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Part 1. Introduction and preliminaries

1. Introduction

1.1. Concise description of our result

In this paper, we study the standard Minkowski spacetime M, of dimension 3+ 1. In

the mathematical foundations of special relativity, we adopt the harmless normalization

that the speed of light equals 1. Recall that two spacetime events r1 = (z1,y1, 21, 1), 72 =
(z2, Y2, 22, t2) € My are lightlike if
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(T2 —21)° + (2 —11)* + (22 — 21)% = (t2 — t1)*.

Hence, r; and r, are lightlike if the light signal can pass between r; and 7.
The Lorentz—Minkowski indefinite inner product on M, is defined by

(r1,re) = —T1T2 — Y1Y2 — 2122 + tita

for a pair of spacetime events r1 = (z1,y1, 21, 1), 72 = (T2, Y2, 22, t2) € My. Thus, r1,79
are lightlike if and only if

<T1—T2,T1—’I‘2> =0.

For a given spacetime event 7, the set of all spacetime events s satisfying (s—r,s—r) = 0,
that is, the set of all spacetime events s such that s and r are lightlike, is called the light
cone with vertex r.

Recall that a Lorentz matriz is a 4 x 4 real matrix Q satisfying Q*MQ = M, where

10 0 0
0 -1 0 0

M=19 o -1 0 (1.1)
0 0 0 1

and Q! denotes the transpose of (). A mapping on M, of the form r + @Qr for some
Lorentz matrix @ is called a Lorentz transformation. A Lorentz transformation is char-
acterized as a linear mapping ¢: My — M, satisfying

(p(r1), ¢(r2)) = (r1,72)

for every pair 1,72 € My. A mapping on My of the form r — Qr + a for some Lorentz
matrix @ and a spacetime event a is called a Poincaré transformation.
A map ¢: My — My is said to preserve lightlikeness in both directions if it satisfies

(r1 —ro, 71 —12) =0 <= (9(r1) — d(12),6(r1) — ¢(r2)) =0 (1.2)

for every pair of spacetime events r,72 € My. Observe that a bijection ¢: My — My
preserves lightlikeness in both directions if and only if the light cone with vertex r is
mapped by ¢ onto the light cone with vertex ¢(r) for every r € My. The following
theorem is known as the fundamental theorem of chronogeometry.

Theorem 1.1. Every bijective map ¢: My — My satisfying (1.2) for every pair of space-
time events r1,r9 € My, is of the form

d(r)=cQr+a, re My, (1.3)

for some positive real number ¢, some Lorentz matriz (), and some spacetime event a.
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Note that linearity or continuity is not assumed in this theorem. Conversely, it is easily
seen that a mapping of the form (1.3) preserves lightlikeness in both directions. According
to [3], the fundamental theorem of chronogeometry was first given by Alexandrov in 1949
[1] (see also [2], [4], [34]). For a physical interpretation of this theorem, we refer to [26,
p.691].

The fundamental theorem of chronogeometry has been improved in many ways. The
same conclusion as in Theorem 1.1 has been obtained under some weaker assumptions,
see [5], [7], [21], [22], [26], [27], [28], and [34]. Our aim is to optimize the fundamental
theorem of chronogeometry. We will assume no regularity conditions like injectivity or
surjectivity. The assumption of preserving lightlikeness in both directions will be replaced
by the following weaker condition. A map ¢: My — My is said to preserve lightlikeness
(or more precisely, it preserves lightlikeness in one direction) if for every pair of spacetime
events r1,ry € My we have

(r1 — 1o, —12) = 0= (o(r1) — @(r2), d(r1) — @(r2)) = 0.

In other words, a mapping ¢: My — My preserves lightlikeness when the light cone
with vertex r is mapped by ¢ to a (possibly proper) subset of the light cone with vertex
¢(r) for every r € My. We study a general mapping ¢: My — My that preserves
lightlikeness in one direction only. Under such a weak assumption, not all lightlikeness
preserving maps are of the form (1.3).

Now let us state one consequence of our main results. A lightlike line is a subset of
My of the form

{(xo + tx,y0 + ty, 20 + tz,t) : t € R}

for some (g, Yo, 20), (,y, 2) € R3 with 22 + y? + 22 = 1. Observe that this is a subset
of the light cone with vertex (o, yo, 20,0) € M.

Theorem 1.2. Let ¢: My — My preserve lightlikeness in one direction. Then one of the
following holds.

(1) The mapping is of the form (1.3) for some positive real number c, some Lorentz
matriz Q, and some spacetime event a.

(2) There are events r,r’ € My such that ¢(My\ {r}) is contained in the light cone
with vertex r’.

(8) There are lightlike lines €,£" in My such that ¢(My\ £) is contained in €'

In fact, we will give a result that applies to a mapping defined on a more general
subset of My.
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1.2. The Minkowski spacetime versus the space of hermitian matrices

There is another source of motivation from matrix theory to think of lightlikeness
preserving mappings. With Hy we denote the set of all 2 x 2 complex hermitian matrices.
To each spacetime event r = (z,y, z,t) € My, we associate a 2 x 2 hermitian matrix

€)= A= Lf‘fy “;fzy} € H,. (1.4)

A straightforward computation shows that the spacetime events rq, 9 are lightlike if and
only if the associated matrices A; and A, satisfy

det(Ag — Al) =0.

For a 2 x 2 matrix, its determinant is zero if and only if it is either the zero matrix or a
matrix of rank one. Recall that two matrices Ay, Ay are said to be coherent, Ay ~ As, if

rank (4; — A7) < 1.

Hence, two spacetime events r1, 79 are lightlike if and only if the associated matrices A;
and A, are coherent. There is a vast literature on mappings on the space of matrices
that preserve the coherency relation or some similar relation that involves rank. See for
example Hua’s series of work [10-17] and related results [19], [29], [32]. See also the survey
article [23]. This kind of results have many applications, for example in the geometry of
algebraic homogeneous spaces, see [6], and in the study of symmetries of certain quantum
structures, see [24], [30], [31], and the references therein.

By considering a mapping satisfying the assumption in Theorem 1.2, we get a mapping
@: Hy — H satisfying

rank (A — B) <1 = rank (p(A) — ¢(B)) <1,

or equivalently,
det(A— B) = 0= det(p(4) —p(B)) =0 (1.5)
for every pair A, B € Hs. It is easily seen that this is also equivalent to the condition
rank (¢(A) — ¢(B)) < rank (A — B)

for every pair A, B € H,. Therefore, by considering Hs instead of My, we get at least
three formulations of this condition.

This paper is basically formulated in terms of 2 x 2 hermitian matrices instead of
the Minkowski spacetime. We avoid using results on the Minkowski spacetime like The-
orem 1.1. Therefore, the reader needs no prerequisite knowledge about the geometry
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of Minkowski spacetime. Instead, throughout the paper we freely use facts about 2 x 2
matrices. We believe that in such a way the results are more accessible for the general
audience.

1.8. Structure of the paper

In the next section, we will introduce the space Hy O H,. We extend the coherency
relation ~ on Hy to He, and show that the space ‘H, endowed with the coherency relation
can be identified with the 2 x 2 unitary group U, via the Cayley transform. We also show
that Hy can be identified with My, which appears in the literature as a compactification
of My.

Let A C H,. A mapping ¢: A — H, is called a coherency preserver, or it preserves
coherency (in one direction), if it satisfies

A~ B = p(A) ~ ¢(B)

for every pair A, B € A. Instead of lightlikeness preserving mappings on My, we will
think of the equivalent problem of coherency preserving mappings on Hs. In fact, we will
study mappings defined on a subset of Hy rather than on H,. An advantage of working
with Hy (or My) rather than Hy (or My) derives from the fact that there are more
symmetries in Ho than in Ho.

Section 3 collects basic concepts concerning the coherency relation of Hy. In Subsection
3.1 we introduce the concept of an automorphism, that is, a bijective mapping of Hj that
preserves coherency in both directions. We define two special classes of automorphisms:
affine automorphisms and standard automorphisms (Definition 3.6). It is known that
an automorphism is always standard. For the sake of completeness, we give a proof of
this fact in Subsection 4.2. We remark here that the concept of standard automorphism
coincides with that of conformal transformation in the literature.

We then introduce basic notions like projections (together with its relation to the
Bloch representation, Subsection 3.2), lines (Subsection 3.4), and surfaces (Subsection
3.5). We give some properties of such sets. We also study the relative position of three
points in Hy (Subsection 3.6). In the last subsection of that section (Subsection 3.7), we
collect results about the identity-type theorem in our setting.

The main part of our paper starts in Section 4. We study coherency preserving map-
pings from a subset of Hy to H. Such a map is said to be standard if it extends to a
standard automorphism of H,. The first main result is Theorem A, which gives a suffi-
cient condition for a coherency preserving mapping to be standard. To demonstrate the
potential of this theorem, we show that the classical version of the fundamental theorem
of chronogeometry can be obtained easily from Theorem A (Subsection 4.2).

In Section 5, we first introduce two important types of coherency preserving maps
(Definitions 5.6, 5.8) in correspondence with the latter two items in Theorem 1.2. The
key result is Theorem B. Applications of Theorem B are given in Subsection 5.2. We
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prove that every coherency preserver from U into Hs is either standard or of one of the
two types if U is either a matrix interval in Hy or the whole space Hy. This together with
the identity-type theorem in Subsection 3.7 shows that a coherency preserver defined on
an open connected subset of Hy is either standard or locally degenerate in a certain sense
(Theorem 5.18). We also demonstrate that Theorem 1.2 and the main result in Lester’s
article [21] can be obtained easily from our theorems. In Subsection 5.3, we give a more
concrete description of coherency preservers of the two types. In particular, we study the
case where the domain is either Hy or Hy. A rather long proof of Theorem B is given in
the last section. The proof is split into three cases.

1.4. Further research directions

Before closing the current section, let us mention the possibility of generalizing our
work. In this paper, we study everything in the setting of 4-dimensional Minkowski
spacetime or its compactification. Most of our discussion, after translating the concepts
in a suitable manner, is valid for a mapping from (a subset of the compactification of)
the Minkowski spacetime of arbitrary dimension > 5 to itself, even though the picture
in terms of hermitian matrices does not make sense. In the 3-dimensional case there is
at least one point where the argument in the 4-dimensional space cannot be modified
easily. More precisely, it is Lemma 6.27. We do not know whether the same conclusions
as in the 4-dimensional case hold in the 3-dimensional case.

There are further possible directions of research that seem highly challenging. For
example, what happens if we consider mappings on a space endowed with a more general
symmetric bilinear form instead of the Lorentz—Minkowski indefinite inner product? Is
it possible to give a more general result for coherency preserving mappings on the space
of hermitian matrices of an arbitrary size? How about mappings satisfying (1.5)7

2. The compactification Hy of Ho

Whenever appropriate, matrices will be identified with linear operators. We use the
symbol I for the unit matrix and 0 for the zero matrix. For any complex matrix A, we
denote by A? the transpose of A, by A* the conjugate transpose of A, and by tr A the
trace of A. Let ¢, j be integers, 1 <4,j < 2. By E;; we denote the 2 x 2 matrix whose all
entries are zero but the (7, j)-entry which is equal to 1. Vectors in C? will be represented
by 2 x 1 complex matrices. Every 2 x 2 complex matrix of rank one is of the form xy* for
some nonzero vectors z,y € C2. A projection is a matrix P satisfying P = P? = P*. If
x = y is a vector of norm one, then xx* is a projection of rank one, and every projection
of rank one is of this form. Let {e1,e2} be the standard basis of C2. Then E;; = eie;.

With < we denote the usual partial order (Loewner order) on H,. That is, A < B
means that both eigenvalues of B — A are at least 0. For A, B € Hy we will write A < B
if B — A is a positive invertible matrix, that is, both eigenvalues of B — A are positive.
Note that the order relation A < B can be interpreted as the following situation in
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special relativity under the identification via the mapping ¢ as in (1.4): The spacetime
event corresponding to A is in the past of that corresponding to B.

For a 2 x 2 matrix A, o(A) denotes its spectrum, that is, the set of eigenvalues
of A. Let P denote the collection of all rank one projections in Hs. For P € P, we
write Pt := I — P € P. Let R = R U {00} denote the one-point compactification
of R. Later in this paper, we will frequently use the symbols (a, 0] := (a,c0) U {00},
[a, 0] := [a,00) U {cc} C R for a € R.

In this section, we introduce a space H, D H, in a somewhat intuitive manner that
involves only 2 x 2 hermitian matrices. Then we endow the space Hy with the coherency
relation ~ that extends the usual coherency relation in Hs. We will show that the space
H, endowed with the coherency relation can be identified via the Cayley transform with
the 2 x 2 unitary group Us, and also with the compactification My of M.

Before we proceed, let us give one easy lemma. Let H; T denote the set of all positive
invertible matrices in Hy, and let H, ~ denote the set of negative invertible matrices in
Hs. Let H; ~ denote the set of matrices in Ho having one positive eigenvalue and one
negative eigenvalue.

Lemma 2.1. Let P,Q € P satisfy P # Q. Let a,b € R.

e Ifa,b>0, then aP +bQ € HS .
e Ifa,b<0, thenaP +bQ € Hy ~.
e Ifab< 0, then aP+bQ € Hy ~.

More generally, if a, b are nonzero complex numbers, then aP+bQ) is an invertible matriz.

Proof. There is no loss of generality in assuming that P = Fy;. Then

B c et\/ec — 2
Q=1 _u

e c—c? 1-—c

for some 0 < ¢ < 1 and some t € [0,27). Now the verification of the statement is easily
done by the equation

det(aFy1; +bQ) = (a+bc) - b(1 —c) — b*(c — ¢*) = ab(1 — ¢)
and by looking at the (1,1)-entry of aE1; +bQ. O
2.1. Definition of Hy

We consider the collection Hs of all formal sums aP + bP+ for P € P and a,b € R,
with the following rules:

e aP 4 bP+ =bP+ + aP for any a,b € R and any P € P,
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e aP+ aPt =aQ + aQ* for any a € R and any P,Q € P.

Then it is clear that the set Hy embeds into Hs in a natural manner. Using this em-
bedding, we will always regard elements of Hy as elements of Hy. Therefore, for a € R
and P,Q € P, we have aP = aP + 0P* and al = aP 4 aP+ = aQ + aQ*. We also use
the symbols 50 := 00 P 4 coP = 00@Q 4+ 0c0Q* and coP := coP + 0PL. We extend the
coherency relation ~ on Hs to Hs in the following way:

o For A, B € Hj, we define ~ as before, i.e., A~ B <= rank(B —A) <1.

e« Ifa € R, A€ Hy, and P € P, then coP + aPt+ ~ A if and only if PLAP+ = aP+
(note that the condition PXAP+ = aP+ is equivalent to tr (P A) = a).

e Ifa,b€R and P,Q € P, then coP + aP+ ~ coQ + bQ* if and only if P = Q.

e 00 ~ 0oP + aP* for every a € R and every P € P, and o0 o« A for every A € Hs.

For A, B € H,, we define d(A,A) =0, d(A,B) =1if A # B ~ A, and d(4,B) = 2 if
A A B. Tt is easily seen that d satisfies the axioms of distance.

For A € H,, the collection C4 of all elements B € H, satisfying A ~ B is called the
cone with vertex A. The following are easy to verify.

e If A€ H,, then
Ca={B€Hy: A~B}U{coP +tr(P*A)P+ : Pc Pl
e If PP and a € R, then
CooPtapl = {00P +bP*+ : b€ R}U{B € Hy, : P*BP* =aP*}.
e Cx = Hy\ Hs.
2.2. The relation between Hy and Us

In order to demonstrate that the above definition of ~ is natural, we will identify H
with Us, the group of all 2 x 2 unitary matrices. The identification is given by the Cayley
transform

f(aP +bPL) = f(a)P + f(b) P, (2.1)

where f: R — T is determined by

ot
T t+id]

f(#) teR, and f(o0)=1. (2.2)

Here, T denotes the group of all complex numbers of modulus one. See also Uhlmann’s
article [33].
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The coherency relation on Us is defined in the same way as on the set of hermitian
matrices, that is, unitary matrices U and V are coherent if and only if rank (U — V) < 1.
More generally, for an arbitrary pair of 2 x 2 complex matrices A, B, we say A and B
are coherent and write A ~ B when rank (A — B) < 1.

Lemma 2.2. Let A be a 2 X 2 complex matriz of rank at most one. Then A ~ I holds if
and only if tr A = 1.

Proof. By choosing a suitable basis of C2, one may assume that A is of the form

trA 0
* 0

It is now easy to get the desired conclusion. O

It is clear that the map A +— f(A), A € Hy, is a bijection of Hy onto Uy. Moreover,
the image f(Hs) equals the set of all unitary matrices U € U, with the property that
1¢ao(U).

We will show that for any pair A, B € Hy we have A ~ B if and only if f(A) ~ f(B).
We first note that

t—1 2q

=1- . 2.3
t+1 t+1 (23)

Therefore, for any A, B € Hy we have

f(A = fB)=(I-2i(A+il)™")— (I -2i(B+4il)™")
= —2i{(A+il)"" +2i(B+il)~"
= 2i(A+ i) (A +il) — (B+4l))(B +il)~!
= 2i(A+4il) (A - B)(B+il)" "
Hence for A, B € Ha, we have A ~ B if and only if f(A) ~ f(B).

Let us consider the case A = coP + aPL for some a € R and P € P. Then U :=
f(A) = P+ f(a)P*. Note that f(a) € T \ {1}.

Claim 2.3. Let B € Hy and V := f(B) € Uy. Then V is coherent to U if and only if one
of the following holds:

e B¢ Hy and there is A\ € T such that V = P + AP+.
e B € Hy and P-BP+ = qP+.

Proof. Note that U ~ V is equivalent to U — I ~ V — I. Note also that U — [ =
(f(a) — 1)P+ # 0. Assume that B ¢ Hs, or equivalently, 1 € o(V). Then V — I is
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a scalar multiple of a rank one projection. Observe that V — I is a scalar multiple of
PL if and only if there is A € T such that V = P + AP, If these conditions hold,
we clearly have U ~ V. If V — I = bQ for some P+ # @Q € P and 0 # b € C, then
V —U =bQ — (f(a) — 1) P+ is invertible by Lemma 2.1. It follows that U is not coherent
to V in this case.

Assume that B € Ha, or equivalently, 1 ¢ o(V). We have f(a) — 1 = —2i(a +i)~*
and V — I = —2i(B +4I)~! by (2.3). Thus the condition U — I ~ V — I is equivalent
to (@ +4)"'P+ ~ (B +4I)~!, which is in turn equivalent to (a + i)~ (B + il)P+ ~
I. By Lemma 2.2, this is further equivalent to 1 = tr ((a + i)~Y(B + il)P*) = (a +
i)~Y(tr (BP1)+4). This is equivalent to tr (BP+) = a, which means P-BP+ = aP+. 0O

This claim clearly implies that for B € Hy we have A ~ B if and only if f(A) ~ f(B).
In the case where A = o0 and B is any element of Hy, we have I = f(A) ~ f(B) if
and only if 1 is an eigenvalue of f(B), which is equivalent to B = coP + aP* for some
P € P and some a € R. We have shown that the map f: Hy — U, is an isomorphism
with respect to the coherency relation.

2.8. The relation between Hy and My

The compactification My of My is a concept studied by both mathematicians and
physicists, notably by R. Penrose. Essentially the same space can be introduced in several
ways, and it is called by different names such as the conformal compactification, the
conformal Minkowski space, the compactified Minkowski space, etc. The space My is
visualized with the so-called Penrose’s diagram. Those readers who are familiar with
this concept are encouraged to think of a visual image to see what is going on in each of
the arguments in the subsequent sections. See for example [9, Section 5.1], [25] for more
information about the space M.

In this subsection, we first introduce the space M, in accordance with Lester’s ar-
ticle [20]. The space My is naturally endowed with a binary relation that extends the
lightlikeness relation in My. We give a complete proof of the fact that M, endowed
with this binary relation can be identified with H, endowed with our coherency relation.
The results in the current subsection will not be used in the rest of this paper, so those
readers who are new to the space My may skip to Section 3.

Let us denote by (-,-) the usual inner product on R%. We further denote

-1 0 0 0 0 0
0 -1 0 0 0 0
— 0 0 -1 0 0 ©
M=109 0o 0o 1 0 o0
0o 0 0 0 0 -3
0 0 0 0 -1 o0

The symbol P(R®) stands for the projective space over RS, that is,
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P(R®) = {[X] : X e R\ {0}}.

Here, [X] denotes the one-dimensional subspace spanned by the nonzero vector X. Next
we introduce the symmetric bilinear form (-,-): RS x RS — R defined by

(X,Y)=(MX,Y), X,YeRS,
and the corresponding quadratic form ¢: R® — R defined by
¢(X) = (X, X) = (X, X), XeR".
Note that the symbol (-,-) has been used before to denote the Lorentz—Minkowski in-
definite inner product on My. When using this symbol it will be always clear from the
context which of the two bilinear forms is on our mind. Clearly,

q(w,y,z,t,h,n) = —{172 - y2 - Zz +t2 - hn, (amy,z,t,h,n) S Rﬁ. (24)

For every nonzero X € R® and every nonzero real number s we have ¢(X) = 0 if and
only if g(sX) = 0. We define

My ={[X] : [X] € P(R®) and ¢(X) = 0}.
We say that [X], [Y] € My are coherent, [X] ~ [Y], if (X,Y) = 0. The set My equipped
with the coherency relation is called the conformal Minkowski space.

In the next step we will classify points in My and at the same time we will construct
a bijective map & mapping My onto Hy which preserves coherency in both directions.
Let [X] = [(z,y, 2,t, h,n)] be a point in M,. We will distinguish two possibilities.

We start with the possibility that h # 0. All points in M, with this property will be
called finite points. If [X] = [(x,y, 2,t, h,n)] is a finite point then we can assume with
no loss of generality that h = 1. It follows from ¢(X) = 0 that

X = (z,y,2,t,1,—2% — % — 2% 4 t?).
If the spacetime event (z,y, z,t) € My is denoted by r, then we can write shorter

X = (r,1,(r,r)).

For such a point [X] € My we define
| t=z x4y
5([X])_{m—iy t+z]'

Clearly, £ is a bijection of the set of all finite points in M, onto Hy.
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It is easy to see that the coherency relation on the set of finite points in the conformal
Minkowski space corresponds to the coherency relation on Hs, that is, to the lightlikeness
in Minkowski space. Indeed, let [X],[Y] € M, be finite points,

X = (r1,1,(ry,m1))
and

Y = (7“2, 1, <’l"2,’/'2>).

Then we have

(X,Y) = (r1,7m2) — %((rl,rﬁ + (ra,r2)) = —%(rl — T, 11 — T2).
Therefore, the map r — [(r,1,{r,7))] is an embedding of the space M4 endowed with
the lightlikeness relation into the space My endowed with the relation ~.

When h = 0 we further distinguish two possibilities. The first one is that x = y =
z =t = 0. There is only one such point in the conformal Minkowski space that will
be denoted by [e], where e = (0,0,0,0,0,1). We define £([¢]) = 0. It is clear that for
[X] € My we have (X, e) # 0 if and only if [X] is a finite point in M.

