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Abstract

In this paper natural necessary and sufficient conditions for quantifier elimination of matrix
rings M, (K) in the language of rings expanded by two unary functions, naming the trace and
transposition, are identified. This is used together with invariant theory to prove quantifier
elimination when K is an intersection of real closed fields. On the other hand, it is shown
that finding a natural definable expansion with quantifier elimination of the theory of M,,(C)
is closely related to the infamous simultaneous conjugacy problem in matrix theory. Finally,
for various natural structures describing dimension-free matrices it is shown that no such
elimination results can hold by establishing undecidability results.
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1 Introduction

This article grew out of an attempt to understand the first order model theory of full matrix
rings in connection with their use in what is called Free Analysis. Free Analysis [35] studies
functions in noncommuting variables (such as polynomials, rational functions or formal
power series) and their evaluations in noncommutative algebras, such as matrix rings or
operators on Hilbert space, and thus provides a framework for dealing with quantities with the
highest degree of non-commutativity, such as large random matrices, see for example [1, 16,
18]. Our focus lies in the free algebra consisting of polynomials in noncommuting variables
(=noncommutative polynomials) over IK (= R or C). Here, noncommutative polynomials are
considered as functions by evaluating them in matrix rings (of arbitrary size!). For example
the polynomial xy — yx can only be distinguished from 0 by evaluating at matrices, say
of size 2 x 2. By the celebrated Amitsur—Levitzki theorem [24, 30], if P(X) is an arbitrary
noncommutative polynomial then P is 0 if and only if P(X) = 0 for all tuples X of square
matrices of any size. Thus, matrices in this context are not restricted to a specific size and we
may refer to “dimension-free” matrices when we want to stress this point of view.

There is ongoing interest (cf. [12, 25]) in the question of whether some form of elimination
theory or decidability from the classical case of the field IK can be rescued in the noncom-
mutative context. This article contributes to these questions in two ways. To explain how,
first note that these questions have obvious negative answers if we ask them for the common
theory of all matrix rings M, (IK); this theory is not model-complete in the language of rings
as M, (IX) is not elementary in M, (IK) for any n, and it is indeed hereditarily undecidable
because every non-principal ultraproduct of the M, (IK) interprets true arithmetic.

A less naive way to tackle the problem is to consider first order structures that interpret
all M, (IK) and then to try to approach elimination theory and decidability questions for
such structures. We show that the most commonly used structures in Free Analysis, which
interpret all matrix rings M, (IK), are undecidable. This is done in Sect. 3. (We point out that
the community has not agreed on the exact structure to be used for dimension-free matrices
yet.) This already implies that quantifier elimination results similar to those for algebraically
closed fields or real closed fields cannot be expected to hold true for structures interpreting
all M,,(X). However it is unclear if a weakened elimination result like model-completeness
holds true in a suitable language.

In this context it is important to understand the elimination theory of matrix rings of fixed
size, which, surprisingly, is strongly tied to the well-known simultaneous conjugacy problem
for matrices (asking for invariants, or, normal forms, for the conjugacy class of a pair of n x n-
matrices under the action of GL,,; this problem lies at the bottom of the tame-wild dichotomy
in the representation theory of finite dimensional algebras, see [8, p. vii, last paragraph]). To
be more precise, let £ be the first-order language of rings. The question about the elimination
theory of M, (IK) in this language, a priori, seems to be all answered by the classical results for
the field K. (Contemporary model theory might even identify the bi-interpretable structures
K and M,, (IK).) However, already M,, (C) does not have quantifier eliminationin % (cf. 2.1.8)
and it admits quantifier elimination only if invariants for the simultaneous conjugacy problem
are named in an extended language. This is done in Sect.2.4.
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We now explain our main contribution, namely the elimination theory of matrix rings
of fixed size n x n. We switch to an arbitrary field K. A classical comparison of the field
K and the matrix ring M, (K) in terms of how the bi-interpretation is done reveals a more
subtle elimination theory of M,, (K). For an example, consider polynomials P (x, y), Q(x, y).
The solution set in M, (K)* of P(x,y) = 0, Q(x,y) # 0, seen as a subset of Kz‘"z, is
closed under simultaneous conjugation. The question of whether the projection onto the X-
coordinate(s) has this property is not answered within the elimination theory of K. The issue
is that the quantifier-free definable sets in M, (K) (in the language of rings for now) single out
certain K -definable sets and not all K -varieties can be described quantifier-free in M, (K).
The ring M,,(K) is quantifier-free definable in the field K. Conversely, K is universally
definable in the ring M,, (K) as its center' and in 2.1.4 we see a positive primitive (in particular,
existential) definition. However there is no field K that is quantifier-free definable in the ring
M, (K) as its center, see 2.3.

In Sect. 2 we identify natural necessary and sufficient conditions for quantifier elimination
of M, (K) in the language of rings expanded by two unary functions, naming the trace and
transposition. This is obtained for formally real Pythagorean fields (see 2.2.4) and it says
that M, (K) has quantifier elimination in the extended language if and only if there is some
D € NN depending only on n such that for all d and any two d-tuples of n x n matrices
X,Y € M, (K)? with

tr(w(X, X")) = tr(w(Y, Y"))

for all words w in x, x” of length < D, there is some O € M, (K) with 00" = I,, and
0'X;0 =Y, foralli,i.e., the tuples X and Y are orthogonally equivalent over K.

This condition is satisfied for the field of real numbers and more generally for every
intersection of real closed fields, see 2.2.5. A similar result holds for the complex field,
however the involution properly expands the matrix ring to include the reals. As mentioned
above, quantifier elimination of a natural definable expansion of M, (C) is closely related to
the simultaneous conjugacy problem; see 2.4.

For the theory of matrix rings and more generally, C*-algebras from a continuous logic
perspective we refer the reader to e.g. [13] (notice however, that our goals and our results
are tightly bound to the first order theory of matrix rings). We use basic model theory and
standard notations as explained for example in [17]. For generalities on decidability in first
order logic see [26]. All rings and algebras in this paper are associative but not necessarily
commutative or unital, i.e., they might not have an identity element. Fields are commutative.

