is the ideal generated by the range of A, that is,

R(A) ={y € L : 3x € L™ such that |y| < Ax}.

A positive operator A on a vector lattice is an orthomorphism if every band of L is
invariant under A. If there exists a positive real number A such that |[Ax| < A|x| for
every x € L, then A is called central. By [1, Theorem 3.29], an operator on a Banach
lattice is central if and only if it is an orthomorphism.

Let LP(u) (1 < p < o0) be a separable Banach lattice. Then by [6, Theorem 7.1]
the Banach lattice L” (u) is isometric and order isomorphic to one of the following
Banach lattices ¢2, €7, LP[0, 1], £ @ LP[0, 1] or ¢£ @ LP[0, 1]. If H is a Hilbert
lattice, then by [22, Theorem IV.6.7] it is isometric and order isomorphic to a Hilbert
lattice of the form L2(Q2, =, i), where Qisa locally compact Hausdorff space and p is
a strictly positive Radon measure. Therefore, every band B in a Hilbert lattice satisfies
B? = BL.1f A is a bounded operator on a Hilbert lattice, then by [20, Proposition
1.1], the operator A is positive if and only if the Hilbert space adjoint operator A* is
positive.

For the terminology and details not explained here we refer the reader to [1] or [2].

2 First observations on positive self-commutators

Let A be a positive operator on a Hilbert lattice 7 such that its self-commutator
C = A*A — AA* is also positive. Since A*A > AA*, a simple induction gives
that (A*A)" < (A*)"A" for each positive integer n. It follows that ||[(A*A)"|| <
(A" ||||A"]l, and so r(A*A) < r(A*)r(A) = r(A)?, where r denotes the spectral
radius. In particular, if »(A) = 0 then r(A*A) = 0. As A*A is self-adjoint, we have
A*A =0, and so A = 0 and C = 0. Therefore, we can assume that r(A) > 0.

Let us first consider the following question: which positive operators on a Hilbert
lattice H are self-commutators of positive idempotent operators?

Proposition 2.1 Letr A be a positive idempotent operator on a Hilbert lattice H such
that its self-commutator C = A*A — AA™ is also positive. Then A is an orthogonal
projection, and so C = 0.

Proof Assume first that A’ (A) = {0} and R(A)¢ = {0}. Since closed ideals are

bands in H, the range ideal R(A) is dense in H. Therefore, it follows from ACA =
AA*A — AA*A = 0 that C = 0 and the operator A is normal. Furthermore,

(A—A*A)*(A—ATA) = A"A — A"A — A¥A + A¥AA*A =0,

so that A — A*A = 0. It follows that A* = A*A = A completing the proof in this
case.
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Consider now the general case. Let us define the bands H;, Hy, H3z and Hj4 by
Hi = N(A) NR(A, Hy = N(A) NR(A) ™, Hy = N(A)? N R(A)¥ and Hy =
N (A NR(A)?. With respect to the band decomposition H = H; & H, & H3z & Ha,
the idempotent A has the form

S

I
cooco
cooco
om o
O~ N O

where E, X, Y and Z are positive operators on the appropriate bands. The choice of
decomposition enables localizing positivity and idempotency conditions. Namely, it
follows from A2 = A that E2 = E, XE = X, EY = Y and XY = Z. We also have
N(E) = {0}, N(Y) = {0}, R(E)¢ = {0} and R(X)¢ = {0}. We now compute

0 0 0 0
AFA — 0 0 0 0
0 0 X*X + E*E (X*X + E*E)Y
0 0 Y*"(X*X+E*E) Y*(X*X+ E*E)Y
and
0 0 0 0
AAF — 0 XX*+XYY*X* X(U+YY"HE* 0
0 E(4+YYHXx: EE*+YY* 0
0 0 0 0

Comparing the (2, 2)-blockin C = A*A— AA* > 0, we obtain that X X* = 0, and
so X = 0. Comparing the (3, 3)-block, we conclude that E*E > EE*+YY* > EE*.
By the special case, E is an orthogonal projection, and therefore YY* = 0, so that
Y = 0. It follows that A is an orthogonal projection as well. This completes the proof.