It remains to consider points [X] = [(z,y, z,t,0,n)] with the property that at least
one of the coordinates z,y, z,t is nonzero. Then because of ¢(X) = 0 and (2.4) we have
t # 0 and without loss of generality we can assume that ¢t = 1/2. So each such point [X]
can be represented by

1
X = (95,1/»2’ 5,0,@) ; (25)

where 22 + y? + 22 = 1/4, and we define

(X)) =¢ (nyz %0(1)]) = ocoP + aP*,

where

1_ ; 1 —r —1
p=|2"72 PEW and pr=| 2tE TP
y 3tz T +y 53— %

is an orthogonal pair of projections of rank one.
We show that for every X of the form (2.5) and for every [Y] € My \ [e] we have
[X] ~ [Y] < £([X]) ~&([Y)])- If both X and Y are of the form (2.5),

1
X = (xlay17217570;a1> = (7’1,070,1)
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and

1

Y = <$2,’y272’2a 2,0,(12) = (T2a07a2)

with 7, = (xj,y;,2;,1/2), j = 1,2, then (X,Y) = 0 <= (r1,r2) = 0 which by
a straightforward application of the Cauchy-Schwarz inequality for vectors in R? is
equivalent to 1 = rq, that is, {([X]) ~ &([Y]).

If

1
X = (xlaylazl,iaoaCH) = (71,0,a1)

and V' = (r2,1,n) with ry = (22,92, 22,t2) and n = (rz,r2), then (X,Y) = (r1,72) —
(1/2)a;. On the other hand, £([X]) ~ £([Y]) if and only if tr (P+A) = a1, where

pro| zta  mmoim] g g [ wdin
x4y 53— 2 Ty —1y2 Izt 22

A straightforward calculation shows that [X] ~ [Y] <= &([X]) ~ &([Y]) in this case as
well.

We have shown that Hs can be identified either with the conformal Minkowski space,
or with Us. The subset Hy C Hy corresponds to the set of all finite points in My, which
can be further identified with the classical Minkowski space. Alternatively, the subset
H, C H, corresponds to the set of all unitary matrices U € U, with the property that

1 ao(U).
3. Basic concepts

In the current section, we introduce basic concepts on H, and give their properties.
3.1. Automorphisms

An automorphism of Hy is a bijective map : Hy — Ho that preserves coherency in
both directions, i.e.,

A~ B < ¢(A) ~ ¢(B) (3.1)

for every pair A, B € Hy. Let ¢ € {—1,1}, S be an invertible 2 x 2 complex matrix, and
T € Hs. It is easily seen that the mapping ¢: Hy — Hy given by

o(A) = cSAS* +T (3.2)

for every A € Ho; or
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o(A) = cSA'S* +T (3.3)
for every A € Ha, is a bijection satisfying (3.1) for every pair A, B € Hs.

Remark 3.1. It is known that a bijection ¢: Hy — H satisfying (3.1) for every pair
A, B € Hy needs to be of the form (3.2) or (3.3). For the sake of completeness, we will
give a proof of this fact in Subsection 4.2, which leads to our proof of the fundamental
theorem of chronogeometry. See also [18, Subsection 5.3].

In what follows, we show that a map ¢: Hy — Hs of the form (3.2) or (3.3) extends
to an automorphism of Hy. We first introduce the rule —oo = oo and define

—(aP +bP*) = (—a)P+ (-b)P+, PeP, a,beR.

Note that this is well-defined, and that if A € Hy then —A defined in this manner
coincides with —A as a matrix. It is easy to see that the map X — —X, X € Hy, is a
bijection of H onto itself and for every pair X,Y € H, we have

X~Y <— X~ -Y.

Thus, the map X — —X, X € Hs, is an automorphism of Hs. Clearly, this automorphism
is the inverse of itself, that is, —(—X) = X, X € Ho.
Secondly, let B € Hy. We define

X+B=%
and
(coP +aPt) + B =P + (a+tr (P*B))P+, PeP, acR.

Then A+ B is defined for every A € Hy \ Hy. For A € Hy, A+ B is defined as a matrix,

as usual.
Claim 3.2. The map X — X + B, X € Hy, is an automorphism of Ho.

Proof. We need to show that the map preserves coherency in both directions. We will
verify only the special case when X € Hy and Y = coP 4 aP* for some real a and some
P € P. (The other cases are easier or similar.) Then X ~ Y if and only if P+ X P+ = aP+
which is equivalent to tr (P+X) = a.

On the other hand, X + B ~ Y + B = 0oP + (a + tr (P+B))P* if and only if
PH(X + B)P* = (a + tr (P+B))Pt, which is true if and only if tr (P+(X + B)P+) =
a + tr (P1B). The last equality is easily seen to be equivalent to tr (P+X) = a.

For the verification of bijectivity see the next paragraph. O
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A mapping of the form X — X + B will be called a translation. It is trivial to see that
the map X + X + (—=B), X € Hy, is the inverse of this mapping. We will write shortly
A+ (—B) = A— B, A € H,. Clearly, we have A— B = —(—A+ B) for every A € Hy and
every B € Hy. We will occasionally write B + A instead of A 4+ B and B — A instead of
—A+ B for A€ Hy and B € H,. For a subset A C Hy and B € Hy, we will sometimes
use the symbols like —A={-A: Ac Al and A+ B={A+B : Ac A} etc.

Thirdly, we define

(aP +bPH) = aP' +b(PH)t, PeP, a,beR.

Note that this is well-defined, and that if A € Hy then A? defined in this manner coincides
with the usual transpose of the matrix. It is easy to see that X — X*, X € Hy, is an
automorphism of Hy with (X*)! = X for every X € Ho.

Fourthly, let S be any invertible 2 x 2 complex matrix. If P is any projection of rank
one, then SPS* is a positive rank one matrix. Therefore,

1 *
Q= m SPS (3.4)

is a projection of rank one. We define
So08* =0
and
S(0oP +aPt)S* = 00Q +atr (Q-SS*)Q+, PcP, acR,

where Q is defined by (3.4). Then SAS* is defined for every A € Hy \ Ho. For A € Ho,
SAS* is defined as a matrix, as usual.

Claim 3.3. The map X — SXS*, X € Hy, is an automorphism of Ho.
Proof. We need to verify that for every pair X,Y € Hy we have
X~Y < SXS*~SYS*. (3.5)

The verification of this equivalence is trivial in the following cases:

o at least one of X and Y is equal to o0,
e both X and Y belong to Hs, and
e both X and Y belong to Hy \ Ho.

Thus, it remains to consider the case when X € H, and Y = coP + aP~ for some real a
and some P € P. Then X ~ Y if and only if tr (P+X) = a. And we have SXS* ~ SY S*
if and only if
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tr (QLSXS*) = atr (Q1SS*),
or equivalently,
tr (S*Q*+SX) = atr (S*Q*S).

Note that S*Q*S is a positive matrix of rank one. We show that the equality

1

tr (P1X) = (5018

tr (S*Q+SX)

holds for all X € H,. It suffices to show that the positive matrix S*Q*S of rank one is
a (positive) scalar multiple of P*. This is easily seen by the following equation:

S*QTSP = S*QTSPS*(S*)Tt = 5*(QTSPS*)(S*) "t =870 (S*) "' =0.
For the verification of bijectivity see the next claim. O

Claim 3.4. The inverse of the map X — SXS*, X € Hy, is the map X + ST1X(S~1)*,
X € H,.

Proof. We know that (3.5) holds for every pair X,Y € H,. In the same way, we see that
X~Y — S7IX(S™H* ~ STy (s

for every pair X,Y € H,. If we denote by ¢ and v the maps from Hs to itself defined
by p(X) = SXS* and ¢¥(X) = ST X(S™1)*, X € Hy, then we have

XY = ¢(p(X)) ~ (V)

for every pair X,Y € Ha, and 1 (p(X)) = X for every X € Hy U {o0}. It is easy to see
that for any pair of points X,Y € Hy \ Hs we have

CxNHy=CyNHy & X =Y. (3.6)

It follows that ¥ (p(X)) = X for every X € Hs, and in the same way we see that
©(1(X)) = X for every X € H,. Hence, the inverse of the automorphism X ~ SXS* is
X STIX(S7Y) . O

We introduce the rules co™! =0, 0~ = 0o in R. For A € Hy, we define A~! in the
following manner:

(aP+bPH) 1= 'P+b7 P+, PecP, a,beR.

Note that this is well-defined and compatible with the usual inverse of matrices when
a,b € R\ {0}.
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Claim 3.5. The map X — X', X € Hy, is an automorphism of Ho.

Proof. Let us consider everything inside Us. Let f be defined as in (2.1) and (2.2). For
a unitary matrix U € Us, take a,b € R and P € P such that U = f(a)P + f(b)P+.
Then aP + bP* is the corresponding point in Hy, and (aP +bP+)"t =a 1P+ b~ 1P+,
It follows that f(a™'P + b~ 'Pt) = f(a=1)P + f(b~1)P+. Since (2.2) clearly implies

F(t=Y) = —f(t) for every t € R, we obtain

f@™ )P+ fb~ )P+ = —F(a)P - FO) P+ = —U™.

Now, we obtain the desired conclusion as a consequence of the following fact. For every
pair of unitaries U,V € Uy, we have U ~V «— —-U*~ -V*. 0O

The automorphism X + X ! of Hy will be called the inversion. The inverse mapping
of the inversion is the inversion itself.

Definition 3.6. An automorphism ¢: Hy — Hy of the form
o(X)=cSXS*+B, X € Hy;
or
o(X)=cSX'S*+B, X ¢€H,

for some ¢ € {—1, 1}, some invertible 2 x 2 complex matrix S, and some B € Hy will be
called an affine automorphism. We say that an automorphism of Hy is standard if it is
written as a composition of finitely many affine automorphisms and inversions.

It is easily seen that the set of standard automorphisms forms a group. It is known
that every automorphism of Hy is standard. For the sake of completeness, we will give a
proof of this fact in Subsection 4.2. We also see the following.

Lemma 3.7. The set of affine automorphisms forms a group.

Proof. Let ¢1,p2 be two affine automorphisms. We show that ¢s o 1 is an affine
automorphism. Let us consider the case where ; is of the form X — S; XS + B;
for some invertible 2 x 2 complex matrix S;, and some B; € Hs, i = 1,2. Let ¢ be
the affine automorphism X +— (5251)X (5251)* + S2B1S5 + Bo. It is easily seen that
@ topyopi(X)= X for every X € Hy. This leads to ¢!
X € H, (as in the discussion in the proof of Claim 3.4), hence we get 3 0 91 = ¢. The

o9 0¢1(X) =X for every

other cases can be considered in an analogous manner. Similarly, we may show that gpl_l
is an affine automorphism. O
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In fact, the class of affine automorphisms coincides with the group of symmetries on
H,, that is, the group of all bijections on H, that preserve coherency in both directions
(Theorem 4.11 and Corollary 4.12). Clearly, the class of standard automorphisms is
bigger than that of affine automorphisms. This is the reason why we introduce the space
H,. If we work with H together with symmetries on H, instead of Hy, then we cannot
obtain most of the results in the subsequent subsections (particularly in Subsections 3.3,
3.4, 3.5, 3.6).

3.2. Bloch representation

The symbol || - || denotes the usual operator norm. A matrix A € Hy of trace one
with 0 < A is called a density matriz. We first recall some known facts about the Bloch
representation of the set of all density matrices in Hs. The reader will note that the
idea is the same as in Introduction where we have identified spacetime events with 2 x 2
hermitian matrices.

It is easy to see that the map given by

1/2—2z xz+iy 3
c—iy 1/242 — (z,y,2) € R (3.7)

is a bijection of the set of all density matrices in Hy onto the closed ball in R? centered
at the origin with radius 1/2, which we call the Bloch ball. The sphere of the Bloch ball is
called the Bloch sphere, and we denote it by S2. Observe that the above mapping sends
the set P of 2 x 2 projections of rank one onto S2.

Let
_|1/2—2z1 1+ C1/2 =20 @y +iys
Tl — 1/2+Zl and B = To — Y2 1/2+22
be any density matrices and u = (21,y1,21) and v = (2, y2, 22) the corresponding points
in the Bloch ball. Because A — B is a 2 x 2 hermitian matrix with trace zero, we have

|A— B|*=—det(A— B) = (z2 — 21)* + (y2 — y1)* + (22 — 21)?, (3.8)

that is, the norm distance between A and B is equal to the Euclidean distance in the
Bloch ball.

If in addition A = P,B = @ are projections, then the right-hand side of (3.8) is
further equal to

1 1 1 — cos
(u—v,u—v)= 1T —2(u,v) = % :sinzg,

where « € [0, 7] is the angle between u and v in 82, that is, cos @ = 4(u,v). Therefore,
arcsin || P — Q|| equals «/2, which is the geodesic distance between u and v in the Bloch
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sphere (that is, the length of the shorter arc in the great circle passing through u and
v). We define

d9(P,Q) = arcsin ||P — Q|| (3.9

for P,@Q € P. For us, one important fact about this distance function is the following
obvious property.

Lemma 3.8. If P,QQ € P with d?(P,Q) = s and n is a positive integer and t a real
number such that nt > s, then there exist points Py = P, Py,..., P, = Q in P such that
dg(Pj_l,Pj) S t, j = 1,2,...,’{7,.

Proof. This is trivial by thinking about the geodesic distance in S%2. 0O
The following theorem will be used in Section 4.

Theorem 3.9 (Special case of the non-bijective version of Wigner’s theorem). Let u: P —
P be a mapping satisfying

tr (u(P)u(@)) = tr (PQ), PQeP. (3.10)
Then there exists a 2 X 2 unitary matrix U such that either
w(P)=UPU*, PeP,
or
w(P)=UP'U*, PeP.
See [8] for an elementary proof of this theorem.

Remark 3.10. Since (P — Q)? is a scalar multiple of I, we get
2 2 1 2 1
1P = QI = (P~ Q) = 3t (P~ Q)?) = 2tr (P~ PQ~ QP +@) = 1 ~ tr (PQ).
From this, we see that (3.10) is equivalent to

le(P) =@ =P -Qll, PQeP.
We continue collecting some lemmas concerning P that will be used in Section 4.

Lemma 3.11. Let P,Q € P. Then

1P = QI + 1P+ - QI* = 1.
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Proof. This is clear from (3.8) and the fact that P and P+ correspond to antipodal
points in the Bloch sphere. O

Lemma 3.12. For A € H,, the following are equivalent:

e A~0Oand A~1,
o« AcP.

Proof. If A € P, then obviously A ~ 0 and A ~ I. If A ~ 0, then A = tP for some
P € P and some t € R. Clearly, tP ~ I if and only if ¢ = 1. This completes the proof. O

For A, B € Hy with d(A, B) = 2, let Sa_p denote the set C4 NCg.

Lemma 3.13. Let a be a nonzero real number and P € P. Then
Sa-ayp,prapt ={(1 —a)P+aR : R € P}. (3.11)
Proof. It is an easy consequence of Lemma 3.12 that
So,ar = {aR : R € P}.
For any A, B € Hy with d(A, B) = 2 we have
Sat(i-a)PB+(1—a)p ={X + (1 —a)P : X € S4B}

Combining the two equalities with A =0, B = al, we get (3.11). O

Lemma 3.14. Let P,Q € P and a be a positive real number, a < 1/2. Then the intersec-
tion

{1-a)P+aR: ReP}N{(l-a)Q+aR : ReP}

is nonempty if and only if

a

P - <
IP-@Qll <+

Proof. Since the mapping (3.7) is a restriction of an affine mapping, we see that the sets
{1—a)P+aR : R€P}and {(1 —a)Q+aR : R € P} are sent by this mapping to
spheres with radius a/2 that are both inscribed in S2. Thus we need to verify that if
S1, Sy are spheres of radius a/2 that are inscribed in 82 with contact points P, Q € S?,
respectively, then §; and Ss intersect if and only if the Euclidean distance between P
and @ is at most a/(1 — a). The proof of this claim is fairly easy and we omit it. O
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3.8. Existence of standard automorphisms with certain properties

Lemma 3.15. Let A,B € Hy. If d(A,B) = 2, then there is a standard automorphism
©: Hy — Hy such that o(A) =0 and o(B) = 0.

Proof. There exists a standard automorphism v: Hy — Hy such that 1)(B) = 0. Indeed,
if B € Hy then take the map X + (X — B)"L. If B = aP + coP* with P € P, a € R,
then take the map X — (X + (1 —a)P)~! — P)~"L. If B = =0, let 1 be the identity
mapping. From d(¢)(A),¥(B)) = d(A, B) = 2, we deduce that ¥/(A) € Hs. Hence, the
standard automorphism

X = (X)) —¥(4), X €H,
has the desired property. O

Lemma 3.16. Let A, B € Hy with d(A, B) = 2. Then for any X,Y € Sa g we have either
X=Y,o0rdX,Y)=2.

Proof. Applying Lemma 3.15, we see that there is no loss of generality in assuming that
A = 0 and B = o0. In that case, we have Sy g = {coP : P € P}, and the desired
conclusion follows trivially. O

Lemma 3.17. Let A,B € H,. If d(A,B) = 1, then there is a standard automorphism
: Hy — H, satisfying

©(A) =0 and ¢(B)=FE; = F) 8} .

Proof. Without loss of generality, we may assume that A = 0. Then B = sP for some
rank one projection P and some nonzero s € R. If s # 0o, then we can find an invertible
2 x 2 matrix T such that T'(sP)T* = £F1; and we are done. In the case where s = oo,
we can find a standard automorphism ¢; of Hy such that ¢1(0) = 0 and () = 1.
Because ¢1(coP) ~ ¢1(0) = 0 and ¢1(c0P) ~ ¢1(0) = I, Lemma 3.12 implies that
©1(B) = Q for some rank one projection Q. Multiplying ¢; with an appropriate unitary
similarity, we get a standard automorphism ¢ with the desired properties. O

Let A, B € Hy and A < B. We denote by [A, B] C Hy the matrix interval
[A,B]={X €H,: A< X <B}.

Further, let (A,B)={X € Hy : A< X <B}and [A,B)={X € Hy : A< X < B},
(A,B] = {X € Hy : A< X < B} when A < B. In the language of special relativity,
these correspond to the set of spacetime events in the future of a fixed event and in the
past of another event, possibly with suitable boundary points.
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Lemma 3.18. Let A, B,C,D € Hj satisfy A < B and C < D. Then there is an affine
automorphism v of Hy satisfying ¥([A, B]) = [C, D] and

XY = (X)) SpY), X <Y > 9(X) < p(Y)
for any pair X,Y € Hs.
Proof. Let us define the affine automorphism v, by
i (X)=(B-—AYV2X(B-A)Y?21+ A, XeH.
Then we have 11 ([0, I]) = [A, B] and
X <Y = hi(X)<i(Y), X <Y = ¢i(X) <¢u(Y)
for any pair X,Y € H,. Similarly, we define the affine automorphism v, by
Ya(X) = (D —O)/2X(D-CO)/?+C, X e Hy.
We see that the affine automorphism 5 o 97 ! satisfies the desired properties. O
Corollary 3.19. Let A, B € Hy satisfy A < B. Then Sa,p C [A, B] C Hs.

Proof. By the preceding lemma, it suffices to consider the case A = 0 and B = I. In this
case, we have S =P C [0,I] C Hs, as desired. O

Lemma 3.20. Let C € (0,1). There is a standard automorphism v of Hy such that
¥([0,1]) =[0,I], ¥(0)=0, v(I)=1, and ¥((1/2)I)=C.

Proof. Consider the standard automorphism ¢; of Hy defined by 1 (X) = X! — I,
X € H,. It is easily seen by the definition of the mapping that

¥1(0) =00, ¥1(I) =0, ¥u((1/2)I) =1,
$1([0,1]) = Hy := {aP +bP* : a,b € [0,x)], P € P},

and that ¢1(C) is a positive invertible matrix in Hy. Consider another standard auto-
morphism 1, defined by 1 (X) = 11 (C)/2 X1 (C)/?, X € H,. Tt satisfies

$2(0) =0, 12(R) =5, to(I) =1(C), and 9o(HF) = Hy .
It follows that the composition ¢ Lo apy 0 1)y satisfies the desired property. O

The above two lemmas clearly imply the following.
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Corollary 3.21. Let A, B,C, A’ B',C" € Hy satisfy A < C < B and A’ < C' < B’. Then
there is a standard automorphism 1 of Hy satisfying

Y([A,B])) = [A,B], ¥(A)=A", ¢(B)=DB, and $(C)=C"
3.4. Lines

A subset A C Hj is said to be coherent if A ~ B for every pair A, B € A. A maximal
coherent set is called a line. Clearly, if ¢: Hy — Ho is an automorphism and ¢ C H is
a line, then (¢) is a line as well.

Lemma 3.22. Let a,b € R\ {0} and P,Q € P. Then aP ~ bQ if and only if P = Q.

Proof. It is clear that P = @ implies aP ~ bQ. Let us prove that aP ~ b(Q implies
P = @Q. Lemma 2.1 verifies this when a,b € R\ {0}. Assume that b € R \ {0} and
ooP ~ bQ. Then we have bP*QP+ = 0, thus P = Q. Similarly, a € R\ {0} and
aP ~ coQ imply P = @. Finally, it is trivial that coP = co@) implies P = (. O

Lemma 3.23. Let ¢ be a line. Then either there exist A € Hy and P € P such that
¢={aP+A:acR}
or there exists P € P such that
¢ ={coP +aPt : acR}.
Proof. We first consider the possibility that there exists A € £ N Hy. Then ¢ = { — A_ =
{X — A : X €/} is a line that contains 0. We know that Co = {aP : P € P, a € R}.

Since #' is a maximal coherent set, the preceding lemma implies that ¢ = {aP : a € R}
for some P € P. Hence

(=0+A={aP+A: GER}.

The remaining possibility is that £ C H\ Hy. Since ¢ is a maximal coherent set, there
exists a point in ¢ that is different from 0. Thus, there exists P € P and ag € R such
that coP + agP* € £. The set of all points in Hy \ Ho that are coherent to coP + agP+
is {ooP +aPt : a € R}. It is easy to see that this is a maximal coherent set. Hence this
set is equal to £. O

Lemma 3.24. Let A, B € Hy be such that d(A, B) = 1. Then there exists exactly one line
¢ in Hy such that A, B € ¢, which equals C4 NCp.
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Proof. Let ¢: Hy — Hy be an automorphism. Then there exists exactly one line passing
through A and B if and only if there exists exactly one line passing through ¢(A) and
©(B). Thus, by Lemma 3.17, with no loss of generality we may assume that A = 0 and
B = Ej;. In that case, it is obvious from Lemma 3.22 that C4 NCp = {aFE11 : a € ﬁ}
is the unique line that contains both A and B. O

Lemma 3.25. Let £ be a line in Hy and A a point in Hy such that A & €. Then there is
exactly one point on the line £ that is coherent to A.

Proof. With no loss of generality, we may assume that A = 50. From A = &0 ¢ ¢ and
Lemma 3.23, we see that there are B € Hy and P € P such that

¢={aP+ B : a R},

and then clearly, coP + B = coP +tr (P B) P+ is the unique point on ¢ that is coherent
to A=25. O

For A, B € Hy with d(A, B) = 1, we denote by £4 5 the unique line passing through
A and B. Note that by Lemma 3.24 we have £4 g = C4 NCp. Denoting C4 NCp with two
different symbols (depending on the distance between A and B) makes sense because
the sets Sa,p and 4, p are of completely different shapes.