2 Elimination theory of matrix rings

In this section we are concerned with the elimination theory of matrix rings of fixed size.
The first subsection is of preliminary nature and deals with model-completeness in the ring
language and with quantifier elimination after naming matrix units. After that, in the main
part, we study natural expansions by trace and transposition (or adjoint). In particular, we
prove quantifier elimination of the ring M, (R) expanded by the trace, transposition and the
order on its center, see 2.2.6.

L 1t should also be noted that for any field K, the ring M, (K) is already interpretable in the monoid (M, (K), -)
when n > 3. The reason is that (M, (K), -) interprets the poset of vector subspaces of K" and one can then
invoke incidence geometry, see [34, 5.1]. For the interpretation we code a subspace as the range of a matrix
and note that ran(A) C ran(B) <= 3IC € M, (K) : A = BC.

@ Springer



45 Page4of20 1. Klep, M. Tressl

2.1 Naming matrix units

In this subsection we show that model-complete expansions of fields have model-complete
matrix rings in their natural language, see 2.1.7. If we name matrix units, the same is true for
quantifier elimination, see 2.1.11.

2.1.1 On matrix units. We describe the abstract properties of a full set of matrix units (i.e.,
n X n-matrices that have exactly one entry 1 and all other entries 0). Let A be a ring,
n € Nandfori,je{l,...,n}leta;; € A. Suppose foralli, j,s,t € {1,...,n} we have
ajj-as; = 8jsa;,. The following properties are easily verified.

(1) Fori, j,s,t €{l,...,n} wehave aga;jan; = 8;58j1ai;.

(2) If ajj = 0 for some i, j, then ay; = ag;-a;j-a;; = 0 for all 5, . Now assume all a;; # 0.
Then the a;; (1 < i, j < n) are linearly independent over any central subfield F of A.

(3) For (xij)i,jef1,...n}» (YVijlije(l,...n} € My (F), we have

( Xn: xijaij)-( Xn: yijaij) = Zn: (

i,j=1 i,j=1 i,j=1

n

xikykj)aij'
1

(4) Let F be a central subfield of A. The map
M, (F) — A, (uij)i jeq1,...n) — Z uija;j

is a (not necessarily unital) F-algebra homomorphism, because it is clearly F'-linear and
it is a ring homomorphism by (3). If a;; # O for all i, j € {1, ..., n}, then by (2) this
map is injective. To see an example where the map is not unital, choose any field F, set
n=1<m,A= M,(F) and take a;; € A\{0, I,;,} with alzl =ajj.

2.1.2 Defining matrix units. The language of unital rings is denoted by .%; = {+, -, —, 0, 1}.
Let F be a field and let M = M, (F). The center C = C, of M is isomorphic to F, but we
will work with C instead of F. For N € IN we consider My (C) as a subset of MY * and
as an F-algebra via the natural embedding F = C — My (C). Take 2N 2 4 2 variables
= (ujli,je{l,...N}), x =(x;; |i,j € {1,...N}), y, v. Consider the following
Zi-formulas:

(1) Lete = gpn(u) be the formula

N N
N wijuj=ui #0 A N\ i =0
i,j,t=1 i,j,s,t=1,j#s
and let & = &}, (1) be the formula
N N N
/\ Ujj-Ujr = Ujs N Zu“ =1A /\ Ujj-Ust = 0.
i,j,t=1 i=1 i,7,8,t=1,j#s

(2) Let§ = 8y(v, u) be the formula /\5{::1 Vellgy = UgseV.
(3) Let Ay (&, y. it) be the formula y = 3", _| xjj-uij.

Finally let y = yn (X, y, i) be the formula A(x, y, u) A e(u) A /\ﬁ,’:] 8(xij, u).
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By 2.1.1 we then obtain

2.1.3 Proposition Fori,j € {1,..., N} let E;j € My(C) be the N x N-matrix that has

exactly one nonzero entry, namely 1 (€ C) at position (i, j).

) If®: My(C) — M, (F) = M is a (not necessarily unital) embedding of F-algebras,
then the N*-tuple a := (©(Eij))i,je(1,..N) € MY s a realization of ey (u), and
yn (X, y, a) defines the graph of ® in the ring M.
necessarily unital) embedding of F:éigebras Oz : My(C) — M, (F) such that
Oa(Eij) = aij (i, j € {1,..., N}). Explicitly, the graph of ©; is defined by yy (X, y, a).

Consequently,

(3) The family of all (not necessarily unital) embeddings of F-algebras My (C) —> M, (F)
is quantifier-free definable in M by y(x,y, i) and its parameter set is quantifier-free
defined by €(u).

(4) The formulas ¢y and 6‘; define the same set in the ring My (C). ]

2.1.4 Corollary For any field F the center of M,,(F) is positive primitively definable in the

language % by it (e, (it) A 8, (v, it)). o

2.1.5 Corollary (1) Forafield F, the theory of M, (F) is axiomatised by saying the following

about a model A with center C:

(a) A is a ring whose center C is elementarily equivalent to F.

.....

ization, v, (X, y, a) defines an isomorphism M,(C) — A.

(2) IfA, Bareringsthat are elementarily equivalent to M, (F), and if A is a subring of B, then
the center C of A is a subring of Cp. Further, for each realization a = (a;j);, je(1,...n)

. 2 . .
of & in A the following diagram commutes:

Ae—— B
0 |= =|0;

My(Cp) — M,(Cp)
m]

2.1.6 Definition Let F beaficldandlet F be an expansion of F' in some language . extending
i (cf. [17, p.9]). Then we define the .Z-structure M, ( F ) as the structure expanding the ring
M, (F) and that interprets new relation symbols and constant symbols only on the center C
of M, (F) as given by F. A new m-ary function symbol f is interpreted on C™ as given by
F, and set to be 0 outside of C™.

Recall that a structure M in some language .Z is called model-complete if the .Z-theory
of M is model-complete (cf. [17, Thm 8.3.1]). Similarly, M has quantifier elimination, if its
Z-theory has quantifier elimination.

For algebraically closed fields, the following may be found in [29, Theorem 5.4].