O

Suppose that a positive matrix C is a self-commutator of a positive matrix. Then, [5,
Theorem 2.1] yields that C is nilpotent. Since C is also hermitian, it needs to be zero.
This result can be extended to positive power compact operators on Hilbert lattices.
Recall that a bounded operator on a Banach space is said to be power compact if some
power is a compact operator.

Proposition 2.2 The zero operator is the only positive operator on a Hilbert lattice
that is a self-commutator of a positive power compact operator.

Proof Suppose that a positive operator C on a Hilbert lattice E is a self-commutator of
a positive power compact operator A. Since the operator C = A*A — AA* is positive
and A is a positive power compact operator, by [10, Lemma 2.3] the operator C is also
power compact.

We claim that C is a quasinilpotent operator. First, consider the complexifications
Ac and A7, of A and A*, respectively. Since Ac and AF are positive power compact
operators that satisfy A(’(‘:A@ — ACAE"C > 0, by [16, Proposition 4.7], the operators
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AG and A are simultaneously triangularizable. Suppose that C" is compact for some
n € N. Then the operator
Ce = (AGCAC — AcAD)"

is compact on E¢. Since Ac and A, are simultaneusly triangularizable, the diagonal
coefficients of the operators C¢: are all zero. By Ringrose’s theorem (see [21, Theorem
1] and [19, Theorem 7.2.3]) the operator C¢, is quasinilpotent. Hence, C¢ and C are
quasinilpotent. Since C is self-adjoint, it is the zero operator. O

The compactness assumption cannot be omitted in the last proposition, as the exam-
ple of the unilateral shift operator on £> shows.

3 Positive linear isometries between separable LP-spaces

In Section 4 we will consider the question which positive operators on Hilbert lattices
are self-commutators of positive operators. As a first result, we will prove that every
positive compact central operator on a separable infinite-dimensional Hilbert lattice is
a self-commutator of a positive operator. In our proof we will use the fact that for every
positive diagonal operator D on E% there exists a positive operator X : E% — L?[0, 1]
such that D = X*X (see Corollary 3.2). A more general result holds also when one
replaces Z,% by £2. As a special case, when D = I, we obtain that there always exist a
positive isometry from ¢ — L2[0, 1].

Proposition 3.1 For every positive bounded diagonal operator D on {* there exists a
positive linear operator X : €2 — L?[0, 1] such that X*X = D. Furthermore, there
exists a positive self-adjoint operator Y : L*[0, 1] — L?[0, 1] such that Y* = X X*.

Proof Let (dy,),en be the sequence of diagonal entries of the operator D and let (¢,,),en
be the standard basis of £2. We claim that X : £2 — L2[0, 1] defined as

o0
X x Z\/Z"dn(x, en) Xn»
n=1

where Y, is the characteristic function of the interval [2%,, 2,1%1] is a bounded operator
which satisfies X*X = D. To see this, first define M := sup,,c d, and note that

27n+1 o0

1Xx]? Zz"d el | dr= 2"y (x, en) P27

2—n =l

< MZ [(x, en)* = M|x||?
=1

shows that X is bounded with ||X| < +/M. From (X*f,er) = (f, Xer) =
V2kdi (f, xx) it follows
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o
X*f = VoK (f. xie
k=1
and so

oo o oo
X*Xx =) N2y (x,en) X*xn =Y V/2"du(x, e0) Y V2 di{xns xi)ek
n=1 n=1

k=1
o o
=) 2dy(x,e)2"en = ) dulx, en)en
n=1 n=1

Dx.

Similarly as above, a direct calculation shows that for every f < L2[0, 1] we have
o
Xx*f =Y 2% (£ xa) e
k=1

Hence, the positive operator Y : L>[0, 1] — L?[0, 1] defined as
oo
Y=Y 25/dc(f. i
k=1

satisfies Y2 = XX*and Y* = Y. O

If one replaces the Hilbert lattice £2 with the finite-dimensional Hilbert lattice E%,

then the operator X : x > Y ;_,(x, ex)v/2Kdy xi satisfies X*X = D. Moreover, as
above, a direct calculation shows that for every f € L2[0, 1] we have

XX*f =Y 2% (£, xad k-
k=1

The positive operator Y : L2[0, 1] — L?[0, 1] defined as
n
Yf =Y 2V (f. xe)
k=1

satisfies Y2 = XX* and Y* = Y. This finite-dimensional adaptation of the proof of
Proposition 3.1 gives the following result.