Remark 3.26. We will quite often use the following observation. Assume that A, B,C €
Hy are points such that d(A, B) = 1 and d(A4,C) = 2. Then there is a unique point
D € H, that is coherent to A and B and C. Indeed, let us denote by ¢ the unique line
passing through A and B. Then, clearly C ¢ ¢ and there is a unique D € ¢ such that
D~ C.

Corollary 3.27. Let s,t be nonzero distinct real numbers and Q € P. Assume that A € Hy
satisfies A~ sI, A~tI, and A ~ sQ. Then A = sQ + tQ=+.

Proof. Since the set {sQ, sI, A} is coherent, it is contained in the line ;¢ 57, thus we
have A = sQ + aQ~ for some a € R. By A ~tI we obtaina =t. O

Corollary 3.28. Let (1, (5,05 be pairwise different lines in Hy. Assume that £, N ly # 0,
(yNls # 0D, and 3N 3 # 0. Then there exists A € Hy such that

liNly =0 Nls=10NL3 ={A}.
Proof. By Lemma 3.24, the intersection of any two of the above three lines is a singleton.

Denote £1Nly = {A}, ¢1Nls = {B}, and ¢2N¥3 = {C}. We need to show that A = B = C.
Assume on the contrary that this is not true, say A # B. Then A, B are two distinct
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points on ¢; and C' is coherent to both of them. By Lemma 3.25, we have C € {1, too.
Thus

Ceblintants=(l1Nl)N (i NL)={A}n{B} =0,

a contradiction. O
3.5. Surfaces
Lemma 3.29. Let ¢1 and {5 be distinct lines in Hy.

o Ifl1N Uy #0, then there exists a standard automorphism ¢ of Hy such that

o(t1) ={aFE1 : a € R} and ¢(l3) = {aFa : a € R}.
o If 0y Nly =0, then there exists a standard automorphism ¢ OfFQ such that
o)) ={aF1; : a € R} and @(ly) ={aEy +o00Es : a € R}.

Proof. Assume first that £; N fy # (. Then, by Lemma 3.24, the intersection of these
two lines is a singleton. With no loss of generality, we may assume that ¢; N ¢y = {0}.
Then there are P,Q € P with P # Q and ¢; = {aP : a € R} and {5 = {aQ : a € R}.
If u,v are unit vectors spanning the image of P and the image of @), respectively, then
they are linearly independent and there exists an invertible linear operator S: C% — C?2
such that Su = e; and Sv = ey. It follows that

SPS* = Suu*S* = (Su)(Su)* = e1e] = E1x

and similarly, SQS* = Eas. Let ¢ denote the automorphism X — SXS*. Then 1(¢;)
is a line that contains 0 and Ejj, hence ¥(¢;) = {aE1; : a € R}. Similarly, ¢(fy) =
{aFEy : a € R}.

Assume next that £;N¢y = . Since ¢1 U¥5 is clearly not a coherent set, by Lemma 3.15
we can assume that 0 € ¢; and o0 € fy. It follows that there are P,@Q € P such that
¢y ={aP : a € R} and {3 = {c0Q + aQ* : a € R}. We have P # Q, since otherwise
o0oP = 0o@ would belong to the intersection of ¢; and f5. We see that there exists an
invertible 2 x 2 matrix S such that SPS* = E;; and SQS* = FE3. Let ¢ denote the
automorphism X + SX.S*. Then ({1) = {aEy; : a € R} as before. Since ¥(c3) = o0
and ¥ (00Q) = c0Fay, we get 1(fy) = {aFy1 + o0Fy : a € R}, O

Definition 3.30. Let ¢; and ¢, be lines in Ho with ¢, N ¢y = 0. The surface along ¢; and
{5 is the union of all lines ¢ C Hy satisfying £ N ¢y # () and £ Nl # ().
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Lemma 3.31. The surface along the lines {aE1; : a € R} and {ooEa +aEy; : a € R}
18

{CLEH + bE5s a, be E}

Proof. Denote ¢; = {aFy; : a € R} and lo = {00Eq + aFy; : a € R}. For every
a € R, the point coEsg + aF1q is the unique point on ¢y that is coherent to aFE11 € ¢5.
Hence, there is exactly one line passing through aF4; that intersects ¢ and this line is
{aEy; + bEs : b € R}. Consequently, the union of all lines that intersect ¢; and ¢y is
{aF11 +bFEy : a,b € R} O

We will call the set
{CLE11 + bEsy : a, be R} (312)

the diagonal surface. A direct consequence of Lemmas 3.29 and 3.31 is that any surface
is a @-image of the diagonal surface for some standard automorphism ¢ of Hs.

Corollary 3.32. Let I1 C Hy be a surface.

o Assume that A,B € II satisfy d(A, B) = 1. Then the line L4 p passing through A
and B is contained in II.

o Assume that {1 and £y are lines contained in I1 and 1N ly = (. Then II is the surface
along £ and {s.

Proof. Without loss of generality, we may assume that II is the diagonal surface. Then
the verification of both statements is easy. 0O

Lemma 3.33. Let Q € P. Assume that Il C Hy is a surface containing 0, (1/2)I, I, and
Q. Then

I ={aQ +bQ* : a,b € R}.

Proof. We have 0,Q € II and therefore, by Corollary 3.32 the line {aQ : a € R} is
contained in II. In particular, (1/2)Q € II. It follows that the line ¢; := {Q +aQ" : a €
R} passing through @ and I, and the line /5 := {(1/2)Q+aQ" : a € R} passing through
(1/2)Q and (1/2)1, are both contained in II. Observe that the surface {aQ+bQ* : a,b €
R} also contains #; and fs. Since £; N £y = (), the second item of Corollary 3.32 leads to
the desired conclusion. 0O

Let P € P and consider the set

Op = {aP +bP* : a,bc [0,1]}. (3.13)
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It is contained in the surface {aP + bP+ : a,b € R}.

Lemma 3.34. Let P € P and A, B € Op satisfy d(A, B) = 1. Then every point of Op is
coherent to some point of L4 g N Op.

Proof. By the assumption, we see that one of the following holds. Either there are
p,q,r € [0,1] with A = pP + qP+, B =pP +rP~*, and q # r, or there are p,q,r € [0, 1]
with A = pP + qP*, B =7rP + qP*, and p # r. We have {4 p = {pP +tP* : t € R}
in the former case and ¢4 5 = {tP + ¢P* : t € R} in the latter case. It is now clear to
see that the desired conclusion holds. O

Lemma 3.35. Let P € P and assume that ¢: Op — Hs is a coherency preserver. Then
©(Op) is contained in a cone or in a surface.

Proof. The first possibility we will consider is that there exists a € [0, 1] such that the
line segment s, := {aP + bP+ : b € [0,1]} is mapped to a singleton {A}. Then clearly,
»(Op) is contained in the cone with vertex A.

So, we may assume from now on that for each line segment s,, 0 < a < 1, there is a
unique line ¢, C Hs such that ¢(s,) C £,.

Assume next that there is a pair a1, a2 € [0, 1] such that £,, N €., = . We will show
that in this case p((p) is contained in the surface along ¢,, and ¢,,. We observe that for
any line segment s, := {aP + bP+ : a € [0,1]}, 0 < b < 1, there is a line ¢, C Ha such
that ¢(s;) C ¢;. Moreover, each ¢, 0 < b < 1, intersects both ¢,, and /,,, as desired.

It remains to consider the case where for every pair aj,as € [0, 1] either £,, = £,,,
or {,, and ¢,, intersect in one point. The desired conclusion holds trivially if ¢,, = ¢,,
for every pair aj,as € [0,1]. So, the final possibility we need to consider is that there
are ai,as € [0,1] such that ¢,, and {,, intersect in one point A. Let 0 < a < 1. If
by € {la,,la,}, then we have A € £,. If £, ¢ {l4,, ¢4, }, then Corollary 3.28 shows that
A € {,. Thus, we get p(Op) C C4 in this case. O

We know that a surface is determined by any pair of lines that belong to the surface
and do not intersect. The situation is different for pairs of lines that do intersect. To see
this, we need the following lemma.

Lemma 3.36. Let P,QQ € P be distinct elements. Then the points 0,00P,00Q, o0 are
contained in no single cone, and are contained in the unique surface

IIpg = {aP +bQ : a,be R} U gooP,vo U ﬁOOQ,g. (3.14)

Proof. To show that these points are contained in no single cone, assume that A € Hy
is coherent to these points. Since 0 ~ A ~ 50, we see that A = coR for some R € P.
We also have coP ~ A = coR ~ 0o, which implies P = R = @, contradicting the
assumption.
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Let ¢;1 be the line passing through 0 and coP, and {5 the line passing through co@
and 0. Then ¢; = {aP : a € R} and f5 = {00Q + aQt : a € R}. For each t € R,
the unique point in £y that is coherent to tP is coQ + tP = o0o@ + ttr (PQ1)Q*.
Using Lemma 3.23, we easily see that the line passing through tP and coQ + tP is
{sQ+tP : s € R} = {tP +sQ : s € R} U{coQ + ttr (PQL)Q+}. The unique point in
£ that is coherent to ocoP is o0. This completes the proof. O

Consider two lines ¢ = {y,0op,,,l2 = loop,,, in the diagonal surface. There are
infinitely many surfaces that contain both ¢; and ¢5. Indeed, for every P € P\ {E11},
we have 0,00E11,0 € Ilg,, p, which leads to ¢; Uly C Ilg,, p.

3.6. Three points

Next, we will be interested in a relative position of any three points Aq, Ao, A5 € Hy
with d(Ah A2) = d(Ah A3) = d(Ag, Ag) =2.

Lemma 3.37. Let Ay, Ay, Az € Hy satisfy d(Ay, As) = d(Ay, A3) = d(As, A3) = 2. Then
one and only one of the following holds.

e There exists a standard automorphism o: Hy — Hy with the property that
p(A1) =0, p(Ag) =30, and p(A3) =1.

e There exists a standard automorphism o: Hy — Hy with the property that
— 1 0
o) =0 o) =% and oy =7 =[]

Proof. By Lemma 3.15, there is a standard automorphism : Hy — H, with the prop-
erty that ¢(4;) = 0 and $(As) = 5. By d(b(A3),5) = d(t(As), (A2)) = 2, we get
¥(As) € Ha. Because d(¢(A3),0) = d(1p(As),¥(A1)) = 2, the 2 x 2 hermitian matrix
1(As) is invertible. In the case where ¥(As) < 0, we replace the automorphism v by the
automorphism X + —(X), X € Hy. Hence, we have either

QZ}(Al) = 07 1/’(A2) = 667 a’nd 77[1(143) S H;_+7
or
(A1) =0, (Ay) =30, and P(A3) € Hf .

In the first case, we can find an invertible 2 x 2 complex matrix S such that Sy (A3)S* =
I. In the second case, we can find an invertible 2 x 2 complex matrix S such that
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S1(A3)S* = J. Then the standard automorphism ¢(X) = S¢(X)S*, X € Hy, has one
of the above two desired properties.

It remains to verify that one cannot find an automorphism of H, that sends 0, o0,
and I, to 0, o0, and J, respectively. This is a consequence of the following lemma. O

Lemma 3.38. We have
CoNCssNCr=10 (3.15)
but
CoNCsxsNCy={ccP : PLJP+ =0} #0. (3.16)
Thus there is no automorphism o of Hy with
©(0) =0, p(x3) =00, and (I)=J.

Proof. Every element of Cy N Cg is of the form coP for some P € P. It is clear that
P ¢ Cy, so (3.15) is established. We have PLJP+ = 0 for

11 1
Pt 1er

thus we obtain (3.16). O

Definition 3.39. Let Ay, Ay, A3 € Ho satisfy d(Ay, As) = d(Ay, A3) = d(As, A3) = 2. We
say that the triple A;, Ao, A3 is in timelike position if C4, N Ca, N Ca, = 0. Otherwise,
the triple A1, Ao, Ag is said to be in spacelike position. The preceding lemmas imply that
the triple A1, As, A3 is in timelike position if and only if the first option of Lemma 3.37
holds.

Example 3.40. The triple 0, (1/2)1, 1 is in timelike position. Indeed, the automorphism
¢: Hy — Hy given by p(X) = —I + (I — X)~! satisfies

¢(0) =0, »((1/2)I) =1, and ¢(I)=723.

On the other hand, the triple 0, (1/2).J, J is in spacelike position. Indeed, we have
©(0) =0, ¢((1/2)J) =J, and ¢(J) =759,

where the automorphism ¢: Ho — Hy is given by p(X) = —J + (J — X)~!, X € Hs.

Remark 3.41. Let us recall that the triple 0,(1/2)I, I corresponds to spacetime events
(0,0,0,0), (0,0,0,1/2), and (0,0,0, 1), respectively. Thus, we have the origin (0,0,0) of



M. Mori, P. Semrl / Advances in Mathematics 480 (2025) 110528 31

the space R? at three different moments, t; = 0, to = 1/2, and t3 = 1. On the other
hand, the triple 0,(1/2)J, J corresponds to spacetime events (0,0,0,0), (0,0,—1/2,0),
and (0,0,—1,0), respectively. Thus we have three different points on the line through
the origin of R? all of them considered at the moment ¢ = 0. This motivates our choice
of terminology above.

Example 3.42. For an invertible A € Hs, the triple 0,50, A is in timelike position if and
only if A € Hy ™ U H; ~. To show this, consider the image of these points by a suitable

affine automorphism sending 0 to 0.

For P € P, the triple (1/2)P,(1/2)P*,I is in spacelike position. Indeed, we have
Cay2yp NCay2ypr NCr # (0. A concrete description of the left-hand side follows.

Lemma 3.43. Let P € P. Then

Ciiy2p NCyaypr NCr ={Q + (1/3)Q* : Q € P, tr(PQ) = 1/2}.

Note that for any two projections P,@Q € P, we have tr (PQ) = 1/2 if and only if
tr (PQ+) =1/2.

Proof. Without loss of generality, we may assume that P = FE1;. Then the set {Q € P :
tr (PQ) = 1/2} is equal to

and consequently,
1., 1 112 =z
In the next step, we will verify that
B:= C(1/2)E11 mC(1/2)E22 NCr C Hs.
Clearly, 0 ¢ B. If coR + bR+ € B for some real number b and some R € P, then

from coR + bR+ ~ I we conclude that b = 1. But then coR + R+ ~ (1/2)E;; implies
(1/2)Rt By R = Rt Considering the trace, we get a contradiction.
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Thus, B C Hs. Let t, s be real numbers and a a complex number. Then
t «
A= [_ 8} €B
holds if and only if
det(A — (1/2)Eq1) = det(A — (1/2)Eq2) = det(A —I) =0,

which is further equivalent to

1 1
ts — 35 = laf?, ts— it =|af?), and (t—1)(s—1)=|a%

Real numbers ¢, s and a complex number « satisfy the above system of equations if and
only if t = s =2/3 and |a| = 1/3. Hence, A € B if and only if

112 2z
Azg[z 2}

forsome z € T. O

Lemma 3.44. Let A, B € Hs satisfy A < B. Then X € Hy is coherent to some element
of Sa.B if and only if

X ¢(A,B), X<B, and X £ A, (3.17)
or

X¢(AB), X>A, and X » B (3.18)
holds.

Proof. By Lemma 3.18, we may assume that A = 0 and B = [ without loss of generality.
Then we have Sa 5 = Sp,; = P. In that case, it is easy to check that (3.17) or (3.18) holds
if and only if one of the eigenvalues of X is in [0, 1] and the other one is in (—oo, 0]U[1, c0).
We need to verify that X satisfies this condition if and only if X is coherent to some
element of P.

Assume first that X ~ P for some P € P, that is, X = P + R for some R € Hy of
rank at most one. If R > 0, then P < X and thus the larger eigenvalue of X is at least
1. On the other hand, for a unit vector y € C? that is perpendicular to the range of R,
we have (Xy,y) = (P + R)y,y) = (Py,y) € [0,1]. This together with X > 0 implies
that the smaller eigenvalue of X is in [0, 1]. Similarly, R < 0 implies that one of the
eigenvalues of X is in [0, 1] and the other is in (—o0, 0].
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To prove the other direction, assume that one of the eigenvalues of X is in [0, 1] and
the other is in (—o00,0] U [1,00). Then X = aQ + bQ* for some Q € P, a € [0,1], and
b€ (—o00,0] U1, 00). It follows that det(X — Q) -det(X — Q1) < 0. Combining this with
the fact that P is connected, we see that there is P € P satisfying det(X — P) = 0, as
desired. O

Corollary 3.45. Let A,B € Hy C H, satisfy A < B. Let X € H, be a matriz with
d(A,X) = d(B,X) = 2. Then the triple A, B, X 1is in spacelike position if and only if
(3.17) or (3.18) holds.

From this corollary, we see for example that a triple A, B,C € Hy with A < C < B
is in timelike position.

Corollary 3.46. Let A € Ho NSy, . Then the triple (1/2)A, (1/2)(J — A), J is in timelike
position.

Proof. From 0 ~ A ~ J, we get 0 ~ J — A ~ J. It follows that there are projections
P,Q € P and a,b € R such that A =aP and J — A = bQ. We get aP + bQ = J. By the
definition of J, we see that P # @ and 0 = tr J = tr (aP + bQ) = a + b. Thus, a = —b.
If @ < 0, then al < aP < aP +bQ = J, and hence, a < —1 < 1 < b. Similarly, if a > 0,
thenb< -1<1<a.

Assume that a < —1 < 1 < b. Then we have A = aP < b@Q = J — A by Lemma 2.1.
Moreover, since J — (1/2)A = (1/2)aP + bQ and J — (1/2)(J — A) = aP + (1/2)bQ,
Lemma 2.1 also implies that J — (1/2)A, J — (1/2)(J — A) € Hy ~. Thus the preceding
corollary implies that the triple (1/2)A, (1/2)(J — A), J is in timelike position. Similarly,
it b < -1 <1< a, then we see that the triple (1/2)(J — A), (1/2)A, J is in timelike
position. O

3.7. Identity-type theorem

The set Uy of 2 x 2 unitaries is endowed with the usual topology as a closed subset
of a finite-dimensional vector space. We endow Hy with the topology that comes from
the identification with Uy as in Subsection 2.2. From the discussion there, it is easy to
see that Ho C Hj is open and that the relative topology given to the subset Hy C Hy
coincides with the usual topology of Ho.

Lemma 3.47. For any pair A, B € Hy, there is a homeomorphic automorphism @: Hy —
H, satisfying ¢(A) = B.

Proof. This can be easily seen by considering U, instead of Hs. Indeed, if V, V' € Us, then
the mapping ¢: Us — Us defined by U — V'V*U, U € Us, is clearly a homeomorphism
satisfying ¢ (V) =V’ and
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U~U = oU)~pU)
for every pair U,U’ € Uy. O

Remark 3.48. In fact, it turns out that every automorphism of H» is a homeomorphism,
but we will not need such a general fact.

Lemma 3.49. The interior of a cone in Hy is empty. Let ¢ C Hy be a line and U C Hy
an open subset. If ¢ NU is nonempty, then it has infinitely many points.

Proof. Observe that a unitary U € Us is coherent to I if and only if one of the eigenvalues
of U is 1. It is easily seen that the set of all such unitaries has empty interior in Us. This
together with Lemma 3.47 proves the first statement. Let us show the second statement.
By Lemma 3.47 again, it suffices to consider the case 0 € £NU. Then £ = {tP : t € R}
for some P € P, and Hy NU is an open neighborhood of 0 in Hs. It follows that £ NU
has infinitely many points. 0O

Lemma 3.50. Let Y C A C Hy and assume that U is open in Hy. Let o: A — Hy be a
coherency preserving map. Assume that o(X) = X for every X € U. If A € A satisfies
CanNU #D, then p(A) = A.

Proof. Let A € A satisfy C4 NU # (. Since U is open and the interior of a line is empty,
we may take a pair of distinct lines ¢, #5 passing through A such that ¢; NU and fo NU
are nonempty. Then, by the openness of U again we see that ¢/; NU and ¢ N U have
infinitely many points. Observe that ¢(¢1N.A) and p(¢2N.A) are coherent sets containing
eliNU) =41 NU and p(la NU) = by NU, respectively. It follows that p(¢1 NA) C 4
and ¢(fa N A) C £5. Thus we conclude that

Lemma 3.51. Let A, B,C € H, satisfy A < B < C. Let ¢: [A,C] — Hy be a coherency
preserver. Assume that ¢(X) = X for every X € [A,B]. Then o(X) = X for every
X € [A,C].

Proof. By Lemma 3.18, we may, and we will assume that A = 0 and C = I without
loss of generality. Hence, we are considering B € Hy with 0 < B < I and a coherency
preserver ¢: [0, I] — Hj satisfying p(X) = X for every X € [0, B]. Let ¢y be the smaller
eigenvalue of B. Then 0 < ty < 1.

We consider the subset U := (0,tqI) C [0,I], which is open in H,. Note that U; C
[0, B]. If one of the eigenvalues of a matrix A € [0, I] lies in (0, tp), then C4 N is clearly
nonempty, so Lemma 3.50 implies p(A) = A. Next we define the open subset Uy of Hy
to be the set formed of all matrices X in (0, I) such that o(X) N (0,ty) # 0. We already
know that p(X) = X for every X € Us. If A € [0,1]\ ({0,1} UP), then it is easy to
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see that C4 NUs is nonempty, thus we obtain ¢(A) = A again by Lemma 3.50. We know
©(0) = 0 from the assumption. From (P + tP1t) = P + tP* for every t € (0,1) and
P € P, it clearly follows that ¢(I) = I. (Indeed, we have o(I) € £pypr pyspr = Lpg for
every 0 <t < s < 1land P € P.) Finally, for P € P we know that ¢(P) € Sy(0),0(1) = P
and ¢(P) ~ ¢((1/2)P) = (1/2) P, and therefore ¢(P) = P. O

Corollary 3.52. Let A, B,C € Hy with A < B < C. Let p: [A,C] — Hs be a coherency
preserver. Assume that ¢(X) = X for every X € [B,C]. Then o(X) = X for every
X e [AC].

Proof. We define a coherency preserver ¢ : [0,C — A] — Hy by
(pl(X):C*(p(C*X% XG[O,C*A]

It is straightforward to check that the restriction of ¢ to [0, C'— B] is the identity map.
By Lemma 3.51, ¢y is the identity on the whole matrix interval [0,C — A], which is
equivalent to ¢(X) = X for every X € [A,C]. O

In the proof of the next corollary, we will use the following simple fact: Let & C Hs
be an open subset and A € U. Then there exist B,C' € Hs such that B < A < C and
[B,C] C U. Indeed, we only need to observe that for each € > 0 we have [A—el, A4¢l] =
{DeH;: |D-A|<e}

Corollary 3.53. Let A, B € Hy with A < B. Let ¢: [A, B] — Hy be a coherency preserver.
Assume that the set {X € [A,B] : ¢(X) = X} as a subset of Hy has nonempty interior.
Then o(X) = X for every X € [A, B].

