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A x-linear map ® between matrix spaces is cross-positive if it
is positive on orthogonal pairs (U, V') of positive semidefinite
matrices in the sense that (U,V) := tr(UV) = 0 implies
(®(U),V) > 0, and is completely cross-positive if all its
ampliations I, ® ® are cross-positive. (Completely) cross-
positive maps arise in the theory of operator semigroups,
where they are sometimes called exponentially-positive maps,
and are also important in the theory of affine processes on
symmetric cones in mathematical finance.

To each ® as above a bihomogeneous form is associated by
pa(z,y) = yT®(zxT)y. Then & is cross-positive if and only
if ps is nonnegative on the variety of pairs of orthogonal
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Positive map vectors {(z,y) | z¥y = 0}. Moreover, ® is shown to be
Completely positive map completely cross-positive if and only if pg is a sum of squares
g:ﬁ;ziri;?iter semigroups modulo the principal ideal (z”y). These observations bring
the study of cross-positive maps into the powerful setting of
real algebraic geometry. Here this interplay is exploited to
prove quantitative bounds on the fraction of cross-positive
maps that are completely cross-positive. Detailed results
about cross-positive maps & mapping between 3 X 3 matrices
are given. Finally, an algorithm to produce cross-positive
maps that are not completely cross-positive is presented.
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

Let M, (R) be the vector space of n x n real matrices equipped with the involution
T which is the usual transposition of matrices. We use M, (R)»¢ to denote the set
of all positive semidefinite (symmetric) matrices. We let I,, (resp. 0,,) stand for the
n x n identity (resp. zero) matrix. A linear map A : M,(R) — M,(R) is *-linear if
AUT) = AWU)T for all U € M, (R). A *-linear map A is positive if it maps positive
semidefinite matrices into positive semidefinite matrices, and is completely positive if
the ampliations

I ® A Mp(R) ® My (R) = My(R) @ Myp(R), UV s U AV)
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are positive for every k € N. Here ® stands for the Kronecker tensor product of matrices.
Relaxing positivity of A to the condition

YU,V € Mp(R)so: (U,V)=0 = (AU),V) >0, (1.1)

where (,,.) denotes the standard scalar product on M,(R), i.e., (B,C) := tr(CTB),
gives a definition of a cross-positivity of A in which case A is cross-positive. Similarly,
we call A completely cross-positive if

Vk €N, VU,V € Mpp(R)so : (U, V) =0 = (I ® A)(U),V) > 0. (1.2)

In [23] the authors construct, for the first time, a proper cross-positive map A, that is,
a cross-positive map that is not completely cross-positive. Such maps and the associated
one-parameter semigroups (under composition) {exp(tA4): ¢t > 0} of endomorphisms of a
symmetric cone are an important ingredient in the theory of affine processes on symmet-
ric cones. In the semigroup theory cross-positive (resp. completely cross-positive) maps
are known as exponentially-positive (resp. completely exponentially-positive) maps (see
Section 2.1 for details). Affine processes play a major role in math finance [14]; they are
simple enough to be tractable from the point of view of theory and numerics, while at the
same time sufficiently flexible from a modeling point of view. Affine processes on the cone
of real positive semidefinite matrices were classified in [13, Theorem 2.4], see also [14,
Theorem 2.19] for the classification of affine processes on all symmetric cones. According
to the classification, the linear drift of an affine process is given by a cross-positive map.
The cross-positive map defining the drift is unique only modulo an integral with respect
to a measure that describes jumps of the affine process. The operator defined by the
integral is completely positive, so a drift defined by a cross-positive, but not completely,
cross-positive map cannot be removed by a change of measure. See [14] or [23, Section
6] for more details.

In this paper we investigate and quantify the gap between cross-positive maps and
completely cross-positive maps, and provide an algorithm for providing further examples
of proper cross-positive maps. In addition to matrix analysis our main tools include real
algebraic geometry [8], convexity [37,3] and harmonic analysis [16].

1.1. Main results and readers’ guide

In the preliminary Section 2 we translate the properties of *-linear maps A : M, (R) —
M, (R) to properties of biquadratic forms

pba = YTA(XXT)Y € R[Xa .V]; (13)

where x = (x1,...,%,), ¥y = (y1,-..,¥n) are tuples of commuting indeterminates. Then
we explain that completely cross-positive maps are much tamer and easier to handle
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than cross-positive maps, resembling the well-known relationship between positive and
completely positive maps [12,1,22,40].

The main contribution of this article is three-fold. First, we quantify the gap be-
tween cross-positive and completely cross-positive maps. Roughly speaking, very few
cross-positive maps are completely cross-positive. More precisely, as shown in Corol-
lary 4.8, the probability p, that a cross-positive map M, (R) = M,(R) is completely
cross-positive, is less than (C’n)_%(n;rl)z for an absolute constant C, so ILm pn = 0.
Our proof roughly follows Blekherman’s outline in his papers chalractelr;ZLinogo the gap
between positive and sum of squares polynomials [5,3]. A key new ingredient in the
proof is a dimension-independent reverse Holder inequality for bilinear biforms given in
Section 4.3.

Section 3 considers the smallest nontrivial case, that is, the case of cross-positive maps
A M3(R) — M3(R). We give real algebraic geometry inspired certificates (Nichtnega-
tivstellensétze) for A to be cross-positive; see Theorem 3.4 for the case when A satisfies
some mild nonsingularity-type assumption, and Corollary 3.11 for the singular case.

Finally, in Section 5, as a side product of our analysis we provide a randomized
polynomial-time algorithm based on semidefinite programming [43] for producing proper
cross-positive maps.

2. Preliminaries
2.1. Cross-positivity in the language of operator semigroups

Consider a #-linear map A : M,(R) — M,(R). For each ¢ € R the linear map
exp(tA) : M, (R) — M,(R) is defined by exp(tA) = > ;2 & (tA)". The operator valued
function ¢ — exp(tA) is the solution of the differential equation X (t) = AX(t), which
makes it important in analysis and applications to physics [25] and math finance [13,14].
The well-known formula exp((s + t)A) = exp(sA) o exp(tA) implies that the set

{exp(tA): ¢t > 0}

is a (one-parameter) semigroup under composition. The *-linear map A is the genera-
tor of this one-parameter semigroup. We call A exponentially-positive, resp. completely
exponentially-positive, if exp(tA) is a positive, resp. completely positive map for all ¢ > 0.
In such a case the semigroup {exp(tA4): t > 0} is a positive, resp. completely positive
one-parameter semigroup. Note the positivity of linear maps and their one-parameter
semigroups is studied more generally over ordered vector spaces, in finite and infinite
dimensions, and for bounded and unbounded linear operators. We refer the reader to
[17,30] for detailed studies.

The (complete) exponential positivity property can be rephrased in a more traditional
matrix theory using (complete) cross-positivity.
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Theorem 2.1 (/38, Theorem 8]). A x-linear map A : M, (R) — M, (R) is ezponentially-
positive if and only if it is cross-positive.

Corollary 2.2. A x-linear map A : M,(R) — M, (R) is completely exponentially-positive
if and only if it is completely cross-positive.

Proof. By definition, A is completely cross-positive if and only if I ® A is cross-positive
for each k € N. By Theorem 2.1 this holds if and only if I ® A is exponentially-positive
for each k£ € N i.e., if and only if

— 1
k€ NVt > 0,¥X = 0 ¢ exp(t(ly @ A)(X) = Y 5t'(Ih ® A)'(X)
i=0

- (neY },(tA)i)(X) — (I ® exp(tA)) (X) > 0.
i=0

=,

However, this is equivalent to complete positivity of exp(tA) for each t > 0, i.e., to
complete exponential positivity of A. O

2.2. Cross-positive maps and biquadratic biforms

Let n > 2 and let S,,(R) stand for the set of all real symmetric n x n matrices. To
each linear map A : S, (R) — S, (R) we assign the biquadratic form ps € R[x,y] as in
(1.3). Let I C Rlx,y] be the ideal generated by y'x = Y"1 | x;y;, and let V(I) be the
corresponding real variety

V() :={(z,y) e R" x R" | yTx = 0}.

The variety V(I) is an irreducible hypersurface for n > 2 and the defining polynomial
yT'x changes sign on R?". Hence the ideal I is real radical [8, Theorem 4.5.1]. Thus I is
the vanishing ideal of V'(I), i.e., a polynomial p € R[x,y| vanishes on V(I) if and only if
pel.

A sum of a positive map and a map of the form

A(X)=CX 4+ XCT  for some C € M,(R) and for all X € M,(R) (2.1)

is clearly cross-positive. The converse is true up to closure, see [38, Lemma 6 and Theorem
2]. It was long conjectured that each cross-positive map is a sum of a positive map and
a map of the form (2.1) (see [15, Section 4] or [13, p. 409]), but a counterexample was
found in [23]. Such counterexamples were called exotic cross-positive maps in [23]. On
the other hand, an analogous counterexample does not exist for completely cross-positive
maps (see [25, Theorem 3]).

The following is a special case of [23, Corollary 15] and [39, Theorem 2], but can also
be established by a straight-forward calculation.
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Lemma 2.3. For a linear map A : S,,(R) — S, (R) we have pa € I if and only if it is of
the form (2.1) for every X € S,,(R).

The following lemma bounds the degrees of the forms needed in the sum of squares
representations of biquadratic biforms modulo I.

Lemma 2.4. Let a biquadratic biform p € R[x,y] be of the form

k
P=>_pi+q (2:2)
=1

for some k € N, p; € R[x,y] and g € I. Then p is a sum of squares of bilinear forms
modulo the ideal I.

Proof. The polynomial ¢ is of the form ¢ = r(x,y)( > ;_; x;y:) where r(x,y) € R[x,y].
Let us write p; ; and r; to denote the homogeneous parts of p; and r of degree j. By
comparing the degree 0 parts of both sides of (2.2) we conclude that p; o = 0 for each .
Polynomials p; 1 (x,y) are of the form p;1(x,y) = >_,_,(a;x¢ + b; ye) where a;, € R,
bir € R. If any of a; ¢ or b; ¢ is nonzero, then xf or y? should appear in p with a positive
coefficient, which is not true. Hence, p; 1 = 0 for each ¢ and consequently 7o = ;1 = 0. By
comparing the degree 4 parts of both sides of (2.2) we get p = 2?21 Pio+ra( Xy xiyi),
where p; 2(x,y) and 7y are linear combinations of monomials of the form x;,x,, y;, .
and x;,y;, for some ji, jo € {1,...,n}. Since p is a biform of bidegree (2,2), we conclude
that only monomials of the form x,y,, appear nontrivially in p; » and rp. This proves
the lemma. 0O

We define the map ¥ : (x,a) — (x,y) given by

Y1 = 12,
Yi = OGT541 — OG1T5-1 for 4 :2,...,71— ]., (23)
Yn = —Qn-1Tn—1,

where « = (ay, ..., @n—1) is a tuple of commuting variables.

Note that the image W(R?"~1) of W is dense in V/(I) in the usual Euclidean topology.
This follows by noticing that every point in V(I) can be approximated arbitrarily well
by points with nonzero x;-coordinates, which are in ¥(R?"~!) since expressing «; from
the system (2.3) above is then well-defined.

Under the map ¥ the biquadratic form py € R[x,y] of (1.3) corresponds to

ga(x,a) =pa (\Il(x, a)) € R[x,al, (2.4)

which is a form quartic in x and quadratic in a.
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Proposition 2.5. For a x-linear map A : M,(R) — M, (R) the following are equivalent:

(i) A is cross-positive;
(ii) pa >0 on V(I);
(iii) ga >0 on R*~1,

Proof. The equivalence between (ii) and (iii) follows from the fact that W(R2?"~1) is
dense in V(I) in the Euclidean topology.
(i)=(ii) Given (z,y) € V(I),

(za”,yy") = tr(yy"22") = tr (y(y"z)2") = 0.

Hence pa(z,y) = (A(z2T),yy") > 0 by assumption.

(i)<=(ii) Assume py4 is nonnegative on V(I). Given U,V € M, (R)xo with (U, V) =0,
write U = Y uul and V = Y wv;v]. As the scalar product of two positive semidefinite
matrices is nonnegative, we deduce (u;,v;) = 0 for all 4, j. The assumption now implies
pa(ui,vj) > 0. Then

(A(U), V) = Z(A(um?),wvf) = ZpA(ui,vj) >0. O

,J
We next give the counterpart of Proposition 2.5 for completely cross-positive maps.

Proposition 2.6. Let A : S, (R) — S,(R) be a linear map. The following are equivalent:

(i) A extends to some completely cross-positive map A : My, (R) — M, (R);
(ii) pa is a sum of squares modulo I;
(iii) qa s a sum of squares.

In the proof of the proposition we exploit Newton polytopes to restrict possible terms
appearing in a sum of squares representation of g4.

Let r := (r1,...,m,) € Z7 stand for a tuple of nonnegative integers, x" for the
monomial xj*---x/" and conv(E) C R™ for the convex hull of the set E C R™. Recall
that the Newton polytope N(p) of a polynomial p(x) = >, ¢,x%, where ¢, € R\ {0},
is the convex hull of the exponent vectors of the monomials éppearing nontrivially in p,
ie.,

N(p) = conv ({r: x" has a nonzero coefficient in p}) C R™.

Proof of Proposition 2.6. (i)=>(ii): By [25, Theorem 3], A(X) = ®(X)+ CX + XCT for

some completely positive map ® and some C' € M, (R). Using [22, Proposition 3.1] for
the restriction ®|s () of ® to S,(R) and Lemma 2.3 for X — CX 4+ XC7, it follows
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that p; = pa = Zle p? + ¢ for some bilinear forms p; and some biquadratic form g € I,
i.e., pa is a sum of squares modulo I by Lemma 2.4.

(ii)=>(i): Using [22, Proposition 3.1] and Lemma 2.3, A(X) = ®(X) + CX + XCT
for some completely positive map @ : S,,(R) — S, (R) and some C € M, (R). Invoking
Arveson’s extension theorem [31, Theorem 7.5], there exists a completely positive exten-
sion ® : M,(R) — M,(R) of ®, whence A(X) = ®(X)+ CX + XCT is a completely
cross-positive extension of A.

(ii)=-(iii) is obvious, so we prove (iii)=-(ii). First note the multi-homogeneity of g4
implies that g4 is a sum of squares of biforms that are quadratic in x and linear in «.
Write

a)=> ¢ (x,a)? (2.5)
/=1

n—1

where q(e) (%, @) Z Z k o X%y, for some cgk’z) € R. It follows by definition
i=1 1<j<k<n
that g4 is a linear combination of the terms of the following forms:

o (a1x2)? %%y,

. (OZ1X2)(OéiXi+1 - ai71Xi71)Xij7

® 10p_1X2Xp—1X;XE,

. (ain‘+1 - Oéi—1Xz'—1)(C¥£X£+1 - ae—1XE—1)Xij,
N (an—lxn—l)(aixi+1 - ai—lxi—l)xjxkv

. (Oén—lxn—1)2 XXk,

where i, = 2,...,n—1, j,k = 1,...,n. By [34, Theorem 1], we have the inclusions
N(¢"¥) C $N(ga) of Newton polytopes, which implies that each ¢¥) is a linear combi-
nation of the monomials

a1X2Xj, QX +1X5, o _1X;-1Xy, Qp—1Xn—-1Xj, (2-6)

where i =2,...,.n—1land j=1,...,n

Claim. Fach q(e)(x, a) can be expressed as a polynomial in the polynomials a1xa, coxs —
Q1X1y ooy Op_1Xp — On_2Xn_2, An_1Xn—1, X1,...,Xpn.