2.1.7 Proposition If Fisa model-complete expansion of a field F in some language &
extending %, then the £ -structure My, (F) is also model-complete. Hence, for example, the
ring M, (C) is model-complete and the ring M, (R) expanded by the natural order on its
center is model-complete.
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Proof This is aroutine argument using 2.1.5: Let A, B be Z-structures with underlying rings
A, B respectively. Suppose A, B are elementarily equivalent to M, (F) W1th A C B.Weneed
to show that A < B. Choose a realization @ = (@ij)i,jef1,...n} OF sj in A” asin 2.1.5(1) and
consider the commutative diagram of 2.1.5(2). We see that the .#-structure .# induced by
A on Cy is a substructure of the .Z-structure .#" induced by B on Cp. By assumption this
extension is elementary. Since Ais interpretable in ./ in the same way Bis interpretable in
N, we get A < B. O

2.1.8 Remark A corresponding version of 2.1.7 for quantifier elimination (instead of model-
completeness) fails; for instance the ring M,,(C) does not have quantifier elimination in .%};
for any n > 2. In fact, by [28, proof of Theorem 3.2], for any infinite field F, the center of
M, (F) is not quantifier-free definable with parameters from F -1, in the ring M,, (F).
A geometric argument goes as follows: Assume F - I, is quantifier-free F - I,-definable
in M,,(F). Then F - I, is a finite union of nonempty sets of the form {X € M,,(F) | p1(X) =
= p,(X) = 0and q1(X), ..., qs(X) # 0}, where p;, g; are univariate polynomials
from F[¢]. Since such polynomials have only finitely many roots in F and F is infinite,
one of these sets is of the form {X € M,(F) | g1(X), ..., qs(X) # 0}. But then F-I,, has
nonempty Zariski interior in M, (F'), a contradiction.

If we allow matrix units as parameters, then a corresponding version of 2.1.7 for quantifier
elimination does hold.

2.1.9Lemma IfU is a subring of M,,(F), F a field and U contains the standard matrix units
Eij, 1 <i,j <n,then

Ry ={a € F|aisthe (1,1) entry of some Y € U}
is a subring of F and U = M,,(Ry).

Proof Leta,b € Ry, say a is the (1, 1) entry of X € U, and b is the (1, 1) entryof ¥ € U.
Thena + bisthe (1, 1) entry of X + Y € U, and ab is the (1, 1) entry of XE|1 YE1 € U,
proving then Ry is a subring of k.

Given X € U € M, (F), X = (x;});,j, we see that x;; is the (1,1) entry of E{; XE; € U,
so U C M, (Ry). Conversely, if X = (x;;);,j; € M, (Ry), then each x;; is the (1,1) entry of
some Y;; € U. Hence X = Z JEj1YjjEjeU. O

2.1.10 Recallfrom[17, Thm. 8.4.1] that an .#-theory T has quantifier elimination if and only
if it is model-complete and models of T have the amalgamation property over substructures.

2.1.11 Proposition Let F be an expansion with quantifier elimination of a field F in some
language £ extending £ and let ¢ = (c;j)i, je(1,...n) be new constant symbols. Then the
Z(c)-structure (M, (F ), e), where C is interpreted by a tuple e of matrix units, also has
quantifier elimination.

In particular, the ring M, (C) expanded by the standard matrix units E;; and the ring
M, (R) expanded by the natural order on its center and the standard matrix units E;; have
quantifier elimination.

Proof Since M, (F) is model- -complete by 2.1.7, it suffices to show that the theory of
M, (F ), €) has the amalgamation property. Let (A a) (B b) be £(¢)-structures with
underlying rings A, B respectively. Suppose (A, @), (B, b) are elementarily equivalent to
(M, (F ), e) and suppose % is a common .Z(c)-substructure. Hence % = (U , i), where
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U is an expansion of a common subring U of A and B, and i = a = b. Let K, L be the
center of A, B respectively. By 2.1.5 there are ring isomorphisms ¢ : A — M, (K), ¥ :
B — M,,(L) that map u;; to the standard matrix unit E;; for all i, j. We expand M, (K) to
the .Z-structure M, (IE ) that makes ¢ an .Z-isomorphism A —> M, (I% ), and similarly for
M, (L).By 2.1.9, there are subrings R € K, S C L such that the restriction of ¢, ¥ to U are
isomorphisms onto M, (R), M, (S) respectively. We expand M, (R), M, (S) to the induced
£-substructures of M, (I? ), My (i) respectively and obtain the following commutative dia-
gram:

(My(K), E) +— (A, i) (B.ii) = (My(D). E)
] N 7 i
(My(R), E) = U, i) = (My(R), E)

Restricting all maps to centers and using that F has quantifier elimination, there is some €2
elementarily equivalent to KandL together with Z’-embeddings p : K— Q68:L—Q
such that for every v in the center of U we have p(¢(v)) = §(¢¥ (v)). Let p : M, (K) —
M,(Q), 8 : My,(L) — M, () be the unique extensions of p, § preserving the standard
matrix units. We see that p, § are .2 (¢)-morphisms and thus the desired amalgamation is
given by the maps p o ¢ and § o . O

2.2 Quantifier elimination with trace and transposition

We have seen in 2.1.11 that quantifier elimination of a field in a suitable language carries over
to its matrix rings if we allow naming of definable parameters (i.e., the set of these parameters
is 0-definable). Without parameters the assertion fails, see 2.1.8. We now consider quantifier
elimination of expansions of matrix rings by trace and transposition in the case of Pythagorean
fields. We will see in 2.2.4 that quantifier elimination is equivalent to a property in invariant
theory describing simultaneous orthogonal similarity of matrices (where the conjugating
matrix is orthogonal). For the real field the characterization entails quantifier elimination of
the ring M, (R) expanded by the trace, transposition and the order on its center.