Proof. By the assumption together with the remark above, we may take C, D € (A, B)
with C' < D such that ¢(X) = X for every X € [C, D]. By Lemma 3.51, ¢ is the identity
on the matrix interval [C, B]. By Corollary 3.52, ¢ is the identity on the whole matrix
interval [A, B]. O

Corollary 3.54. Let A, B € Hy with A < B. Let p: [A, B] — Hy be a coherency preserver.
Assume that there exists an automorphism ¢ of Ho such that the set {X € [A,B] :
o(X) =9Y(X)} as a subset of Hy has nonempty interior. Then (X ) = (X) for every
X € [A, B].

Proof. After introducing a new coherency preserver defined by
X =7 p(X)), X €[AB]

we may assume with no loss of generality that ¢ is the identity. Then the desired con-
clusion follows directly from Corollary 3.53. O
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We continue with an identity-type theorem.

Theorem 3.55. Let A be a nonempty connected open subset of Hy and let p: A — Hy be
a coherency preserving map. Let D be a nonempty open subset of A. If an automorphism
Y of Hy satisfies o(X) = (X)) for every X € D, then p(X) = (X)) for every X € A.

Proof. We denote by £ C A the set of all points A € A with the property that o(X) =
Y(X) for every X in some neighborhood of A. It is trivial to see that D C £ and that £
is an open subset of A. It remains to prove that L is a closed subset of A.

Hence, assume that A € A and that there exists a sequence A,, € £, n > 1, such that
lim A, = A. By Lemma 3.47, there is a homeomorphic automorphism ;: Hy — Ho
satisfying ¥1(A) = 0. Thus ¥ (A,,) tends to 0 as n — oo. Let € be a positive number such
that [—el,el] C 11(A). There exists a positive integer m such that 1 (A,,) € (—el,el).
By Corollary 3.54, we have @ 017 (X) = o] (X)) for every X € [—¢I,eI]. Thus, we
get A € L. This completes the proof. O

Remark 3.56. The assumption of openness in Theorem 3.55 is essential. For example,
since tI # sI for distinct s,¢ € R, we see that any mapping from {tI : t € R} to Ho
preserves coherency even when (tI) = tI for every ¢ > 0.

The assumption of connectedness is also essential. For example, consider the mapping
¢: Hf VU Hy ~ — Hy defined by

@(X)=X, X e€HS", and @(H, ) ={0}.

Since X # Y for any X € HSf " and Y € H, ~, we see that ¢ preserves coherency.
The identity mapping on Hs is an automorphism that extends ¢| Hi but ¢ is not the
identity mapping on Hy .

We close this section with two lemmas whose motivation is close to the identity the-
orem.

Lemma 3.57. Let A, B € Hy satisfy d(A, B) = 2. If C € Hy has the property C ~ X for
every X € Sg p then C € {A, B}.

Proof. Without loss of generality, we may assume A = 0 and B = 0. In this case, we
have Sa,p = {coP : P € P}, and it is easy to get to the desired conclusion. O

Lemma 3.58. Let A € Hy, 0 < A< I, and B € H,. Assume that for every P € P and
every real s € [0, 1] we have

A~ sP = B~ sP.

Then B= A or B=0.



M. Mori, P. Semrl / Advances in Mathematics 480 (2025) 110528 37

Proof. By Lemma 3.57, it suffices to show that Sp 4 C {sP : s € [0,1], P € P}. Using
the standard automorphism X — AY2XAY2 X € H,, we see

So.a = {AYV2PAY? . P e Sy}

Observe that for P € Sy ; = P the norm of the rank-one positive operator A2p A2 s
at most 1, which leads to the desired claim. O

Part 2. Main results and their proofs
4. Standard coherency preservers

Let A be a subset of Hy and ¢: A — Hy a map. We say that ¢ is a standard coherency
preserver if ¢ extends to a standard automorphism of Hy. The main result of the current
section is the following one.

Theorem A. Let A be a connected open subset of Hy and ¢: A — Hy a coherency
preserving map. Assume that there exist A, B,C € AN Hy such that

e A<C<B,
o [A,B]C A, and
o the triple p(A), p(C),¢(B) is in timelike position.
Then ¢ is standard.
4.1. Proof of Theorem A
We first show the following proposition.
Proposition 4.1. Let ¢: [0,1] — Ho be a coherency preserver satisfying
p(0) =0, ((1/2)1) = (1/2)L, and (1) =1I. (4.1)
Then there exists a unitary U € Us satisfying either
o(X)=UXU* X €]0,I],
or
o(X)=UX'U*, X e€][0,1].

To prove this, we assume that o: [0, 1] — Hy is a coherency preserver satisfying (4.1).
By Lemma 3.12, we have ¢(P) C P. Lemma 3.12 also shows that the triple 0, (1/2)I, 1
is not contained in any cone.
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We fix P € P. Since 0,(1/2)I,I € ¢(Op), where Op is defined as in (3.13),
Lemma 3.35 yields that ¢(0p) is contained in some surface. By Lemma 3.33, we have

¢(0p) C {ap(P) +bp(P)* : a,beR}.
Claim 4.2. The equation
@(aP +bP*) = ap(P) + bp(P)*+ (4.2)
holds for any a,b € {0,1/2,1}.
Proof. We have ¢((1/2)P) ~ o((1/2)I) = (1/2)I and ©((1/2)P) ~ ¢(0) = 0, and by a

simple modification of Lemma 3.12 we see that ¢((1/2)P) = (1/2)Q for some Q € P.
But ¢((1/2)P) ~ ¢(P) € P and therefore,

e((1/2)P) = (1/2)¢(P).
We continue with ¢((1/2)P + P+). By
(1/2)P + P+ ~ (1/2)1,1,(1/2)P,
we get
p((1/2)P + P4) ~ (1/2)1,1,(1/2)¢(P).
Using Corollary 3.27, we conclude that
p((1/2)P + P1) = (1/2)(P) + o(P)*.
Now,
Pt ~0,1,(1/2)P+ P+
yields
P(PY) ~0,1,(1/2)¢(P) + ¢(P)*.
Since 41 (1 /2)0(P)+o(p)- = {te(P) +@(P)* : t € R}, we get
p(PH) = o(P)*".
Using the same arguments as above, we see that

p((1/2)PF) = (1/2)p(P)* and (P + (1/2)PF) = ¢(P) + (1/2)p(P)*. O
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Claim 4.3. Equation (4.2) holds for any a,b € {0,1/3,1}.
Proof. Take @Q € P with tr (PQ) = 1/2. Claim 4.2 implies that
p((1/2)Q) = (1/2)2(Q): ¢((1/2)Q") = (1/2)p(Q) "
By Lemma 3.43, we have
P+ (1/3)P* € C(1/2)0 NC(1/2)0+ NCr.
Thus we obtain

p(P + (1/3)P*) € Cayapo@) N Crayapp(@)- NCr

(4.3)
={R+(1/3)Rt : Re P, tr (p(Q)R) = 1/2}.

Because P + (1/3)P+ € {p, we have
(P + (1/3)P1) € Lypy. oy = bopys = {9(P) + ap(P)*: : a € R}, (4.4)
It follows from (4.3) and (4.4) that
p(P+ (1/3)P) = o(P) + (1/3)p(P),
and similarly,
p(PH+ (1/3)P) = o(P)* + (1/3)p(P).

Further, ¢((1/3)P) € fy,(py and o((1/3)P) ~ ¢(P)* + (1/3)¢p(P). It follows from
Lemma 3.25 that

@((1/3)P) = (1/3)p(P) and similarly, ¢((1/3)P) = (1/3)p(P)".
Finally, ¢((1/3)I) belongs to the lines
C1/3)0(P),(1/3)0(P)+o(P) - 7 L(1/3)0(P)*,(1/3)p(P) -+ (P)
which intersect in the point (1/3)I. Thus, ¢((1/3)I) = (1/3)I. O

In what follows, we sometimes make use of the coherency preserving map ¢1: [0, 1] —
H; defined by 1 (X) =1 — (I — X), X €0, 1]. Clearly,

©1(0) =0, @u((1/2)I) = (1/2)1, o:(I) =1, and @1(P) = ¢(P).

Claim 4.4. Equation (4.2) holds for any a,b € {0,1/3,2/3,1}.
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Proof. Applying Claim 4.3 to the mapping ¢; in place of ¢, we have (4.2) for every
a,b € {0,2/3,1}.

Let a,b € {0,1/3,2/3,1}. We have shown that (4.2) holds when one of the numbers
a,bequals 0 or 1. In the remaining cases, we have {aP+bP1} = Lopap+pLNlppr prppL.
Thus

@(aP +bP) € Lyap) piap+pr) N Lobpl) p(P+bPL)

= Lap(P),ap(P)+(P): N lop(P)L o(P)+bp(P)*
= {ap(P) + bp(P)*},

and consequently, ¢(aP + bPL) = ap(P) + bp(P)t. O

Claim 4.5. For every positive integer n, equation (4.2) holds for any

1 2 n—1 2 n
7b € 07 2|\l 9 I Y .
Proof. The case n = 1 is true by the previous claim. So, assume that the above is true

for some positive integer n. We introduce a new coherency preserving map 7: [0, I] — H,
by

T(X) = (3/2)"¢((2/3)" X), X €[0,1].
Using the induction hypothesis, we see that
7(0)=0, 7((1/2)I)=(1/2)I, and +(I)=1.
Moreover, 7(P) = ¢(P). But then we already know that
7(a'P 4+ b PL) = d'p(P) + b p(P)*

for any o', b’ € {0,1/3,2/3}. This immediately implies that (4.2) holds for any

be<0 L2\ 2\
a7 b 3 3 b 3 b
as desired. O

Claim 4.6. For every positive integer n, we have

(@) -(-@)en

and
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e(Pi(3) P) e+ (3) e (4.6)
Proof. We know that
@((2/3)"P) = (2/3)"p(P) and ¢((2/3)"P*) = (2/3)"p(P)* (4.7)

for every positive integer n.
Using (4.7) for the coherency preserving map 1, we arrive at

@(P+ (1—(2/3)")P*) = o(P) + (1 — (2/3)")p(P)*
and
P((1—(2/3)")P + P1) = (1—(2/3)")p(P) + ¢(P)*

for every positive integer n.
We now use the fact that

P((1—(2/3)")P) ~ 0, p(P), (1 — (2/3)")P + P)
combined with Lemma 3.25 to deduce that
e((1=(2/3)")P) = (1= (2/3)")p(P)
and similarly,
P((1=(2/3)")PT) = (1 (2/3)")p(P)*

for every positive integer n.
The last equation remains true if we replace ¢ by 1. This yields

P(P+(2/3)"P) = o(P) + (2/3)"(P)*
for every positive integer n. O
Claim 4.7. There is a 2 X 2 unitary matriz U € Uy such that
either p(P)=UPU*, PP, or o(P)=UP'U*, PecP.

Proof. Let a be a positive real number < 1/2. Using Lemmas 3.13 and 3.14, we see that
a pair P, Q) € P satisfies

([Oa I] D) 5(17a)P,P+aPL N ‘9(170,)62,Q+0,QL 7é 0
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if and only if
a
P — < —.
IP-Qll <+

Therefore, the two equations (4.5) and (4.6) imply that for any positive integer n > 2,
we have

1Pl < % = llo(P) — (@)l < %

Applying (3.9), we conclude that there exists a sequence of positive real numbers a,,
n > 1, such that lim a,, = 0 and

d?(P,Q) < an = d?(p(P), »(Q)) < an

for every positive integer n.
Let P,Q € P, P # @, and € > 0. Take a positive integer n such that a, < . Find a
positive integer k such that

dI(P,Q) < ka, <d(P,Q) +¢.

By Lemma 3.8, we can find rank one projections Py = P, Py, ..., Px_1, P, = @ such that
d?9(Pj_1, P;) < a,. But then

d?((P), p(Q)) < d(p(Fo), p(P1)) + -+ d?(o(Pr-1), p(Pr))
< ka, < d?(P,Q) +e.

Therefore,
d?(p(P), 0(Q)) < d(P,Q), P,Q€P.
Applying (3.9) once more, we conclude that
le(P) =@ <P-Ql, PQeP.
Finally, it follows from Lemma 3.11 and ¢(P1) = ¢(P)* that
le(P) = (@l =P -Ql, PQeP.
Now, Wigner’s theorem (Theorem 3.9, see also Remark 3.10) completes the proof. O

Hence, after composing ¢ with the standard automorphism of Hy given by X
U* XU, and possibly with the standard automorphism of Hy given by X — X*, we get
to the situation where
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po(P)=P, PeTP.
The following claim finally completes the proof of Proposition 4.1.
Claim 4.8. In the above situation, we have p(A) = A for every A € [0, I].

Proof. Fix P € P and a real number ¢, 1/3 <t < 1. By 0 ~ tP ~ P, ¢(0) = 0, and
©(P) = P, there exists s € R such that ¢(tP) = sP. It follows from Claim 4.3 that for
every @ € P we have

p((1/3)Q + Q1) = (1/3)Q + Q™.

Further,
(1/3)Q +Q* —tP = ((1/3)Q + Q™) (I — (3Q + Q™)(tP)).
Therefore, by Lemma 2.2, the condition (1/3)Q + Q* ~ tP holds if and only if
1=1tr((3Q +QM)(tP)) = tr ((2Q + I)(tP)) = t(1 + 2tr (QP)).

Because (1 —t)/(2t) € [0,1], we can find a projection Q € P such that tr (QP) =
(1—t)/(2t), and then by the above, (1/3)Q+Q* ~ tP. It follows that (1/3)Q+Q* ~ sP,
which combined with Lemma 3.25 yields that t = s.

Hence, for every real ¢, 1/3 <t < 1, and every P € P, we have ¢(tP) = tP. Using
the coherency preserving map ¢1: X + I — (I — X), we obtain ¢(tP+ Pt) =tP+ P+
for every real t, 0 < t < 2/3, and every P € P. Since p(tP) ~ 0,¢(P), p(tP + P1), we
get p(tP) =tP when 0 < ¢ < 2/3 by Lemma 3.25. We conclude that

p(tP)=tP, PeP, tel01].

Let now A be any element of [0, I] of rank two. Applying Lemma 3.58 with B = ¢(A),
we see that ¢(A) = A or p(A) = 0.

We have shown that ¢(A4) € {0, A} holds for every A € [0,I]. We now use the
obtained result for the map ¢1: X — I — (I — X) to conclude that ¢(A) € {A, I} for
every A € [0, I]. Hence we obtain p(A) = A for every A € [0,I]. O

Corollary 4.9. Let ¢ : [0, 1] — Hy be a coherency preserver with the property that ¢(0),
©((1/2)I), and ¢(I) are in timelike position. Then @ is standard.

Proof. This statement is a straightforward consequence of Proposition 4.1 and Exam-
ple 3.40. O

Proof of Theorem A. Suppose that p: A — Hj satisfies the assumption of Theorem A.
By Corollary 3.21, there is a standard automorphism v, of Hs satisfying
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1#1([07—7}) = [AvB]a 1/}1(0) = A, '4[11([) =B, and ¢1((1/2)1) =C.

It follows that the restriction of the coherency preserver ¢ o ¢ to [0, ] satisfies the
assumption of Corollary 4.9. Thus, Corollary 4.9 and Theorem 3.55 imply that ¢ o)y is
standard, which further shows that ¢ is standard, too. O

4.2. Applications of Theorem A

We begin with a useful lemma.

Lemma 4.10. Let U be an open connected subset of Hy. For any pair X,Y € U, there are
X1 =X,Xo,...,. X, =Y €U such that X1 ~ Xg ~ -+~ X,,.

Proof. For X, Y € U, we write X = Y if there are X; = X, X5,..., X,, =Y € U such
that X7 ~ Xo ~ -+ ~ X,,. It is clear that ~ is an equivalence relation.

First, let us consider the case where i/ is an open interval. When X < Y, then we
have Sxy C U by Corollary 3.19. We may take any point Z € Sxy C U, and then
X ~7Z ~Y. Thus X = Y. If X,Y are arbitrary, then we may take Z € U such that
X < Z,Y < Z, hence we obtain X ~ Z =~ Y. Thus the proof is complete when U is an
open interval.

Let U be an arbitrary open connected subset of Hy. Fix X € U, and let Uy denote
the collection of Y € U with Xy &~ Y. Then the preceding paragraph shows that U/, and
U \ Uy are open. Since U is connected, we obtain Uy =U. O

Let us prove the fundamental theorem of chronogeometry as a consequence of the
preceding subsection.

Theorem 4.11. Let p: Ho — Hs be a bijective map satisfying

A~B <= ¢(A) ~ ¢(B)
for every pair A, B € Hy. Then ¢ extends to an affine automorphism.
Proof. After composing ¢ with a translation, we can assume with no loss of generality
that ©(0) = 0. As before, we define d(A4, B) = rank (A — B) € {0,1,2}, A,B € H,.
It is clear that we have d(A, B) = d(p(A), p(B)), A, B € Hy. The set H2 of invertible
matrices in Hj is formed of A € Hy with the property d(A,0) = 2. Thus we get

p(H3) = Hj.

Recall that H2Z is the disjoint union of three sets Hy ™, H; ~, and H, ~. We first claim
that
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p(Hy T UHy ") =Hy " UH, .

The above equality follows directly from the following characterization of the set Hy ™ U
Hj ~: An invertible matrix A € Hs belongs to Hy ™ U H; ~ if and only if for each line £
passing through zero there exists B € £ Hy such that A ~ B. Indeed, let A € Hf ™ and
¢ ={aP : a € R} where P € P. Then A~! > 0 and therefore tr (A~*P) = tr (PA~'P) >
0. It follows that there exists exactly one (positive) a € R such that tr (A=!(aP)) = 1,
or equivalently, A ~ aP (see Lemma 2.2). In the same way we treat the case when
A € Hy ™. So, assume finally that A € Hy ~. Then A~! is again in H, ~. Therefore,
there exists a unit vector z € C? such that z* A~ 1z = 0, yielding that tr (A~1Q) = 0,
where @ = za*. It follows from Lemma 2.2 that there is no point in {aQ : a € R} that
is coherent to A.

Observe that if A,B € H* UH; ™ and A ~ B, then either A, B € H " or A,B ¢
Hj ™. Moreover, H* and H; ~ are open and connected sets. Thus Lemma 4.10 implies
that

e(Hf*)=Hf* and o(Hy; " )=H; ;
or
e(Hy*)=Hy~ and @(Hy, )=HS".

Therefore, we get p(—1) < 0 = ¢(0) < o(I) or p(—I) > 0 = ¢(0) > (I). Hence
Corollary 3.45 implies that the triple ¢(—1I), ¢(0), ¢(I) is in timelike position. Theorem A
shows that ¢ extends to an automorphism ¢ of Hy. Note that ¢(Hy) = Ho implies
$(20) = 0. It remains to show that ¢ is an affine automorphism. By composing ¢ with
an appropriate affine automorphism of Hy, we may assume $(0) = 0 and @(I) = [
without loss of generality. (Recall that the composition of affine automorphisms is again
an affine automorphism by Lemma 3.7.)

Then the automorphism ©: X — X1 — I of H, satisfies

Yl ogoy(0) =y 0 p(50) =¥ TH(K) =0,
v ogoy(l) =9 op(0)=¢7'(0) =1, and
vl ogoy((1/2)]) =y o p(I) = ¢~ (1) = (1/2)1.

Now we apply Proposition 4.1. We see that there is a 2 x 2 unitary matrix U such that
p~lo@oy(X) =UXU* holds for every X € [0, 1], or " to@otp(X) = UX!U* holds for
every X € [0, I]. By the identity-type theorem (Theorem 3.55), the same equality holds
for every X € Hy. It is easy to see that »(UXU*) = Uy(X)U* and ¥ (X*) = ¢(X)? for
every X € Hy. It follows that ¢(X) = UXU* holds for every X € Hy, or $(X) = UX'U*
holds for every X € H,. O
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Proof of Theorem 1.1. Assume that ¢: My — My is a bijection that preserves light-
likeness in both directions. We need to show that ¢ is of the form (1.3). We may assume
¢(0) = 0 without loss of generality. Let £: My — Hy be the mapping as in (1.4). Then
the mapping o := £ogol~1: Hy — Hy clearly satisfies the assumption of Theorem 4.11.
It follows that ¢ extends to an affine automorphism. In particular, we see that ¢ is linear.
It follows that ¢ = £~ L oo is also linear, that is, ¢(r) = Sr for some real 4 x 4 matrix
S. Our task is to show that S = ¢@Q for some positive real number ¢ and some Lorentz
matrix Q. We know that for every r € My we have

(r,ry =0 < (Sr,Sr)y =0,
that is,
(Mr,r) =0 <= (S'MSr,r)=0.

Here, (-,-) denotes the standard inner product on the space of all real quadruples, and
M is as in (1.1). Choosing suitable spacetime events r (say, r = (cos~,sin~,0,1),...)
and applying the fact that STM S is symmetric, it is trivial to deduce that

S'MS = dM

for some real number d. The matrix S*M S has the same inertia as M, that is, it has
three negative eigenvalues and one positive eigenvalue. It follows that d is positive, and
consequently,

as desired. 0O

Corollary 4.12. Every automorphism of Hy is standard. An automorphism ¢ of Hy is an
affine automorphism if and only if p(o0) = 0.

Proof. Let ¢ be an automorphism of Hs. Since the triple 0, I, (1/2)1 is timelike (Exam-
ple 3.40), we see that the triple ¢(0), (1), v((1/2)I) is also timelike. Thus Theorem A
together with Theorem 3.55 implies that ¢ is standard. If in addition ¢(c0) = o0, then we
get p(Hs) = Hy. Thus Theorems 4.11 and 3.55 show that ¢ is an affine automorphism.
Conversely, it is clear that an affine automorphism ¢ satisfies ©(60) =30. O

Therefore, we no longer need to make the distinction between an automorphism and
a standard automorphism.

Corollary 4.13. Let A, B € Hy. An automorphism ¢ of Hy satisfies o(A) = B if and
only if there is an affine automorphism 1 satisfying
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Pp(X)=y(X =A™+ B
for every X € Hy.
Proof. If 9 is an affine automorphism, then
P(A=A) ) ' +B=¢(xX)'+B=x "'+ B=B.

Conversely, assume that an automorphism ¢ of Hy satisfies p(A) = B. Define two
automorphisms @1, 92 by p1(X) := X7t + A, ¢o(X) := (X — B)™!, X € Hy. Then
1 := g 0@ o is an automorphism. By p(A4) = B, we get (o) = ©0, or equivalently,
1 is an affine automorphism. We get

P(X) =gy oo (X)=v(X -A)) " +B
for every X € Hs, as desired. O

In particular, if A = B = 0, then ¢ is of the form p(X) = ¢(X ~1)~1. We may also see
that a general automorphism can be expressed as the composition of only a few affine
automorphisms and inversions. To show this, let ¢ be an automorphism of Hy. From the
fact that the cone with vertex o0 is mapped by ¢ onto some cone, it is easy to see that
there is A € Hy such that B := p(A) € Hs. Thus the preceding corollary shows that ¢
is expressed as the composition of two inversions and three affine automorphisms (two
of which are translations).

5. Degenerate coherency preservers
5.1. Two types of degenerate coherency preservers

We first give some examples of coherency preservers that are not standard. This is
to motivate the definition of degenerate coherency preservers. Those who want to get to
the main result immediately may look at Definitions 5.6, 5.8, 5.9, and Theorem B, then
skip to Subsection 5.2.