Corollary 3.2 For every positive n x n diagonal matrix D there exists a positive linear
operator X : Eﬁ — L2[0, 1] such that X*X = D. Furthermore, there exists a positive
self-adjoint operator Y : L2[0, 1] = L?[0, 1] such that Y? = X X*.
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Corollary 3.3 There exist positive linear isometries U : £> — L*[0, 1]1and U, : 6,21 —
L2[0, 1] for each n € N.

Proof By Proposition 3.1 there exists a positive linear operator X : £ — L?[0, 1]
such that X*X is the identity operator on 0%, Therefore, U := X: 02 — L2[O, 1] is
the desired positive linear isometry. To find a positive isometry U, : 1&,21 — L?[0,1]
one can apply Corollary 3.2 instead of Proposition 3.1. O

Since ¢? and L?[0, 1] are isometrically isomorphic as Hilbert spaces, a natural
question which arises here is whether there exists a positive surjective linear isometry,
i.e., a positive unitary operator U : £ — LZ[0, 1]. Flores proved in [13] that there
even does not exist a regular isomorphism between £2 and L?[0, 1]. The following
proposition shows that there is no positive linear isometry from L2[0, 1] to ¢>. The
obstruction comes from lattice structures of both Banach lattices.

Proposition 3.4 There is no positive linear isometry V: LP[0, 1] — £P forany 1 <
p < oo.

Proof Suppose there exists a positive linear isometry V: L?[0, 1] — £7. We claim
that V is a lattice homomorphism. To see this, it suffices to prove that f A g = 0 in
LP[0, 1] implies Vf A Vg = 0 in £P. Therefore, assume that f A g = 0in L?[0, 1].
Then

IV + ol = 1f +glp =115+ gl = 1VEAIE + 1V

Positivity of V f and Vg implies
o oo o
D VPV =D (VAL+Y (V.
n=1 n=1 n=1

We claim that, for each n, one of (V f), and (V g), is nonzero only if the other one is
zero. To prove this, it suffices to prove that for positive real numbers a, band 1 < p <
oo we always have (a +b)? > a” +b”. Let us introduce the function f: [0, c0) — R
defined as f(x) := (x +b)? —xP —bP.Then f'(x) = p ((x + bl — xp_l) > 0.
Hence, f is strictly increasing, and so (a + b)? —a? —b? = f(a) > f(0) = 0. This
shows that, for each n, (Vf), and (Vg), cannot be non-zero simultaneously. This
proves that Vf A Vg = 0, and so, V is a lattice homomorphism.

Since V is an isometric lattice homomorphism, the Banach lattice ¢” contains a
closed sublattice E which is lattice isometric to the Banach lattice L”[0, 1]. As such,
E needs to be without atoms. On the other hand, [4, Theorem 3.2] implies that E
is the closed span of an infinite disjoint positive sequence, and so E is atomic. This
contradiction shows that V' cannot exist. O

It should be noted that the proof of Proposition 3.4 shows that there is no positive

operator 7 : LP[0, 1] — £7 such that the restriction of 7" to the positive cone L?[0, 1]+
is an isometry. For p = 1 such operators exist.
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Example 3.5 Let us define the linear operator V: L'[0, 1] — ¢! by

2—n+l

(Vf)n = / £,

Since
27n+1

—n

1
Lf (@)l dt =/0 lfOlde = fl,

ZTEDD /2
n=1 n=1

it follows that ||V f|l1 < || f|l1, and so, V is a contraction. Moreover, if f is a non-

negative function, then the calculation above yields |V f|l1 = || f]1. Positivity of V
should be clear.

Although Proposition 3.4 shows that there does not exist a positive linear isometry
V: LP[0, 1] — £P for 1 < p < oo, spaces 22 and L?[0, 1] are isometrically isomor-
phic as Hilbert spaces. For p = 1 the situation is more severe as there is no linear
isometry from L0, 1] to ¢'. This follows from the fact that by [3, Example 3.1.2] the
Banach space ¢! has an unconditional basis, so that by [3, Theorem 6.3.3] the Banach
space L'[0, 1] cannot be embedded into a Banach space with an unconditional basis.