2.2.1Lemma Let K, L be fields. Let £ be the extension of 243 by a unary function symbol.
Consider the £-structures (M, (K), trx) and (M, (L), trp). Let (U, f) be an £ -structure
and suppose we are given £ -embeddings ¢ : (U, f) — (M,(K),trg) and ¢ : (U, f) —
(M, (L), try). Then

(1) The subring R of U generated by the image of f is commutative and ¢(R) C K-I,,
V(R) € L-Iy.
) If K-1,, and L-1, can be amalgamated over ¢|r, ¥|g into some field Q2 by maps p :

K-I, — Q1,,§ : LI, — Q-I,, then for the induced maps p : M,(K) —
M,(2),6 : My(L) — M, () and every X € U we have

tra(p(p(X))) = tro(S(¥ (X))).
Here are the maps in a (not necessarily commutative) diagram.
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(M, (), trg)

b 5
(M (K), th)% w/(Mn(L)’ try)
. f)

@IR ]\ VIR
(R, fIR)

Proof (1) Let X € U, then ¢(f(X)) = trg(p(X)) since ¢ is an Z-homomorphism
(U7 f) —> (Mn(K),trK). Since tI'K((p(X)) e KIn we get (/)(f(X)) c KIn Hence
¢(fU)) < K-Iy. Since ¢ is an embedding U —> M, (K), R is commutative and
@(R) € K-I,. Similarly, ¥ (R) C L-I,.
(2) For X € U we have
tro(p(¢p(X))) = p(trg (p(X))) since troop = potrg
= p(p(f(X)))since trx op =g@o f
= S(W(f(x))) since pop = So (//’

and similarly trg (S(w(X))) =5 (f(X))). m]

2.2.2 Theorem Let Q2 be a real closed field or the algebraic closure of a real closed field. For
Xi,....Xa,Y1,...,Yq € M,(RQ2) the following are equivalent:

(1) There is some unitary O € M,(2) with O-X;-O* =Y, foralli € {1, ...,d}.?
(2) For every word w in the letters X1, . .., X4, X{, ..., x]j we have

tro(w(Xy, ..., Xq, XT, R X;)) =tro(wq,..., Yy, Yl*, R Y;))
(3) For every word w of degree < n? in the letters x1, ..., x4, D 53
trow(X1,.... Xg. X5, ... X5) = trqw(Yy, ..., Ya, Y, . YD),

Proof The equivalence of (1) and (2) over C is established in [36, Thm. 4] and in [31, Cor.
1]. The equivalence of (1) and (2) over R is given by [31, Lemma 2] (see also [23, Thm 7.1,
Thm. 15.3]). For degree bounds in (3) (when 2 = R or C), see [23, Thm 7.3] and 2713
Since (2) is equivalent to (3), all equivalences carry over to all real closed fields and to their
algebraic closures. O

2.2.3 Observation Let F be a formally real field. Then
X=0 < uX'X)=0

for every matrix X = (x;;) € My(F), because tr(X'X) =3, ; x,2j

2 If Q is real closed then X* is the transpose of X. If Q2 is the algebraic closure of a real closed field ¢ C 2
then X* is the conjugate transpose of X with respect to €.

3 Ford = 1, this result is classical. The equivalence between (1) and (2) over C is due to [33, Satz 1]. The
degree bounds and the real case for d = 1 are due to [22, Thm. 1 and Cor. to Thm. 2].
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2.2.4Theorem Let F be a formally real Pythagorean field (hence sums of squares are
squares) and let F be an expansion of F in a language £ extending the language 4.
Suppose F has quantifier elimination in .£. Let £ (tr, inv) be the extension of £ by two new
unary function symbols. The following are equivalent.

(1) The structure (Mn(I:"), trp, X — X') has quantifier elimination in £ (tr, inv).
(2) F has the Specht property for the transpose, i.e., there is some D = D (n) such that for
all d and any two d-tuples of n x n matrices X, Y € M,(F)? with

tr(w(X, X")) = tr(w(Y, Y"))

for all words w in x, x' of length < D, there is some O € M, (F) with 00" = I,, and
O'X;0 =Y, foralli.

3) If[% = F and % is a substructure of (Mn(k),trK,X = XDYand ¥y : U —
(M,,(I%), trg, X = X') is an embedding, then there is an elementary extension Q>K
and an extension of  to an embedding (M,,(I%), trg, X —» X') — (M,,(Q), tro, X —
X"). Hence the following diagram commutes:

(M (), tra, X > X')

/’\

(Mn(lg), trg, X — X' (M,,(K), trg, X = X')
\ /
4

Proof (2)=>(1) Since F is model-complete we know from 2.1.7 that M, (F) is model-
complete and so is its definable expansion (My(F), trp, X — X'). Hence by 2.1.10 it
suffices to show that the theory T of (M, (F), trp, X — X") has the amalgamation property
over finitely generated substructures. So let .#, .4 |= T and let % be a common finitely
generated £ (tr, inv)-substructure of .#, 4. Using 2.1.1, 2.1.3 and as .# = T we see that
there is an isomorphism ¢ : .# — (M, (IZ), trg, X — X') where K = F: In the lan-
guage .Z(tr, inv) we can say that there are matrix units a;; over the center K of .# such that
the ring homomorphism M, (K) —> .# that maps E;; to g;;, is an isomorphism mapping
transposition to the action of inv-# .

We write ¢ for the restriction of ¢ to % . Similarly, we see that there is an isomorphism
1} N — (M, (i,), tr, X — X"), with L = F and we write Y for the restriction of 1/_f to
% . We now replace .# by (M, (K),trg, X — X') and A4 by (M, (L), try, X — X') and
we need to amalgamate these £ (tr, inv) structures over % via the £ (tr, inv)-embeddings
©, . We write = (U, f,h),where f : U —> U andh : U —> U are the maps induced
by the trace functions and the transpositions, respectively on U.

Let R be the subring of U generated by the image of f. By 2.2.1(1), R is commutative,
¢(R) C K-I,, and ¥ (R) C L-I,. For better readability we now identify K with K-7, and L
with L-1I,. Since ¢ is an .Z- embeddlng, M, (K ) and M, (L) induce the same .Z-structure R
on R and ¢|g : R — K, ViR : R — L are embeddings of .Z-structures. Since F has
quantifier elimination there are Q = F and #- -embeddings p : K—Q §:L —Q
such that p o |z = 8 0¥ |g. We write p, & for the induced .Z(tr, inv)-embeddings as in 2.2.1
and consider the diagram
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(M, (Q), trg, X + X')

(M,(K), trg, X — X) (M, (L), trp, X — X")

§7

Notice that in general only the outer square in this diagram commutes. Since % is a finitely
generated .Z-structure, there are Xi,..., Xy € U such that U is the ring generated by
X1,...,Xq4.