For n € {0,1,2}, let HY denote the set of matrices in Hs of rank n. Observe that H2
is the set of all invertible (= nonsingular) matrices in Hs.

Example 5.1. Obviously, any mapping from A C H, into a line £ is a coherency preserver.
As a special case, let P be any projection of rank one, and define ¢: Hy — Hj by

p(A) = (trA)P, A€ H,.

This is a coherency preserver, and it is of interest to observe that ¢ is linear.



48 M. Mori, P. Semrl / Advances in Mathematics 480 (2025) 110528

Example 5.2. Another simple example is the map ¢: Hy — Hy defined by
0(A)=A, Ac Hy\ H3
and
0(A)=0, Ac HZ (5.1)

A slight modification gives a much “wilder” example. We choose any function n: P — P
and for every rank one projection P we choose a function fp: R — R satisfying fp(0) =
0. Define ¢: Hy — Hy by

@(tP) = fr(t)n(P), (t,P)eRxP

and (5.1). It is easily seen from Lemma 3.22 that any such ¢ preserves coherency. If n
and all functions fp are chosen to be surjective, then the image of ¢ is the whole cone
Co.

Observe that the range of a coherency preserver in the above example is contained in
one cone. We will give the general form of such coherency preservers in Proposition 5.21.
After some more reflection, one may encounter an example of a coherency preserver
whose range slightly protrudes one cone. Here is such an example:

Example 5.3. Let f: P — P be any mapping, and define ¢: Hy — Hy by
p(0) =0, @(Hz\Co) ={I},
and
o(tP) = f(P), PeP, teR\{0}.

It is easy and left to the reader to show that ¢ is a coherency preserver. Observe that
©(Hz) = f(P)U{0, 1} is not necessarily contained in one cone.

Note that p(Hs \ {0}) = f(P) U {I} is contained in the cone Cz, in this example. Let
us give another example, which is seemingly more complicated.

Example 5.4. We denote by £ C Hi the set of all rank one matrices that are of the form

¢ s iy/s(1—s)

—iy/s(1—s) 1-—3s

for some nonzero real ¢t and some real s, 0 < s < 1. We set



M. Mori, P. Semrl / Advances in Mathematics 480 (2025) 110528 49

p 0

/CHO p} :peR\{O}}cH;
Let g: R\ {0} — R and 7: [0,1] — P be any maps. We define ¢;: Hy — Hy by

©1(0) =0, @i1(H3\L)={En}, ¢1(H5\K)={I},

{
et e Vi87]) =, e e @\ op o

and

901([0 p]>:9(p)E22+E11, p € R\ {0}.

p 0
Then ¢ is a coherency preserver.

Proof. Assume that A, B € Hs are coherent. Observe that rank one matrices are mapped
to rank one matrices. Thus, if one of A or B is the zero matrix, then the other one is of
rank at most one, and therefore ¢1(A) ~ ¢1(B). The next case we will treat is the one
where both A and B are of rank one, that is, A = tP and B = sP for some rank one
projection P and some nonzero scalars ¢, s. Then clearly, p1(A) = ¢1(B). We continue
by treating the case where both A and B are invertible. Using the fact that ¢ maps the
set of invertible matrices into the line

fz{tEQQ—f—EllitER},

we see that p1(A) ~ ¢1(B) in this case, as well.

It remains to consider the case when one of A, B, say A, is of rank one, and B is of
rank two. Then clearly, ¢1(A4) € P. If B ¢ K, then ¢1(B) = I and ¢1(A) ~ ¢1(B). If
B € K, then Lemma 5.5 below implies A ¢ £, which yields ¢1(A) = E1;1. Therefore, we
have ¢1(A) ~ ¢1(B) in this last case, too. O

Lemma 5.5. Let p,t be nonzero real numbers and let s be a real number, 0 < s < 1. Then
the matrices

in/s(1—s)

—iy/s(1—s) 1—s

A=t L and B[O p}e/c

p 0
are not coherent.

Proof. Observe that A is of rank one while B is invertible. We have B—A = B(I—-B~1A).
It is straightforward to verify that B~'A is a trace zero complex matrix and since it is of
rank one, it is a square-zero matrix. Consequently, I — B~' A is invertible, which further
yields that B — A is of rank two, as desired. O
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For ¢ in Example 5.4, we see that the image o1(Hs \ {0}) is contained in the cone
C;. Thus, for each of the above examples of coherency preservers : A — H,, there are
A€ A, B € ¢(A) with the property p(A\ {A}) C Cp. We give a name to this class of
coherency preservers.

Definition 5.6. A coherency preserver p: A — Hy defined on a subset A of H, is of type
(C) if there exist A € A and B € ¢(A) such that ¢(A\ {A}) C Cp.

Is every non-standard coherency preserver of type (C)? The answer is no.

Example 5.7. Let f: R — R be any function. Let us define a map o: Hy — Ho in the
following way. We start by defining

p2(tEn) = f(t)En

for every t € R. If a matrix A € Hy \ {y g,, is coherent to tEq; for some real number ¢,
then such a t is uniquely determined. In this case, we set

w2(A) = Eoo + f(t)En1.

In the remaining case where d(A,tFE1;) = 2 for all ¢ € R (equivalently, A is of rank two
and the (2,2)-entry of A is zero), we define

p2(A) = Eo.
Then 9 is a coherency preserving map.

Proof. We need to show that po(A4) % ¢o(B) implies A « B. Observe that ¢(Hy N
lo.m,,) C bo gy, and w(Ha \ €o,5,,) C {E,, 1. Therefore, p2(A) 7 p2(B) implies that one
of the two matrices A, B is in Hy N ¥y g,, and the other is in Hs \ £y g,,. In that case, it
is obvious from the definition of o that wa(A) £ wo(B) implies A £ B. O

Observe that o defined in this manner is not necessarily of type (C). However, it is
a coherency preserver of type (¢) in the following sense.

Definition 5.8. A coherency preserver p: A — Hy defined on a subset A of H, is of type
(€) if there are lines ¢, ¢’ such that p(A\ ¢) C ¢

Note that the two types (C), (¢) of coherency preservers are not disjoint. For example,
any mapping ¢: A — H, whose range is contained in a single line is a coherency preserver
of both types (C) and (£). Note also that in both types the range of ¢ is contained in a
“small” subset of Hy. Indeed, if ¢ is of type (C), then its range is contained in a union
of a point and a cone; and if ¢ is of type (£), then its range is contained in a union of
two lines.
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It will turn out that the two types of coherency preservers play a dominant role in the
class of non-standard coherency preservers, so let us give a name to the union of these
two classes.

Definition 5.9. A coherency preserver ¢: A — Hs defined on a subset A of Hs is degen-
erate if it is of type (C) or of type (¥).

Here we present the key result of the current section.

Theorem B. Let A, B € H, satisfy A < B and ¢: [A, B] — H; be a coherency preserver
that is not standard. Then ¢ is degenerate.

We will give its lengthy proof in Section 6. Before that, we give applications of The-
orem B in the next subsection. It will turn out that a coherency preserver is either
standard or degenerate if it is defined on a subset that looks like a matrix interval.

However, it is not true that a non-standard coherency preserver defined on, say, an
open connected subset of H, is always degenerate in the sense of Definition 5.9. We
give some examples. Let U C Hs be the set formed of all matrices X in Hs such that
the difference of the largest eigenvalue of X and the smallest eigenvalue is less than 1.
Clearly, it is open. It is also connected. Indeed, let A, B € U with eigenvalues t; < t5 and
s1 < 89, respectively. It is trivial to find paths contained in U from A to ((t; + ¢2)/2)1,
from ((t1 + t2)/2)I to ((s1 + s2)/2)I, and from ((s1 + s2)/2)I to B.

Lemma 5.10. Let U C Hy be as above. Assume that A, B € U are coherent. Then |tr (A—
B)| < 2.

Proof. We have B = A + tP for some real number ¢ and some rank one projection P.
Assume ¢ > 0. Then tr A < tr B. We need to verify that ¢ < 2. Let p < g be eigenvalues

of A, x € C? a unit vector spanning the image of P and y a unit vector orthogonal to x.
We have

(Bx,z) = (Az,z) + t(Px,x) > p+1t
and
(By,y) = (Ay,y) +t(Py,y) < q
and therefore, the difference of the larger eigenvalue of B and the smaller eigenvalue of
B is no smaller than (p+t)—q =t—(¢—p) >t — 1. It follows that 1 > ¢ — 1, as desired.

If t <0, then exchange the roles of A and B. O

We first give an easy example.
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Example 5.11. Let a > 3 be a real number. Let A,, € Hy, n € Z, satisfy A, ~ A, for
every n. We define v: U — Hy by ¥(X) = A, for X € U with an < tr X < a(n + 1),
n € Z. Since every pair X, Y € U with X ~ Y satisfies |tr (X —Y)| < 2, it is easy to see
that 1 is a coherency preserver.

Next we give a more involved example that mixes coherency preservers of the two
types (£) and (C).

Example 5.12. Let ¢;: Hy — Ho be a coherency preserver of type (C) given in Exam-
ple 5.4. Let @9: Hy — Hy be a coherency preserver of type (£) given in Example 5.7.
Let p3: Hy — Co be any coherency preserver of type (C). Assume that a € R, a > 3. We
define ¢: U — H, by

(PQ(X +aI) — E227 tr X < —a,
o(X) = p1(X) -1, —a<trX <a,
p3(X), a<trX.

Then ¢ is a coherency preserver.

Proof. Recall that ¢1(X)=1Tif X > 0or X < 0. Thus we have o(X) =0for0 < X € U
with tr X < a, and for 0 > X € U with tr X > —a.

Assume that X,Y € U are coherent. We show that ¢(X) is coherent to ¢(Y"). Since
Y — X is of rank one, we see that X <Y or Y < X holds. We may assume X <Y
without loss of generality. By Lemma 5.10, we get [tr (X — Y)| < 2. Obviously, one of
the following holds:

e The set {tr X, tr Y} is contained either in (—c0, —a), [—a,a), or [a, o).
o trX < —a<trY.
o trX <a<trY.

In the first case, it is clear that (X)) ~ @(Y).

Assume tr X < —a < trY. Then we have trY < tr X +2 < —a+ 2 < —1. By the
definition of U, we see that ¥ < 0, and we obtain ¢(Y) = ¢1(Y) — I = 0. On the other
hand, we know that tr X > trY —2 > —a — 2 and thus tr (X 4+ af) > a — 2 > 1, which
leads to X + al > 0. From the definition of o, we have ¢(X) = p2(X + al) — FEa3 €
{sE11 : s € R}. Therefore, p(Y) =0 ~ ¢(X).

Iftr X < a < trY,asimilar argument shows that X > 0 and thus ¢(X) = ¢1(X)—-1I =
0. Since p(Y) = ¢3(Y) € Coy, we have p(X) ~ ¢(Y), as desired. O

Combining ideas in the above two examples together, one may construct various co-
herency preservers involving (possibly infinitely) many degenerate coherency preservers.
One may also construct similar examples of coherency preservers on, say, the open con-
nected subset {X € Hy : —1 <trX <1} C Ha.
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5.2. Applications of Theorem B

In this subsection, we give several results assuming that Theorem B holds true. The
proof of Theorem B will be given later in Section 6. Recall that H, is endowed with the
topology that comes from the identification with Us as in Subsection 2.2.

Lemma 5.13. Let A, € Hy, n > 1, be a sequence that converges to A in the compact
space Hy. Then

ﬂ U CAn C Cyu.

N>1n>N

Proof. We may consider U, instead of Hy. Thus, let us think of A, and A as elements
in Us. The condition

Be () U Ca.

N>1n>N

means that B ~ A, for infinitely many n. Recall that B ~ A, in Us means that the
rank of B — A,, is at most 1. Since A,, — A, it follows that the rank of B — A is at most
1, too. O

Lemma 5.14. Let ¢, C Hy, n > 1, be a sequence of lines. Then there is a subsequence
Ly, and a line € satisfying

N U ce

N>1k>N

Proof. Take any A,, € £, for each n. By passing to a subsequence, we may assume that
A, converges to some point A € FQ in the compact space H_2 We may also assume
A = 0 without loss of generality (use Lemma 3.47). Set Y = {X € Hy : | X]| < 1},
which is an open neighborhood of A = 0. It is easy to see that we may take B, € £, \U
for each n. By passing to a subsequence, we may assume that B, converges to some
element B € Hy \ U. Since A,, ~ B, for each n, we have A ~ B (to see this, consider
the corresponding points in Us). If

xe ) U

N>1n>N

then we have A, ~ X ~ B, for infinitely many n. Since 4,, = A and B,, — B, we have
X € {4 . Thus we obtain the desired conclusion. O

Lemma 5.15. Let A C Hy be a subset and p: A — Hy a coherency preserver. Assume that
the following condition holds: For any pair X,Y € A, there are X1 = X, Xo,..., X,, =
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Y € A such that X1 ~ Xo ~ -+ ~ X,,. (By Lemma 4.10, this condition is satisfied
whenever A is open and connected.) If A € Hy satisfies p(A) C Ca, then either A €
©(A), or there is a line £ passing through A with ¢(A) C L.

Proof. We may assume A = 0 without loss of generality. The desired conclusion readily
follows from Lemma 3.22. O

Let A, B € Hy with A < B. Any of the sets (4, B), {C € Hy : C > A}, {C € Hy :
C < A}, and Hs will be called an open interval in Hs.

Theorem 5.16. Let U be an open interval in Hy and p: U — Hy a coherency preserver.
Then ¢ is either standard or degenerate.

Proof. We may find {A,, : n € Z} C Hy such that
<A <A< A <A <Ay <

and U = J,,~1[A—n, Apn] hold. The restriction ¢,,: [A_,,, Ap] — Hj of ¢ to [A_,, A,]
is obviously a coherency preserver. Assume that ¢ is not standard. Then Theorem 3.55
implies that for every n > 1 the map ¢,, is not standard. It follows from Theorem B that
©n is degenerate.

Assume that there are infinitely many n > 1 such that ¢, is of type (C). By passing
to a subsequence, we may assume that ,, is of type (C) for every n > 1. For each n > 1,
we may take B,, € [A_,, A,] and C,, € Hs such that p([A_,, A,] \ {Bn}) C Cc,. By
passing to a subsequence again, we may assume that {B,} and {C,} converge in the
compact space Hy. Let B,, — B and C,, — C as n — oo in H,. It follows that

UN{B} € | [A-n, Ad]\ {Bn}

n>N

for every N > 1. Therefore, we have

puU\{BY) c (| U (A, 4\ {B.}) C (] U Con-

N>1n>N N>1n>N

This together with Lemma 5.13 implies that (U \{B}) C Cc. Therefore, ¢ is of type (C)
if C € p(U). Assume that C' ¢ o(U). Since U \ {B} is open and connected, Lemma 5.15
shows that ¢ (U \ {B}) is contained in one line. Thus ¢ is of type (C).

Assume that there are infinitely many n > 1 such that ¢, is of type (¢). This case can
be considered in a parallel manner as in the preceding case. By passing to a subsequence,
we may assume that ¢, is of type (¢) for every n > 1. For each n > 1, we may take
lines £, ¢/, such that p([A_,, As] \ ¢n) C £,,. By using Lemma 5.14 and passing to a
subsequence, we may assume that (\y; U,>n ¢, C ¢ for some line ¢. Observe that the
sequence ()~ én, N > 1, of subsets of Hj is expanding and that each of ), <y ¢ is
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either empty or a singleton or a line. Thus we see that [, v £» is contained in a line ¢
for all N > 1. It follows that

e\ () U elAnAd\t)c () U G cr.

N>1n>N N>1n>N
Thus ¢ is of type (¢). O

Almost the same proof shows that a coherency preserver defined on an interval of the
form [A,B), or {C € Hy : C > A}, or (A,B], or {C € Hy : C < A} is also either
standard or degenerate. We also obtain the following.

Theorem 5.17. Let ¢: Hy — Hy be a coherency preserver. Then o is either standard or
degenerate.

Proof. For n > 1, set A, := {aP +bP*+ : P € P, a,b € [-n,00]}. Clearly, we have
Un>1 A, = H,. If © is not standard, then ¢ restricted to each A,, is not standard, either.
Observe that the automorphism X — (X + (n 4 1)I)~" sends A,, onto [0, I]. Therefore,
Theorem B implies that ¢ restricted to each A,, is degenerate. Hence the same argument
as above shows that ¢ is degenerate on Hy. O

Let us call a subset of Hy a generalized open interval if it is an image of some open
interval in Hs by an automorphism of Hy. Let I be an open subset of H,. Observe that
for every X € U there is a generalized open interval Z such that X € 7T C U. We say
that a coherency preserver : U — Hy is locally degenerate if ¢ is degenerate on every
generalized open interval contained in U/. Here is a consequence of Theorem 5.16 with
the identity-type theorem (Theorem 3.55).

Theorem 5.18. Let U be an open connected subset of Hy. Then every coherency preserver
©: U — Hy is either standard or locally degenerate.

Now, we are going to give a proof of Theorem 1.2, which was the original goal of our
research. We need an easy lemma.

Lemma 5.19. Let ¢ C Hj be a line and &: My — Ho the mapping as in (1.4). Then
E~Y(Hy N {) is contained in one lightlike line.

Proof. There is nothing to prove when £ N Hy = (). If £ N Hy # (), then Lemma 3.23
implies that there exist A € Hy and P € P such that £N Hy = {A+aP : a € R}. This
can be rewritten as £ N Hy = {B + t(2P) : t € R}, where B = A — (tr A)P is a trace
zero matrix. The spacetime event ro that corresponds to B via the identification (1.4) is
of the form ro = (x0, Yo, 20,0). Applying the Bloch representation (Subsection 3.2), we
see that £ N Hy corresponds to the lightlike line {(xo + tx, yo + ty, 20 + t2,t) : t € R} for
some (Zo, Yo, 20), (z,y,2) € R® with 22 +y? + 22 =1. O
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Proof of Theorem 1.2. Instead of working on My, we may equivalently consider a co-
herency preserver o: Hy — Hy. By Theorem 5.16, ¢: Hy — Hy C Hy is either standard
or degenerate.

If ¢ is standard, then ¢ extends to an automorphism of Hj, which necessarily maps
0 to itself. By Corollary 4.12, the extension is an affine automorphism, and the proof
is complete in this case (see Subsection 4.2).

Assume that ¢ is of type (C). Then there are A € Hy and B € Hs such that o(Hs \
{A}) € Cp N Hy. It immediately follows that the second item of Theorem 1.2 holds.

Assume that ¢ is of type (¢). Then there are lines ¢, C Hy satisfying o(Hs \ £) C
HyN /' Tt follows from Lemma 5.19 that the third item of Theorem 1.2 holds. O

A generalization of Alexandrov’s theorem given by Lester is also a simple consequence
of our main result.

Theorem 5.20 (/21]). Let U be an open connected subset of Hy. If p: U — Hy satisfies
X~Y = oX)~eY)
for every pair X,Y € U, then ¢ is standard.

Proof. Theorem 5.18 tells us that ¢ is either standard or locally degenerate. We need
to show that ¢ is not locally degenerate. By Lemma 3.18, we just need to show that
a degenerate coherency preserver ¢: (0,1) — Hy never satisfies X ~ Y <= ¢(X) ~
o(Y) for every pair X,Y € (0,1).

We prove it. Assume that ¢: (0,1) — H, is a degenerate coherency preserver satis-
fying X ~Y <= (X)) ~ ¢(Y) for every pair X,Y € (0,I). We need to obtain a
contradiction.

If ¢ is of type (C), then there are A € (0,I) and B € ¢((0,I)) such that
©((0,I)\ {A}) € Cp. Take A < C < D < I. Then we have S¢.p C [C,D] C (0,1)
by Corollary 3.19. Since C' # D, we see that ¢(C) # (D). This together with
©(C), (D) € Cp shows that d(B, ¢(C)) = d(B,p(D)) = 1 and £p ,c)N¢B,u(p) = { B}
It follows that

©(Sc.p) C Cyuc) NCy(p) NCB = Upp(c) N pu0) = {B}-

However, Sc.p (C (0, 1)) has infinitely many points. For any X # Y in S¢,p, we have
X 2Y, but p(X) =B = ¢(Y), thus we obtain a contradiction.

If ¢ is of type (¢), then there are lines ¢,¢ such that ¢((0,I)\ ¢) C ¢'. It is clear
that there is a pair A,B € (0,1) \ £ with A « B, but we have p(A), p(B) € ¢, hence
©(A) ~ ¢(B), which contradicts our assumption. O
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5.8. More concrete description of degenerate coherency preservers

We would like to describe degenerate coherency preservers in a more concrete manner.
We remark that none of the results in this subsection depend on Theorem B.

Let A C Hs be a subset. First, we study the special case where the image is contained
in a cone. Consider a coherency preserver ¢: A — Hy such that the image ¢(A) is
contained in a cone. By considering 1 o ¢ for an appropriate automorphism v of Hy
instead of ¢, the description of such a map reduces to the case p(A) C Cy without loss
of generality. We may give a complete characterization.

Proposition 5.21. Let ¢o: A — Cy be a mapping. For P € P we denote Ap := o~ (o p \
{0}). Then the following two conditions are equivalent.

o The mapping @ is a coherency preserver.
o Ao B holds for any P,Q € P with P # Q and any A € Ap, B € Ag.

Proof. The mapping ¢ preserves coherency if and only if p(A4) % ¢(B) implies A # B
for every pair A, B € A. By Lemma 3.22, we see that p(A) % ¢(B) holds if and only
if Ae Ap and B € Ag hold for some P,Q € P with P # . This leads to the desired

conclusion. O

This generalizes Example 5.2. We may get more examples in the following manner. Let
B C A be a subset satisfying By ¢ Bs for any distinct By, Bs € B, e.g., B={tI : t € R},
B ={A € Hy : tr A = 0}. Take any mapping ¢: A — Cy satisfying ¢(A \ B) = {0}.
Then ¢ satisfies the condition of Proposition 5.21.

In what follows, we consider the case where the image is not contained in any single
cone. Let us begin with type (£). Consider a coherency preserver ¢: A — Hy of type (£).
We may take lines ¢1, ¢4 such that ¢(A\ ¢1) C ¢5. We may also take a line ¢} such that
p(ANLy) C ). If p(A) is not contained in any single cone, then we have ¢, N ¢, = (. By
considering 15 o ¢ o 1), for an appropriate pair vy, of automorphisms of Hy instead
of ¢, the general description of such a map reduces to the case {; = ¢§ = 4y g,, and
ty = lp,, 1. (To see this, use Lemma 3.29 a few times.)

Proposition 5.22. A mapping ¢: A — Hy with o(ANLy g,,) C o.r,, and p(A\ly g,,) C
lE,,.1 15 a coherency preserver if and only if the inclusion p(ANCa\ o B,,) C {p(4)+
Es2} holds for every A€ ANy gy, -

Proof. Let ¢: A — Hj be a mapping satisfying ¢(ANLy g,,) C 0.5, and p(A\lo k,,) C
lg,,,1. If ¢ preserves coherency, then we get (A N Ca \ lo,g,;) C B NCpay =
{@¢(A) + Es} for every A € AN{y g, -

Conversely, assume that (A NCa \ lo.r,,) C {@(A) + E2} holds for every A €
ANty g, . If A, B e Asatisfy ¢(A) £ p(B), then one of A, B lies in AN ¥y g,, and the
other is in A\ ¢y g,,. Then it follows from the assumption that A ¢ B, as desired. O
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Observe that this generalizes Example 5.7.