4 Positive central self-commutators

In this section we consider the question which positive central operators on sepa-
rable infinite-dimensional Hilbert lattices are positive self-commutators of positive
operators. We start by proving an order analog of [18, Theorem 5].

Theorem 4.1 Every positive compact central operator on a separable infinite-
dimensional Hilbert lattice is a self-commutator of a positive operator.

Proof Let C be a positive compact central operator on a separable infinite-dimensional
Hilbert lattice H. As mentioned in Section 1, H is lattice isometric to one of the
following Hilbert lattices: €2, L2[0, 1], ¢> @ L?[0, 1] and ¢2 @ L?[0, 1]. We will
consider each of these cases separately.

Case H = ¢2: Since C is a central operator on £2, it is a diagonal operator with
positive diagonal coefficients (d,,),en. From compactness of C it follows thatd,, — 0
as n goes to infinity, so that there exists the largest diagonal coefficient. Without loss
of generality we may assume that d; > dy for every k € N. Since for every € > 0
there are only finitely many n € N such that d,, > € there exist countably infinitely
many sequences s such that

(1) the terms of all sequences s equal the terms of the sequence (d,),en With

respect to all of their multiplicities;

(i1) the first term sl(") of the sequence s is its largest term for each n € N;

(iii) sfn) < 2,‘1111 for every n € N.

Let e,i") be the standard basis eigenvector that corresponds to the eigenvalue s ,E”) for

n, k € NandletH,, be the closed linear span of {e,({'” : k € N}. Thenevery H, is lattice

@ Springer



Positive self-commutators Page9of17 43

isometric to £2. Let us define the isometric lattice isomorphism U : £ — (D=, H,,)2
as follows. For each m € N there exist unique positive integers k, n € N such that
em = e,({"). We define Ue,,, = e,(cn) and extend U by linearity on the linear span of the
set of all standard basis vectors. Clearly, the extended mapping is a positive bounded
linear operator which can be uniquely extended by continuity to a positive operator
on £2. Since by construction U maps the set {e, : n € N} injectively onto itself, we
have that U is unitary. Moreover, an easy calculation shows that

D; 0 0
. 0 D, O ...
UCU" =0 0 D;...

where D, is the diagonal operator Diag ({s" : k € N}) on H,,.

Let us solve an infinite system of operator equations given by X12 = Dj and
Xr21+1 — X2 = Dy forn € N.If n = 1, the positive diagonal operator X| := /D;
satisfies X 12 = Dy. If n = 2, then the positive diagonal operator X, := /D1 + D3
solves the operator equation X2 = X 12 + D;. Inductively, one can show that for each
n € N the positive diagonal operator X,, := /Dj + - -- + D, formally solves the

operator equation X 5 — X,%_l = D, Since the norm of the operator X, satisfies

d d
1X,ll = sf”+s§2>+--~+s§”)5\/d1+—1+-~-+ L <24,

2 211—1

the operator X, is bounded.
Let us define the operator X on €% = (P2, 62)2 as the infinite operator matrix

0 00
X1 00

Since || X, || < +/2d, for each n € N, the operator X is bounded with | X|| < /2d;.
Self-adjointness of X, now yields

X2 0 0o ... Dy 0 0 ...
. 0X3—-X; 0 .. 0 D, 0 ...
(X", XI=] o 0 X:-X3...|=|0 0D3...|

and so UCU~! = [X*, X]. Since U satisfies U* = U~!, we finally have C =
U—lx* XU = [U~'X*U, U~ XU = (U~ xU)*, U1 XU].
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Case H = L?[0, 1]: Since the Banach lattice L2[0, 1] is atomless, by [23, Corollary
1.7] it follows that C = 0 on LZ[O, 1], so that it is a self-commutator of itself.

Case H = ¢*> @ L?[0, 1]: Since C is a positive central operator on ¢> @ L2[0, 1],
it can be written as C = C1 @ C, where Cy and C; are positive central operators
on £2 and L?[0, 1], respectively. Compactness of C yields compactness of C; and
C3. The previous two cases imply that C; = 0 and C; = [X™, X] for some positive
operator X on £2. Therefore, the operator C = [X*, X]® 0 =[X*® 0, X ®0]isa
self-commutator.