Proof of Claim. We consider how each of the monomials in (2.6) can appear in ¢(*) (x, @).
For 7 =1,...,n, the monomials

a1x2%j = (0 X2)X; and Qp_1Xp—1%; = (Qp_1Xp_1)X;

can clearly by expressed as the claim suggests. The formula
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%

QXK1 = Z(%Xsﬂ — Qs_1Xs-1)Xs + (Q1X2)x]

s=2
implies the same holds also for the monomials a;x;x;41, 1 =2,...,n — 1.
For ¢ =2,...,n — 1, it remains to consider the monomials
Q;Xi41X5, ] # ’i, and o 1X;-1Xy, ] 7£ 7. (27)
For s =1,...,n — 2 we define the vectors

as =(0,...,0,as,as11,0,...,0),
N~—— ——

s—1 n—s—2
Zeroes zeroes
Xs = (X17---7Xs707X8+27"'7X’n)7
Vs =(0,...,0, ag11Xs40 — @sXs,0,...,0).
——’ ——
s zeroes n—s—1

zeroes

If any of the monomials from (2.7) occurs in ¢()(x, ), then it also occurs in the poly-
nomial ¢(¥)(X;_1,@;_1) with the same coefficient. By definition,

qa(@i1,qi1) = Fia A (&) %) ¥im1 = (ixign —aiaxi )2 A (&) %),
Hence, each q(e) (3{\1_1, &i_l) vanishes on V(aixiH — ai_lxi_l). Since QX1 — OG—1X—1

is irreducible in R[x,a] and it changes sign on R?*~1 it follows by [8, Theorem 4.5.1]
that

¢OFi1,ai1) = (ixip1 — 1% 1)pio1(Rio1), (2.8)

where p;_; is a linear form in X;_1. Now (2.8) implies that the monomials from (2.7) can
appear nontrivially in ¢()(%;_1,@;_1) only from the scalar multiple of the term

(aiXiJrl - Oéiflxifl)xja
which concludes the proof of the claim. O

Using the Claim and (2.5) it follows that p4(x,y) agrees on a dense subset of V(I)
and by continuity on the whole V' (I) with a sum of squares polynomial, which we denote
by r(x,y). Since pa — r vanishes on V(I), the polynomial y”x is irreducible in R[x,y]
and its sign changes on R?"~! it follows that pa — 7 € I by [8, Theorem 4.5.1]. O
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3. Nichtnegativstellensiitze for the case n = 3

In this section we will establish, in the case n = 3, some certificates of global non-
negativity for the form ga(x, ) of (2.4) or nonnegativity for pa(x,y) of (1.3) on V(I).
By Proposition 2.5, this yields certificates for a *-linear map A : M3(R) — M;5(R) to be
cross-positive.

Remark 3.1. In the case n = 2,

qA(Xaa) = OZ% 'pA((XhXQ)a (XQ’ _Xl))

and since p((x1,x2), (x2, —%1)) is a quartic form, it follows by [19] that g4 is nonnegative
if and only if it is a sum of squares.

For a matrix polynomial A(x) € M,,(R[x]) we denote by tr(A(x)) its trace, i.e.,
the sum of the diagonal entries. For a ring R we denote by Y M,,(R)? the set of all
finite sums of the expressions of the form G7G, where G € M,,(R). Every element of
> M,,(R)? is a sum of squares (sos) matrix polynomial. We say a symmetric matrix
polynomial A(x) € M,,(R[x])sym is positive semidefinite (psd) in z € R" if vT A(z)v > 0
for every v € R™, and write A(z) = 0. We call A(x) € M,,(R[x])sym psd if it is psd in
every z € R".

In this paragraph we connect, for every n € N, global nonnegativity of g4(x,a)
with positive semidefiniteness of a certain matrix polynomial. We denote by R[x]hom
the set of homogeneous real polynomials in x. Since ¢a(x, @) is a quadratic form in «
with coefficients from R[x]hom, We can associate to it a symmetric matrix polynomial
Qa € M1 (R[x]hom) such that

aTQA(x)a = qa(x, ). (3.1)

Proposition 3.2. The polynomial qa(x, ) is globally nonnegative if and only if Qa(x) is
positive semidefinite for all x.

Proof. The statement follows by the equality (3.1). O

Remark 3.3. Note that in the case n = 3, Proposition 3.2 implies that the parameteriza-
tion (2.3) leads to the reduction of the problem of certifying cross-positivity of the map
A to certifying positivity of the 2 x 2 matrix polynomial @ 4. Under the assumption that
Q4 does not vanish in any point of R? we establish such a certificate in Theorem 3.4
below.

Let A(x) € M, (R[x]hom) be a matrix polynomial. We call z € R™ a zero of A(x),
it A(x) is a zero matrix. A zero x € R™ of A(x) is nontrivial, if z # 0. The following
theorem is the first main result of this section. It is a certificate for Q 4 without nontrivial
zeroes to be psd in case n = 3.
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Theorem 3.4. Let Q(x) € Ma(R[x1, %2, X3]hom) b€ @ 2 X 2 symmetric matriz polynomial
over R(x]nom, i-e., Q(X)T = Q(x). The following statements are equivalent:

(i) Q(x) is positive semidefinite and does not have nontrivial real zeroes.
(i) trQ is strictly positive on R3\ {0} and det Q is nonnegative on R3\ {0}.
(iii) tr Q ids strictly positive on R®\ {0} and there exists N € N such that tr(Q)Y - det Q
is a sum of squares of forms.
(iv) trQ is strictly positive on R3\ {0} and there exists N € N such that

& +x3+x3)V Qe My(R[x])%.

Moreover, if all entries of Q(x) are of the same degree and Q(x) does not have nontrivial
complez zeroes, then (i)-(iv) imply that:

i) If J C R[x] is the ideal in R[x] generated by the polynomial 1 — x? — x3 — x2, then
g Y 4 1 2 3

Q€D My(R[x])* + My(J).

Proof of the equivalences (i) < (ii) < (iii) of Theorem 3.4. Since the trace and the de-
terminant of a matrix are the sum and the product of the eigenvalues, respectively, the
equivalence between (i) and (ii) is easy to see. The nontrivial implication (=) in the
equivalence (ii) < (iii) follows by [36, Corollary 3.12]. O

We equip the set of matrix polynomials M,,(C[x]) with the conjugate transpose in-
volution * and write M,,(C[x])ner for the subset of hermitian matrix polynomials, i.e.,
F € M,,(C[x]) with F* = F. In the proof of (i) = (iv) of Theorem 3.4 we will make use
of the following factorization lemma.

a

Lemma 3.5. For QQ = [b*

b] € My(C[x])per the following equalities hold:
c

ad 0 a 0 a —b
l() a(acbb*)]:lb* a}QlO a]' (3:3)

Proof. Easy computation. 0O

Proof of the equivalence (i) < (iv) of Theorem 3.4. The nontrivial implication is (=).

a

We write QQ = lb

b
1 . It is easy to check that
C
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C=Viie—arn  wo |V
whereV:%li i . By (3.2),
e tr(Q)3 0 >
HT=VIT wQuer —ary | 4
0

where V =V ltr(Q) and d := i(a—c)+2b. A computation shows tr(Q)? —dd* =

d tr(Q)
4det Q. Since the left hand side of (3.4) belongs to Ma(R[z]hom), the right hand side
equals

tr(Q)°? 0

Vil + Vi
0 4dwQdetQ| T T2

0 4trQdetQ | 2

r(Q)? 0 ] o

=:D

where Vi, Va € My(R[z]) are the real and imaginary parts of V. Now (iv) follows by
[36, Corollary 3.12] since there exists N € N large enough such that each form on the
diagonal of D multiplied by (x? + x3 + x3)V is a sum of squares of forms. O

Remark 3.6. If ) in Theorem 3.4 is quartic (for example, Q = Q4), then tr Q) is a ternary
quartic. Thus it is a sum of three squares by [19]. So in that case the exponent N in (iv)
of Theorem 3.4 depends only on det @ which is of degree 8. By [20] there is a positive
form ¢ of degree 4 such that ¢ det Q is a sum of squares of three forms. Moreover, ¢ det Q
is a sum of squares of four forms [24]. See also [35, p. 2830].

It remains to prove the implication (i) = (v) in Theorem 3.4. We will use Scheiderer’s
local-global principle [36]. For this aim we first prove the following proposition.

Proposition 3.7. Assume in the notation of Theorem 3./ that statement (i) holds and
Q(x) does not have nontrivial complex zeroes. Then for every xg € C3\ {0} there exists
a polynomial h € R[x] such that h(zo) # 0 and

h’Q €Y My(R[x])* + Ma(J).

Proof of Proposition 3.7. Let us write Q(x) = ZEX)) ngﬂ and choose zo € C?\ {0}.
x) c(x

Since @ is without nontrivial complex zeros, one of the following cases applies:

(1) a(zo) #0.
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(2) a(zp) =0 and c¢(xp) # 0.

(3) a(xzg) = ¢(xp) = 0 and b(xg) # 0.

Claim. There exists an orthogonal matrit U € My(R) such that, denoting UQUT =

a(x) b(x) S
lb(x) E(x)]’ (z0) #0.

Proof of Claim. If we are in Case (1), then we can take the identity matrix for U. If we
are in Case (2), then we take a permutation matrix for U. Finally, in Case (3), we define

U= % 1 11 and note that a(x) = 1(a(x) + 2b(x) + c(x)). Hence, a(zo) #0. O
By (3.2),
~ a 0| |di O|a b
4 _ UT El/ 1 U
@ b al|0 da| |0 a|’
where
d =@ €Rx] and dy=4a (55—'52) € R[z].

By (3.3),

d 0 a 0 rla -b
=| UQU .
[o dgl [b a Ve |y 51

It follows that d; > 0, d; > 0 on R3. By [36, Theorem 3.2], d; and d» belong to
>"R[x]? + J. This concludes the proof. O

Proof of the implication (i) = (v) of Theorem 3.4. Let R := R[x]/J be a quotient ring

and let ® : R — C(V(J),R) be the natural map, i.e., ®(f) = flv(s), where f € R[x],

v

f = f+ J and the variety V(J) is the set {m € R3: Z?:1 2?2 = 1}. Let

L= <h2 € R[x|/J: h*Q € Y My(R[x]) + MQ(J)>

be an ideal in R[x]/J. If L were a proper ideal, then all its elements would have a
common zero zg € {z € C3: Z?:l x? = 1}. By Proposition 3.7, there exists h € R[x]
such that h(zg) # 0 and h% € L. Hence L is not a proper ideal and thus L = R[x]/J. In
particular, there exist ivzf, cee }Vlz € L such that 1+ J € (ivﬁ, R lvli> By [36, Proposition
2.7], there exist s1,...,s; € R[x] with s; > 0 on V(J) such that Zle sjhi € 1+.J. By
[36, Theorem 3.2], s; € > R[x]> + J. Hence
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k
D sih5(@Q+ Ma()) = Q+ Ma(J) € 37 Ma(R[x)? + Ms(J),

which concludes the proof. 0O

The following lemma, which holds in every dimension n, gives a special sufficient
condition for a biquadratic form p4 that is nonnegative on V(I) to be a sum of a
globally nonnegative biquadratic form and an element of I. Using the language of [23],
a cross-positive map A satisfying this condition is not exotic. The lemma will be used
in Corollary 3.11 to establish the second main result of this section: a certificate for
nonnegativity of p4 on V(I) in the case n = 3 when @4 has a nontrivial real zero.

Lemma 3.8. Let A: M,(R) — M,(R) be a cross-positive map and assume that there
exists a nonzero vector xg € R™ such that

1 T T 1 T
(In — WJTOIO )A(l‘ol’o )(In — WQJO.’IJO) = On (35)

Then there exists C € M, (R) such that the map X — A(X) — CX — XCT is positive.

For each 7 = 1,...,n let e; be the i-th element of the standard basis of R"”, i.e., the

vector with 1 in the i-th component and 0 elsewhere. We denote by E;; := eief the

standard n X n matrix units.

Remark 3.9. In the proof of Lemma 3.8 and Corollary 3.11 below we will use the following
action of GL,, on the set of cross-positive linear maps A : M, (R) — M, (R):

(9-A)(X)=gA(g ' Xg ")g".

Proof of Lemma 3.8. By Remark 3.9 we can assume that zo = e;. Then (3.5) means
that A(E11) is of the following form:

A(En) - l 0:1] .

The idea of the proof consists of the following steps:

(1) There exists a matrix C' € M,,(R) such that the map B : M, (R) — M, (R), defined
by B(X) := A(X) — CX — XCT, satisfies the following conditions:

B(E11) = 0,, (3.6)
B(Eh + Eil)el =0 fori= 2, ... (37)
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(2) Using (3.6) and cross-positivity of B it follows that
B(Eh -+ Eﬂ)ej =0 for Z,] = 2, ceoe,n. (38)
(3) yIB(zaT)y > 0 for every z,y € R™.

To prove (1) first write C' = [cl R o ] in column form, where c; are the columns
of C' and note that

CE;; = [Onx(jfl) c; Onx(nfj)} , (3.9)

where Opx, stands for the k x ¢ zero matrix. Using (3.9) note that the condition (3.6)
determines ¢y, while conditions in (3.7) determine columns c;, i = 2,...,n, i.e.,

1
C1 = A(E11)61 — ie{A(Ell)el t €1,
L r 1 7 .
C; = A(Eli + Eil)el — 561 A(Eh‘ + Eil)el €1 — 561 A(E11)61 c €4 for i = 2, Lo,
By (3.6) it follows that pp(ei,y) = 0 (where pp is as in (1.3)) for every y € R™. In
particular, %’%(el, y) =0 for every y € R™ and every ¢ = 1,...,n. Since pg(z,y) > 0 on

V(I), for each y L ey there exists a Lagrange multiplier A(y) € R such that

grad pp(er,y) = A(y) grad h(e1, y), (3.10)

where h(x,y) = y'x. In particular,

apB oh
— 9B — Ay 2 -\
oy, 1Y) = AW)g (e y) = Aly),
and using A(y) = 0 in (3.10) implies that
_ Ops T T T .
0= %(el,y) =y’ Blere; +ee;)y foreveryi=2,...,n. (3.11)

Since y is any vector orthogonal to ey, this proves (2).

It remains to check (3). We write x = Ae; +v and y = pey + w for some v, w L e; and
some \, i € R. Using (3.6)—(3.8) we see that B(eje] + e;el) =0 for each i = 1,...,n
and thus B(zz?) = B(vvT) = B((ve; + v)(ve; + v)T) for each v € R. If u # 0, then
y'(

v — wﬂ”el) = 0, therefore cross-positivity of B implies

wlv wlv \"
0<y'B (v — 761) (U — Tq) y =y B(zzT)y.
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On the other hand, if 4 = 0, then a sequence {zj }ren, Where z; = %61 + w, satisfies
z,{el # 0 for each k € N and y = limy_, o, 2;. By the above, z,?B(xxT)zk > 0 for each
k € N, therefore

yI B(zzT)y = klim 2I Bz ™)z, > 0.
— 00
This concludes the proof of Lemma 3.8. O

Remark 3.10. As a consequence of Lemma 3.8 it follows that testing cross-positivity of a
linear map is a NP-hard problem, since this is true for testing positivity of a biquadratic
form, see, e.g., [26, Theorem 2.2]. Indeed, let A: M, (R) — M,(R) be an arbitrary -
linear map. Let D: M,,41(R) — M, (R) be the map that deletes the first row and column
10 0

10 A(D(X))
the map A is positive if and only if B is. However, B(E11) = 0 and B(E1; + F;1) =0
for i =2,...,n+ 1, hence the proof of Lemma 3.8 implies that B is positive if and only

and let B: M, 1(R) = M, 11(R) be defined by B(X) . It is clear that

if it is cross-positive. Thus the problem of testing whether B is cross-positive is from a
computational complexity viewpoint at least as hard as checking whether A is positive,
implying that testing cross-positivity of a map is NP-hard.