Lastly, we consider type (C). Let ¢: A — Hj be a coherency preserver of type (C).
We may take A € A and B € Hj such that p(A\ {A}) C Cp. If ¢(A) is not contained in
any single cone, then we have ¢(A) ¢ B. By considering 13 o ¢ o ¢); for an appropriate
pair 1)1, of automorphisms of H, instead of ¢, the general description of such a map
reduces to the case A =0, B = I, and ¢(0) = 0.

Proposition 5.23. Assume that 0 € A. Let ¢: A — Ho be a mapping with ©(0) = 0 and
©(A\ {0}) C Cr. For P € P we denote Ap := ¢ 1(¢; p \ {I}). Then ¢ is a coherency
preserver if and only if the following conditions hold.

o A+ B holds for any P,Q € P with P # Q and any A € Ap, B € Ag.
o For each P € P there is Q € P such that (AN Ly p \ {0}) C {Q}.

Proof. If ¢ is a coherency preserver and P € P, then (AN £y p \ {0}) is a coherent
subset of P, so there is @) € P such that ¢(AN ¥y p \ {0}) C {Q}. The rest of the proof
is similar to the proof of Proposition 5.21. 0O

In what follows, we observe that ¢ needs to be of a very special form in the case
A = H, or A= H,. Recall that H2 = H, \ Cp is the collection of all invertible matrices
in Hg.

Proposition 5.24. A mapping ¢: Hy — Hy with p(0) = 0 and ¢(Hy \ {0}) C C; is a
coherency preserver if and only if one of the following conditions is satisfied.

(1) ¢(H3) = {I}, and for each P € P there is Qp € P such that o(Ha N{y p \ {0}) =
{Qr}.

(2) There is a unique element R € P such that B = H3 N~ ({1 r\ {I}) is nonempty,
and for each P € P there is Qp € P such that p(HaN{y p\{0}) = {Qpr}. Moreover,
for every P € P with the property that some point of Ha N €y p is coherent to some
point of B, we have Qp = R.

Proof. Tt is left to the reader to show that a mapping satisfying (1) or (2) preserves
coherency.

Assume that ¢: Hy — Hy with ¢(0) = 0 and ¢(Hs \ {0}) C Cr is a coherency
preserver. For each P € P, ¢(Hs N¥y,p \ {0}) is a coherent subset of P, so there is
Qp € P such that o(H2 N4y p \ {0}) ={Qr}.

Assume in addition (1) does not hold. Then we may find X € H3 satisfying p(X) =
R+ cR*+ with R€ Pand c € R\ {1}. If X > 0 or X < 0, then for every P € P there
is d € R\ {0} such that X ~ dP. (Indeed, we know that Sy x C H> by Lemma 3.19,
and that every line passing through 0 intersects Sp x.) This implies ¢(dP) = R, hence
we obtain @p = R for every P € P. Assume that X # 0 and X £ 0. Then we may
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find E € P and ¢1,co > 0 such that X = ¢, F — coE+. By the lemma below, we have
Qp = R for every P € P with tr (PE) # ¢1/(c1 + ¢2). In both cases, we have Qp = R
for all points P in the Bloch sphere possibly with the exception of points in one circle.
Thus we see that (2) holds in this case. O

Lemma 5.25. Let E € P and ¢1,co > 0. For each P € P with tr (PE) # c¢1/(c1 + ¢2),
there is d € R\ {0} such that c; E — coE+ ~ dP.

Proof. There is no loss of generality in assuming that £ = Fq;. We may write

p_ c et'\/c — c2
e Ve —¢2 1—c

for some ¢ € [0,1] \ {¢1/(c1 + c2)} and some ¢ € [0, 27). Then we have

—de e —c2 —cy —d(1—c)

_ _ Jett _ 2
C]_E—CQEL—CZP:|: c1 —dc de"\c—c ]

and thus
det(c1E—coEt —dP) = (c; —dc)(—ca—d(1—¢)) —d*(c—*) = —crea+d((c1+c2)e—c1),
which takes the value 0 when d = cica/((c1 + ¢c2)c—c1) #0. O

Proposition 5.26. A mapping p: Hy — Hy with ¢(0) = 0 and p(Hz \ {0}) C Cr is a
coherency preserver if and only if one of the following conditions holds.

o There is Q € P satisfying ¢(Co \ {0}) = {Q} and ¢(Hz \ Co) C g 1. (In this case,
we have ¢(Hz) C Cg.)

o @(Hs\ Co) = {I}, and for each P € P there is Qp € P such that p({o p \ {0}) =
{Qr}

Proof. If ¢: Hy — Hy with ¢(0) = 0 and p(H, \ {0}) C Cr is a coherency preserver,
then ¢(fo.p \ {0}) is a coherent subset of P for each P € P. Thus there is Qp € P such
that o(fo,p \ {0}) ={Qp}. .

Assume that Qp = @ € P for every P € P. Since every element of Hy \ Cy is coherent
to some point of Cp\ {0}, we see that ¢(Hz\Co) C Cq. This together with the assumption
implies p(Hz \ Co) C Co NCr = Lqg,1.

Assume that Qp, # Qp, for some pair P, P» € P. Observe that every element of
Ha \ C is coherent to some element of £y p, \ {0} and some element of ¢y p, \ {0}. This
together with

¢(lo,p, \{0}) = {@p,} #{Qr,} = ¢ (lo,r, \ {0})
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and ¢(Hy \ {0}) C C; shows that p(Hy \ Co) = {I}.
Thus we obtain the direct implication. The converse is easy to show. O

Observe that Proposition 5.24 generalizes Example 5.4 and Proposition 5.26 general-
izes Example 5.3.

6. Coherency preservers on a closed interval

The purpose of the current section is to prove Theorem B. Before we begin, we give
some easy lemmas about intervals.

Lemma 6.1. Let A, B € Hy satisfy A < B, and P € Sa,g. Then [A,B]|NCp = [A,P]U
[P, BJ.

Proof. By Lemma 3.18, we may assume A = 0 and B = I without loss of generality.
Then P € Sp,; = P. It suffices to think of the case P = Ey;.

We need to show that [0,1] N Cg,, = [0, E11] U [E11, I]. Note that [0, E11] = {¢tE11 :
t € [0,1]} and that [Eq1,I] = {E11 + tE22 : t € [0,1]}. It is clear that [0,I] N Cg,, D
[0, En] @] [Eu, I} Let X € [0, I} ﬂCEH. We show that X € [0, Elﬂ @] [Elh I] If X = Fqq,
then there is nothing to prove. So, assume that X = E1;+tQ for some rank one projection
@ and some nonzero real number ¢. It suffices to show that Q € {F11, Ea}. If Q # En1,
then ¢ > 0. Indeed, if t < 0, then Q # F7; implies that (Qea,e2) > 0 and consequently,
(Xes, e3) <0, a contradiction. We have 1 > (Xeq,e1) = 1+¢(Qeq, e1), and consequently
@ = FE55. This completes the proof. O

Lemma 6.2. Let A, B € Hy satisfy A < B, and P € Sy . Then

(A, B]\ lps C U Cx (6.1)
Xe[A,PI\{A,P}
and
[A,B)\EAJDC U CX
Xe[P,BI\{P,B}
hold.

Proof. With no loss of generality, we may again assume that A =0, B =1, and P =
E4;. To verify the first inclusion, let X € (0,1I] \ ¢g,, 1. We need to find ¢t € (0,1)
satisfying X ~ tE7;. Since X > 0, we have det X > 0. On the other hand, we have
((X — Er1)er,e1) = (Xep,e1) =1 < 0 and ((X — Eq1)es,e2) = (Xeg,e2) > 0, thus
X —Fq € H2+7. It follows that det(X — E17) < 0. By the intermediate value theorem,
there is ¢t € (0,1) satisfying det(X — tEq1) = 0, or equivalently, X ~ tFE;. The proof of
the second inclusion is similar. O
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The above two lemmas clearly imply:

Corollary 6.3. Let A,B € Hj satisfy A < B, and let P € Sy, g. Then every point of
[A, B] is coherent to some point of [A, P| and some point of [P, B].

Remark 6.4. When applying the above results, we will often use some straightforward
consequences. For example, it is easy to see that (6.1) yields the following. Every point
of (A, B] is coherent to some point of [A, P] \ {A}, and every point of [A, B] \ £pp is
coherent to some point of [4, P]\ {P}.

Now, let us begin the proof of Theorem B. Therefore, suppose that A, B € Hs satisfy
A < B, and that ¢: [A, B] — Hsy is a coherency preserver that is not standard. We
need to show that ¢ is either of type (C) or (£). We will distinguish three possibilities:
d(p(A),p(B)) = 0, or 1, or 2. We will first consider the case d(p(A),¢(B)) = 2 in
Subsection 6.1 and then apply the result there to attack the case d(¢(A), ¢(B)) € {0,1}
in Subsections 6.2, 6.3.

6.1. The case d(p(A), p(B)) =2

We first deal with the case d(¢(A),o(B)) = 2. We would like to show that ¢ is
degenerate. In fact, we may give a more precise statement. To explain it, we make the
following definition.

Definition 6.5. Let A, B € H, satisfy A < B. Let ¢: [A,B] — Hy be a coherency
preserving map with d(¢(A), p(B)) = 2.

o We say that ¢ satisfies Condition (o) if the set ¢(Sa p) is a singleton {Q} and
#(14, B)  Co.

o We say that ¢ satisfies Condition (i) if o([A, B)) = {¢(A)} and thereisno P € S4 p
such that the image ©(S4 g \ {P}) is a singleton.

o We say that ¢ satisfies Condition (i) if ¢((A, B]) = {¢(B)} and thereisno P € S4 p
such that the image ©(Sa g \ {P}) is a singleton.

o We say that ¢ satisfies Condition (i) if there are Py € Si p and distinct points
Q.,Qx € SW(A)#,(B) such that (p([A, B] ﬁéA’pX) C ng(A),QX and (p([A7 B] \KA,PX) C

Q.o(m)-
o We say that ¢ satisfies Condition (iv) if there are Py € Sa p and distinct points

Qo, Qx € Sy(a),p(B) such that o([A, BlNLp, B) C Ly, By and o([A, B]\{p, B) C
Co(4),Q0-

The main purpose of the current subsection is to show the following proposition.
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Proposition 6.6. Let A, B € Hy satisfy A < B. Let ¢: [A,B] — Hy be a coherency
preserving map with d(p(A), o(B)) = 2. Assume that @ is not standard. Then, ¢ satisfies
(at least) one of Conditions (0)-(iv).

Let ¢ be a mapping satisfying the assumption of Proposition 6.6. By considering
by 0 @ o 1)y instead of ¢ for a pair of suitable automorphisms 11,12 of Hy, we may
assume that A =0, B =1, and ¢(0) =0, ¢(I) = I. In this case, we have p(P) C P by
Lemma 3.12. Therefore, Proposition 6.6 can be obtained from the following.

Proposition 6.7. Let : [0,1] — Hy be a coherency preserving map with ©(0) = 0 and
o(I) = I. Assume that ¢ is not standard. Then (at least) one of the following holds.

e The mapping ¢ satisfies Condition (0), or equivalently, the set o(P) is a singleton
{Q}, and ([0.1]) < Co.

o The mapping ¢ satisfies Condition (i), or equivalently, we have ¢([0,1)) = {0}, and
there is no P € P such that the image o(P \ {P}) is a singleton. In this case, the
equality (P + cP+) = ¢(P) holds for each P € P and each c € [0,1).

o The mapping ¢ satisfies Condition (i), or equivalently, we have p((0,1]) = {I}, and
there is no P € P such that the image (P \ {P}) is a singleton. In this case, the
equality p(cP) = ¢(P) holds for each P € P and each c € (0,1].

o The mapping ¢ satisfies Condition (iii), or equivalently, there are Py, Qo,Qx € P
satisfying Qo # Qx, ¢([0,I] N4y p,) C log,, and ©([0,I]\ by p,) C Lo, 1. In this
case, for every c € [0,1], the set ¢(Ccp, N[0,I]\4o,p, ) is a singleton that consists of
the unique point in Lo, ;1 that is coherent to p(cPx).

e The mapping ¢ satisfies Condition (iv), or equivalently, there are Py,Qo,Qx € P
satisfying Qo # Qx, ©([0, 11N Lp, 1) C Lo, 1, and ©([0,I]\ Lp, 1) C lo,q,. In this
case, for every c € [0,1], the set (Cp, 1 .pr N[0, I]\lp, 1) is a singleton that consists
of the unique point in lo g, that is coherent to p(Py + cPL).

Remark 6.8. When Condition (iii) or (iv) holds, then one may easily see that @(P \
{Px}) = {Qo} and ¢(Px) = Qx # Qo hold. Therefore, the point Py (which is an
“exceptional” point) is uniquely determined in these cases.

Using Proposition 6.7, we may see that a mapping satisfying one of Conditions (i)—(iv)
is automatically a degenerate coherency preserver. More precisely, the following holds.

Lemma 6.9. Let ¢: [0, 1] — Hy be a map with ¢(0) =0 and o(I) = I, p(P) C P. If one
of the following two conditions holds, then ¢ is a degenerate coherency preserver of type

(©)-

([0, 1)) = {0}, and ¢(P + cP*) = ¢(P) for every P € P and c € [0,1).
(ii)” ¢((0,1I]) = {I}, and p(cP) = o(P) for every P € P and c € (0,1].

—~
—

=

S
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If one of the following two conditions holds, then ¢ is a degenerate coherency preserver
of type (£).

(iii)> There are Px,Qo,Qx € P satisfying Qo # Qx, ©([0,I] N4ly.p,) C bo.q,, and
([0, 11\ o.p, ) C Lq,,1- Moreover, for every c € [0,1], the set o(C.p, N[0, I]\o.p, )
is a singleton that consists of the unique point in £g, 1 that is coherent to ¢(cPx).

(iv)’ There are Px,Qo,Qx € P satisfying Qo # Qx, ©([0,I]N¥p, 1) C Lo, 1, and
©([0, 1]\ p, 1) C Lo,q,. Moreover, for every c € [0,1], the set (Cp, cpr N[0, 1]\
lp, 1) is a singleton that consists of the unique point in £y g, that is coherent to
@©(Px + cPy).

Proof. If (ii)’ holds, then ¢ is the restriction of a mapping described in (1) of Proposi-
tion 5.24. Thus ¢ is a degenerate coherency preserver of type (C). If (i)’ holds, then one
may check that the mapping X +— I — ¢(I — X) is of the form (ii)’, so we again see that
© is a degenerate coherency preserver of type (C).

Assume that (iii)’ holds and that A, B € [0, I] satisfy ¢(A) # ¢(B). We see that one
of A, B lies in [0,I] N4y p, and the other is in [0, 1]\ 4o, p, , so (iii)’ clearly implies that
A # B. Thus ¢ is a coherency preserver. It is apparent that ¢ is of type (¢). Similarly,
we see that ¢ is a degenerate coherency preserver of type (¢) if (iv)’ holds. O

Proposition 6.7 together with Lemma 6.9 implies the following.

Corollary 6.10. Let A, B € Hy satisfy A < B. Let p: [A,B] — Hy be a coherency
preserving map with d(p(A), p(B)) = 2. Assume that ¢ is not standard. Then ¢ is
degenerate.

Remark 6.11. In Proposition 6.7, if j, k € {o, 4,1, ¢ii, v} with j # k and {j, k} # {iii,iv},
then it is clear that Conditions (j) and (k) cannot be fulfilled simultaneously. However, it
can happen that (iii) and (iv) are fulfilled simultaneously, in which case ¢([0, I]) consists
of exactly four points, and ¢ is of both types (C) and (¢). To see this, we may assume
with no loss of generality that Py = @« = Fj1. (Note that the points Py, Qo, Qx in
(iii) are the same as those in (iv), see Remark 6.8.) If ¢ satisfies both (iii) and (iv), then
all elements of the set A = [0,I]\ (¢o,g,, U £E,, 1) are mapped into the intersection of
lines 4y ¢, and £q, ;. Thus, we have

©(0) =0, o)=1, ¢(En)==FEn, and ¢(X)=Q,, XecA (6.2)
It remains to consider the p-images of elements of the set
{tEllZO<t<1}U{E11+tE2250<t<1}.

For every t € (0,1), the matrix ¢tE7; is coherent to 0, F11, and some X € A. It follows
that
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e(tE) =0, 0<t<l. (6.3)

Similarly, for every ¢ € (0,1), the matrix F1; + tE92 is coherent to Ej1, I, and some
X € A. Tt follows that

©(Ejy +tFyw) =1, 0<t<1. (6.4)

Hence, the image of ¢ consists of points 0, F11,Qo,I. Because ¢([0,I] \ {F11}) =
{0,I,Q.} C Cq,, the map ¢ is also of type (C). Conversely, it is easy to see that
¢: [0,I] — Hs defined by (6.2), (6.3), and (6.4) satisfies (iii) and (iv) simultaneously.

Since the proof of Proposition 6.7 is rather long, we separate it into claims. In what
follows, we assume that ¢: [0, 1] — Hy is a coherency preserving map with ¢(0) = 0,
o(I) = I. We also assume that ¢ is not standard.

Claim 6.12. We have

¢([0, 1]\ (0,1)) C U (o,o(Py U Lu(py.1)- (6.5)
Pep

Proof. Observe that every A € [0,I]\ (0, ) is coherent to some P € P and one of 0, I,
so that we have either 0 = ¢(0) ~ @(A) ~ @(P) or I = o(I) ~ @(A) ~ p(P). Since
©(P) C P, we obtain (6.5). O

Let A € (0,1). We show

p(A) € U (o,pPy Ulyppy,r) U ﬂ Co(P)-
Pep Pep

By Lemma 3.20, there is an automorphism ¢ of Hy such that
((0,1) = [0,7), $(0) =0, $(I)=1, and ((1/2)]) = A.
By considering ¢ o1 instead of ¢, we may assume A = (1/2)I without loss of generality.

By Corollary 4.9, the triple ¢(0) = 0,¢((1/2)I),(I) = I is not in timelike position.
Thus we see that one of the following holds:

o Either ¢((1/2)I) € Co UCy, or
e the triple 0, p((1/2)1), I is in spacelike position.

Claim 6.13. If o((1/2)I) € Co UCy, then we have

p((1/2)1) € | (Lop(r) Ulopya) -
PeP
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Proof. Assume that ¢((1/2)I) € Coy \ {0}. Then there are a € R \ {0} and Py € P such
that ¢((1/2)I) = aFy. Fix any Q € P. We have 0 ~ (1/2)Q ~ (1/2)I, thus

0=0(0) ~ ((1/2)Q) ~ ¢ ((1/2)1) = aFy.

It follows that ¢((1/2)Q) = bP, for some b € R. If b # 0, then ¢(Q) = Py because

bPy = ¢((1/2)Q) ~ ¢(Q) € P.
If b= 0, then p(Q* + (1/2)Q) = Py because

aPy = ¢((1/2)I) ~ o(Q* + (1/2)Q) ~ ¢((1/2)Q) = 0

and o(Q* + (1/2)Q) ~ () = I. This in turn shows ¢(Q1) = Py because

= p(Q +(1/2)Q) ~ p(Q*) € P
In both cases, we see that ((1/2)I) = aPy € Upep lop(p)- Similarly, we obtain

e((1/2)I) € Upep Lo(py,r when o((1/2)I) € Cr\{I}. O

As before, we use the symbol J = [é _01}

Claim 6.14. If the triple 0, o((1/2)I), I is in spacelike position, then

e((1/2)1) € () Cy( (6.6)

PeP

Proof. Assume that the triple 0,¢((1/2)I),I is in spacelike position. One may find an
automorphism 13 of Hy such that the coherency preserver ¢ := 13 0 ¢: [0,I] — Ho
satisfies

©'(0)=0, ¢'((1/2)]) =(1/2)J, and ¢'(I)=J

(see Example 3.40).

Let P € P. Then we have ¢'(P) € Sy (0),0/(1) = So,s- Assume that ¢'(P) € H.
We aim to obtain a contradiction. Observe that ¢'((1/2)P) is the unique point (see
Remark 3.26) that is coherent to the three points

¢'(0) =0, ¢'(P), and ¢'((1/2)I) = (1/2)J.

Since (1/2)¢'(P) ~ 0,¢'(P),(1/2)J, we obtain ¢'((1/2)P) = (1/2)¢'(P). Similarly,
¢'(P + (1/2)P+) is the unique point that is coherent to the three points

¢'(P), ¢'(I)=1J, and ¢'((1/2)I) = (1/2),
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which leads to ¢’ (P+ (1/2)P+) = (1/2)¢'(P)+ (1/2)J. Then, the fact that ¢'((1/2)P+)
is the unique point that is coherent to the three points

©'(0)=0, ¢'((1/2)])=(1/2)J, and ¢'(P+(1/2)P*) = (1/2)¢'(P) + (1/2)]
implies that ¢'((1/2)P+) = (1/2)J — (1/2)¢'(P).

By Lemma 3.43, the set C; N C(1/2)p N C1/2)p+ C [0, I] is nonempty. It follows that

0# ¢ (CrNCay2p NCriyaypr)
C Cor (1) NCyr((172)P) N Cyr((1/2)PL)
=C1NCuy2)p ) NC(1/2)7-(1/2)9' (P)-

However, Corollary 3.46 together with Lemma 3.38 shows that

CsNCy2pep) NCay2)i—1/2)0(P) = 0,

so we get to a contradiction.

It follows that ¢'(P) ¢ Hs. Thus we obtain ¢'(P) = co@Q for some @) € P because
0 = ¢'(0) ~ ¢/'(P). Since J = ¢'(I) € Cp(p) = Cooq, we have Q-JQ*+ = 0. Thus
Q+(1/2)JQ+ = 0, which in turn implies (1/2)J € Csoq = Cyu(p). Since P € P is
arbitrary, we arrive at the conclusion ¢'((1/2)I) = (1/2)J € (pep Cyr(p)- This clearly
implies (6.6). O

By the above claims, we get

0((0,1) € | (loppy Ulpyr) U [ Corr)- (6.7)
PePpP PeP

Claim 6.15. If ¢(P) is a singleton {Q}, then ¢([0,1]) C Cq.

Proof. By (6.7), we get

0([0,1)) € | (Coopy Ulopy) U [ Copy = bo.g Ulg 1 UCq =Cqo. D
PeP PeP

From now on, we assume that ¢(P) has at least two points. Consider the automor-
phism 1 of Hy defined by X + (I —X)~'—1I, X € Hs. By the definition of the inversion,

we have
([0,1]) = Hf :={aP+bP+ : a,b€[0,00], P € P}.

In the rest of the proof, to simplify the discussion, we work with the coherency preserver
® :=poporp~t: Hf — Hy. Note that ®(0) = 0, ®(0) = o0 and that ®(c0P) C




M. Mori, P. Semrl / Advances in Mathematics 480 (2025) 110528 67

ooP := {ooP : P € P}. Therefore, for each P € P, there is a unique P’ € P with
®(coP) = coP’. _
For distinct P, @ € P, we define H;Q = Hf Nlpg, where

Ilpg = {aP+bQ : a,b e R} UfooP’vo UEOOQ7@
is the surface as in (3.14).