Case H = E% ) LZ[O, 1]: Since C is a positive central operator on E,zl &) LZ[O, 1], it
can be written as C = C1 @ C, where C1 and C; are positive central operators on E,%
and L2[0, 1], respectively. Similarly, as in the previous case, it follows that C; = 0,
and so C = C; @ 0 for some positive diagonal n x n matrix Cj.

By Corollary 3.2 there exist a positive operator X : £2 — L?[0, 1] such that C; =
X*X and a positive self-adjoint operator ¥ : L?[0, 1] — L?[0, 1] such XX* = ¥2.
With respect to the decomposition H = E% e D, L?[0, 1] we define the positive
operator Z as an infinite block operator matrix

oo X o
o~Oo O
~ o oo
cococo

A direct calculation shows

X*X 0 0 0 0 0 0 0
0 Y> 0 0 0 XX* 0 0
z¢z—| 0 0 Y> 0 .| 44 zz¢=]0 0 Y* 0
0 o0 o0 Y? 0o 0 o0 Y?
Since X*X = C; and Y2 = X X*, we have
Cci 0 0 0
0 0 0 0
(z*,721=22-2zz"=|0 0 00 =C
0 0 0 0
which finishes the proof. O

Corollary 4.2 Every positive compact central operator of infinite rank on a Hilbert
lattice is a self-commutator of a positive operator.
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Proof Let C be a central operator on a Hilbert lattice . The range ran C of a central
operator C is an ideal in H, so that it is equal to the range ideal R (C). Since the closure
R(C) is a closed ideal in an order continuous Banach lattice H, we have that R(C) is
a band in . The band generated by R(C) is R(C)44, so that R(C)4¢ < R(C). On
the other hand, every band in a normed lattice is a closed ideal from where it follows
R(C) € R(C)4“. Since every band in H is a projection band, we have

H =R(C) @ R(C) =R(C) ® R(C)~.

With respect to this decomposition, C can be written as C = C1 @ 0 where C; =
C |m. Since C1 is a compact operator, its range is separable, so that R(C) is infinite-
dimensional and separable as well. Hence, by Theorem 4.1 the operator C is a self-
commutator of a positive operator. To finish the proof we observe that the zero operator
is self-commutator of itself. O

Our next goal is to prove that positive central operators with infinite-dimensional
kernels on a Hilbert lattice which is either £2 or L2[0, 1] are always self-commutators
of positive operators. Before we prove this result, we need the following lemma.

Lemma4.3 Let T be a positive operator on a Hilbert lattice H which is either £2
or L?[0, 11. If T is positive semi-definite operator whose square root is a positive
operator, then the operators

(0 0) = (o)

on the Hilbert lattice H @ H are self-commutators of positive operators.

Proof We only consider the case H = £2 as the case of H = L2[0, 1] can be treated
similarly. Let /T be the square-root of T'. We define the operator A on the Hilbert
lattice €2 @ €2 = 2 @ P2, €% as

0O 0 0 0
VT 0 0 0
a=lo0o VT o0 o0
0 0 0

Since /T is self-adjoint, a direct calculation shows that [A*, A] = T @ 0. Positivity
of /T yields that A is a positive operator on £2 & ¢2.

To prove that the operator 0 7 is a self-commutator of a positive operator, we first
introduce the switch operator U : H®H — H & H given by the 2 x 2 block-operator

matrix
0 I
I 0)°
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Clearly, U is an isometric self-adjoint isomorphism of the Hilbert lattice H @ H which
satisfies U = U~! = U*. Since

«(0 0 (T O
v (o r)V=\o o)
by the case above, there exists a positive operator A on H @ H such that 7 ¢ 0 =
[A*, Al,andso 0@ T = U(T @ O)U* = U[A*, AJlU* = [UA*U*, UAU*]. O

We now prove an order analog of [18, Theorem 3].

Theorem 4.4 Let C be a positive central operator on a separable infinite-dimensional
Hilbert lattice 0% or LZ[O, 1] with infinite dimensional kernel. Then C is a self-
commutator of a positive operator.

Proof Obviously, we may assume that C # 0 as the zero operator is a self-commutator
of itself. Since C is a central operator, it is order continuous and its kernel ker C equals
its absolute kernel which is a projection band. Its orthogonal complement (ker C)+ =
(ker C)? is the band generated by the range of C. Since 22 = (ker CO)* @ ker C, the
restriction of C to (ker C)* is a strictly positive central operator.