Claim. There is some orthogonal matrix O € M, (2) such that for all i € {1,...,d} we
have

0-6(9(X))-0" =5 (X))

Proof We write Y; = p(¢(X;)) and Z; = 8(¥ (X1)). To see the claim we use (2), by which
it suffices to show that for every word w in x1, ..., x4, x{, ..., x); we have

trowY1,....Yg, Y], ....Y) =teqw(Zi, ..., Z4, Z}, ..., Z})).

Let X = y)(Xl, vy Xd, h(X1), ..., h(Xyg)) € U (the degree bound D is used to transfer
(2) from F to 2). By 2.2.1(2) we know that

tre(5((X))) = traS(¥ (X))).

Since p and ¢ respect the function symbol for the adjoint we see that

(X)) = plp(w(X1, ..., Xq, h(X1), ..., h(Xa))))
= w(p(PX1)), ..., ple(Xa)), ple(XD)', ..., plp(Xa))")
= w(Yi,..., Y, Y}, ... YD,

Similarly, S(t/f(X)) =w(Z,...,Zq, Z R Zﬁl), establishing the claim. O

Now take an orthogonal O € M,,(2) as in the claim and observe thatthe map y : M,,(2) —
M,(R2), X — O-X-O! preserves traces, adjoints of matrices and the .#-structure of M,, (Q).
Hence y is an £ (tr, inv)-automorphism of (M,,(Q), trg, X — X).

Consequently, by the claim, y o 5 o ¢ = § o . This shows that the maps y o p o ¢ and
8 o ¢ form an amalgamation of the .Z (tr, inv)-structures .# and .4 over the .Z(tr, inv)-
embeddings ¢ and .

(1)=(3) is a weakening, see 2.1.10.
(3)=(2) By a standard compactness argument it suffices to show that (2) holds without the
degree bound for all K = F.

Let % be the Z(tr, inv)-substructure of M, (I% ) generated by K-I,, and the X;. Let U
be the ring underlying % . Hence U is generated as a K -algebra by all words in the X;, X!.
Let ¢ : U — M,(K) be the identity mapping and let v : U — M, (K) be the K-algebra
homomorphism that maps X; to ¥; and X! to Y/.
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We claim that v is an Z(tr, inv)-homomorphism. Firstly, ¥ is well defined: It suffices
to show that for every noncommutative polynomial p(x,x’) with coefficients in K and
p(X,X") =0, we have p(Y, Y") = 0. By 2.2.3 we know tr(p(X, X")! p(X, X")) = 0. But
the left-hand side of this equation is simply a linear combination of traces of words in the
X, X'. Hence by the assumption on traces, tr(p(Y, Y)! p(Y, ¥Y")) = 0. Thus p(¥Y, Y") =0
by 2.2.3 again. It is clear that ¥ is an .Z(tr, inv)-embedding.

Now we amalgamate as asserted in (3). There are an elementary extension Q of K and an
Z-embedding p : M,,(IE) — M,,(fl), preserving tr and inv such that ¥ () = p(u) for all
u € % . Since p is compatible with the traces it is a K -algebra homomorphisms. Hence by
the Skolem—Noether theorem (see [7, Thm 4.46]), there is some invertible Z € M, (2) with

p(X)=2Z"'XZ forall X € M,(K).
Now,
Z7'X'2=p(X") = (p(X)) =27 'Xx2) = 7' x"(z7" = z'x"(z")7",

whence ZZ' X' = X'ZZ' for all X. Hence ZZ' is central and there is some 1 € Y Q? with
77' =7'Z = M,

By the commutativity in the amalgamation diagram we know Z~!X;Z = ¥; for all i.
Since 2 is Pythagorean we also know that X is a square and so we may replace Z by % and

assume A = 1. Hence O = Z~! is an orthogonal matrix with coefficients in € satisfying
0'X;0 =Y, foralli. Since Q is an elementary extension of K we may find such an O with
coefficients in K as well. O

We next identify a large class of fields with the Specht property, namely fields that can be
written as intersections of real closed fields. We refer to [10] for a systematic study of such
fields. In [21] the authors say such fields satisfy the principal axis property: every symmetric
matrix over F is orthogonally similar to a diagonal matrix over F'. Notice that all fields that
can be written as intersections of real closed fields are Pythagorean and by [3, III, §1, Thm.
1], every hereditarily Pythagorean field is the intersection of real closed fields.

2.2.5 Proposition Suppose the field F is an intersection of real closed fields. Then F has the
Specht property for transposition.
More precisely, given two d-tuples of n x n matrices X, Y € M, (F)¢ with

tr(w(X, X")) = tr(w(Y, Y"))

for all words w in x,x' of length < n?, there is some O € M,(F) with 00" = I,, and
0'X;0 =Y, foralli.

Proof By 2.2.2, for every real closed field R D F there is an orthogonal matrix U € M, (R)
with UIXL'U =Y.

Consider the system of linear equations PX; = Y; P and PXf = Yi’P fori =1,...,d.
It has solutions P with nonzero determinant in every real closed field extension of F by the
above, so it must have a solution P € M;(F) that is invertible. Hence P~'X; P = Y¥; and
P~1X!P =Y/ forall i. In particular,

pixiPp =Y/ = (P'x;P) = P'XI(P))",

whence P P’ commutes with all X; and X!.
Since F has the principal axis property, we can diagonalize P P’. There is an orthogonal
matrix V € M, (F) and a diagonal matrix D € M,,(F) with V! P P'V = D. By construction,
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each entry of D is a (sum of) square(s). We thus find a diagonal matrix VD € M,(F) with
VD' = D.Let H := V/DV' € My(F). Then
2
H>=v/DV'V/DV' = VD V' =VDV' = PP',

i.e., H is the symmetric square root of P P’. Thus by standard linear algebra, it commutes
with all elements that commute with P P".
Set O = H~'P. Then

0'0=PH 'H'P=PH2P=PPP)'P=PP'P'P=1,
so O € M, (F) is an orthogonal matrix. Further,
0'X;0=0"'X;0=P 'HX;H'P =P 'X;P =Y,
as desired. O

2.2.6 Corollary Let F be an intersection of real closed fields and let F be an expansion of
F in a language £ extending the language of rings. Suppose F has quantifier elimination
in Z. Let Z(tr,inv) be the extension of £ by two new unary function symbols. Then the
structure (M, (I:"), trr, X — X") has quantifier elimination in £ (tr, inv).