Corollary 3.11. Let n = 3 and let p € R[x,y] be a biquadratic form which is nonnegative
on the real variety V(I). Assume that there exist a nonzero vector vg € R3 and two
linearly independent vectors wy,ws L vg such that p(vg,w1) = p(ve,ws) = 0 or that
there exist a nonzero vector wy € R3 and two linearly independent vectors vy,vy L wq
such that p(vy,wo) = p(ve,wo) = 0. Then p € Y R[x,y]* + 1.

Proof. By symmetry we can assume that there exist vy € R3\{0} and linearly inde-
pendent vectors wi,wy L vy such that p(ve,w1) = p(ve, w2) = 0. As p is nonnegative
on V(I) it is equal to ps for some cross-positive map A: M3(R) — M;3(R). By Re-
mark 3.9 we may assume that vy = e;. By the assumption of the corollary the quadratic
form (A, p) = pa(er, \wy + pws) is positive semidefinite with zero coefficients at A2
and at p?. Consequently, pa(er, A\w; + pws) = 0 for all \,u € R, or equivalently,
wT A(erel)w = 0 for each w L e;. By Lemma 3.8 there exists C € M3(R) such that
the map B: M3(R) — M3(R), defined by B(X) = A(X) — CX — XC7T, is positive.
The biquadratic form pp satisfies the assumptions of [33, Lemma 4.2], so it is a sum
of squares of bilinear forms. As pa — pp € I by the construction of B, this proves the
corollary. 0O

4. Blekherman type volume estimates

In this section we quantify the gap between cross-positive and completely cross-
positive maps by extending the estimates on the volumes of compact sections of the
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cones of nonnegative biforms established in [22] to nonnegative biforms on the variety
V(I). The proofs are analogous to those in [22] and are inspired by [5,3].

Let n > 3 and R[x, y|i, &, be the subspace of biforms of bidegree (k1, k2), i.e., polyno-
mials from R[x,y] which are homogeneous of degree k; in x = (x1,...,%,) and of degree
ko iny =(y1,...,yn)- Let

Q :=R[x,yl2,2/(I NR[x,y]22)
be the quotient space. We write

Pos(Qn) ={pe Q:plx,y) >0 forall (z,y) € V(I)},

k
Sos(Qn) = {p €EQ:p— Zp? eI for some k € N and p; € R[x,y]l’l},
i=1

for the cone of polynomials nonnegative on V(I) and the cone of sums of squares on
V(I), respectively. Lemma 2.4 states that if a biform p € R[x,y]2,2 is a sum of squares
in R[x,y]/I, then it is a sum of squares in Q.

We will estimate the gap between the cones Pos(Qn) and Sos(Qn) by comparing the
volumes of suitably chosen compact sections of these cones. First we have to carefully
introduce an appropriate measure on the set (S"~1 x S"~1)NV (I) with respect to which

we will integrate elements from Q. This is the content of the next subsection.
4.1. Definition of integration
We define
T:=(S"!'xs"Hnv{)

and equip it with the subspace topology. Let C(T) denote the vector space of all contin-
uous functions on T. The special orthogonal group SO(n) acts on the vector space C'(T)
by rotating the coordinates, i.e., for g € SO(n) and f € C(T),

g f(xy) = flg""x,97"y). (4.1)

Choose a point w := (x,y) € T and define a map ¢,, : SO(n) — T by ¢.,(g9) = gw =
(g, gy). Observe that since n > 3 the map is surjective and its kernel

ker(¢,) = {g € SO(n): gz =z, gy =y}

is homeomorphic to SO(n — 2). We denote by ¢y, : SO(n)/ker(¢,) — T the induced
map of ¢,, on SO(n)/ker(¢,, ), which is the set of left cosets of ker(¢,,) in SO(n). Let &
be the Haar measure on SO(n). We equip the quotient space SO(n)/ ker(¢,,) with the
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positive normalized SO(n)-invariant measure o induced by & which exists and is unique.
(See [29, Theorem 1 on p. 138] and use the fact that compact groups are unimodular for
uniqueness.)

Proposition 4.1. The pushforward (¢,)+(0) of o to T is an SO(n)-invariant measure.

Proof. Let A be a Borel subset of T" and g € SO(n). Then

~

(D)« (0)(gA) = 0((dw) "' (9A)) = 3(g(w) 1 (A)) = 0((dw) " (A)) = (Pu)«(0)(A),

where we used SO(n)-invariance of o for the third equality and the following calculation
for the second one:

(6w) ' (9A) = {g' € SO(n)/ ker(¢w): g'w € gA} = {g' € SO(n)/ker(dy): g~'g'w € A}
= 9{g" € SO(n)/ ker(¢u): g"w € A} = g(du) "' (A). O

Proposition 4.2. There exists a unique normalized SO(n)-invariant measure on T

Proof. We already established the existence of a measure in Proposition 4.1. It remains
to prove the uniqueness. Let us assume to the contrary that u; and ps are two different
normalized SO(n)-invariant measures on 7. Then (¢d5').(p1) and (¢dg')«(u2) are two
different normalized SO(n)-invariant measures on SO(n)/ker(¢, ). But this contradicts
the uniqueness of 0. O

From now on we will denote the measure (¢y,).(c) by o.

Remark 4.3. In [28,11] the set T" is known as the Stiefel manifold V5, (R) of all 2—frames
in R™, i.e., the sets of all pairs of orthonormal vectors in R”. Equivalently, V5 ,,(R) is the
set of all real n x 2 matrices X such that X7 X is the 2 x 2 identity matrix. Regarding T
as a manifold, it can also be equipped with the uniform normalized measure with respect
to the action of the orthogonal group SO(n) [11, §1.4.3]. This measure coincides with
the measure ¢ introduced above.

4.2. Estimates
Now that we defined the measure on T, we can construct the appropriate sections of
Posg and Sosg and present the volume estimates for these sections (see Theorems 4.5,

4.6 below).
The L? norm of a biform f € Q on T is given by

191 = [ 1517 ao.
T
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while the supremum norm is

£l = s [ (z.9)l

Let ”H(Qn) be the hyperplane of biforms from Q of average 1 on T, i.e.,
HE =4 feo: /fdazl
T

/ /
Let (POS(Qn)) and (Sosg)) be the sections of the cones Pos(Qn) and Sos(Qn),
/
(Pos(Q”)) = Pos(Q") ﬂ H
(Sosg)) *SOSQ m 'H(Qn).

/ !
Thus (Pos(gn)) and (Sos(gn)> are convex and compact full-dimensional sets in the fi-

nite dimensional hyperplane "H(Qn)

subtracting the polynomial (3", 22)(> i, y?), i.e

. For technical reasons we translate these sections by

POSQ —{fEQ f+ Z:E Zyl (PosQ )/}
Sosg = {f €0 f+ (X0 e (sOsg>)’}.
i=1 i=1
Let M = M(Q") be the hyperplane of biforms from Q with average 0 on T,
M= fEQ:/fdJ:O . (4.2)
T

Since o is normalized,

and hence
——(n) ——(n)
Posg €M and Sosg C M.

The natural L? inner product in Q is defined by
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(t9) = [ 19 do (43)
T

n—2§-1)2_n2_1

and so it is isomorphic to RPM as a Hilbert space. Let Saq, Baq¢ be the unit sphere and

With this inner product M is a Hilbert subspace of Q of dimension D4 = (

the unit ball in M, respectively. Let 1) : RPM — M be a unitary isomorphism and 1, s
the pushforward of the Lebesgue measure p on RP* to M, i.e., Y u(E) == p(¢v~1(E))
for every Borel measurable set £ C M.

Lemma 4.4. The measure of a Borel set E C M does not depend on the choice of the
unitary isomorphism 1, i.e., if 1 : RPM — M and 1)y : RPM — M are unitary
isomorphisms, then (Y1)pu(E) = (2)«u(E).

The proof of Lemma 4.4 is the same as the proof of [22, Lemma 1.4].
We are now ready to compare the volumes of the sections defined above. The lower
bound for the volume of the section of nonnegative biforms from Q is as follows:

Theorem 4.5. For n € N,

——(n) ﬁ

3.10-% _ [ VolPosg
<
Vn = | VolBy

Next we give the upper bound for the volume of the section of sums of squares biforms
from O:

Theorem 4.6. For integers n > 3,

1

N(n) D pq

Vol Sosg §23'3'6%'
VOIBM

S

Combining the previous two theorems we obtain:
Corollary 4.7. For integers n > 3,
N(n) 5 1 2 2
Vol Sosg <2 -2z -5%-10%
Y = 5,3 = -
Vol Pos( ) 32 -v/n

In the language of cross-positive and completely cross-positive maps, Corollary 4.7
can be stated in the following form.
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Corollary 4.8. For every n € N the probability that a cross-positive map ® : M, (R) —

M, (R) is completely cross-positive, is bounded above by

D
- 25.9%.52.102\
P 35 .n '

In particular, lim p, = 0.
n—oo

Here, the probability p,, is defined as the ratio between the volumes of the sections

Sose and Posg” in M.

Remark 4.9.

(1)

The correspondence (1.3) between x-linear maps A : M,(R) — M,(R) and bi-
quadratic biforms p4 is bijective only when maps are restricted to symmetric matri-
ces S, (R). Since nonnegativity of p4 on V(I) is equivalent to A being cross-positive
(see Proposition 2.5), while p4 being a sum of squares modulo [ is equivalent to the
existence of some completely cross-positive extension A : M,(R) — M, (R) of the
restriction of A to S, (R) (see Proposition 2.6), p, is clearly an upper bound for the
probability that a cross-positive map is completely cross-positive.

If we want to compare the sizes of two cones K C L C R" in a fixed metric, then the
most unbiased choice of a compact set C to compare the sizes of K NC and LNC' is
the unit ball B of this metric. In our case, the metric is the L? norm, coming from
the inner product (4.3). In this norm, the condition f € B is given by a quadratic
inequality in the coefficients of f and therefore sharp lower and upper bounds on
KNB (resp. LNB) following the same asymptotics are difficult to establish. Replacing
the unit ball B with a hyperplane whose normal is some vector from the unit sphere
leads to more manageable conditions. The choice of the hyperplane is not arbitrary,
since its position can have a large impact on the size difference of the intersections,
e.g., if the normal is almost perpendicular to some ray on the boundary of the larger
cone L, then the difference in size can be very large, even if the smaller cone is
not significantly smaller. However, if there is a vector in the interior of both cones,
which is fixed by all symmetries for each cone, then the orthogonal complement of
this vector is a fair choice of the hyperplane to capture size difference between the
cones. In our case, the polynomial (Y7, z2)(>_1_; y?) is a fixed point for the action
of the orthogonal group O(n) on R[x, y]2.2, defined by O - p(x,y) = p(O~'x,071y).
Note that the ideal I is invariant under this action and therefore the action extends

(n) )

naturally to the action on Q. It is clear that the sets PosQ and Sos(Q" are invariant

under this action and therefore comparing their sizes by intersecting them with H(Qn)
is an appropriate choice.

Blekherman [5, Theorem 6.1] established volume bounds for sum of squares forms.
Our proofs of Theorems 4.5 and 4.6 freely borrows his ideas. An important ingredient
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in the proof of Theorem 4.6 is also a new version of the Reverse Holder inequality,
which we prove in Section 4.3 below.

(4) In [5] Blekherman proved that for a fixed degree bigger than 2 the ratio between
the volume radii of compact sections of the cones of sum of squares forms and
nonnegative forms goes to 0, as the number of variables goes to infinity. Corollary 4.7
is an analog of his result for sum of squares biquadratic forms and nonnegative
biquadratic forms on Stiefel manifolds V5, (R). (See Remark 4.3.)

Let V' be a real vector space. Recall that, for a convex body I with the origin in its
interior, the gauge G is defined by

Ge: V=R, Gep)=inf{A>0:pe X -K}.

Proof of Theorem 4.5. We denote K = }70/8(5)- As in [22, §2.1.1] we establish that

1 —1
Vol \ Pm ~
>
(wos) = | [ 1ean
M

where j1 is a rotation invariant probability measure on Sy,. The proof of the inequality

in Theorem 4.5 now reduces to proving the following claim.

Claim. / Ifll. dfi <373-10% - n2.

Sm

To prove this claim we will use [2, Corollary 2]. Let (R™ @ R™)®? be the 2-nd tensor
power of R™ ® R™. Let ey, es € R™ be standard unit vectors and let w be the tensor

w = (61 ® 62)®2 € (Rn & Rn)®2.

The group SO(n) acts on (R™ ®@R™)®? by the natural diagonal action, i.e., for g € SO(n)
and all z; € R"”,

g(x1®®x4)=g$1®®gx4
and extend by linearity. We also define
v:=w—¢q, whereq= / gw do(g),
g€eSO(n)

and we integrate with respect to the Haar measure & on SO(n). As in [3, Example 1.2],
we proceed as follows:
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(1) We identify the vector space of biforms from Q with the vector space V; of the
restrictions of linear functionals ¢ : (R™ @ R™")®? — R to the orbit

SO(nw = {(z®y)**: [lall = Iyl =1, y"= = 0}.

Note also that SO(n)(e; ® e2) =T

(2) We identify the vector space of biforms from M with the vector space V5 of the
restrictions of linear functionals £ : (R" @ R")®? — R to B = SO(n)v.

(3) We introduce an inner product on V5 by defining

(1, 63) = /emwmm%@.

geSO(n)

This inner product also induces the dual inner product on the dual space V5 = V;
which we also denote by (-, ).

By [2, Corollary 2],
1
[flle < (Dr)2E - (11l
where Dy, = dimspan{gw®*: g € SO(n)}. Clearly,

2
Dy, < dimspan{gef®*: g € SO(n)} - dimspan{ge5": g € SO(n)} = <2k tn- 1) ’

2k

where the equality follows as in [2, p. 404]. If n is odd, we let 2ky = 9(n — 1). Otherwise

take 2kg = 9n to get
1
1 207\ %o
Do < (970)
ko _<2k‘0>

Since 2kg = 9¢; for some ¢y € N,

2 2
T 1060 9% 10 1
D*o < < =-109) ,
ko S (%) = <9 ’

where we used [22, Lemma 2.2] in the last inequality.
To prove the Claim it remains to estimate the average L?*0 norm, i.e.,

1
2kg

A= [t si= [ | [£00)  an (4.4)
Sm

Sam T

Notice that
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1
1 1
o5 kg

/ / o do | dji = / / (e, g0)™d5(g) | ds(e),  (45)

Sy \T c€Syy \gesO(n)

where Sy; is the unit sphere in V3" endowed with the rotation invariant probability
measure ¢. Combining (4.4), (4.5) we obtain

_1
2ko

A:/ / (e, gu?d(g) | o) < |20 _ g

" Dm
c€Sy; \gesO(n)

where we used [3, Lemma 3.5] for the inequality and [3, Remark p. 62] for the last equality.
This equality proves the Claim and establishes the lower bound in Theorem 4.5. 0O

Proof of Theorem 4.6. We write Sos = /S_\ois(gn) for brevity. We define the support function
Lg of Sos by

Lo, - M =R, Lg (f) = max (f,g).

gESos

Let Sy be the unit sphere in U := Rx,y]1,1/(I NR[x,y]1,1) equipped with the L? norm,
and let || [|lsq be the norm on Q defined by

_ 2
1Fllsq = max (£, g%)]-

As in [22, §2.3.1], it follows that

Vol Sos
(VolBM> / 1] 07

To prove the inequality of Theorem 4.6 it now suffices to prove the following claim.