Lemma 6.16. Let P,QQ € P be distinct elements. Assume that T is an invertible 2 X 2
matriz such that TPT* = E11 and TQT* = Ess. Let v denote the automorphism X +—
TXT* of Hy. Then

o Y(lpg) is the diagonal surface {aF1; +bEas : a,b € R} as in (3.12), and
* Y(Hy) = Hy.

Proof. Clearly, ¢(Ilp) is a surface that contains 0,c0F11, c0F22,50. By Lemma 3.36,
the diagonal surface is the unique surface that contains these points. Consequently,
Y(Ilp,g) is the diagonal surface.

Let S be any invertible 2 x 2 matrix. For A € H, satisfying A > 0 we have SAS* > 0.
If P is any rank one projection and b € [0, 00| then S(coP+bP~+)S* is equal to 0oQ+cQ+
for some @ € P and some ¢ € [0, o0]. It follows that w(H—;) C Hyf and w’l(H—;) C H—;,
and consequently, w(H72+) = F; O

Lemma 6.17. Let P,(Q € P be distinct elements. Then there is an automorphism of Hy
that maps HIJS,Q onto Og,, = {aE11 +bE2 : a,b € [0,1]}.

Proof. We may take an invertible 2 x 2 matrix T such that TPT* = E1; and TQT* =
E5. Let ¢ denote the affine automorphism X — TXT* of Hy. By Lemma 6.16 we
have wl(H‘};)Q) = {aF11 + bEy : a,b € [0,00]}. Let 12 denote the automorphism
X — I —(I+ X)L Then we obtain ¢s({aE1; + bE» : a,b € [0,]}) = Og,, by
definition. Thus the automorphism w5 o 11 maps H‘};,Q onto Ug,,. O

We study a pair Py, P, € P satisfying P{ # Pj. Note that the condition P] # Pj is
equivalent to tr (P/Py") # 0. Observe that 0, 00P], coP}, 33 are contained in <I>(H;§17P2).
Since P # P4, Lemmas 6.17, 3.35, and 3.36 imply that

(I)(H;hPQ) C HP1/»P2/' (68)

Claim 6.18. We have

O(ILh, p,) C Lo,cor; Ulsor)ss Ulocory Uloopy ss- (6.9)
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Proof. Observe that (6.7) assures that

®(Hy ) € | (lo,oor Ulooprz) U [ Coorr € CoUCss UCoopy-
PecP PeP

On the other hand, it is clear that
Co NIlp; py = Lo,cor; Ulo,copy, Css NIlpy py =Loop) s Uloors,ss,
and
Coor; N py py = Lo,0op; U locp)
hold. Therefore, (6.8) leads to (6.9). O

For each P € P, we have ®({p cop N H_;) C {y,0op’, SO we may define a function
fP: [0,00] %Kby

O(tP) = fp(t)P', te[0,00].
Similarly, we may define a function gp: [0,00] — R by
B(coP +tPL) = coP' + gp(t)P'", te[0,00].

Note that fp(0) = gp(0) =0 and fp(co) = gp(o0) = oo hold.

In what follows, we apply the rule ¢- 0o = 0o - ¢ = 0o when ¢ € (0,00). Let t € [0, x].
Since tPy ~ coPy + ttr (P, P5-) Ps-, we obtain

fr(8)P = ®(tP1) ~ ®(coPy + ttr (PLP{)Pst) = 0o Py + gp, (ttr (PLPY)) Py
which in turn implies
Fr ()t (P{PyT) = gp, (ttr (PLP3)). (6.10)

Note that equality (6.10) is valid in the case fp,(t) = co or gp, (ttr (P, Ps-)) = oo, too.
Actually, in the case when fp, (t) € {0,00} or gp,(ttr (P1Ps")) € {0,00} we have

fp(t) = gp, (ttr (PLP5")). (6.11)
Claim 6.19. Either
S ([0,00]) € {0,00} and ®(ILf, p,) C Lo.sory Uloop; s (6.12)

or
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gPl([ano]) - {0700} and (I)(HI+31,P2) - gO,ooP{ Ugoon’,@ (613)
holds.

Proof. Assume that there is a real number a € (0,00) such that fp,(a) ¢ {0,00}.
Put A; = aP; and Ay := coP, + atr (PP )Ps-. Set By = ®(A;) = fp (a)P]
and By := ®(Ay) = coP) + gp,(atr (P,Ps))Py". Then (6.10) implies By = ooP} +
I, (a)tr (PLPyS)PyE . 1t follows that

631’32 = {fpl(a)Pll + bPQI :be R} U {BQ}
Since fp, (a) ¢ {0,00}, (6.9) implies
(I)(EAhAz ﬂH—;) C{p,,B, N (fo,ooPl’ UfooPlﬂ@ Uﬂopopé Uéoopé)@) = {31732}. (6.14)

Since Ay, Ay € Hﬁl’& and A; ~ Ay, Lemma 6.17 combined with Lemma 3.34 implies
that each element in H;Sl, p, 1s coherent to some element of £4, 4, OHE’ p,- This together
with (6.9) and (6.14) yields

S(IIE, p,) C (Co, UCB,) N (Lo,00p; U loory,ss U Locory Ulsopyss) = Locor; Uloopy s
In particular, for every t € [0, c0] we have
1
(P(OOP1 + tPlL) = OOP{ +gp, (t)Pll S EO,ooPl’ U gooPQ’,@~

Consequently, gp, ([0,00]) C {0, 00} holds. Thus (6.13) is established in this case.
Assume that fp, ((0,00)) C {0,00}. Let a € [0,00]. By aPy ~ coPy + atr (P, P3-)Ps-,
we have

®(coPy + atr (P P3)Ps) ~ ®(aPy) € {0,00P]}.
This together with
O(00Py + atr (PLP3 )Py ) € Lo(oop,) a(x) = loory

implies that ®(coPp + atr (PLPs")Ps) = ocoPj when ®(aP)) = 0 and ®(coPs +
atr (P, P;-)Pst) = o0 when ®(aP;) = coPj. It follows that

7+
‘P(faPl,ooPQJratr (PPt yps N Hy) C gO,oon’ U gooP{,@'

Every point of II}, p lies in €,p, o p, atr (P, Py fOr some a € [0,00]. (To see this,
one can use the automorphism ; of Hy defined as in the proof of Lemma 6.12 with
Py, P, instead of P,(Q, which maps H}t,pr onto {aF1; + bFE2s : a,b € [0,00]} and the
line £,p, o pytatr (P P)py OBEO the line lop,, comsn+aky,.) Consequently, (I)<HJ151,P2> C
o,00P; Ulsopy s in this case. Thus (6.12) is established. O
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Claim 6.20. If the set ®(coP) (or equivalently, ©(P)) has at least three elements, then
fr([0,00]) € {0,00} and gp(]0,00]) C {0,000} hold for every P € P.

Proof. For P € P, we have fp([0,00]) C {0,000} or gp([0,00]) C {0,00} by Claim 6.19.
In the latter case, take P1, P» € P such that P’ # P| # Pj # P’. Then equation (6.11)
implies fp, ([0,00]) C {0,000}, and similarly, we obtain gp,(]0,00]) C {0,000}, and then
fp([0,00]) C {0, 00}. Therefore, we see that fp([0,00]) C {0, 00} holds for every P € P.
Similarly, we have gp([0,00]) C {0,00}. O

The same argument shows the following.

Claim 6.21. Assume that the set ®(coP) (or equivalently, (P)) has at least three ele-
ments.

o If fp((0,00)) = {0} or gp((0,00)) = {0} for some P € P, then fp((0,00)) =
gr((0,00)) = {0} holds for all P € P.

o If fp((0,00)) = {oo} or gp((0,00)) = {oo} for some P € P, then fp((0,00)) =
gp((0,00)) = {o0} holds for all P € P.

Claim 6.22. Assume that P € P satisfies fp([0,00]) = {0,00}. Assume in addition that
for any ¢ € (0,1) there exists Q. € P satisfying tr (PQ.) = ¢ and P' # Q' # (P1)".
Then f5((0,00)) = {0} or f((0, 00)) = {oo} holds.

Proof. We have tr (PQL) =1 — c and tr (P-QZ}) = c. Therefore, (6.11) implies that

{0,00} 3 fr(t) = 9q.((1L = ¢)t) = fpr (1 ; Ct)

for every t € [0,00] and ¢ € (0,1). Let ¢ € (0,00). Then there is ¢ € (0,1) such that
((1=¢)/e)t =1. Thus fp(t) = fpr(1) € {0,000} for every t € (0,00). O

In the same way, we get the following.

Claim 6.23. Assume that R € P satisfies gr([0,0]) = {0,00}. Assume in addition that
for any ¢ € (0,1) there exists Q. € P such that tr (RQ.) = ¢ and R’ # Q. # (R*)".
Then g((0,00)) = {0} or ga((0, 00)) = {00} holds.

Claim 6.24. Assume that there is no P € P such that the image p(P\{P}) is a singleton.

o If fp(t) =0 for every P € P and every t € (0,00), then (i) holds.
o If fp(t) = oo for every P € P and every t € (0,00), then (ii) holds.

Proof. Assume fp(t) = 0 for every P € P and every t € (0,00). Since ®(P) is not a
singleton, an application of (6.11) implies that gp(t) = 0 for every P € P and every
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t € (0,00). These equations mean that p(cP) = 0 and ¢(P+cPt) = ¢(P) € P for every
P € P and every ¢ € (0,1). Let X € (0,I). For each P € P, we may find ¢,d € (0,1)
such that ¢cP ~ X ~ P+ dP+ (Lemma 6.2). It follows that

0= @(cP) ~ p(X) ~ (P +dP*) = ¢(P).

This implies ¢(X) = 0 because ¢(P) C P has at least two elements. Thus we have shown
that (i) holds in this case. Similarly, we see that (ii) holds if fp(t) = oo for every P € P
and every t € (0,00). O

Let us continue with a very simple lemma.

Lemma 6.25. Let m: (0,00) — {0,00} and g: (0,00) — R be two functions and a,b real
numbers with 0 < a < b. Assume that for every t € (0,00) and every s € (a,b) we have

m(t) = g(ts).

Then either g(t) = m(t) = 0 for every t € (0,00), or g(t) = m(t) = oo for every
t € (0,00).

Proof. It is easy to see that both sets {t € (0,00) : m(t) = 0} and {t € (0,00) : m(t) =
oo} are open. Since (0, 00) is connected, one of these two sets is equal to (0,00). O

Claim 6.26. If the set ®(coP) has at least three elements, then (i) or (ii) holds.

Proof. By Claim 6.20, fp([0,00]) C {0,00} and ¢gp(]0,00]) C {0,00} hold for every
P € P. Assume that ® restricted to coP is injective. Then Claims 6.22; 6.21, and 6.24
imply that (i) or (ii) holds.

In the rest of this proof, we assume that there is a pair of distinct elements Py, P, € P
such that P] = Pj. By considering ® o 1)y for an appropriate affine automorphism 1), of
H, of the form X + SXS* for some invertible 2 x 2 complex matrix S, we may assume
that P, = Pi- without loss of generality. Assume that for each ¢ € (0,1) there is Q. € P
with tr (P1Q.) = c and Q'. # P| = (Pi*)’. Applying Claims 6.22, 6.21, and 6.24 again,
we see that either (i) or (ii) holds.

From now on, we assume that there is ¢ € (0, 1) such that every projection Q € P with
tr (P1Q) = c satisfies Q' = Pj. Assume that there is a pair of distinct points P3, Py € P
such that P} # P| # P; and the set

{ tr (QPy")

(0P :QEP, tr(PQ) = c} (6.15)

has nonempty interior. Then, Pj # Q' # P}, so (6.11) implies that
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r (QPjf
0.} 30,0 = fo (75775 ) = o (ap) (6.10)

for every t € [0,00] and @ € P with tr (P1Q) = ¢. Using Lemma 6.25, we see that gp,
is constantly 0 or constantly co on (0, 00). It follows from Claims 6.21 and 6.24 that we
may obtain the same conclusion as in the preceding paragraphs.

If there is no pair Ps, P, with the above property, then the technical lemma below
(Lemma 6.27) implies that P’ = P| holds for all but exactly two points in P. (Here we
used the assumption that ®(coP) has at least three points.) In this case, let Ps and Pg
be the exceptional points. Considering ® o5 for an appropriate affine automorphism
of Hy instead of ®, we may assume that P = Ps- without loss of generality. We have
Pl # P' # (P3)' for every P € P\ {Ps, Pi}. Let d be any real number, 0 < d < 1. For
every () € P satisfying tr (PsQ) = d, we have P5 # Q # P:- and therefore P! # Q' #
(Pg-)’. Thus we may once again apply Claims 6.22, 6.21, and 6.24 to obtain the same
conclusion. O

Lemma 6.27. Let P, € P and 0 < c < 1. Set R :=={Q € P : tr (P1Q) = c¢}. For any
P3; € P\ ({P, Pt} UR), there is at most one point Py € P\ ({Py, Pi-, P3} UR) with
the property that the set

{tr (QP;)

m HONS R} (6.17)

has empty interior.

Proof. We may assume P; = Fq1 without loss of generality. In this case, we have

B c ete—c?|
R_{[eitm 1—c¢ ]'teR}'

For a pair of elements P3, Py € P\ ({P1, Pt} UR), there are ¢; € (0,1) with ¢; # ¢ and
tj € [0,27) such that

c; ettiy Je; — c?
P, = ; T, =34
e cjfcf 1—¢j
Let t € R and
c etve—c2?
Q_[e“\/CCQ 1—c }GR
Then

tr (QP;") = ¢+ ¢; — 2ce; — 2 cos(t — t5)\/(c — ) (c; — ¢2).
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We have c¢+c¢; —2cc; > 0. Note that P; ¢ R implies tr (QPjJ-) #£0,j=3,4,forall@Q € R.
We see that the set (6.17) is equal to the range of the continuous function f: R — R
given by

ag — b4 COS(t — t4) o g4(t)

f(t) = as — b3 COS(t — t3) N g3(t)’

where
aj =c+cj —2cc;, by =2y/(c—c?)(c;—cF), and g;(t) = a; — bjcos(t —t;)

for j = 3,4, t € R. Therefore, the set (6.17) has empty interior if and only if f is a
constant function, that is, g3 and g4 are linearly dependent. Assume that these equivalent
conditions hold. Then, using the fact that as, a4, bs, by are positive together with the
assumption 0 < ts,t4 < 27, and considering the behavior of the functions gs, g4, it is
easily seen that t5 = t4 and a4/as = by/bs > 0. It follows that

c+oey—2ccy NSy —Ck

)
c+ c3 — 2ccs «/03—c§

hence

2
c+cy — 2cey 047(:421
¢+ c3 — 2ccs c3 — 3’

Observe that for a fixed c3 this may be viewed as a quadratic equation with respect to
¢4 one of whose solution is ¢3. Thus the desired conclusion is obtained. O

In what follows, we assume that the set ®(coP) (or equivalently, ¢(P)) has exactly
two elements. Let ®(coP) consist of exactly two points coQ1, 00Q2 with Q1, Q2 € P. Set
Q:={PeP:P =@}

Claim 6.28. Assume that both Q and P\ Q have at least two points. Then (i) or (i)
holds.

Proof. Apply Claim 6.19 together with (6.11) to see the following. By exchanging the
roles of @ and P\ Q if necessary, we may assume fp([0,00]) C {0, 00} for every P € Q
and gp([0,00]) C {0, 00} for every P € P\ Q.

From here, we go along more or less the same lines as in the proof of the preceding
claim for a while. Take distinct elements Py, P, € Q. Considering ®o1); for an appropriate
affine automorphism 1 of Hy instead of ®, we may assume that P, = P~ without loss
of generality.

Assume that for each ¢ € (0,1) there is Q. € P\ Q with tr (P,Q.) = c. Using
Claim 6.22, we see that fp, (t) is constantly 0 on (0, 00) or constantly oo on (0, 00).
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In the current and the next paragraph, we assume that there is ¢ € (0,1) such that
every projection @ € P with tr (P1Q) = c is in Q. Assume additionally that there is a
pair of distinct points P3, Py € P\ Q such that the set (6.15) has nonempty interior.
Then, (6.11) implies (6.16) for every ¢t € [0,00] and @ € Q with tr (P1Q) = c. Using
Lemma 6.25, we see that gp,((0,00)) = {0} or gp,((0,00)) = {00} holds.

Assume that there is no pair Ps, Py with the above property. Lemma 6.27 implies that
P € Q holds for all but exactly two points in P. Let P\ Q = {R, R;} with R # R;. Asin
the second paragraph of the proof, there is no loss of generality in assuming that Ry =
R*. Clearly, for every ¢ € (0,1) there exists Q. € Q such that tr (RQ.) = c. Moreover,
R' # Q' # (R*)'. Using Claim 6.23, we see that gp((0,00)) = {0} or gp((0,0)) = {00}
holds for every P € P\ Q.

Therefore, in all cases, by using (6.11), we see that one of the following holds.

o fo(t)=gp(t)=0forevery Q€ Q, PP\ Q,and t € (0,00), or
o fo(t)=gp(t) =00 forevery Q€ Q, PP\ Q, and t € (0,00).

Let us assume that the first condition holds. Let P € P. Then we may find Q € Q
that is different from P. For each t € (0,00), we have coP + ttr (QPL)P+ ~ tQ and
®(tQ) = 0, thus we get ®(coP +ttr (QP)PL) ~ 0. It follows that gp((0,00)) = {0} for
every P € P, hence (6.11) implies fp((0,00)) = {0} for every P € P. Thus Claim 6.24
implies that (i) holds. Similarly, we obtain (ii) in the latter case. O

We consider the remaining case. Therefore, we assume that either Q or P\ Q has only
one point. By exchanging the roles of Q and P\ Q if necessary, we may assume that Q
has only one point Py. Put Qy« := (Px)" and Q, := P’ for any P € P\ {Px}.

Claim 6.29. Either fp, ([0,00)) = {0}, or gp, ((0,00]) = {o0} holds.

Proof. Fix a point P € P\ {Px} and a real number ¢ € (0,00). Let R € P\ {Px}. We
have

O(tP) ~ 00Qo + gr(ttr (PR))Qy

because tP ~ coR + ttr (PR*)R*. Moreover, by (6.10), we obtain

Ip, (s)tr (Qin_) = gr(str (Px RL)) (6.18)
for every s € [0, 00]. It follows that

tr (PRY)

q)(tP) ~ OOQO + fp>< (tm

)  (QxQ1)QL.

Note that the number tr (PR*)/tr (Px R') can take all values of [0,00) as R runs over
PAA{Px}
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Therefore, if fp, restricted to [0,00) is not a constant function, then ®(¢P) needs to
lie in 4o, 55, which together with 0 ~ ¢tP implies ®(tP) = 0o, for every P € P\ {Py}
and t € (0,00). In this case, (6.11) implies gp, (t) = oo for every ¢ € (0,00). O

The following claim completes the proof of Proposition 6.7.
Claim 6.30. If fp, ([0,00)) = {0}, then (i) holds. If gp, ((0,0]) = {0}, then (i) holds.

Proof. We only confirm the latter statement because the other can be verified in a parallel
manner. Thus we assume gp, ((0,00]) = {oo}. In this case, we have ®(coPy +tPy) = o0
for every t € (0,00]. It is clear from the definition of the coherency relation that every

element of Hy \ £y 0op, is coherent to coPy + tP;- for some t € (0,00]. Thus, we get
S(HF \ Losop,) C Css.

By (6.11), we have ®(tP) = 0oQ, for every P € P\ {Px} and t € (0,00]. On the
other hand, we see that every A € Hy \ £y oop, is coherent to tP for some P € P\ {Px}
and t € (0,00]. Indeed, this is clear if A ~ 0. If A £ 0, then A is coherent to tPy for
some t € (0, 00]. Therefore, we get <I)(H72+ \ o.00Py) C Cooq, -

For any ¢ € [0,00], we have ®(cPyx) € y,000,, 50 ®(cPx) € g, - Hence, any
A€ H_gL \ %0,00p, that is coherent to cPyx is mapped by ® to the unique point on the
line /o, = that is coherent to ®(cPy). It is now straightforward to deduce that (iii)
holds. O

Remark 6.31. In the language of ¢, the condition gp, ((0,00]) = {00} in Claim 6.30
means that ¢(Py +tPF) = p(I) = I for every t € (0,1).

Before we close this subsection, we give two lemmas which will be used in the subse-
quent arguments.

Lemma 6.32. Let j € {o,i,ii,ii,iv}. Let A,B,C € Hy satisfy A < C < B. Let
@: [A, B] = Hs be a coherency preserving map with d(¢(A), o(B)) = d(o(A), p(C)) = 2.
Assume that ¢ [A, B] — Ha satisfies Condition (j). Then ¢ restricted to [A, C] also sat-
isfies Condition (7).

Proof. By Corollary 3.54, we see that ¢ restricted to [A, C] is degenerate. Thus, this
restriction satisfies (at least) one of the five Conditions (o), (i), (ii), (iii), and (iv). For
each P € S4 ¢, there is a unique P’ € S4 p such that P ~ P’. Clearly, P’ is the unique
point on £4 p that is coherent to B. The correspondence P — P’ is a bijection of S4.¢
onto Sy, p. Indeed, for R € S4,p, we take the unique point ) on the line £4 i that is
coherent to C. Then Q' = R.

The point ¢(P’) is the unique point on £y, 4 ,(p) that is coherent to (B). It follows
that for P,@Q € Sa,c we have ¢(P) = ¢(Q) if and only if p(P’') = ¢(Q’). Hence, if ¢
satisfies (0), then the restriction of ¢ to [A, C] satisfies (0), and if ¢ satisfies (i) or (ii),
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then the restriction of ¢ to [A, C] satisfies (i) or (ii), and if ¢ satisfies (iii) or (iv), then
the restriction of ¢ to [A, C] satisfies (iii) or (iv). It is trivial to see that if ¢ satisfies (j),
j € {i,ii}, then ¢ restricted to [A4, C] satisfies (j).
Assume next that ¢ satisfies (iii). Then we have ©([A, BN fap,) C Lya),0, and
©([A,B]\ la,p,) C Lo, By It follows that p([A, C]1NLap, ) C Lyca),o, and gp([A CI\
la,p,) C Ly, () From this, it is straightforward to see that ¢ restrlcted to [A, C] also
satisfies (iii).

Finally, assume that ¢ satisfies (iv). Then we have ¢([A, B]N{p, B) C Lg, () and
©([A, B]\lp,.B) C Ly(a),Q.- In this case, the assumption d((A), p(C)) = 2 implies that
Celp, g \{Px} Thus we have p o ={p, g and Ly, ,c) = {g, o(B), and it is not
hard to see that ¢ restricted to [A, C] satisfies (iv). O

In the same way, we get the following lemma.