Proof Tmmediate from Theorem 2.2.4 and Proposition 2.2.5. O

2.2.7 An application: Sylvester’s equation A famous matrix equation from control theory
is Sylvester’s equation [6], AX — XB = C for some n € IN and n x n real (or complex)
matrices A, B, C. By the Sylvester-Rosenblum theorem, given A, B there is a unique solution
X for every C iff the spectra of A and B are disjoint, and by the quantifier elimination proved
in Corollary 2.2.6 (or 2.4.2 below, for the complex case), this can be expressed quantifier
free in A, B purely in terms of the trace and (conjugate) transpose.

2.3 Trace and transposition are needed

We present three examples establishing the optimality of 2.2.4. The first example shows that
we cannot omit the trace.

2.3.1Example Let K be a field of characteristic zero. Let

X1: 2 s Xz: 1 €M3(K).
2 2

Let U be the unital subring of M3(Z) generated by X ;. Consider the ring homomorphism
¥ : U — M3(K) defined by

X1 +— Xo,

and let ¢ : U — M3(K) be the inclusion mapping. Then the following diagram cannot be
amalgamated:

M3(K) M3(K)
S,

(Notice that ¢ and v also respect the transposition, since all X € U are symmetric.)
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Proof Notice that it suffices to verify the claim for K = L = Q. Firstly, the map ¢ is well-
defined, since the minimal polynomial of X is (r — 1)(# — 2) and is equal to the minimal
polynomial of X;. Now assume M3(2) is an amalgamation of { and ¢ over U, and the
following diagram commutes:

M3 (£2)

M;3(Q) M;3(Q)

Sy A

Then 5, § : M3(Q) — M3(2) are ring homomorphisms. By the Skolem—Noether theorem
(see, e.g. [7, Theorem 4.46]), there are invertible matrices W, V € M3(2) such that

p(Y)=Wlyw, s)=vlyv
forall Y € M3(Q). Then
VXV =68(X2) =8 (X)) = plp(X1) = p(X1) = W' X1V,
yielding
Xo =W hHx, (vwhH=l,

However, this is not possible because X| and X, are not similar; for example they have
different characteristic polynomials. m}

The second example shows that we cannot omit transposition in 2.2.4.

2.3.2 Example Let K be a field of characteristic zero. Consider

01 00 01 00

00 00 00 00
Xi=1o 0 01" *=]o o0 ool M)

0 0 00 00 00

Let U be the unital subring of M4(Z) generated by X;. Consider the ring homomorphism
¥ : U — M4(K) defined by

Xlr—>X2,

and let ¢ : U — M4(K) be the identity mapping. Then ¢ and ¢ cannot be amalgamated
over U. (Notice that ¢ and  also respect the trace functions.)

Proof Again, it suffices to verify the claim for K = L = Q. Note that ¥ is well-defined
since the minimal polynomial of X and of X» is 2. Now assume My (S2) amalgamates ¢
and ¢ over U. As in 2.3.1 this leads to X being conjugate to X, (over €2 and thus over Q).
However, this is impossible since X1 and X» are not similar; for example dim ker(X;) =
2 # 3 = dimker(X>). ]

By 2.2.6, the structure (M,(R), <,trg, X + X') has quantifier elimination in

Zi(<, tr, inv). The third example shows that (M, (C), trg, X +— X') does not have quanti-
fier elimination in .%; (tr, inv).
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2.3.3 Example Complex matrices with the trace and transpose do not admit quantifier elim-
ination. For the same reasons as above it suffices to show there exist symmetric order two
nilpotents with different rank. For this we take N to be the rank one outer product N; = uu'
withu = (l i0 O)t and we let N, be the symmetric order two nilpotent

0 1 0 —i
1 0-i 0
N=1 o 0-1
—i 0—1 0.

2.4 The simultaneous conjugacy problem

2.4.1 As in the proof of 2.2.4(2)=>(1), using the complex Specht property (see 2.2.2), one
can establish that the theory of (M, (C), <, trg, X + X¥) has quantifier elimination; here
< is the order on the symmetric center R - I,,. The underlying expansion of the field C is
@::(C, 7 — 7, <), where < is the order on R and 7 is complex conjugation. Since R is not
definable in the field C, the structure € is a proper expansion of C. Conversely, the field R
obviously defines the structure C; hence the complex version of 2.2.4 is a statement about
the real field.

2.4.2 The question on whether a natural definable expansion of the ring* M, (C) has quan-
tifier elimination is tightly related to a “hopeless” open problem in invariant theory [15, 19,
20]. Namely the classification of d-tuples of n x n matrices under simultaneous conjuga-
tion by GL,, (C), i.e., understanding the quotient M, (©)4 / GL,,(C). Alternately, in algebraic
language, one is interested in a canonical form for tuples of matrices under simultaneous
conjugation, a role played by the Jordan canonical form in the case d = 1. A relaxation of
the problem asks for a set of invariants that separate the orbits.

In model theoretic terms this can be phrased as follows. Let M be the ring M,,(C) and fix
d € IN. We write ~ for the simultaneous similarity relation on M9, i.e., X ~4 Y if and only
if there is Z € GL,(C) with X = Z~'YZ. Then ~y is a 0-definable equivalence relation
and by elimination of imaginaries of the field C (cf. [17, Thm. 4.4.6]), there is a 0-definable
function fy : M? —> M¥* for some k such that X ~ ¥ <— fd()_() = fd()_’). If we
add names for all the f; to the language of rings, one can prove quantifier elimination of
the resulting expansion of M just like in the proof of 2.2.4(2)=-(1); the sequence of the f;
substitutes the role of the transposition and the trace (most crucially the claim in that proof
becomes just the defining property of the f;’s).

A caveat here is that the functions f; are not explicit. In [14] functions f; as above
are explicitly constructed, up to a finite number of exceptions. Alternatively one can use
techniques from Grobner bases to construct them explicitly (without exceptions). This is
work in progress and will be published in another paper.

‘We would also like to point out that after submission of this paper, a subsequent paper [11]
— published in 2023 — has identified a concrete set of separating invariants for M¢. Namely, a
d-tuple of n x n matrices (A1, ..., Ag) is up to simultaneous similarity uniquely determined
by ranks of linear matrix pencils

rank ([, @ To+ A1 QT + -+ + Ag ® Ty),

where the T run through m x m matrices with m < dn.