1
Claim. / 17l 0 < 253 VG- -
Sm

For f € Q let Hy be the quadratic form on U defined by

Hg(g) = (f,g%) forgel.

Note that

[fllsa = l1Hflloo-
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Here |H||s stands for the supremum norm of Hy on the unit sphere Sy.
Let 11 be the SO(n)-invariant probability measure on Sy;. The L* norm of Hy for a
positive integer p is defined by

1
b
sl = | [ H(0)dR
u
As in [22, p. 3343-3344] (for k1 = ko = 1), it follows that

- - 2D, 2D
1 < 295 [ 1B lap i < 275 max g?l 4 524 <2056 [T
9€Su D g Dz
Sm Sm

where the last inequality follows by [|g?|l2 = ||¢||3 and Proposition 4.10 below. To prove

12D,
_D/\Z: < 25n 1, (4.6)

The dimensions Dy, D4 are easily verified to be

the Claim it remains to establish

Dy =dimR[x,y]11 — 1 =n* -1,

1) 2
Dy =dimR[x, y]22 — dim(R[x,y]22NI) — 1 = (@) —n?-1.

Observe that

2Dy 23(n? — 1) B 23(n? — 1)
Dy m2(n+1)2—4n2 -4 (n2—-1)(n+1)2-302—-1)+2n—6
23 23
< 2 <2
<~ n?+2n—-2 " n?
n>2

which proves (4.6). O
4.3. Reverse Hélder inequality

We write I; 1 = I NR[x,y]1,1. A bilinear form g € R[x,y]1,1/I1,1 is symmetric (resp.
skew-symmetric) if it of the form g(x,y) = xT Ay + I 1 for some symmetric (resp. skew-
symmetric) matrix A € R™*".

Proposition 4.10. For a bilinear biform g € R(x,y]11/11.1,

4 2

/g4da ~llgll, < V6ligll, = V6 /gzda | (4.7)

T T
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If g is symmetric, then we can take \/3 instead of \/6 in (4.7) above, while if g is
skew-symmetric, \/6 can be replaced by /6. Moreover, the constants /3 (resp. v/6) are
asymptotically sharp as n — oo.

We point out an important fact about the inequality (4.7), which is crucial for Corol-
lary 4.7. Namely, the constant C in ||g|l4+ < C||g||2 can be chosen to be independent of
the number of variables n.

The proof of Proposition 4.10 will be done separately for the symmetric (Section 4.3.2)
and skew-symmetric case (Section 4.3.3), while the general case (Section 4.3.4) follows
from the fact that every bilinear form g can be written as a sum of a symmetric form g;
and a skew-symmetric form g,, together with the observation that g5 is perpendicular
to gq in the L? inner product. For the proof we first need to compute the values of the
integrals of monomials of bidegree (2,2) and some monomials of bidegree (4,4) with
respect to o, which is the content of Section 4.3.1. Using these computations, (4.7)
becomes an inequality in the coefficients of g, (resp. gs). We prove that this inequality
holds.

Remark 4.11. In [16] a version of the Reverse Holder inequality with respect to the
Lebesgue measure on the unit sphere and polynomials of any degree is established.
Lemma 2.9 of [22] extends this result to the product measure of two Lebesgue measures
on unit spheres. However, in the proof of Theorem 4.6 we cannot use this extension
because the measure o is not a product measure. Therefore we have to establish the
Reverse Holder inequality we need in our setting.

4.8.1. Computations needed for the proof of Proposition /.10
Let us introduce new variables

zi =%y, t=1,...,n,
Zij = Xy, 4j=1,...,n,
Vij = Zij + 25, 4L,j=1,...,n,
Wij = Zi; — Zj, 4 =1,...,n.

Lemma 4.12. Let n > 3. The following identities hold:

1

L= [zldo= =1,...,
1 /zl o T2 for i , n

T
I / d 1 7 1 forij=1 oy

= ZiZ; = — = — T = [P

2 145 g n—1 1 (n—l)n(n+2) or1i,) ) y 1y 2 Js

T

n+1 n+1

I3 = 2 do = I = Lj=1,... | £
3 /sz g n—1 1 (nfl)n(n+2) fOT’L,j ) , 1, 27&]7

T



1y

Iy =

Js = /zizjzkzl do =
T

’ﬂ\

I. Klep et al. / Journal of Algebra 688 (2026) 189-243 215

9 n 2 . S
2 do = 2 I = =1,...

Vzg a n—1 1 (77,71)(714’2) fOTZ,j ) , 1, Z#,%
2 _ant2 2 S L
wijda_Qn—ljl_(n—l)n fori,j=1,...,n, 1 #j,

zijzp do =0 if at least one of 1, j,k,l occurs an odd number of times,

vijVie do =0 if at least one of 1,7, k,1 occurs an odd number of times,

wijwi do =0 if at least one of 1, j, k,l occurs an odd number of times,

9

4 .

*do = =1,...

z o= e T Dy it Ll

1 9
3
zi%5 €O 1T T - Dn+2)(n+4)(n +6)
forij=1,...,n i#j,
2

9 9 n®+4n+ 15 o o

‘z2 do = =1,...

Zzzj a (n—1)n(n+1)(n+2)(n+4)(n+6)’ fOT'La] ) 7”317&]5
-3

z?zjzkdaz— i

(n—1)n(n+1)(n+2)(n+4)(n+6)

fori, 4,k l=1,...,n, i,j,k pairwise different,

3
(n—1)nn+1)(n+2)(n+4)(n+6)

forn>4andi,jk=1,...,n, 1,4, k, 1 pairwise different,

24
4 .. ] . .
WZJ 7 (il )il(n 1)( v ) ? Z’j ’n7 ' j’

4
(n—1)nn+1)(n+2)

1
2 _ 2 _ —
w-jwk.l do = EJG =

<

forn >4 and i,j,k,l pairwise different,

ZijZklZopZrs do =0,

if at least one of i,7,k,1,0,p,7,s occurs an odd number of times,
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Jg = /Wijwkrlwopwrs do = 0,
T

if at least one of i,7,k,l,0,p,r,s occurs an odd number of times.

In the proof of Lemma 4.12 we will use the following technical lemma. Recall that
[21-1
nll = H (n — 2k) stands for the double factorial of n € N.
k=0

Lemma 4.13. Fori € N and j € N U {0} the following equalities hold:

Jo sint2(g) dg (i + 25 — 1)l

Aigj = Josin'(¢) dg (i — D! (i +25)!1
B, i d0 oS@)sTH(@) dg  (i+2j — )il
o o sin’(¢) dg G- D (i+2j+ 2
— foﬂ cos*(¢) sinit2i (¢) do 3 (i42j — 1)1 4l
o Jo sin’ () do (i — L)1 (i +2j + )N

Proof. We have

Jo s (@) do _ B(“HH,5)  D(HH)0(52)
Josw'@)de  B(H ) T(SHT(HF)

(142G )i+ 14203 —2) - (i + 1)
(i+2+2(—-1)(i+2+20G—2) - (i+2)

_(i42i -l

=DM (42

Aioj =

The proofs for B; 2; and Cj 2; are similar. O
Now we are ready to prove Lemma 4.12.

Proof of Lemma 4.12. We write

9: (¢17¢27"‘>¢n71)7 ¢17"'a¢n72 S [0771-]7 ¢’I’L71 € [0727‘-]
%: (1/}171#27""1/]77,72)) ¢1»--->1/Jn73 S [Oaﬂ-]a wn72 S [0727‘-]

Let
Iy 0 0 0
_| 0 cos(¢) —sin(¢) 0
R} (¢) = 0 SlI?(d)) Colsr(l¢) 0 , 1<j<n-1
0 0 0 In J—1
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be a Givens rotation, where I stands for the k x k identity matrix, and

H,(¢) = n
Hy () = Ry (n—2) Ry "2 (Yn-3) - Ry (1)
Then H}(¢) is (see, e.g., the formula for Ly(6) in [42, p. 3-4] or use induction on n)
cos(é1) —sin(¢1) 0 S 0
sin(¢1) cos(¢2) cos(¢1) cos(¢z) — sin(¢2) T 0
(TI sin(en) cos(@)  cos(n( I] sin(@,) cos(é)  cos(éa)( I sin4)) cos(és) 0
j=1 i=2 j=3
(I sin(én) cos(én—r) cos(@n( T] sin(é,)) cos(@n-1) cos(éa)( il sin(6;)) cos(¢n1) —sin(¢n-1)
j=1 j=2 i=3
("1:[ sin(¢; )) sin(¢,—1) COS(¢1)(ﬁ sin(cbj)) sin(¢n_1) cos(qﬁz)(ni sin(¢;) )sin(d)n_l) cos(pn—1)
and
1 0
H.(y) = :
w=(0 m'w)
The set T = V5, (R) (see Remark 4.3) can be parametrized by (see, e.g., [11, p. 48-49]
or [42, §2])
z1(¢)  v1(9, )
T2 (?) Y2 (?7 ﬂ)

= the first two columns of H} (@Hﬁ(y),

) € ([0,7]"=2 x [0,27]) x ([0, 7]~ x [0,27]). We define

where (¢,
T om T ™ 2
[=[-[1]-]]
d¢ = dd:djzﬁg . dqﬁZj, dyp = diprdeps . .. dapy o

We have
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where by [10, Theorem 2.1] (taking V = z(¢), G(V) = H,(¢) without the first column
and Z = the first column of H,_, (1)) and [7],

1 ,
? g H sin(¢;)" 1 S—l H Sin(d)i)"72727
=1

with
71'277”72
:/ //Hmwlldab,
O 1=1
n—2
T 7r27r
/ //Hsmwl"dew
O =1
n—3

By the invariance of the integral with respect to the change of indices we can assume
without loss of generality that i,5,k,1 € {1,2,3,4} in all equalities of Lemma 4.12.
Due to the difference in parameterizations of some of the coordinates x;(¢), yi(¢, ),
1=1,2,3,4, we separate cases n > 6, n =5, n =4 and n = 3 in the rest of the proof.

Case 1: n > 6. The coordinates z;(9), yi(¢,%), i = 1,2,3,4, are the following:

z1(¢) = cos(¢r),
72(¢) = sin(¢1) cos(¢2),
r3(p) = sin(¢1) sin(¢p2) cos(¢3),
24(¢) = sin(¢1) sin(¢2) sin(¢s) cos(¢4),
y1(9,¥) = —sin(¢1) cos(¢1),
Y2(¢, 1) = cos(¢1) cos(pz2) cos(i1) — sin(¢z) sin(¥y) cos(th2),
y3(¢, ) = cos(¢1) sin(¢2) cos(¢3) cos(¢1) + cos(p2) cos(psz) sin(1h1) cos(v2)

— sin(¢@3) sin(¢1) sin(tp2) cos(¢),

0s(¢1) sin(¢2) sin(¢3) cos(¢s) cos(1h1)
+ cos(¢2) sin(¢3) cos(pa) sin(yh1) cos(¢2)
+ cos(¢3) cos(¢a) sin(th) sin(¢2) cos(1)3)
— sin(¢4) sin(ty) sin(1hg) sin(13) cos(wy).

)

S
|-

Ya(

In the computations below we will need the following identities in the notation of
Lemma 4.13:
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n—3
n—2’

(n =31 (n — 4!
2T =B (n — 2)1!

A

=

L=
Elw
=
RS
£

Il
\Abx/”"
B
E=
— [
= !
S
S

Il

<t
i
IS
<

G}
s
|+
—|=
s
El+
—|E
NE
£
I
|
|+
E|E
GG
+|
Els
I
©
©
|
<
<t

)

=
Tl
S+
RS
Tl=
El+
=g
Tl=
S+
e
RE
£
I
)
||+
glE
G
+
Egls
I
0
7
=
<

)
— ||
<
Il
G)
[
EE
==
[
SRS
Il
(e}
i
<
Q

‘™
— ||
I
Il
NNy
]
EE
I
[ ]
ElE
Il
[e=}
<
|
<
M

=
32
R
Sle
[l
M‘ﬂ/”“
RS
El=
”nrO
=l
S
£
I
[\
3
IS
m

(n =4 (n —3)!
(n—4)! (n—1)!

By _30=

n—2

(n—1)(n+1)

(n—=2)II (n—3)N
(n—HN (n+ 1!

B, 30 =

(n—2)n
(n—1)(n+1)(n+3)’

n!l (n — 3)!
(n—HI (n+3)N

(n— 1)1 (n—2)!

(n =31 (n+2)!!

Bn—3,4 =

n—1
n(n+2)’

B, 290 =

\1./4
++
IS
\1!./2
||+
= |E
==
1
N|=
||+
E|E
==
+1 |
ElE
1
<t
N
|
I
Q

M.O/RU
++
S

_\1/4
T+
e | &

\.Uné

||+
2| &

—|=

I

N

I+

SIS

o=
=+ |

SIS

Il
e
i
IS
q

7 3
 (n—1(n+1)’

(n =4I (n—3)!!
(n =4 (n+ 1!