Lemma 6.33. Let j € {o,4,ii,i,iv}. Let A,B,C € Hjy satisfy A < C < B. Let
¢: [A, B] = Hs be a coherency preserving map with d(o(A), p(B)) = d(p(C), ¢(B)) =
Assume that : [A, B] — Ho satisfies Condition (j). Then ¢ restricted to [C, B] also sat-

isfies Condition (j).
6.2. The case d(o(A),p(B)) =0

We counsider the case d(¢(A), ¢(B)) = 0, or equivalently, ¢(A) = ¢(B). In this case, we
have either ¢([A, B]) C Cy(a) = Cy(B), or there is C € (A, B) such that d(¢(C), ¢(A)) =
2. In the former case, ¢ is clearly of type (C).

We study the latter case. By considering 1090 for a pair of suitable automorphisms
¥1,12 of Hy, we may assume that A = —I, B = I, and ¢(0) = 0, o(—1I) = ¢(I) = I
(use Corollary 3.21).

Proposition 6.34. Let p: [—1,1] — Ha be a coherency preserver with p(0) = 0 and
o(—=I)=@(I) =1. Then ¢ is degenerate.

To prove this proposition, let us consider a coherency preserver ¢: [—I,1] — Hy
satisfying ¢(0) = 0 and ¢(—I) = ¢(I) = I. Observe that ¢ is not standard because
o(—1I) = ¢(I). By Corollary 3.54 we see that ¢ is not standard on every nonempty open
subset of [—1I,I]. We have p(P) C P and ¢(—P) C P by the assumption. For each
P € P, we have P ~ —P and thus ¢(P) ~ ¢(—P). Since p(P), p(—P) € P, we obtain
o(P) = p(~P). B

The restriction ¢; of ¢ to [0, I], and the mapping ¢s: [0, I] — Hs defined by ¢o(X) =
o(—X), X €0, 1], satisfy the assumption of Proposition 6.7. Moreover, we know that
©(P) = ¢1(P) = @2 P) for every P € P. By considering the mapping X — ¢(—X)
instead of ¢, if necessary, we see that we only need to consider the following seven
possibilities:
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I) Both ¢1 and ¢ satisfy Condition (o).
(II) Both 1 and ¢y satisfy Condition (i).
(ITI) The maps ;1 and 9 satisfy Condition (i) and Condition (ii), respectively.
(IV) Both ¢; and 9 satisfy Condition (ii).

(V) Both ¢; and ¢9 satisfy Condition (iii).
(VI) The maps ¢ and @2 satisfy Condition (iii) and Condition (iv), respectively.
(VII) Both ¢ and @9 satisfy Condition (iv).

Let us study each case.
Claim 6.35. If (I) holds, then ¢([—1,1]) is contained in one cone and ¢ is of type (C).

Proof. Assume that both ¢; and @9 satisfy Condition (o). Then we have ¢([—1I,0] U
[0,1]) C Cq and ¢(P) = {Q}. For every X € [—I,I]\ ([-I,0]U[0,I]) we have X & (0, 1),
X <I,and X &£ 0, and so Lemma 3.44 implies that X is coherent to some point of P.
Thus ¢([—1,I]) CCg. O

Claim 6.36. Condition (II) never holds.

Proof. If both ¢; and @9 satisfy (i), then we have ¢([0,1) U (—I,0]) = {0}. For each
real number ¢ € (0,2) and P € P, we see that —I + cP~ is coherent to some point of
[0,1)U(~I,0]. By =P ~ —I +cP+ ~ —I and

e([0, ) U (=1,0]) ={0}, @o(=P)=p(P)eP, ¢(-I)=1,

we have ¢(—1I + cP+) = ¢(P) € P. Similarly, we have p(I —cP1) = p(P) € P for every
P € P and c € (0,2). By Lemma 6.2, for every pair P,Q € P, P # Q* and c € (0,2),
there is d € (0,2) such that —I + cP+ ~ I —dQ*. Thus p(P) € P is coherent to
©(Q) € P, hence ¢(P) = ¢(Q) whenever P # Q. This yields that ¢(P) is a singleton,
which contradicts our assumption. O

Claim 6.37. Condition (III) never holds.

Proof. If o; satisfies (i) and o satisfies (ii), then we see that ¢([0,I)) = {0} and
o([~1,0)) = {I}. Set N := (~I,I) N Hy . Each A € N is coherent to some scalar
matrix in (0,7) and some scalar matrix in (—I,0) and therefore o(N) C So ;1 = P.
Recall that any two distinct elements in P are not coherent. On the other hand, N is
open and connected, so Lemma 4.10 implies that ¢(N) is a singleton {Q} in P. For every
P € P, we have ¢o(P) = ¢(P + (1/2)P1) because ¢; satisfies (i), while

p(P+ (1/2)P) ~ o(=(1/2)P + (1/2)P7) € p(N) = {Q}.

This further implies that ¢(P) = {Q} and we again get a contradiction. O
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Claim 6.38. If (IV) holds, then o([—I,I]\ {0}) C C;, thus ¢ is of type (C).

Proof. Assume that both @1 and @9 satisfy (ii). Then we have p([—1,0) U (0, I]) = {I}.
Since every point of [—I,I]\ {0} is coherent to some point in [—71,0) U (0, ], we have
p([=L1]\{0}) cCr. O

In what follows, we assume that ¢ satisfies (iii) or (iv). Then there is Py € P
such that the image ¢(P \ {Px}) is a singleton {Q.} and Qx := ¢(Px) # Q.. Since
@(P) = ¢(—P) for every P € P, we obtain (=P \ {—Px}) = {Q.} and ¢p(—Px) = Q«.

Lemma 6.39. If X € [—I,I|\ly p,, then X is coherent to some point of CoN[—1, I\ Lo, p, -

Proof. We may write X = aP + bP+ for some P € P\ {Px} and a,b € [-1,1], a # 0.
Thus X is coherent to aP € Co N [—I,I]\ ly,p,. O

Lemma 6.40. If X € [—1,I]\ {o.p,, then X is coherent to some point of

{Py +cPf i ce[-1,1]\{0}}U{—Py +cPy : cc[-1,1]\ {0}}.
Proof. By Corollary 6.3, we know that every point of [—I,I]\ Cp, is coherent to some
point of {Py +cPi : c € [-1,1]\ {0}}, and every point of [—I,I]\ C_p, is coherent to
some point of {—Px +cPy : ¢ € [-1,1]\ {0}}. Since Cp, NC_p, = o p, , Wwe get to the
desired conclusion. O

Claim 6.41. If (V), (VI), or (VII) holds, then ¢ is of type (£).

Proof. Let b € (0,1]. Then —Py + bPy is coherent to —I and —P. Moreover, since
— Py +bP+ # Py, Lemma 3.44 implies that — Py + bP;- is also coherent to some point
of So.r \ {Px} =P\ {Px}. From

p(=I) =1, ¢(=Px)=Qx, and o(P\{Px})={Qo},
we obtain
o(=Py +bPH) = 1. (6.19)
Observe that bP; is coherent to the three points 0, Py, — Py + bP;. Since
p(0) =0, @(Py)=Qo, and o(~Px +bPy) =1,

we get p(bPy) = Q,. Observe that Py +bP; is coherent to the three points Py, I, bPy .
Since

e(Py) =Qx, @(I)=1, and ¢(bPy) = Q.,
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we get
(P +bPL) = 1. (6.20)
A similar discussion shows
©(Px —bPy) =1 (6.21)
and
p(—Px —bPy) =1. (6.22)

By Lemma 6.40, every point in [—I,I]\ £y p, is coherent to some point of
{Py +cPg i ce [-1, 1\ {0}}U{=Px +cPy : ce [-1,1]\ {0}}.

By (6.19), (6.20), (6.21), (6.22), ¢ sends this set to {I}.

On the other hand, by Claim 6.30 (see also Remark 6.31) and (6.20) (resp. (6.22)), we
see that (1 (resp. @2) satisfies Condition (iii). It follows that ¢(CoN[—I,I]\lo,p, ) = {Qo}-
By Lemma 6.39, every point in [—I,1]\ £y p, is coherent to some point of Co N [—1, 1]\
o, p, . Therefore, we get ¢(X) € Lo, 1 for every X € [—I,1I]\ 4o,p,. Thus ¢ is of type
(0). O

Thus we have completed the proof of Proposition 6.34.

Corollary 6.42. Let A,B € Hy satisfy A < B. Let p: [A,B] — Hy be a coherency
preserving map with ¢(A) = ¢(B). Then ¢ is degenerate.

6.3. The case d(p(A),p(B)) =1
Now let us consider a coherency preserver ¢: [A, B] — Hy with d(¢(A), ¢(B)) = 1.

By considering 19 o ¢ 017 for a pair of suitable automorphisms 1,12 of Hs, we may
assume that A =0, B=1I, and ¢(0) =0, p(I) = E1;.

Proposition 6.43. Let : [0, I] — Ho be a coherency preserver with p(0) = 0, p(I) = Ey;.
Then ¢ is degenerate.

The proof of this proposition is involved, so we will separate it into claims, as usual.
We assume that o: [0,I] — Ha is a coherency preserver with p(0) = 0, p(I) = Eq;.
Observe that ¢ is not standard because 0 ¢ I and ¢(0) ~ ¢(I). By Corollary 3.54, we
see that ¢ is not standard on every nonempty open subset of [0, I]. Set £ := ¢y g,,. Note
that o(P) C f@(o)#,([) = { holds.
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Claim 6.44. If ([0, I]\ (0,1)) C ¢, then ¢([0,1]) is contained in a cone and ¢ is of type
(©).

Proof. Let ¢ satisfy ([0,I] \ (0,I)) C ¢. Assume in addition that there is a point
A € (0,1) such that p(A) ¢ CoUCg,,. Let A’ be the unique point in £ such that p(A) ~ A’.
Note that Sp 4 and S4 1 are both contained in [0, I] \ (0,I). Since ([0, 1]\ (0,1)) C ¢,
we have ¢(Sp.4) = ¢(Sa,r) = {A'}. Thus, the restriction of ¢ to [0, A] and that to
[A,I] both satisfy (o). It follows that ¢([0, A] U [A,I]) C Cas. Moreover, we see from
Lemma 3.44 that every element of [0,1]\ ([0, A) U (A4, I]) is coherent to some point of
So,4- Since ¢(Sp,4) = {A'}, we get ¢([0, I\ ([0, A)U (A, I])) C Car. Thus we have shown
that ([0, I]) C Ca in this case.
It remains to consider the case where

(p([O,I]) C Cgo(O) UCS(,(I) =Cy UCE11~

If every X € (0, I) satisfies p(X) € Cpg,,, then the assumption ([0, I]\ (0,])) C ¢ implies
©([0,1]) C Cg,,, as desired. Therefore, we assume that there is an element X € (0,1)
satisfying ¢(X) € Co \ Cg,,. For any W € Sx j, we have o(W) € ([0,1I]\ (0,1)) C <.
Since 0 is the unique point on the line ¢ that is coherent to ¢(X), we conclude that
©(Sx,r) = {0}. Thus Proposition 6.6 implies that ¢ satisfies Condition (o), and we see
that ¢([X, I]) C Cy. We claim that

¢([0,1]\ [0, X)) C Co. (6.23)

Indeed, we already know that ¢(Z) € Cy whenever Z € [X,I]. For Z € [0,1]\ ([0, X) U
[X, I]), we can apply Lemma 3.44 together with ¢(Sx 1) = {0} to get p(Z) € Co.

We show that every Y € [0, X) satisfies ¢(Y") € Cyp. Assume contrarily that ¢(Y") ¢ Co.
Then ¢(Y) € Cg,, \ . Observe that 0 <Y < X < I and thus Corollary 3.19 implies
Sy,x C [0,I]. By (6.23), we have

p(Sy.x) € CoNCory) = Sop(v)- (6.24)
On the other hand, Sy,; C [0,1]\ (0,I) implies
©(Sv,1) € LNCyryy = { L1} (6.25)
Since every point of Sy, x is coherent to some point of Sy 1, (6.24) and (6.25) lead to
©(Sy,x) C So,pv)NCEry, = {E11}
This contradicts ¢(X) # E11. Thus we get ¢([0,I]) C Co. O

Therefore, in what follows we assume that ¢([0, 1]\ (0,I)) ¢ £. By considering the
mapping X — FE1; — (I — X) instead of ¢, if necessary, we may and do assume that
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there is A € C; N[0, I] such that ¢(A) ¢ £. Since ¢(P) C ¢, we get 0 < A. We will apply
Proposition 6.6 to the restriction ¢ of ¢ to [0, A].

Claim 6.45. If o1 satisfies (o), then ([0, I]) is contained in one cone and ¢ is of type

(©)-

Proof. Suppose that ¢; satisfies (0). There is a singleton {Q} such that ¢(Sp 4) = {Q}
and ¢([0, A]) C Cq. By Lemma 3.44, every element of [0, I] \ [0, A] is coherent to some
element of Sy 4. It follows from ¢(Sp 4) = {Q} that ¢([0,1]\ [0, A4]) CCq. O

Claim 6.46. If ©(So.4) C ¢, then @1 satisfies (0), so ¢ is of type (C).

Proof. Suppose that ¢(Sp 4) C £. Let C € Sp 4 (C [0,1]). Because ¢(C) ~ ¢(A) and
»(C) € ¢, we have p(C) = E11. Thus ¢ satisfies (0). O

In what follows, we assume that ¢(Sp.4) ¢ ¢. Then there is B € Sp 4 such that
©(B) ¢ L. Observe that Fy; (resp. 0) is the unique point on ¢ that is coherent to ¢(A)
(resp. ¢(B)). Let E € P be the unique projection satisfying A ~ E. Then we have
E ~ A,0,1, which implies ¢(E) € Cy(a) N = {E11}. Similarly, for the unique projection
F € P satisfying B ~ F', we have F ~ B,0,I, and thus ¢(F) = 0.

Lemma 6.47. Let E,F € P, E # F. Then there exists an automorphism 1 of Hy satis-
fying ¥([0,1]) = [0,1], ¥(0) = 0, ¥(I) = I, Y(E) = E, and (F) = E*.

Proof. Let 1)y be the automorphism X +— I — (I + X)~!. Take an invertible 2 x 2
complex matrix T such that TET* = E and TFT* = E*. Then the automorphism
X 5 b (Tepg H(X)T*) satisfies the desired properties. (See also Lemmas 6.16, 6.17 and
their proofs.) O

Take an automorphism v as in this lemma. By considering ¢ o ¢~! instead of ¢,
we may and do assume that F = E+ without loss of generality. In this case, we have
A = E + cE* for some ¢ € (0,1), which implies B = cE*.

Claim 6.48. If vy satisfies (i), then ©([0,I]\ {A}) C Co, and thus ¢ is of type (C).

Proof. Recall that A = E+cE~. Suppose that ¢; satisfies (i). Then we have ([0, A)) =
{¢(0)} = {0}. In particular, we have ¢(tE) = 0 for every ¢ € [0, 1). Therefore, Lemma 6.2
implies that ¢([0, 1]\ ¢g.1) C Co. It remains to consider an element of the form E +tE~+,
t € 10,1\ {c}. If t € [0,¢), then E+tE+ ~ tE+ € [0, A) and hence we get p(E+tEL) ~
©(tE+) = 0. Let t > c and assume that p(E+tE+) « 0. Then Lemma 6.32 implies that ¢
restricted to [0, E +tE~] also satisfies (i). (Note that a coherency preserver satisfying (i)
cannot satisfy (j) for j € {o, i, iii,iv}.) It follows that ¢ ([0, E+tEL]\ {E+tE+}) C Co,
which contradicts the facts A € [0, E +tEL]\ {E +tE+} and p(A) # 0. Therefore, we
get o(E +tE+1) ~ 0. Thus we have shown that ¢([0, 1]\ {A}) C Co. O
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Claim 6.49. The mapping 1 never satisfies (ii).

Proof. Recall that A = E + cE+ and B = cE*. Suppose that ¢; satisfies (ii). We
are going to get a contradiction. We have ¢((0, A4]) = {¢(A4)}. In particular, we get
©(tE + cE1Y) = ¢(A) for every t € (0,1]. If t € (0,1], then tE + E+ is coherent to
tE + cE+. Consequently,

PILE + ) € Ly(mn) o1y N Coray = €N Cogay = {Bni}
Hence
o(tE+ E*Y) = Fy5. (6.26)

By Lemma 6.2, every point of [0,1] \ ¢y g is coherent to tE + E* for some ¢t € (0,1].
Since Sp,a \ {B} C [0,1]\ £y g+, (6.26) implies

©(So,4 \ {B}) C Sy(0),0(4) NCry, = {E11}-

Thus we obtain ¢(Sp 4 \ {B}) = {E11}, contradicting our assumption that ¢, satisfies
(ii). O

From now on, let us also consider the restriction 9 of ¢ to [B,I]. By imitating the
above argument, one may complete the proof of Proposition 6.43 whenever we assume
that ¢ satisfies (0), (i), or (ii). Therefore, let us consider the case where ¢, satisfies (iii) or
(iv) and ¢4 also satisfies (iii) or (iv). Since E, B € Sy 4 and E11 = p(E) # ¢(B), we have
two possibilities: Either ¢(Sp 4 \ {E}) = {@(B)}, or ¢(So,a \ {B}) = {¢(E)} = {E11}.
Similarly, either ¢(Sp.r \ {E+}) = {p(A4)}, or o(Sp.1\ {A}) = {p(E+)} = {0} holds.

Claim 6.50. If ©(So 4 \ {E}) = {¢(B)}, then o([0, 1]\ LE,1) C Lo, ,(B), hence ¢ is of type
(0).

Proof. Suppose that ¢(Sp.a \ {E}) = {¢(B)}. Let t € [0,1). By Lemma 3.44 and the
relation tE + E+ £ E, we see that tE + E* is coherent to some point in Sp 4 \ {E}.
This together with E+ ~ tE + E+ ~ I and

P(EY) =0, ¢(I)=En, ¢(Soa\{E})={»(B)}

shows that p(tE + E1) € Lo g, Ny o5y = {0} and hence (tE + E+) = 0.
Observe that tE + cE* is coherent to the three points A, B, and tE + E*. It follows
that

o(tE + CEL) € CL,O(A) ﬂap(B) ﬂcip(tEJrcEL) = Eap(A),tp(B) NCo = {¢(B)}.

Since tE is coherent to the three points 0, F, and tE + cEL, we get
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(p(tE) S C«p(o) N CW(E) n C@(tE+EL) =/N Cw(B) = {0}

By Lemma 6.2, every point of [0,I] \ £g s is coherent to tE for some ¢ € [0,1). Thus we

get QD([O,I] \KE,I) C Cy.
To complete the proof, we show that ¢([0,1]\ £g 1) C Cy(p). It suffices to verify that
every point of [0,I]\ ¢g, is coherent to some point of

(Soa \{EYU{tE+cE* : t€[0,1)}.

Lemma 6.2 implies that every element of [0, A) = [0, E + cE") is coherent to tE + cE+
for some t € [0,1). So, let X € [0,I]\ (¢g,r U[0,A)). Lemma 6.1 implies that X # E.
Because X # A and X > 0, Lemma 3.44 yields that X is coherent to some point in
So,4 \ {E}. Thus we get the desired conclusion. O

Essentially the same argument shows that ¢ is of type (¢) whenever ¢(Sp \{E+}) =
{¢(A)}. In what follows, we consider the case where

9(So,a \ {B}) = {¢(E)} = {En} and o(Sp.r\{A4}) = {o(E1)} = {0}
hold.

Claim 6.51. If @1 satisfies (i), then o also satisfies (i), and »([0,I]\ {B}) C Cg,, -
Thus ¢ is of type (C).

Proof. Suppose that oy satisfies (iii). Then we have

@([07 A] \EO,B) C ELP(E),LP(A) = €E11,</7(A)'

Let t € (0,1]. Since the set ¢(Cp N[0, A] \ o.p) is a singleton, we get p(tE + cE+) =
©(E+cE+) = ¢(A). Observe that tE + E+ is coherent to three points tE +cE+, E+, I
Since

Q(tE + cE") = ¢(A), ¢(ET)=0, and ¢(I) = Eu1,

we get p(tE + E*) € Uy, o4y NCo = {En}.
We now prove that po does not satisfy (iv). Assume on the contrary that ¢o satisfies
(iv). Then we have

(B, I]\ La,1) CLlyp), o) = bo,p(B)-

However, we already know that o((1/2)E + cE*) = p(A) & £y ,(p) although (1/2)E +
cE+ € [B,I]\ £a.1, so we obtain a contradiction. Thus (5 satisfies (iii). It follows that
for every t € [0, 1], the set ¢(Cigpyepr N[B,I]\ £p,4) is a singleton. This together with
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Lemma 6.2 and the fact that p(tE + E+) = Ey; for every t € (0,1] yields ¢((B,I]) =
{E11}~

We show that ¢([0,I]\ {B}) C Cg,,. By Lemma 6.2, we see that every element of
[0, 1]\ £ g+ is coherent to tE + E* for some ¢ € (0,1]. Thus ¢([0, 1]\ ¢y g+) C Cpy,. If

€ (¢, 1], then tE+ ~ E +tE+ € (B, 1], thus ¢(tE+) € Cg,,. It remains to show that
o(tE+) ~ By for every t € [0,c). Assume towards a contradiction that ¢(tEL) £ Eq;
for some ¢t € [0,c¢). Since ¢ restricted to [B,I] satisfies (iii) and does not satisfy (iv),
Lemma 6.33 implies that ¢ restricted to [tE, I] needs to satisfy (iii). In particular, we
see that o((tE~+,]) is necessarily contained in a line. However, it is easily seen that
{IYU(Sp. s\ {E*+}) C (tE+, 1] and that p({I} U (Sp.1 \ {E*})) = {E11, p(A),0} is not
contained in a line. Thus we get to a contradiction. O

Similarly, if 9 satisfies (iv), then so does 1, and ¢([0, ]\ {A}) C Cqy. Let us finish
the proof of Proposition 6.43 by considering the remaining case.

Claim 6.52. If @1 satisfies (iv) and oo satisfies (iii), then ©([0,I]\ £a,g) C £, so ¢ is of
type (£).

Proof. From the assumption, we obtain ¢([0, A] \ a,5) C £ and ¢([B,I]\ ¢a,5) C Y.
We also see that p(tE+) = {0} for every t € [0,¢) and p(E + tE+) = {Ey;} for every
t e (c1].

We see that each element of [0, 1]\ [0, A] is coherent to E + tE~ for some t € (c, 1].
Indeed, if X € C4NI[0, I]\[0, A], then X = A+ R for some R of rank at most one, and X £
A implies R > 0, which yields A < X < T and hence X ~ I. If X € [0,1]\ ([0, A] UC4),
then det(X — A) # 0. Because neither X < A nor X > A, we have det(X — A) < 0. This
together with det(X — I) > 0 and the intermediate value theorem shows the existence
of t € (¢, 1] with X ~ E + tE+. Similarly, each element of [0,1] \ [B,I] is coherent to
tE+ for some t € [0, c). Thus we obtain ([0, ]\ ([0, 4] U [B, I])) C ¢. Therefore, we get
([0, 1 \éA,B) c/t. O

Corollary 6.53. Let A, B € Hy satisfy A < B. Let p: [A,B] — Hy be a coherency
preserving map with d(o(A), o(B)) = 1. Then ¢ is degenerate.

Theorem B is the union of Corollaries 6.10, 6.42, 6.53.
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