4 Hence an expansion of M, (C), which interprets the new symbols by sets and functions that are definable
in M, (C).
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3 Undecidability of dimension-free matrices

We now turn to model theoretic properties of dimension-free matrices. In Sect. 3.2 we present
six natural algebraic structures capturing the set of all matrices of all sizes over a given field
and prove that all of them are undecidable. This is based on undecidability of finite groups,
which is reviewed in Sect. 3.1, suitable for our purpose. As a general reference for elementary
properties of classes of finite groups in relation to decidability questions, we refer to [5,
Section 6.3].

3.1 The universal Horn theory of finite groups

Throughout, %, denotes the language {-, ~1, e} of groups and T, denotes the ZLyr-theory
of finite groups. Hence

Thin = {¢ | ¢ an Ly -sentence with G |= ¢ for every finite group G}.

Further, Tsp v denotes the universal theory of finite groups, hence all sentences in Tfy, of
the form

r m k
vatcceeon AN =e — Vi =e).
j=1

i=1

where r,m, k € No, r > 1 and s,, t;; are L -terms in the free variables x, ..., x, (aka

_1”). A universal Horn sentence of .Z;; is a sentence of the form

“words in the x; and x;

m

Vxl,...,xn(/\Sj:e — t:e),

j=1

where m € INg and s;, t are Ly -terms. We write Tq, y—v for the set of all universal Horn
sentences in Txp v and call it the universal Horn theory of finite groups.

Notice that by the shape of the sentences in T v and in Tfn H—v, every subgroup of a
model of Tfin v, Tfin,H—v is again a model of Tfy v, Tfin, H—v respectively.

3.1.1 Fact (cf. [32]) The universal Horn theory of finite groups is undecidable. More pre-
cisely: Tgn q—v is not a recursive subset of the set of Zy-sentences. The same is then obviously
true for Tin v.

3.1.2 Definition We call a class K of groups satiated if

(a) Every finite group embeds into some member of K, and,
(b) Every member of /C is a model of the universal Horn theory of finite groups.

Let R be any first order structure in an arbitrary language .. We call R satiated if R has a
uniform interpretation of a satiated set of groups. This means that there are k, n € IN and an
Z-formula u(xy, X2, y, ), where X, xp, y are n-tuples and Z is a k-tuple such that

(a) for every a € RE, the subset defined by (X1, X2, ¥, @) in R¥" is the graph of multipli-
cation of a group Gz with universe contained in R", and,
(b) the set of groups {G; | a € R¥} is satiated.

3.1.3 Proposition Any satiated structure is undecidable.
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Proof The definition readily implies that the universal Horn theory of every satiated class
K (thus, all universal Horn Z,-sentences that are true in all G € K) is the universal Horn
theory of finite groups. Now suppose that R is a decidable satiated structure. Take a formula
w as in 3.1.2. It is then clear that there is a map ¢ — ¢ from universal Horn sentences in
Zy: to the set of Z-sentences with recursive image such that ¢ € Ty y—v if and only if ¢ is
true in R. But then T, y—v 1S recursive, in contradiction to 3.1.1. m]

Recall that a linear group is a group that can be embedded into some GL,, (F) for some field
F.

3.1.4 Theorem Every linear group is a model of the universal theory of finite groups.’

Proof 1t suffices to show the claim for the group G = GL,,(F) when F is an algebraically
closed field. If F has characteristic p > 0, then by completeness of the theory of algebraically
closed fields of fixed characteristic we may assume that F is the algebraic closure IETP of
IF,. But then G is the union of all the GL, (K), where K runs through the finite fields of
characteristic p. Since universal sentences are preserved by unions we get the assertion.
When F is of characteristic 0, then using £.0§’s theorem, G is elementarily equivalent to any
non-principal ultraproduct of the GL,, (IFT,), p prime. Hence the result follows. O

3.1.5 Corollary Let K be any class of linear groups such that every finite group embeds into
some member of K. Then I is satiated. This, for example, is the case for any class of linear
groups containing all the GL,, (F) for some fixed field F.

Proof Immediate from 3.1.4. |

3.2 Applications to dimension-free matrices

There are various ways how the collection of all square matrices of arbitrary (finite) size over
a field can be given an algebraic structure. We present six such constructions and show that
each of them is undecidable. In the realm of infinite matrix theory in the sense of Poincaré (cf.
[4] and [9]), one can find many constructions containing all finite square matrices. But then
either one does not have a handle on the finitely sized matrices, or one of the constructions
below will be interpretable.

3.2.1 Dimension-free matrices with partial operations. Let F be afield and let R, R be the
following structures in a language . = {R} for a ternary relation symbol R. The universe
of R is the disjoint union of all the GL,, (F). The relation symbol R is interpreted in R as
the union of the graphs of all the multiplication maps GL, (F) x GL,(F) — GL,(F). The
relation symbol R is interpreted in R, as the union of the graphs of all the multiplication
maps M, (F) x M, (F) — M, (F).

Then R, R, are satiated, hence undecidable by 3.1.3. The formula w that uniformly
interprets the satiated set {GL, (F) | n € IN} in R is the formula

Ju R(x1,z,u) AJu R(x2, z,u) A R(x1, x2,y).

For R, we take the formula w(x1, x2, y, z) & “x1, x are invertible”, where “x invertible”
stands for the .Z-formula expressing that x is invertible in the semigroup of all u for which
u-x is defined.

3 Note that each finite group G embeds into M| (F) via the left regular representation A in such a way that
tr(A(g)) =0for g # 1 and A(g_l) = A(g).
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3.2.2Lemma Let F be a field and let S be a subsemigroup of M,,(F). If S is a group, then S
is isomorphic to a subgroup of GL,, (F) for some m < n. In particular, S is a linear group.

Proof Let I be the neutral element of S. Then 7 is idempotent and there is some P € GL,, (F)
such that P~1.1- P is of the form
, _(EO
¢ = ()

where E is the identity matrix of M,,(F) for some m < n. Let 0 : M,(F) —
M,(F); o(X) = P~1.X-P. Then o is an automorphism of M, (F) and as I-X-I = X
we get E'-0(X)-E' = o(X) for all X € S. However, matrices with this property are all of

the form
; (YO
r=(00):

for some Y € M,,(F). If we embed M,,(F) into M,,(F) by mapping Y to Y’, we see that o
maps S into M, (F). Hence S is isomorphic to a subgroup of GL,, (F). O

3.2.3 Finite rank infinite matrices. Let F be a field and let R be the semigroup of all IN x IN-
matrices with finite support and multiplication as operation. Then R is a satiated structure
and is thus undecidable by 3.1.3.