3

n—3,0 =

C

)
IT
£
~ |3
L1+
El=
==
i
|
£
I
==
|+
gle
N|=
|
gle
™
I
N
7
S

=)
|+
—e
=
S
=|+
TS
n2
=|+
£
N
I
~|e
||+
EE
=
+ 1
E|lE
o
I
<t
<
|
S

C

Now we are ready to prove the identities of Lemma 4.12. In the computations below
we include only terms with nonzero integrals, i.e., terms where in none of the factors

cos(¢;)* or cos(1;)* the exponent k is odd.
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1 1

n—1
n(n+2)’

= Bn72’2Bn73¢0 = n(n i 2) n_ 1 =
I /2122 do = _/Cos(<251)2 sin(¢1)” cos(¢2)” cos(v1)* Vi (¢, ) dgdyp

T n_
1

2 n—1 1
=-B, 22 (anrs,o) = _n(n +2) (n—1)2 - (n—1)n(n+ 2)7

Ji = / z] do = / cos(¢1)* sin(¢1)* cos(v1)* Vi (8, ) dgdy

T n_

9

3
" n(n+2)(n+4)(n+6)’

- c . __ 3-Dm+1)
=Cn—24Cn-30= nn+2)(n+4)(n+6)(n—1)(n+1)

Jo= [ 2tz ds = [ cos(61) " sin(6)* cos(02)? cos(in) Va6, 8) dody
1 3

T n_
3(n—1)(n+1)

nn+2)(n+4)n+6)n—1(n—1)(n+1)

=—Ch_24B5,-30C,_30=

9
T T n—Dnn+2)(n+4)(n+6)

/ cos(¢1) sin ()" cos(2)* cos(ifr)

z2z2 do = W (o, v) dodyp

cos(gbg) sm(gbg)Q (:05(1/)1)2 Sin(¢1)2 cos(d)Q)QVn (¢,9) dpdy

2 sin (61)

ol
e

(n —2)? 1

=Cp 24(Cn—3,0) +Bn—2,4(Bn—3,2)QBn—4,o
-2

3n—1)(n+1) 9
n+2)(n+4)(n+6) (n—1)2(n+1)
_ n? +4n + 15
(n=Dnmn+1)(n+2)(n+4)(n+6)’

Jy = /2%2223 do = /cos(¢1)4sin(¢1)4cos(¢2)2 sin(¢p2)? cos(¢3)? cos(t1)

(n—1)(n+1)
n(n+2)(n+4) (n—1)2(n+1)>2

T n_

(¢,¢) dédy—/COS(qh)Q sin(¢1)? cos(2)” sin(¢2)? cos(¢3)? cos(t1)? sin(vn)

n

. COS(¢2)2Vn (?7 %) d?dy

=Ch_24B8n_39Bp_40Ch_30— Bn_24 (Bn73,2)2(Bn74,0)2
B 3n—1)(n+1) n—2 1 3
o +2)(n+4)n+6)(n—1)n+1)n—-2Mn-1)(n+1)
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~ (n=1)(n+1) (n —2)? 1
nn+2)(n+4) (n—12Mn+1)2 (n—2)2
n—3

(n—=1nn+1)(n+2)(n+4)(n+6)

Js = /21222324 do = f/cos(gbl)‘l sin(¢1)* cos(¢o)? sin(¢pz)?* cos(p3)? sin(¢s)?-

T n

- cos(¢4)? cos(1h1)* Vo (¢, ¥) depdyp — /COS(¢1)2 sin(¢1)* cos(¢2)* sin(¢2)*-

- cos(3)? sin(ps)? cos(pa)? cos(1)? sin(4h1)? cos(¥2)*Vau (¢, ) dopdy
+ 2/ cos(¢1)? sin(¢1)4 cos(¢p2)? sin(¢2)4 cos(p3)? sin(¢3)? cos(¢4)? cos(¢1)? sin(¢hy)?-

- cos(th2)2Va(8, ) dodgs + / cos()? sin(1)* cos(de)? sin(da)?-

n

- cos(¢3)” sin(¢3)” cos(¢a)” cos(¢h1)? sin(v1)? sin(2)? cos(13)* Vo (¢, ¥) dgdyp
=—Ch—24Bn_34Bp_42By_50Cn_30— Bn_24Cn_328,_42Bn_50Bn_328n_4,
+2Bp_204Bp_34Bn_42B,_50B,-32Bn_4,0
+ Bn_24 (Bn—3,2)2Bn—4,2 (Bn—5,0)2An—4,2

B 3n—1)(n+1) (n—2)n n—3 1 3
nn+2)(n+4)(n+6)(n—1)(n+1)(n+3) (n—2)nn—-3(n—-1)(n+1)

~ (n=1)(n+1) 3(n—2) n—3 1 n—2 1
nn+2)n+4) (n—Dn+1)n+3)(n—-2nn—-3n—-1)n+1)n—2

+2(n—1)(n+1) (n—2)n n—3 1 n—2 1
nmn+2)n+4)(n—1)n+1)(n+3)(n—2)nn—-3n—-1)(Mn+1)n-2
(n—1(n+1) (n—2)2 n—3 1 n-3
nn+2)n+4)(n—12n+1)2Mn—-2)n(n—3)2n—2

3

(n—=1nn+1)(n+2)(n+4)(n+6)
The fact I3 = Z—f}[l is a consequence of the following computation:

n n

1:/(2}(3)(;%)@_/@2)da+/(zzgj) do =l + n(n — )l

T i=1 i=1 T i#£j

n+1

1—nl; =
i n+2

=n(n—1)Is,
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which implies Is = % = Z—ﬂjb
Further,

I4 =S /(Zij + Zji)Q do = /(Z?J + 22“23‘1‘ + Z?i) do = /(ZZQJ + QZiZj + 2321) do

T T T
n+1 1 2n 2
— 5+ :2( _ )I: I = ,
(I3 + I2) n-1 n-1)"" n=1" m=1n+2)

Iy = /(Zu‘ —z5)° do = /(Z?j — 22452 + 23;) do = /(Z?j —2z;z; +2z};) do

T T T
n+l 1 2(n + 2) 2
=I5 — 1 :2( )1: I = .
(Is = I2) n—1+n—1 ! n-1 " (n—1n

Next we prove that fT zi;zp do = 0 if at least one of ¢, 5, k,! occurs an odd number
of times. Write g(x,y) := x;y;xxy; and let 4; be the index among 1, j, k,1 which occurs
an odd number of times. Since

9(301, vy Lgy =1y T4y Ly 41y oo 5 Ty Y1y o o o5 Yig =15 —Yiyy Yig+15- - - ayn)

= _g(xlw"7xi1—17xilami1+17"'axnayly'"7yi1—17y’i17y’i1+17" 7y’ﬂ)

for every (z,y) € T, it follows that Is = [, z;jz do = 0. Consequently, I = Iy = 0,
since I7 and Ig are both weighted sums of the integrals of the form I.

Now we prove Jg = W. We have

n+2)

/Wilz do = /(X1Y2 - Y1X2)4 do

T T

= / (x1y3 — 4xixay1y5 + 6x7x3y1ys — 4x1x5y1y2 + x5y7) do
T

= 2/}(‘21}/1l do — 8/x1x§y‘;’y2 do + 6/2%2% do,
T T T

where we used that [, xy3 do = [ x3yf do and [ xx0y1y3 do = [ x1x3y}y2 do due
to symmetry of the integral value in the indices of the variables x,y. We compute:

I = / xiytdo = / sin(61)® cos(da)* cos(¥1) 1V, (¢, 9) dgdy
T n_
B 2 (n—1)(n+1)(n+3)(n+5) 9
= An-25(Cns0)” = nn+2)(n+4)(n+6) (n—1)%(n+1)2
_ 9(n +3)(n+5)
(n—1nn+1)(n+2)(n+4)(n+6)’
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J& = /xlxgy:{’yg do = —/cos(q51)2 sin(qbl)G cos(¢2)4 Cos(z/)1)4Vn(Q 1)) dgdep

6

n

_ 2 _ (n=D+1)(n+3) .
=B 26(Cnso) = n(n+2)(n+4)(n+6) (n—1)2(n+1)2

_ 9(n +3)
)

“(n—Dn(n+1)(n+2

(n+4)(n+6)’
where in the second integral we included only the term with a nonzero integral. Hence,

24
(n—1nn+1)(n+2)

Jo = 2J — 87 + 6.5 =
Next we prove J; = m. We have

/wf2w§4 do = /(X1Y2 — y1%2)*(x3y4 — y3x4)? do
T T
= / (Xfxgygﬁ - 2X1X2X§Y1Y2Yi + xgxgyfyi - QX%X3X4Y§Y3Y4 + 4X1X2X3X4Y1Y2Y3Y4
T
— 2%5X3X4y]y3Ya + X1 X3Y5Y3 — 2X1XaXjy1¥2y3 + X3x5y1y3) do

= 4/X§xiy%y§ do — 8/x§X3X4y%y3y4 do + 4/21222324 do,
T T T

where we used that

2,22 2 _ 2.2 .2 2 _ 2.2 2 2 _ 2.2 2 2
/X1X3Y2Y4 do = /X2X3Y1Y4 do = /X1X4Y2Y3 do = /X2X4Y1Y3 do,
T T T

T
/X1X2X§Y1Y2yz21 do = /X%X3X4Y§Y3Y4 do = /X§X3X4Y?Y3Y4 do = /Xlxzxiywzyg do
T T T T

due to the symmetry of the integral value in the indices of the variables x, y. We compute:

T = / x3x3y3y} do = / cos(@1)? sin(¢1)® cos(2)? sin(¢e)* cos(ds)? sin(¢s)*-

T n

- cos(¢a)? cos(¥1) Vi (¢, %) d?@*/sm(%)(j cos(¢2)" sin(¢2)? cos(¢s)? sin(¢s)*

n

- cos(¢4)? cos(th1)? sin(1)? cos(1h2)* Vo (¢, 1) dgdyp + / sin(¢1)° cos(¢2)? sin(¢2)*-

n

-sin(¢3)* cos(pa)? cos(p1)? sin(1h1)? sin(th2)? cos(13)* Vi (¢, 1) dgdyp
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=Bp_26Bn-348n_42B8n_50Cn_30+ An—26Cn—32Bn_142Bn_50B8n-328Bn_4,0
2 2
+ An—2,6(Bn-32) An—1,4(Bn-s0) An-a2

_ (n=1)mn+1)(n+3) (n—2)n n-3 1 3
nn+2)n+4)(n+6)(n—1)(n+1)(n+3) (n—2)nn—-3(n—-1)(n+1)
(n =1 +1)(n+3) 3(n—2) n—-3 1 n—2 1

nn+2)n+4) WM-Dn+1)n+3)n—-2nn—-3n-1)(n+1)n—-2
(n—=1(n+1)(n+3) (n—2)2 n=3)(n-1 1 n-3
nn+2)(n+4) mM-1)2n+1)2 nO-2n (n-32n—-2
(n+3)(n+5)
(n—1)n(n+1)(n+2)(n+4)(n+6)’

cos(¢1)? sin(¢1)° cos(¢2)? sin(p2)*-

—~

J7(2) = /X§X3X4y§y3y4 do =
T

¥ ~—

- cos(¢p3)? sin(¢3)? cos(¢4)? cos(z/Jl)4Vn(Q, 1)) dedyp + /Sin(¢1)6 cos(¢o)* sin(¢a)?

n

- cos(p3) sin(¢3)? cos(da)? cos(1h1)? sin(1h1)? cos(1h2)* Vi (¢, ¥) depdyp
- / sin(¢1)® cos(¢a)? sin(¢z)? cos(pz)? sin(¢s)? cos(¢p4)? cos(¢1)? sin(1h;)?

n

sin(¥s)? cos(s) V(. ¥) dod
3 3

B (n—1)nn+1)(n+2)(n+4)(n + 6) * (n—=1)n%2(n+1)(n+2)(n+4)

2
— An—2,6(Bn-3,2) Bn-42Bn—504n-42Bn_50

3 3
- (n—1)n(n+1)(n+2)(n+4)(n+6) * (n—1n?(n+1)(n+2)(n+4)
~ (n=1(n+1)(n+3) (n—2)2 n—3 1 n-3 1
nn+2)n+4) m-1)20+12Mn0-2)nn—-3n—2n-—3
n+3

C(n—=Dnn+1)(n+2)(n+4)(n+6)’
where we included only the terms with nonzero integrals in the computations. Hence,

4
(n—Dnn+1)n+2)

Jr =4I — 872 14y, =

The argument for Jg = Jg = 0 is the same as for I = I7; = Ig = 0 above.

Case 2: n = 5. Note that the parameterizations of z;(¢), i = 1,2,3,4, and y;(¢, ),
i =1,2,3, are the same as in the case n > 6, while
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y4(9, ) = cos(¢1) sin(¢2) sin(¢s) cos(ds) cos(¢1) 4 cos(p2) sin(pz) cos(¢4) sin(th1) cos(v)z)
+ cos(¢3) cos(¢4) sin(1h1) sin(z) cos(1h3) — sin(¢p4) sin(th1) sin(ws) sin(vs).

So the computations of the integrals of monomials from Lemma 4.12 containing at most 3
different indices remain the same as in the case n > 6. The remaining formulas containing
monomials with possibly more than three different indices are Ig, I, Iy, J5, J7, Jg, Jg. The
arguments for Is = I; = Is = Jg = Jg = 0 are the same as in the case n > 6. The
argument for J5 following the same formula as in the case n > 6 also when applied to
n =5 is the following computation:

5
0—/(21+22—|—23+24+Z5 :Z/z d0—|—42/zzjda+62/z
=1

T i# T i<j
+ 12 E /z?zjzk do + 24 E /zizjzkzl do
1,7,k pairw. i<j<k<l
diff.,j<k T T

5 5 4 5
= 4.2 12- 24 .
s+ a-2(3) o o(5) ot 12053 )24 ()

Using Ji, Ja, J3, J4 as stated in Lemma 4.12 for n = 5, we get J5 = which is also

1
27720
in accordance with the formula in Lemma 4.12 for n = 5.

It remains to do direct computations for the value of J;. In the notation of case n > 6

we need to compute Jél) and J;Q):

SO = / xx2yy2 do = / cos(1)? sin(61)° cos(n)? sin(da)* cos(s)? sin(ds)>

T 5

- cos(pg)? cos(z/)1)4V5(Q, 1) dpdyp + /Sin(¢1)6 cos(¢p2)* sin(¢a)? cos(¢3)? sin(p3)?

5

- cos(¢4)? cos(th1)? sin(w1)? cos(1h2)* V5 (¢, 1) dgdip + / sin(¢1)° cos(2)? sin(g2)*-
5

- sin(¢s)* cos(¢4)? cos(1h1)? sin(t1)? sin(yh2)? cos(v3)* Vs (¢, 1) dgdyp
J§2) = /X§X3X4y%y3y4 do = /cos(¢1)2 sin(¢1)6 cos(qﬁg)2 sin(¢2)4 cos(qbg)2 sin(¢3)2-

T 5

- cos(¢a)? cos(¥1) ' Vs(, ) dody + /Sin(cfh)ﬁCOS(¢2)4sin(¢2)2COS(¢3)QSiH(¢3)2'

5

- cos(p4)? cos(tp1)? sin(vp1)? cos(12)? Vs (¢,7) dpdyp — /sin(¢1)6 cos(¢)? sin(¢o)?-
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- cos(¢3)” sin(¢3)? cos(¢4)” cos(t1)? sin(v1)? sin(12)* cos(3)*Vs (¢, ¥) dgdy.

In all of the formulas above the difference from the case n > 6 is that integration intervals
for ¢4 and 93 are [0, 27| instead of [0, w]. However, since

Jy" cos(9)*'sin(@)* do _ [ cos(@)* sin(¢)* do

— = = for all 4,7 € N U {0}, (4.8)
JZm1de Jo 1do

we can replace both intervals [0, 27r] with [0, 7]. Since the integrands are precisely as in
the case n > 6 with n = 5, the formulas for J; from the case n > 6 hold also when
applied to n = 5.

Case 3: n = 4. Note that the parameterizations of 2;(¢), i = 1,2, 3, and y;(¢,¢), i = 1,2,
are the same as in the case n > 6, while

24(¢) = sin(¢1) sin(¢2) sin(¢s),
Y3(¢, Y1, 2) = cos(¢1) sin(¢ga) cos(¢3) cos(¢1) 4 cos(p2) cos(¢s) sin(t)1) cos(¢z)
— sin(¢s) sin(v1) sin(¢)2),
Ya(@, Y1, 2) = cos(¢1) sin(g2) sin(¢s) cos(¢1) + cos(p2) sin(psz) sin()1) cos(12)
+ cos(¢3) sin(t)y) sin(t)z).

So the computations of the integrals of monomials from Lemma 4.12 containing at most 2
different indices remain the same as in the case n > 6. The remaining formulas containing
monomials with possibly more than two different indices are Ig, I7, Ig, Jy, J5, J7, Jg, Jo.
The arguments for I = I7; = Ig = Jg = Jg = 0 are the same as in the case n > 6. The
argument for Jy is direct computation. We have:

/2%2223d0 = /COS(¢1)4Sin(¢1)4005(¢2)2 sin(¢2)? cos(¢3)? cos(1h1)Va(4, ¥) dgdy

T 4

- / cos(¢1)? sin(¢1)" cos(d2)” sin(¢2)? cos(¢3)? cos(v1)? sin(¢h1)” cos(v2)?Va (9, ¥) dgd.