Suppose that the underlying Hilbert lattice is £2. If dim (ker C)~ is finite, then C is a
compact operator, so that it is a self-commutator of a positive operator by Theorem 4.1.
If dim(ker C)7 is infinite, then we can decompose 02 = (ker )+ @ ker C = ¢2 @ ¢2
and the block-operator matrix corresponding to C is of the form

C|(kerC)J- 0
0 0/"

Here the decomposition £2 = (ker C)* @ker C = ¢> @ ¢ is simultaneously a Hilbert
space and a Banach lattice decomposition. This implies that C| e, ¢yt is a diagonal
operator with positive diagonal entries on the Hilbert lattice (ker C)= = ¢2. As such,
it is positive semi-definite operator which admits a positive square root. Lemma 4.3
yields that C is a self-commutator of a positive operator.

When the underlying Hilbert lattice is L?[0, 1] we argue similarly. Since C # 0,
we can decompose L2[0, 1] = (ker C)* @ ker C = L?[0, 1] @ L?[0, 1]. Then, with
respect to this decomposition, the operator C can be represented as a 2 x 2 block-

operator matrix
Clerc)r 0
0 0/)°

Since the operator C| y, ¢yL is a positive central operator on L?[0, 1], itis a multiplica-
tion operator M,, for some non-negative function ¢ € L*°[0, 1]. Since M,, is positive
semi-definite with the positive square root Mz, another application of Lemma 4.3
yields that C is a self-commutator of a positive operator. O

Corollary 4.5 A band projection on £* or L*[0, 1] is a self-commutator of a positive
operator if and only if its kernel is infinite-dimensional.
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Proof If P is a band projection with a finite-dimensional kernel, then / — P is a finite-
rank projection. Hence, by an application of Wintner-Wielandt’s result for the Calkin
algebra (see [15]), the operator P = I — (I — P) is not a commutator. The other
implication follows from Theorem 4.4. O

We conclude this section with a result stating that invertible positive central opera-
tors on Banach lattices are not commutators of positive operators. In the proof of this
result we will need the following slight improvement of [12, Theorem 2.1] which for
the sake of simplicity we state only for the case of operators on Banach lattices.

Proposition 4.6 Let A and B be operators on a Banach lattice L with one of them
positive or negative. Then there does not exist a positive scalar ¢ > 0 such that
AB — BA > cl.

Theorem 4.7 An invertible positive central operator on a Banach lattice is not a com-
mutator of two operators with one of them positive or negative.

Proof Since the center 2°(L) of a Banach lattice L is isomorphic as an f-algebra to
an f-algebra C(K) for some compact Hausdorff space K, a positive central operator
C is invertible if and only if there exists a positive scalar § > 0 such that C > §1.
Hence, Proposition 4.6 yields that there do not exist bounded operators A and B on L
with one of them positive or negative such that C = AB — BA. O

5 Positive central operators are sums of two positive
self-commutators

It was proved in Theorem 4.4 that every positive central operator with infinite-
dimensional kernel on a Hilbert lattice £2 or L2[0, 1] is a self-commutator of a positive
operator. It turns out that the situation becomes very difficult when we consider the
separable Hilbert lattice ¢> @ L>[0, 1]. To explain where the difficulty lies, let us
consider the following example.

Example 5.1 The operator C on a Hilbert lattice H = ¢ @ L?[0, 1] represented with
the 2 x 2 operator matrix
I 0
(6 0)

is a self-commutator of a positive operator on H. To see this, observe first that by
Proposition 3.1 there exists a positive isometry X : £ — L?[0, 1] and a positive self-
adjoint operator Y : L2[0,1] — L2[0, 1] such that Y2 = X X*. With respect to the
Hilbert lattice decomposition H = ¢ & 5, L[0, 1], as in Theorem 4.1 we define
the positive operator Z as the infinite block operator matrix

oo o
o~o o
~o oo
cooco
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An easy calculation shows that [Z*, Z] = C proving that C is a self-commutator of a
positive operator.