Proof We consider M, (F') as the subsemigroup of R consisting of all n X n-matrices sitting
in the corner of R. We give a uniform definition of a satiated class of linear groups in R using
a formula p in the language {-} of semigroups, as explained in 3.1.2. For X € R, consider
the set

CX)={YeR|VZeER(X-Z=0—>Y-Z=0)&(Z-X=0— ZY =0))}.

It is easy to see that C(X) € M, (F) for X € M, (F) and that C(X) = M,(F) for X €
GL, (F).
Let ¥ (z1, z2) be an {-}-formula such that ¢ holds at (X, I) € R2in R just if the set

GX,H)={YeCX)|3ZeCX)Y-Z=2Y =1}
is a group with neutral element /. Then the formula ¢(x, z1, z2) defined as
(Y (z1,22) > x € G(z1,22) & (=¥ (21,22) > x =0)
has the following properties for all (X, I) € R*:

(a) ThesetofallY € R with R = ¢(Y, X, I) is a linear group (use 3.2.2).
(b) If X e GL,(F)and I = I,,thensetofall Y € R with R = (Y, X, I) is GL,(F).

It is now standard to write down a {-}-formula p(x1, x2, y, 21, z2) that uniformly defines a
satiated class of groups (also invoke 3.1.5). O

3.2.4Products. If (G; | i € I) is a satiated family of groups, then ]_[ie ; Gi isundecidable, in
fact the universal Horn theory of that product is undecidable. Hence by 3.1.5, for any field F,
the group [ [,cy GL, (F) is undecidable, and consequently so is the semigroup [ [, . M (F)
(observe that [ ], .y GL, (F) is the set of invertible elements of [ [, v M (F)).
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Proof We write P = [[,.; G; and show that P satisfies exactly the same universal Horn
sentences as the those satisfied by all finite groups. Then 3.1.1 gives the assertion.

As a product, P satisfies all universal Horn sentences that are true in all G; and so P satisfies
all universal Horn sentences that are true in all finite groups.

Conversely, let ¢ be a quantifier-free Horn formula

/\Sj:e—>t:e
J

in [ free variables and assume P |= V¢. Let H be a finite group and suppose H =
/\j sj(hi,...,hy) = e. Fix some iy € I and an embedding ¢ : H < G;,. We define
X1,...,X; € Pby

t(h;) ifi =iy,
Xj,i={ e .0
e if i # ip.

Itis clear that G; = /\j si(X1,i,..., Xyi) =eforalli € I. Hence

Pl N\siXi....X)=e

J

and so P = t(X1,...,X;) = e. Looking at the ig‘ component we see that H =
t(hy, ..., h;) = e asrequired. ]

3.2.5 Ultraproducts. For any field F and any non-principal ultrafilter {{ on IN, the universal
Horn theory of the ultraproduct [], .y GL,(F)/4l is the universal Horn theory of finite
groups, and is thus undecidable. Since the natural map

[TGL.(F) /st — ([ ] Mu(F)/H)*

is an isomorphism, the semigroup [ [, M, (F)/4l is undecidable as well.

Proof Let Goc = [], GL,(F)/4L, for some non-principal ultrafilter 4[. If ¢ is a universal
sentence, true in all finite groups, then by 3.1.4 it is true in all GL, (F) and so it is also true
in Go.

Conversely if Goo = ¢, then ¢ is true in all finite groups: Let H be a finite group and let
N € NN be such that GL, (F) contains an isomorphic copy H, of H for all n > N. Since
GL, (F) = ¢ for arbitrarily large n and ¢ is universal, ¢ is also true in H,.

Hence the universal theory of the ultraproduct is T§, v. Now use 3.1.1. ]

3.2.6 Direct Limits. Let F be a field. For n € IN let f;, : Man(F) —> Myu+1 (F) be the ring

homomorphism that sends X to <}(§ 2) We consider the direct limit h_n)q Mjn (F) induced

by the f,.
Then for every infinite field F, the ring h_r)n Mo (F) is undecidable. In fact, it interprets
the weak monadic second order logic of F.

Proof By the weak monadic second order logic of the field F we mean the following first
order structure W expanding the poset P of finite subsets of F: We identify F with the subset
{{a} | a € F} of P and expand P by the graph of addition and multiplication of F; for details
see, for example, [2] or [34, Section 2].
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We now show that W is interpretable in h_r)n Mo (F). Firstly, we identify F with the
center of lim My« (F), which is 0-definable therein. If X € lim M (F'), then let o (X) be
the set of ﬁcentral elements A € h_r)n Mjn (F) such that therF)is noY e h_r)n Mon (F) with
(X — A)-Y = 1. Hence o (X) is the finite set of eigenvalues of X. The map o is obviously
0-definable in lim M« (F). Further, if X, Y € lim M2 (F), then the property o (X) € o (Y)
is O-definable in h_r)n My (F).

The universe of W then is the image of o, i.e., the set P of finite subsets of F and the partial
order on P is interpretable in h_r)n My (F). On central elements, the map o is injective, hence
the graph of addition and multiplication on the atoms of W is interpretable in h_n)l M) (F) as
well.

Hence h_r)n My (F) interprets W and W is well known to be undecidable, see for example
[34, 2.5] for char(F) = 0 and [34, 2.6] for char(F) > 0. O

3.2.7 Row and column finite matrices. Let F be an infinite field and let I be an infinite index
set. Let M;(F) be the set of all / x I matrices X such that all but a finite number of entries
in each row and each column of X are 0. One checks that M (F) is a ring under the ordinary
definition of addition and multiplication.

Then the ring M (F) is undecidable.

Proof The interpretation used in the proof of 3.2.6 now gives the monadic second order
theory of F, where second order quantifiers range over subsets of F' of size at most the
cardinality of /. This is undecidable as well, see the proofs of [34, 2.5, 2.6]. O
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