4

By (4.8), the integration intervals for ¢3 and 12 can be replaced by [0, 7] instead of
[0, 27]. Since the integral is precisely as in the case n > 6 with n = 4, the formula for Jy
from the case n > 6 holds also when applied to n = 4. The argument for J5 following
the same formula as in the case n > 6 for n = 4 is the following computation:

O—/(21—|—22—|—23—|—24 da—Z/z da+42/z zjdo—i—GZ/z

i#j 1<j p
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+ 12 Z z?zjz;C do + 24/21222324 do

1,7,k pairw.
diff.,j<k T T

4 3
=4J; +4-2(2>J2 +6<2>J3+12-4<2)J4+24J5.

Using Jp, J2, J3, J4 as stated in Lemma 4.12 for n = 4, we get J5 = Wloo’ which is also
as stated in Lemma 4.12 for n = 4.

It remains to do dlrect computations for the value of J7. In the notation of case n > 6
we need to compute J{" and Jég).

0 = / x2x2y2y2 do = / cos(1)? sin(61)° cos(n)? sin(dz)* cos(s)? sin(ds)

T 4

- cos(¢1) "' Va(e, ¥) d?d%ﬂL/SiH(%)G cos(¢2)" sin(2)? cos(¢s)? sin(¢s)*

4

- cos(ih1)? sin(ih1)? cos()Va(, 1) dddap + / sin(91)® cos(da)? sin(o)’
4

-sin(¢3)" cos(1)? sin(1)? sin(y2)* Va(¢, ) dody
JS) = /X%X3X4y%Y3y4 do = /(:05((;51)2 sin(¢1)® cos(¢o)? sin(¢o)? cos(pz)? sin(¢ps)?-

T 4

- cos(1)* Va(, 1) dodsp + / sin(1)® cos(d2) sin(ha)? cos(ds)? sin(és)?
4

) COS(%)Q Sin(¢1)2 COS(1/12)2V4(97 @ dody — /Sin(¢1)6 COS(¢2)2 Sin(¢2)2‘
4

- cos(¢3)? sin(¢3)? cos(v1)? sin(v1)? sin(2)*Va(¢, v) dgdy.

By (4.8), the integration intervals for ¢35 and 15 can be replaced by [0, 7] instead of [0, 27].
The difference in the integrands in comparison to the case n > 6 is that every summand
lacks the cos(¢4)? term, while some summands lack the cos(¢3)? term. However, looking
at the computation for n > 6 both correspond to the term B,,_59 = ﬁ Forn =4

this term is equal to 1, so the final formula for J7 is the same as in the case n > 6 when
applied to n = 4.

Case 4: n = 3. Note that the parameterizations of x1(¢), x2(¢) and y1(¢,1)) are the same
as in the case n > 6, while

r3(h1, ¢2) = sin(¢1) sin(¢z),
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Y2 (h1, d2,11) = cos(¢1) cos(p2) cos(thr) — sin(gz) sin(y)1),
Y3(o1, P2, U1) = cos(¢1) sin(pa) cos(11) + cos(p2) sin()1).

So the computations of the integrals of monomials from Lemma 4.12 containing one
different index remain the same as in the case n > 6, i.e., I; and J; hold for n = 3. The
arguments for Ig = Iy = Is = Jg = Jg = 0 are the same as in the case n > 6. Assuming
I, = —%Il, the arguments proving formulas I3, I4, I5 are the same as in the case n > 6.
It remains to establish the formulas for I3, Js, J3, J4, Jg by direct computations:

I, = /2122 do = —/cos(qfn)2 sin(¢>1)2 cos(¢2)2 cos(wl)QV;),(qul) dp1dgpodipy,

T 3
Jy = / 232y do = — / cos(¢1)* sin(¢h)* cos(p2)? cos(11)*Va(p1) dprdeadihy
T 3
J3 = /z%zg do = / 4sin ¢1) cos(q52)4 cos(w1)4V3(¢1) do1dgodiyy
T 3
+ /Cos(¢1)2 sin(¢p1)* cos(¢o)? sin(¢)? cos(v1)? sin(11)2Va(¢1) deéydgodiyy
3
Jy = /2%2223(10 = /cos(¢1)4 sin(¢1)?* cos(éa)? sin(¢o)? cos(1h1)*-
T 3

Vy() dérddodupy — / cos(1)? sin () cos(62)? sin(62)? cos(th1)? sin(g)*-

3

- V3(¢1) dprdeadyy

Jél) = /;;;*ﬁ do = /sm(gi)l) cos(p2)? cos(¥1) Va(p1) dprdpadihy
by 3

2 _ / x1xdylys do = / cos(1)? sin(é1)® cos(2)* cos(br) Vi (1) drdadipy,
T

3

where we included only terms with nonzero integrals in the computations above. By
(4.8), the integration intervals for ¢ and ; can be replaced by [0, 7] instead of [0, 27].
The integrands of Iy, Js, Jél), Jé2) are the same as in the case n > 6 and hence also
the corresponding formulas when applied to n = 3. The difference in the integrands of
J3 and Jy in comparison with the case n > 6 is that some summands lack at least one
of the terms cos(¢3)? or cos(¢)2)?. Looking at the computation for n > 6 these terms
correspond to the factor B,,_40 = %2 For n = 3 this term is equal to 1. So the final

n
formulas for J3 and J4 are the same as in the case n > 6 when applied to n = 3. Hence,
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also the formula for Jg is the same when applied to n = 3 by the argument as in the
casen > 6. O

4.3.2. Proof of Proposition /.10 for a symmetric bilinear form g
By the action g(x,y) = ¢g(U"'x,U~1y), U € SO(n), we can assume without loss of
generality that g is of the form

g(Z) =di1z1 +doza + ...+ dnzn, d; € R.

Raising both sides of (4.7) to the power of 4, we have to prove that

/(Zdizz)4 do <9 /(Z dizi>2 do 2. (4.9)

We can assume that ||g||2 = 1:

> dr - % > did; | L =1, (4.10)

i<j
where we used that I = ——51; (see Lemma 4.12). Squaring (4.10) we also have
> & LY aaky e (14 )Zd2d2
i#j 1<y
4
- did;d 24d;d;dyd
(1) T b g 3 o =
1,7,k i<j<k<l
Hiforent,
i<k

(4.11)

Using Jo = — 1< J; (see Lemma 4.12), (4.10) and (4.11) in (4.9), the latter is equivalent
to:

d3d,
0<9—<Zd;1 ZZ:J_l >J1—6Zd2d23—12 ST d2didy s

i 1<J 1,5,k
pairwise
different,
i<k
J5 if n > 47
> 24did;dyd; -
! 0, ifn=3
i<j<k<l ) :

A
—9——+Zd2d2(—6J3+2J1+mJ1)

1<)
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4
+ > ddidi( - 1270 - T+
ik "
pairwise
different,
i<k

+ > 24did;dyd; -
1<j<k<l
Ji 12

=t S D D D) 1 6)

( (dez —2)-2 Y dfdjdk)+12 > didjdkdl),

—J5+ﬁ<]1, 1f7LZ4,
0, ifn=23.

i<j 1,5,k 1<j<k<l
pairwise
different,
i<k
Since
J1 9n?(n + 2)? ~ In(n+2)

2 nn+2)(n+4)(n+6) (n+4)(n+6) "

it suffices to prove that

(Zd2d2 —2)-2 d?djdk) +12 Y didjdid; 2 0. (4.12)
i<y ij.k i<j<k<l
different,
j<k

We will use induction on n to verify (4.12), starting with n = 3. Clearly, for n = 3 both
terms are 0 and we have equality in (4.12). Let us assume (4.12) holds for some n and
prove it for n 4+ 1. Note that in all inequalities (4.9)—(4.12), the validity for one tuple
(di,...,dy) implies the validity for every tuple (dy + a,...,d, + a), where a € R. The
reason for this is that a(zy + ... 4+ 2,) = 0 on T and hence [,(3,(d; + a)z)" do =
fT(Zz d;iz;)! do for every [ € N. Using this and the symmetry on indices of coefficients
we can assume that

di >do>...>dp >dpy = 0. (4.13)

Using (4.13) in (4.12) it remains to prove

(Zd2d2 -2 Y d?djdk)+12 Y didjdid; > 0. (4.14)
i<j<n i,j,k<n 1<j<k<l<n

different,

i<k

We can rewrite (4.14) into
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“3( Y BEm--2 Y Bdd)+12 Y didsdyd

i<j<n i,j,k<n 1<j<k<l<n
pairwise
different,
i<k
(4.15)
+2( Y @din-2)- > ddid) =0

i<j<n 1,5,k<n

pairwise

different,

i<k

In (4.15), the first summand is nonnegative by the induction hypothesis, the second
summand by (4.13), and the third summand by Muirhead’s inequality [27]. Namely,
let (s1,82,83,-..,8n) = (2,2,0,...,0) and (t1,t2,t3,t4,...,tn) = (2,1,1,0,...,0). Note
Soiisi = Yo t; and Zle s; > Zle t; for k =1,...,n — 1. Since d; > 0 for i =
1,...,n, [27] implies

Z dia(l)d;a(Z) ._.dio(n) > Z digu)dtzg(z) ...dfld(n)’ (4.16)

O'ESn UESn
where S,, stands for the symmetric group on {1,2,...,n}. Note (4.16) is equivalent to
Do 2An-2)-did > Y 2 - d2d;dy,
1<j<n i,7,k<n
pairwise
different,
j<k

which implies the nonnegativity of the third summand in (4.15).
It remains to prove the moreover part of Proposition 4.10 for symmetric bilinear forms,
i.e., the constant v/3 in the inequality ||g||4 < v/3||g]|2 is asymptotically sharp as n — co.

For g(z) = \/%_121 note
lglla = ¢/ = onlnt2) lgll
VE e+ )mre)

As n — oo, we deduce that |g|ls = V3|gll. O

4.8.8. Proof of Proposition /.10 for a skew-symmetric bilinear form g
By the action g(x,y) = g(U~'x,U~y), U € SO(n), we can assume without loss of
generality (see [21, Corollary 2.5.11] that g is of the form

g(W) = a12W12 + Q3aW34 + ... F Gz n | g2 nWo n| _122], Gii+1 €R.

Raising both sides of (4.7) to the power of 4, we have to prove that

/( > agio1aivai- 12¢) do <6 / > agi12ivai- 121)2010 - (417)

T 1<i<[3] 1<i<| 2]
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We can assume that ||g|l2 = 1:

T

-

E a2i71,2ia2j71,2jW2i71,2iW2j71,2j) do

1<i,j<| 3]

Z a%i_l,gi)ﬁ; + 2( Z a2i—1,2ia2j—1,2j>18 (4.18)
1<i<( 2] 1<i<j<| 2],

Z 031—1,21)15 =1,
1<i<[ 3]

where we used Lemma 4.12. Squaring (4.18) we also have

1<i<| 3] 1<i<i<[ 3]

1
Z a’%i—l,% +2 Z a%i—miag]’—l,zg‘ =72 (4.19)
5

Computing the left-hand side of (4.17) using Lemma 4.12 we get

>

T 1<ig ki< 2]

a2i71,2ia2j71,2jUv2k;7L2ka2171,2lW2i71,22’W2j71,2jw2k71,2kw2l71,2l) do

_ 4 2 2
= E a2i—1,2iJ6 +6 E a2i—1,2ia2j—1,2j‘]7

1<i<] 3]

:( Z a;—

1<i<| 2]

In the computation

1<i<y<[ %]

2 2
1,2 T E a2i—1,2ia2j—1,2j>‘]6'

1<i<j<| 3]

(4.20)

above we used the fact that all integrals

/W2i71,2iW2j71,2jW2k71,2kW2l71,2l do,
T

where at least one index appears an odd number of times, are equal to 0. Using (4.18),

(4.19) and (4.20) in

Since

Js _
2

(4.17), the latter is equivalent to:

Js
0<6— Tz + Z agi—l,Qiagj—l,ijﬁ‘ (4.21)
5 1<i<y<| 2]
12,2 _
24(n —1)*n _ 6(n—1)n <6,

dn—1nn+1)(n+2) (n+1)(n+2)

the inequality (4.21) clearly holds.
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It remains to prove the moreover part of Proposition 4.10 for skew-symmetric bilinear
forms, i.e., the constant v/6 in the inequality ||g||4 < v/6||g]|2 is asymptotically sharp as
n — oo. For g(w) = ﬁwlg, note

JJde . 6(n—1)n
llglla = \/Iig_ m”gnz

As n — oo, we deduce that ||g|ls — V/6[/g|2. O

4.8.4. Proof of Proposition /.10 for a general bilinear form g
Let g(x,y) = x? Ay + 11 € R[x,y]1.1/I1.1 be a bilinear form, where A € R"*". We
can write

9(x,y) = (}{T(A;LiAT)y + 11,1) + (M + 11,1),

gs (%) ga (%,5)

where gs(x,y) and gq.(x,y) are symmetric and skew-symmetric bilinear forms, respec-
tively. We can write g5 and g, as follows:

n
gs(Z) = Z a;z; + Z b”(z” + Zji)7 a; € ]R, sz S R,
=1

1<i<j<n
gs,1 gs,2
9a(z) = > cij(zij —zj), ¢ €R.
1<i<j<n

Claim. (g, g,) := fT gsGq do = 0.

Proof of Claim. Since g, = gs,1 + ¢s,2, it suffices to prove that

<gs,17ga> = <gs,27ga> =0.

The fact that (gs 1, go) = 0 follows by observing that (gs.1,g.) is a weighted sum of inner
products of the form

<Zi7 (ij — ij)> = /ziizjkda — /Ziizkde'.

T T

But the values of both terms are equal to 0 by Lemma 4.12; since at least one of the
indices 1, j, k occurs an odd number of times.

The fact that (gs2,9.) = 0 follows by noticing that (gs 2, g,) is a weighted sum of
inner products of the form
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((zij +25i), (2Zr1 — zi)) = (Zij, 201) — (245, 2ik) + (254, ZR1) — (Zjis Zik)

= /zijzkl da—/zijzlk da—!—/zjizkl da—/zjizlk do.
T

T T T

If (4,7) # (k,1), then in z;;2x;, 221k, Z;iZki, Z;iZ1x at least one of the indices i, 7, k, 1
occurs an odd number of times and hence the corresponding integral is equal to 0 by
Lemma 4.12. If (Z,j) = (k,l), then zijzkl = Z?j, zijzlk = zijzﬂ, zjizkl = zjizij, zjizlk =

z?i , and hence

((zij +2ji), (zij — 2ji)) = /z?j do — /z?l do = 0.