At first glance it may seem that a similar idea works to prove that the operator C
onH =2 L2[0, 1] represented with a 2 x 2 block operator matrix

)

is a self-commutator of a positive operator. However, there is a big issue. The proof
that the operator from Example 5.1 is a self-commutator of a positive operator heavily
relies on the fact that there exists a positive isometry X : £ — L2[0, 1]. However, by
Proposition 3.4 there are no positive isometries from L2[0, 1] to £2.

In this section we prove that every positive central operator on a separable infinite-
dimensional Hilbert lattice is a sum of two positive self-commutators of positive
operators.

Theorem 5.2 Every positive central operator C on an infinite-dimensional separable
Hilbert lattice is a sum of two positive self-commutators of positive operators.

Proof Suppose first that 7 is either ¢2 or L2[0, 1]. Then, H = H @ H as a Hilbert
lattice. Since C is a central operator, with respect to the decomposition H @ H the
operator C can be represented as a 2 x 2 operator matrix

Ci 0\ _ (C O 0 0
(5 e)=(5 06 e)
where C; and C, are positive central operators on H. If H = £2, then C; and C3
are diagonal operators with positive diagonal entries. If H = LZ?[0, 1], then C and
C, are multiplication operators with almost everywhere non-negative multiplying
functions. Since positive diagonal operators on £ and positive multiplication operators

on L?[0, 1] are positive and positive semi-definite whose roots are positive operators,
by Lemma 4.3 there exist positive operators A and B on ‘H @ H such that

Ci 0 _ * *
(O CZ)_[A,A]—G—[B,B].

Now we consider the case when H = ¢Z @ L2[0, 1]. Since C is a positive central
operator on H, with respect to the decomposition ¢> @ L>[0, 1] we can write

c; 0
= (5 o)
where C; and C, are positive central operators on ¢> and L[0, 1], respectively. By
the cases above, there exist positive operators Ay, By on £2 and A,, By on L?[0, 1]

such that C; = [A¥, A] + [B, Bi] and C, = [A%, A>] + [B%, B>]. Hence,
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Cr 0 _ ([A], A1]1+[Bf, B1] 0
0 C) 0 [A3, A2] + [B3, B2l

:<[A’]",A1] 0 >+<[BT,Bl] 0 )
0 [A%, As] 0 (B3, B2])

The last expression can be written as the sum of two self-commutators of positive
operators A1 @ A and By @ Bs.

Finally, we consider the last case when the underlying Hilbert lattice H is of the
form Z% @® L?[0, 1] for some n € N. As above, due to the Hilbert lattice isomorphism
L2[0, 1] = L?[0,1] & L?[0, 1] we can furthermore decompose ¢2 @ L?[0,1] =
Eﬁ @ L2[0, 1] ® L?[0, 1] and with respect to this decomposition we can write

D 0 0 D 0 0 00 0
c=|0o M, o]=[0 M, o]+[0 0 O
0 0 My 0 0 0 0 0 My

for some non-negative functions ¢ and ¥ € L°°[0, 1] and some non-negative diagonal
n x nmatrix D. Since an application of Lemma 4.3 yields that the last operator above is
a positive self-commutator of a positive operator, due to the Hilbert lattice isomorphism
2 @ L%0,11 L2[0, 11 = ¢2 & L?[0, 1] ® L[0, 1] @ L?[0, 1] it suffices to prove
that the operator given by the block-operator matrix

D
0
0

oeﬁo
o oo
12
co oy
ooeﬁo
cocooo
co oo

is a positive self-commutator. Furthermore, by applying the switch operator we need
to prove that the operator

oo

0 0 0
0 0 0
0 M, 0
00 0 0

is a positive self-commutator of a positive operator. By Theorem 4.1 and Theorem 4.4,
respectively, there exist positive operators A and B such that

D 0 . M, O\ ..
(0 0):[A,A] and <0¢’ 0>_[B,B].

To conclude the proof, observe that the operator

0
0

M<ﬂ

0

co oy
[eNoNoNo)
eNeNoNe)
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is a self-commutator of the positive operator A @ B. O
We conclude this paper with the following question.

Question 5.3 Is the operator C on the Hilbert lattice £2 @ L>[0, 1] represented with a
2 x 2 block operator matrix

0 0

0 I

a self-commutator of a positive operator?
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