T T

This proves the Claim. O

We have
lglla = llgs + galls < llgslla + llgalls < V3l|gsll2 + V6l|gall2
< V3(llgsll2 + llgall2) < V6liglla,
where in the first inequality we used the triangle inequality for || - ||4, in the second the

statement of Proposition 4.10 for symmetric (resp. skew-symmetric) bilinear forms, in
the third v/6 < v/3 and in the last ||gs|l2 + [|gall2 < V2| g]l2. Indeed, by the Claim

lgll2 =/ llgall3 + llgs13. (4.22)

Further,

2
(HgaHZ + ”gsHQ) = ||ga||§ + 2||ga||||gsH + H.%”g < 2(”9(1”% + ”gsH%)a (4'23)

where we used inequality between the arithmetic mean and the geometric mean. Using
(4.22) in (4.23) gives [lgsll2 + l|gall2 < V2llgll2- D

5. Algorithms and examples

Each biquadratic form f € R[x,y]22 that is modulo I a nonnegative polynomial but
not a sum of squares yields an example of a “proper” cross-positive map A : M, (R) —
M,,(R), cf. Proposition 2.6. In this section we specialize the Blekherman-Smith-Velasco
procedure ([6, Procedure 3.3]; see also [22] for a specialization in the context of positive
linear maps) to produce many such examples from random input data. Throughout this
section we fix n > 2.

Observe that biquadratic forms are in bijective correspondence with quadratic forms
on the Segre variety (cf. [6, Example 5.6] or [41, Lemma 3.13]). Let P"~! denote the
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complex (n — 1)-dimensional projective space and let o, : P~ x Pn=1 — P"Z_l,
([kr : oov s ply[yr o oo s yn]) = [T1y1 t T1y2 oot D T1Yn ¢ ... ¢ Tpyn] be the Segre
embedding. Its image o, (P"~! x P"~1) = V¢ (1,,) is the complex zero locus of the ideal
I, C R[z] := R|z11,212,---,Z1n, - - -, Znn] generated by all 2 x 2 minors of the matrix
(2ij); ;- The complexification I C CJz] of the ideal I, is radical [18, p. 98] and thus
consists of all polynomials vanishing on o, (P"~! x P"~1). It is also well known that
o, (P"~1 x P"~1) is smooth [18, p. 184-185] and of degree (2:__12) (18, p. 233].

Let J C R[z] be the ideal generated by > ., z;;, let J,, = I,, + J, and let JC and Jf
be complexifications of J and J,, in C[z].

Lemma 5.1. The ideal JS is radical.

Proof. We first show that JC /IC is a radical ideal in C[z]/IS. Let f € C[z]/IS satisty
f? € JC/IC. Since IC is radical ideal and Vg (I,,) is the image of the Segre embedding,
the Segre embedding induces an injective homomorphism between coordinate rings &7 :
C[z]/IS — Clx,y] sending z;; + IS + x;y,. Clearly, 67 (JC/IC) C IC, so (6#(}”))2 =
&#(f?) € IC. Since IC is a prime ideal in C[x,y], it follows that 7 (f) € IC. Let

5#(f) :g'ZXiYi (5-1)

for some g € C[x,y]. Since 57 (f) lies in the image of 5/, each of its monomials is of
bidegree (d, d) for some d (which depends on the monomial). Comparing the monomials
in (5.1) we see that the same holds for g, i.e., g € im&#. Let h € C[z]/IC satisty
5#(h) = g. Then (5.1) implies 67 (f —h- (31, zu + IS)) = 0, and injectivity of &7
implies that f = h- (3, ziu + IS) € JE/IC. So, JE /I is radical.

Finally, C[z]/IC is a domain, and JE /IC is a radical ideal. It follows that

(Clal/1S) / (JE/15) = Clal/ I
is reduced (without nilpotents), hence JC is a radical ideal in C[z]. O

Since Jf is the homogeneous ideal of all polynomials that vanish on V¢ (J,), the quo-
tient ring C|[z]/JC is the coordinate ring C[Vc(J,,)] of the variety Vi (J,). The proof of

! (I€) € JC/IC, and the converse inclusion is obvi-

the above lemma shows that (G7)
ous, therefore there is an induced injective homomorphism o : C[z]/JC — Clx,y]/IC
satisfying o7 (z;; + JC) = x;y; + I for 1 < i,j < n. The restriction of this homomor-
phism to the real quadratic forms is then a (linear) bijective correspondence between
quadratic forms from R[z]/J,, and biforms from R[x, y]22 modulo I.

Recall from Lemma 2.4 that a biform f € R[x,y]2,2 is a sum of squares modulo I if

and only if it is a sum of squares of biforms from R[x, y];,1 modulo I.
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Lemma 5.2. A biform f € R[x,y]2.2 of bidegree (2,2) is a sum of squares modulo I if and
only if the quadratic form U#il(f) € R[z]/Jn is a sum of squares.

Proof. To prove the implication (=) let

Jo n
F=> F+9-) =y (5.2)
j=1 i=1

where jo € N, each f; € R[x,y]11 and g € R[x,y]1,1. Note that all f; and g are in the
image of 0. Hence,

=Yt T P ot )Yz
i=1

is a sum of squares in R[z]/.J,.
It remains to prove the implication (<). Since f is in the image of o7, it follows from

is a sum of squares in R[x,y]/I which proves (<). O

Proposition 5.3. The variety Vo (J,) is smooth and is a nondegenerate subvariety of
Ve (X0, zi), dim Ve (J,) = 2n — 3, its codimension in the hyperplane Ve (31, zii) is
(n —1)2, and the degree of V¢ (J,) is (27:1:12).

Proof. Note that V¢ (J,,) is (the projectivization of) the variety of all n x n matrices of
rank 1 and trace 0. Suppose it is contained in a hyperplane of Vo (3" ; ;). Then there
exists a nonzero traceless matrix M such that tr(zy” M) = y" Mz = 0 for all 2,y € C"
satisfying y*x = 0. Taking « = e;,y = e; for arbitrary distinct ¢ and j we get that M is
diagonal. Furthermore, taking ¢ = e; + €5,y = ¢; — ¢; for distinct 7 and j, we get that
M is a scalar matrix. Since tr M = 0, it follows that M = 0, which is a contradiction.
Therefore V¢ (J,,) is nondegenerate.

Next, we compute the Hilbert polynomial for V¢ (J,). We follow the proof of the
analogous result for the Segre variety in [18, p. 234]. The space of polynomials of degree
d in C[z]/JE is isomorphic, via the restriction of the homomorphism o7, to the space
of polynomials of bidegree (d, d) in C[x,y]/IC. Its dimension is therefore
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<n:fz1>2_ (n:fgz): ((d+1)(-7.l._(n1;d—2)>2(n_1)(n+2d_1)'

This is a polynomial in d with the leading term ((n 1),)2 d*n=3, therefore dim V¢ (J,) =

2n — 3 and deg Ve (J,) = W = (*"7%). As Ve(37, zi;) is a hyperplane in
IP’"2’1, the result on codimension also follows.

It remains to prove smoothness. Note that the group GL,, acts on the variety Vc (J,,)
of rank 1 traceless matrices by conjugation. Using the Jordan normal form we see that
the action is transitive, so it suffices to prove that ejel is a smooth point of V¢ (J,,).
To show this we use the Jacobian criterion. Let Jac(ejel) be the Jacobian matrix for
Ve (Jn) at ered’. The generators of the ideal Jn are zi;zp — zi2k; where i # k and j # [,
and Z?’Zl z;;. The gradient of z;;z; — 22y, in erel is zero if i # 1 and k # 1 or if j # 2
and [ # 2. On the other hand, the gradient of Zlgzkl — z11Zp2 in ered is ekelT for k # 1
and [ # 2, and the gradlent of >0 1z is Y. eiel. Clearly, Y1 | e;el € C™ is not a
linear combination of exel with k # 1 and [ # 2, so rank Jac(erel) = (n — 1)% + 1 and
dim ker Jac(ejel) = 2n — 2. Tt follows that the (prOJectlve) tangent space to Vg (J,) at
erel is (2n — 3)-dimensional, which shows that ejel is smooth. O

Corollary 5.4. For n > 3 the variety Ve (Jy,) is not of minimal degree, i.e., deg Ve (J,) >
1+ codim V¢ (J,,).

We write

Pos(V(Jn)) ={f € R[z]/Jn: f(z) >0 forall z € V(J,)},

k
Sos(V(Jp)) = {f eR[z]/Jp: [ = fo for some k € N and f; € R[z]/Jn} )

i=1

for the cone of nonnegative polynomials and the cone of sums of squares from R|z]/J,,
respectively.

For n > 3, [6, Procedure 3.3] yields an explicit construction of nonnegative quadratic
forms from R[z]/J, that are not sums of squares forms starting from random input data.
We now turn this procedure, specialized to our context, into a probabilistic (Las Vegas)
algorithm.

Algorithm 5.5. Let n > 3, d = 2n —3 = dim V(J,,), and e = (n — 1) = codim V(J,,). To
obtain a quadratic form in Pos(V(.J,,)) \ Sos(V(J,,)) proceed as follows:

Step 1 Construction of linear forms hy, ..., hq.
Step 1.1 Choose e 4+ 1 random pairwise orthogonal z(¥ € R™ and y® € R™ and
calculate their Kronecker tensor products z(") = z() @ y() ¢ R
Step 1.2 Choose d random vectors vy, ...vq € R™” from the kernel of the matrix

(20 . ler)”

)



238 I. Klep et al. / Journal of Algebra 688 (2026) 189-243

and form the linear forms
hj(z) =vj-z€R[z] forj=1,...,d

If the number of points in the intersection ker((vi ... vd)*) AV (Jy) is

not equal to deg(Ve(J,,)) = (2:__12) or if the points in the intersection are

not in linearly general position, then repeat Step 1.1.
Step 1.3 Choose a random vector vy from the kernel of the matrix

(z(l) e z(e))* .
(Note z(¢t1) is omitted.) The corresponding linear form hyg is
ho(z) = vg -z € Rz].

If by intersects hq, ..., hq in more than e points on V'(J,,), then repeat Step
1.3.
Let a be the ideal in R[z]/J,, generated by hg, h1, ..., hqg.

Step 2 Construction of a quadratic form f € (R[z]/J,) \ a®.
Step 2.1 Let g1(2), ... ,g(n)z (z) be the generators of the ideal I,,, i.e., the 2x2 minors
2
zijzr — Zazkj for 1 <i <k <n,1 <j<l<mn. Set g = Yo, zi;. For
each ¢ = 1,...,e compute a basis {wgl)7 . ,w((;ll} C R™ of the kernel of
the matrix

Vgo ()
Va0

(Note that this kernel is always (d-+1)-dimensional, since the variety Ve (Jy,)
is d-dimensional (in P”Qil) and smooth.)

Step 2.2 Choose a random vector v € R"™" from the intersection of the kernels of the
matrices

(Z(n@wgi) Z(i)®wy}r) fori=1,....¢

with the kernels of the matrices
(€i®€j*6j®ei)* f0r1§i<j§n2.

(The latter condition ensures v is a symmetric tensor in R™ @ R". Note
also the point z(¢*1 is omitted.)
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For 1 <i,k <nand1<j 1 <n denote
Eijlu=(e;®e)) @ (er®e) + (ex ®er) @ (e; ®ej) €R™.
If visin
Span<{vi®vj+vj®vi:Ogigjgd}
U{Eijkl_Eilkj§1§i<k§n71§j<l§n}
U{i((ei@@ei)@(ej@ek)ﬂej®ek)®<ei®ei));1 Sj,kén}),
i=1

then repeat Step 2.2. Otherwise the quadratic form
f(z) =v" - (z®2) € R[z]/Jn,

does not belong to a?.
Step 3 Construction of a quadratic form in R[z]/J,, that is nonnegative but not sos.
Calculate the greatest o > 0 such that 50f+2?20 h? is nonnegative on V(.J,,). Then
for every 0 < § < §p the quadratic form

d
F5:5f+zh§ (5.3)
i=0

is nonnegative on V'(.J,,) but is not a sum of squares.
5.1. Correctness of Algorithm 5.5

The main ingredient in the proof is the theory of minimal degree varieties as developed
in [6]. Since V¢ (J,,) is not of minimal degree for n > 3 by Proposition 5.3, Sos(V (J,,))
Pos(V (J,)). Hence results of [6, Section 3] apply; their Procedure 3.3 adapted to our set-
up is Algorithm 5.5. While Step 1 and Step 3 follow immediately from the corresponding
steps in [6, Procedure 3.3], we note for Step 2 that “vanishing to the second order at

27 means f(z() = 0 and Vf(z) € Span{ng(z(i)): 0<j< (3)2} Since f & a?,

the quadratic form §f + Z?:o h? is never a sum of squares, while it is nonnegative on
V(Jp) for sufficiently small § > 0 by the positive definiteness of the Hessian of Z?:o h?
at its real zeros z(1) ..., 2(¢) see the proof of the correctness of Procedure 3.3 in [6].

5.2. Towards an implementation

Note that the verification in Step 1.2 is computationally difficult (but can be performed
using Grobner basis if n is small). However, since all steps in the algorithm are performed
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with random data, all the generic conditions from [6, Procedure 3.3] are satisfied with
probability 1. Hence, by omitting the verification in Step 1.2, Algorithm 5.5 becomes a
Monte Carlo algorithm and yields a correct output with probability 1. Step 1 and Step
2 are easily implemented as they only require linear algebra. On the other hand, Step
3 is computationally difficult; testing nonnegativity even of low degree polynomials is
NP-hard, cf. [26].

Several algorithms are available to check nonnegativity of polynomials. Those using
symbolic methods such as quantifier elimination or cylindrical algebraic decomposition
only work for small problem sizes. We employ numerical methods based on the Posi-
tivstellensatz [8]. To reduce the number of equality constraints, we rewrite the quadratic
form Fs(z) from (5.3) into x,y variables, obtaining a biquadratic form we denote by a
slight abuse of notation by Fj(x,y).

Proposition 5.6. For f € R[x,y] the following are equivalent:

(i) f=0onV(I);
(ii) there exist sum of squares 01,02 € R[x,y] such that

o1f—oo€l and o1 %0 on V(). (5.4)

Proof. Assume (ii) holds. From (5.4) it follows that f > 0 on S = V(I) \ V(o1). Since
V(I) is irreducible, S is Zariski dense in V(I). Since S is also open in V' (I), it is dense in
V(I) also in the Euclidean topology and hence (i) holds. Conversely, suppose (i) holds.
By the Positivstellensatz (e.g. [8, Corollary 4.4.3]), there is m € N and sums of squares
01,09 such that fo; — o9 — f2™ € I. Assume o1 = 0 on V(I), then oy € I since [ is the
vanishing ideal of V(I) (see §2), whence o3 + f>™ € I. Thus, again by the real radical
property of I, f € I. In this case we may simply pick ;1 =1 and 0o = 0. O

We apply Proposition 5.6 to Fs from (5.3) to search for a § > 0 making Fj5(x,y)
nonnegative on V(I). Let § > 0 be fixed and suppose the degree of o1 is < 2d. Then the
ideal constraint in (5.4) immediately converts into a linear matrix inequality and thus
feeds into a semidefinite program (SDP) that can be solved with standard solvers [43].
(Here homogeneity of F5 and I enter. Both ¢; can be assumed to be homogeneous, and
degos < 2d + 4.) To implement the non-equality constraint in (5.4), we pick a random
point (zg,y0) € V(I) and set o1(zo,y0) = 1. Our implementation uses bisection, sets
d = 1 and starts with, say, § = 1. Then solve the described feasibility SDP. If it has
a solution, stop. If not, replace 6 by §/2 and try again. If no solution has been found
with § greater than some prescribed tolerance, increase d, and reset 6 = 1. Then repeat
the process. By Proposition 5.6 and the construction of Fjs the algorithm will eventually
produce a certificate of nonnegativity for some 6 > 0. We refer to [4] for a numerical
comparison of polynomial optimization choices for a similar problem.
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As in [22] (see also [4]) it might be possible to apply standard techniques [32,9] to
turn obtained numerical sum of squares certificates into symbolic ones.

5.3. Example

In this section we give an explicit numerical example of a “proper” cross-positive map
® : M3(R) — Ms(R) built using our ad-hoc implementation of Algorithm 5.5 in Wolfram
Mathematica. Working with rational random data as per Algorithm 5.5 quickly leads
to very large denominators with bad conditioning, necessitating working with floating
point numbers. Let

pa(x,y) = 75.356 x7y3 + 35.3881 x7y3 — 65.2694 x7y2y3 + 89.2972 x2%1¥3
—19.9103 x3%1y3 4 96.593 x0x1y3 — 47.7404 x3%1y5 — 80.1036 X2X1y2¥3
+ 56.4942 x3x1y2y3 + 37.6343 x3y1 + 6.96833 x3y7 + 17.7278 xox3y7
+ 38.8145 x3y5 + 23.0293 x3y3 + 37.1699 xox3y3 + 66.6118 x3y3
+22.9845 x3y3 — 66.1642 x2x3y3 — 2.03483 x35y1y2 + 25.0232 x3y1V2
+ 35.2335 xox3y1¥2 + 1.70127 x3y1y3 — 32.1772 x3y1y3 — 33.3246 x2%X3y1¥3
+9.37496 x3y2y3 — 41.4656 x3y2y3 + 11.4857 Xox3¥2¥3.

The corresponding linear map ® : S3(R) — S3(R) is as follows:

O(E) =

0. 0. 0.
0. 75356  —32.6347 |,
0. —32.6347 35.3881

37.6343 —1.01742 0.850636]

D(By) = | —1.01742  38.8145  4.68748
0.850636  4.68748  66.6118

6.96833  12.5116 —16.0886
®(Es3) = | 12,5116  23.0293  —20.7328 | ,
—16.0886 —20.7328  22.9845

0. 0. 0.
O(E1o+ Fop) = | 0. 89.2972 —40.0518 | ,
0. —40.0518  96.593

0. 0. 0.
O(Ers + Esp) = |0. —19.9103  28.2471 |,
0. 28.2471 —A47.7404

17.7278  17.6168 —16.6623
O(Eo3 + F30) = | 17.6168  37.1699  5.74284 | .
—16.6623 5.74284 —66.1642

The polynomial pg is nonnegative on V(I) but not a sum of squares modulo I. Equiva-
lently, an arbitrary *-linear extension ® : M5(R) — M;5(R) of ® is a proper cross-positive
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map, e.g., ® is trivial on antisymmetric matrices. This example was produced using Al-
gorithm 5.5 starting with the points

r - 3 3 21 3 19
@y -3 1 3| -F -3 -3
1 8
2@ 4@ 10 -3|-24 9 -8
z® 4B = 1 -1 —% % —% 8|,
@ 4@ 2 -1 Y| -4 ¢ 25
() 45

where each (), 3 ¢ R3.
Acknowledgments

The authors are grateful to the anonymous referees and the editors for their careful
reading of our paper and for their insightful comments, which have helped improve it
substantially.

Data availability
No data was used for the research described in the article.

References

[1] W. Arveson, Quantum channels that preserve entanglement, Math. Ann. 343 (2009) 757-771.
[2] A. Barvinok, Estimating L> norms by L?* norms for functions on orbits, Found. Comput. Math.
2 (2002) 393-412.
[3] A. Barvinok, G. Blekherman, Convex geometry of orbits, combinatorial and computational geome-
try, MSRI Publ. 52 (2005) 51-77.
[4] A. Bhardwaj, A practical approach to SOS relaxations for detecting quantum entanglement, J.
Optim. Theory Appl. 198 (2023) 869-891.
[5] G. Blekherman, There are significantly more nonnegative polynomials than sums of squares, Isr. J.
Math. 153 (2006) 355-380.
[6] G. Blekherman, G.G. Smith, M. Velasco, Sums of squares and varieties of minimal degree, J. Am.
Math. Soc. 29 (2016) 893-913.
[7] L.E. Blumenson, A derivation of n-dimensional spherical coordinates, Am. Math. Mon. 67 (1) (1960)
63-66.
[8] J. Bochnak, M. Coste, M.-F. Roy, Real Algebraic Geometry, Ergebnisse der Mathematik und ihrer
Grenzgebiete, vol. 3, Springer, 1998.
[9] K. Cafuta, I. Klep, J. Povh, Rational sums of Hermitian squares of free noncommutative polyno-
mials, Ars Math. Contemp. 9 (2015) 243-259.
[10] Y. Chikuse, Distributions of orientations on Stiefel manifolds, J. Multivar. Anal. 33 (1990) 247-264.
[11] Y. Chikuse, Statistics on Special Manifolds, Lecture Notes in Statistics, Springer, 2003.
[12] M.-D. Choi, Completely positive linear maps on complex matrices, Linear Algebra Appl. 10 (1975)
285-290.
[13] C. Cuchiero, D. Filipovi¢, E. Mayerhofer, J. Teichmann, Affine processes on positive semidefinite
matrices, Ann. Appl. Probab. 21 (2011) 397-463.
[14] C. Cuchiero, M. Keller-Ressel, E. Mayerhofer, J. Teichmann, Affine processes on symmetric cones,
J. Theor. Probab. 29 (2016) 359-422.
[15] T. Damm, Positive groups on H™ are completely positive, Linear Algebra Appl. 393 (2004) 127-137.


http://refhub.elsevier.com/S0021-8693(25)00552-6/bibCC0E03554C113BFCB2D336CBDB569E7As1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib873A407ED87D2F0DEE60C46ACE5659BAs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib873A407ED87D2F0DEE60C46ACE5659BAs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib32AAD1137DA8B1397409DE30201E2C99s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib32AAD1137DA8B1397409DE30201E2C99s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib5679579AE833C24EDFCF07F34ACC403As1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib5679579AE833C24EDFCF07F34ACC403As1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibA093B48F71072C9C96F32501A7B0EF2Es1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibA093B48F71072C9C96F32501A7B0EF2Es1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib27362AE5C9D16B73141B78A357152CB3s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib27362AE5C9D16B73141B78A357152CB3s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibD6A9E0F63A99B10124755643B9428829s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibD6A9E0F63A99B10124755643B9428829s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib1C18D17415DD3CC23C632F08CC9FEF97s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib1C18D17415DD3CC23C632F08CC9FEF97s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib05EBE6FC14153DF2C0E47B2E7D78B4BEs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib05EBE6FC14153DF2C0E47B2E7D78B4BEs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib49CB7067F575982807919E22668C18BDs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibB1694EB4021BDD747A88B3CB275D4CADs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibD52F1F18EF72A7000E14AEBEEF00F78Fs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibD52F1F18EF72A7000E14AEBEEF00F78Fs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib80FAF8613D5A1C8C29474A642E2027E7s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib80FAF8613D5A1C8C29474A642E2027E7s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib382D839D0905E86A0F315C76A0D372C4s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib382D839D0905E86A0F315C76A0D372C4s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibB697A17A32F73E9DA5902EDFEC0F5692s1

I. Klep et al. / Journal of Algebra 688 (2026) 189-243 243

[16] J. Duoandikoetxea, Reverse Holder inequalities for spherical harmonics, Proc. Am. Math. Soc. 101
(1987) 487-491.

[17] D.E. Evans, H. Hanche-Olsen, The generators of positive semigroups, J. Funct. Anal. 32 (1979)
207-212.

[18] J. Harris, Algebraic Geometry, Graduate Texts in Mathematics, vol. 133, Springer-Verlag, New
York, 1992.

[19] D. Hilbert, Uber die Darstellung definiter Formen als Summen von Formenquadraten, Math. Ann.
32 (1888) 342-350.

[20] D. Hilbert, Uber ternire definite Formen, Acta Math. 17 (1893) 169-197.

[21] R.A. Horn, C.R. Johnson, Matrix Analysis, Cambridge University Press, 2013.

[22] I. Klep, S. McCullough, K. Sivic, A. Zalar, There are many more positive maps than completely
positive maps, Int. Math. Res. Not. 11 (2019) 3313-3375.

[23] B. Kuzma, M. Omladi¢, K. Sivic, J. Teichmann, Exotic one-parameter semigroups of endomorphisms
of a symmetric cone, Linear Algebra Appl. 477 (2015) 42-75.

[24] E. Landau, Uber die Darstellung definiter Funktionen durch Quadrate, Math. Ann. 62 (1906)
272-285.

[25] G. Lindblad, On the generators of quantum dynamical semigroups, Commun. Math. Phys. 48 (1976)
119-130.

[26] C. Ling, J. Nie, L. Qi, Y. Ye, Biquadratic optimization over unit spheres and semidefinite program-
ming relaxations, STAM J. Optim. 20 (2010) 1286-1310.

[27] R.F. Muirhead, Some methods applicable to identities and inequalities of symmetric algebraic func-
tions of n letters, Proc. Edinb. Math. Soc. 21 (1903) 144-162.

[28] R.J. Muirhead, Aspects of Multivariate Statistical Theory, Wiley Series in Probability and Statistics,
John Wiley & Sons, 1982.

[29] L. Nachbin, The Haar Integral, D. van Nostrand Company, Canada, 1965.

[30] R. Nagel (Ed.), One-Parameter Semigroups of Positive Operators, Lecture Notes in Math., vol. 1184,
Springer-Verlag, Berlin, 1986.

[31] V. Paulsen, Completely Bounded Maps and Operator Algebras, Cambridge Univ. Press, 2002.

[32] H. Peyrl, P.A. Parrilo, Computing sum of squares decompositions with rational coefficients, Theor.
Comput. Sci. 409 (2008) 269-281.

[33] R. Quarez, On the real zeros of positive semidefinite biquadratic forms, Commun. Algebra 43 (2015)
1317-1353.

[34] B. Reznick, Extremal PSD forms with few terms, Duke Math. J. 45 (1978) 363-374.

[35] B. Reznick, On the absence of uniform denominators in Hilbert’s 17th problem, Proc. Am. Math.
Soc. 133 (2005) 2829-2834.

[36] C. Scheiderer, Sums of squares on real algebraic surfaces, Manuscr. Math. 119 (2006) 395-410.

[37] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Encyclopedia of Mathematics and
Applications, vol. 44, Cambridge University Press, Cambridge, 1993.

[38] H. Schneider, M. Vidyasagar, Cross-positive matrices, SIAM J. Numer. Anal. 7 (1970) 508-519.

[39] J. Tao, M.S. Gowda, A representation theorem for Lyapunov-like transformations on Euclidean
Jordan algebras, Int. Game Theory Rev. 15 (4) (2013) 1340034.

[40] S. ter Horst, A. van der Merwe, Linear matrix maps for which positivity and complete positivity
coincide, Linear Algebra Appl. 628 (2021) 140-181.

[41] M. Velasco, Linearization functors on real convex sets, STAM J. Optim. 25 (2015) 1-27.

[42] Y. Tumura, The distribution of latent roots and vectors, Tokyo Rika Univ. Math. 1 (1965) 1-16.

[43] H. Wolkowicz, R. Saigal, L. Vandenberghe (Eds.), Handbook of Semidefinite Programming. Theory,
Algorithms, and Applications, Kluwer Academic Publishers, 2000.


http://refhub.elsevier.com/S0021-8693(25)00552-6/bib0F31FD16A39899174BDFC3A131650263s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib0F31FD16A39899174BDFC3A131650263s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibDE52F6C5B9AAC8DDDDD9CFB9E92EA383s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibDE52F6C5B9AAC8DDDDD9CFB9E92EA383s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibEBD69B34E414B4C0D596C04F93C89118s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibEBD69B34E414B4C0D596C04F93C89118s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib503D95972DCC6C7B4CB46F8B4BB6BD7Cs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib503D95972DCC6C7B4CB46F8B4BB6BD7Cs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib820FA23D1B51BA809EE2C93003DEF75Bs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibEC4FB6E4BA08D73A7431D9AD1CFD609As1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib5ADAD43AE6BCEEBEA92496F06D511866s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib5ADAD43AE6BCEEBEA92496F06D511866s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib0CF5AA803195A27BB7EB7EB2FA12FDBFs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib0CF5AA803195A27BB7EB7EB2FA12FDBFs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib512EF7C688A2C8572D5E16F44E17E869s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib512EF7C688A2C8572D5E16F44E17E869s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib51361B0DC58A550E9D69B6C478613B90s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib51361B0DC58A550E9D69B6C478613B90s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib16C5AF2734107894BEA932BF381CA50Cs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib16C5AF2734107894BEA932BF381CA50Cs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibDE20181FFFC1397396C69FCBB0CBDAC7s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibDE20181FFFC1397396C69FCBB0CBDAC7s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib8FD817012153A0A9D7F754C70C5192C1s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib8FD817012153A0A9D7F754C70C5192C1s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibCD16D3624B1257567EF3A3F2094BF923s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibD9681D05860552E9C3113DA381F916FCs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibD9681D05860552E9C3113DA381F916FCs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib5CAB9A75BC6BCDE1D116489A70594B9Ds1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibE82C3E444EE1B03CADED7055F83E83F1s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibE82C3E444EE1B03CADED7055F83E83F1s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibDC85821341E63F2641AB246E159965B6s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibDC85821341E63F2641AB246E159965B6s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib427C42DC8076744B2F2B8CD1A9FB0B4As1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibE743643B4B7B24C75AFE2C7DF573BC5Cs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibE743643B4B7B24C75AFE2C7DF573BC5Cs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib91F31D5CD6E86E5D4F9376A723C7D6E6s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib6EC9B0D9CF371BD211F26FEC07BC7300s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib6EC9B0D9CF371BD211F26FEC07BC7300s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib8CF63BA67AD647E54D7C1626521E3A61s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibBBC28EC236F266E143DB27EBD5C5A8CCs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibBBC28EC236F266E143DB27EBD5C5A8CCs1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib90B7659895431B770419129D37372AC7s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib90B7659895431B770419129D37372AC7s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibE72EAB5E1477C89B17A5005172416C43s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bibC4AEC37EBD79843B06A96545261C8112s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib9589FC21D2E02AF179B08E397979A758s1
http://refhub.elsevier.com/S0021-8693(25)00552-6/bib9589FC21D2E02AF179B08E397979A758s1

	Cross-positive linear maps, positive polynomials and sums of squares
	1 Introduction
	1.1 Main results and readers’ guide

	2 Preliminaries
	2.1 Cross-positivity in the language of operator semigroups
	2.2 Cross-positive maps and biquadratic biforms

	3 Nichtnegativstellensätze for the case n=3
	4 Blekherman type volume estimates
	4.1 Definition of integration
	4.2 Estimates
	4.3 Reverse Hölder inequality
	4.3.1 Computations needed for the proof of Proposition 4.10
	4.3.2 Proof of Proposition 4.10 for a symmetric bilinear form g
	4.3.3 Proof of Proposition 4.10 for a skew-symmetric bilinear form g
	4.3.4 Proof of Proposition 4.10 for a general bilinear form g


	5 Algorithms and examples
	5.1 Correctness of Algorithm 5.5
	5.2 Towards an implementation
	5.3 Example

	Acknowledgments
	Data availability
	References


